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Summary

In the continuous quest for more sustainable and safer aeroplanes new challenges have to be
faced. One of these challenges is ice crystal icing in turbofan engines. The newer generations
of high-bypass-ratio engines are susceptible to the ingestion of small ice crystals which may
cause engine power loss or damage. These events, which have been noticed from the early
1990s, have occurred mainly at cruising altitudes in the neighbourhood of convective cloud
systems. Nowadays, much research has been focused on the detection of ice crystal clouds and
on the physics of the actual ice accretion due to ice crystals. One example is the project High
Altitude Ice Crystals (HAIC), co-funded by the European Union. This present work has been
carried out within this project. The outcome of ice crystal research forms an important basis
for the development of numerical tools which are able to predict ice crystal accretion. These
methods can be applied to show compliance with the current flight safety regulations. The
research presented in this thesis focusses on the development of a computational method for
in-engine ice crystal accretion.

The presence of liquid water is essential for ice crystal icing. Solid ice crystals impinging on a
cold surface will bounce from that surface or shatter into fragments upon impact. Ice crystals
that are partially melted, or that impact as part of a cloud also consisting of liquid water droplets,
might stick to the surface and cause ice accretion. This implies the necessity of the presence of
ice crystals in a warm environment, undergoing phase change, possibly in combination with
the presence of liquid droplets. Furthermore, the particle motion and heat transfer are strongly
dependent on the in general non-spherical shape of the ice crystal.

In general, conventional ice accretion methods are split in the numerical simulation of three
distinct parts of the process: particle trajectories towards an object, particle impact on the
object’s surface and evolution of the ice layer on the surface. In the present work an Eulerian
method has been applied to calculate the trajectories of the (melting) ice crystals. This method
employs a cell-centred finite volume discretization with second-order spatial accuracy. Steady
flow solutions are obtained by applying time integration using a standard low-storage four-stage
explicit Runge-Kutta scheme in combination with local time stepping. The trajectory method
includes models which account for the effects of the shape of the ice crystal on its trajectory and
on the heat transfer to and from the particle as well as phase change along its trajectory.
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The process of particle impingement on the object’s surface is complicated due to the many
factors involved. The temperature of the surface and its state, either dry or wet, affect the
particle’s sticking ability to the surface. Furthermore, the particles might bounce or shatter
into smaller fragments depending on the magnitude and direction of the incoming velocity.
Models have been developed which describe the size and velocity distribution of the shattered
fragments and the velocity of the bounced particles. Since the ice crystal accretion sites are
located in the first compressor stages of the turbofan engine, it is evident that this secondary
behaviour, i.e. after impact, must be taken into account. In the Eulerian method developed in
this thesis this has been handled by a sampling method in which the secondary particle cloud
is grouped into a prescribed number of groups or bins. The ice crystals in each bin have the
same size, velocity and temperature and their behaviour is not influenced by the ice crystals in
other bins. In complex geometries, like an engine stage, additional measures have been taken to
prevent crossing of trajectories of particles from the same bin.

In the last part of the method the mass flux of impinging ice crystals is used to determine the
ice layer by solving the mass and energy balance in control volumes along the surface. The
contribution from the ice crystals and liquid water in the form of droplets or partially melted ice
crystals has been taken into account. Another important aspect of ice crystal accretion is the
reduced ice accretion due to the erosional capacity of the impacting ice crystals. Hence, a model
for erosion has been implemented in the ice accretion method which decreases the accretion
of ice as a function of the icing cloud characteristics such as particle velocity and melting ratio.
Moreover, the development of the ice layer affects the substrate temperature and the amount of
water that remains on the substrate as a thin liquid film. Since both these factors influence the
sticking efficiency of the ice crystals, a coupling with the accretion module and the trajectory
module has been implemented.

The developed method for ice crystal icing has been validated employing available experimental
data. The computation of the change of the particle phase has proven to be accurate. For melting
non-spherical particles the computed final ice crystal diameter approximates the measured
value within 3%. The accuracy for the melting time is within 13% for low humidity and within
7% for high humidity conditions. The method for ice accretion has proven to be fairly accurate
in both glaciated (cloud with ice crystals) and mixed-phase (cloud with ice crystals and liquid
droplets) icing conditions. For glaciated icing conditions the distinct shape of the ice layer due
to erosion has been obtained as well. The accretion process has shown to be very sensitive to the
rate of supply of particles and the ratio of ice and liquid water present in the icing cloud or on
the icing surface. To be able to draw more definite conclusions on these effects more validation
is required and, hence, more experimental data over a wider range of operating conditions.

Furthermore, crossing of particle trajectories poses a severe limitation on the present Eulerian
trajectory method applied to multi-component configurations. The method to circumvent
these problems presented in this thesis is rather time-consuming. In order to make the Eulerian
method for ice crystal icing more practical for in-engine accretion, research efforts should focus
on dealing with these challenges.
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Samenvatting

In de voortdurende zoektocht naar meer duurzame en veiligere vliegtuigen ontstaan nieuwe
uitdagingen. Eén van die uitdagingen is ijsafzetting in turbofan vliegtuigmotoren veroorzaakt
door ijskristallen. De nieuwere generaties straalmotoren met een hoge omloopverhouding zijn
gevoelig voor de opzuiging van kleine ijskristallen, wat kan leiden tot vermogensverlies of schade
in de motor. Deze gebeurtenissen, die zijn geregistreerd sinds het begin van de jaren negentig,
komen met name voor op kruishoogte in de buurt van convectieve buiencomplexen. Vandaag
de dag is veel onderzoek gericht op het waarnemen van wolken met ijskristallen en op de fysica
van de feitelijke ijsaangroei. Een voorbeeld hiervan is het project ‘High Altitude Ice Crystals
(ijskristallen op grote hoogte)’ (HAIC), mede gefinancierd door de Europese Unie. Het huidige
werk is uitgevoerd in het kader van dit project. De uitkomst van onderzoek naar ijskristallen
vormt een belangrijke basis voor de ontwikkeling van numerieke hulpmiddelen die in staat
zijn om ijsafzetting als gevolg van ijskristallen te voorspellen. Deze methoden kunnen worden
toegepast om aan te tonen dat aan de huidige eisen in de regelgeving voor vliegveiligheid
wordt voldaan. Het onderzoek dat in dit proefschrift wordt gepresenteerd, richt zich op de
ontwikkeling van een rekenmethode voor ijsafzetting binnenin straalmotoren veroorzaakt door
ijskristallen.

De aanwezigheid van vloeibaar water is vereist voor ijsafzetting als gevolg van ijskristallen.
Vaste ijskristallen die inslaan op een koud oppervlak zullen terugkaatsen vanaf dat oppervlak of
zullen na inslag uit elkaar spatten in fragmenten. IJskristallen die gedeeltelijk zijn gesmolten, of
ijskristallen in een wolk die ook waterdruppels bevat, zijn in staat om aan het oppervlak vast
te kleven en ijsaangroei te veroorzaken. Dit impliceert de noodzaak van de aanwezigheid van
ijskristallen in een warme omgeving, onderhevig aan faseovergang, mogelijk in combinatie met
vloeibare druppels. Daarnaast zijn de beweging van de deeltjes en de warmteoverdracht van en
naar de deeltjes sterk afhankelijk van de vorm van het ijskristal.

In het algemeen bestaan traditionele methoden voor de numerieke simulatie van ijsafzetting
uit drie specifieke onderdelen van het proces: deeltjesbanen richting een object, inslag van
deeltjes op het oppervlak van het object en aangroei van de ijslaag op het oppervlak. In dit werk
wordt een Euleriaanse methode toegepast om de banen van de ijskristallen te berekenen. Deze
methode gebruikt een celgecentreerde eindige volume methode met tweede-orde ruimtelijke
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nauwkeurigheid. Stationaire stromingsoplossingen worden verkregen door tijdsintegratie toe te
passen met behulp van een standaard expliciet Runge-Kutta schema bestaande uit vier stappen
in combinatie met een lokale tijdstap. De methode voor deeltjesbanen bevat modellen die het
effect van de vorm van het ijskristal op de baan van het deeltje en op de warmteoverdracht van
en naar het deeltje zowel als op de faseovergang langs de baan van het deeltje in aanmerking
nemen.

De inslag van deeltjes op het oppervlak van een object is een gecompliceerd proces door de
vele factoren die erbij betrokken zijn. De temperatuur van het oppervlak en de staat ervan,
droog of nat, zijn van invloed op de mate waarin het ijskristal aan het oppervlak zal blijven
plakken. Bovendien kunnen de deeltjes terugkaatsen of opbreken in kleinere fragmenten
afhankelijk van de grootte en de richting van de snelheid. Er zijn modellen ontwikkeld die de
grootte- en snelheidsverdeling van de gefragmenteerde deeltjes en de snelheid van de gekaatste
deeltjes beschrijven. Aangezien de locaties voor mogelijke ijsafzetting zich bevinden in de
voorste trappen van de compressor van de turbofan motor, is het evident dat de gekaatste
en gefragmenteerde deeltjes moeten worden meegenomen. In de Euleriaanse methode die
in dit proefschrift is ontwikkeld, wordt de wolk van secundaire deeltjes opgedeeld in een
voorgeschreven aantal groepen of containers. De ijskristallen in elke individuele groep hebben
dezelfde grootte, snelheid en temperatuur en hun gedrag wordt niet beïnvloed door de deeltjes in
de andere containers. Voor complexe geometrieën, zoals een compressor, zijn extra maatregelen
genomen om het kruisen van deeltjesbanen te voorkomen.

In het laatste gedeelte van de methode wordt de massastroom van inslaande ijskristallen gebruikt
om de ijslaag te bepalen door middel van het oplossen van de massa- en energiebalans in
de controle volumes langs het oppervlak. De bijdrage van ijskristallen en vloeibaar water,
in de vorm van druppels of gedeeltelijk gesmolten ijskristallen, wordt hierbij meegenomen.
Een ander belangrijk aspect van ijsafzetting veroorzaakt door ijskristallen is de gereduceerde
ijsgroei veroorzaakt door het erosieve vermogen van de inslaande ijskristallen. Daarom is in
de methode voor ijsaangroei een model voor erosie geïmplementeerd dat de hoeveelheid
ijsaangroei vermindert als functie van de eigenschappen van de wolk met ijskristallen en
waterdruppels, zoals de snelheid van de deeltjes en hun smeltratio. Daarnaast beïnvloedt
de ontwikkeling van de ijslaag de temperatuur van het substraat en de hoeveelheid water dat op
het substraat achterblijft in de vorm van een dunne film. Aangezien beide factoren de efficiëntie
van het aankleven van de ijskristallen beïnvloeden, is er een koppeling tussen de modules voor
ijsafzetting en die voor deeltjesbanen gerealiseerd.

De ontwikkelde methode voor ijsafzetting veroorzaakt door ijskristallen is gevalideerd met
behulp van bestaande experimentele data. De berekening van de faseovergang van de deeltjes
is aangetoond nauwkeurig te zijn. Voor niet-bolvormige deeltjes verschilt de berekende
uiteindelijke diameter maximaal 3% van de gemeten waarde. De nauwkeurigheid van de
smelttijd is 13% in het geval van een lage luchtvochtigheid en 7% in het geval van een hoge
luchtvochtigheid. De methode voor ijsaangroei is behoorlijk nauwkeurig gebleken voor zowel
een wolk met ijskristallen als een wolk met een mengsel van ijskristallen en waterdruppels. Voor
de conditie met alleen ijskristallen kan de karakteristieke vorm van de ijslaag als gevolg van
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erosie worden verkregen. Het is gebleken dat het proces van ijsaangroei heel gevoelig is voor de
snelheid van aanvoer van deeltjes en voor de verhouding van ijs en vloeibaar water in de wolk
of op het oppervlak van aangegroeid ijs. Om een beter onderbouwde conclusie te trekken wat
betreft deze effecten is meer validatie nodig waarvoor dan ook meer experimentele data voor
een grotere verscheidenheid aan omgevingscondities.

Verder wordt de toepassing van de huidige Euleriaanse methode voor de berekening van deel-
tjesbanen voor configuraties die uit meerdere componenten bestaan gelimiteerd door de kans
dat banen elkaar kruisen. De oplossing die hiervoor in het proefschrift wordt aangedragen is
behoorlijk tijdrovend. Teneinde de Euleriaanse methode voor deeltjesbanen van ijskristallen
meer praktisch te maken voor ijsafzetting in vliegtuigmotoren zullen onderzoeksinspanningen
zich moeten richten op het oplossen van deze uitdagingen.
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Nomenclature

Acronyms
AoA Angle of Attack

CFL Courant Friedrichs Lewy

CFR Code of Federal Regulations

CV Control Volume

EU European Union

FAA Federal Aviation Administration

FVM Finite Volume Method

HAIC High Altitude Ice Crystals

HIWC High Ice Water Content

IAPWS International Association for the Properties of Water and Steam

ICC Ice Crystal Content

ICI Ice Crystal Icing

IWC Ice Water Content (= ICC + LWCi c )

IWT Icing Wind Tunnel

LWC Liquid Water Content (= LWCd + LWCi c )

MMD Mean Mass Diameter

MooseMBIce Multi-disciplinary Object oriented Optimization and Simulation Environment
for Multi-Block structured Ice accretion

MUSCL Monotone Upstream-Centred scheme for Conservation Laws

MVD Mean Volumetric Diameter

NASA National Aeronautics and Space Administration

NRC National Research Council Canada

NTSB National Transportation Safety Board

NURBS Non-Uniform Rational Basis Spline

NVF Normalized Volume Fraction

SLD Supercooled Large Droplet

SP6 Sub-Project 6

TRL Technology Readiness Level
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TUBS Technical University of Braunschweig
TWC Total Water Content (= LWC + IWC)

Dimensionless numbers and their definition
Bi Particle Biot number, hc dp /6kp

Le Lewis number, Sc/Pr
Ma Mach number, |ua |/c
Nu Particle Nusselt number, hc dp /ka

Pe Peclet number, RePr
Pr Prandtl number, cpµ/k
Re Particle Reynolds number, ρa |u−ua |dp /µa

Sc Schmidt number, µa /ρa Dv

Sh Particle Sherwood number, kc dp /Dv

Stk Particle Stokes number, ρp d 2
p |ua |/18µa c

Roman symbols
A Area [m2]
a Thermal diffusivity, k/ρcp [m2 s−1]
Ċ Specific heat transfer rate [J kg−1]
C Parametric curve [m]
CD Drag coefficient
c aerofoil chord [m]
cp Specific heat capacity [J kg−1 K−1]
D Distance [m]
Dv Vapour diffusivity in air [m2 s−1]
d (Actual) diameter [m]
d∥ Parallel diameter [m]
d⊥ Normal diameter [m]
dp Diameter of a volume equivalent sphere [m]
E Aspect ratio1

E Total energy1 [J]
eσ Surface energy [J m−2]
ei Internal energy [J kg−1]
ek Kinetic energy [J kg−1]
E Erosion intensity
F Flux vector
f Freezing fraction1

f Roughness factor1

f Specific force [N kg−1]
fb Body force [N]
fs Surface force [N]
g Gravitational acceleration vector [m s−2]

1Meaning will be clear from context.
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H Numerical flux vector
h Thickness [m]
hc Convective heat transfer coefficient [J m−2 s−1 K−1]
hm Mass transfer coefficient [m s−1]
∆h Enthalpy increment [J kg−1]
I Moment of inertia [kg m−2]
J Flux vector
K1 Newton’s shape factor
K2 Stokes’ shape factor
k Heat conduction coefficient [J m−1 s−1 K−1]
kc Convective mass transfer coefficient [m s−1]
L Latent heat [J kg−1]
L Impact number
l Characteristic length [m]
M Interfacial coupling term2

M Molar mass2 [kg mol−1]
ṁ Mass flow rate [kg s−1]
m Mass [kg]
N Number of bins, cells or steps
n Number density [m−3]
n Unit normal vector
p Pressure [Pa]
psat Saturation pressure [Pa]
Q̇ Heat transfer rate [J s−1]
Qs Activation energy [J mol−1]
Q Vector of conserved variables
R Gas constant [J kg−1 mol−1]
RH Relative humidity [%]
R Residual vector
r Recovery factor2

r Runge-Kutta time-integration coefficient2

ṙ Regression rate [m s−1]
r Position vector from axis of rotation to surface or application point [m]
ri Vector of gradients ratio
S Wave speed
S Source term vector
s Curvilinear coordinate [m]
T Temperature [K]
t Time [s]
t Unit tangential vector
u Velocity vector [m s−1]
V Volume [m3]

2Meaning will be clear from context.
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v Internal velocity vector [m s−1]
Ẇ Work rate [J s−1]
w Phase interface velocity vector [m s−1](
x, y, z

)
Cartesian coordinates [m]

X Mole fraction
Y Mass fraction
z Rotation parameter [s−1]

Greek symbols
α Volume fraction
β Catching efficiency
γ Specific heat ratio
ε Sticking efficiency
η Melting ratio
θ Erosion efficiency
κ Local curvature [m−1]
µ Dynamic viscosity [kg m−1s−1]
ρ Density [kg m−3]
τ Time scale [s−1]
τa Wall shear stress [Pa]
τ Torque vector [N m]
τ Shear stress tensor [Pa]
Φ Sphericity
Φ∥ Lengthwise sphericity
Φ⊥ Crosswise sphericity
φ Body source term
ξ Restitution coefficient
Ψ Vector of limiter functions
ψ Flow field quantity
ω Rotation rate [s−1]
ω Rotational velocity vector [rad s−1]

Subscripts
AM added mass
a air
ac accretion/accumulated
ah aerodynamic heating
B H Basset history
CV control volume
c collected or continuity3

conv convection
D drag

3Meaning will be clear from context.
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d droplet
e edge or energy4

er erosion
ev evaporation
F Faxén
f freezing or fluid4

G gravity
i ice5

i c ice crystal
i mp impinging
i n incoming
K Kolmogorov
k phase k
ke kinetic energy
H halo
L left state
max maximum
m melting or momentum4,5

n normal5

out outgoing
pr o j projected
p particle
R right state
r ec recovery
S shear
st ag stagnation point
s secondary or substrate/surface4

sub sublimation
T temperature
t tangential
tot total
v vapour
w water (liquid)
∞ free-stream
0 reference or stagnation value4

4Meaning will be clear from context.
5Note that this subscript is also used as index.
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1 Introduction

Aircraft icing is known to have caused a large number of dangerous and even fatal incidents. In
this chapter an introduction is given on this topic, and more specifically on the topic of ice crystal
ingestion in engines. Different types of icing are introduced together with an overview of research
projects and related works. Finally, the objectives of this research are highlighted.

1.1 Aircraft icing

The problem of aircraft icing was recognized almost as early as the beginning of modern flight
and the first reported icing encounters date back to the 1920s [77]. Icing can occur on or inside
different aircraft components and is caused by impacting droplets or ice crystals over a range of
atmospheric and flying conditions. Some examples of ice accumulation on aircraft components
are shown in Figure 1.1. The picture on the left shows wing icing on a Twin Otter aeroplane, the
middle picture is an example of icing on the radio antenna and airspeed pitot mast of a C-46

Figure 1.1: Examples of aircraft icing. From left to right: wing icing on a Twin Otter aeroplane (1999), icing
on the radio antenna and airspeed pitot mast of a C-46 aeroplane (1944), icing on a turbofan
engine inlet of a Westinghouse 24C turbojet (1948). Photographs by NASA [105].
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Figure 1.2: Various ice accretion shapes (side view and top view) for increasing TWC (left to right) on an
aerofoil shape at conditions simulating the core flow passage of a turbofan engine obtained in
the NASA Propulsion Systems Lab (PSL). Pictures from Struk et al. [127].

aeroplane and icing on the nacelle of a Westinghouse 24C turbojet is seen in the right picture.
These ice accretions have all been obtained during icing flight tests.

Ice accretion is generally divided into three categories: rime ice, glaze ice or mixed ice. Rime ice
is opaque and brittle and generally has a streamlined shape. It occurs at lower temperatures
and lower total water contents (TWC). Glaze ice, on the other hand, is formed at higher water
contents and at temperatures just below freezing. Its appearance is clear and solid and this type
of ice accretion can grow into quite erratic shapes. Mixed-phase accretions are a combination of
rime ice and glaze ice. In Figure 1.2 an example of rime ice is shown on the utmost left picture,
mixed-phase accretion is shown on the two utmost right pictures and the other pictures show
forms of glaze ice accretion. These accretions are obtained in the altitude jet-engine test facility
of the National Aeronautics and Space Administration (NASA) at flow conditions that resemble
the flow passage of a turbofan engine. The ice shape is formed by impacting (partially melted)
ice crystals on the configuration. The pictures are ordered by increasing TWC (from left to right).

Nowadays, aircraft icing research has been evolving in two specific areas: icing by supercooled
large droplets (SLDs) and ice crystal icing (ICI). SLDs are categorized as liquid droplets with a
diameter above 50 µm and with a temperature below freezing. Ice crystals are solid ice particles
up to 1-2 mm diameter and can have all kinds of shapes. An overview of the shapes of the
crystals observed during aircraft instrumentation measurements in cirrus clouds is given in
Figure 1.3 [76]. The cloud temperatures ranged from -28◦C to -61◦C and the measurements
were taken between an altitude of 7.3 km and 12.2 km. Clouds containing only ice crystals are
called glaciated clouds. If crystals and supercooled (large) droplets are present, the conditions
are referred to as mixed-phase conditions.
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Figure 1.3: Ice crystal shapes observed in cirrus clouds. Pictures from Lawson et al. [76].

1.1.1 Awareness and regulations

From the last decades three accidents have raised the awareness of icing caused by either SLDs
or ice crystals.

• On October 31, 1994, an ATR-72 with 68 people on board crashed in a soybean field near
Roselawn, Indiana. The National Transportation Safety Board (NTSB) reports about the
probable cause: “... the loss of control, attributed to a sudden and unexpected aileron
hinge moment reversal that occurred after a ridge of ice accreted beyond the de-ice boots
..." [109].

• On January 9, 1997, an Embraer EMB 120 Brasilia with 29 people on board crashed near
Monroe, Michigan. The NTSB reports about the probable cause: “... the Federal Avia-
tion Administration’s (FAA) failure to establish adequate aircraft certification standards
for flight in icing conditions, [...], which led to the loss of control when the aeroplane
accumulated a thin, rough accretion of ice on its lifting surfaces ..." [110].

• On June 1, 2009, an Airbus A330-203 with 228 people onboard crashed in the Atlantic
Ocean on its way from Rio de Janeiro to Paris. The French Civil Aviation Safety Investiga-
tion Authority (BEA) reports about the probable cause: “... the obstruction of the Pitot
probes by ice crystals during cruise was a phenomenon that was known but misunder-
stood by the aviation community at the time of the accident ..." [8].

The first two accidents increased awareness of SLD icing, while the third accident led to a focus
on ice crystal encounters. In order to address and capture the dangers encountered in aircraft
icing, the Federal Aviation Administration (FAA) continues to expand and update their aviation
regulations. The chapters on airworthiness standards for transport category aeroplanes (14
CFR 25) and for aircraft engines (14 CFR 33) have been expanded through the years with the
following appendices:

• Part 25, Appendix C, Atmospheric Icing Conditions, effective from December 18, 1964,
describing the continuous and intermittent atmospheric icing conditions in terms of
cloud liquid water content, mean droplet diameter and ambient air temperature [34].
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Figure 1.4: Locations of 162 engine events in the period 1990-2014, adapted from Bravin et al. [13].

• Part 25, Appendix O, Supercooled Large Drop Icing Conditions, effective from November
4, 2014, describing supercooled large drop icing conditions consisting of both freezing
drizzle and freezing rain and airframe ice accretions [36].

• Part 33, Appendix D, Mixed Phase and Ice Crystal Icing Envelope (Deep Convective
Clouds), effective from November 4, 2014, describing the ice crystal icing envelope in
terms of total water content and ice crystal size median mass dimension [35].

Icing research and flight campaigns are necessary to continually update and expand these
regulations.

1.2 Ice crystal icing

The present research focuses on ice crystal icing. The difficulties with ice crystals are that at
present

• icing conditions are not readily detectable by pilots,
• the mechanism for engine icing is not fully understood and,
• experiments are very complex or not possible at all.

It has been observed that heated aircraft surfaces, like probes and engines, are susceptible to
ice crystal icing. An analysis by Mason et al. [95] of the events of loss of power of jet engines
reported since 1990 implied a connection with atmospheric ice crystals that were encountered in
convective clouds. The resulting database [13, 95] contains 162 icing events that have occurred
in the period between 1990 and 2014 and that involve twelve different aircraft engines that are
all used for large transport aircraft. The locations of the events are shown in Figure 1.4 and
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Figure 1.5: Schematic turbofan engine with potential ice accretion sites, adapted from Mason et al. [95].

it has been concluded that approximately 90% of the events occurs in (sub-)tropical regions
between 38◦ northern and 38◦ southern latitude [13]. Mason et al. [95] have listed the following
conditions common to the observations made during or right before the events:

• aircraft in the vicinity of convective clouds/thunderstorms,
• light to moderate turbulence,
• high altitude, cold temperature,
• air significantly warmer than standard atmosphere,
• no observation of significant airframe icing,
• visible moisture, precipitation on windscreen.

The median temperature and median altitude of the events were -36◦C and 10.7 km, respectively.
This altitude is higher than the altitude at which supercooled droplets generally exist and
therefore ice accretion has been ascribed to ice crystals. The events reported engine damage due
to shed ice or loss of engine power caused by flameout, surge or rollback due to a lower airflow
into the combustion chamber in combination with ice ingestion. Mason et al. [95] concluded
that the engine rollbacks were caused by build up of ice between the blades of the low-pressure
compressor in the engine core, see Figure 1.5. The engines could be restarted and regain normal
operation when the aeroplane descended to an altitude with warmer air.

1.2.1 Cloud conditions and measurements

Warm air in tropical regions with humid air, rising from low levels, may result in a strong vertical
motion of air and the formation of deep convective clouds. These clouds can easily reach
a height of several kilometres and the water vapour inside the rising core of the cloud will
condensate as a result of decreasing temperature. This can result in regions with a high liquid
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Figure 1.6: Distribution of supercooled droplets and ice crystals in convective clouds, after Langley Flying
School [73].

water content (LWC) or ice crystal content (ICC) and hence ice crystals being present at high
levels in the atmosphere either in the upper part of the convective system or in the anvil part or
blow-off region of the cloud. A schematic of the distribution of supercooled droplets and ice
crystals in a convective cloud is shown in Figure 1.6.

To investigate the ice crystal conditions in convective clouds recently two flight campaigns
have been conducted [81, 82]. These campaigns have been a collaboration between the North
American High Ice Water Content (HIWC) project and the High Altitude Ice Crystals (HAIC)
project of the European Union (EU). In 2014 the first campaign took place in Darwin, Australia.
Data has been collected from 23 flights with a Safire Falcon 20 aircraft equipped with a number
of probes and radars measuring the microphysical conditions of ice clouds. The majority of the
flights were carried out at a temperature level between -30◦C and -40◦C. The second campaign
in Cayenne, French Guiana, in 2015 was performed with three research aircrafts. Besides the
Safire Falcon 20, the NRC Convair 580 and the Honeywell B757 were equipped with a number
of devices able to measure the TWC and the median mass diameter (MMD) along with other
cloud characteristics. During this campaign 18 flight were performed with the Falcon 20 at
temperature levels around -10◦C and -50◦C. In both campaigns TWC peak values up to 4 g/m3

and crystal sizes up to 2 mm have been measured. From the combined dataset Leroy et al. [82]
have concluded that the MMD decreases with increasing TWC and with decreasing temperature.
In the regions of high ice water content (IWC) (> 1.5 g/m3) MMDs were found around 300 µm for
temperatures around -50◦C and MMDs between 600 µm and 1 mm were found for temperatures
around -10◦C. Furthermore, the predominant shape of the ice crystals observed in the Darwin
campaign [81] for high IWC regions were capped columns.
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1.3 Numerical methods

Prediction methods are important tools in aircraft industry to prove compliance with the actual
flight safety regulations. Current methods with capabilities for conventional droplet as well
as SLD icing are for instance: ONICE 2D/3D [138] developed by Onera, LEWICE 2D/3D [143]
developed by NASA and FENSAP-ICE [58] developed by Ansys (original asset from Newmerical
Technologies International). The choice for a suitable numerical method often depends on
the application. For dispersed two-phase flows Lagrangian or Eulerian methods are generally
used. The difference between the two classes of methods is the way the dispersed phase, ice or
water in this case, is treated. Below, a brief description of the two methods is given. For further
details and a comparison of the results of the two methods the reader is referred to the following
literature: Durst et al. [29], Crowe et al. [21], Loth [86] and Wachem and Almstedt [140].

1.3.1 Lagrangian methods

In a Lagrangian trajectory method the dispersed phase is treated as consisting of individual
particles. The forces acting on the particle determine the particle trajectory as the particle
momentum equation is integrated numerically along the particle trajectory. From the initial
point of release the particles are followed individually and the location of the particle is known
at each moment in time. By using this approach detailed information about the particle phase
in terms of, for instance, residence time or heat transfer can be obtained. Furthermore, if the
time-step for calculating subsequent particle positions is very small, trajectories passing through
regions with high velocity gradients can be calculated accurately. If the dispersed phase is dense,
following the individual particles becomes computationally expensive. This is also the case for
unsteady flow of the continuous phase. In such cases the individual particles have to be replaced
by parcels or discrete elements representing a large number of particles that are assumed to
behave similarly. A disadvantage of the Lagrangian method is that, in general, a large number
of individual particles is needed in order to be able to solve the continuity equation and to
compute an appropriate density field everywhere. Furthermore, tracking of the particles and
finding the impact locations at the surface is a computationally intensive task. This is especially
disadvantageous in case of complex, three-dimensional geometries. Also, it is difficult to choose
the initial position the particles in case of complex geometries, e.g. in case of a slat in front of an
aerofoil.

1.3.2 Eulerian methods

In an Eulerian approach the dispersed phase is treated as a continuum and transport equations
are solved for the volume fraction and the momentum. The volume fraction determines the
relative amount of a phase present at a given location at a given time. The Eulerian approach
provides a description of the average of the properties of the dispersed phase inside an aver-
aging volume. This is an advantage for a dense dispersion or for geometrically large systems,
since a Lagrangian solution would then require a large number of individual particles. It also
makes the Eulerian method suitable for computing regions with high particle concentrations.
A disadvantage of averaging, however, is the loss of details that causes closure problems for
terms that appear in the governing equations as a result of the averaging operation. These
terms require appropriate constitutive relations and boundary conditions. Furthermore, the
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numerical scheme applied to solve the transport equations can give rise to numerical diffusion
at interfaces between discontinuities of the dispersed phase. This non-physical diffusion should
be limited by applying a suitable (high-order) discretization or a very fine grid.

1.4 Objectives of present study

The main objective of the present study is to obtain an accurate numerical method for ice
accretion in glaciated and mixed-phase conditions. In the past years two ice accretion methods
have been developed at the University of Twente. The first one, 2DFOIL-ICE [27, 64, 122], predicts
the two-dimensional ice accretion caused by droplets by applying a Lagrangian trajectory
method. The second one, Droplerian [60], applies an Eulerian trajectory method for SLD icing
on two- and three-dimensional geometries. If these methods are referred to as current state-
of-the art, a number of goals can be specified that need to be achieved in order to get an ice
accretion method for glaciated and mixed-phase conditions:

• Expand the current model in the ice accretion method such that heat and momentum
transfer around non-spherical particles is accounted for.

• Expand the current model in the ice accretion method such that change in particle phase
is taken into account.

• Adapt the boundary conditions of the current ice accretion method such that it reflects
the impingement processes for mixed-phase conditions and such that the particles are
re-emitted correctly into the flow field at the accreting surfaces.

• Expand the current ice accretion method such that mixed-phase conditions and erosion
effects due to impinging (melting) ice crystals are taken into account.

• Verify and validate the newly developed ice accretion method by computing results for
appropriate test cases and correlate these results with results available in the literature
and results that become available within the HAIC project.

In the present study an Eulerian trajectory method has been utilized. The extension of the ice
crystal icing method to complex, three-dimensional geometries is unavoidable when icing inside
compressor stages of a turbofan engine has to be considered. Therefore, the low computational
cost are preferred above detailed information about the dispersed phase. One of the more
challenging tasks will be to find appropriate closure relations and to find an effective way
to adjust the boundary conditions such that they reflect the impact physics of the particles
accurately.

1.5 HAIC: High Altitude Ice Crystals

A better understanding of the physics of the icing process is required in order to be able to
develop an accurate ice crystal accretion method. The EU research project HAIC, High Altitude
Ice Crystals, has been organized in order to acquire that knowledge. This project was started in
August 2012 for a duration of 4.5 years and has received funding from the EU seventh framework
program (FP7). The objective of the HAIC project is defined as: “to anticipate the regulation
change according to mixed phase and glaciated icing conditions, [...], by developing and provid-
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Figure 1.7: HAIC Work Breakdown Structure, adapted from HAIC public website: http://www.haic.eu.

ing to the European Aeronautical industry Acceptable Means of Compliance (test facilities and
numerical tools) and appropriate detection/awareness technologies to be fitted on aircraft and
able to alert the flight crew in order to enhance safety when an aircraft is flying in such weather
conditions" [26]. Within HAIC a collaboration between 34 European companies, institutes and
universities and 5 partners from outside Europe, namely Australia, Canada and the United States,
has been established. The project has been coordinated by Airbus and the research has been
divided into seven sub-projects, such as instrumentation (SP1) and spaceborne detection (SP3),
see Figure 1.7. The main part of the research presented in this thesis has been carried out in
the framework of SP6: High IWC Tools and Simulation Development. Within this work-package
several benchmark test cases have been developed to verify and validate the methods developed
for ice crystal trajectories, impingement and accretion. These test cases are used to assess
whether the underlying physical models and the implemented solution methods have reached
a certain Technology Readiness Level (TRL). In this study TRL4 and TRL5 have been aimed at.
This implies that the implemented models and resulting methods are validated in a laboratory
environment (TRL4) and in a relevant environment (TRL5). For a number of test cases results
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from laboratory and wind tunnel experiments have been used for validation. If experimental
results were not available, a cross-comparison of results from the numerical methods developed
by CIRA1, INCAS2, INTA3, ONERA4, TAI5 and TUD6 has been performed.

1.6 Thesis outline

In the next chapter, chapter 2, the Eulerian trajectory method will be discussed in detail. Also,
the different modules of the ice accretion method and the details of the numerical schemes
will be discussed. In the subsequent three chapters the extensions for ice crystals will be
introduced followed by the results from a number of benchmark test cases for TRL4 validation.
The extension to non-spherical particles and the introduction of phase change is described
in chapter 3. The impingement process and computation of the re-emitted particle cloud is
discussed in chapter 4. The computation of the actual layer of accreted ice is subject of chapter 5.
The final chapter of this thesis, chapter 6, contains the analysis of the results of a number of test
cases that have been used to validate the full ice accretion method for glaciated and mixed-phase
conditions. Results of two of these test cases are compared to experimental results obtained in
the icing wind tunnel of the Technical University of Braunschweig (TUBS). The first case is that
of ice accretion on a cylinder and the second one is that of ice accretion on a NACA-0012 aerofoil.
Finally, the conclusions drawn from the present research together with recommendations for
future work are presented in chapter 7.

