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Chapter 1

Introduction

1.1 Predictive calculations for excited states?

The absorption of visible light and its conversion to other forms of energy is at the
heart of some of the most fundamental processes in physics and biology. Upon light
absorption, photoactive molecules (chromophores) undergo a series of transforma-
tions, triggering responses that may extend over several spatial and temporal scales.
When chlorophyll molecules absorb visible light, for instance, they undergo an elec-
tronic excitation that triggers the process of photosynthesis in plants. Another famil-
iar example is the primary event of vision: Light absorption stimulates a conforma-
tional change of the photosensitive component in the retina, which is followed by a
cascade of chemical reactions culminating in the stimulation of the optical nerve. The
ability of molecules to absorb light is also routinely exploited in the field of energy
production in solar cells and many other applications. Deepening our physical un-
derstanding of the primary excitation processes and of the subsequent energy transfer
in these photo-systems is important both from a fundamental point of view and be-
cause of existing and potential applications in biology, biotechnology and artificial
photosynthetic devices.

The problem of describing photoexcitation processes is inherently quantum me-
chanical and falls in the realm of first-principle electronic structure computations.
The exposure of a molecule to light determines an electronic transition from its
ground to an excited state, where the system exhibits new chemical and physical
properties, for a limited fraction of time before decaying back to the ground state.
Many different factors can affect the process of electronic excitation such as the
structural features of the system or the interactions between the chromophore and
the other molecules surrounding it. Recent years have witnessed rapid growth in
the experimental, quantitative uncovering of molecular processes induced by light
absorption in complex (bio)systems. Comparison with theory is increasingly neces-
sary to unravel the microscopic mechanisms underlying experimental observations.
Despite significant progress in electronic structure theory and some noteworthy suc-
cesses, however, it remains far from trivial to reliably compute the excitation proper-
ties of even relatively small photoactive molecules, let alone understand the complex
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1 Introduction

spectral behavior of a natural bio-system.
Theoretically, predicting the optical properties of photoactive systems is diffi-

cult since it entails solving the Schrödinger equation with a consistent accuracy for
ground and excited states, treating at the same time a realistically large model of
the (bio)system. The theoretical approach should also allow a dynamical description
of ground-state fluctuations and of photo-induced dynamical effects, namely, follow
conformational changes in the excited state with a uniformly accurate description of
the potential energy surface (PES) of the state of interest and of other energetically
close states. A schematic representation of some of the processes which might follow
light absorption is given in Fig. 1.1.
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Figure 1.1: Schematic representation of the ground and an excited-state potential
energy surface and of the pathways initiated by light absorption.

In most cases, ground state properties of large systems can be reliably and effi-
ciently computed from first principles, and sufficient knowledge has also been ac-
cumulated to establish the accuracy of particular calculations. More specifically,
ground-state properties can be described using density functional theory (DFT) [1] in
combination with ab-initio molecular dynamics [2] to study the thermal fluctuations
of the chromophore and its immediate surroundings. In biosystems, protein-chro-
mophore interactions in the ground state can for instance be included via mixed quan-
tum mechanics-in-molecular mechanics (QM/MM) simulations, where the photoac-
tive site is described quantum mechanically and the interaction with the rest of the
macromolecule is treated as a sea of point charges using an atomic force field [3, 4].
On the other hand, it is generally rather difficult to reliably compute excitation prop-
erties and there are often problems with the approaches employed in the study of
photoactive molecules, especially far away from the Franck-Condon region. Time-
dependent (TD)DFT [5] has become the standard tool for electronic structure calcula-
tions of excited states when applicable, particularly when other methods prove to be
too expensive. However, known shortcomings of approximate TDDFT sometimes
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1.2 Computational spectroscopy: State of the art

severely affect its accuracy; in particular, the domain of applicability of standard
TDDFT is seriously restricted when it comes to photochemical reactions [6]. The
border defining what is a conservative “safe use” of TDDFT continues to expand
with the development of new functionals and techniques [7–10]. Yet, at the moment,
the theoretical vacuum created by the limitations of TDDFT has been filled by tra-
ditional quantum chemical methods despite their less favorable scaling with system
size, which often imposes compromises on accuracy in the case of large photosen-
sitive molecules. Moreover, as already mentioned, the chromophore interacts with
its environment, which can be as simple as an homogeneous solution or, at the other
extreme, very complex with specific and directional interactions as in the case of a
chromophore embedded in a protein. In either case, the study of light absorption
must also account for these interactions, whose description is instead often oversim-
plified and kept unchanged in the photoexcitation process using for instance a static
point-charge approach.

Since currently available computational techniques have limited applicability,
progress in computational spectroscopy hinges on the ability to develop new compu-
tational tools for excited states that meet the many requirements listed above as well
as a reliable set of reference data to assess the performance of existing and newly
proposed approaches. In this work, we present our contributions in these directions,
namely, the development of novel multi-scale excited-state approaches in the frame-
work of accurate quantum Monte Carlo (QMC) methods [11–13], the construction of
robust reference data for molecular excited-state structures of systems of increasing
complexity (from prototypical isolated to solvated chromophores), and the analysis
of the nature of polarization and the theoretical schemes needed to describe it in the
challenging case of the photoactive protein rhodopsin.

1.2 Computational spectroscopy: State of the art

In the development of theoretical methods for excited states, the focus has primarily
been on the evaluation of vertical excitation energies of molecular systems in the gas
phase. Thanks to the availability of various (experimental and theoretical) routes to
obtain reliable ground-state geometries, one can then investigate the performance of
an approach in characterizing the excited-state potential energy surface in the Franck-
Condon region, being confident that errors coming from the estimate of the ground-
state structure will only be minor. Moreover, a gas-phase study with the suppression
of external interactions allows the clear identification of the intrinsic ability of a
certain quantum method to predict these excitation energies. In the literature, one can
find a large number of studies and benchmark work that follow this strategy [14–18].