1Italian Aerospace Research Center, Capua, Italy
2National Institute for Aerospace Research ‘Elie Carafoli’, Bucharest, Romania
3National Institute for Aerospace Technology, Madrid, Spain
4The French Aerospace Lab, Châtillon and Toulouse, France
5Turkish Aerospace Industries, Ankara, Turkey
6Technical University Darmstadt, Germany
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2 Governing equations

In chapter 1 the choice for an Eulerian method is motivated. The purpose of this chapter is to
describe the theoretical background of the Eulerian formulation for the dispersed phase and
to discuss the simplifying assumptions. Hereafter, the details of the computational method are
provided. This includes a description of the different computational steps as well as a discussion
of the applied numerical scheme and boundary conditions.

2.1 Eulerian governing equations

The flow of a single-phase fluid is described by the conservation laws for mass, momentum
and energy. For a continuum flow this results in the Navier-Stokes equations. This system of
equations is complemented with constitutive relations regarding the stresses in the fluid and for
the conduction of heat. Finally, equations of state regarding the thermodynamic properties of
the fluid are added. The conservation laws applied to a single-phase particle lead to a similar
system of equations. Both systems can be expressed in the following differential form:

∂ρkψk

∂t
+∇· (ρkψk uk

)=−∇· Jk +ρkφk , (2.1)

where t is the time, ρk is the mass density, uk is the velocity, Jk is the flux andφk is the volumetric
source term of phase k. The flow field quantity ψk of phase k depends on the conservation
equation that is considered. For the continuity equation ψk is equal to 1, for the momentum
equation ψk is equal to the velocity uk and for the energy equation ψk is equal to the total
energy E . Equation (2.1) states that the time rate of change of the density of phase k times ψk

plus the rate of convection are equal to the surface flux plus the volumetric source.

If one now considers a particle phase dispersed in a carrier phase, the governing equations for
the carrier phase should include the contribution from the bounding surface of every individual
particle since there are a large number of these particles (typically billions per cubic metre).
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This approach would, however, easily reach the limits of our current computational capabilities.
Therefore, an averaging procedure is applied. The local characteristics of the single phase are
obtained from the system of conservation equations and are then rewritten into macroscopic
properties by applying time, volume or ensemble averaging. These averaging procedures are
well documented in literature, see e.g. Ishii, [62], Zhang and Prosperetti [145, 146], Crowe et al.
[21] and Drew and Passman [28]. For a two-phase flow with a carrier phase consisting of air
(subscript a) and a dispersed phase consisting of ice particles (subscript i ) the averaged conti-
nuity, momentum and energy equation are given in Equations (2.2), (2.3) and (2.4), respectively.
The averaged variables are indicated by brackets 〈〉.

∂αi 〈ρi 〉
∂t

+∇· (αi 〈ρi ui 〉
)= 0, (2.2a)

∂αa〈ρa〉
∂t

+∇· (αa〈ρa ua〉
)= 0. (2.2b)

∂αi 〈ρi ui 〉
∂t

+∇· (αi 〈ρi ui ui 〉
)=−∇·〈Jm,i 〉+〈ρiφm,i 〉−Mm,a→i , (2.3a)

∂αa〈ρa ua〉
∂t

+∇· (αa〈ρa ua ua〉
)=−∇· 〈Jm,a〉+〈ρaφm,a〉+Mm,a→i . (2.3b)

∂αi 〈ρi Ei 〉
∂t

+∇· (αi 〈ρi ui Ei 〉
)=−∇· 〈Je,i 〉+〈ρiφe,i 〉−Me,a→i , (2.4a)

∂αa〈ρa Ea〉
∂t

+∇· (αa〈ρa ua Ea〉
)=−∇·〈Je,a〉+〈ρaφe,a〉+Me,a→i . (2.4b)

The volume fraction or void fraction α is defined as

αk = lim
VCV →0

Vk

VCV
≡ Vk

VCV
, (2.5)

where Vk is the volume of phase k and VCV is the total volume of the control volume containing
the two phases. By definition the sum of the volume fractions should equal 1: αa +αi = 1.
Furthermore, it is assumed in Equations (2.2) to (2.4) that no mass transfer occurs within or
between the phases and that the interfacial momentum and energy transfer are given by Mm,a→i

and Me,a→i , respectively. A detailed derivation of the averaged equations is given in section A.1
of Appendix A. In the remainder of this thesis the brackets 〈〉, indicating the averaged variables,
are dropped as well as the subscripts related to the dispersed phase, unless a distinction needs
to be made between ice i and liquid water w .

2.1.1 Simplifying assumptions

The system of equations given in Equations (2.2) to (2.4) is referred to as the Eulerian-Eulerian
or two-fluid model. In the present study one-way coupling is considered, which means that
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the influence of the dispersed phase on the carrier phase is not taken into account. Hence, the
standard single phase equations can be used to solve for the flow of air. Along with a couple
of other simplifying assumptions, which are explained at the end of this section, the Eulerian
governing equations for spherical ice particles dispersed in air are given by

∂αi

∂t
+∇· (αi u) = 0, (2.6)

∂αi u

∂t
+∇· (αi uu) =αi fD +αi fG , (2.7)

∂αi T

∂t
+∇· (αi T u) =αi

Ċconv

cp,i
. (2.8)

A detailed derivation of Equations (2.6) to (2.8) is given in section A.2 of Appendix A.

The source terms on the right-hand side of Equations (2.7) and (2.8) relate to the specific drag
force fD , the specific gravity force fG and the convective heat capacity rate or specific heat
transfer rate Ċconv . Furthermore, T is the particle temperature and cp,i is the specific heat
capacity of ice. The specific drag force fD can be expressed as a function of the drag coefficient
CD and the particle Reynolds number Re:

fD = ρa |ua −u| (ua −u)CD A

2ρi V
= 3µaCD Re

4ρi d 2 (ua −u) = 1

τp

CD Re

24
(u−ua ) , (2.9)

where Re = ρa |ua −u|d
µa

, τp = ρi d 2

18µa
.

In this equation µa is the dynamic viscosity of air, d is the particle diameter, A is the particle
frontal area and V is the volume of the particle. The particle response time τp is a measure of
responsiveness of the ice crystal to the air velocity. For Stokes flow, when CD Re/24 approaches
unity, τp is the time a particle released at rest needs to achieve 63% of the air velocity. The drag
coefficient CD , of which the expression will be introduced in chapter 3, depends on the particle
Reynolds number Re. The influence of compressibility, particle rotation and turbulence on the
drag coefficient are not included. The compressibility effects can, however, be neglected for
low relative velocities (|ua −u| < 150 m/s) or when high relative velocities are encountered for a
short time only [86]. Furthermore, the effect of turbulence and particle spinning on the drag
coefficient is not well understood and no empirical relations for the drag coefficient have been
derived yet [21]. The specific gravity force fG is a combination of the gravity body force and the
buoyancy force and is expressed as a function of the ratio of the density of air and that of ice and
the gravitational acceleration vector g:

fG =
(
1− ρa

ρi

)
g. (2.10)

The convective heat transfer at the surface of the ice particle is derived from Fourier’s law for
heat conduction and can be expressed as a function of the Nusselt number Nu. This gives for
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the heat capacity rate Ċconv

Ċconv = Q̇conv

ρi V
= 6ka Nu

ρi d 2 (Ta −T ) , where Nu = hc d

ka
. (2.11)

In this equation Q̇conv is the heat transfer rate due to convection, ka is the heat conduction
coefficient of air, Ta is the air temperature and hc is the convective heat transfer coefficient. The
expressions for the Nusselt number Nu are introduced in chapter 3.

The purpose of the remaining part of this section is to justify the simplifying assumptions on
which the Eulerian governing equations for a dispersed phase consisting of ice crystals are
based:

• continuum flow,
• dilute flow,
• one-way coupling,
• negligible viscous, pressure and unsteady force terms,
• negligible radiative and unsteady heat transfer terms,
• constant density,
• spherical particles,
• negligible mass transfer.

The assumption of continuum flow is easily satisfied for the flow of air since the mean free
path of the molecules is generally much smaller than the length scale of the configuration.
Whether the dispersed phase also ‘observes’ the air flow as the flow of a continuum depends
on the particle diameter. If the particle diameter is much larger than the mean free path of the
air molecules the flow around the particle can be seen as continuum. This condition is only
violated in case of very small particles or in case of a very low density of the carrier phase. The
particle phase itself can be treated as a continuum if the particle volume is much smaller than
the control volume at the condition that there are still a large number of particles present in the
control volume.

A classification of dispersed two-phase flows which has been suggested by Elghobashi [32, 33],
see Figure 2.1, is used for the justification of the assumptions on dilute flow and one-way
coupling. In a dilute flow particle-particle interactions can be neglected in the sense that the
particles do not collide or coalesce and that the forces acting on the particle are not influenced
by nearby particles. The latter aspect is typically more restrictive [86]. From Figure 2.1 it can
be seen that a flow is dilute if the particle volume fraction α is below 10−3 and if the distance D
between the individual particles is larger than 10 particle diameters (D/d > 10). Furthermore, if
the particle motion is controlled by the fluid forces the system is one-way coupled. In this case
the effect of the particle motion is not taken into account in the computation of the flow of the
carrier fluid. The requirements for one-way coupling are more restrictive than the requirements
for dilute flow: volume fraction α below 10−6 and particle distance D larger than 100 particle
diameters. For a cloud with an ICC of 1 g/m3 the volume fraction equalsα= 1.1·10−6. Now, if the
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D

d : particle diameter
D : distance between particles
α: particle volume fraction
τp : particle response time,

= ρi d 2/18µa

τK : Kolmogorov time scale
τe : large eddy turnover time

Figure 2.1: Classification of the interaction regimes of dispersed two-phase flow. Figure adapted from
Elghobashi [33].

particles in the cloud have a diameter of 100 µm, the distance between the individual particles,
when assuming a cubic particle arrangement, is approximately 80 particle diameters (D/d ≈ 80).
Hence, for these cloud conditions the assumption of dilute flow is easily satisfied, but the
outer limit of the one-way coupling regime has been reached. It is expected, however, that this
does not violate the one-way coupling assumption. This assumption is substantiated by Loth
[86] who posed somewhat less restraining requirements for dilute flow, i.e. α1/3 ¿ 1,D/d ¿ 1,
and one-way coupling, i.e. α¿ 10−3. Moreover, the particles have a negligible effect on the
turbulence of the carrier phase in the one-way coupling regime for the whole range of turbulent
Stokes numbers, i.e. the Kolmogorov Stokes number StkK = τp /τK which is the ratio of particle
response time τp and the Kolmogorov time scale τK and the Stokes number related to the eddy
lifetime Stke = τp /τe . The particle response time τp has been defined in Equation (2.9).

The momentum equation in Equation (2.7) only includes the contributions from drag, gravity
and pressure (buoyancy) forces acting on the ice particle. A more comprehensive equation of
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motion has been derived by Maxey and Riley [97] for a sphere in a non-uniform flow:

∂αu

∂t
+∇· (αuu) =α[

fD + fG + fS + fAM + fB H + fF
]
. (2.12)

where the specific force terms on the right-hand side are the drag force fD , the gravity plus
buoyancy force fG , the shear force fS , the added mass force fAM , the Basset history force fB H and
the Faxén force fF . The shear force fS , the added mass force fAM and the Basset history force
fB H are forces due to unsteady flow which are related to the acceleration or deceleration of the
particle with respect to the carrier phase. The shear force fS represents the acceleration of the
mass of the carrier phase displaced by the sphere:

fS = ρa

ρi

(
∂ua

∂t
+ua ·∇ua

)
. (2.13)

When a particle accelerates the surrounding fluid is also accelerated. The force needed for this
fluid acceleration is equivalent to adding mass to the particle and is therefore referred to as the
added mass or virtual mass force fAM :

fAM = 1

2

ρa

ρi

[(
∂ua

∂t
+ua ·∇ua

)
−

(
∂u

∂t
+u ·∇u

)]
. (2.14)

Furthermore, the wake behind the particle and the boundary layer on the particle surface are
affected by the changes in the surrounding fluid due to the particle acceleration. The Basset
history force is related to the time needed for the development in time of the boundary layer
and the wake:

fB H = 9

ρi d

(ρaµa

π

)1/2
∫ t

−∞

(
∂ua
∂t +ua ·∇ua

)
−

(
∂u
∂t +u ·∇u

)
p

t −τ dτ. (2.15)

Finally, the Faxén force fF is related to the non-uniformity of the flow field. For a uniform flow
field the Faxén force is zero, but for a non-uniform flow field additional terms appear in the
expression for drag, added mass force and Basset history force:

fF = fF,D + fF,AM + fF,B H

= 3µa

4ρi
∇2ua + ρa

80ρi
∇2ua + 3

8ρi d

(ρaµa

π

)1/2
∫ t

−∞

(
∂(∇2ua )

∂t +ua ·∇3ua

)
p

t −τ dτ. (2.16)

When the Faxén terms are left out, the well-known Basset-Boussinesq-Oseen (BBO) equation is
obtained [21]. Now, if all the force contributions are compared mutually (Equations (2.9), (2.10)
and (2.13) to (2.16)) it can be seen that the buoyancy part of the gravity force fG , the shear force
fS , the added mass force fAM , the Basset history force fB H and the two last terms of the Faxén
force, fF,AM and fF,B H , depend on the ratio of ρa and ρi . Since for ice crystals in air this ratio is
of order 10−3, it is justified to neglect these force terms. The buoyancy part of the gravity force
fG is, however, still included because it is computed relatively easily and it becomes the second
most important force in case of large particles. This is confirmed by numerical computations of
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supercooled droplets by Hospers and Hoeijmakers [59]. Moreover, the Faxén drag term fF,D is
related to the Stokes drag (CD Re/24 = 1) by a factor d 2/l 2, where l is the characteristic length
scale of the flow of the carrier phase. In most cases the radius of curvature of the aerodynamic
flow field is much larger than the particle diameter and hence the Faxén force can be neglected.
Lastly, there are a number of force terms that are not included in the derivation from Maxey
and Riley [97]. Amongst them are the lift force and the torque. Torque is the net result of the
distribution of the shear stress on the particle surface. The lift force is usually divided into
two contributions, one due to the vorticity of the carrier phase and one due to the rotation of
the particle. The particle rotation rate ωp is obtained by solving the conservation equation for
angular momentum. Both lift contributions depend on a dimensionless rotation parameter z
[21, 86, 88]. For the lift force due to vorticity this is the vorticity ωa of the carrier phase times
the particle diameter divided by the relative velocity. Similarly, for the lift force due to particle
rotation this is the particle rotation rate ωp times the particle diameter normalized with the
relative velocity, i.e.

za = |ωa |d
|ua −u| , zp = |ωp |d

|ua −u| . (2.17)

The two lift forces are not significant if za ¿ 1 and zp ¿ 1. It is safe to assume that the lift forces
due to vorticity of the carrier phase are small because they depend on the ratio of ρa and ρi [86].
The lift due to particle rotation in regions with a high relative velocity or caused by impact with
a surface might be of influence. Up to date there are, however, no empirical relations, validated
by experiments, that describe the particle rotation rate ωp after impact.

Michaelides and Feng [99] have derived the energy equation for spherical particles in a non-
uniform flow analogous to the derivation of the equation of motion by Maxey and Riley [97].
This equation contains source terms related to the specific heat transfer rate due to convection
Ċconv , due to change in temperature ĊT , due to diffusion ĊB H and due to the disturbance of the
temperature field ĊF , i.e.

∂αT

∂t
+∇· (αT u) = α

cp,i

[
Ċconv + ĊT + ĊB H + ĊF

]
. (2.18)

The specific heat transfer due to convection Ċconv has already been given in Equation (2.11).
The second term on the right-hand side is the change in temperature of the mass of the carrier
phase with a volume equal to the volume of the sphere. It is analogous to the shear force fS and
is expressed as

ĊT = ρa cp,a

ρi

(
∂Ta

∂t
+ua ·∇Ta

)
. (2.19)

Similarly to the shear force, the energy equation also has a source term corresponding to the
Basset history force:

ĊB H = 6ka

ρi d

∫ t

−∞

(
∂Ta
∂t +ua ·∇Ta

)
−

(
∂T
∂t +u ·∇T

)
p
πaa (t −τ)

dτ. (2.20)
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In this equation aa is the thermal diffusivity of the carrier phase of air, which is equal to
ka /ρa cp,a . Lastly, the Faxén term ĊF is a combination of the correction terms for the convective
heat transfer and history term in case of a non-uniform temperature field and is expressed as

ĊF = ka

4
∇2Ta + ka

4ρi d

∫ t

−∞

(
∂(∇2Ta )

∂t +ua ·∇3Ta

)
p
πaa (t −τ)

dτ. (2.21)

Now, when it is again assumed that the density ratio ρa/ρi is small enough (ρa/ρi ∼ 10−3)
and that the temperature of the carrier phase is uniform except for some regions which are
only encountered for a short period of time, the specific heat transfer rates ĊT and ĊF can be
neglected. Gay and Michaelides [41] have analysed the influence of the history term on the
energy equation for small Peclet numbers: Pe < 1. The Peclet number can be expressed as
the product of the Reynolds number Re and the Prandtl number Pr. The latter is the rate of
momentum diffusivity to the thermal diffusivity and is defined as Pr = cpµ/k. For air the Prandtl
number Pr is approximately 0.7. From the study of Gay and Michaelides it has been concluded
that the volumetric heat capacity, defined as ρa cp,a /ρi cp,i , determines the importance of the
history term. For a volumetric heat capacity within the range [0.002,0.2] the history term in the
energy equation is non-negligible. For ice crystals dispersed in air the volumetric heat capacity
is approximately 0.0007, which is well below the range for which history effect play a role in the
energy equation. Finally, there are some other energy sources that contribute to the change
of temperature of the particles. The Nusselt number in the expression for the convective heat
transfer can be expressed such that it accounts for effects due to compressibility and turbulence.
This correction is, however, not taken into account in the expression for the Nusselt number
introduced in chapter 3. Furthermore, radiative heat transfer due to absorption and emission
can also be taken into account. It is expected, however, that radiation only is of significant
influence if the temperature difference between the particle and its surroundings is very high,
and is therefore neglected.

The density of ice ρi is left out of Equations (2.6) to (2.8), i.e. αi is considered rather than ρiαi .
Since ρi is assumed to be constant this is allowed. In the range of temperatures from -50◦C to
0◦C the variation of the density of ice is less than 1% [30]. Therefore, the density of ice ρi is set
to 917 kg/m3, the density of ice at 0◦C. This approach differs from the approach followed for the
computation of the trajectories of (supercooled) liquid water droplets. In that case the variation
of the density ρw of water is estimated by the IAPWS-95 formulation [141]. The variation of the
density of water and that of ice with temperature is depicted in Figure 2.2.

Finally, the assumptions of spherical particles and negligible mass transfer are considered.
Both assumptions are valid when the dispersed phase consists of water droplets. In case of ice
crystals, however, data obtained from in-flight measurements has shown that ice crystals are
predominantly non-spherical [81]. Furthermore, mass transfer due to melting and evaporation
are non-negligible when ice crystal transport through warm air is studied. The aspects of particle
sphericity and mass transfer are considered further in chapter 3.
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Figure 2.2: Density of water (liquid and ice) within temperature range [−180◦C,150◦C]. The dashed lines
correspond to the ice and water density at 0◦C, i.e. ρi = 917 kg/m3 and ρw = 999.8 kg/m3.

2.1.2 Catching efficiency

Once the dispersed flow of ice crystals over an object has been calculated, it should be related to
the prediction for the amount of ice that accretes on the surface as a result of the impinging ice
crystals. A suitable variable in this case is the local catching efficiency β. It is defined as the ratio
of the impinging mass flux and the TWC times the velocity of the free stream:

β= αiρi u ·n

TWC |u∞| . (2.22)

The distribution of the catching efficiency along the surface provides the distribution of the
mass of the impinging ice crystals over the surface. For a typical aerofoil shape the catching
efficiency will be approximately 1 at the stagnation point and decreases further downstream
until at some point ice particles do not impinge on the surface any more. The catching efficiency
β is usually plotted against the normalized curvilinear coordinate s/c along the aerofoil surface
of an aerofoil with chord c. In the results for the catching efficiency shown in this thesis the
curvilinear coordinate is consistently taken from the trailing edge (s/c =−1) over the pressure
surface of the aerofoil to the leading edge (s/c = 0) of the aerofoil and back to the trailing edge
(s/c = 1) over the suction surface of the aerofoil, see Figure 2.3.

s

s

ua

Figure 2.3: Curvilinear coordinate s along aerofoil surface.
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Figure 2.4: Schematic ice accretion method.

2.2 Computational method

In general, a method for ice accretion can be divided into a number of steps, see Figure 2.4.

1. First of all, the aerodynamic flow field surrounding the geometry considered should be
computed. This flow field solution serves as input for the actual ice accretion method. The
aerodynamic flow is computed by an in-house numerical method called MooseMBFlow,
which is short for Multi-disciplinary Object oriented Optimization and Simulation En-
vironment for Multi-Block structured Flow. MooseMBFlow is a parallel multi-block Eu-
ler/RANS solver which has been extended and applied in research of, amongst others,
Jongsma [66], Khatami [68] and Giangaspero [42].

2. During the second step the particle trajectories are calculated by means of the Eulerian
governing equations described in section 2.1. The physics related to the particle im-
pingement on the surface of the geometry are part of this module. The trajectory module
employs a finite volume approach for cell-centred multi-block structured grids in a similar
way as has been used in MooseMBFlow. The details of the numerical method and the
boundary conditions are discussed in the remainder of this section. The physics of the ice
crystal trajectories and the particle impact on a surface is introduced in chapters 3 and 4,
respectively.
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Figure 2.5: Schematic finite volume method for a one-dimensional grid.

3. The third and final step consists of the computation of the actual ice accretion by means
of a mass and energy balance computed along the surface, starting at the stagnation point.
This part is discussed in chapter 5.

In the remainder of this thesis the ice accretion method, steps 2 and 3, are referred to as
MooseMBIce.

2.2.1 Finite Volume Method (FVM)

Finite volume methods are widely used in computational fluid dynamics because of their
straightforward formulation and relatively easy implementation for both structured and un-
structured grids. Finite volume methods use the integral form of the governing equations, i.e.

∂

∂t

∫
V

Q dV +
∫
∂V

F (Q) ·n d∂V =
∫

V
S dV (2.23a)

where the vector of conserved variables Q, the flux vector F and the source terms S are given by:

Q =
 α

αu
αT

 , F (Q) =
 αu
ρuu
αT u

 , S =

 0
αfD +αfG

α Ċconv
cp,i

 (2.23b)

In Equation (2.23a) V represents the control volume, ∂V represents its bounding surface and n
is the corresponding outward directed unit normal vector. The computational domain is divided
into a number of finite volumes (e.g. grid cells) and the integral over the conserved variables
in each control volume is approximated. The average value Qn

i in cell i at time n is then used
to approximate Qn+1

i at the next time tn+1. In Figure 2.5 a schematic of this approach for a
one-dimensional grid is shown. The corresponding explicit discretization scheme is obtained
by dividing Equation (2.23a) through the control volume V and is given by

Qn+1
i −Qn

i

tn+1 − tn
+ Fn

i+1/2 −Fn
i−1/2

xi+1/2 −xi−1/2
= Sn

i . (2.24)

Fn
i+1/2 is an approximation of the average flux at x = xi+1/2. Now, if the same approach is applied
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to a three-dimensional control volume equal to a grid cell with six faces this yields

Qn+1
i −Qn

i

∆t
+ 1

V

j=5∑
j=0

Fn
j = Sn

i , (2.25)

where ∆t = tn+1 − tn and V is the volume of the grid cell. The approximation of the average flux
Fn

j can be written as a function of the numerical flux H:

Fn
j =

∫
∂V

F (Q) ·n d∂V = H
(
QL ,QR ,n j

)
A j , (2.26)

where QL and QR are the left and right state, respectively, of Q at face j and A j is the surface
area of face j . By definition, the right state QR is in the direction of the normal n of the face. The
computation of H is described in section 2.2.3. The scheme in Equation (2.25) is only first-order
accurate in time. The high-order time integration method applied in this study is discussed in
the next section. In the present research, however, multi-stage methods are only needed for
stability reasons instead of accuracy since steady-state problems have been solved. For a more
comprehensive description of finite volume methods the reader is referred to LeVeque [83].

2.2.2 Time integration

The numerical simulation of the dispersed phase is started from a uniform flow field with
conserved variables equal to the free-stream conditions. Since only steady-state solutions are
considered in the present research, local time stepping has been employed to accelerate the
convergence of the dispersed phase solution to a steady-state solution. A standard low-storage
four-stage Runge-Kutta method has been applied to integrate the solution from time level n to
time level n +1:

Q0 = Qn ,

Qm+1 = Q0 + rm∆tRm , for m = 0, ...,3, (2.27)

Qn+1 = Q3,

where R is the sum of convective and source term residuals:

Rn = Sn − 1

V

j=5∑
j=0

Fn
j . (2.28)

The coefficients rm in Equation (2.27) are equal to [65]

r0 = 1

3
, r1 = 4

15
, r2 = 5

9
, r3 = 1.

The local time step ∆t is defined as

∆t = CFL
∆l

|u| . (2.29)
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Figure 2.6: Modified local time step ∆t ′ as a function of the particle diameter d .

Here ∆l is a length interval corresponding to the control volume V . The CFL number [20]
depends on the integration scheme. The time step is related to the eigenvalues λ of the Jacobian
of the system. For Equations (2.6) to (2.8) this corresponds to λ= u. However, a more restrictive
time step might be needed in case of small particles, as has been analysed by Slater and Young
[121]. They have proposed a modified time step which depends on the particle response time
τp , defined in Equation (2.9):

∆t ′ = τp∆t

τp +∆t
. (2.30)

According to Slater and Young [121] this approach is exactly equivalent to an implicit time-
integration method. In Figure 2.6 the development of the modified time step ∆t ′ is shown for
particle diameters up to 2500 µm. Here the air viscosity µa is taken at the melting temperature,
i.e. µa = 1.72 ·10−5 Pa s. It can be seen that for small particles the modified local time step ∆t ′ is
considerably smaller than the original local time step ∆t .

2.2.3 Numerical fluxes

The flux vector F (Q) can be defined utilizing an approximate Riemann solver. In this approach a
Riemann problem is defined at every cell face j , which is Equation (2.25) combined with initial
data on the left L and right R side of the face. For the interface at x = 0 the initial conditions are
given by

Qn (x) =
{

QL if x < 0,

QR if x > 0.
(2.31)

This initial data consists of a piecewise constant function with a single jump discontinuity, see
Figure 2.7 (left). The general solution of a Riemann problem consist of a number of waves for
each eigenvalue λ which emerge from the origin. For example, in Figure 2.7 (right) three waves,
SL , S∗ and SR , are shown. The solution to the left of the non-linear wave SL equals the initial
data QL and in the same way the solution to the right of the non-linear wave SR equals QR .
Non-linear waves are either shocks or rarefaction waves. The third wave S∗ lies in the ‘star’
region between SL and SR and is a linear contact wave with solutions Q∗L and Q∗R between
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Figure 2.7: Riemann problem (left) at the interface x = 0 and the wave structure (right) for the HLLC
Riemann solver with four solution states QL ,Q∗L ,Q∗R ,QR , separated by waves SL ,S∗ and SR .

the linear and non-linear waves. The HLLC scheme, defined by Toro et al. [130], uses the four
states QL ,Q∗L ,Q∗R and QR as an approximation to the Riemann problem. The wave speeds for
Equation (2.23b) are defined as

SL := min
[

(u ·n)L , (u ·n)R
]
, (2.32a)

SR := max
[

(u ·n)L , (u ·n)R
]
, (2.32b)

S∗ := αR (u ·n)R [SR − (u ·n)R ]−αL (u ·n)L [SL − (u ·n)L]

αR [SR − (u ·n)R ]−αL [SL − (u ·n)L]
. (2.32c)

The HLLC flux is written as

H
(
QL ,QR ,n j

)=


F (QL) if SL ≤ 0,

F (QL)+SL (Q∗L −QL) if SL < 0 < S∗,

F (QR )+SR (Q∗R −QR ) if S∗ ≤ 0 ≤ SR ,

F (QR ) if SR < 0,

(2.33)

where the solution vectors in the star region are given by

Q∗L =αL

(
SL − (u ·n)L

SL −S∗

) 1
(u ·n)L

TL

 , Q∗R =αR

(
SR − (u ·n)R

SR −S∗

) 1
(u ·n)R

TR

 . (2.34)

A first-order spatial accuracy is obtained when Qi and Qi+1 are used as the left and right states
of the interface, respectively. It is, however, desirable to use a higher-order accuracy in order to
limit the numerical dissipation. Second-order accuracy is achieved when the cell averages from
the adjacent cells are interpolated linearly. In regions with large gradients or discontinuities
a limiter is needed to damp the oscillations that might result from the linear reconstruction.
In the present study a MUSCL-type scheme with a Van Leer limiter [78] has been applied. The
MUSCL-scheme, short for Monotone Upstream-Centred Scheme for Conservation Laws, has
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originally been proposed by Van Leer [79]. The piecewise non-linear reconstruction of the left
state QL and right state QR of the interface between control volume i and i +1 is given by

QL = Qi +Ψi
[
(∇Q)i · (xLR −xi )

]
, (2.35a)

QR = Qi+1 +Ψi+1
[
(∇Q)i+1 · (xLR −xi+1)

]
, (2.35b)

where (∇Q) is the gradient of variables Q at the center of the control volume and x is the position
vector. The vectorΨ of limiter functions becomes 0 in regions of discontinuities and 1 in smooth
regions of the flow. This implies that a linear reconstruction is obtained in regions with a smooth
solution and a constant or first-order reconstruction is obtained in regions with discontinuous
solutions. The Van Leer limiter, also proposed by Van Leer [78] in an earlier paper, is an example
of a smooth limiter function, see Figure 2.8. For the reconstructed variables on the left state of
the interface between volume i and i +1 it is defined as

Ψi =
{

2ri
1+ri

if ri > 0,

0 if ri ≤ 0,
(2.36)

where ri is the ratio of gradients:

ri = Qi+1 −Qi

Qi −Qi−1
.

This limiter is applied for every element of the vector of variables Q. The reader is referred to
Toro [129] for an overview of other available numerical flux methods and limiter functions.

2.2.4 Boundary conditions

Since the computational domain is limited by physical or artificial boundaries, boundary condi-
tions need to be imposed. In case of second-order spatial accuracy these boundary conditions
are enforced via two layers of halo cells.
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Figure 2.9: Schematic solid wall boundary conditions. The wall represents an outflow boundary if u ·n > 0
and a mirror boundary with zero normal velocity if u ·n < 0.

The artificial boundaries are the far field, the outflow and the symmetry boundaries. At the
far-field boundary the dispersed phase characteristics (α,u and T ) are set equal to free-stream
conditions. The particles in the far field are assumed to be in kinetic and thermal equilibrium
with the aerodynamic flow (u = ua and T = Ta ), unless stated otherwise. For this approach the
far-field boundary has to be located sufficiently far away from the region of interest, e.g. the
aerofoil. The outflow boundary conditions are not actually specified. It is assumed that the
outflow conditions depend only on the solution at the left state of the interface. So no additional
conditions, except computational data from the inner computational domain is needed. This
can be carried out in this fashion because all eigenvalues are u·n. In case of symmetry conditions
the solution at both sides of the symmetry boundary is mirrored. So, the solution in the first and
second layer of halo cells mirrors the solution in the respective first and second layer of cells in
the interior domain.

The solid wall of the wetted geometry represents a physical boundary. The nature of the wall
boundary condition for the dispersed phase depends on the normal component of the particle
velocity at the surface, see Figure 2.9. If the normal component of the particle velocity is directed
towards the surface the wall boundary is set as an outflow boundary. If, however, the normal
component of the particle velocity is directed away from the surface, i.e. into the flow field, it is
not physically realistic that particle are flowing from the surface into the computational domain.
In this case the particle volume fraction α is set to a very small value of 10−9TWC, since a value
identically zero leads to convergence problems. The particle velocities are mirrored by imposing
a zero normal velocity at the wall, similarly to the solid wall condition for inviscid aerodynamic
flow. The particle velocity uH in the first layer of halo cells is computed by

uH = u−2(u ·n)n. (2.37)

The solution in the second layer of halo cells is obtained by linear extrapolation. For shadow
zones, i.e. regions without particles near concave surfaces, it might be necessary to impose the
zero normal velocity condition based on the velocity ua of the aerodynamic flow, i.e.

uH = ua −2(ua ·n)n. (2.38)
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This prevents that the solution diverges due to high gradients of the particle volume fraction
α.

2.3 Conclusion

In this chapter the Eulerian governing equations for the dispersed phase of ice crystals in a
carrier phase of air have been introduced. Moreover, the limitations due to the assumptions
have been determined and justified. The system of equations given in Equations (2.6) to (2.8)
forms the basis for the present research under the assumptions of: continuum and dilute flow,
one-way coupling, constant ice density and negligible particle forces other than those resulting
from drag, gravity and buoyancy.

In the second part of this chapter the details of the computational method, MooseMBIce, have
been explained. MooseMBIce employs a cell-centred finite volume discretization with second-
order spatial accuracy. An upwind method using an approximate Riemann solver with a Van
Leer limiter is applied. Time integration is performed by a standard low-storage four-stage
Runge-Kutta scheme using local time stepping to obtain the steady flow solution.
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3 Trajectory module

The governing equations for the Eulerian method derived in chapter 2 are only applicable to
spherical particles. In order to accommodate ice crystals, the shape of the particle and the
possibility of particles changing phase have to be taken into account. In this chapter the extensions
are introduced and the results are verified and/or validated by (experimental) benchmark test
cases.1

3.1 Particle sphericity

Ice crystals can have all kind of shapes, as was already discussed in section 1.1, and the majority
of shapes differ substantially from a perfect sphere. In this section a number of geometrical
parameters are introduced that can describe the shape of an ice crystal more accurately.

The particle sphericity Φ is one of the geometrical shape descriptors that is widely used in
literature [11, 87, 92]. It is a measure of how close the particle shape approaches that of a sphere,
for whichΦ= 1.0. Sphericity is defined as the ratio of the surface area Ap of a sphere with the
same volume as the particle and the surface area A of that particle

Φ= Ap

A
. (3.1)

Ap is also called the surface area of the volume-equivalent sphere. The diameter of a sphere
which has the same volume as the actual particle is referred to as the particle equivalent diameter
dp .

1Part of the content of this chapter is based on references [63, 108].
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Table 3.1: Geometrical parameters for common shapes.

Shape dp /d Φ/
(
dp /d

)2
Φ⊥/

(
dp /d

)2

Sphere
1 1 1

Oblate spheroid
E 1/3 4e?

2e?+E 2 ln
(

1+e?

1−e?

) 1
E < 1, major axis d

Prolate spheroid
E 1/3 2e?

e?+E sin−1 e?
E−1

E > 1, minor axis d
Cylinder/disk ( 3E

2

)1/3 2
1+2E min

(
1, π

4E

)
circle d

Hexagonal block
C ‡E 1/3 4π

3
p

3+12E min
(

2π
3
p

3
, π

4E

)
hexagon max. d

e? =
√

1−min(E ,1/E)2, C ‡ =
(

9
p

3
4π

)1/3

When the particle orientation needs to be considered, two additional sphericity parameters can
be defined [57]: crosswise sphericity Φ⊥ and lengthwise sphericity Φ∥, i.e.

Φ⊥ = Ap,pr o j

Apr o j ,⊥
, (3.2)

Φ∥ =
Ap,pr o j

1
2 A− Apr o j ,∥

. (3.3)

The crosswise sphericity Φ⊥ is the ratio between the cross-sectional area Ap,pr o j of the volume
equivalent sphere and the area Apr o j ,⊥ of the projection of the considered particle on a plane
perpendicular to the flow. The lengthwise sphericity Φ∥ is the ratio of the cross-sectional area
Ap,pr o j of the volume equivalent sphere and the difference between half of the surface area A of
the particle and the mean area Apr o j ,∥ of the projection of the particle on planes parallel to the
direction of the flow.

For axi-symmetric particles like spheroids, cylinders or disks, the aspect ratio E is another
common shape factor [87]

E = d∥
d⊥

, (3.4)

where d∥ is the particle diameter parallel to the axis of symmetry and d⊥ is the particle diameter
perpendicular to this axis. Spheroids with an aspect ratio smaller than 1 are called oblate
or flattened, while prolates or elongated spheroids have an aspect ratio larger than 1. The
geometrical parameters of some common shapes used in the present study are listed in Table 3.1.
Here it is assumed that the particle resides in its most stable or broadside orientation. In the
next two sections the effect of particle sphericity on the drag coefficient and on the convective
heat transfer is discussed. This is followed by the analysis of the results of a benchmark test case
to verify the effects of sphericity of the particle on its trajectory.
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3.1.1 Drag coefficient

Three drag relations for non-spherical particles are selected from literature. Haider and Levenspiel
[49] developed relations for the drag coefficient and for the terminal velocity of falling spherical
and non-spherical particles. They have compared recently proposed drag relations available
at that time and came up with a four-parameter general drag relation, Equation (3.5). The
four parameters are a function of Reynolds number Re and sphericity Φ. These have been
fitted to experimental data for non-spherical particles by using 419 isometric data points. For
the isometric particles in the range (Φ≥ 0.67, Re < 25,000) the root-mean-square deviation is
approximately 2.8%, but for the 87 disk data points in the range (Φ≤ 0.23, Re < 500) the error is
around 9.8%. The relation reads:

CD (Re,Φ) = 24

Re

(
1+ AReB )+ C

1+ D
Re

, (3.5)

with

A (Φ) = exp
(
2.3288−6.4581Φ+2.4486Φ2)

,

B (Φ) = 0.0964+0.5565Φ,

C (Φ) = exp
(
4.905−13.8944Φ+18.4222Φ2 −10.2599Φ3)

,

D (Φ) = exp
(
1.4681+12.2584Φ−20.7322Φ2 +15.8855Φ3)

.

A few years later Ganser [40] derived another drag relation for non-spherical particles. The
relation involves the Reynolds number and two parameters: the Stokes’ shape factor K1 and
the Newton’s shape factor K2. A dimensional analysis based on the assumption that particle
drag is proportional to velocity in Stokes’ regime and to the square of the velocity in Newton’s
regime results in a drag coefficient, Equation (3.6), that depends on Re, K1 and K2. The shape
factors K1 and K2 are obtained by fitting CD to experimental data and are given as a function of
the particle’s sphericity Φ and the area projected in the direction of motion, see Table 3.2. The
experimental data is obtained from the same literature sources as used in the work of Haider and
Levenspiel, but with more data sets taken into account. In Table 3.2 the second term in Stokes’
shape factor K1 depends on the particle equivalent diameter dp of a sphere which has the same
volume as the particle and the diameter dtube of the tube in which the particle is settling. This
term can be left out if the tube is absent. Compared to the results of Haider and Levenspiel the
drag coefficient formulation of Ganser has a smaller root-mean-square deviation (7.1% to 4.7%),
especially for disk shaped particles (11.4% to 6.7%).

CD (Re,Φ,Φ⊥) = 24

ReK1

(
1+0.1118(ReK1K2)0.6567)+ 0.4305K2

1+ 3305
ReK1K2

for ReK1K2 ≤ 105. (3.6)

The third relation for the drag coefficient of non-spherical particles has been proposed by
Hölzer and Sommerfeld [57]. They have included the particle orientation within the entire
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Table 3.2: Stokes’ and Newton’s shape factors for Equation (3.6) of Ganser [40].

Shape K1 K2

Isometric K1 =
( 1

3 + 2
3Φ

−1/2
)−1 −2.25

dp

dtube
K2 = 101.8148(− log10Φ)0.5743

Non-isometric K1 =
( 1

3Φ
−1/2
⊥ + 2

3Φ
−1/2

)−1 −2.25
dp

dtube
K2 = 101.8148(− log10Φ)0.5743

range of Reynolds numbers up to the critical Reynolds number. The resulting relation, Equa-
tion (3.7), uses a lengthwise sphericity Φ∥ in the Stokes regime and a crosswise sphericity Φ⊥
in Newton’s regime. A slightly different formula is obtained when the lengthwise sphericity
in Equation (3.8) is replaced by the crosswise sphericity. Comparison with a large set of ex-
perimental data obtained for spheres, isometric particles, cuboids and cylinders, as well as
disks and plates has shown that the mean relative deviation of Equation (3.7) and its simplified
version, Equation (3.8), is very low, 14.1% and 14.4%, respectively, compared to the drag relations
from Ganser, 348%, and Haider and Levenspiel, 383%. This large difference is caused by the
inability of the relations by Ganser and Haider and Levenspiel to handle disk- and plate-shaped
particles. For isometric particles, however, Equations (3.5) and (3.6) perform slightly better than
Equation (3.7), 6.46% and 6.65%, respectively, compared to 10.5%.

CD
(
Re,Φ,Φ⊥,Φ∥

)= 8

Re

1√
Φ∥

+ 16

Re

1p
Φ

+ 3p
Re

1

Φ3/4
+ 0.42

Φ⊥
100.4(− log10Φ)0.2

, (3.7)

CD (Re,Φ,Φ⊥) = 8

Re

1p
Φ⊥

+ 16

Re

1p
Φ

+ 3p
Re

1

Φ3/4
+ 0.42

Φ⊥
100.4(− log10Φ)0.2

. (3.8)

In Figure 3.1 the three drag relations, Equations (3.5), (3.6) and (3.8), are plotted as function
of the particle Reynolds number. The widely used relation for the drag coefficient of Clift and
Gauvin [18] is given as a reference:

CD =
[

24

Re

(
1+0.15Re0.687)]+ 0.42

1+ 42500
Re1.16

. (3.9)

The drag relations are plotted for spherical particles (left) and for non-spherical particles with
an aspect ratio of E = 2 (right). In this case the non-spherical particles are cylinders. The values
for the drag coefficient obtained with the different relations are very similar. For Re > 100 the
drag coefficient for non-spherical particles becomes twice to three times the value of the drag
coefficient for a sphere.

3.1.2 Convective heat transfer

The effect of particle shape on convective heat transfer has been studied considerably less than
the effect of the particle shape on particle drag. In this section three of the more recent relations
are introduced and compared to the widely used relation proposed by Ranz and Marshall [114]
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Figure 3.1: Drag coefficient relations for spherical particles (left, E = 1, Φ = 1, Φ⊥ = 1) and for non-
spherical particles (right, E = 2, Φ= 0.832, Φ⊥ = 0.816).

given in Equation (3.10). In this relation the rate of heat transfer increases with particle Reynolds
number Re and with Prandtl number Pr.

Nu = 2+0.6Pr1/3
p

Re for Re ∈ [0,200] . (3.10)

A first attempt to numerically investigate effects of non-sphericity on convective heat transfer
in the flow around particles has been reported by Comer and Kleinstreuer [19]. They have
analysed the steady laminar thermal flow around non-spherical particles and droplets situated
in a cylindrical computational domain. The particles had a constant temperature and an aspect
ratio E in the range of 0.2 to 1. Results have been obtained for intermediate Reynolds numbers
(i.e. 40 ≤ Re ≤ 120) and for a Prandtl number of either 0.7 or 7. A relation for the Nusselt number
has been obtained by a least-squares fit to the computed data in a log-log plot of the surface-
averaged Nusselt numbers: Nu(Re,E ,Pr). For the lower Prandtl number of Pr = 0.7 this relation
is

Nu = 1.393Re0.348 exp(0.248(1−E)) for Pr = 0.7, Re ∈ [40,120] . (3.11)

Richter and Nikrityuk [119] performed a numerical analysis of heat transfer in the fluid flow
around spherical and non-spherical particles. The temperature of the incoming airflow was
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equal to 25◦C and the particle surface temperature has been assumed constant at 100 degrees
above the air temperature. The particles were either spheres, ellipsoids or cubes in the steady-
laminar flow regime for particle Reynolds numbers between 10 and 250. In this study it has been
found that the surface-averaged Nusselt number varies mainly with two geometrical parameters:
the sphericity Φ and the crosswise sphericity Φ⊥. The relation developed from these computed
data is given by

Nu = 1.76+0.55ΦPr1/3
p

ReΦ0.075
⊥ +0.014Pr1/3Re2/3

(
Φ

Φ⊥

)7.2

for Re ∈ [0,250] . (3.12)

Recently, Villedieu et al. [139] have found that the relations for the Nusselt number given in
Equations (3.11) and (3.12) deviate significantly in case of oblate spheroids with an aspect ratio
E below 0.8. They have applied the Reynolds analogy to establish a relation between the drag
coefficient and the Nusselt number. Based on the drag relation from Hölzer and Sommerfeld
[57] and assumptions made by Leith [80], the following relation for the Nusselt number has been
introduced:

Nu ≈ 2
p
Φ+ 3

8
Φ1/4

p
Re. (3.13)

However, the Nusselt number is usually parametrized in such a way that its form is similar to
the Ranz-Marshall relation in Equation (3.10) or the Frössling relation [38]

Nu = APr1/3ReB , (3.14)

where A and B are parameters that depend on the particle geometry, on the type of flow around
the particle and on the range of Reynolds numbers. Hence, the following relation has been
obtained by Villedieu et al. [139]:

Nu = 2
p
Φ+0.55Pr1/3Φ1/4

p
Re. (3.15)

In Figure 3.2 the relations for the Nusselt number from Equations (3.10) to (3.12) and (3.15) are
shown as a function of the particle Reynolds number. For both spherical and non-spherical
particles the Nusselt number obtained by the Ranz-Marshall relation for spherical particles is
higher than the Nusselt number obtained with the sphericity-dependent relations.

3.1.3 Eulerian governing equations - updated

The Eulerian equations in their simplest form have been introduced in chapter 2. When the
extensions introduced in sections 3.1.1 and 3.1.2 are taken into account this results in a slightly
different set of equations:
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non-spherical particles (right, E = 2, Φ= 0.832, Φ⊥ = 0.816).

∂α

∂t
+∇· (αu) = 0, (3.16)

∂αu

∂t
+∇· (αuu) = 3µaCD (Re,Φ)Re

4ρp d 2
p

α (ua −u)+
(
1− ρa

ρp

)
αg, (3.17)

∂αT

∂t
+∇· (αT u) = 6ka Nu(Re,Pr,Φ)

Φρp cp,p d 2
p

α (Ta −T ) . (3.18)

The source term of the energy equation, Equation (3.18), has the particle sphericity in the
denominator since the convective heat flux is usually evaluated by considering the surface area
of the whole particle.

3.1.4 HAIC benchmark on effect particle sphericity

A benchmark test case has been defined to verify the drag coefficient and Nusselt number
relations that have been applied in the particle trajectory method. The particle temperature
and collection efficiency are computed for a NACA-0012 aerofoil with a chord c of 1 m. The
mesh used for the aerodynamic simulation is also used for the calculation of the trajectories:
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Table 3.3: Aerodynamic conditions test case particle trajectories around NACA-0012 aerofoil.

Mach Pressure Temperature AoA
Ma∞ [-] pa,∞ [Pa] Ta,∞ [K] [◦]

0.25 100000 268.15 2

Table 3.4: Test case particle trajectories around NACA-0012 aerofoil.

Run # d [µm] E [-] dp [µm] Φ [-] Φ⊥ [-] Stk0 Re0

1 20 1.0 22.89 0.873 1.029 1.30 · 10−1 1.44 · 102

2 20 0.5 18.17 0.825 0.825 8.16 · 10−2 1.15 · 102

3 20 0.1 10.62 0.470 0.282 2.79 · 10−2 6.70 · 101

4 20 2.0 28.84 0.832 0.816 2.06 · 10−1 1.82 · 102

5 20 10.0 49.32 0.579 0.477 6.02 · 10−1 3.11 · 102

6 100 1.0 114.40 0.873 1.029 3.24 · 100 7.22 · 102

7 100 0.5 90.85 0.825 0.825 2.04 · 100 5.73 · 102

8 100 0.1 53.13 0.470 0.282 6.98 · 10−1 3.35 · 102

9 100 2.0 144.2 0.832 0.816 5.14 · 100 9.10 · 102

10 100 10.0 246.60 0.579 0.477 1.50 · 101 1.56 · 103

a structured, single-block C-mesh consisting of 34,144 cells with a far-field boundary at 44
chord-lengths away from the aerofoil, see Figure 3.3. The aerodynamic field is calculated with
an inviscid flow method based on the Euler equations. The aerodynamic conditions are given in
Table 3.3 and the solution of the air temperature field along with a number of streamlines are
given in Figure 3.4. The shape of the particles is cylindrical or disk-like depending on the aspect
ratio, which is in the range of 0.1 to 10. The particle trajectories are computed for particles
with an actual circle-diameter of d = 20 µm and for d = 100 µm. At release the particles are
at kinetic and thermal equilibrium with the air flow. For the comparison of the heat transfer
coefficients the initial particle temperature will be lowered 10 degrees to 258.15 K. Results have
been obtained for the cases listed in Table 3.4. In the last two columns the particle Stokes and
Reynolds number are given for the reference velocity. These numbers are calculated for an
ice density ρ of 917 kg/m3 and for the air flow properties in the far field: ρa = 1.3 kg/m3 and
µa = 1.69 ·10−5 Pa s. The particle Stokes number characterises the particle response to the fluid
flow and is given by

Stk0 =
ρp d 2

p u∞
18µa c

. (3.19)

The lower the Stokes number, the closer the particles follow the aerodynamic streamlines.

For this benchmark, a comparison with the results obtained with the Eulerian computational
methods from CIRA and ONERA has been presented by Iuliano et al. [63]. From this comparison
it has been concluded that the general agreement between the collection efficiency results is very
good. Furthermore, comparable results have been obtained for the particle temperature in the
computational domain and along the aerofoil surface, even though the results were computed
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Figure 3.3: C-grid consisting of 34,144 cells around NACA-0012 aerofoil. A close-up of the grid around the
aerofoil is shown on the right.

on different grids. The results presented in this section are obtained with MooseMBIce and
focus on the difference due to differences in drag and Nusselt number relations.

In Figure 3.5 the results for the catching efficiency β for particle aspect ratios E = 0.1,1,10 are
shown as a function of the curvilinear coordinate s along the aerofoil surface normalized with
the chord c. On the left are the results for the 20 µm-diameter particles and on the right are
the results for the 50 µm-diameter particles. The particle aspect ratio E increases from top to
bottom. For particles with an aspect ratio of E = 1 the peak in the collection efficiency for the
small particles lies slightly below 0.6 and particles are hitting the surface around the leading
edge from s/c = [−0.055;0.022]. The larger particles with an aspect ratio of E = 1 show a higher
peak in catching efficiency of approximately 0.92 and cover a larger area of the aerofoil surface
from s/c = [−0.25;0.11]. In general, the peak in the catching efficiency and the impingement
limits decrease with decreasing aspect ratio and increase with increasing aspect ratio.

From the results for the catching efficiency it can be observed that the different drag coefficient
relations lead to similar results for spherical particles. For particles with either lower or higher
aspect ratios, the particle sphericity is of significant influence as the Clift-Gauvin drag relation
now exceeds the other three drag relations. However, the results for these latter three sphericity-
dependent models are still very similar. This trend has been visualised by plotting the peak value
of the catching efficiency βmax against the particle Reynolds number Re0 (Figure 3.6, left) and
against the particle Stokes number Stk0 (Figure 3.6, right) for all cases listed in Table 3.4. From
this graph it can be seen that for very high and very low particle aspect ratios E the peak catching
efficiency βmax obtained with the sphericity-dependent drag relations deviates significantly
from the peak catching efficiency obtained from the Clift-Gauvin drag relation. The differences
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Figure 3.4: Air temperature field and streamlines around NACA-0012 aerofoil.

in the results obtained with the sphericity-dependent drag relations are slightly larger for the
smaller particles with d = 20 µm. The lowest value for the peak catching efficiency βmax is
generally obtained for the Ganser drag relation, Equation (3.6), and the highest value is obtained
for the drag relation from Haider-Levenspiel, Equation (3.5).

The results for convective heat transfer are computed using the drag relation from Ganser,
Equation (3.6), and the particle temperature T is monitored in two ways. The right side in
Figure 3.7 shows the particle temperature on the aerofoil surface. This is an important parameter
in computing the surface temperature for ice accretion. The particle temperature along the
particle trajectory that hits the stagnation point is presented in the left side of Figure 3.7. From
these results it is possible to evaluate the temperature increase from the far-field temperature to
the point at which thermal equilibrium is reached. The particle temperature along the particle
trajectory for aspect ratios of E = 0.1 and E = 1 is similar for each Nusselt number relation.
The heat transfer rate is lowest in case of the Comer-Kleinstreuer relation, but on impact with
the aerofoil the particle temperature is (almost) equal to the temperature of the air. For the
elongated cylinders, with an aspect ratio of E = 10, the particle temperature obtained with
the relation from Comer-Kleinstreuer is significantly different from the particle temperature
obtained with the other three models. So, this model does not only deviate significantly for low
aspect ratios, as concluded by Villedieu et al. [139], but also for high aspect ratios.

3.2 Phase change

For ice crystals residing in a warm environment, with T > Tmelting, phase change will occur.
This process enforces a coupling between the phases present in the dispersed phase or a even
coupling between the dispersed phase and the carrier gas. In the next two sections particle
evaporation and condensation as well as particle melting will be discussed. The resulting
extension to the governing equations of the Eulerian method will be presented in section 3.2.3
followed by a benchmark validation test case in section 3.2.4.
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Figure 3.5: Catching efficiency for NACA-0012 aerofoil using different drag relations for small particles
(d = 20 µm, left) and large particles (d = 100 µm, right) for three aspect ratios (E = 0.1,1,10, top
to bottom). The aerodynamic conditions are given in Table 3.3.
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Figure 3.6: Peak value βmax of the catching efficiency against the particle Reynolds number Re0 (left) and
against the particle Stokes number Stk0 (right). The aerodynamic and particle conditions are
given in Table 3.3 and Table 3.4, respectively.

3.2.1 Evaporation

Evaporation is driven by the difference in vapour concentration at the particle surface and that
in the surrounding stream. Detailed derivations of evaporation models for spherical droplets
are widely available in literature, for instance Crowe et al. [21] and Bird et al. [10]. For low
evaporation rates, which apply to icing conditions, the rate of change of the particle mass is
given by

ṁev =πρa Dv dp Sh
(
Yv,s −Yv,∞

)
. (3.20)

In this equation Dv is the diffusivity of vapour in air and Yv,s and Yv,∞ are the vapour mass
fraction at the particle surface and in the free stream, respectively. The Sherwood number Sh is
the ratio between the convective mass transfer and the diffusive mass transfer and can be linked
to the Nusselt number by the Chilton-Colburn analogy, which replaces the Prandtl number
Pr by the Schmidt number Sc. The analogy applied to the Nusselt number relation defined in
Equation (3.15) results in the following relation for the Sherwood number:

Sh = 2
p
Φ+0.55Sc1/3Φ1/4

p
Re. (3.21)

The vapour Schmidt number is the ratio of diffusion of momentum to diffusion of mass

Sc = µa

ρa Dv
. (3.22)

For standard atmospheric temperature and pressure at sea level the Schmidt number is approxi-
mately 0.6. When the Schmidt number is divided by the Prandtl number, the Lewis number is
obtained: Le = Sc / Pr.
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Figure 3.7: NACA-0012 aerofoil: particle temperature for different Nusselt number relations for large
particles (d = 100 µm) with three aspect ratios (E = 0.1,1,10, top to bottom). The temperature
distributions are along the particle trajectory impinging at stagnation point (left) and along
the aerofoil contour (right). The aerodynamic conditions are given in Table 3.3 and the drag
relation from Ganser, eq. (3.6), has been applied.
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Other widely used Sherwood number relations are the relation from Frössling [38] and the
relation from Ranz and Marshall [114]. The diffusion coefficient Dv depends on the aerodynamic
conditions and relations are available from, amongst others, Schirmer [120] and Fuller et al. [39].
The vapour mass fractions Yv,s and Yv,∞ depend on the temperature of the particle and that
of the airflow, respectively. Both depend as well on the aerodynamic pressure pa . The mass
fraction is obtained by multiplying the mole fraction X with the molar mass M . The particle
mole fraction at the surface is equal to the ratio of partial pressure to local pressure. This yields:

Yv ≡ mv

ma +mv
≈ mv

ma
= Mv Xv

Ma Xa
= Mv pv

Ma pa
. (3.23)

The partial pressure of vapour in the airflow depends on the relative humidity RH and the
saturation vapour pressure psat , i.e.

pv,a = RHpsat . (3.24)

At the particle surface the partial vapour pressure is equal to the saturation vapour pressure. In
literature a number of relations for calculating the saturation pressure over ice or water exist. In
MooseMBIce a simpler relation, based on the Antoine equation [3] and a more complex expres-
sion from Sonntag [123] have been implemented. These relations are given in Appendix B.

3.2.2 Melting

When ice crystals have absorbed enough heat from the environment, the outer surface of ice
will melt and a thin liquid film of water is formed on the particle surface. Mason [94] has derived
a model for the melting rate of hailstones by assuming that the heat (Q̇conv ) absorbed from
the surrounding air minus the heat (ṁev Lev ) that is used for the evaporation of the liquid film
results in the heat (ṁmLm) available for the actual phase change. For the energy conservation
equation this yields:

πdp ka Nu(Ta −Tm) = ṁev Lev +ṁmLm , (3.25)

so that

ṁm = 1

Lm

[
πdp ka Nu(Ta −Tm)−ṁev Lev

]
, (3.26)

where Tm is the melting temperature, ṁev is the evaporation rate, ṁm is the melting rate, Lev

is the latent heat of evaporation and Lm is the latent heat of melting. The latent heats can be
approximated by a relation that depends on the particle temperature. In Appendix B a number
of relations from literature, e.g. by Murphy and Koop [100] are given.

For Equation (3.25), Mason has assumed that during the melting process

• the ice core is surrounded completely by a non-shedding layer of melt water,
• the particles are spherical, i.e. the water layer forms a spherical surface,
• the heat transfer between the water layer and the ice core is purely conductive,
• the particles retain the melting temperature uniformly through the ice core, i.e. the

particle Biot number Bi =
hc dp

6kp
< 0.1,
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T > TmT = TmT < Tm

ice water

Figure 3.8: Three stages of particle phase change.

Along a particle trajectory the heat and mass transfer processes can now be divided into three
different stages, depending on the particle temperature T , see Figure 3.8. If the particle temper-
ature is below the melting temperature Tm , the particle consists of solely ice and will undergo a
change in temperature by convective heat transfer as a result of the difference with the air tem-
perature. Also, the sublimation will change because of resulting differences in air vapour fraction.
On the other hand, if the particle temperature is above the melting temperature the particle is
a spherical liquid droplet that is subject to evaporation and a change in particle temperature
until an equilibrium with the surroundings is reached. However, when the particle temperature
reaches the melting temperature, it is assumed that it will maintain this temperature until the
melting process is completed.

In the framework of HAIC this particle melting model has been extended towards non-spherical
particles. During the melting process the non-spherical ice crystal will become more spherical
and eventually end up as a spherical water droplet. Since the evolution of sphericity has not yet
been investigated experimentally, a simple model, similar to the one used in Trontin et al. [132,
139], has been applied to adapt the heat and mass exchange coefficients for spherical particles
to non-spherical particles. During the melting process the sphericity is linearly interpolated
betweenΦ0 and 1 in the following way:

Φ=
(

αi

αi +αw

)
Φ0 +

[
1−

(
αi

αi +αw

)]
, (3.27)

where αi and αw are the volume fraction for ice and liquid water, respectively.

Although the melting model presented here is a rather simple model assuming a uniform
temperature distribution in the (melting) particle, it provides a good approximation at relatively
low computational cost. In literature several experimental and/or theoretical extensions are
available. Lou and Hammond [89] have compared heat and mass transfer models for a water-
covered ice particle and a bare ice particle. They have concluded that the melting rate is higher
when the ice particle is covered with a liquid film. Rasmussen et al. [115, 116, 117] investigated
the melting behaviour of frozen droplets in the range of 200-500 µm and 3-20 mm radius
experimentally and theoretically. They have studied the effects of the location of the ice core
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within the melting particle and of the flow in the liquid film and have shown that these effects
decrease the melting time by ∼10%. Recently, Kintea [69] has proposed a method which is able
to describe the change of the shape during melting. His research has shown that modelling
the melting of the particle when accounting for the particle shape leads to an approximation
of the melting time which is over 50% more accurate than the melting time obtained with the
one-dimensional model for a sphere.

3.2.3 Eulerian governing equations - updated

In the Eulerian formulation phase change can be accounted for by adding source terms to the
equations for conservation of mass and energy. The volume fraction α is related to the change
in particle mass by the following relation:

1

α

dα

dt
= ṁ

π
6 d 3

pρp
. (3.28)

Furthermore, the single mass conservation equation, Equation (3.16), has to be replaced by
two equations, one for the ice volume fraction αi and one for the water volume fraction αw .
However, still a single equation for the velocity vector and a single equation for the particle
temperature can be used. These latter conservation equations will depend on the total volume
fraction of ice and water: α=αi +αw . When an ice crystal changes its phase it will undergo a
change in diameter. In order to monitor this an additional governing equation will be added,
namely the partial differential equation for the particle number density n, where n is defined as:

n = lim
VCV →0

Vdispersed phase

VCV (π/6)d 3
p

= α
π
6 d 3

p
. (3.29)

If particles collide or fragment on their trajectory, source terms have to be added to the differen-
tial equation for n.

In summary, the conservation equations for the Eulerian method have been extended from
five to seven partial differential equations. The complete set of equations for each of the three
particle stages is given in Equations (3.30) to (3.42). Equation (3.37) of stage 2 assures that energy
is conserved and that the particle temperature is kept at the melting temperature by correcting
for the small fraction of water that evaporates. It should also be noted that the source terms for
evaporation and sublimation (stage 1 and 3) are equal, except for the particle properties that
depend on whether the particle consists of water or of ice.

Stage 1 (T < Tm ): ice crystal (α=αi ,Φ=Φ0)

∂αi

∂t
+∇· (αi u) =−α̇sub

=−6ρa Dv Sh

Φρi d 2
p

(
Yv,s −Yv,∞

)
αi , (3.30)

44 Chapter 3 Trajectory module



∂αi u

∂t
+∇· (αi uu) = 3µaCD Re

4ρi d 2
p

αi (ua −u)+
(
1− ρa

ρi

)
αi g, (3.31)

∂αi T

∂t
+∇· (αi T u) = 6ka Nu

Φρi cp,i d 2
p
αi (Ta −T )−α̇sub

Lsub

cp,i
, (3.32)

∂n

∂t
+∇· (nu) = 0. (3.33)

Stage 2 (T = Tm ): melting ice crystal (α=αi +αw ,Φ ∈ (0,1])

∂αi

∂t
+∇· (αi u) =−α̇m

=− 6

Φρi d 2
i Lm

[
ka Nu(Ta −Tm)−ρa Dv Lev Sh

(
Yv,s −Yv,∞

)]
(αi +αw ), (3.34)

∂αw

∂t
+∇· (αw u) = ρi

ρw
α̇m − 6ρa Dv Sh

Φρw d 2
p

(
Yv,s −Yv,∞

)
(αi +αw ), (3.35)

∂αu

∂t
+∇· (αuu) = 3µaCD Re

4ρp d 2
p

α (ua −u)+
(
1− ρa

ρp

)
αg, (3.36)

∂αT

∂t
+∇· (αT u) =

(
ρi

ρw
−1

)
α̇m − 6ρa Dv Sh

Φρw d 2
p

(
Yv,s −Yv,∞

)
(αi +αw )Tm , (3.37)

∂n

∂t
+∇· (nu) = 0. (3.38)

Stage 3 (T > Tm ): spherical water droplet (α=αw ,Φ= 1)

∂αw

∂t
+∇· (αw u) =−α̇ev

=−6ρa Dv Sh

ρw d 2
p

(
Yv,s −Yv,∞

)
αw , (3.39)

∂αw u

∂t
+∇· (αw uu) = 3µaCD Re

4ρw d 2
p
αw (ua −u)+

(
1− ρa

ρw

)
αg, (3.40)

∂αw T

∂t
+∇· (αw T u) = 6ka Nu

ρw cp,w d 2
p
αw (Ta −T )−α̇ev

Lev

cp,w
, (3.41)

∂n

∂t
+∇· (nu) = 0. (3.42)

3.2.4 HAIC benchmark on phase change

Hauk [51] has performed experiments with melting ice particles suspended in an acoustic
levitator. The levitator is placed in a freezer to assure that the initial temperature of the ice
particle equals the temperature of the surroundings. In order to start the melting process a
warm air flow is directed towards the particle. The temperature, velocity and relative humidity
of the air flow can be controlled. The flow rate, however, should not be too high (ua,∞ < 2 m/s)
to ensure that the particle remains suspended in the acoustic field instead of being blown away.
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Figure 3.9: Schematic computational box (10×10×10 cells) and boundary conditions for test case on
phase change of an ice particle.

The results are recorded by a high-speed video camera. In total, 222 experiments were performed
at 13 different aerodynamic conditions. The particles were (almost) spherical in 65 of these
experiments and non-spherical in the remaining 157 runs. The relative humidity of the air flow
was either high (≈ 36-74%) or low (≈ 2-4%) and the air temperature was varied between 15◦C
and 30◦C. A selection of 27 melting processes has been made to serve as a validation benchmark
for the heat and mass transfer models implemented in the particle trajectory method. The
initial conditions of the 12 spherical and 15 non-spherical ice crystals are given in Table 3.5
and Table 3.6, respectively. The computations have been initialized by imposing a uniform
aerodynamic and particle flow field in a three-dimensional square box, see Figure 3.9. The edges
are 5 cm long and the mesh size equals 5 mm resulting in a computational domain of 1,000 cells.
Inlet and outlet boundary conditions are specified on the left and on the right side, respectively,
and symmetry conditions are imposed on the remaining faces. The particles are supposed
to stay at rest inside the box since the net force on the particle equals zero. Furthermore, the
particle sphericityΦ of the non-spherical particles has been set equal to the crosswise sphericity
Φ⊥ since only the cross-sectional area could be measured in the experiments. For the spherical
particles the particle sphericity Φ equals 1.

In Figure 3.10 the predicted and measured melting times are compared. The left side shows
results for almost spherical particles and the right side for non-spherical particles. The predicted
melting times of non-spherical particles are considerably closer to the experimental results
if the particle sphericity is taken into account in the melting model, as already concluded by
Hauk [51]. Hence, only the numerical results for two Nusselt and Sherwood number relations
for non-spherical particles from Richter and Nikrityuk, Equation (3.12), and Villedieu et al.,
Equation (3.15), are shown in Figure 3.10. It is observed that the melting times are significantly
longer when the relative humidity is low. The melting times of the spherical particles are slightly
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Table 3.5: Test case on particle phase change: spherical particles.

Run # dp [µm] Φ⊥ [-] T [K] ua [m/s] pa [Pa] Ta [K] RH [%]
1 715 1.03 256.4 1.00 94900 293.2 4
2 994 1.02 256.4 1.00 94900 293.2 4
3 915 1.05 257.0 1.25 97220 293.2 4
4 1013 1.09 256.2 1.00 94900 293.2 75
5 978 1.01 256.5 1.00 94900 293.2 75
6 775 1.05 256.4 0.75 95100 288.2 64
7 591 1.07 256.9 0.75 95100 288.2 64
8 584 1.10 255.5 1.25 95300 298.3 3
9 521 1.10 255.5 1.25 95300 298.2 3

10 779 1.11 254.3 0.75 95300 298.2 44
11 768 1.04 254.3 0.75 95300 298.3 44
12 961 1.06 254.9 1.75 95400 298.2 3

Table 3.6: Test case on particle phase change: non-spherical particles.

Run # dp [µm] Φ⊥ [-] T [K] ua [m/s] pa [Pa] Ta [K] RH [%]
13 784 0.51 257.5 1.00 95870 292.9 4
14 551 0.70 255.5 1.00 95870 292.8 4
15 1071 0.84 257.0 1.00 94900 293.1 4
16 690 0.49 256.0 0.75 95300 288.3 61
17 1013 0.78 257.9 1.00 95600 293.2 78
18 656 0.78 254.9 1.25 95300 298.2 3
19 572 0.68 255.1 1.25 95300 298.2 3
20 929 0.66 254.1 0.75 95300 298.2 44
21 845 0.59 254.2 0.75 95300 298.3 44
22 634 0.81 254.6 1.25 95400 298.3 40
23 699 0.59 254.8 1.25 95400 298.3 40
24 732 0.79 255.1 1.75 95400 298.3 3
25 792 0.67 254.6 1.25 95400 303.3 2.2
26 915 0.69 255.9 1.25 95400 298.2 56
27 662 0.79 255.9 1.25 95330 298.3 56

Table 3.7: Mean relative error between predicted and measured melting time and final diameter for
two Nusselt number relations (RN = Richter and Nikrityuk, eq. (3.10), VTC = Villedieu et al.,
eq. (3.15)) at low humidity, RH ∈ [2.2%,4%] and high humidity RH ∈ [40%,78%].