Nonetheless, if one is interested in photochemistry, it is important to move be-
yond the primary process of light absorption, with fluorescence being the next im-
portant process an excited-state method should accurately describe. In this event, a
molecule emits a photon from the minimum of its excited-state PES (see Figure 1.1)
and the energy of the photon is estimated as the vertical gap between this point and
the PES of the ground state. We are now departing from the Franck-Condon region
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1 Introduction

and the quality of the results clearly depends on the ability of a given method to pro-
vide accurate interatomic excited-state forces to correctly characterize the excited-
state PES in the neighborhood of this minimum. The many available methods typ-
ically display large differences in their performance both in terms of computational
cost and accuracy of the resulting excited-state structures [19–23].

Therefore, in the study of excited states, one faces multiple difficulties: Once
one has implemented geometrical energy gradients at a certain level of theory, one
needs to identify an approach that can be as reference to access the quality of the
obtained results. For instance, TDDFT can be readily employed to obtain excited-
state geometries also in fairly large systems but the results strongly depend on the
chosen exchange-correlation functional and on the physical nature of the excitation
considered with severe limitations, in particular, for charge-transfer or multiconfig-
urational excited states [24, 25]. Finding a robust reference method is however a
non-trivial task. For instance, the coupled cluster approximate singles and doubles
(CC2) method is becoming quite popular in this field since it can be applied to rela-
tively large systems (thanks to the so-called reduction-of-virtual-space scheme [26])
but it does not always represent on improvement on TDDFT as we will also show in
this thesis. Multireference pertubation theories are generally more effective but the
construction of the zero-order wave function is often rather tricky and the results can
be very sensitive to the choice of ingredients in the calculation, especially when the
perturbation correction is large. We were ourselves surprised on how difficult a small
and apparently harmless acrolein molecule in its π → π∗ state can be and how long
(weeks!) we needed to play to obtain stable excitation energies and geometries with
these perturbation approaches. This general scenario and our own experience has
deeply convinced us of the need to further push the very different quantum Monte
Carlo techniques for the computation of excited-state structures and, in the process
of testing them, provide reliable reference data for the structural properties in the
excited states of prototypical organic molecules.

The problems illustrated so far in the study of excited-state properties increase
when one considers a molecule surrounded by an environment, which affects its
molecular properties already in the ground state. The environment can for instance
significantly distort the optimal gas-phase geometry or shift the relative position of
the ground- and excited-state PES’s, changing the wavelength of the light that is ab-
sorbed. To simulate the presence of an environment, it is necessary to determine
whether it acts as a simple “spectator” in the excitation process of the chromophore,
carrying only an external perturbation, or if it actively participates as it could hap-
pen in the case of charge-transfer or resonance excitations between the chromophore
and the surrounding molecules. The most commonly used multiscale approaches are
appropriate to describe the first eventuality but are often mindlessly employed in the
study of all sorts of bio-chromophore: The system is partitioned in two regions with
the chromophore treated quantum mechanically (QM), and the rest of the environ-
ment treated with the cheaper methods of the classical molecular mechanics (MM),
where a set of static point charges optimized within a force field are placed on the po-
sitions of the atoms of the environment. Although very successful for the treatment of
ground states, there is mounting evidence from work of our and other groups [27–32]
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1.2 Computational spectroscopy: State of the art

that such a scheme is not suitable in the study of the absorption properties of various
photobiological systems: The use of frozen embedding relies on the implicit assump-
tion that the photoexcitation does not perturb the surroundings of the active region,
which is surely far from realisitc in many common situations where the electronic
distributions of the states involved in the electronic transition are significantly differ-
ent. If various studies have finally started to discuss the optimal combined choice of
approaches to describe the chomrophore-environment coupling in computing absorp-
tion properties, very little is known on the structural excited-state response beyond
the gas phase. A TDDFT study of optimal excited-state geometries of prototypical
molecules in the simplest model for a solvent, namely, the polarizable continuum
model (PCM), has recently appeared, totally lacking however any reference data to
assess the correctness of the results [33]. This is a gap we try to fill with this thesis.
Overall, the excited-state structural relaxation of a chromophore and its dependence
on the model chosen to couple it to its surroundings is an issue still largely unex-
plored in computational spectroscopy. As we discuss later, our findings on rhodopsin
absorption open several questions on how this coupling should be described away
from the Franck-Condon region.

If we remain within a computationally affordable quantum-in-classical partition
scheme, the embedding model can for instance be improved by employing polariz-
able force fields (QM/MMpol) [34–37], which introduce classical induced dipoles to
take into account mutual polarization effects between the quantum and the classical
systems in the ground state and in response to the electronic excitation, thus going
beyond the frozen-environment approximation. In the state-specific formulation, one
induces the classical dipoles to minimize the polarization energy given by the clas-
sical part with respect to a certain electronic density of the quantum region, either
the one of the ground or the excited state. Therefore, there is not a unique external
potential for all the electronic states but it is possible to optimize the interactions
with a specific state. In the case of the simulation of light absorption, differential
electrostatic effects are fully included in computing the excitation energies with such
a scheme.