Spherical particles Non-sherical particles
Parameter Humidity RN VTC RN VTC

Melting time
low 6.59% 7.20% 18.23% 12.40%
high 17.60% 19.18% 7.90% 6.31%

Final diameter
low 0.59% 0.60% 2.14% 2.19%
high 0.96% 0.97% 1.06% 1.07%
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underestimated by the present model, but the agreement between the results for the two Nusselt
number relations is very good. For the non-spherical particles the agreement between the
measured and predicted melting times is very good for the shorter melting times, while for
the longer melting times the discrepancy between measured and predicted values increases.
Furthermore, the Nusselt number relation from Villedieu et al. results in slightly more accurate
melting times for non-spherical particles in case of low humidity. The predicted and measured
final diameter are shown in Figure 3.11. The predicted final diameter of non-spherical particles
is slightly underestimated for low humidity, but in general the results are very accurate. The
mean relative error is given in Table 3.7. It is concluded that about equally accurate results are
obtained for both relations in all cases, except for the case of non-spherical particles at low
humidity. Here, the relation from Villedieu et al. performs slightly better. For all runs combined
the mean relative errors when employing the relations from Richter and Nikrityuk and Villedieu
et al. are 12.4% and 10.9%, respectively, for the melting times and 1.21% and 1.23%, respectively,
for the final diameter.

3.3 Conclusion

In this chapter the extension for the Eulerian trajectory formulation has been discussed for
non-spherical particles that are subject to phase change. From the results for the collection
efficiency of the verification test case using the semi-empirical drag relations (section 3.1.4) it
is not possible to identify the most accurate model. However, in case of highly non-spherical
particles it is concluded that the catching efficiency obtained employing the relation for spherical
particles from Clift and Gauvin [18] differs significantly from the results obtained with any other
model for the drag coefficient of non-spherical particles. In the remainder of this study the
Ganser relation will be applied. According to the results of the comparison carried out by Hölzer
and Sommerfeld [57], this model performs well for isometric particles despite its dependence
on only a single sphericity parameter, namelyΦ. In this model the effect of orientation of the
particle is neglected and further research, like the study performed by Widhalm [142], is needed
to investigate whether this average approach is justified in case of in-engine icing.

From the results of the test case for the melting ice crystals in section 3.2.4 it is concluded that
the most accurate results are obtained employing the expressions for the Nusselt and Sherwood
number from Villedieu et al. [139]. Therefore, these relations will be applied in the remainder of
this study. Furthermore, accurate results have been obtained using the relatively simple melting
model of Mason [94].
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4 Impingement module

Particles hitting a surface will not simply stick to that surface. In this chapter the physics of the
impact of particles are related to parameters such as melting ratio and the presence of a liquid film
on the wall that might influence the particle sticking to the surface. Furthermore, the treatment of
post-impact or secondary particles in the framework of an Eulerian method is discussed.1

4.1 Particle impingement

Impingement of ice crystals on a surface is a very complex process due to the various conditions
that can be encountered. Ice crystals hitting the engine inlet or fan will hit a cold surface while
being in a frozen state. Particles that hit the first compressor stages will hit a warmer surface. In
this warm environment the presence of water in the form of (partly) melted ice crystals or as a
thin liquid film on the surface changes the way the particle sticks to the surface. In the next two
sections an overview is given of the literature that is available on the physics of the impact of the
ice particles and on the distribution of secondary particles that might result from impact. In
section 4.1.3 the impact model that has been applied in MooseMBIce is described.

4.1.1 Impact physics

The impact of ice particles on a cold and dry surface has been studied extensively in atmospheric
and astronomical sciences and more recently in aeronautical sciences. Three aspects are
important when impingement of particles is considered:

1. The interaction of the particle with the surface and whether or not the impact will result
in particle breakup.

2. The characteristics of the secondary particles, if there are any, and their properties in
terms of velocity and size of the secondary particles.

1Part of the content of this chapter is based on references [107, 108].
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3. Whether or not the particle sticks to the surface and an ice layer is formed. This third
aspect is discussed in the next section.

Starting in the 1990s a number of studies have addressed the problem of ingestion of hail (d > 5
mm) in jet engines. Render and Pan [118] have studied the impact of hailstones on a steel
flat plate as well as on a spinner of a Rolls-Royce Tay engine. The hailstones with a diameter
of 12.7 mm were shot at the surface of the object with velocities between 100 and 175 m/s at
approach angles varying from 20 to 60 degrees. In the experiments the effect of the temperature
of the plate was also considered. For the spinner the effect of the rotation rate was studied. It
was observed that the approach velocity, plate temperature and spinner rotation rate had no
significant effect on the distribution of the size of the secondary particles. For the effect of the
impact angle it was concluded that the spread of the distribution of the size of the secondary
particles increases with increasing impact angle. Pan and Render [113] have also studied the
distribution of size and velocity of the secondary particles in more detail and concluded that
both depend on the approach angle and the initial velocity of the hailstone. Higa et al. [54, 55]
have studied the dependence of the restitution coefficient, defined as the ratio of the rebound
velocity to the impact velocity, on ice particle temperature and velocity. In their experiments the
particle radii ranged between 0.14 and 3.6 cm and the particle temperature was varied between
113 K and 269 K. The ice particles were dropped or shot onto an ice block with impact velocities
between 0.01 and 10 m/s and the experiments were performed in a cold room at an ambient
temperature of 261 K ± 2.5 K. The types of collision were divided in two regimes: a quasi-elastic
regime for which crack formation within the particle was not observed and an inelastic regime
for which the particle was either cracked or fragmented. The critical velocity that separates
these two regimes increases with decreasing particle temperature and with decreasing particle
size, see Figure 4.1. Furthermore, in the quasi-elastic regime the restitution coefficient was
almost constant. In the inelastic regime the restitution coefficient decreased with increasing
impact velocity and with increasing particle size. Guégan et al. [47, 48] did another experiment
on hail impact on a glass plate. Five different particles diameters (6.2, 12.9, 27.5, 37.4 and 42
mm) at three different temperatures (-10, -18 and -25◦C) impacting at four different angles (20,
45, 67.2 and 90◦) were tested for a range of velocities between 60 and 200 m/s. The experiments
have shown that the post-impact particles are emitted in a circular cloud. It was concluded that
the tangential velocity of the post-impact fragment in the center of the cloud is equal to the
tangential impact velocity of the parent particle and that the post-impact trajectory angles are
lower than 2◦. Similar to Higa et al. they also examined the critical velocity of two collision types:
a non-altered state and an altered state. In the latter the ice particle shows cracks on the surface
or is fragmented. Contrary to Higa et al. they did not obtain a dependence of critical velocity
on particle temperature, but they also found that the critical velocity increases with decreasing
particle size. Furthermore, Guégan et al. stated that the critical velocity also increases with
decreasing impact angle.

A first effort to determine whether these models for hail impact also apply to smaller ice crystals
has been made by Vargas et al. [133, 134]. In their research the impact of ice crystals in the
range of 1-3.5 mm diameter has been studied for impact on a moving wedge and on a flat plate.
The wedge experiments were performed in a cold room, while the flat plate experiments were
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Figure 4.1: Left: particle impact velocity as a function of temperature for a particle with radius rp = 1.5
cm, from Higa et al. [54]. Right: particle impact velocity and as a function of particle radius for
a temperature of Tp = 261 K, from Higa et al. [55]. The particle regimes shown are quasi-elastic
(NC: no crack formation) and elastic (C: crack formation, F: fragmentation).

carried out at room temperature. The aluminium wedge moved at velocities between 0 and
120 m/s and four wedge angles were tested: 0◦, 30◦, 40◦ and 60◦. The particles were shot at the
bottom side of the wedge at upward velocities between 7 and 12 m/s. The flat plate was made
of glass and ice particles were shot at it at an angle of 45◦ with velocities between 20 and 130
m/s. Both studies confirmed that the secondary fragments of the ice particles exhibited the
same behaviour in terms of size, and magnitude and direction of secondary velocity as observed
for hailstones. In the framework of HAIC, Hauk et al. [51, 52] have investigated the impact of
even smaller ice particles, in the diameter range of 30 µm to 3.5 mm. The particles were shot
at an aluminium surface mounted in a cold test section. The impact velocities were varied
between 1 and 74 m/s and the impact angles between 30◦ and 90◦. Hauk et al. identified four
different fragmentation modes: no fragmentation, minor fragmentation, major fragmentation
and catastrophic fragmentation. The fragmentation mode is related to the percentage of initial
particle volume that is shattered into fragments (0, <20%, 20-50% or >50%, respectively). In
Figure 4.2 a sequence of a bouncing spherical particle is shown for each of the four fragmentation
modes. It has been observed that the critical velocities which characterize the fragmentation
mode depend on the particle size. The threshold velocity for ‘no fragmentation’ and ‘minor
fragmentation’ are scaled as U0 ∼ D−0.58

0 and U0 ∼ D−0.65
0 , respectively, see Figure 4.3. Here U0 is

the impact velocity and D0 is the mean equivalent diameter of the projected area of the particle
before impact.

Besides laboratory experiments, also flight tests have been performed with airborne instruments
detecting the impact of atmospheric ice particles. Hallett and Isaac [50] and Vidaurre and
Hallett [136] have analysed the impact of atmospheric ice crystals using data obtained from two
different flight campaigns. A replicator mounted on a Citation collected small particle (5-320
µm diameter) impacts from the continental clouds in Oklahoma at a speed of 130 m/s. Large
particle (0.3-2.5 mm diameter) impacts were obtained using a heated cloudscope mounted on
a NASA DC-8 aircraft. These measurements were collected over the central Pacific and over
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D0=1200 µm, U0=1.3 m/s

D0=1130 µm, U0=5.1 m/s

D0=440 µm, U0=11 m/s

D0=960 µm, U0=36 m/s

Figure 4.2: Four sequences of fragmentation of spherical particles, from top to bottom: no fragmentation,
minor fragmentation, major fragmentation, catastrophic fragmentation. Pictures from Hauk
[51].

Figure 4.3: Particle impact velocity as a function a particle diameter from Hauk et al. [52]. The experimen-
tal data obtained for spherical and non-spherical particles is shown for impacting particles
displaying no fragmentation or only minor fragmentation. The dashed lines correspond to the
best fit to the experimental data and to a theoretical model obtained for crack formation.
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Florida at a speed of 200 m/s. It was concluded, amongst others, that ice crystals impacting
on a heated surface melt very quickly and give the appearance of encountering liquid droplets.
Furthermore, the ratio of the impact kinetic energy and the surface energy exceeding a value of
7 is found to be a useful criterion for particle breakup.

Up to now only studies on impact of completely frozen ice crystals have been discussed. Palacios
et al. [112] have studied the ice accretion formed by impact of partially melted ice particles
with a diameter ranging from 0.4 to 0.95 mm. The particles impinged on a aluminium wedge
at velocities between 140 and 309 m/s at three different impact angles: 30◦, 40◦ and 60◦. The
experiments were performed in a temperature-controlled environment of -20◦C and melting
of the travelling particle was initiated by a hot cross-flow. This cross-flow also influences the
surface temperature of the wedge which has been measured to vary between approximately -
19◦C and 9◦C. Palacios et al. observed that an increasing impact angle, an increasing velocity and
an increasing melting ratio led to increasing ice accretion. Furthermore, they have discovered
that ice accretion on a warm surface (8.79◦C) is still possible if the impacting particles have
partially melted.

The impact of ice particles on a liquid film is quite unexplored. The impact of droplets or solid
particles other than ice on wetted surfaces has been studied extensively, but, to the author’s
knowledge, only one experimental study of ice impact on a film is available. Hauk [51] investi-
gated the impact of spherical ice crystals, with diameter in the range of 1.18 mm to 3.52 mm,
on a thin liquid film at cold conditions and impacting with velocities between 1.2 and 5.8 m/s.
The liquid film thickness was varied from 130 to 600 µm and freezing of the film was prevented
by its continuous refreshment. The film was created by a controllable water flow spreading
over a hydrophilic large steel sphere. Similar to the preceding experiment on a dry and cold
surface, Hauk defined a number of impact categories: sticking, bouncing and fragmentation.
Ice particle impact on a liquid film is far more complex due to the possibility of splashing of the
liquid film and the formation of liquid bridges between the particle and the water surface. It
was observed that for particle impact on thin films, with thickness < 0.25dp0, the critical impact
velocity resulting in fragmentation was two times higher than for a dry wall. However, more
research is needed to determine the effect of the liquid bridges and capillary forces as well as
viscous forces on the physics of the impact of ice particles.

4.1.2 Particle sticking

Besides the particle characteristics upon impact, the conditions under which the impinging ice
crystals will result in an accreted ice layer are relevant. It turns out that the presence of liquid
water is needed for ice accretion in glaciated icing conditions, as is confirmed by research of
Al-Khalil et al. [2], Mason et al. [96] and exploratory experiments of Hauk [51]. The liquid water
can be present as liquid droplets (mixed-phase conditions), in the form of partially melted ice
crystals or as a thin liquid film on the surface. Fully frozen particles impacting a cold surface
will simply bounce and leave no or only a very thin layer of frost on the surface. Currie et al.
[22, 25] have investigated the ice accretion on four different geometries: a wedge aerofoil with a
chord of 221 mm and either a nose in the form of a hemisphere, cone or curved cylinder with
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a (maximum) diameter of 44.5 mm attached to a streamlined afterbody. The icing surfaces of
the geometries are made of a titanium alloy. The experiments were conducted in the Research
Altitude Test Facility (RATFac) of the National Research Council Canada (NRC). A jet of ice
particles was produced by a grinder and particle melting was initiated when this jet was mixed
with a warm air flow. The distribution of the particle sizes had a mean volumetric diameter
(MVD) of either 28, 45 or 57 µm. From the results of the accretion it has been observed that the
particle’s sticking efficiency strongly depends on the ratio of LWC to TWC and that a maximum
sticking efficiency is reached for ratios of 0.1 to 0.2. Within this range the sticking efficiency at
normal impact angles (stagnation point) is almost independent of TWC, Mach number and
particle size, but the sticking efficiency is strongly dependent on the parameters at oblique
impact angles. However, the dependence on TWC appears to decrease with increasing Mach
number and the dependence on the Mach number appears to decrease with decreasing particle
size.

4.1.3 Impact model

The knowledge gathered in the preceding two sections has to be translated in an impact model
that can be applied in an Eulerian trajectory method. Ideally, when trying to represent all the
details, the final model should cover the general behaviour of particle impact with an acceptable
level of accuracy and modest computation time. In MooseMBIce an impact model has been
implemented similar to the one proposed by Trontin et al. [132, 139].

In the impact model three different impact regimes are defined: sticking, bouncing and shatter-
ing. On impact the particle can stick to the surface completely or bounce off completely with
the same diameter and shape but with a different velocity. In the shattering regime the particle
is fragmented and some fraction of the particle is re-emitted into the flow while the other part
remains on the surface. In section 4.1.1 it has been concluded that the kinetic energy, based on
the normal component of the velocity, of the particle immediately prior to impact has a strong
effect of the impact. As a result a dimensionless impact parameter L , that can be regarded as a
modified Weber number, is introduced which is the ratio of kinetic energy to surface energy

L = ρp dp u2
n

12eσ
. (4.1)

The surface energy eσ is defined as

eσ (T ) = eσ0 exp

[
Qs

R

(
1

T
− 1

T0

)]
, (4.2)

where eσ0 is the reference surface energy, Qs is the activation energy and R is the gas constant.
Higa et al. [55] developed a similar relation for the strain-rate dependence of the fracture strength
of ice. Vidaurre and Hallett [136] assumed the reference surface energy eσ0 to be 0.12 J/m2 at
T0 = 253 K. Higa et al. [55] stated that the activation energy Qs is equal to 48.2 kJ/mol. Impact
experiments of Higa et al. [55], Vidaurre and Hallett [136], Guégan et al. [47] and more recently
from Hauk et al. [51, 52] confirm that two critical values of L can be defined that identify three
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possible impact regimes:

L <Lc1 elastic particle bouncing, restitution coefficient ξ= 1,
Lc1 <L ≤Lc2 inelastic particle bouncing, restitution coefficient ξ< 1,
L >Lc2 particle fragmentation, restitution coefficient ξ¿ 1,

where
Lc1 = 0.5 and Lc2 = 90.

Furthermore, two slightly different models for the sticking efficiency ε have been proposed.
Villedieu et al. [139] have defined a sticking efficiency ε that depends on the film thickness hw

on the clean surface or on the ice substrate, the external particle film thickness hp , the particle
equivalent diameter dp and the restitution coefficient ξn for normal impact:

ε= 1−min

[
1,KBξ

2
n

(
hp

dp
+ hw

dp

)−1/3
]

. (4.3)

Parameter KB has a value of 40 which is obtained from an empirical fit to experimental data from
Currie et al. [23] obtained for leading edge ice accretion. The disadvantage of the relation given
in Equation (4.3) is that the height of the liquid film is required, which is difficult to estimate.
Furthermore, this model might underestimate the ice accretion further downstream from the
leading edge due to the normal restitution coefficient ξn increasing with increasing distance
from the leading edge. Trontin et al. [132] have proposed a new sticking efficiency model which
depends on the melting ratio ηi c of the ice crystals, the mass fraction of impinging droplets Yd

and the mass fraction of impinging ice crystals Yi c :

ε= max[εi c ,εd ] , (4.4)

where

εi c = (Ki c −2)η3
i c + (3−2Ki c )η2

i c +Ki cηi c , and εd = Kd
(
Yd +ηi c Yi c

)
.

The melting ratio ηi c and the mass fraction Yi c and Yd are defined as:

ηi c = LWCi c

IWC
, Yi c =

ṁi mp,i c

ṁi mp,d +ṁi mp,i c
, Yd = ṁi mp,d

ṁi mp,d +ṁi mp,i c
,

where LWCi c is the liquid water content consisting of the melted part of the ice crystals, IWC is
the ice water content in the form of ice crystals (frozen part and melted part) and ṁi mp,i c and
ṁi mp,d are the mass rate of the impinging ice crystals and droplets, respectively. Dimensionless
parameters Ki c and Kd have been obtained by fitting the computational results to experimental
data:

Ki c = 2.5 and Kd =
{

0.6 if Ts ≥ Tm ,

0 if Ts < Tm .
(4.5)
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Table 4.1: Characteristics secondary particles Trontin
et al. [132, 139].

Property
Bounced Fragmented
particle particle

Volume (1−ε)α un
un,s

(1−ε)α un
un,sfraction

Diameter dp Rd dmax
?

Sphericity Φ Rφ
‡

Velocity
ξt [u− (u ·n)n] ξt [u− (u ·n)n]
−ξnn (u ·n)n −ξnn (u ·n)n

−ξnt (u ·n)t

? Rd is a random number between 0 and 1.
‡ Rφ is a random number between 0.7 and 0.9.

n t

dp

dp

u

dp,s

us

Figure 4.4: Schematic particle impinge-
ment.

Kd depends on the substrate temperature Ts because the lower the substrate temperature the
faster the droplets will freeze resulting in a smaller amount of remaining liquid to which the
crystals can stick. The model in Equation (4.4) is based on the experimental observation from
Currie et al. [22, 25], described in section 4.1.2, that the particle sticking efficiency strongly
depends on the ratio of LWCi c and IWC. Furthermore, two separate efficiencies for mixed
phase (ice crystals and droplets) and melting phase (partially melted ice crystals) conditions are
defined because it was observed that for the same ratio LWC/TWC the sticking efficiency was
higher for melted particles than for mixed conditions.

In the work of Trontin et al. [132] also the characteristics of the secondary particles, in terms of
diameter, sphericity and velocity have been described. If L ≤Lc2, a portion ε of the particle
sticks to the wall and a portion (1−ε) of the particle is re-emitted into the flow as a bounced
particle. In case of full rebound (ε= 0) the incoming mass flux should be equal to the outgoing
mass flux:

αsρp,s un,s =αρp un , (4.6)

where subscript s refers to the characteristics of a secondary particle. The rebounded particles
have the same diameter, melting ratio, density and sphericity as the incoming particles but a
different velocity. The latter depends on the normal and tangential restitution coefficient. On
the other hand, if L >Lc2, the particles fragment and the fragments are re-emitted into the
flow with a mass flux that equals (1−ε)αρp un . The remaining part ε is sticking to the surface.
The fragmented particles still have the same density and melting ratio as the incoming particles,
but now their diameter is smaller and the sphericity and velocity are different. The sphericity
is randomly chosen in the range between 0.7 and 0.9. The detailed models for the fragmented
diameter and the secondary particle velocity are given in Table 4.1. For the expression for the
velocity of the secondary particles the unit surface normal vector n has been defined pointing
into the computational domain. The unit tangential vector t can be randomly chosen as long as
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it is tangential to the impact surface. The diameter of the secondary particles and the restitution
coefficients have been derived from the experimental results of Higa et al. [55] and Hauk et al.
[51, 52]. The diameter dmax corresponds to the largest particle fragment and is given by

dmax = Lc2

L

2/11

dp . (4.7)

The restitution coefficients depend on the impact parameter L in the following way:

ξnn =
1 if L ≤Lc1,(

Lc1
L

)1/3
if L >Lc1,

(4.8)

ξt = 1, (4.9)

ξnt = 0.4

(
1−

√
Lc2

L

)
. (4.10)

Here, ξt is the tangential restitution coefficient, ξnn is the fraction of the normal momentum
of the impacting particle transferred into normal momentum of the secondary particles and
ξnt is the fraction of normal momentum of the impacting particle translated into tangential
momentum of the secondary particles.

4.2 Post-impact: computational method

An Eulerian method can only handle one particle size, volume fraction, velocity and temperature
per grid cell. When droplet trajectories cross singularities can arise in an Eulerian simulation.
This was already noted by Slater and Young [121], Kah et al. [67] and Tong and Luke [128] and
will be shown in one of the benchmark test cases presented in section 4.3. So, the treatment
of secondary particles needs care because intersecting flows with different particle properties
are now introduced. At the surface of impact both an incoming and outgoing particle may be
present.

In Droplerian [60] a splashing and rebound model for supercooled large droplets has already
been implemented. In this method a poly-disperse particle distribution has been introduced
to accommodate the splashing and rebounding of droplets. A similar approach is used in the
present study for ice crystals, with the difference that the incoming (parent particles) and the
outgoing (secondary particles) are now treated separately. The predefined particle distribution,
which can be Gaussian, Rosin-Rammler or bimodal, consists of a discrete set of N points or bins.
An example of a Rosin-Rammler distribution around 50 µm diameter distributed over 10 equally-
sized bins is given in Figure 4.5. The bins do not mutually exchange mass or momentum. The
particles in each individual bin have the same geometry, velocity and temperature properties. A
more detailed description of poly-disperse size distribution approaches is given by Laurent and
Massot [74].
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Figure 4.5: Rosin-Rammler particle distribution over 10 evenly distributed bins with an MVD of 50 µm.

The calculation for the parent particles is carried out first. The trajectories and catching effi-
ciency are determined for either a mono- or poly-disperse particle distribution of which the
sum of the particle fractions is equal to one:

Nbin∑
bin=1

fbin = 1. (4.11)

The catching efficiency computed for the solid surface of each bin will be reduced with the
fraction of particles εbin that has rebounded or shattered:

βbin = (1−εbin)

[
αbinρp u ·n

TWC|u∞|
]
= (1−εbin)βbin,stick, (4.12)

where n is the unit surface normal vector pointing in the direction outward of the computational
domain. The value of εbin depends on the impact model and is described in section 4.1.3. The
parent bin computation starts with the largest bin and the secondary particle mass is stored in a
separate data array. The size of this separate array depends on the number of secondary particle
bins, which can be equal to the number of parent bins or equal to a newly defined set of bins. If a
parent particle rebounds or shatters, the corresponding mass, momentum and energy terms are
re-injected in the secondary bin with a secondary particle diameter closest to the one computed
with the impact model. This is done such that particle mass flux is conserved. A sketch of the
approach is given in Figure 4.6. In this example the particle sizes of the parent and secondary
bin are the same. Secondary bin 1 is empty since it did not receive any rebounded particles from
parent bin 1. The computation of secondary bin 2 starts from a fraction ε2r of mass, momentum
and energy from the rebounded particles originating from parent bin 2. Finally, secondary bin 3
contains the sum of fractions ε1 and ε2 f consisting of fragmented particles from parent bin 1
and 2, respectively, and a fraction ε3 of rebounded particles originating from bin 3.
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Figure 4.6: Example of particle re-injection. Subscripts r and f imply rebound and fragmentation, respec-
tively.

The calculation for the secondary bin is started from the secondary data array that is imposed
as inlet condition on the impingement surface. The far-field values, which were non-zero for
the parent bins, are set to zero when computing the secondary cloud. Then the calculation of
the Eulerian trajectory of the secondary particles can start. If secondary particles re-impinge
further downstream on the surface of the solid geometry, a tertiary particle calculation has to be
performed, etcetera.

4.3 HAIC benchmark on impingement

Two test cases have been developed to verify the implementation of the ice crystal impact model
and to identify potential problems. In the framework of HAIC these test cases have been used
to cross-compare the results of different trajectory methods and to highlight the differences
between Lagrangian and Eulerian approaches. In section 4.3.1 a simplified elastic rebound
model has been applied to the case of ice crystal impact on a cylinder. In section 4.3.2 particle
impact has been investigated for a geometry typical for an engine configuration.

4.3.1 Particle rebound for a cylinder

The ice particles considered in this test case are either cylinders or disks, similar to the particles
considered for the test case of the NACA-0012 aerofoil in section 3.1.4. The particles impact
a circle-cylinder with a diameter of dcylinder = 1 m. The aerodynamic conditions are given
in Table 4.2 and the particle characteristics for 10 different runs are given in Table 4.3. The
particles are either small, with a diameter of 50 µm, or large, with a diameter of 200 µm. The
applied particle impact model is a simplified version of the one described in section 4.1.3. In
this case only elastic rebound is considered, i.e. on impact with the cylinder the ice crystals
will fully rebound into the flow without loss of kinetic energy. Furthermore, the heat transfer
and phase change along the particle trajectory are neglected. Since the secondary particle field
will have a lower particle density than the one of the incoming stream, the mesh sensitivity will

4.3 HAIC benchmark on impingement 61



Table 4.2: Aerodynamic conditions test case particle rebound cylinder.

Mach Pressure Temperature AoA
Ma∞ [-] pa,∞ [Pa] Ta,∞ [K] [◦]

0.2 101325 293.15 0

Table 4.3: Test matrix particle rebound cylinder.

Run # d [µm] E [-] dp [µm] Φ [-] Φ⊥ [-] Stk0 Re0

1 50 0.2 33.5 0.640 0.448 2.32 · 10−1 1.77 · 102

2 50 0.7 50.8 0.861 1.033 5.34 · 10−1 2.68 · 102

3 50 1.0 57.2 0.874 1.029 6.77 · 10−1 3.02 · 102

4 50 2.0 72.1 0.832 0.817 1.08 · 100 3.81 · 102

5 50 5.0 97.9 0.697 0.602 1.98 · 100 5.17 · 102

6 200 0.2 134 0.640 0.448 3.72 · 100 7.08 · 102

7 200 0.7 203 0.861 1.033 8.53 · 100 1.07 · 103

8 200 1.0 229 0.874 1.029 1.09 · 101 1.21 · 103

9 200 2.0 288 0.832 0.817 1.72 · 101 1.52 · 103

10 200 5.0 391 0.697 0.602 3.16 · 101 2.06 · 103

be analysed. The two-dimensional flow domain is discretized by an O-grid with the far-field
boundary situated 20 diameters away from the cylinder, see Figure 4.7. The coarsest mesh
consists of 16×16 control volumes and the finest mesh consists of 512×512 control volumes.

In Figure 4.8 the field of normalized volume fraction (NVF = α/α0) of the secondary particle
cloud is shown for run 7 (d = 200 µm, E = 0.7) together with two particle trajectories in the
velocity field of secondary particles. Note that the scale is exponentially distributed. It is
observed that the NVF field becomes significantly less dissipated for increasing grid resolution.
In Figure 4.9 the integral of the catching efficiency over the surface, i.e. the overall catching
efficiency of the cylinder, is shown for the different grid resolutions. In the left figure the integral
is computed over the cylinder surface. In the right figure the catching efficiency is integrated
in the wake over a vertical traverse from (x/c, y/c) = (1,−2) to (x/c, y/c) = (1,2). It should be
noted that the catching efficiency in this case is analogous to the total amount of rebounded
particles leaving the cylinder surface. It is observed that the mesh sensitivity decreases with
increasing particle sphericity Φ and with increasing Stokes number (for which the particles
do not tend to follow the streamlines more and more). For this test case a grid resolution of
128×128 cells is considered good enough at the cylinder surface. This implies that the ratio
of the cylinder circumference to the number of surface cells (πdcylinder/128) is approximately
125 times larger than the diameter of the large particles (d = 200 µm) and approximately 490
times larger than the diameter of the small particles (d = 50 µm). In the wake a minimum grid
resolution of 256×256 cells is needed, so the cells in the wake have to remain sufficiently small.
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Figure 4.7: O-grid consisting of 128×128 cells around cylinder.

4.3.2 Particle impingement in an engine stage

This test case has been designed to analyse the behaviour of ice particles entering in an engine-
like configuration. The geometry consists of a 1.5-stage stator-rotor-stator linear cascade, see
Figure 4.10, originally designed at Duke University [31]. A similar configuration has been used
in the research of, amongst others, Gopinath et al. [43] and Giangaspero [42]. The ratios of the
number of blades equal 16:20:25 (first stator : rotor : second stator) and the chord of the rotor
blade is set to 4 cm. The chords of the first and second stator equal 5 cm and 3.2 cm, respectively.
The annular radius of the cascade is set very large (r /crotor ≈ 254) such that the configuration
can be considered as a two-dimensional cascade. This accommodates computational methods
that cannot handle periodic boundary conditions in the circumferential direction. The rotor
moves in positive y-direction with a velocity of 140 m/s. The grid is linearly cascaded using
periodic boundary conditions and in z-direction the hub and casing are solid walls. The sliding
interfaces between first stator and rotor and that between rotor and second stator are modelled
as mixing planes, which allows a steady-state analysis of the flow through the configuration. At
the mixing plane interface the conservative variables are averaged in circumferential direction.
These circumferentially-averaged values belonging to one side of the interface are transferred
to the auxiliary or ‘ghost’ cells for the domain on the other side of the interface [56]. The grid
consists of 8,320, 6,592 and 8,320 cells for stator 1, rotor and stator 2, respectively. The inlet
block contains 1,344 control volumes and the outlet block contains 3,840 control volumes. The
grid resolution is fine enough to obtain a consistent catching efficiency.

The air flow field has been obtained employing the Euler equations for steady inviscid flow. At
the inlet the stagnation pressure, stagnation temperature and the velocity are prescribed and
at the outlet the static pressure is prescribed, see Table 4.4. The direction of the inlet velocity
has been set at an incidence angle of 53.5◦, which represents, for instance, a fan upstream of
the first stator. The aerodynamic field has been computed for two different pressures levels:
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Figure 4.10: Schematic stator-rotor-stator configuration with boundary conditions for the computational
flow field.

pa,0 = 37,850 Pa (condition 1) and pa,0 = 77,500 Pa (condition 2). Also, the relative humidity
RH has been set to 25%. This parameter will only influence the mass transfer along the particle
trajectories, since the air flow field has been computed for dry conditions. The aerodynamic
conditions are set such that at least some ice particle melting is to be expected.

The particles are represented as isometric spheroids with a sphericity of Φ= 0.7. The particles
enter the compressor stage at an initial temperature of -5◦C and the results for two different
particle sizes will be shown: dp = 50 µm (run a) and dp = 20 µm (run b). To be able to compare
the effect of the impact model, one set of computations has been performed with a deactivated
impact model, i.e. all particles are assumed to stick to the surface. The other set of computations
has been performed by assuming partial deposition as described by the impact model. In this
case the resulting secondary particles are distributed over a predefined number of bins. For the
parent cloud with dp = 50 µm (run a) five secondary bins have been set for a particle diameter
of 10 µm, 20 µm, 30 µm, 40 µm and 50 µm. For the parent cloud with dp = 20 µm (run b) four
secondary bins have been set for a particle diameter of 5 µm, 10 µm, 15 µm and 20 µm. Since it
is expected that the melting of the ice crystals is minimal, it should result in the majority of the
particles rebounding from the surface.

The Eulerian method can only handle one particle size and one velocity per bin per grid cell, see
section 4.2. The periodic boundaries in the linear cascade introduce the possibility of crossing
trajectories which causes the computation to diverge. Crossing of particle trajectories is omitted
by introducing additional bins that handle the pressure and suction surface of each blade
separately. So, instead of N secondary bins, now 6N secondary bins are solved for either surface
of the three rows of blades. Re-impingement of particles from rebounding or shattering in an
upstream blade row is taken into account in a new iteration of the secondary cloud. Another
problem arises by the impact model itself. At the leading edge of the blade it may happen that
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Table 4.4: Aerodynamic conditions test case engine stage.

Run Mach Inlet pressure Inlet temperature AoA RH Outlet pressure
# Ma [-] pa,0 [Pa] Ta,0 [K] [◦] [%] pa [Pa]
1 0.25 37850 296 53.5 25 40472
2 0.25 77500 296 53.5 25 80944

Table 4.5: Test case engine stage.

Run# dp [µm] Φ [-] TWC [g m−3] T [K]
a 50 0.7 2 268
b 20 0.7 2 268

the secondary particles get a large negative value for the velocity component in x-direction
and/or a large velocity component in y-direction. When this occurs the secondary particles can
either cross trajectories in front of the blade or they can move even further upstream back into
the mixing plane. To avoid this the particles are assumed to stick to the surface if x-component
of the velocity of the secondary particles is smaller than 0 m/s. An example of the TWC field with
crossing trajectories in case of using a single bin in the whole computational domain compared
to a computation with using separate bins in separate parts of the computational domain is
shown in Table 4.11. In this figure the TWC field is shown for the secondary bin of run 1-a with
an initial particle diameter of 30 µm. A number of particle trajectories are shown as well. From
the top figure in Table 4.11 it is observed that the ice crystals continue with an averaged velocity
after their trajectories have crossed. In these regions the TWC becomes non-physically high.
The TWC is, however, spread out when the particle bins on the upper and lower surface are
treated separately, see the bottom figure in Table 4.11. The particle trajectories shown here are
the paths resulting from particles in separate bins.

In Figure 4.12 the TWC field is shown for run 1-a. In the top figure the impact model has been
deactivated, also referred to as full deposition (fd), and in the bottom figure the impact model
has been activated (partial deposition, pd). From these results it can be seen that the TWC field is
significantly affected by the impact model. In both runs the particles enter the cascade at a TWC
of 2 g/m3. The average TWC at the outlet is approximately 0.8 g/m3 in full deposition mode and
5 g/m3 in partial deposition mode. The latter includes the contribution from the parent cloud
as well as all the contributions from the secondary particles from the rebounded and shattered
particles after impact on the rotor or on one of the stators. Since a detailed comparison of the
results from the different runs from the contour field alone is hard, the results for the catching
efficiency β and ice crystal melting ratio ηi c along the blade surface have been extracted. The
results for runs 1-a and 1-b are depicted in Figure 4.13 and the results for runs 1-a and 2-a are
shown in Figure 4.14. The catching efficiency β is given in the graphs on the left and the melting
ratio ηi c is given in the graphs on the right. The results for each row of blades (stator 1, rotor,
stator 2) are plotted individually. Also, it should be noted that the ranges for the melting ratio
ηi c have not been kept identical for each blade row, this in order to increase the visibility of the
differences.

66 Chapter 4 Impingement module



Figure 4.11: TWC field for single bin in whole domain (top) and separate bins in separate parts of domain
(bottom) along with a number of particle trajectories. Results are shown for 30 µm-diameter
secondary particles of run 1-a (pa,0 = 37,850 Pa, dp = 50 µm).

From the surface contours of the catching efficiency β (Figure 4.13, left and Figure 4.14, left) it
can be seen that, in general, particles impact:

• on the pressure side of the first stator,
• on the pressure side of the rotor,
• on the suction side of the second stator.

A fraction of the small particles, in case of run 1-b or small particles resulting from shattering
events, are able to follow the curvature of the blades of the second stator and impinge at the
trailing edge of the pressure side. In case of full deposition (fd) the majority of the large particles
(dp = 50 µm) are caught by the first stator and only a small portion impacts the second stator
or leaves the cascade without impact. For the small particles with dp = 20 µm the results for
the catching efficiency on the first stator and on the rotor are almost equal. Furthermore, the
peak catching efficiency in the region near the leading edge of the first stator decreases from
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Figure 4.12: TWC field obtained for run 1-a (pa,0 = 37,850 Pa, dp = 50 µm) for a deactivated impact model
(top) and for an activated impact model (bottom).

approximately 0.96 for the first stator to approximately 0.46 for the second stator. In case of
partial deposition (pd) the peak catching efficiency in the region near the leading edge increases
through the cascade. The peak value for the first stator is similar to the one obtained in full
deposition mode. The peak value for the second stator is, however, approximately 1.1 in case
of 20 µm-diameter particles and more than 2.3 in case of 50 µm-diameter particles. This value
is high because the catching efficiency is used as defined in section 2.1.2, i.e. the impinging
mass flux normalized with the free-stream velocity and TWC. So, these free-stream values differ
from the values in the free stream that the second stator actually ’sees’, i.e. the values in the
mixing plane. The peak catching efficiencies imply that the secondary ice crystals resulting from
the particle cloud with an initial diameter of 50 µm are able to re-impinge on the blade surface
more often than the secondary ice crystals from the 20 µm cloud. Secondary particles resulting
from run 1-b will become so small that they stick to the surface on impact or simply follow the
air streamlines and leave the cascade unaffected. Moreover, the catching efficiency in partial
deposition mode near the trailing edge on the pressure side of the first stator and on the rotor
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has increased severely when compared to the catching efficiency in full deposition mode. This
is a result of re-impinging particles originating from the leading edge region of the blade or from
neighbouring blades. Finally, the variation in inlet total pressure, run 1 versus run 2, does not
result in a significant change in catching efficiency, see Figure 4.14 (left).

The results for the ice crystal melting ratio ηi c along the blade surface are given on the right
in Figures 4.13 and 4.14. The melting ratio of small particles (run 1-b) is higher than the
melting ratio of the large particles (run 1-a), as is to be expected. Furthermore, the melting ratio
slightly increases with inlet total pressure (run 1-a versus run 2-a). At higher inlet pressures the
evaporation rates are higher and therefore the ice crystals reach the melting temperature a bit
earlier. In case of full deposition the 50 µm-diameter particles have an average melting ratio of 0,
0.008 and 0.053 for stator 1, the rotor and stator 2, respectively. For the particles with dp = 20
µm these values are 0.027, 0.074 and 0.14 for stator 1, the rotor and stator 2, respectively. The
melting ratio in case of partial deposition is similar to the melting ratio for full deposition at
the surface of the first stator and for the rotor. This implies that secondary particles with a size
similar to the particle cloud impact in these stages (rebounded particles). In the second stator
the melting ratio at the pressure side is significantly higher for partial deposition than for full
deposition. This is caused by the shattered, smaller secondary particles that are able to hit the
trailing edge of the pressure surface of the second stator.

4.4 Conclusion

In this chapter the physics of the impact of ice crystals have been discussed. An impact model
describing the most important characteristics has been introduced. Amongst these characteris-
tics are the rebound and shattering of ice crystals on impact and the sticking efficiency of the
crystals on a dry or wetted wall. Particle impact is a very complex process since many different
aspects are involved. The ice crystals can be fully frozen or partially melted, the surface onto
which the particle impacts can be dry or wet as well as cold or heated and the icing clouds may
consist of ice crystals solely or of a combination of ice crystals and droplets.

Furthermore, the computational treatment of the secondary particle cloud has been presented.
Two benchmark test cases have been performed to verify this approach. The first one captures
particle rebound on a cylinder. The second one captures particle impact in an engine-like
configuration. Partial deposition is not straightforward to implement in an Eulerian method
when periodic boundaries or mixing planes are present. In addition, time-consuming proce-
dures have to be used in order to to avoid crossing of particle trajectories. Another approach
would be to replace the Eulerian multi-fluid model by a multi-velocity model which applies
a method-of-moment approach for the velocity field, see for instance Kah et al. [67]. Various
approaches for these method-of-moment approaches have been presented and results have
been compared by Laurent et al. [75], Masi and Simonin [93] and Vié et al. [137].

It is shown that the introduction of a particle impact model has a strong effect on the resulting
particle flow field. Despite the uncertainty in the applied theoretical models and the difficulty in
specifying the parameters involved in these models, the computation of ice crystal trajectories
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Figure 4.13: Catching efficiency β (left) and melting ratio ηi c (right) on the surface of each blade row in
compressor (top to bottom: stator 1, rotor, stator 2) for runs 1-a (dp = 50 µm) and 1-b (dp = 20
µm). Suffix ‘fd’ refers to full deposition mode and suffix ‘pd’ refers to partial deposition mode.
The aerodynamic and particle conditions are given in Tables 4.4 and 4.5, respectively.
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Figure 4.14: Catching efficiency β (left) and melting ratio ηi c (right) on the surface of each blade row in
compressor (top to bottom: stator 1, rotor, stator 2) for runs 1-a (p0 = 37,850 Pa) and 2-a
(p0 = 77,500 Pa). Suffix ‘fd’ refers to full deposition mode and suffix ‘pd’ refers to partial
deposition mode. The aerodynamic and particle conditions are given in Tables 4.4 and 4.5,
respectively.
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and impact in a generic turbofan compressor has yielded reasonable results. The validation
of the impact models is very difficult since no experimental data exists to date that reports the
catching efficiency of the ice crystals. Therefore, ice accretion data is used to validate the impact
model combined with the accretion method and this is the purpose of chapter 5.
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5 Accretion module

The final part of the ice crystal accretion procedure is to translate the glaciated or mixed-phase
collection efficiency into an actual ice layer. In this chapter the extension of the accretion method
to mixed-phase conditions is discussed as well as the effect of erosion due to ice crystal impact.
Two studies are described in which results of predictions are compared to results from experiments
in order to validate the proposed method. Finally, the limitations of the proposed method are
discussed in combination with suggestions for improvement.

5.1 Ice accretion

Contrary to the impact of ice crystals, ice accretion under mixed-phase conditions has been
well studied experimentally. From the beginning of the 21st century, icing wind tunnels have
been upgraded to be able to perform accretion experiments with ice crystals. Amongst them are
the Research Altitude Test Facility (RATFac) of the National Research Council (NRC) of Canada
(Struk et al. [125]), the Propulsion Systems Lab (PSL) at NASA Glenn Research Center (Griffin
et al. [45]), the A06 facility at DGA Aero-engine Testing (Hervy et al. [53]), the Cox Icing Wind
Tunnel (Irani and Al-Khalil [61]) and the TU Braunschweig Icing Wind Tunnel (Baumert et al.
[5, 6]). The first three of these facilities are capable of simulating ice crystals under various
altitude conditions. These upgrades have resulted into a number of experimental studies on
glaciated and mixed-phase accretion for various geometries: an aerofoil shape by Struk et al.
[127], a NACA-0012 aerofoil by Al-Khalil et al. [2] and Struk et al. [126], a double-wedge aerofoil
by Currie et al. [23, 22] and Struk et al. [124, 126], a streamlined body with an axi-symmetric
hemispherical nose, with a cylindrical nose and with a conical nose by Currie et al. [22, 24, 25],
a bleed slot in a compressor stage by Knezevici et al. [71, 72] and an aerofoil in a compressor
transition S-duct by Mason et al. [96].

The first computational efforts to extend the ice accretion methods to ice crystal conditions
have been published by Nilamdeen and Habashi [106] and Pabón [111]. Both are extensions
of the Messinger [98] model for accretion of supercooled droplets. Nilamdeen and Habashi
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[106] have extended the differential form of the Messinger model by assuming that ice crystals
bounce in rime icing conditions and partly stick to the surface in glaze icing conditions. It
is assumed that the impacting ice crystals melt instantaneously when they hit a wet surface.
Pabón [111] has developed a two-phase Messinger model. The first phase is a transient phase in
which the surface is cooled down. During this phase the surface is covered by a thin liquid film
and impacting ice crystals melt and evaporate. The second phase starts when the liquid film is
covered by a few layers of ice crystals and the Messinger model is applied with the difference
that the runback water is now running over the surface underneath a layer of ice crystals.

The accretion method introduced in this chapter is also an extension of Messinger’s method [98].
The underlying model and its extension for glaciated and mixed-phase conditions is discussed
in the next section. It is followed by a benchmark test case for mixed-phase icing conditions
in section 5.3. The effect of erosion is discussed in section 5.4, again followed by a benchmark
test case, but now for glaciated icing conditions, in section 5.5. Some further considerations on
more sophisticated extensions of the accretion method and the coupling between the trajectory
and the accretion methods are discussed in sections 5.6 and 5.7, respectively.

5.2 Messinger’s method

“During the early phases of the development of aircraft ice-protection systems, it was usually
assumed that, when the day came that airplanes would fly fast enough to result in stagnation
temperatures of 0◦C or more, the problem of icing would be eliminated. As that day approached,
however, it became increasingly obvious that the surface temperature rise in icing conditions
would be different from that which would prevail in dry air. It is now evident that ice can be
deposited on a surface even though the speed corresponds to a clear-air surface temperature
of more than 0◦C” [98]. Starting from this, Messinger [98] analysed the temperature of an
unheated surface as a function of airspeed, altitude, ambient temperature and liquid water
content. Messinger [98] stated that the variation of the ice shape with temperature, airspeed and
liquid water content could be explained by assuming that a fraction of the liquid collected by the
surface does not freeze at the impact location. This remaining fraction of the collected liquid,
referred to as runback water, forms a continuous film on the surface and leaves the surface by
‘blow-off’ or ‘run-off’. The unknown surface temperature and freezing fraction of the caught
liquid water are obtained by solving the mass and energy balance on the icing surface.

The Messinger method has been derived originally for impacting droplets. The extension to
mixed-phase conditions along with the details of the mass and energy balance is discussed in
the next section. The approach that has been chosen is similar to the one presented in Villedieu
et al. [139] and Wright et al. [144]. An exploratory study of the present approach has been carried
out previously by Bullee [14].

5.2.1 Messinger method for mixed-phase conditions

The mass and energy balance in the Messinger method are solved by a control volume approach,
see Figure 5.1. Each control volume, fully within the water layer on the surface, may contain
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Figure 5.1: Mass flow rates (left) and heat transfer rates (right) entering or leaving the two-dimensional
control volume. The dashed line represents the control volume.

liquid water as a result of the incoming and outgoing mass on the top and bottom surfaces of
the control volume. Part of the water that remains unfrozen will run back downstream into the
next control volume. When the water flow is assumed quasi-steady, the mass rate of incoming
runback water ṁi n and outgoing runback water ṁout are given by

ṁi n =
∫ h+

i +h−
w

h+
i

ρw uw,i ndy, (5.1)

ṁout =
∫ h+

i +h−
w

h+
i

ρw uw,out dy. (5.2)

Here, hy
i and hy

w are the thickness of the ice and the water layer at the location y considered,
respectively, ρw is the water density and uw,i n(x, y) and uw,out (x, y) are the velocities of the
inflowing and outflowing water, respectively. The mass flow rates have units of kilogram per
second per unit span: [kg/s] per metre span.

In a one-dimensional approach the calculation will start from the stagnation point until all the
runback water has been frozen or evaporated. In the control volume at the stagnation point
it is assumed that half of the runback water flows into the control volume in the direction of
the upper surface and the other half flows into the control volume in the direction of the lower
surface. In the original Messinger method the incoming mass due to droplets collected by the
surface, ṁc,d , and runback water ṁi n are balanced by the outgoing mass due to freezing water
ṁ f , evaporating water ṁev and runback water ṁout

ṁc,d +ṁi n = ṁ f +ṁev +ṁout . (5.3)

In case of mixed-phase conditions there are two additional mass terms: the mass of ice crystals
collected by the surface divided into a solid (ice) part, ṁc,i c,i , and a melted (water) part, ṁc,i c,w .
It is assumed that the solid part of the impacting ice crystals adds to the ice layer at the impact
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location. The melted part will be added to the mass balance for the liquid water. This gives for
the mass balance in the water layer

ṁc,i c,w +ṁc,d +ṁi n = ṁ f +ṁev +ṁout , (5.4)

and in the ice layer

ṁi = ṁc,i c,i +ṁ f −ṁsub . (5.5)

The energy balance is extended in a similar fashion. In the original Messinger method the heat
lost to the air flow by convection, Q̇conv , by evaporation Q̇ev , due to warming of the collected
droplets Q̇c,d and due to the sensible heat of the downstream runback flow Q̇out are balanced by
the heat gained due to aerodynamic heating Q̇ah , due to the kinetic energy Q̇ke,d of the droplets
collected by the surface, due to the latent heat of freezing Q̇ f and due to the sensible heat of the
inflow of the upstream runback water Q̇i n and that of the water film in relation to that of the ice
layer Q̇i :

Q̇ah +Q̇ke,d +Q̇ f +Q̇i +Q̇i n = Q̇conv +Q̇ev +Q̇c,d +Q̇out . (5.6)

For mixed-phase conditions four additional energy terms are present. The kinetic energy and the
sensible heat due to the liquid part of the collected ice crystals, Q̇ke,i c,w and Q̇c,i c,w , respectively,
and the kinetic energy and the sensible heat of the solid part of the collected ice crystals, Q̇ke,i c,i

and Q̇c,i c,i respectively. This yields for the energy balance:

Q̇ah +Q̇ke,d +Q̇ke,i c,i +Q̇ke,i c,w +Q̇ f +Q̇i +Q̇i n

= Q̇conv +Q̇ev +Q̇c,d +Q̇c,i c,i +Q̇c,i c,w +Q̇out . (5.7)

The heat transfer rate Q̇ has a unit of Joule per second per unit span: [J/s] per metre span.

In order to obtain the ice mass, and hence the thickness of the ice layer hi , the mass and energy
balance are solved iteratively. In the original Messinger method the calculation starts from an
initial guess of the substrate temperature Ts (i.e. equal to the freezing temperature Tm) and the
freezing fraction is calculated from the energy balance. The freezing fraction f is defined as
the ratio of the mass rate of the freezing liquid and that of the liquid collected by the surface.
The freezing fraction determines the icing regime, which is either rime ( f = 1), wet ( f = 0) or
glaze (0 < f < 1). When the freezing fraction does not correspond to the situation for which the
temperature equals the freezing temperature, the mass and energy balance are solved again for
either a higher or lower substrate temperature Ts until convergence is reached.

For mixed-phase conditions the iteration procedure is rather similar. Instead of the freezing
fraction, the freezing mass flow rate ṁ f is now obtained from the energy balance after the initial
guess for the substrate temperature: Ts = Tm . If ṁ f is larger than or equal to the sum of the
mass rate of collected droplets ṁc,d , the mass rate of the melted part of the collected ice crystals
ṁc,i c,w and the incoming runback mass rate ṁi n , i.e. ṁ f ≥ ṁc,d +ṁc,i c,w +ṁi n , one has a rime
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ice condition. In this case all water entering the control volume freezes and there is no outgoing
runback water (ṁout = 0). If, on the other hand, ṁ f is smaller than or equal to the negative
collected mass rate of the solid part of the ice crystals ṁc,i c,i , i.e. ṁ f ≤−ṁc,i c,i , a wet condition
is reached. In this case only water is added to the control volume and the mass flow rate of ice
ṁi equals zero. If, however, the freezing mass flow rate ṁ f is between the two aforementioned
values, the initial guess for the temperature was right and both ice and water are present in the
control volume (glaze ice regime).

Upon the determination of the icing regime the iterative procedure is started by adjusting
the temperature such that the residual heat Q̇? = ∑

Q̇incoming −∑
Q̇outgoing becomes zero, see

Equation (5.7). A flow diagram of the iteration procedure is given in Figure 5.2. The resulting
equations for the energy balance and the expressions for ṁ f ,ṁi and ṁout are given in Equa-
tions (5.8) to (5.18) for each of the three regimes. It should be noted that the mass balance times
the specific heat capacity cp and times the temperature difference ∆T = Tm −Ts is subtracted
from the energy balance. An overview of the detailed expressions for the mass flow rates and the
heat transfer rates is given in Appendix C.

Rime ice regime:

if ṁ f ≥ ṁc,d +ṁc,i c,w +ṁi n

then ṁ f = ṁc,d +ṁc,i c,w +ṁi n (5.8)

ṁi = ṁc,i c,i +ṁ f −ṁsub (5.9)

ṁout = 0 (5.10)

and Q̇? = Q̇conv +Q̇sub +Q̇c,d +Q̇c,i c,i +Q̇c,i c,w −Q̇ah −Q̇ke,d −Q̇ke,i c,i

−Q̇ke,i c,w −Q̇ f −Q̇i −Q̇i n (5.11)

Q̇ f = ṁ f Lm

Q̇i = cp,i (ṁi +ṁsub) (Tm −Ts )

Q̇out = 0

Glaze ice regime:

if −ṁc,i c,i < ṁ f < ṁc,d +ṁc,i c,w +ṁi n

then ṁ f = 1

Lm

(
Q̇conv +Q̇ev +Q̇c,d +Q̇c,i c,i +Q̇c,i c,w −Q̇ah −Q̇ke,d −Q̇ke,i c,i

−Q̇ke,i c,w −Q̇i n
)

(5.12)

ṁi = ṁc,i c,i +ṁ f −ṁsub (5.13)

ṁout = ṁc,d +ṁc,i c,w +ṁi n −ṁ f −ṁev (5.14)

Q̇i = 0

Q̇out = 0
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Wet regime:

if ṁ f ≤−ṁc,i c,i

then ṁ f =−ṁc,i c,i (5.15)

ṁi = 0 (5.16)

ṁout = ṁc,d +ṁc,i c,i +ṁc,i c,w +ṁi n −ṁev (5.17)

and Q̇? = Q̇conv +Q̇ev +Q̇c,d +Q̇c,i c,i +Q̇c,i c,w −Q̇ah −Q̇ke,d −Q̇ke,i c,i

−Q̇ke,i c,w −Q̇ f −Q̇out −Q̇i n (5.18)

Q̇ f = ṁ f Lm

Q̇i = 0

Q̇out = cp,w (ṁout +ṁev ) (Tm −Ts )

Another assumption that has been made by Trontin et al. [132] is that for the case of mixed-
phase conditions part of the accumulated water remains trapped between the ice crystals or
in the ice layer. This is confirmed by experiments that have been conducted by Currie et al.
[23]. In these experiments the effect of the wet bulb temperature on the accretion behaviour
has been studied in the altitude test facility of NRC (RATFac). The mixed-phase ice accretions
have been obtained for a double-wedge aerofoil with a chord of 0.221 m for a Mach number
of approximately Ma = 0.25, for two different atmospheric pressure levels and over a range of
values of IWC, LWC, temperature and humidity. It has been concluded that poorly adhered
ice accretions are obtained when the wet bulb temperature is above 0◦C as well as when the
wet bulb temperature is below 0◦C combined with a high enough LWC/TWC ratio. In case of
poorly adhered accretions the ice deposits were slushy and white, suggesting the presence of
liquid and air entrapped in the ice layer. The model proposed by Trontin et al. [132] is based
on the assumption that the possibility of entrapped water increases with increasing number of
ice crystals present in the mixed-phase flow. The mass fraction Yac of liquid water that remains
within the ice layer is given by

Yac =
{

1− Yw
Y ? if 0 ≤ Yw < Y ?,

0 if Yw ≥ Y ?,
(5.19)

where Yw is the liquid mass fraction of the particles caught by the surface:

Yw = ṁc,d +ṁc,i c,w

ṁc,d +ṁc,i c,i +ṁc,i c,w
= 1− ṁc,i c,i

ṁc,d +ṁc,i c,i +ṁc,i c,w
.

The parameter Y ? is chosen equal to Y ? = 0.5. The mass flow rate of liquid water present on the
surface can now be divided into two parts: the accumulated water in the ice layer ṁac and the
corrected outgoing runback water ṁ∗∗

out , i.e.,

ṁ∗∗
out = (1−Yac )ṁout , (5.20)

ṁac = Yac ṁout . (5.21)
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Figure 5.2: Flow diagram iteration procedure Messinger method for mixed-phase conditions. Note that
ṁc is the sum of the collected mass flow rates, i.e. ṁc = ṁc,d +ṁc,i c,i +ṁc,i c,w .
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Table 5.1: Aerodynamic conditions test case mixed-phase icing conditions NACA-0012 aerofoil.

Run Mach Pressure Temperature AoA
# Ma∞ [-] pa,∞ [Pa] Ta,∞ [K] [◦]

9,10 0.163 98000 266.18 0
19,20 0.165 98000 260.65 0

Table 5.2: Test case mixed-phase icing conditions NACA-0012 aerofoil.

Run IWC MVDi c LWCd MVDd Accretion time
# [g m−3] [µm] [g m−3] [µm] tac [s]
9 0.0 - 0.7 20 600

10 0.7 200 0.7 20 600
19 0.7 150 0.3 20 600
20 0.3 150 0.7 20 600

5.3 HAIC benchmark mixed-phase icing conditions

In order to provide a first level of validation, the results obtained with the extended Messinger
method have been compared to experiments performed by Al-Khalil et al. [2]. The experiments
have been conducted for a NACA-0012 aerofoil with a chord of 0.9144 m and placed in the Cox
closed-loop Icing Wind Tunnel (IWT). A range of mixed-phase conditions could be obtained
by adjusting the combination of ice crystals and supercooled water. The supercooled droplets,
with an MVD of 20 µm, have been produced by spray bars which atomize the water by using
compressed air. The ice crystals have been produced by either a snow gun, which produces
almost spherical crystals, or an ice shaver, which produces irregular ice crystals. The ice crystals
produced by the snow gun have an MVD of 150 µm and the ones produced by the shaver have
an MVD of 200 µm.

Two glaze ice conditions (run 9 and 10) and two rime ice conditions (run 19 and 20) have been
selected as test cases. The aerodynamic conditions are listed in Table 5.1 and the aerodynamic
field is calculated with an Euler method for inviscid flow on the same mesh as the one used
for the benchmark for testing the effect of particle sphericity, shown in Figure 3.3. From a
convergence study it has been concluded that the results for the particle trajectories on this
grid can be considered to be grid converged. The air temperature is well below the melting
temperature and therefore heat transfer and change of phase along the particle trajectory have
been neglected. The particles are released at kinetic and thermal equilibrium with the flow.
Since the particle sphericity has not been measured in the experiment, it is set to Φ= 1. The
mixed-phase conditions and accretion time are listed in Table 5.2. The results for the catching
efficiency are shown in Figure 5.4 and the results for the ice shape are shown in Figure 5.5.
The ice shape obtained in the experiment has been traced from the plots provided in [2]. The
resulting list of coordinates has been included in section E.1 of Appendix E. Photographs of the
ice shapes, obtained from the experiments, are included in Figure 5.3.
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Figure 5.3: Ice accretion in glaze icing conditions (run 9, 10) and rime icing conditions (run 19, 20). NACA-
0012 aerofoil with c = 0.9144 m for aerodynamic and cloud conditions given in Tables 5.1
and 5.2, respectively. Pictures from Al-Khalil et al. [2].
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Figure 5.4: NACA-0012 aerofoil catching efficiency for droplets (run 9) and ice crystals (runs 10, 19 and
20) obtained for the cloud conditions given in Table 5.2. The droplet catching efficiencies for
runs 10, 19 and 20 are similar to the catching efficiency of run 9. The aerodynamic conditions
are given in Table 5.1.
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Figure 5.5: Ice accretions for NACA-0012 aerofoil with a chord of 0.9144 m obtained for mixed-phase
conditions and an accretion time of 10 minutes. The aerodynamic and cloud conditions are
given in Tables 5.1 and 5.2, respectively.

The droplet catching efficiency βd obtained for run 9 and the ice crystal catching efficiency βi c

obtained for runs 10, 19 and 20 are shown in Figure 5.4. The droplet catching efficiency βd for
runs 10, 19 and 20 closely resembles the droplet catching efficiency obtained for run 9 and is,
therefore, not shown. For all runs βd is higher than βi c . For run 10, ice crystals are collected
over the same aerofoil surface area that collects droplets as well, indicating a glaze ice regime.
The peak value of the ice crystal catching efficiency βi c for run 10 is lower than the one obtained
for run 20, but higher than the one obtained for run 19. The catching efficiencies for runs 19
and 20 have in common that the aerofoil surface area collecting ice crystals is smaller compared
to the surface area collecting droplets. This indicates that a glaze ice condition (Ts = Tm) is
obtained near the stagnation point, but that the ice regime further downstream resembles rime
ice (Ts < Tm).
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Figure 5.6: Mixed-phase ice accretion for double-wedge aerofoil (left, ηi c = 13.8%, pa,0 = 44.8 kPa, Ma∞
= 0.25), a hemisphere (middle, ηi c = 12%, pa,0 = 34.5 kPa, Ma∞ = 0.25) and circular cylinder
(right, ηi c = 14.1%, pa,0 = 34.5 kPa, Ma∞ = 0.25). Pictures from Currie et al. [23] (left), Currie
et al. [24] (middle), Currie et al. [25] (right).

For the glaze ice condition, run 9 in Figure 5.5, a typical horn-shape is visible around the
stagnation point. The rime ice conditions, runs 19 and 20, result in a streamlined shape, except
for the ice shape in the region where ice crystals are collected. For run 20 this leads to an
even more obvious horn-shape. The difference between glaze and rime ice conditions is also
confirmed by the appearance and texture of the ice shown on the photographs in Figure 5.3: clear
and hard versus white and brittle. In case of run 19 a small fraction of ice crystals sticks to the
surface due to the presence of liquid water in the form of droplets or runback water. This fraction
is responsible for the small peak in the ice shape near the stagnation point. Furthermore, in the
experimental results, the ice accretion with ice crystals present (run 10) turns out to be lower
than the ice accretion without ice crystals present (run 9). This is a result of the erosive effect of
the ice crystals on the accretion. In the predicted ice accretion erosion is not taken into account
yet, which explains why the results for the ice shape obtained for mixed-phase conditions (runs
10, 19 and 20) are overestimated by MooseMBIce. The extension of the ice layer over the aerofoil
surface for the single-phase cloud (run 9) is, however, also overestimated by the computational
method. This could be a result of the inaccurate calculation of the particle trajectories around
the leading edge which affects the accretion. The one-way coupling assumption might not be
valid any more when horn-shapes or feather-like accretions develop around the leading edge. It
might imply that supercooled droplets can have an erosive effect as well. The erosion model is
introduced in the next section.

5.4 Erosion

The experiments of Al-Khalil et al. [2] have clearly shown the effect of erosion on ice accretion
and that erosion results in an ice layer without roughness in the form of feathers or horns. More
recent studies in the altitude facility of NRC (RATFac) have attempted to estimate the erosion
dependence on cloud parameters such ICC, LWC, MVD and particle velocity. In this facility the
droplets are brought into the flow by a spray system and the ice crystals are produced with a
grinder of which the configuration can be adjusted such that ice crystals with the desired MVD
are produced. Examples of the obtained ice accretions are shown in Figure 5.6.
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Figure 5.7: Icing severity as a function of LWCi c /TWC ratio obtained for experiments by Currie et al.
[24, 25].

Currie et al. [24, 25] have performed a study on ice accretion for two different geometries.
One geometry consisted of an axi-symmetric hemispherical nose with a diameter of 44.5 mm
attached to a streamlined afterbody. The second geometry was another streamlined afterbody
where the nose was formed by a curved cylinder with a midspan diameter equal to that of the
hemispherical nose. The experiments have been conducted for a Mach number of either 0.25
or 0.4, a total pressure of either 34.5 kPa or 69 kPa and over a range of wet bulb temperatures
from 0◦C to 6◦C. From these experiments, and those on the double-wedge aerofoil (Currie et al.
[23]), it has been concluded that erosion of ice accretions mainly depends on the tangential
velocity of the impinging ice crystals and that it scales with that velocity to a power 2 or 3. This
conclusion has been based on the observation that adding ice crystals to a free stream with a
wet bulb temperature below freezing led to an increase of ice growth on the leading edge, but to
a decrease of ice growth further downstream. Currie et al. [24, 25] have also observed that at
constant LWCi c /TWC ratio, the initial ice growth rate as well as the steady-state ice accretion
increase proportionally with increasing TWC. At the steady-state the impinging mass flux is
equal to the mass flux lost due to particle bouncing or re-impingement, phase change and
erosion. Currie et al. have found the loss mass flux to be constant for increasing TWC and stated
that erosion stays constant, or even reduces, for increasing TWC. This can be attributed to some
form of mass flux interference, where the energy of the impinging ice crystals is reduced by
particles that bounce from the surface. Furthermore, the size of the accretion strongly depends
on the LWCi c /TWC ratio or melting ratio ηi c . The size of the accretion increases over a range of
melting ratios from 5-14% and remains constant until a melting ratio of approximately 20% is
reached after which the size of the accretion decreases again with increasing melting ratio. The
dependence on the melting ratio ηi c is slightly different for different geometries and different
Mach numbers, as can be seen in Figure 5.7.

Knezevici et al. [71, 72] have investigated the effect of particle size on ice crystal accretion.
The test article represents a two-dimensional bleed slot at the casing inside the compressor
of a gas turbine. The geometry consists of a bend plate with an adjustable slot, see Figure 5.8,
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Figure 5.8: Compressor bleed slot with slot openings of various size. Pictures from Knezevici et al. [71].

which is placed in the airflow at an angle of 20◦. The experiments have been conducted for a
Mach number of Ma = 0.25 and a total pressure pa,0 and temperature Ta,0 of 44.8 kPa and 0◦C,
respectively. The cloud conditions have been varied over a range of values of ICC, LWC and
particle size. From the tests it has been concluded that erosion increases with increasing particle
size. The authors also state that the particle size relative to the thickness of the liquid film could
be an important measure for the erosion severity. Small ice crystals could be trapped by the
liquid film which would rather reduce erosion or even increase accretion and this damping
effect is reduced for increasing particle size.

Trontin et al. [132] have derived an erosion model based on assumptions that are in line with
the experimental findings discussed above:

• erosion scales with the square of the tangential velocity [23, 24, 25],
• erosion decreases for increasing IWC due to flux interference [24, 25],
• erosion increases for increasing melting ratio ηi c = LWCi c /TWC [24, 25],
• erosion increases with increasing ice crystal diameter di c [71, 72],
• erosion increases with increasing curvature of the surface of the ice layer [132].

Furthermore, the effect of hardness of the ice layer on the erosion rate is taken into account in
a similar way as proposed by Wright et al. [144]. In this study the strain rate of fracturing hail
stones has been related to the applied stress due to impacting crystals. This has resulted in a
formulation for the erosion rate that increases at higher substrate temperatures due to a lower
bonding strength of ice. Trontin et al. [132] have applied the same reasoning with respect to the
effect of the temperature of the ice crystal itself and stated that the erosion rate increases with
decreasing ice particle temperature.

This completes the list of further assumptions for the ice erosion model:

• erosion increases with decreasing substrate temperature,
• erosion increases with decreasing particle temperature.

5.4 Erosion 85



Table 5.3: Reference values and parameters in the erosion model, Equation (5.22), obtained by Trontin
et al. [132].

Parameter Value Parameter Value
E 0.58 a 0.8
u0 84.5 m/s b 3

IWC0 6 g/m3 c 0.4
ηi c,0 0.166 d 3

MMD0 52.7 µm e 0.1
l0 0.015c

The mass rate of erosion ṁer , see Equation (5.24), depends on the erosion efficiency θ. The
erosion efficiency θ itself depends on the assumptions listed above and is expressed as

θ =E

(
ut ,i c

u0

)2 (
IWC

IWC0

)−a (
1−ηi c

1−ηi c,0

)−b (
MMDi c

MMD0

)c

exp

[
−d

Qs

R

(
1

Ts
− 1

Tm

)]
exp

[
−e

Qs

R

(
1

Ti c
− 1

Tm

)](
1+ (l0κ)2)

. (5.22)

In Equation (5.22) E is the erosion intensity, ut ,i c is the tangential velocity of the impinging ice
crystals, IWC is the impinging ice water content, ηi c is the melting ratio of the ice crystals (=
LWCi c /TWC), MMDi c is the mean mass diameter of the impinging ice crystals, Qs is the ice
activation energy (= 48.2 kJ/mol), R is the universal gas constant (= 8.314 J mol−1 K−1), Ts is the
substrate temperature, Tm is the melting temperature, Ti c is the temperature of the impinging
ice crystals, and κ is the local curvature of the ice layer. The reference values, with subscript 0,
and the constant parameters E and a through e are given in Table 5.3 and have been fitted to
correspond with experimental data of Currie et al. [23, 24, 25], Al-Khalil et al. [2] and Lozowski
et al. [91]. For a detailed description of this fitting procedure the reader is referred to Trontin
et al. [132]. There is, however, one difference between Equation (5.22) and the formulation for
the erosion efficiency θ derived in Trontin et al. [132]. This is the sign of the power c related to
the mean mass diameter (MMD) of the ice crystals. In the present research it is assumed to be
c =+0.4, since erosion increases with increasing diameter as has been observed by Knezevici
et al. [71, 72].

The local curvature κ in Equation (5.22) is calculated in the same way as described by Jongsma
[66]. It is expressed as

κ=

∣∣∣∣∣dC

dt
× d2C

dt 2

∣∣∣∣∣∣∣∣∣∣d3C

dt 3

∣∣∣∣∣
, (5.23)

where C = (
x(s), y(s)

)T is the curve through the vertex coordinates of the contour of the geometry
with accreted ice layer. Curve C is represented by a Non-Uniform Rational Basis Spline (NURBS)
curve with basis functions of order three and a uniform knot vector. However, since the weight
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functions are set equal to one, the NURBS curve is actually a basis spline curve. The curvature
will change during the ice accretion process and needs to be updated frequently in order to
obtain the correct value for the curvature κ and the tangential velocity ut ,i c of the impinging ice
crystals. In section 5.5 it will be shown that an accurate representation of erosion is obtained
when the curvature and velocity are updated every subsequent one-hundredth fraction of the
total accretion time tac , for accretion times up to several minutes. So, the accretion process
should be repeated over hundred of steps N of time step ∆t (= tac /N ).