Such a formulation is clearly superior to point-charge embedding but only cap-
tures the electrostatic response of the environment in equilibrium with the chro-
mophore and still misses “resonance” effects, which would be recoverd in a quantum
formulation including coupled excitations chromophore-chromophore/environment-
environment. Perhaps naïfly, we were believing these contributions to be generally
relatively small, especially in a system like rhodopsin where the excitation is charac-
terized by large charge variations on the chromophore and the environment consists
of amino acids featuring energetically much higher excitations. We were mistaken
and we demonstrate so in this thesis exploiting a feature of polarizable classical em-
bedding that is not well known and sometimes poorly understood in literature: One
can use a polarizable classical set of dipoles (the same holds for the PCM) to mimic
this type of interactions. In a linear-response formulation, the dipoles respond not
to the change in electronic density of the chromophore but to the transition density
between the states involved in the excitation, generating a potential which effectively
couples the states on the chromphore and therefore introduces effects which are truly
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1 Introduction

non-classical. This approach recovers the resonant polarization effects of the envi-
ronment coupled to the excitation of the chromophore and does not account for elec-
trostatic relaxation effects, which are instead captured in the state-specific approach.
Importantly, it signals us the need of a treatment with goes beyond a description in
terms of the product of wave functions of the chromophore and the environment.
Finally, it also allow us to identify the amino acids which respond electrostatically
and/or resonantly, which, in rhodopsin, form a relatively large shell surrounding the
chromophores, too large for a purely quantum treatment using a high-level correlated
approach. In a real system, electrostatic and resonance effects of course coexist, con-
curring in the collective effects observed at the experimental level, and should be de-
scribed simultaneously in a simulation. A polarizable embedding in a state-specific
and a linear-response fashion allows us to recover them separately and to account for
them in an additive manner in the computation of the excitation energy.

If a complete quantum treatment is not possible for the system under study, it
remains an open question how to handle the excited-state structural optimization
of a chromophore in a complex environment. Should one use a state-specific or
a linear-response approach if we maintain a QM/MMpol description of the system?
Should these corrections contribute additively to the interatomic excited-state forces?
A recent study [38] using TDDFT in a PCM solvent has shown for a set of small
molecules that the excited-state geometries obtained in the state-specific and linear-
response schemes are rather similar. This finding is surprising and possibly due to the
particular choice of systems or to the TDDFT approach: A transition characterized by
a small oscillator strength and a large change in molecular dipole moment will give
a small correction in linear response and a significant differential polarization contri-
bution to the excitation energy. Therefore, one would expect the optimization to give
rather different excited-state structures in the two formulations. All of this clearly
shows that the issue is very open and requires more scrutiny with further benchmark
studies on prototypical systems as well as more problematic chromophores, focusing
not on vertical excitation energies but on more difficult points of the excited-state
PES of a molecule such as for instance near a conical intersection region. In this the-
sis, we have developed the needed tools in the framework of quantum Monte Carlo
methods which, together with the insight gained on the prototypical photoactive pro-
tein rhodopsin, will be instrumental in future studies to further explore the role of the
environment description on the structural relaxation in the excited state.

1.3 This thesis

In this thesis, we will deepen the discussion on the issues presented in the previous
Section, focusing on the results obtained with quantum Monte Carlo on the excited-
state geometry optimizations of prototypical molecules (in comparison with TDDFT
and other wave function-based methods) first in the gas phase and then in a PCM
solvent. We will subsequently illustrate how to model the environment more realis-
tically through charges and induced dipoles to describe light absorption of organic
chromophores and of a complex photoactive protein, comparing static and polariz-
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1.3 This thesis

able embedding conditions.
In Chapter 2, we present the different theoretical methods we use and also fur-

ther develop in this work. We describe the basic principles behind wave-function
based approaches, focusing on the continuum quantum Monte Carlo methods and on
the multi-reference perturbation techniques that are most commonly used for the cal-
culation of excited-state properties of (bio)molecular systems. In addition, we give
a brief overview of density functional theory and its extension to the treatment of
excited states, namely, time-dependent density functional theory.

In Chapter 2, we also describe the general features of different multiscale ap-
proaches. We begin with the polarizable continuum model (PCM) [39, 40], which
provides a simplified description of the environment as a classical dielectric around
a molecule and which we here combine with QMC for the structural optimization of
solvated molecules in the excited state. The presence of this polarizable continuum
medium is simulated through a distribution of point charges placed on the surface
of a cavity formed by a set of interlocking spheres centered on the atoms. Their
magnitude is determined by the dielectric constant of the medium and by the charge
density of the molecule enclosed in the cavity. Despite its simplicity, this model is
very useful to represent the bulk mean effects of a solvent but cannot account for
specific interactions between a molecule and its surroundings.

In coupling quantum mechanics to treat a photoactive system and classical me-
chanics to represent the environment, one can attempt to achieve a more realistic
description, preserving the discrete nature of the environment in a so-called quantum-
mechanics-in-molecular-mechanics approach (QM/MM). This replaces the atoms of
the embedding system with point charges which perturb the chromophore via their
external electric field [3, 4, 41]. This embedding scheme is widely used in compu-
tational chemistry and can be very effective in recovering ground-state effects but,
in the study of excited states, is sometimes rather inaccurate since the perturbation
induced by the external field is the same for all states of interest. The application of
this approach to excited states can be improved by including also atomic polarizable
dipoles [34–36]. This allows a more flexible description of the quantum-classical
interactions and the use of state-specific dipoles to account for the relaxation of the
environment upon excitation of the chromophore often leads to significant improve-
ments with respect to static QM/MM embedding. The nature of the effects captured
by this polarizable scheme will be the focus of the last two Chapters.