Once the erosion efficiency θ is known the erosion mass rate ṁer can be expressed as

ṁer = min
[
ṁi +ṁout ,min[1,θ]ṁi mp,i c

]
, (5.24)

where

ṁi mp,i c = ṁi mp,i c,i +ṁi mp,i c,w = ṁc,i c,i +ṁc,i c,w

ε
.

Here ṁi is the mass rate of ice, ṁout is the outgoing mass rate of runback water, ṁi mp,i c is the
impinging mass rate of ice crystals, ṁc,i c is the mass rate of ice crystals collected by the surface
and ε is the sticking efficiency. Trontin et al. [132] have assumed that the erosion rate has an
effect on the ice layer as well as on the layer of runback water. The loss due to erosion in the ice
layer is assumed to be proportional with the rate of ice accretion and the loss due to erosion in
the water layer is assumed to be proportional with the rate of water accumulation. This results
in the corrected values for the mass flow rate of ice ṁ∗

i and for the mass flow rate of runback
water ṁ∗

out

ṁ∗
i = ṁi − ṁi

ṁi +ṁout
ṁer = ṁi

(
1− ṁer

ṁi +ṁout

)
, (5.25)

ṁ∗
out = ṁout − ṁout

ṁi +ṁout
ṁer = ṁout

(
1− ṁer

ṁi +ṁout

)
. (5.26)

The mixed-phase accretion method now consists of three steps, which are considered for every
time step ∆t :

1. Calculate the substrate temperature Ts and the mass flow rates of ice ṁi and outgoing
runback water ṁout by solving the mass and energy balance.

2. Determine the erosion efficiency θ and the eroded amount of ice and water and cal-
culate the corrected mass flow rates of ice ṁ∗

i and outgoing runback water ṁ∗
out from

Equations (5.25) and (5.26), respectively.
3. Determine the fraction of water that is trapped within the ice layer and calculate the

(corrected) mass flow rates of accumulated runback water ṁac and outgoing runback
water ṁ∗∗

out from Equations (5.20) and (5.21), respectively.
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Figure 5.9: Streamlined body with curved
cylindrical nose. Picture from Cur-
rie et al. [25].
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Figure 5.11: Computational domain around the section with curved cylindrical nose. The chord length of
the section is 0.35225 m.

5.5 HAIC benchmark glaciated icing conditions

The Messinger method extended for mixed-phase conditions and with the added erosion model
has been validated with experimental data obtained by Currie et al. [25]. The data has been
traced from the plots provided in [25] and the resulting coordinates of the ice shape have
been included in section E.2 of Appendix E. The experiments have been conducted at warm
aerodynamic conditions, that yield partially melted ice crystals, in the altitude chamber of NRC
(RATFac). The test article consists of a three-dimensional geometry with a curved cylindrical
nose made from a titanium alloy and a streamlined afterbody made of plastic, see Figure 5.9.
The cylindrical nose has been curved to facilitate the imaging of the ice shape from the side.
For the same reason there is a gap between the geometry and the wind tunnel wall, which will
avoid the build-up of ice at the walls. For computational purposes the curved cylinder has
been approximated by a two-dimensional geometry with dimensions equal to the section at
the midspan of the wind-tunnel model. The cylindrical nose has a diameter of 44.5 mm and
the chord length of the whole section equals 352.25 mm. The computational domain has the
same height as the wind tunnel test section, i.e. 254 mm. The computational domain extends to
2.94775 m in front of the leading edge and 3.3 m behind the trailing edge of the curved cylinder.
The grid consists 61,696 cells. A close-up of the grid around the curved cylinder is shown in
Figure 5.10 and the computational domain with its dimensions is shown in Figure 5.11.

The results of the ice accretion shapes have been compared to experimental data. Six of the
selected runs have been obtained for a Mach number Ma = 0.25 and the other four have been
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Table 5.4: Aerodynamic conditions test case glaciated icing conditions curved cylinder.

Run Mach Pressure Temperature AoA RH
# Ma∞ [-] pa,∞ [Pa] Ta,∞ [K] [◦] [%]

17,47,57,67,77,92 0.25 33000 284.55 0 38%
233,238,243,246 0.40 30800 278.95 0 57%

Table 5.5: Particle size distribution glaciated icing conditions curved cylinder with MVD = 45 µm.

Bin # 1 2 3 4 5 6 7
Diameter dp [µm] 14.5 23 29 34.3 39.4 45 77.5

Mass fraction Y [%] 5 10 10 10 10 10 45

Table 5.6: Test case glaciated icing conditions curved cylinder.

Run TWC Melting ratio Accretion time Run TWC Melting ratio Accretion time
# [g m−3] ηi c [%] tac [s] # [g m−3] ηi c [%] tac [s]

17 6 6.0 300 233 6 8.6 300
47 4 16.6 320 238 6 14.0 300
57 12 14.0 290 243 6 17.2 300
67 6 16.6 31;148;382 246 6 21.4 300
77 6 11.2 300
92 6 26.4 300

obtained for a Mach number of Ma = 0.4. The aerodynamic flow field has been obtained by
solving the Euler equations for inviscid compressible flow for the conditions given in Table 5.4.
The ice crystal cloud has been represented by a mono-disperse size distribution with an MVD of
45 µm or as a poly-disperse distribution utilizing seven bins. The corresponding particle size
distribution is given in Table 5.5. The melting ratio of the ice crystals ranges from ηi c = 6% to ηi c

= 26.4%. Furthermore, the effect of varying TWC and varying accretion time has been studied
for three of the ten runs. In the computational method the experimentally measured melting
ratio of the ice crystals is obtained by injecting the the ice crystals at the measured melting ratio
and omitting heat and mass transfer along the particle trajectory. This implies that the relative
humidity RH only has an influence on the heat and mass transfer along the ice layer. It has been
checked that varying RH does not have a significant effect on the thickness of the ice layer. The
particle temperature T at injection is lower than the air temperature, namely 273.15 K. Since the
sphericity has not been measured during the experiment, the particle sphericity Φ is set to 1.

As a first result it is shown that N = 100 erosion steps are sufficient to obtain an ice shape
for which the erosion rate ṁer has converged. In Figure 5.12 the results for the ice layer are
shown for run 67 for increasing accretion time (from left to right) and an increasing number
of erosion steps, from N = 0 to N = 200. The ice shape obtained without the erosion model
applied is provided as well. The ice shapes have been computed for the mono-disperse particle
distribution. From Figure 5.12 it is clear that the ice shape does not change any more after
N = 100. Without the erosion model, results for the ice shape are far away from the experimental
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Figure 5.12: Ice accretion for curved cylinder for run 67 for increasing accretion time tac (left to right)
and increasing number of erosion steps (N = 1-200). Results are obtained for mono-disperse
particle distribution with an MVD of 45 µm. The aerodynamic and particle conditions are
given in Tables 5.4 and 5.6, respectively.

data. For tac = 382 s, the erosion model leads to a smaller ice accretion than measured, i.e.
erosion appears to be overpredicted. However, the general form of the ice shape correlates quite
well with that of the ice shape observed in the experiment.

Secondly, the results obtained for TWC increasing from 4 g/m3 to 12 g/m3 (runs 47, 57 and 67)
and for the poly-disperse particle distribution are given in Figures 5.13 and 5.14. In Figure 5.13
the results for the ice shape are shown and in Figure 5.14 the corresponding growth of the tip
of the ice shape as function of the accretion time is shown. From experimental data on the
growth of the tip of the ice shape in Figure 5.14 it has been observed that the ice thickness
increases non-linearly with TWC until a steady-state is reached. This steady-state is visible for
the tip growth of run 47, but for runs 57 and 67 the ice shapes were shed before the steady-state
was reached. From the computational results a similar non-linear increase with TWC can be
seen. However, the ice thickness is underpredicted for the lowest TWC. From the computational
results for the location of the tip of the ice shape it can be observed that the steady-state is
reached too soon for runs 47 and 67.

Finally, results are obtained for increasing melting ratio ηi c . In Figure 5.15 results for the ice
shapes are shown for the melting ratio increasing from 6% to 26.4% (runs 17, 67, 77 and 92)
obtained for a Mach number of Ma = 0.25. In Figure 5.15 the computed and experimental ice
shapes are shown for the melting ratio increasing from 8.6% to 21.4% (runs 233, 238, 243 and 246)
obtained for a Mach number of Ma = 0.4. These cases have been computed to assess whether
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Figure 5.13: Ice accretion for curved cylinder for run 47, 57 and 67 for increasing TWC (left to right). Results
are obtained for poly-disperse particle distribution with an MVD of 45 µm, see Table 5.5, and
by applying N = 100 erosion steps. The aerodynamic and particle conditions are given in
Tables 5.4 and 5.6, respectively.
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the computational method is able to simulate the effect of the Mach number on the ice shape.
Furthermore, from the experiments it has been concluded that the ice thickness increases up
to a certain value of the melting ratio. When the melting ratio is then further increased, the ice
thickness remains constant, the so-called ’plateau’ effect, until it drops again for even higher
melting ratios. For the experiments at the lower Mach number (Ma = 0.25) the ice thickness
increases for a melting ratio in the range ηi c = 6-14% and decreases for melting ratios above
ηi c = 23%. Between these melting ratios the ice thickness remains about constant (plateau). For
the higher Mach number (Ma = 0.4) the plateau is reached for similar melting ratios, but above a
melting ratio of ηi c = 17.2% the ice thickness drops suddenly. From the computational results it
can be concluded that the ice thickness is approximated well for increasing melting ratios up to
the value of ηi c marking the end of the plateau region. The decrease of ice thickness for values
of ηi c above those for the plateau region is not captured by the computational method since the
ice thickness remains unchanged for higher melting ratios, as can be seen for runs 92 and 246.
The experiments at higher Mach numbers (Ma = 0.4) have shown that erosion is increased and
the steady-state is reached sooner compared to the situation for the lower Mach number (Ma =
0.25). Both phenomena are captured well by the computational method.

5.6 Improved accretion methods

The Messinger method and its extension to mixed-phase conditions are based on a number of
assumptions that do not take the following processes into account:

• breakup or shedding of the runback water film,
• shedding of the ice layer,
• heat conduction through the ice and the water layer,
• heat conduction at the wall,
• the transient behaviour of the ice accretion process,
• three-dimensional ice accretion.

It remains to be seen if further validation and application of the accretion method proposed in
this chapter is possible with these limitations. A first step might be to apply a film model in the
method, which is basically a differential formulation of the Messinger method. In this model the
film thickness is expressed as a function of film velocity. If this result is included in the mass and
energy balance for the runback water, a shallow-water model can be derived

ρw

[
∂hw

∂t
+∇· (hw u)

]
= Sm , (5.27)

ρw

[
∂hw cp,w (Ts −Tm)

∂t
+∇· (hw ucp,w (Ts −Tm)

)]= Se , (5.28)

where Sm and Se are the combined sink en source terms for the mass and energy balance,
respectively. With appropriate closure relations this system of hyperbolic equations can be
solved for the film thickness hw , the mass flow rate of ice ṁi and the substrate temperature Ts .
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Figure 5.15: Ice accretion for curved cylinder for runs 17, 67, 77 and 92 for constant TWC = 6 g/m3 and
for increasing melting ratio ηi c (left to right) and a Mach number of Ma = 0.25. Results are
obtained for poly-disperse particle distribution with an MVD of 45 µm, see Table 5.5, and
by applying N = 100 erosion steps. The aerodynamic and particle conditions are given in
Tables 5.4 and 5.6, respectively.
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Figure 5.16: Ice accretion for curved cylinder for runs 233, 238, 243 and 246 for constant TWC = 6 g/m3

and for increasing melting ratio ηi c (left to right) and a Mach number of Ma = 0.4. Results
are obtained for poly-disperse particle distribution with an MVD of 45 µm, see Table 5.5, and
by applying N = 100 erosion steps. The aerodynamic and particle conditions are given in
Tables 5.4 and 5.6, respectively.
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These closure relations include a restriction on the film thickness, the flux of the ice mass and
the substrate temperature.

Bourgault et al. [12] and Beaugendre et al. [9] have developed a film model which assumes that
the film thickness depends solely on the wall shear stress τa . For a thin film the velocity profile
within the film can be assumed to be linear with a zero velocity at the wall. This results in the
following expression for the mean velocity in the water layer

uw (x) = 1

hw (x)

∫ hw (x)+hi (x)

hi (x)

u
(
x, y

)
d y = hw (x)

2µw
τa (x) . (5.29)

Hence, the water film thickness can now be approximated as a function of mass flow rate of
runback water, given in Equation (5.2), which results in

h2
w = 2µw

ρwτa
ṁout at x +∆s. (5.30)

Another approach, originating from lubrication theory, also includes the pressure gradient

ṁout

ρw
=− h3

w

3µw

∂pa

∂s
+ h2

w

2µw
τa . (5.31)

For a detailed derivation of this result from the Reynolds equation the reader is referred to
Venner and Lubrecht [135]. Other approaches which also include the gravity and capillary forces,
surface curvature and heat conduction through the ice and water layer have been derived by
Myers et al. [101, 102, 103, 104].

Heat conduction at the wall and through the ice and water layers is important when an anti-
icing system is used for ice protection. Also, the composition and the bonding strength of the
ice to the wall strongly depends on the thermal properties of the ice and the surrounding air.
Recently, Kintea et al. [70] have studied the transport processes in a granular ice layer saturated
with liquid water. In Kintea’s work it has been found that the heat conduction in the granular
layer only depends on the composition of the layer and on the particle size. The proposed
theoretical model has been shown to accurately predict the process of ice accretion and ice
shedding behaviour. It would be interesting to relate the composition (hard/slushy) of the ice
layer obtained from this model to the accretion method and the sticking possibility of the ice
crystals.

The transient behaviour of the ice accretion process is perhaps the most difficult process to
represent into a theoretical model. Li et al. [84, 85] have investigated the solidification of
(supercooled) droplets on cold and dry surfaces. Löwe et al. [90] have studied the evolution of
the substrate temperature before accretion and the time required for inception of ice accretion.
To the author’s knowledge no efforts have yet been made to include these transient processes
into an ice accretion method for mixed-phase conditions.
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Finally, the extension to three-dimensional accretion methods is an important one for the
computation of ice accretion on probes, on engine geometries and on swept-wing configurations.
In case of three-dimensional ice accretion the surface flow becomes two-dimensional. Either
this surface flow field has to be solved by some form of shallow-water equations or a smart
ordering of the surface cells has to be applied, like in the method introduced in Hospers [60]. In
this approach the ordering of surface cells, starting from the stagnation line, depends entirely
on the air flow along the surface.

5.7 Coupling trajectory method and accretion method

Depending on the kind of impact method that is applied, see chapter 4, the substrate tempera-
ture Ts and/or the water film thickness hw computed in the accretion method are needed in the
trajectory method. This coupling would, however, result in a large increase of computation time
if the re-impinging secondary particles are also included in the accretion calculation. Therefore,
it is assumed that impinging secondary particles have a negligible effect on the substrate tem-
perature and the water film thickness. The number of steps between the accretion and trajectory
method required to obtain a converged sticking efficiency ε (see Equations (4.3) and (4.4))
depends on the aerodynamic and cloud conditions. For instance, under cold conditions with
rime ice accretion the substrate temperature remains equal to the air temperature at the surface
of the geometry and the sticking efficiency remains unchanged. For glaze ice conditions the
substrate temperature depends on the extent of runback water that covers the ice layer, which
depends on the amount of sticking ice crystals collected. It is, however, expected that a relatively
small number of steps (N < 10) is required to obtain a converged sticking efficiency.

In Figure 5.17 a flow diagram is shown of the entire ice crystal accretion method MooseMBIce,
including the iteration loops for the number of parent bins (PB), secondary bins (SB), erosion
steps (ES) and accretion steps (AS). The corresponding exchange of geometric, aerodynamic,
cloud and accretion data is shown in the flow diagram in Figure 5.18.

5.8 Conclusion

In this chapter the Messinger method for ice accretion has been extended for mixed-phase
and glaciated icing conditions. Furthermore, a prediction of the erosive effect of impacting
ice crystals has been included. One of the assumptions of this erosion model is that erosion
is mainly dependent on the tangential velocity of the impinging particles. The results for two
validation test cases, one for a NACA-0012 aerofoil and one for a curved cylinder, have shown
that the accretion method is able to accurately predict ice shapes which depend on total water
content TWC and ice crystal melting ratio ηi c . Also, the thickness of the ice layer and the shame
of the ice accretion are not predicted correctly if erosion is not taken into account. However,
more validation is required to investigate whether the proposed method is valid over a wider
range of icing conditions. Finally, the limitations of the proposed method have been discussed
together with suggestions for further improvements. These include shallow-water models for
the water layer, heat transfer models within the ice layer and the bonding/shedding behaviour
of the ice layer.
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Figure 5.17: Flow diagram MooseMBIce including iteration loops, PB = Parent Bin, SB = Secondary Bin,
AS = Accretion Step, ES = Erosion Step.
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6 Numerical results

The purpose of this chapter is to validate the method for ice crystal accretion presented in the
preceding chapters over a wider range of environmental conditions. The results of a number of
benchmark tests for mixed-phase ice accretion are presented in addition to the results of the tests
in chapter 5. These additional results indicate that in a number of cases more accurate models are
needed to simulate the ice accretion and erosion behaviour.

6.1 Improved model for ice accretion and erosion

The method for ice crystal accretion MooseMBIce has simulated fairly accurate results for
glaciated icing conditions (section 5.5). The applied models for the sticking efficiency and
erosion efficiency have been developed by Trontin et al. [132] and are mainly based on the
results from experiments in glaciated icing conditions. A small database of mixed-phase icing
conditions is available and can be used to validate the ice crystal accretion method for mixed-
phase icing conditions. These include ice accretions on a NACA-0012 aerofoil from experiments
conducted by Al-Khalil et al. [2], which were already introduced in section 5.3, and ice accretion
experiments on a double-wedge aerofoil conducted by Currie et al. [23]. Within the framework of
the HAIC project, the Technical University of Braunschweig (TUBS) has performed ice accretion
experiments for a cylinder and for a NACA-0012 aerofoil [7]. These experiments are part of
the TRL5 benchmark test cases and have shown that the models for ice crystal sticking and
erosion, introduced in Chapters 4 and 5, do not produce accurate results in case of mixed-phase
conditions. Mainly, the amount of ice accretion is significantly underestimated and an improved
method is required. The details of this improved method are described in the remainder of
this section. In section 6.2 the results computed for the above described four test cases in
mixed-phase icing conditions are shown.

The expression for the ice crystal sticking efficiency ε is given in Equation (4.4). Here, the droplet
sticking efficiency εd depends on the droplet mass fraction Yd , the melted fraction of ice crystals
ηi c yi c and parameter Kd , which equals 0 if the substrate temperature Ts is below the melting
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temperature Tm and 0.6 otherwise, see Equation (4.5). This implies that the droplet sticking
efficiency εd for cold mixed-phase clouds with an identical droplet mass fraction Yd is the
same for different cloud temperatures as long as glaze ice accretions (Ts = Tm) are obtained.
Analysis of the experimental results from TUBS indicate that a more elaborate expression is
needed, i.e. an expression which takes the temperature of the surroundings into account. In
case of mixed-phase icing conditions it is expected that the LWC resulting from the droplet
cloud (LWCd ) has an effect on the sticking efficiency as well. Therefore, a new droplet sticking
efficiency is defined based on the mass flow of runback water ṁi n and the mass fraction Yi c of
impinging ice crystals:

εd = min

[
1,0.6

(
ṁi n,tot

ṁi n,tot ,0

)4/5 (
Yi c

Yi c,0

)1/5
]

, (6.1)

where

Yi c =
ṁi mp,i c

ṁi mp,d +ṁi mp,i c
, ṁi n,tot ,0 = 3.3 kg/ms per metre span, Yi c,0 = 0.5.

In Equation (6.1) ṁi n,tot is the total mass flow rate of runback water over the surface normalized
with the circumference stot of the geometry:

ṁi n,tot = 1

stot

i=N∑
i=0

ṁi ,i n , where N is the number of surface cells.

The reference values ṁi n,tot ,0 and Yi c,0 have been determined by matching the computational
results to the experimental results from the TUBS experiments. The coupling between the
trajectory and the accretion method, described in section 5.7, is now needed to relate the
averaged mass flow rate of runback water on the icing surface to the sticking efficiency. In
Figure 6.1 the updated flow diagram of MooseMBIce for mixed-phase conditions is shown. The
number of iterations, AS in Figure 6.1, is limited to 1 step such that ṁi n,tot can be seen as the
maximum value of the total mass flow of runback water. Of course, the mass flow rate of ice
crystals collected by the surface ṁc,i c affects the mass of runback water. An increased number of
iterations which accounts for that effect does, however, not always lead to a converged solution.
This is why the number of iterations steps is chosen equal to 1. From Figure 6.1 it is noticed that
output data from the droplet trajectory module, such as βd and ud , serve as input for the ice
crystal trajectory method and accretion method.

The expression for the erosion efficiency θ is given in Equation (5.22). The erosion efficiency in
glaciated icing conditions increases with increasing ice crystal melting ratio ηi c :

ηi c = LWCi c

IWC
= LWCi c

ICC+LWCi c
, (6.2)

where ICC is the ice crystal content, i.e. the solid part of the ice crystal cloud. In addition it is
also assumed that the erosion efficiency in mixed-phase conditions increases with increasing

100 Chapter 6 Numerical results



Icing configuration

Aerodynamic flow field

Droplet trajectories

PB = 0, SB = 0, AS = 0

Ice crystal trajectories
parent cloud

Ice crystal trajectories
secondary cloud

PBmaxPB + 1AS = 1 SBmax SB + 1

re-impact
AND AS = 1

ES = 0

Ice accretion

AS = 0

ESmax ES + 1

Ice shape prediction

yes

no

no

yes

yes

no
no

no

yes

yes

Figure 6.1: Flow diagram MooseMBIce including iteration loops for mixed-phase ice accretion, PB =
Parent Bin, SB = Secondary Bin, AS = Accretion Step, ES = Erosion Step.
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ratio of droplet liquid water content LWCd and ice crystal content ICC. This ratio is referred to
as the droplet melting ratio ηd and is expressed as

ηd = LWCd

ICC+LWCd
. (6.3)

It should be noted that the droplet melting ratio does not refer to ‘melting droplets’, but to the
fraction of liquid water in the form of droplets that is present in the cloud with regard to the solid
ice crystals. Furthermore, the constant value of the reference velocity u0 = 84.5 m/s is adapted
to the velocity of the airflow. So, the reference velocity is now equal to the free-stream velocity:
u0 = ua,∞. The updated relation for the erosion efficiency reads

θ =I
(
1+ (l0κ)2)( ut ,i c

ua,∞

)2 (
IWC

IWC0

)−a (
1−ηi c

1−ηi c,0

)−b1
(

1−ηd

1−ηd ,0

)−b2
(

MMDi c

MMD0

)c

exp

{
− Qs

RTm

[
d

(
Tm

Ts
−1

)
+e

(
Tm

Ti c
−1

)]}
, (6.4)

where
b2 = 2, and ηd ,0 = 0

With ηd ,0 = 0, the term which includes ηd becomes 1 if no droplets are present in the cloud and
this results in the original erosion efficiency developed for glaciated icing conditions. The effect
of increasing droplet melting ratio ηd on the erosion efficiency is assumed to be less strong than
the effect of increasing ice crystal melting ratio ηi c on the erosion efficiency. The reasoning
behind this is that it is assumed that increasing LWCd also gives rise to flux interference, de-
scribed for ice crystals by Currie et al. [25], and to a damping effect of the water film, as stated by
Knezevici et al. [71, 72]. Both effects result in a lower erosion efficiency. Therefore, constant b2

is lower than b1, namely 2 instead of 3.

In the next section the new expressions for the droplet sticking efficiency, Equation (6.1), and
erosion efficiency, Equation (6.4), have been applied and the ice shapes obtained for mixed-
phase conditions are compared to ones obtained for the previous models.

6.2 Ice accretion benchmarks

In this section the results for four different mixed-phase ice accretion experiments are shown.
For all four cases the aerodynamic flow field is computed by an inviscid flow method based on
the Euler equations. The calculations are done for dry air conditions, i.e. single-phase flow. The
prescribed relative humidity RH, however, affects the mass transfer along the particle trajectories
and along the accreted ice layer. The surrounding temperature ranges from -15◦C to +10◦C such
that both cold and warm conditions are covered. The Mach number ranges from 0.12 to 0.25
and the free-stream pressure is approximately equal to the atmospheric pressure for the first
three benchmarks and equal to 43 kPa for the final benchmark. Furthermore, measurement
data is not available for the shape of the ice crystals. Hence, it is assumed that all the ice crystals
have a sphericity ofΦ= 1.
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Table 6.1: Aerodynamic conditions test case mixed-phase icing conditions cylinder.

Run Velocity Pressure Temperature AoA RH
# ua,∞ [m/s] pa,∞ [Pa] Ta,∞ [K] [◦] [%]

1,3,5 40 101325 273.15 0 100
9,11,13 40 101325 268.15 0 100
17,18 40 101325 258.15 0 100

Table 6.2: Test case mixed-phase icing conditions cylinder.

Run IWC MVDi c LWCd MVDd Accretion time
# [g m−3] [µm] [g m−3] [µm] tac [s]

1,9,17 10.6 130 1.45 80 120
3,11,18 8.7 130 3.4 80 120

5,13 3.8 130 3.4 80 120
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Figure 6.2: Computational domain around cylin-
der with a diameter of 0.06 m.
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Figure 6.3: Close-up of grid around cylinder. The
grid consists of 16,384 cells.

6.2.1 Mixed-phase ice accretion on a cylinder

During the HAIC project the University of Braunschweig (TUBS) performed ice accretion experi-
ments in their Icing Wind Tunnel (IWT) facility [7]. In this facility the droplet cloud is generated
by a spray bar system which is able to produce LWCs in the range of 1.3 to 5 g/m3 with droplet
diameters between 70 and 95 µm. The ice crystals are generated from humid air in a cloud
chamber and then pneumatically blown into the wind tunnel. The ice crystals have an irregular
shape with a mean diameter between 110 and 170 µm. IWCs ranging from 3 to 19 g/m3 can be
achieved inside the test section. For further details about the ice crystal generation system and
the ice crystal cloud calibration in the TU Braunschweig IWT, the reader is referred to Baumert
et al. [5, 6].

Ice accretions have been obtained for a cylinder with a diameter of 0.06 m for three different free-
stream temperatures: 0◦C, -5 ◦C and -15◦C. The aerodynamic conditions are given in Table 6.1.
The mixed-phase cloud has been simulated by droplets with a diameter of dp = 80 µm and ice
crystals with a diameter of dp = 130 µm. For each temperature two or three different droplet
melting ratios ηd have been selected, namely 12%, 28% and 47%. The cloud conditions for
eight runs are given in Table 6.2. Since the initial conditions of the droplets and ice crystals are
not known, they are injected at kinetic and thermal equilibrium with the air in the numerical
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simulations. The accretion time equals 2 minutes for all runs. The computational domain
is shown in Figure 6.2. It is formed by a rectangular box with approximate dimensions of 20
cylinder diameters by 8 cylinder diameters. The upper and lower boundaries are modelled as
solid walls. It is, however, assumed that these nearby wind tunnel walls have a negligible effect
on the resulting flow field. The grid consists of 16,384 cells, see Figure 6.3.

The ice shapes obtained for the previous and the improved model for the sticking and erosion
efficiency are shown in Figure 6.4. Results computed with the new model are shown without
erosion as well as with the erosion model applied. For the old model erosion did not have an
effect on the ice layer and therefore only one set of results is shown. The results are ordered by
free-stream air temperature Ta,∞ and droplet melting ratio ηd . The air temperature decreases
from top to bottom and the melting ratio increases from left to right. The experimentally
obtained ice shape is depicted by the gray line.

From the results obtained with the previous model (dotted line) it can be seen that the amount
of accreted ice is structurally underestimated for free-stream temperatures of 0◦C and -5◦C. The
underestimation decreases with increasing droplet melting ratio. For Ta,∞ = -15◦C the obtained
ice shapes are more accurate and the leading edge ice thickness obtained for the droplet melting
ratio of ηd = 28.1% is similar to the experimental results. The pointed ice shape, evident in the
experimental results, is caused by erosion, but this shape is not obtained with the previous
erosion model.

The ice thickness at the leading edge (stagnation point) computed with the improved model
without erosion (dashed line) matches the experimental result closely for the two highest temper-
atures of 0◦C and -5◦C. For the lowest temperature the amount of accreted ice is overestimated
and the discrepancy with the experimental results is even larger as the one obtained for the
previous model. Moreover, for the new model it makes a difference whether erosion is applied
or not. The edge of the ice layer is now clearly subject to erosion and approximates the exper-
imental result. However, the distinct pointed, wedge-like shape near the leading edge is not
replicated. For the lowest temperature the predicted ice shape is too large at the leading edge,
but away from the leading edge it appears to be predicted reasonably.

An overview of the results for the catching efficiency and the evolution in time of the thickness
of the tip of the ice layer is included in Appendix D, in Figures D.1 and D.2, respectively.

6.2.2 Mixed-phase ice accretion on a NACA-0012 aerofoil (1)

A second set of experiments has been conducted in the IWT of TUBS for a NACA-0012 aerofoil
with a chord of 0.5 m [7]. The aerodynamic conditions and particle test cases are equal to those
for the cylinder test case, except for some run numbers. The conditions are given in Tables 6.3
and 6.4, respectively. The computational domain, see Figure 6.5, consists of a square box with
sides equal to 20 chord lengths. It is assumed that the effects due to the wind tunnel walls can be
neglected and far-field conditions are set at the boundaries of the computational domain. The
grid consists of 65,536 cells. A close-up of the grid around the aerofoil is given in Figure 6.6.
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Figure 6.4: Mixed-phase ice accretions for cylinder with a diameter of 0.06 m for increasing droplet
melting ratio ηd (left to right) and decreasing free-stream temperature Ta,∞ (top to bottom).
The accretion time equals 2 minutes and the aerodynamic and cloud conditions are given in
Tables 6.1 and 6.2, respectively.
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Table 6.3: Aerodynamic conditions test case mixed-phase icing conditions NACA-0012 aerofoil (1).

Run Velocity Pressure Temperature AoA RH
# ua,∞ [m/s] pa,∞ [Pa] Ta,∞ [K] [◦] [%]

1,3,5 40 101325 273.15 0 100
8,10,12 40 101325 268.15 0 100
15,16 40 101325 258.15 0 100

Table 6.4: Test case mixed-phase icing conditions NACA-0012 aerofoil (1).

Run IWC MVDi c LWCd MVDd Accretion time
# [g m−3] [µm] [g m−3] [µm] tac [s]

1,8,15 10.6 130 1.45 80 120
3,10,16 8.7 130 3.4 80 120

5,12 3.8 130 3.4 80 120

10 m

5 m
0.5 m

10 m

Figure 6.5: Computational domain around
NACA-0012 aerofoil with a
chord of 0.5 m.
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Figure 6.6: Close-up of grid around NACA-0012
aerofoil. The grid consists of 65,536
cells.

The ice shapes on the NACA-0012 aerofoil are shown in Figure 6.7 for the previous model with
erosion (dotted line), the new model without erosion (dashed line) and the new model with
erosion (solid line). As for the cylinder test case, only one set of results has been shown for
the previous model since the results with erosion excluded are very similar. The experimental
results are indicated by the grey line. The corresponding results for the catching efficiency and
the tip growth of the ice layer are included in Appendix D, in Figures D.3 and D.4, respectively.

When the results for the previous model are compared to the experimental results, the observed
trend is similar to the previous test case for the cylinder. Namely, that the computed ice shape
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Figure 6.7: Mixed-phase ice accretions for NACA-0012 aerofoil with a chord of 0.5 m for increasing droplet
melting ratio ηd (left to right) and decreasing free-stream temperature Ta,∞ (top to bottom).
The accretion time equals 2 minutes and the aerodynamic and cloud conditions are given in
Tables 6.3 and 6.4, respectively.
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Table 6.5: Aerodynamic conditions test case mixed-phase icing conditions NACA-0012 aerofoil (2).

Run Mach Pressure Temperature AoA
# Ma∞ [-] pa,∞ [Pa] Ta,∞ [K] [◦]

10 0.163 98000 266.18 0
19,20 0.165 98000 260.65 0

Table 6.6: Test case mixed-phase icing conditions NACA-0012 aerofoil (2).

Run IWC MVDi c LWCd MVDd Accretion time
# [g m−3] [µm] [g m−3] [µm] tac [s]

10 0.7 200 0.7 20 600
19 0.7 150 0.3 20 600
20 0.3 150 0.7 20 600

significantly underestimates the ice shape thickness for all runs except when Ta,∞ = -15 ◦C, for
which the results are accurate or slightly overestimated. The ‘plateau’ effect, which was also
seen in the results for the glaciated ice accretion experiment in section 5.5, is also observed for
the NACA-0012 aerofoil and for the cylinder. From the experimental results it can be seen that
the amount of ice accretion diminishes for the high droplet melting ratio of ηd = 47.2%. This
effect is not seen when the previous sticking and erosion efficiency models are applied.

As for the cylinder, the results obtained for the revised models show a significant improvement.
For the new model without erosion the ice thickness at the leading edge is very close to the
experimental results. Even in case of the lowest air temperature (Ta,∞ = -15◦C) the estimates are
not too far off, but still significantly different from the experimental results, in comparison with
the agreement for the two higher temperatures. When erosion is added, the outer limits of the
region of ice accretion are comparable to those for the experimental results, but the wedge-like
shape at the leading edge is not cusped enough for the majority of the runs. The ice shape of
runs 1 and 8, however, approximates a wedge-like shape. The ice layer thickness at Ta,∞ = -15◦C
becomes zero at some distance from the leading edge, a similar trend has been observed for
the cylinder. This might imply that the dependence of the erosion efficiency on the tangential
velocity is not calculated accurately. The retracting ice thickness at the leading edge, which can
be seen most clearly for runs 1 and 8, also implies that the reference length l0 for the curvature
correction, see Equation (6.4), is not entirely accurate in case of aerofoil shapes with a high level
of erosion. An important advantage of the improved model is, however, that the ‘plateau’ effect
is predicted quite well. The computed ice shape also decreases for the droplet melting ratio of
ηd = 47.2%.

In general, it can be concluded that the revised models for sticking efficiency and erosion effi-
ciency lead to a significant improvement in the predicted ice shape as long as the air temperature
is not too low, i.e. Ta,∞ > -10◦C. In order to explore if the assumptions for these new expressions
for the erosion and sticking efficiency are not violated for test cases for other environmental con-
ditions, two additional mixed-phase test cases have been studied. The first one has already been
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Figure 6.8: Mixed-phase ice accretions for NACA-0012 aerofoil with a chord of 0.9144 m. The accretion
time equals 10 minutes. The aerodynamic and cloud conditions are given in Tables 6.5 and 6.6,
respectively.

introduced in section 5.3 and will be re-computed for the new model. The second additional
experiment has been conducted at warm air conditions. In this case the icing cloud consists of
droplets and partially melted ice crystals.