In Chapter 3, we begin with a gas-phase study to assess the quality of the excited-
state geometries computed with several electronic structure methods for small proto-
typical chromophores. This comparison serves a double purpose. First, we want to
investigate the performance of the simplest flavor of QMC (variational Monte Carlo)
in optimizing excited-state structures and its robustness with respect to the various
ingredients entering the trial wave function. Thanks to recent developments, the effi-
cient computation of energy gradients in QMC has become possible [42, 43] but rel-
atively few applications have appeared so far in the literature. QMC has in fact been
extensively employed in the study of ground-state properties and, more recently, our
group has pushed its development and application to the computation of excitation
energies of prototypical chromophores [30,32,44–48]. Its use for the optimization of
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1 Introduction

excited-state geometries is new and a thorough comparison with other popular cor-
related approaches is therefore timely. In addition, with this study, we want to offer
a reliable benchmarking set of optimal excited-state geometries which can be used
as reference in the development of novel DFT functionals targeting excited states.
With relatively few exceptions [21–23, 49], the benchmarking of TDDFT has so far
focused on the calculations of vertical excitation energies, also in part due to the lack
of good comparison data for structural parameters.

In this Chapter, we confirm the reliability of QMC in the calculation of molecu-
lar gradients, showing that the ground- and excited-state QMC geometries agree very
well with those computed with different perturbation approaches. Furthermore, the
QMC estimates are very robust as compared to these perturbation techniques, which
are sometimes rather sensitive to the computational parameters entering the calcula-
tion. This good performance combined with the favorable scaling with system size –
a mereO(N4) with the number of electrons N – renders this method particularly ap-
pealing for the structural optimization of larger molecules, especially in cases where
other methods are inaccurate or not reliable. Finally, our calculations well illustrate
the inadequacy of TDDFT in predicting structural changes in the excited state if the
optimization brings us far from the Franck-Condon region. The spread in the TDDFT
structures obtained with the different exchange-correlation functionals is also rather
large and does not reveal any clear relation between a particular family of functionals
and the quality of the corresponding optimized structures as illustrated in Figure 1.2.
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Figure 1.2: Comparison of the maximum absolute deviations (Å) of the optimal
excited-state geometries of the molecules depicted above, computed with wave-
function-based methods (left) and TDDFT (right) with respect to the optimal ge-
ometries optimized within QMC.

Strong of the findings of Chapter 3, we combine for the first time QMC with
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1.3 This thesis

the polarizable continuum model to perform excited-state geometry optimization
in solution in Chapter 4. In our implementation, the external field of the contin-
uum medium, representing here the bulk of a water solution, is determined self-
consistently with the molecular wave function during the QMC optimization of the
solute geometry. The spheres that define the cavity follow the atoms of the solute
during the optimization. Our interest here is to develop a computational tool in the
framework of QMC methods, which will allow us to gain a “quick” qualitative un-
derstanding in future applications of how a photoexcited chomophore responds struc-
turally to the presence of a medium. Furthermore, no benchmark data exist to assess
the quality of the response of the excited-state structures computed with TDDFT to
the presence of an environment, not even modeled with the simplest PCM model.
In this Chapter, we show that all investigated TDDFT functionals overestimate the
excited-state geometrical response to the presence of a solvent, sometimes giving
bond variations opposite in trend to QMC.

In Chapter 5, we abandon the topic of geometry optimization and focus on mod-
eling absorption properties in a more realistic discrete representation of a responsive
environment. This diversion was prompted by the difficulties we encountered in re-
cent years to reproduce the experimental absorption maxima of various photoactive
proteins when employing a static QM/MM point-charge description. While intended
as a first step in the study of structural relaxation in photoexcited rhodopsin, this
project has become the center of my thesis and will be the focus of the last two
Chapters. In Chapter 5, we develop a hybrid scheme of QMC in classical charges
and polarizable dipoles (QMC/MMpol) and investigate the ability of such a mul-
tiscale method to describe the excitations of two small representative molecules,
namely, methylenecyclopropene and s-trans acrolein in water solution. To do so,
we move in two directions: On the one hand, in the same spirit of the previous
Chapters, we employ a variety of electronic structure techniques to treat the quantum
solute. On the other hand, we analyze the dependence of the results on the different
formulations chosen to model the environment. In particular, we show that static
point-charge embedding does not recover important physical effects present in the
solute-solvent coupling. This embedding can be effectively improved if the dipoles
are self-consistently brought to equilibrium with the electronic density of the differ-
ent states. In this framework, the classical part perturbs the quantum subsystem and
in turn responds to the variations of its electronic distribution upon photoexcitation
of the quantum part. Mathematically, this means that the Schrödinger equation for
the quantum subsystem is coupled with the classical equation that determines the ex-
ternal potential and one has to solve the two problems iteratively, as schematized in
Figure 1.3.

Using such an embedding method, we can investigate different polarization con-
ditions to identify the nature of the solute-solvent coupling. A first option is to opti-
mize the dipoles with respect to the ground-state solute density, and then compute the
excitation energies in the field of this improved, yet frozen, environment. A second
possibility is to determine two different external potentials by generating two sets of
dipoles, separately equilibrated with the two states involved in the electronic transi-
tion, thus recovering the response of the environment to the excitation. The compar-
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1 Introduction

Figure 1.3: Schematic representation of the self-consistent cycle between the solute
wave function and the external potential. H0 represents the Hamiltonian of the iso-
lated molecule in the field of the static point charges.

ison of these results with supermolecular calculations, where both solute and solvent
are treated quantum mechanically, reveals that state-specific embedding produces
superior results than the use of a frozen environment (point charges or ground-state
optimized dipoles), in particular, when the chromophore exhibits a large variation
of the molecular dipole moment between ground and excited state and the solute-
solvent coupling is dominated by electrostatic effects.