6.2.3 Mixed-phase ice accretion on a NACA-0012 aerofoil (2)

The experiments for mixed-phase icing for this benchmark case have been conducted by Al-
Khalil et al. [2]. Results have been obtained for a NACA-0012 aerofoil with a chord of 0.9144 m.
For convenience, the aerodynamic and cloud conditions are repeated here in Tables 6.5 and 6.6,
respectively. Only the runs for icing clouds that contain ice crystals have been repeated, i.e. runs
10, 19 and 20.

The predicted ice shapes are shown in Figure 6.8 and the evolution of the ice thickness at the
tip is given in Figure D.5 in Appendix D. The results for the previous model are depicted by
the dashed lines, the results for the new model by solid lines and the experimental ice shape
is presented by grey dots. It can be seen that the previous model slightly overestimates the
ice shape in runs 10 and 20, but is accurate in case of run 19. The new model underestimates
the ice shape considerably in case of runs 10 and 19, but is more accurate for run 20. This
indicates that the revised model does not lead to improved results in case of low LWCs, unless
the droplet melting ratio is very high, which is the case for run 20. From the results of this test
case it might be concluded that a very small LWCd is sufficient to increase the sticking efficiency
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Table 6.7: Aerodynamic conditions test case mixed-phase icing conditions double-wedge aerofoil.

Run Mach Pressure Temperature AoA RH
# Ma∞ [-] pa,∞ [Pa] Ta,∞ [K] [◦] [%]

543 0.25 42890 283.88 0 8
553 0.25 42890 276.93 0 30

Table 6.8: Test case mixed-phase icing conditions double-wedge aerofoil.

Run IWC MVDi c ηi c LWCd MVDd Accretion time
# [g m−3] [µm] [%] [g m−3] [µm] tac [s]

543 7 70 12.1 2.9 40 180
553 7 70 18.2 2.9 40 180
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Figure 6.9: C-grid consisting of 8,800 cells around double-wedge aerofoil with a chord of 0.221 m. A
close-up of the grid is shown on the right.

of the ice crystals significantly. However, the number of experiments are too limited to be able
to draw a more definite conclusion on the physical reasons behind the underestimation of the
ice accretions.

6.2.4 Mixed-phase ice accretion on a wedge aerofoil

Currie et al. [23] have performed experiments on mixed-phase ice accretion for a double-wedge
aerofoil in the altitude facility of NRC (RATFac). The double-wedge aerofoil has a chord length of
0.221 m and the leading edge and trailing edge angle are 40◦ and 20◦, respectively, see Figure 6.9.
The main goal of the experiments was to determine the influence of the wet bulb temperature on
the size, shape and type of ice accretion over a range of IWC and LWCd . A number of experiments
for a wet bulb temperature higher than 0◦C resulted in accretions which were practically zero or
which were slushy and poorly adhering to the surface. The latter accretions showed a non-linear
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Figure 6.11: Tip growth for double-wedge aerofoil for runs 543 and 553. The aerodynamic and cloud
conditions are given in Tables 6.7 and 6.8, respectively.

dependence on IWC and shedded frequently. Since the heat conduction within the ice layer is
not taken into account in the current accretion method, only two runs, runs 543 and 553, have
been selected for validation. These runs feature well-adhered accretions. The aerodynamic
conditions are given in Table 6.7 and the cloud conditions are given in Table 6.8. The grid around
the double-wedge aerofoil consists of 8,800 cells and is shown in Figure 6.9.

The ice shapes for runs 543 and 553 are given in Figure 6.10 and the corresponding catching
efficiencies are included in Figure D.6 in Appendix D. For run 543 the new model results
in an overestimation of the leading edge ice thickness, while the previous model results in
an underestimation of the leading edge ice thickness. For run 553 the differences between
predicted ice thickness and observed ice thickness are smaller and slightly more ice accretes
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at the leading edge for the new model. Further downstream the new model results in less ice
accretion compared to the previous model. This appears to be in line with the photographs of
the experimental result in [23]. From the experiments it has been observed that for both runs the
leading edge ice accretion was thin and sharp with a maximum thickness of 16 mm. Furthermore,
the observed ice accretions are very similar which is substantiated by the measured tip growth
rate, presented in Figure 6.11. Currie et al. [23] have concluded that the growth rates for runs
543 and 553 differ by roughly 10%. The differences between the experimental results and the
computed results are much larger. For run 553 both models approximate the experimental tip
growth rate. The non-linearity of the evolution of the leading edge ice thickness is ascribed
to the non-symmetrical final shape of the computed ice accretion. A similar trend is seen for
the results in section 6.2.2 for the computed ice shapes for a NACA-0012 aerofoil which show a
retracted ice thickness at the leading edge (runs 1 and 8), i.e. by comparison of Figure 6.7 and
Figure D.4 in Appendix D. In case of run 543 the computed tip growth rate is slightly lower in
case of the previous model and too high in case of the new model.

6.3 Conclusion

In this chapter the expressions for the sticking efficiency and the erosion efficiency have been
revised in order to be able to predict the ice accretion more accurately for mixed-phase icing
conditions. The mass flux of the runback water on the icing surface has been included in the
expressions for the droplet sticking efficiency and the droplet liquid water content LWCd has
been included in the erosion efficiency. In general, it can be concluded that the revised model
leads to an improvement of the prediction of ice accretion for mixed-phase conditions in case
of air temperatures near the melting temperature, i.e. Ta,∞ ∈ [−5◦C,5◦C]. For air temperatures
outside this range the thickness of the predicted ice layer is overestimated, or underestimated
in case of low droplet LWCs. However, experimental validation for a wider range of operating
conditions is needed in order to determine whether these outcomes remain valid for the current
model or that more advanced models are needed to predict ice accretion for the different
situations.
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7 Conclusions and Recommendations

In this final chapter the conclusions are presented that have been drawn from the present research.
Furthermore, a number of recommendations has been formulated that can be seen as a roadmap
for future work.

In this thesis an ice accretion method aimed at ice crystal icing in turbofan engines has been
developed and demonstrated for glaciated as well as for mixed-phase icing conditions. The
particle trajectories have been computed by an Eulerian trajectory method. The effects of heat
transfer and phase change on the particle trajectory and on the impact at the icing surface
have been taken into account. The computation of the evolution of the ice layer includes the
contributions of ice and liquid water for mixed-phase conditions as well as the effects of erosion
caused by ice crystals. Verification and validation benchmarks have been computed for separate
parts of the numerical method as well as for the complete computational method.

7.1 Conclusions

In this study the computational method has been divided into three parts: particle trajectories,
ice crystal impingement and ice accretion. The conclusions for each part are given in the next
sections.

7.1.1 Eulerian method for calculating trajectories

The governing equations for the Eulerian method for the calculation of trajectories have been
presented in chapter 2 along with the assumptions limiting the application. The numerical
method employs a cell-centred finite volume discretization with second-order spatial accuracy.
An upwind method using an approximate Riemann solver with a Van Leer limiter is applied.
Time integration is performed by a standard low-storage four-stage Runge-Kutta scheme using
local time stepping to obtain a steady flow solution. Chapter 3 discussed the implementation of
the method to account for the non-spherical shape of the melting ice crystal as well as for the
heat transfer and phase change along the particle trajectory.
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From the study and application of the Eulerian method for the calculation of the trajectories of
melting ice crystals it has been found that:

• In void regions a numerically stable solution is obtained when adapting the local time
step for the particle response time τp . A void region with a concave bounding surface
requires particle boundary conditions corresponding to the aerodynamic flow.

• The drag relations introduced for non-spherical particles result in similar catching effi-
ciencies β as those obtained for a drag relation for spherical particles, except for particles
with a very high aspect ratio (E > 5) or a very low aspect ratio (E < 0.5).

• The relatively simple melting model derived by Mason [94] extended for non-spherical ice
crystals is very accurate as follows from comparing its results with data from experiments
on melting ice crystals. For non-spherical particles the computed final diameter of the ice
crystal approximates the measured value within 3%. The accuracy for the melting time is
within 13% for low humidity conditions and within 7% for high humidity conditions.

7.1.2 Impingement of ice crystals

The interaction of the ice crystals with the surface of impact has been described in chapter 4. The
catching efficiency β has been adapted to account for mixed-phase conditions. The catching
efficiency is higher when more liquid water is present in the icing cloud or on the icing surface.
The computation of the secondary particles, i.e. those resulting from rebound or shattering, has
been performed based on a poly-disperse particle size distribution.

From the research on impingement of ice crystals it has been found that:

• The calculation of post-impact impingement via a poly-disperse particle size distribution
is straightforward as long as trajectories of particles in the same bin do not cross. Intro-
ducing new bins that separate the regions with crossing trajectories has proven to be a
workable solution.

• Grid refinement studies have shown that a fine grid (or a spatial higher-order solution
method) is needed along the trajectories of secondary particles. This implies that the
aerodynamic grid may be coarser than the grid for the Eulerian method. For a particle
impact on a circle-cylinder an Eulerian grid with the smallest grid cells of order 250d at
the impact surface has turned out to be adequate.

• In a configuration like a generic turbofan compressor the introduction of a particle
impingement model has a strong effect on the impact locations of the ice crystal.

7.1.3 Mixed-phase ice accretion

In chapter 5 the Messinger [98] model for ice accretion has been extended for mixed-phase icing
conditions. The ice accretion method includes an ice erosion model as well. One ice accretion
experiment with glaciated icing conditions (chapter 5) and four experiments for mixed-phase
conditions (chapter 6) have been utilized to validate the ice crystal accretion method.

From the research on ice crystal accretion it has been found that:
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• Comparison of the predicted ice shape and ice tip growth rate with experimental results
obtained for a curved-cylinder aerofoil in glaciated icing conditions have shown that the
accretion method is able to accurately predict the wedge-shaped ice shapes. This ice
shape depends on TWC and ice crystal melting ratio ηi c . When considering the maximum
thickness of the ice layer there is room for improvement. For melting ratios up to ηi c =
20% the computed thickness differs from the experimental value by 17% on average for
low speed conditions (Ma = 0.25) and by 38% on average for higher speed conditions (Ma
= 0.4).

• For mixed-phase conditions the droplet liquid water content LWCd should be included
in the model for the sticking efficiency as well as in the model for the erosion efficiency.
For the sticking efficiency ε this has been achieved by including the mass flow rate of
the runback water ṁi n and in case of the erosion efficiency θ this has been achieved by
including the droplet ‘melt’ ratio ηd into the model. For air temperatures in the range of
[-5◦C,5◦C] the computed maximum ice thickness resembles the measured thickness, with
an average difference of 14%. For temperatures outside this range the accuracy is not as
satisfactory. In this case the difference between the computed and measured thickness
differs by 85% on average. In general, the ice thickness outside the temperature range
[-5◦C,5◦C] is underpredicted in case of low LWCd (< 1 g/m3) and overpredicted in case of
higher LWCd (> 1 g/m3). In all cases the computed ice shape did not feature the typical
wedge shape that was observed for the majority of the mixed-phase experiments.

• The ‘plateau’ effect has been achieved with the improved model for the sticking efficiency
which includes the mass flow rate of runback water. The validation of the results for
mixed-phase conditions for a cylinder and for a NACA-0012 aerofoil has shown that the
ice thickness increases up to a droplet melt ratio ηd of approximately 28%. For higher
melt ratios the ice thickness decreases both in experiment and in computation.

7.2 Recommendations

Compared to the conventional ice accretion methods available for supercooled droplets the ice
crystal accretion method presented in this thesis has advanced on three aspects: the computa-
tion of phase change of the ice crystal, the representation of the post-impact ice crystal cloud
essential for multi-component configurations like engine configurations and the calculation of
an ice layer formed in case of glaciated or mixed-phase conditions. However, there is room for
improvement.

It is advised to validate the developed model for the sticking and erosion efficiency within a wider
range of icing conditions. This might answer the question whether an ice accretion method can
be developed for all kinds of ice crystal icing or that separate models are needed for ice accretion
during glaciated and during mixed-phase conditions. Furthermore, more knowledge has to be
gained about the erosion effect of the ice crystals on the already accreted ice. In this thesis it
has been demonstrated that the typical wedge ice shape has been obtained for glaciated icing
conditions, but not for mixed-phase icing conditions. Although, this might be a consequence of
the inaccurate aerodynamic flow field and, hence, the particle trajectories around the leading
edge, during the evolution of the ice layer. Therefore, it is recommended to study the effect of the
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developing ice shape on ice accretion by recomputing the aerodynamic flow for a geometry that
includes the ice layer. Since this might lead to an unsteady flow field, it has to be investigated as
well whether time-averaging is sufficient or whether a stronger coupling between the particles
and the unsteady aerodynamic flow field is needed.

The ice accretion method presented in this thesis has been validated for well-adhered, strong ice
layers. The accretion of shedding or slushy ice layers has not been investigated. The applicability
of the method would be increased if the physics within the ice layer are taken into account, such
as in the model for shedding ice proposed by Kintea [69]. In experiments performed Currie et al.
[23] it has been observed that the wet bulb temperature is important in determining the type of
ice accretion.

A related issue is the influence of evaporative cooling on the melting process of the ice crystals,
which is shown to be significant in the melting experiments of Hauk [51]. Although the melting
model for ice crystals that has been applied in the present research has shown results in agree-
ment with the results of the melting experiments, it is advised to investigate the effect of the air
humidity by performing a two-way coupling approach. Furthermore, the agreement between
computed and measured melting times and computed and measured final droplet diameters
might be further improved by including properties that might affect the heat transfer, such as
the effect of surface roughness, e.g. studied by Aguirre Varela et al. [1].

Another essential improvement is the extension of the method to three-dimensional geometries.
For the accretion part this might be done by prescribing the order of treating the surface cells
based on the air velocity, as has been accomplished by Hospers [60]. Another approach would
be to calculate the three-dimensional liquid film flow on the icing surface such as in the method
proposed by Myers et al. [103]. For the Eulerian method the problem of extension to three-
dimensional geometries would remain in the possible crossing of trajectories of particles of
the same bin, supposing that the velocity distribution of the secondary particles is extended
to three dimensions as well. Therefore, it is recommended to investigate method-of-moment
methods to calculate the particle trajectories. In such a method multiple particle velocities can
be handled for each grid cell. Different approaches for method-of-moment methods have been
presented by Laurent et al. [75] and Masi and Simonin [93]. It is expected that these methods
are advantageous over the current method, in which crossing trajectories have been handled by
a workaround which introduces additional bins, when a large number of crossing events are
foreseen, such as in turbofan compressors.

A final recommendation concerns to the limiting assumptions of the Eulerian governing equa-
tions for the case of particle trajectories in a representative engine. Only taking into account the
drag, gravity and buoyancy forces on the particle might not be feasible for engine configurations.
Therefore, it is recommended to study the effect of force contributions due to centrifugal or
rotational forces. Bagheri and Bonadonna [4] have, for instance, discussed the effect of particle
rotation on the drag coefficient in the Newton regime. Also, Widhalm [142] has shown effects
on particle trajectories in areas with high velocity acceleration or circulation when the particle
rotation is taken into account. This raises the question what the effect might be of the rotation
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that the particle gains upon impact with a surface. Besides experimentally investigating the
rotation of post-impact particles, the main challenge would be to implement rotational effects
in an Eulerian framework.
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A Governing equations
Eulerian method

This appendix contains the theoretical background on the averaging procedure of the governing
equations for the Eulerian method for computing particle trajectories. Furthermore, the derivation
of the equations for conservation of mass, (angular) velocity and temperature for a single particle
is given.

A.1 Volume averaging of conservation equations

For multiphase flows various averaging procedures can be applied to obtain the governing equa-
tions, e.g. averaging the flow properties over time, over volume or by employing an ensemble-
average for which the mean value is taken of repeated measurements over a region for a large
number of configurations or ensembles. The volume averaging approach is described below.

Consider an arbitrary averaging volume V occupied by the volumes of two phases k: a continu-
ous phase (1) and a dispersed phase (2), see Figure A.1. The properties in this volume can be
described by averaged properties if the volume is not too small, such that a stationary average is
obtained, and not too large, such that the averaging values may be considered to be local values
of the field. The volume average of flow quantity ψ is defined as

ψ= 1

V

∫
Vk

ψ dV. (A.1)

The phase-average, which is the average over the volumes Vk occupied by phase k, is defined as

〈ψ〉 = 1

Vk

∫
Vk

ψ dV. (A.2)
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Figure A.1: A continuous phase (1) and a dispersed phase (2) in an averaging volume V .

Both averages are related by the volume fraction α in the following way:

ψ= Vk

V
〈ψ〉 =αk〈ψ〉. (A.3)

Two theorems have been introduced to express the volume average of a spatial derivative and
of a time derivative. Proofs of these theorems can be found in Gray and Lee [44], Crowe et al.
[21] and Drew and Passman [28]. The volume average of the spatial derivative is related to the
spatial derivative of the volume average:

∇ψ=∇ψ− 1

V

∫
∂V12

ψn d∂V , (A.4)

where ∂V12 is the surface that forms the interface between phases 1 and 2 and n is the surface
unit normal vector pointing from phase 2 into phase 1. In the same way, the volume average of
the time derivative is related to the time derivative of the volume average:

∂ψ

∂t
= ∂ψ

∂t
+ 1

V

∫
∂V12

ψw ·n d∂V , (A.5)

where w is the velocity of the interface between the phases.

The general form of the Eulerian conservation equations has been introduced in Equation (2.1):

∂ρkψk

∂t
+∇· (ρkψk uk

)=−∇· Jk +ρkφk . (2.1, revisited)
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Applying the volume averaging theorems from Equations (A.4) and (A.5) gives

∂ρkψk

∂t
+ 1

V

∫
∂V12

(
ρkψk wk

) ·n d∂V +∇· (ρkψk uk
)− 1

V

∫
∂V12

(
ρkψk uk

) ·n d∂V

=−∇· Jk +
1

V

∫
∂V12

Jk ·n d∂V +ρkφk . (A.6)

Rewriting yields

∂ρkψk

∂t
+∇· (ρkψk uk

)=− 1

V

∫
∂V12

[
ρkψk (uk −wk )+ Jk

] ·n d∂V −∇· Jk +ρkφk . (A.7)

By using Equation (A.3), the average of the product ρkψk can be written as

ρkψk =αk〈ρkψk〉 =αk〈ρk〉ψ̃k , (A.8)

where ψ̃k is the mass-averaged or Favre average of the flow quantity ψk , defined as

ψ̃k ≡ 〈ρkψk〉
〈ρk〉

. (A.9)

Similarly, the averages of the remaining terms in Equation (A.7) can be rewritten to

ρkψk uk =αi 〈ρkψk uk〉 =αi 〈ρk〉ψ̃k ũk , (A.10a)

∇Jk =αi∇ J̃k , (A.10b)

ρkφk =αi 〈ρkφk〉 =αi 〈ρk〉φ̃k . (A.10c)

For fluids with an (almost) constant density the Favre average is equal to the local volume average,
i.e. 〈ρkψk〉 ∼= 〈ρk〉〈ψk〉 and ψ̃k

∼= 〈ψk〉. Furthermore, the mass, momentum and energy should
be conserved at the phase interface and, hence, jump conditions are needed to describe the
exchange of conserved quantities at the interface. In case of phase change the jump condition
Mc for the continuity equation, for which ψ = 1, depends on the convective mass flux, ṁk =[
ρkψk (uk −wk )+ Jk

] ·n, across the interface:

Mc,k = 1

V

∫
∂V12

[
ρk (uk −wk )+ Jk

] ·n d∂V = 1

V

∫
∂V12

ṁk d∂V , where Mc,1 =−Mc,2. (A.11)

In the same way the interfacial momentum transfer, for which ψk = uk , and the interfacial
energy transfer, for which ψk = Ek , can be derived

Mm,k = 1

V

∫
∂V12

[
ρk uk (uk −wk )+ Jm,k

] ·n d∂V = 1

V

∫
∂V12

[
uk ṁk + Jm,k ·n

]
d∂V , (A.12)
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Figure A.2: Moving particle in a control volume (CM = centre of mass).

Me,k = 1

V

∫
∂V12

[
ρk Ek (uk −wk )+ Je,k

] ·n d∂V = 1

V

∫
∂V12

[
uk ṁk + Je,k ·n

]
d∂V. (A.13)

The flux term Jm,k contains the momentum fluxes due to shear stress and the hydrodynamic
interactions and the flux term Je,k contains the energy fluxes due to shear stress and heat
transfer.

When the volume-averaged quantities, defined in Equations (A.8) and (A.10), and the interface
coupling terms, given in Equations (A.11) to (A.13), are inserted into Equation (A.7), the averaged
mass, momentum and energy equation from Equations (2.2) to (2.4) are retrieved.

A.2 Single particle equations

In this section the equations for the mass, velocity and temperature of a single particle are
derived following the approach of Crowe et al. [21]. The equations describing the mass, velocity
and temperature of a single particle are derived from conservation of mass, momentum (New-
ton’s second law) and energy (first law of thermodynamics). Consider a particle with density
ρp in a fluid. The particle is moving with velocity u with respect to the frame of reference, see
Figure A.2. If no particle mass is produced, the rate of change of mass in the control volume V
should equal the net flux of mass through the bounding surface, i.e.

d

dt

∫
V
ρp dV =−

∫
∂V
ρ f (w ·n) d∂V. (A.14)

For a uniform velocity w through the control surface ∂V and a uniform density ρ f of the fluid
phase (or by assuming an average value over the bounding surface) this yields for the particle
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mass m

dm

dt
=−ρ f ∂V

1

∂V

∫
∂V

d∂V =−ρ f w∂V , (A.15)

where w is the magnitude of the velocity through the bounding surface ∂V .

Newton’s second law states that the rate of change of momentum of a system should be equal to
the net force acting on that system. For the particle control volume in Figure A.2 this implies that
the rate of change of particle momentum and the net flux of momentum through the control
surface should be equal to the force on the system, i.e.

d

dt

∫
V
ρp

[
u+v+ω]

dV +
∫
∂V
ρ f

[
u+ r×ω+ ṙ n+w

]
(w ·n) d∂V = fb + fs , (A.16)

where v is the internal motion of the particle, r is the vector from the rotational axis of the
particle to its surface,ω= (∇×u) is the rotational velocity, ṙ is the regression rate of the surface
with respect to the center of the disperse phase element, i.e. the local velocity of the phase
interface. The body and surface forces are given by fb and fs , respectively. In Equation (A.16)
the velocity in the volume integral is a combination of the particle velocity, the internal motion
of the particle and the rotational velocity. The volume integral over the rotational velocityω is,
however, zero if it is assumed that the particle rotates around the axis through the centre of mass.
The velocity in the surface integral is the velocity of the carrier phase through the bounding
surface, which is a function of the particle surface velocity (u+ r×ω), and the thrust velocity
on the particle (ṙ n+w). In case of a uniform momentum flux through the bounding surface
the surface integral representing the thrust equals zero, as does the surface integral over the
tangential rotational velocity for a spherical particle and uniform mass flux. When neglecting
the internal motion of the particle and using the result obtained in Equation (A.14), this yields
for the conservation of momentum

d

dt

∫
V
ρp u dV +

∫
∂V
ρ f u (w ·n) d∂V = d(mu)

dt
+u

∫
∂V
ρ f (w ·n)d∂V

= m
du

dt
+u

dm

dt
−u

dm

dt

= m
du

dt
= fb + fs . (A.17)

Similarly to linear momentum, Newton’s second law states that the rate of change of angular
momentum of a system should be equal to the torque τ applied to the system. The rotation
equation for the control volume in Figure A.2 then becomes

d

dt

∫
V
ρp

[
r× (u+v+ω)

]
dV +

∫
∂V
ρ f

[
r× (u+ r×ω+ ṙ n+w)

]
(w ·n) d∂V =τ. (A.18)

As for the linear momentum the volume integral due to the internal motion is neglected and the
thrust contribution to the surface integral is equal to zero for a spherical particle and a uniform
mass flux through the control surface. Also, the particle velocity u is constant over the volume
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and over the surface which results in a volume integral that equals zero and a surface integral
that equals zero for spherical particles and a uniform mass flux over the bounding surface. This
leaves for the conservation of angular momentum

d

dt

∫
V
ρp (r×ω) dV +

∫
∂V
ρ f

[
r× (r×ω)

]
(w ·n) d∂V = d(ωI )

dt
−ωdI

dt

= I
dω

dt
=τ, (A.19)

where I is the moment of inertia. Note that this simplification only holds for spherical parti-
cles.

Finally, the first law of thermodynamics states that the rate of change of total energy should
be equal to the rate of heat transfer Q̇ to the system minus the rate of work Ẇ done by the
system per unit time. The total energy can be written as the sum of internal energy ei , kinetic
energy ek and energy eσ due to surface tension over the particle surface Ap , such that the energy
conservation for the particle control volume reads

d

dt

∫
V
ρp (ei +ek ) dV +

∫
∂V
ρ f

(
ei ,∂V +ek,∂V

)
(w ·n) d∂V + d

(
eσAp

)
dt

= Q̇ −Ẇ . (A.20)

When internal particle motion and particle rotation are neglected, the following expressions for
ek and ek,∂V are obtained:

ek = 1

2
|u|2, ek,∂V = 1

2
|u+ ṙ n+w|2 = 1

2
|u|2 + 1

2

∣∣ (w+ ṙ n)
∣∣2 +u · (w+ ṙ n) .

By using Equation (A.14), the left-hand-side of Equation (A.20) can be simplified as follows

d(mei )

dt
+mu

du

dt
+ |u|2

2

dm

dt
+

∫
∂V
ρ f ei (w ·n) d∂V +

(
|u|2

2
+

∣∣ (w+ ṙ n)
∣∣2

2

)∫
∂V
ρ f (w ·n) d∂V

+u ·
∫
∂V
ρ f (w+ ṙ n) ·n d∂V +eσ

dAp

dt

= d(mei )

dt
+mu

du

dt
+

∫
∂V
ρ f ei (w ·n) d∂V − |w+ ṙ n|2

2

dm

dt

+u ·
∫
∂V
ρ f (w+ ṙ n) ·n d∂V + 2eσ

r
ṙ Ap . (A.21)

The work done by the system is a combination of work done per unit time by body forces fb and
surface forces fs due to the surface pressure p∂V and the surface shear stress τ:

Ẇ =−u · fb +
∫
∂V

p∂V (u+w+ ṙ n) ·n d∂V −
∫
∂V
τ (u+w+ ṙ n) ·n d∂V

=−u · fb −us · fs +
∫
∂V

p∂V (w+ ṙ n) ·n d∂V −
∫
∂V
τ (w+ ṙ n) ·n d∂V
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=−u · fb −us · fs +
∫
∂V
ρ f

p f

ρ f
(w ·n) d∂V +

∫
∂V

pp ṙ d∂V. (A.22)

Note that the terms containing the shear stress tensor τ are left out because these terms in-
clude a dot product of two vectors orthogonal to each other, which equals zero. Combining
Equations (A.21) and (A.22) now leads to

d(mei )

dt
+u ·

[
m

du

dt
+

∫
∂V
ρ f (w+ ṙ n) ·n d∂V − fb − fs

]
+

∫
∂V
ρ f

(
ei +

p f

ρ f

)
(w ·n) d∂V − |w+ ṙ n|2

2

dm

dt
+ 2eσ

r
ṙ Ap = Q̇ +

∫
∂V

pp ṙ d∂V. (A.23)

In this equation the part of the second term within brackets equals zero because it represents
the momentum conservation with the flux term due to the thrust velocity taken into account,
see Equation (A.16). Then, if the regression rate ṙ is assumed constant over the surface, the
combination of the particle surface pressure pp and the surface energy eσ can be written as a
function of the rate of change of particle mass. This yields

m
dei

dt
= Q̇ + dm

dt

[(
ei +

p f

ρ f

)
−

(
ei +

pp

ρp

)
+ |w+ ṙ n|2

2

]
. (A.24)

Finally, it is safe to assume that the enthalpy difference ∆h between the carrier phase and the
dispersed phase is much larger than the kinetic energy of the motion of the control surface, i.e.(

ei +
p f

ρ f

)
−

(
ei +

pp

ρp

)
=∆h À |w+ ṙ n|2

2
. (A.25)

The final particle energy equation thus states that the internal energy of the particle depends on
the heat transfer to the particle and the energy needed for phase change, i.e.

m
dei

dt
= Q̇ + dm

dt
∆h. (A.26)

So, for a Lagrangian frame of reference the equations of conservation of mass, linear momentum,
angular momentum and temperature for a spherical particle are given by Equations (A.15),
(A.17), (A.19) and (A.26), subject to the assumption of a uniform flux through the bounding
surface of the control volume (or by assuming an average value over the bounding surface). By
replacing the ordinary derivative in this set of equations by the material derivative, the particle
properties related to a moving fluid element are translated to an equation that describes the
particle properties at a given point in the coordinate system. This yields for a non-deformable
inertial control volume containing spherical particles with negligible rotation, negligible internal
motion, negligible mass transfer and negligible forces other than drag (fs /Vp = fD ) and gravity
fb/Vp = fG )

∂ρp

∂t
+∇· (ρp u

)= 0, (A.27)
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∂ρp u

∂t
+∇· (ρp uu

)= fD + fG , (A.28)

∂ρp T

∂t
+∇· (ρp T u

)= Q̇conv

Vp
. (A.29)

In order to obtain the governing equations for a cloud of particles, the dispersed phase is treated
as a continuum with averaged flow quantities, as described in the preceding section. The result
is given in Equations (2.6) to (2.8).
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B Material properties

This appendix contains relations for a number of material properties that are needed in the
calculation of the change of phase of the particle and in the ice accretion process. Often several
alternative expressions are available. The selection described below has been implemented in
MooseMBIce.
In case of the vapour pressure, specific heat capacity and latent heat this includes a well-known
relation from literature as well as a simpler approximation. In general the simpler approximation
has been used for all benchmarks in chapters 3 to 6, except for the benchmarks which include cold
conditions, i.e. the first two test cases in chapter 6 (sections 6.2.1 and 6.2.2) and the test case for
the NACA-0012 aerofoil based on experiments performed in the Cox IWT in sections 5.3 and 6.2.3.
For these benchmarks the more elaborate expressions have been applied.

Diffusion coefficient

The diffusion coefficient Dv for vapour in air relates the mass flux through a surface to the
concentration gradient. Schirmer [120] suggested the following empirical relation for the vapour
diffusivity in air:

Dv = D0

(
Ta

T0

)1.81 p0

pa
, (B.1)

where
D0 = 2.26 ·10−5 m2s−1, T0 = 273.15 K, p0 = 105 Pa.

Another fit, proposed by Fuller et al. [39], depends on the diffusion volume of each component
in a binary mixture. For the case of water in air Grift [46] has derived the following approximate
expression for the diffusion coefficient of Fuller et al.:

Dv = 1.189 ·10−4 T 1.75
a

pa
. (B.2)
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Figure B.1: Diffusion coefficient Dv at three different pressures (pa = 40,70 and 100 kPa) for temperature
range [225 K,325 K].

The constant in this equation has a dimension and the factor T k /p, with k ∈ [3/2,2], results from
solving the Boltzmann equation, see e.g. Chapman and Cowling [17]. In Figure B.1 the relations
from Equations (B.1) and (B.2) are plotted for three different pressures within the temperature
range [-50◦C,50◦C]. It is observed that the diffusion coefficient from Fuller et al. becomes slightly
smaller than the one from Schirmer for decreasing pressure. The relation from Schirmer has
been utilized for the benchmarks test cases presented in this thesis.

Saturation vapour pressure

The saturation pressure is the pressure of the vapour phase when it is in equilibrium with the
liquid or solid phase. This pressure depends strongly on the temperature. Sonntag [123] has
derived an expression for the saturation vapour pressure psat ,i over a surface of ice and an
expression for the pressure psat ,w over a surface of water:

psat ,i = exp
(−6024.5282T −1 +29.32707+1.0613868 ·10−2T −1.3198825 ·10−5T 2

−0.49382577lnT ) , for 173.15 ≤ T ≤ 273.16 K, (B.3)

psat ,w = exp
(−6096.9385T −1 +21.2409642−2.711193 ·10−2T +1.673952 ·10−5T 2

+2.433502lnT ) , for 173.15 ≤ T ≤ 373.15 K. (B.4)

A simpler relation for the vapour pressures is obtained when using Antoine’s [3] law:

psat ,i = exp

(
28.70− 6031.39

T −2.51

)
, (B.5)
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Figure B.2: Saturation vapour pressure psat for temperature range [225 K,325 K].

psat ,w = exp

(
24.32− 4407.6

T −26.91

)
. (B.6)

In this case the coefficients are taken such that the results are comparable to the vapour pressures
derived by Sonntag [123]. In Equations (B.3) to (B.6) the temperature T is in K and the pressure
is in Pa. In Figure B.2 these relations are plotted within the temperature range [-50◦C,50◦C]. It is
observed that both relations give almost the same results within this temperature range.

Specific heat

The specific heat cp relates the heat added or removed from the material to the corresponding
change in temperature. Murphy and Koop [100] have derived an empirical relation for the
specific heat of ice:

cp,i = 1

Mw

[
−2.0572+0.14644T +0.06163T exp

(
−

(
T

125.1

)2)]
, for T > 20 K. (B.7)

Here, Mw is the molar mass of water which is approximately equal to 18 g/mol. The expression
for the specific heat of water is obtained from the IAPWS-95 formulation [141]:

cp,w = 1

Mw

[
14.2

(
T

227.1
−1

)−1/2

+25.952+128.281

(
T

227.1
−1

)
−221.405

(
T

227.1
−1

)2

+196.894

(
T

227.1
−1

)3

−64.812

(
T

227.1
−1

)4]
, for T > 252 K. (B.8)
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Figure B.3: Specific heat capacity cp for temperature range [225 K,325 K].

Since the specific heats for icing conditions are usually needed for temperatures around the
melting temperature, they might be approximated by a constant:

cp,i = 2108 J kg−1 K−1, cp,w = 4220 J kg−1 K−1. (B.9)

In Figure B.3 these constants and the results from Equations (B.7) and (B.8) are plotted within
the temperature range [-50◦C,50◦C]. It is observed that the temperature-dependent relation for
cp,i deviates significantly from the constant value for temperatures which are far away from the
melting temperature. The same holds for cp,w in the temperature range of supercooled water.

Latent heat

The latent heat is the energy that is absorbed or released during phase change. In case of melting
ice crystals expressions for the latent heat of melting Lm , evaporation Lev and sublimation Lsub

are required. The latent heat of melting is assumed to be constant:

Lm = 334 ·103 J/kg. (B.10)

Murphy and Koop [100] have derived relations for the latent heat of sublimation and that of
evaporation which depend on the particle temperature:

Lsub = 1

Mw

[
46782.5+35.8925T −0.07414T 2 +541.5exp

(
−

(
T

123.75

)2)]
, T > 30 K, (B.11)

Lev = 1

Mw

[
56579−42.212T +exp(0.1149(281.6−T ))

]
, 236 ≤ T ≤ 273.16 K. (B.12)
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Figure B.4: Latent heat L for temperature range [225 K,325 K].