With this superior tool to treat polarization when a point-charge description of
the environment is not adequate, in Chapter 6, we move to the difficult case of light
absorption in rhodopsin. Rhodopsin is the opsin responsible for dim-light vision in
humans and belongs to the family of visual opsins [50–53]. Most opsins share the
same photosentive component, namely, the 11-cis retinal, which is covalently linked
to the backbone of the protein via an imine bond with the adjacent lysine residue, thus
creating the retinal protonated Schiff base (RPSB) chromophore (see Figure 1.4).

Even though they share the same chromophore, the proteins belonging to the
opsin family absorb over a wide range of frequencies. In humans, for instance,
rhodopsin absorbs at 500 nm, while the other photoreceptors for color vision ab-
sorb around 425 nm (blue), 530 nm (green), and 560 nm (red). For other animals, the
spectral coverage can span a much wider range, from 300 to 700 nm [54]. This effect,
called opsin shift, is the result of many specific interactions between the chromophore
and the protein environment, which have been intensively studied both experimen-
tally and theoretically but whose nature is still to be clarified [55]. Qualitatively, two
opposite effects are present. As shown in Fig. 1.4, the negative counterion placed in
the proximity of the positive nitrogen of RPSB stabilizes its ground state more the ex-
cited state, thus inducing a blue-shift of the excitation with respect to the gas phase.
The excited state is in fact characterized by charge migration from the β−ionone
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1.3 This thesis

Figure 1.4: Retinal protonated Schiff base (RPSB) chromophore with atomic labels
(top) and RPSB in its protein environment (bottom). We also show the position of
the counterion glutamic acid.

ring towards the nitrogen atom, which is opposed by the repulsive interaction with the
electronic density of the counterion. This strong blue-shift is modulated by the rest of
the environment and partially quenched. Although such a picture is widely accepted,
the quantification of the different effects is very challenging leading to controversial
results and very different estimates. In this Chapter, we want to understand the ori-
gin of these effects and answer some fundamental questions: Is electrostatic coupling
dominant as implicitly assumed when adopting a multiscale quantum-in-classical de-
scription? Are there more suitable quantum interactions we are neglecting? While
most rhodopsin studies in the literature have employed static point charges, we an-
swer here these questions using a polarizable embedding QM/MMpol scheme. This
powerful and flexible approach allows us to quantify the role in color tuning of the
different amino acids in the binding pocket of RPSB as well as the nature of their
interactions: The chromophore and the protein can be made to interact following
different schemes which recover different physical effects and can also also mimic a
coupling which is not purely electrostatic and, therefore, in principle not amenable
to a classical description.

For several frames extracted from a QM/MM molecular dynamics to account for
temperature effects, we compute the excitation energies in the field of dipoles polar-
ized to the ground state or in a state-specific fashion. Furthermore, we induce the
classical dipoles within linear-response theory as responding to the RPSB transition

11



1 Introduction

density associated to the electronic transition. The excitation energies obtained with
different quantum methods consistently show that the use of point charges is respon-
sible for a strong blue-shift, which is further enhanced when a frozen environment
of dipoles equilibrated with the ground state of RPSB is used, as a consequence of
the further stabilization of the ground state with respect to the excited state. As ex-
pected given the large density difference between the ground and the excited state
of RPSB, accounting for differential polarization effects inverts this trend, yielding
a red-shift. Nevertheless, the inclusion of electrostatic differential polarization does
not account for the complete description of the chromophore-protein coupling. The
use of dipoles induced in the linear-response regime in resonance with the transition
dipole moment of RPSB has also a large impact on the excitation energies, indicating
that non-classical, resonant interactions between RPSB and several amino acids in its
environment are important. When this effect is accounted for together with the elec-
trostatic response of the environment to the excitation, we obtain excitation energies
in good agreement with the experimental absorption maximum of rhodopsin.
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Chapter 2

Theoretical Methods

2.1 Introduction

In this thesis, we employ a wide range of electronic structure methods to study
the ground and the excited states of systems of variable complexity, ranging from
isolated prototypical chromophores to light-sensitive molecules in realistic environ-
ments such as solutions and proteins. While small isolated molecules can be treated
at a high level of theory, large embedded chromophores in a medium impose the
use of computationally cheaper and more approximate approaches. Here, we will
focus on multiscale approaches combining a quantum treatment of the molecule(s)
primarily responsible for the response to light with a classical description of the en-
vironment. The main issues explored relate to how to define and develop the best
computational strategy to combine accuracy and efficiency in such a multiscale cal-
culation of excited states. To this aim, we will compare the results obtained using
a variety of quantum methods for the photoactive site in combination with different
lower-level descriptions of the environment. Whenever feasible, we will assess the
quality of the multiscale results against supermolecular reference calculations, where
the full system is treated quantum mechanically.

In this chapter, we briefly describe the theoretical methods employed in this the-
sis. In particular, we will summarize the formalism of multi-configurational self-
consistent field (MCSCF) as well as its perturbative extensions, the quantum Monte
Carlo (QMC) method, density functional theory (DFT), and time-dependent DFT
(TDDFT). Likewise, we will explain how to couple these quantum methods with a
classical description of the environment via a quantum mechanics-in-molecular me-
chanics (QM/MM) scheme and its polarizable variant (QM/MMpol).

2.2 Quantum Mechanical Calculations

All our calculations are carried out in the Born-Oppenheimer approximation [1, 2]
and neglecting relativistic effects so that a system of N interacting electrons is de-
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scribed by the Hamiltonian (in atomic units):

H = −1

2

N∑
i=1

∇2
i +

N∑
i=1

vext(ri) +
N∑
i<j

1

|ri − rj|
, (2.1)

The external potential, vext(ri), is either the bare electron-ion Coulomb potential
−Z/r where Z is the charge of the ion, or a pseudopotential describing the ion plus
the core electrons which have been eliminated from the calculation. In the following,
we denote with x = (r, σ) the 3 spatial and 1 spin coordinates of one electron where
σ = ±1.

2.2.1 Traditional Quantum Chemistry Methods
The simplest way to approximate the wave function of a multi-electron system, Ψ, is
to express it as a single Slater determinant built from a set of variationally optimized
single-particle spin orbitals, {Φi}. In this approach, known as the Hartree-Fock ap-
proximation (HF) [1, 2], the wave function is written as

ΨHF(x1, . . . ,xN) =
1√
N !

∣∣∣∣∣∣∣∣∣
Φ1(x1) Φ1(x2) · · · Φ1(xN)
Φ2(x1) Φ2(x2) · · · Φ2(xN)

...
...

...
...

ΦN(x1) ΦN(x2) · · · ΦN(xN)

∣∣∣∣∣∣∣∣∣ ,
and the single-particle spin orbitals minimize the expectation value of the interact-
ing Hamiltonian. By expressing the spin-orbitals as the product of a spatial and a
spin function, Φi(x) = φi(r)χsi(σ), the minimization of the energy associated to
the Hartree-Fock determinant leads to the generalized Fock equation for the spatial
orthonormal orbitals

f(i) |φi〉 =
N∑
j=1

εij |φj〉 , (2.2)

where the sum runs over the occupied orbitals and f is the mono-electronic Fock
operator,

f(i) = −1

2
∇2
i + vext(i) + vHF(i). (2.3)

The Hartree-Fock potential, vHF, represents an effective potential experienced by
one electron due to the presence of the other electrons. Therefore, the essence of
the Hartree-Fock approximation is to replace the interacting many-electron problem
with a set of independent particles in a mean field. The Hartree-Fock potential can
be written as the sum of two terms, that is, the local Coulomb electrostatic potential,
vCoul, and the non-local exchange potential, vHF

x :

vCoul(r) =
N∑
j=1

∫
|φj(r′)|2

|r− r′|
dr′ (2.4)

(vHF
x φi)(r) = −

N∑
j=1

δsi,sj

[∫
φ∗j(r

′)φi(r
′)

|r− r′|
dr′
]
φj(r). (2.5)
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Since the Hartree-Fock wave function, its energy, and the Fock operator are invariant
under a unitary transformation of the occupied orbitals, there is not a unique set of
orbitals satisfying Equation (2.2): A unitary transformation of the orbitals which are
solution of this equation produces a new set of orbitals satisfying the same equation.
It is however convenient to choose the unitary transformation that diagonalizes the
matrix with elements εij . The orbitals giving a diagonal representation of the Fock
operator are called canonical orbitals and the diagonal elements εi can be interpreted
through Koopmans’ theorem with the physically meaningful ionization energies of
the system in the additional approximation that the orbitals do not relax when an
electron is removed or added to the system [3]

The solution of a HF problem entails starting from a set of guess orbitals, de-
termining the HF potential for these orbitals, and repeating the procedure until self-
consistency. The molecular orbitals are expanded as a linear combination of atomic
orbitals (LCAO) centered on the nuclear positions:

φi(r) =
nuclei∑
µ

∑
j

aµji ηjµ(r− rµ) , (2.6)

where rµ denotes the position of a nucleus, and the minimization is performed with
respect to the LCAO coefficients, aµji. In most quantum chemistry codes, a Gaussian
atomic basis is used:

η(r) = xmynzk exp (−αr2) , (2.7)

as this choice allows all integrals to be computed analytically.
The difference between the exact energy E and the HF energy is called the cor-

relation energy, Ecorr = E − EHF. The correlation energy is often considered as
the sum of two contributions, that is, static correlation, which is linked to the in-
sufficiency of a single-reference wave function, and dynamical correlation, which
captures repulsion of the electrons beyond the mean-field approximation.

Post Hartree-Fock Methods

One route to recover the missing correlation energy is to expand the wave function
in a linear combination of Slater determinants constructed from a set of orthonormal
single-particle orbitals and with an occupation pattern (configuration) different from
the Hartree-Fock one, thus obtaining a multireference wave function. In the con-
figuration interaction (CI) approach, the wave function is obtained by considering
excitations out of the reference HF determinant to a set of virtual orbitals as

ΨCI = c0DHF +
∑
ab

ca→bD
a→b +

∑
abcd

cab→cdD
ab→cd + . . . , (2.8)

where Da→b denotes a single excitation where the occupied orbital a in the HF deter-
minant is substituted with the virtual orbital b. Similarly, Dab→cd indicates a double
excitation from a and b to the virtual orbitals c and d. Given a basis set for the
expansion of the molecular orbitals, the full configuration interaction (full CI) ex-
pansion includes every possible configuration obtained by exciting up to N electrons
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in the unoccupied orbitals. In practice, full CI is only feasible for relatively small
systems and basis sets since the number of determinants in such an expansion grows
exponentially with N . One then truncates the expansion to a low level of excitation
including the most important configurations: For example, CISD (configuration in-
teraction singles and doubles) only includes single and double excitations and the
scaling is reduced to N6.