The latent heat of evaporation, Equation (B.12), is only valid for supercooled water. However, if
this relation from Murphy and Koop is used up to a temperature of 100◦C, the difference with
the relation of latent heat from IAPWS-95 is only 0.5%. A simpler expression for the latent heats
of sublimation and evaporation is given by the following approximations:

Lsub = Lev +334 ·103, (B.13)

Lev = 3.125 ·106
(
1− T

647.3

)0.38

, for T < 647.3K . (B.14)

In Figure B.4 the relations for the latent heat relation from Equations (B.11) to (B.14) are plot-
ted within the temperature range [-50◦C,50◦C]. It is observed that the approximation for Lev ,
Equation (B.14), is comparable to the relation from Murphy and Koop, Equation (B.12). The
difference between the expressions for Lsub is, however, significant for temperatures further
away from the melting temperature.
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C Messinger method:
rates of mass flow and heat transfer

This appendix contains detailed expressions for the mass flow rates and heat transfer rates used in
the mass and energy balance of the Messinger method for mixed-phase conditions.

C.1 Mass flow rates

The mass flow rates have units of kilogram per second per unit span: [kg/s] per metre span. The
length ∆s of the surface element used for computing the various mass flow rates is equal to the
size of the grid cells used in the Eulerian trajectory computation.

Mass flow rate of runback water into the control volume (CV):

ṁi n = 0 at stagnation point, (C.1)

ṁi n = ṁout of CV upstream downstream of stagnation point. (C.2)

Mass flow rate of the solid part (ice) of ice crystals being collected by the surface:

ṁc,i c,i =βi c,i u∞,i c IWC∆s. (C.3)

Mass flow rate of the melted part (water) of ice crystals being collected by the surface:

ṁc,i c,w =βi c,w u∞,i c IWC∆s. (C.4)

Mass flow rate of droplets being collected by the surface:

ṁc,d =βd u∞,d LWCd∆s. (C.5)
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Figure C.1: Mass flow rates (left) and heat transfer rates (right) entering or leaving the two-dimensional
control volume (repeated from chapter 5). The dashed line represents the control volume.

The evaporating and sublimating mass are based on Fick’s law [37]. Mass flow rate of evaporating
water from a free water surface:

ṁev = ρa hm
(
Yv,s,w −Yv,a

)
∆s. (C.6)

Mass flow rate of sublimating ice:

ṁsub = ρa hm
(
Yv,s,i −Yv,a

)
∆s. (C.7)

The mass transfer coefficient hm is computed by employing the Chilton-Colburn analogy:

hm = hc

ρa cp,a Le2/3
, where Le = Sc

Pr
. (C.8)

In Equation (C.8) Le is the Lewis number defined as the ratio of thermal diffusivity and mass
diffusivity, which can be expressed as a function of the Schmidt number Sc and the Prandtl
number Pr, respectively. The convective heat transfer coefficient hc is determined by the
properties of the boundary layer on the ice or water layer. The calculation of hc is similar
to the approach used by Dillingh and Hoeijmakers [27]. At the stagnation point hc is given by:

hc,st ag = ka

2

(
ρa

µa

due

ds

)1/2

, (C.9)

where due /ds is the velocity gradient at the edge of the boundary layer. The convective heat
transfer coefficient further downstream is obtained from an experimental relation for the Nusselt
number for turbulent flow [16], which is an expression similar to the Blasius expression for the
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heat transfer coefficient for the laminar flat-plate boundary layer. By employing the Reynolds
analogy the following expression is obtained:

hc = 0.0296 f
ka

s
Pr1/3Re4/5

s , for 0.6 ≤ Pr ≤ 600 and 5 ·105 ≤ Re ≤ 107. (C.10)

The roughness factor f is chosen equal to 2 and the Reynolds number Res is based on the
distance s from the stagnation point and is given by

Res = ρa ue s

µa
. (C.11)

A comparison with results from other evaporation models has been reported by Trontin and
Villedieu [131]. They have concluded that the evaporation model presented in Equation (C.6)
gives good results for both low and high evaporation rates.

C.2 Heat transfer rates

The heat transfer rates have units of Joule second per unit span: [J/s] per metre span. The length
∆s of the surface element used for computing the various heat transfer rates is equal to the size
of the grid cells used in the Eulerian trajectory computation.

The rate of heat transfer due to the change in sensible enthalpy as a result of the temperature
difference between the incoming runback water and the water in the control volume consid-
ered:

Q̇i n = 0 at stagnation point, (C.12)

Q̇i n = cp,w ṁi n
(
T

(
CV upstream

)−Tm
)

downstream of stagnation point. (C.13)

Heat transfer rate due to the change sensible enthalpy as a result of the difference between
the temperature Ti c of the solid part (ice) of the ice crystals collected by the surface and the
temperature Tm of the water in the control volume:

Q̇c,i c,i = cp,i ṁc,i c,i (Tm −Ti c ) . (C.14)

Heat transfer rate due to the change in sensible enthalpy as a result of the difference between
the temperature Ti c of the melted part (water) of the ice crystals collected by the surface and the
temperature Tm of the water in the control volume:

Q̇c,i c,w = cp,w ṁc,i c,w (Tm −Ti c ) . (C.15)
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Heat transfer rate due to the change in sensible enthalpy as a result of the difference between
the temperature Td of the droplets collected by the surface and the temperature Tm of the water
in the control volume:

Q̇c,d = cp,w ṁc,d (Tm −Td ) . (C.16)

Heat transfer rate due to the kinetic energy of the solid part (ice) of the ice crystals collected by
the surface:

Q̇ke,i c,i =
1

2
ṁc,i c,i |ui c |2. (C.17)

Heat transfer rate due to the kinetic energy of the melted part (water) of the ice crystals collected
by the surface:

Q̇ke,i c,w = 1

2
ṁc,i c,w |ui c |2. (C.18)

Heat transfer rate due to the kinetic energy of the droplets collected by the surface:

Q̇ke,d = 1

2
ṁc,d |ud |2. (C.19)

Heat transfer rate due to the change in sensible enthalpy as a result of the difference between
the temperature Tm of the ice layer and the temperature Ts of the substrate:

Q̇i = cp,i (ṁi +ṁsub) (Tm −Ts )

= cp,i
(
ṁi n +ṁc,i c,i +ṁc,i c,w +ṁc,d

)
(Tm −Ts ) . (C.20)

Heat transfer rate due to the change in sensible enthalpy as a result of the difference between
the temperature Tm of the water layer and the temperature Ts of the substrate:

Q̇out = cp,w (ṁout +ṁev ) (Tm −Ts )

= cp,w
(
ṁi n +ṁc,i c,i +ṁc,i c,w +ṁc,d

)
(Tm −Ts ) . (C.21)

Heat transfer rate due to the latent heat of freezing:

Q̇ f = ṁ f Lm . (C.22)

Heat transfer rate due to the latent heat of evaporation/sublimation:

Q̇ev = ṁev Lv , (C.23)

Q̇sub = ṁsubLsub . (C.24)
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Heat transfer rate due to the convection:

Q̇conv = hc (Ts −Ta )∆s. (C.25)

Heat transfer rate due to the aerodynamic heating:

Q̇ah = hc (Tr ec −Ta )∆s. (C.26)

The recovery temperature Tr ec is given by [15]

Tr ec =
(

Ta,∞+ u2
a,∞

2cp,a

)
1+ r γ−1

2 Ma2
e

1+ γ−1
2 Ma2

e

, (C.27)

where Ta,∞ and ua,∞ are the free-stream air temperature and velocity, respectively, cp,a is the
specific heat of air, r is the recovery factor, γ is the ratio of the specific heats for air and Mae is
the Mach number at the edge of the boundary layer. The recovery factor r is equal to Pr1/2 in
case of laminar flow and equal to Pr1/3 in case of turbulent flow.
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D Results ice accretion:
catching efficiency and ice thickness

This appendix contains the catching efficiencies and evolution in time of the ice thickness at
the tip of the geometry obtained for the accretion benchmarks in chapter 6. For these results no
measured data is available. The results obtained for the new model for the sticking efficiency
ε and for the erosion efficiency θ are presented by solid lines, while the results obtained for the
previous model are presented by dashed lines.

D.1 Mixed-phase ice accretion on a cylinder

The catching efficiency for the cylinder with a diameter of 0.06 m is given in Figure D.1 and
the tip growth of the ice shape is shown in Figure D.2. The results are ordered by free-stream
air temperature Ta,∞ and droplet melting ratio ηd . The air temperature decreases from top to
bottom and the melting ratio increases from left to right.
For all runs the catching efficiency β obtained for the new model is higher than the one obtained
for the previous model. The ice thickness at the tip increases linearly with a gradient that is
higher for the new model than for the previous model.

D.2 Mixed-phase ice accretion on a NACA-0012 aerofoil (1)

The catching efficiency for the NACA-0012 aerofoil with a chord of 0.5 m is given in Figure D.3
and the tip growth of the ice shape is shown in Figure D.4. The results are ordered by free-stream
air temperature Ta,∞ and droplet melting ratio ηd . The air temperature decreases from top to
bottom and the melting ratio increases from left to right.
The catching efficiency β obtained for the new model is higher than the one obtained for the
previous model for all runs except run 15. The ice thickness at the tip increases roughly linearly
with a gradient that is higher for the new model than for the previous model for all runs except
run 15. In case of the new model non-linear behaviour is visible for runs 1, 8 and 16. Run 1 and
8 seem to reach a steady-state and run 16 shows a slight non-linearity around tac = 100 s.
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Figure D.1: Catching efficiencies for cylinder with a diameter of 0.06 m for increasing droplet melting
ratio ηd (left to right) and decreasing free-stream temperature Ta,∞ (top to bottom). The
aerodynamic and cloud conditions are given in Tables 6.1 and 6.2, respectively.
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Figure D.2: Tip growth for cylinder with a diameter of 0.06 m for increasing droplet melting ratio ηd (left
to right) and decreasing free-stream temperature Ta,∞ (top to bottom). The aerodynamic and
cloud conditions are given in Tables 6.1 and 6.2, respectively.
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Figure D.3: Catching efficiencies for NACA-0012 aerofoil with a chord of 0.5 m for increasing droplet
melting ratio ηd (left to right) and decreasing free-stream temperature Ta,∞ (top to bottom).
The aerodynamic and cloud conditions are given in Tables 6.3 and 6.4, respectively.
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Figure D.4: Tip growth for NACA-0012 aerofoil with a chord of 0.5 m for increasing droplet melting ratio ηd

(left to right) and decreasing free-stream temperature Ta,∞ (top to bottom). The aerodynamic
and cloud conditions are given in Tables 6.3 and 6.4, respectively.
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D.3 Mixed-phase ice accretion on a NACA-0012 aerofoil (2)

The evolution in time of the ice thickness at the tip of the NACA-0012 aerofoil with a chord of
0.9144 m is given in Figure D.5. For the previous model the ice thickness at the tip increases
linearly for runs 10 and 20 and reaches a steady-state for run 19. For the new model for the
erosion efficiency the tip growth shows some non-linear behaviour and is lower compared to
the previous model.
The corresponding catching efficiencies are not presented for this case. For the previous sticking
efficiency model these results are already shown in Figure 5.4 and for the new model the catching
efficiency is (almost) zero for runs 10, 19 and 20.

D.4 Mixed-phase ice accretion on a wedge aerofoil

The catching efficiency β for the double-wedge aerofoil with a chord of 0.22092 m is given in
Figure D.6. For both runs the catching efficiency of the new model for the sticking efficiency is
higher than the catching efficiency obtained for the previous model.
The tip growth rate is already presented in Figure 6.11 and is not repeated here.
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Figure D.5: Tip growth for NACA-0012 aerofoil with a chord of 0.9144 m. The aerodynamic and cloud
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0

0.2

0.4

0.6

0.8

1

-0.4 -0.2 0 0.2 0.4

C
at

ch
in

g
ef

fi
ci

en
cy
β

[-
]

s/c [-]

Run 543

ηd =29.3%, ηi c =12.1%, Ta,∞=10.7◦C

-0.4 -0.2 0 0.2 0.4

s/c [-]

Run 553

ηd =29.3%, ηi c =18.1%, Ta,∞=3.78◦C

Previous model New model

Figure D.6: Catching efficiencies for double-wedge aerofoil with a chord of 0.221 m. The aerodynamic
and cloud conditions are given in Tables 6.7 and 6.8, respectively.

D.4 Mixed-phase ice accretion on a wedge aerofoil 157





E Traced experimental results
for accreted ice shapes

This appendix contains the traced data from experiments of which the results are only provided
graphically in terms of plots.

E.1 HAIC benchmark mixed-phase icing conditions

The ice accretion shape from experiments shown in Figure 5.5 has been traced from plots
provided in Al-Khalil et al. [2]. Runs 9 and 10 have been obtained at Mach number Ma∞ = 0.163,
free-stream pressure pa,∞ = 98,000 Pa and free-stream temperature Ta,∞ = 266.18 K. Runs 19
and 20 have been obtained at Mach number Ma∞ = 0.165, free-stream pressure pa,∞ = 98,000
Pa and free-stream temperature Ta,∞ = 260.65 K.

Table E.1: Run 9: IWC = 0 g/m3, LWC = 0.7 g/m3, tac = 600 s, Ma∞ = 0.163, pa,∞ = 98,000 Pa,
Ta,∞ = 266.18 K.

x [m] y [m] x [m] y [m] x [m] y [m] x [m] y [m]
(cont.) (cont.) (cont.) (cont.) (cont.) (cont.)

0.02375 -0.02530 0.00664 -0.01796 -0.00705 -0.00232 0.00468 0.01747
0.02326 -0.02505 0.00566 -0.01772 -0.00705 -0.00134 0.00395 0.01870
0.02204 -0.02505 0.00493 -0.01772 -0.00705 -0.00012 0.00322 0.01967
0.02081 -0.02505 0.00468 -0.01699 -0.00680 0.00061 0.00420 0.01992
0.02057 -0.02432 0.00395 -0.01650 -0.00607 0.00159 0.00542 0.02090
0.01984 -0.02407 0.00322 -0.01625 -0.00607 0.00257 0.00615 0.02090
0.01910 -0.02358 0.00224 -0.01625 -0.00680 0.00330 0.00688 0.02090
0.01837 -0.02334 0.00151 -0.01576 -0.00680 0.00428 0.00786 0.02138
0.01739 -0.02285 0.00053 -0.01527 -0.00729 0.00501 0.00908 0.02138
0.01666 -0.02285 0.00004 -0.01503 -0.00729 0.00623 0.01104 0.02163
0.01593 -0.02261 -0.00094 -0.01454 -0.00656 0.00745 0.01153 0.02138
0.01544 -0.02236 -0.00143 -0.01381 -0.00582 0.00843 0.01251 0.02138
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0.01495 -0.02187 -0.00167 -0.01332 -0.00509 0.00941 0.01422 0.02138
0.01446 -0.02187 -0.00265 -0.01283 -0.00436 0.01014 0.01568 0.02163
0.01397 -0.02187 -0.00387 -0.01185 -0.00363 0.01063 0.01495 0.02236
0.01373 -0.02163 -0.00436 -0.01112 -0.00314 0.01185 0.01495 0.02310
0.01299 -0.02163 -0.00509 -0.01063 -0.00314 0.01283 0.01568 0.02310
0.01251 -0.02114 -0.00558 -0.00965 -0.00265 0.01405 0.01666 0.02358
0.01202 -0.02090 -0.00582 -0.00819 -0.00167 0.01479 0.01764 0.02383
0.01128 -0.02041 -0.00582 -0.00697 -0.00094 0.01527 0.01813 0.02407
0.01055 -0.01992 -0.00656 -0.00648 0.00029 0.01601 0.01886 0.02407
0.01006 -0.01919 -0.00680 -0.00525 0.00126 0.01650 0.02008 0.02407
0.00933 -0.01894 -0.00705 -0.00452 0.00224 0.01699 0.02155 0.02407
0.00835 -0.01845 -0.00705 -0.00354 0.00346 0.01723 0.02228 0.02383
0.00737 -0.01821

Table E.2: Run 10, IWC = 0.7 g/m3, LWC = 0.7 g/m3, tac = 600 s, Ma∞ = 0.163, pa,∞ = 98,000 Pa,
Ta,∞ = 266.18 K.

x [m] y [m] x [m] y [m] x [m] y [m] x [m] y [m]
(cont.) (cont.) (cont.) (cont.) (cont.) (cont.)

0.00884 -0.01601 -0.00216 -0.00868 -0.00411 0.00159 0.00200 0.01356
0.00786 -0.01625 -0.00240 -0.00770 -0.00411 0.00257 0.00297 0.01356
0.00713 -0.01552 -0.00289 -0.00745 -0.00436 0.00379 0.00395 0.01381
0.00664 -0.01479 -0.00387 -0.00745 -0.00485 0.00452 0.00444 0.01527
0.00591 -0.01430 -0.00436 -0.00672 -0.00485 0.00550 0.00542 0.01601
0.00542 -0.01381 -0.00509 -0.00623 -0.00485 0.00648 0.00615 0.01625
0.00420 -0.01381 -0.00509 -0.00501 -0.00485 0.00770 0.00713 0.01625
0.00346 -0.01308 -0.00436 -0.00452 -0.00436 0.00868 0.00811 0.01625
0.00297 -0.01259 -0.00387 -0.00428 -0.00363 0.00916 0.00884 0.01699
0.00248 -0.01185 -0.00363 -0.00379 -0.00240 0.00965 0.00933 0.01747
0.00126 -0.01185 -0.00363 -0.00281 -0.00191 0.01063 0.01006 0.01747
0.00102 -0.01088 -0.00387 -0.00208 -0.00191 0.01112 0.01079 0.01747
0.00053 -0.01014 -0.00436 -0.00110 -0.00094 0.01136 0.01104 0.01821

-0.00020 -0.00990 -0.00509 -0.00061 0.00004 0.01136 0.01153 0.01870
-0.00094 -0.01014 -0.00534 -0.00012 0.00077 0.01136 0.01226 0.01870
-0.00167 -0.00941 -0.00509 0.00061 0.00126 0.01259 0.01299 0.01870
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Table E.3: Run 19, IWC = 0.7 g/m3, LWC = 0.3 g/m3, tac = 600 s, Ma∞ = 0.165, pa,∞ = 98,000 Pa,
Ta,∞ = 260.65 K.

x [m] y [m] x [m] y [m] x [m] y [m] x [m] y [m]
(cont.) (cont.) (cont.) (cont.) (cont.) (cont.)

0.01226 -0.01845 -0.00020 -0.00941 -0.00338 0.00110 0.00151 0.01039
0.01006 -0.01723 -0.00118 -0.00794 -0.00338 0.00232 0.00248 0.01112
0.00811 -0.01601 -0.00191 -0.00623 -0.00289 0.00379 0.00371 0.01234
0.00664 -0.01503 -0.00265 -0.00477 -0.00265 0.00477 0.00493 0.01308
0.00517 -0.01405 -0.00314 -0.00281 -0.00191 0.00599 0.00566 0.01381
0.00322 -0.01283 -0.00363 -0.00159 -0.00094 0.00745 0.00688 0.01479
0.00200 -0.01161 -0.00363 -0.00086 0.00004 0.00916 0.00835 0.01552
0.00102 -0.01112 -0.00363 0.00037

Table E.4: Run 20, IWC = 0.3 g/m3, LWC = 0.7 g/m3, tac = 600 s, Ma∞ = 0.165, pa,∞ = 98,000 Pa,
Ta,∞ = 260.65 K.

x [m] y [m] x [m] y [m] x [m] y [m] x [m] y [m]
(cont.) (cont.) (cont.) (cont.) (cont.) (cont.)

0.01544 -0.02041 -0.00069 -0.01136 -0.00925 0.00159 0.00297 0.01381
0.01422 -0.01967 -0.00167 -0.01088 -0.00900 0.00257 0.00420 0.01454
0.01275 -0.01894 -0.00314 -0.00941 -0.00851 0.00354 0.00493 0.01503
0.01153 -0.01845 -0.00436 -0.00843 -0.00778 0.00477 0.00566 0.01601
0.01055 -0.01821 -0.00558 -0.00745 -0.00680 0.00599 0.00591 0.01650
0.00933 -0.01747 -0.00631 -0.00648 -0.00582 0.00721 0.00688 0.01650
0.00859 -0.01699 -0.00729 -0.00550 -0.00485 0.00794 0.00786 0.01674
0.00713 -0.01601 -0.00802 -0.00452 -0.00411 0.00868 0.00859 0.01699
0.00615 -0.01552 -0.00876 -0.00305 -0.00289 0.00990 0.01031 0.01796
0.00517 -0.01527 -0.00900 -0.00232 -0.00191 0.01063 0.01128 0.01845
0.00420 -0.01454 -0.00925 -0.00159 -0.00069 0.01161 0.01251 0.01919
0.00297 -0.01381 -0.00949 -0.00037 0.00102 0.01283 0.01373 0.01967
0.00151 -0.01308 -0.00949 0.00061 0.00224 0.01332 0.01544 0.02016
0.00004 -0.01210
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E.2 HAIC benchmark glaciated icing conditions

The ice accretion shape from experiments shown in Figures 5.12, 5.13, 5.15 and 5.16 and the
measured tip growth rate shown in Figure 5.14 have been traced from plots provided in Currie
et al. [25]. Runs 17, 47, 57, 67, 77 and 92 have been obtained at Mach number Ma∞ = 0.25,
free-stream pressure pa,∞ = 33,000 Pa and free-stream temperature Ta,∞ = 284.55 K. Runs 233,
238 and 243 have been obtained at Mach number Ma∞ = 0.4, free-stream pressure pa,∞ = 30,800
Pa and free-stream temperature Ta,∞ = 278.95 K. The ice accretion data is given in Tables E.5
to E.15 and the tip growth data is given in Tables E.16 to E.18.

Table E.5: Run 17, TWC = 6 g/m3, ηi c = 6%, tac = 300 s, Ma∞ = 0.25, pa,∞ = 33,000 Pa, Ta,∞ = 284.55 K.

x [m] y [m] x [m] y [m] x [m] y [m] x [m] y [m]
(cont.) (cont.) (cont.) (cont.) (cont.) (cont.)

0.00899 -0.01832 -0.00224 -0.00567 -0.00212 0.00603 0.00504 0.01581
0.00445 -0.01593 -0.00451 -0.00280 -0.00021 0.00925 0.00779 0.01856
0.00194 -0.01235 -0.00666 -0.00054 0.00242 0.01259 0.01197 0.02023

-0.00033 -0.00877 -0.00451 0.00245

Table E.6: Run 47, TWC = 4 g/m3, ηi c = 16.6%, tac = 320 s, Ma∞ = 0.25, pa,∞ = 33,000 Pa, Ta,∞ = 284.55 K.

x [m] y [m] x [m] y [m]
(cont.) (cont.)

-0.00934 -0.01785 0.01070 0.00394
0.00498 -0.00796 0.00514 0.00804
0.01070 -0.00402 -0.00934 0.01777
0.01633 0.00000

Table E.7: Run 57, TWC = 12 g/m3, ηi c = 14%, tac = 290 s, Ma∞ = 0.25, pa,∞ = 33,000 Pa, Ta,∞ = 284.55 K.

x [m] y [m] x [m] y [m] x [m] y [m] x [m] y [m]
(cont.) (cont.) (cont.) (cont.) (cont.) (cont.)

-0.01670 -0.02099 0.00977 -0.01272 0.05046 0.00006 0.00816 0.01422
-0.01249 -0.01961 0.02053 -0.00959 0.04106 0.00370 -0.00557 0.01823
-0.00656 -0.01748 0.03203 -0.00658 0.03228 0.00771 -0.01113 0.01961
0.00024 -0.01560 0.04106 -0.00345 0.02028 0.01084 -0.01670 0.02112
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Table E.8: Run 67, TWC = 6 g/m3, ηi c = 16.6%, tac = 31 s, Ma∞ = 0.25, pa,∞ = 33,000 Pa, Ta,∞ = 284.55 K.

x [m] y [m] x [m] y [m] x [m] y [m] x [m] y [m]
(cont.) (cont.) (cont.) (cont.) (cont.) (cont.)

-0.01695 -0.02024 0.00013 -0.00992 0.00451 0.00364 -0.00657 0.01539
-0.01249 -0.01925 0.00210 -0.00678 0.00210 0.00678 -0.00957 0.01737
-0.00966 -0.01737 0.00451 -0.00364 0.00013 0.00983 -0.01300 0.01952
-0.00657 -0.01531 0.00545 0.00004 -0.00330 0.01270 -0.01687 0.02024
-0.00330 -0.01261

Table E.9: Run 67, TWC = 6 g/m3, ηi c = 16.6%, tac = 148 s, Ma∞ = 0.25, pa,∞ = 33,000 Pa, Ta,∞ = 284.55 K.

x [m] y [m] x [m] y [m] x [m] y [m] x [m] y [m]
(cont.) (cont.) (cont.) (cont.) (cont.) (cont.)

-0.01687 -0.02078 0.00348 -0.00974 0.00803 0.00669 -0.00957 0.01737
-0.01258 -0.01961 0.00803 -0.00660 0.00348 0.00956 -0.00957 0.01737
-0.00966 -0.01737 0.01249 -0.00364 -0.00082 0.01252 -0.01258 0.01943
-0.00614 -0.01522 0.01575 0.00004 -0.00614 0.01522 -0.01695 0.02069
-0.00082 -0.01261 0.01249 0.00355 -0.00957 0.01737

Table E.10: Run 67, TWC = 6 g/m3, ηi c = 16.6%, tac = 382 s, Ma∞ = 0.25, pa,∞ = 33,000 Pa, Ta,∞ = 284.55 K.

x [m] y [m] x [m] y [m] x [m] y [m] x [m] y [m]
(cont.) (cont.) (cont.) (cont.) (cont.) (cont.)

-0.01695 -0.02096 0.00150 -0.01261 0.02597 0.00004 -0.00227 0.01441
-0.01258 -0.01952 0.00708 -0.00947 0.02056 0.00355 -0.00803 0.01737
-0.00820 -0.01728 0.01283 -0.00660 0.01197 0.00794 -0.01309 0.01961
-0.00485 -0.01539 0.01893 -0.00337 0.00536 0.01109 -0.01695 0.02150

Table E.11: Run 77, TWC = 6 g/m3, ηi c = 11.2%, tac = 300 s, Ma∞ = 0.25, pa,∞ = 33,000 Pa, Ta,∞ = 284.55 K.

x [m] y [m] x [m] y [m] x [m] y [m] x [m] y [m]
(cont.) (cont.) (cont.) (cont.) (cont.) (cont.)

0.00879 -0.01788 -0.00336 -0.01028 -0.01159 0.00088 -0.00084 0.01016
0.00626 -0.01647 -0.00636 -0.00822 -0.00916 0.00294 0.00140 0.01231
0.00374 -0.01488 -0.00888 -0.00597 -0.00626 0.00556 0.00411 0.01475
0.00112 -0.01328 -0.01159 -0.00391 -0.00336 0.00800 0.00673 0.01691

-0.00103 -0.01169 -0.01439 -0.00138
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Table E.12: Run 92, TWC = 6 g/m3, ηi c = 26.4%, tac = 300 s, Ma∞ = 0.25, pa,∞ = 33,000 Pa, Ta,∞ = 284.55 K.

x [m] y [m] x [m] y [m] x [m] y [m] x [m] y [m]
(cont.) (cont.) (cont.) (cont.) (cont.) (cont.)

0.00429 -0.01342 -0.00929 -0.00495 -0.01232 0.00155 -0.00250 0.00877
0.00036 -0.01083 -0.01223 -0.00290 -0.00938 0.00405 0.00063 0.01082

-0.00250 -0.00905 -0.01473 -0.00076 -0.00625 0.00619 0.00402 0.01305
-0.00625 -0.00682

Table E.13: Run 233, TWC = 6 g/m3, ηi c = 8.6%, tac = 300 s, Ma∞ = 0.4, pa,∞ = 30,800 Pa, Ta,∞ = 278.95 K.

x [m] y [m] x [m] y [m]
(cont.) (cont.)

0.00006 -0.00333 -0.00085 0.00145
-0.00085 -0.00149 0.00006 0.00310
-0.00177 -0.00002

Table E.14: Run 238, TWC = 6 g/m3, ηi c = 14%, tac = 300 s, Ma∞ = 0.4, pa,∞ = 30,800 Pa, Ta,∞ = 278.95 K.

x [m] y [m] x [m] y [m] x [m] y [m] x [m] y [m]
(cont.) (cont.) (cont.) (cont.) (cont.) (cont.)

-0.00301 -0.01138 0.00299 -0.00387 0.00473 0.00191 -0.00079 0.00867
-0.00092 -0.00876 0.00481 -0.00170 0.00283 0.00416 -0.00269 0.01110
0.00108 -0.00622 0.00635 0.00002 0.00075 0.00678

Table E.15: Run 243, TWC = 6 g/m3, ηi c = 17.2%, tac = 300 s, Ma∞ = 0.4, pa,∞ = 30,800 Pa, Ta,∞ = 278.95 K.

x [m] y [m] x [m] y [m]
(cont.) (cont.)

0.00163 -0.00893 -0.00363 0.00298
-0.00063 -0.00628 -0.00063 0.00620
-0.00325 -0.00326 0.00144 0.00884
-0.00550 -0.00004
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Table E.16: Run 47, TWC = 4 g/m3, ηi c = 16.6%, tac = 320 s, Ma∞ = 0.25, pa,∞ = 33,000 Pa, Ta,∞ = 284.55 K.

tac [s] hi [m] tac [s] hi [m]
(cont.) (cont.)

0.00000 0.00000 0.27839 0.01585
0.03810 0.00578 0.30623 0.01621
0.09231 0.01050 0.33553 0.01622
0.16117 0.01311 0.34945 0.01622
0.21172 0.01465 0.00000 0.00000

Table E.17: Run 57, TWC = 12 g/m3, ηi c = 14%, tac = 290 s, Ma∞ = 0.25, pa,∞ = 33,000 Pa, Ta,∞ = 284.55 K.

tac [s] hi [m] tac [s] hi [m]
(cont.) (cont.)

0.00000 0.00000 0.13333 0.02969
0.01392 0.00542 0.15824 0.03322
0.03370 0.01213 0.18462 0.03664
0.06007 0.01872 0.22344 0.04254
0.09011 0.02403 0.26081 0.04878

Table E.18: Run 67, TWC = 6 g/m3, ηi c = 16.6%, tac = 382 s, Ma∞ = 0.25, pa,∞ = 33,000 Pa, Ta,∞ = 284.55 K.

tac [s] hi [m] tac [s] hi [m]
(cont.) (cont.)

0.00000 0.00000 0.24835 0.02031
0.06300 0.00990 0.37363 0.02529
0.14799 0.01581 0.00000 0.00000
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Stellingen behorend bij het proefschrift:

“EULERIAN METHOD FOR ICE CRYSTAL ICING

IN TURBOFAN ENGINES”

Ellen Norde, 11 mei 2017

1. Een Euler rekenmethode kan de baan van een wolk met deeltjes afkomstig van eerdere
botsingen met vaste of bewegende wanden, de zogenaamde secundaire deeltjes,
nauwkeurig beschrijven mits er geen randen zijn met periodieke voorwaarden of met
een concave vorm. (Hoofdstuk 3 en 4 van dit proefschrift.)

2. Er dienen meetmethodes te worden ontwikkeld om de voorspelde verdeling van de
impact van ijskristallen op oppervlakken te valideren. (Hoofdstuk 3 en 4 van dit
proefschrift.)

3. Het proces van erosie door (smeltende) ijskristallen wordt nog niet volledig begrepen.
(Hoofdstuk 5 en 6 van dit proefschrift.)

4. Bij de bepaling van inslag door (smeltende) ijskristallen is het noodzakelijk de gebruikte
methode voor de berekening van de baan van het ijskristal sterk te koppelen met de
methode gebruikt voor bepaling van ijsafzetting. (Hoofdstuk 6 van dit proefschrift.)

5. Het nut van onderzoek naar effecten van luchtvochtigheid in de honkbalsport is beperkt
als subjectiviteit een rol speelt. (American Journal of Physics, Vol. 76, Nr. 11, pp.
1015-1021.)

6. Het doel van het modelleren van processen is: de werkelijkheid vereenvoudigen, niet
noodzakelijkerwijze de oplossingsmethode vergemakkelijken.

7. Publicatie van onverwachte en negatieve resultaten verdient meer aandacht.

8. Samenwerking in de wetenschap en wetenschap beoefenen in groepsverband vergroten
begrip zowel als reproduceerbaarheid van het resultaat. (Nature Human Behaviour, Vol.
1, Nr. 0021, pp. 1-9, 2017.)

9. Duurzaamheid door middel van technische innovatie is slechts een opmaat naar
duurzaamheid als een manier van leven.

10. Het is ironisch dat tegenwoordig een knipogend lachend gezichtje moet worden
toegevoegd om ironie uit te drukken. (Christiaan Weijts, De smiley is de betonrot in onze
ironie, NRC Handelsblad, 5&6 november 2016.)

Deze stellingen worden verdedigbaar geacht en zijn als zodanig goedgekeurd door de promotor, prof.dr.ir. H.W.M.

Hoeijmakers, en de co-promotor, dr.ir. E.T.A. van der Weide.



Propositions accompanying the thesis:

“EULERIAN METHOD FOR ICE CRYSTAL ICING

IN TURBOFAN ENGINES”

Ellen Norde, 11 May 2017

1. An Euler computational method is capable of accurately describing the trajectory of a
cloud with particles originating from earlier collisions with solid or moving walls, the
so-called secondary cloud, if periodic boundary conditions or concave surfaces are
absent. (Chapter 3 and 4 of this thesis.)

2. Measurement methods should be developed that validate the predicted distribution of
impacting ice crystals on surfaces. (Chapter 3 and 4 of this thesis.)

3. The process of erosion by (melting) ice crystals is not yet fully understood. (Chapter 5
and 6 of this thesis.)

4. For determination of the impact of (melting) ice crystals it is necessary to strongly
couple the utilized method for computing trajectories of ice crystals to the method for
ice accretion. (Chapter 6 of this thesis.)

5. The value of research into the effects of humidity in baseball is limited when subjectivity
plays a role. (American Journal of Physics, Vol. 76, No. 11, pp. 1015-1021.)

6. The goal of modelling of processes is: simplification of reality, not necessarily facilitation
of the solution method.

7. Publication of unexpected and negative results deserves more attention.

8. Collaboration in research and carrying out science in teams increases understanding as
well as reproducibility of the results. (Nature Human Behaviour, Vol. 1, No. 0021, pp.
1-9, 2017.)

9. Durability through technical innovation is only a prelude to durability as a way of life.

10. It is ironic that nowadays a winking smiley is necessary to indicate irony. (Christiaan
Weijts, “De smiley is de betonrot in onze ironie”, NRC Handelsblad, 5&6 November 2016.)

These propositions are considered to be defendable and have been approved as such by the promotor, prof.dr.ir.

H.W.M. Hoeijmakers, and the co-promotor, dr.ir. E.T.A. van der Weide.
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