If we denote with Ci a spin- and space-adapted configuration state functions
(CSF) (i.e. a fixed linear combination of determinants with proper spin and space
symmetry), we can rewrite a CI expansion as

ΨCI =
K∑
i=1

ciCi , (2.9)

and, by applying the variational principle, obtain the secular equations for the coeffi-
cients ci:

K∑
j=1

〈Ci|H|Cj〉c(k)
j = E

(k)
CI

K∑
j=1

〈Ci|Cj〉c(k)
j , (2.10)

where 〈Ci|Cj〉 = δij as the orbitals are orthonormal.
For a CI expansion (and any linear expansion on a basis set), the solution of these

secular equations yields an approximation not only to the ground-state but also to
the excited-state wave functions and corresponding energies. The variational prin-
ciple guarantees that the energy E

(0)
CI of the approximate ground-state wave func-

tion is an upper bound of the exact ground-state energy, E0. Similarly, for excited
states which are orthogonal to the ground state and to each other, the Hylleraas-
Undheim-McDonald’s theorem states that the approximate solutions with energies
E

(1)
CI ≤ . . . ≤ E

(K)
CI satisfy

Ei ≤ E
(i)
CI , (2.11)

where Ei are the exact energies of the eigenstates of the HamiltonianH.
In the multi-configurational self-consistent field (MCSCF) approach, one min-

imizes the energy not only with respect to the linear coefficients ci but also the
LCAO coefficients aji. The complete-active-space self-consistent field (CASSCF)
approach is a particular type of MCSCF calculation, where n electrons are distributed
over a set of m active orbitals, whose occupancy is allowed to vary. The resulting
CASSCF(n,m) calculation is equivalent to a full CI calculation for n electrons in m
orbitals, except that also the orbitals are now optimized to minimize the total energy.
In a typical CASSCF calculation, outside the active space, there is a set of inactive
orbitals that are always doubly occupied, and a set of virtual orbitals that are always
unoccupied. The inactive and virtual orbitals will be important in the multireference
perturbation methods described later.

If one is interested in obtaining several states of the same symmetry, it is custom-
ary to use a state averaged (SA) MCSCF approach to avoid root-flipping problems in
the optimization of the LCAO coefficients. In a SA calculation, the weighted average
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of the energies of the states of interest is optimized:

ESA =
∑
I

wI
〈ΨI |H|ΨI〉
〈ΨI |ΨI〉

, (2.12)

where
∑

I wI = 1 and the states are kept orthogonal through the CI coefficients. The
optimization yields a common set of orbitals and the different states differ only in
their CI coefficients.

The most important and delicate step in a MCSCF/CASSCF calculation is the
selection of the active space, which requires a fair amount of knowledge of the system
under study and is rather time-consuming since a great number of trial calculations
is often necessary. Furthermore, MCSCF/CASSCF calculations recover only a small
part of the correlation energy as relatively small expansions are considered, providing
only a limited description of static correlation.

2.2.2 Perturbation theory
Rayleigh-Schrödinger perturbation theory (RSPT) can often be successfully applied
to improve the results obtained at a certain level of theory, such as Hartree-Fock or
MCSCF. The perturbation approach is based on the partition of the total Hamiltonian
of the system,H, into a zero-order Hamiltonian,H(0), and a perturbation operator V ,
so that

H = H(0) + V . (2.13)

In this framework, the total wave function, |Ψ〉 and the corresponding energy, E, can
be written as convergent series expansions:

|Ψn〉 =
∞∑
i=0

∣∣Ψ(i)
n

〉
(2.14)

En =
∞∑
i=0

E(i)
n , (2.15)

where the superscript i is the index of the perturbation order and the subscript n refers
to an electronic state. To improve the convergence properties of the perturbation
series, the zero-order wave function and its corresponding energy should give a good
description of the electronic state under analysis. This means that the zero-order
Hamiltonian should be as close as possible to the total Hamiltonian thus reducing the
role of the perturbation. For any given partition of the Hamiltonian, the following
equations hold

E(0)
n + E(1)

n =
〈
Ψ(0)
n |H|Ψ(0)

n

〉
, (2.16)

E(2)
n =

〈
Ψ(0)
n |H|Ψ(1)

n

〉
. (2.17)

Using the expression of the first-order correction to the wave function,

|Ψ(1)
n 〉 = −

∑
k 6=n

|Ψ(0)
k 〉
〈Ψ(0)

k |H|Ψ
(0)
n 〉

E0
k − E0

n

, (2.18)
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the second-order perturbation correction to the energy becomes

E(2)
n = −

∑
k 6=n

∣∣∣〈Ψ(0)
k |H|Ψ

(0)
n 〉
∣∣∣2

E0
k − E0

n

. (2.19)

The definition of the perturbation theory is complete once we have decided on
the zero-order wave function and Hamiltonian. When the zero-order wave function
is chosen to be a Hartree-Fock determinant, the application of RSPT bears the name
of Möller-Plesset perturbation theory (MP2). In this case, the zero-order Hamiltonian
is defined as the sum of the Fock operators for all the electrons,H(0) =

∑
i f(i), and,

assuming a set of canonical orbitals, the zero-order energy is given by the sum of the
orbital energies.

If we take a MCSCF wave function to be the zero-order wave function, we ob-
tain the multi-reference perturbation theory (MRPT). In this framework, there is no
unique definition of the zero-order Hamiltonian and different choices can be made,
obtaining different formulations of the same perturbation theory, which are often
characterized by rather different properties. The general idea is to include at the
perturbation level the possible excitations not present in the MCSCF wave function,
thus generating the eigenstates of the zero-order Hamiltonian (also called perturba-
tion functions) that interact with the reference MCSCF wave function via the total
Hamiltonian. The first-order wave function and the second-order correction to the
energy are then computed following Equations (2.18)-(2.19).

CASPT2 and NEVPT2

One of the most popular and employed perturbation approaches, especially in the
context of excited-state calculations, is the complete-active-space perturbation theory
(CASPT2) [4, 5]. In this theory, the zero-order wave function is the CASSCF wave
function of the state of interest and the perturbation states (i.e. the other zero-order
wave functions) are generated by single and double replacements in the CAS wave
function. Only these replacement states couple to the zero-order CAS wave function
in the calculation of the second-order energy. The resulting excited determinants in-
clude, for instance, excitations of one electron from the inactive to the active orbitals,
or from the active to the virtuals and all the other possible combinations.

The zero-order Hamiltonian is defined through a generalized one-electron Fock
operator projected onto the vector space spanned by the CASSCF wave function and
by the perturbation states:

H(0) = P0FP0 + PSDFPSD , (2.20)

where P0 is the projector on the one-dimensional space of the CAS state of interest
and PSD is the projector on the space of the wave functions generated by single and
double replacements in the CAS wave function. The Fock operator, F , is defined as

F =
∑
p,q

(F)pqa
†
paq , (2.21)
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where a†p and aq are the creation and the annihilation operator acting on orbital p and
q, respectively, which can be either inactive, active or virtual. The generalized Fock
matrix has elements Fpq given by

(F)pq = hpq +
∑
r,s

(D)rs[〈pr|qs〉 −
1

2
〈pq|rs〉] , (2.22)

where hpq is the core-Hamiltonian matrix and (D)rs is the CASSCF one-particle den-
sity matrix. This definition recovers the MP2 approach in the limit of a closed-shell
mono-determinantal wave function. The Fock matrix consists of 3× 3 blocks corre-
sponding to the subspaces of the inactive, active, and virtual CASSCF orbitals. The
operator F can be further simplified by separately diagonalizing the three diagonal
blocks of the matrix F. This operation is possible thanks to the invariance of the
CASSCF space upon unitary transformation of the optimal orbitals within the sep-
arate subspaces. The elements of the Fock matrix after this orbital rotation become
then Fpq = δpqεp if p and q belong to the same orbital space.

To understand the behavior of this zero-order Hamiltonian, it is convenient to
rewrite the diagonal elements of the Fock operator as

(F)pp = −1

2
[(D)pp(IP)p + (2− (D)pp)(EA)p] , (2.23)

where (D)pp is the occupation of the p orbital and the symbols (IP)p and (EA)p de-
note the ionization potential (IP) and electron affinity (EA) computed by adding or
removing one electron from the p orbital in the CAS state. For doubly occupied and
empty orbitals, (F)pp becomes the IP and the EA energy, respectively. For the active
orbitals with a variable occupation number, the diagonal terms of the Fock matrix
correspond instead to a weighted average of the two quantities. This feature of the
Fock operator is undesirable because it overstabilizes the more open-shell configu-
rationis (when active orbitals are involved in the excitation) leading to denominators
in Eq. 2.19 that are too small. What one would prefer is that (F)pp = −(IP) for
excitations from a partially occupied orbital, and (F)pp = −(EA) for excitation into
a partially occupied orbital. To cure this behavior, a shift is introduced in the de-
nominators as σEA

p = 1
2
(D)pp[(IP)p − (EA)p] for an excitation into orbital p and

σIP
p = −1

2
(2− (D)pp)[(IP)p − (EA)p] for an excitation out of that orbital. Since the

evaluation of (IP)p − (EA)p is not straightforward, a semi-empirical value for this
quantity has been determined and set equal to 0.25 a.u. [6], which is often refered to
as the IPEA shift in this thesis.

Beside the CASPT2 method, another MRPT has recently been formulated and
successfully applied to systems requiring a multireference treatment of the wave
function. This method is called the n-electron valence-state perturbation theory
(NEVPT2) [7, 8] and, differently from CASPT2, makes use of the Dyall’s Hamil-
tonian [9] to defineH(0). The Dyall’s Hamiltonian,HD, is equivalent to the Fock op-
erator used in CASPT2 in the core and virtual spaces (HD

i ) but contains bi-electronic
contributions within the active space (HD

a ). Assuming the use of canonical orbitals,
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the Dyall’s Hamiltonian has the following form:

HD = HD
i +HD

a

HD
i =

occ∑
i

εia
†
iai +

virt∑
r

εra
†
rar + C

HD
a =

act∑
ab

heff
aba
†
aab +

1

2

act∑
abcd

〈ab|cd〉 a†aa
†
badac , (2.24)

where εi and εr are orbital energies corresponding to the canonical orbitals, heff
ab rep-

resents an averaged interaction between the active electrons and the core ones, and
C is an appropriate constant ensuring that HD is equivalent to the total Hamiltonian
within the CAS space [8]. Similarly to Equation 2.20, the zero-order Hamiltonian in
NEVPT2 is given by

H(0) = P0HDP0 + PSDHDPSD . (2.25)

The use of HD in the definition of the zero-order Hamiltonian guarantees a more
balanced treatment of the zero-order reference wave function and of the perturba-
tion functions: Dyall showed that the usage of zero-order energies deriving from
a one-electron operator introduces a bias in the energy calculation (resulting in the
problems discussed above for the CASPT2 formulation) since the zero-order refer-
ence wave function properly takes into consideration the bi-electronic interactions
occurring among the active electrons whereas in the perturbation functions these in-
teractions are neglected [9]. The introduction of the bi-electronic interactions in the
zero-order Hamiltonian leads, of course, to a higher computational cost, but removes
the necessity of introducing a semiempirical correction such as the IPEA shift. An-
other important consequence is that the occurrence of intruder states is significantly
reduced in NEVPT2 with respect to CASPT2. The term “intruder state” is used to
identify perturbation states with a zero-order energy close to the reference energy,
which creates a singularity in the expansion of the second-order correction to the
energy. This is a common problem of the MRPT based on a mono-electronic zero-
order Hamiltonian. In CASPT2, a partial solution is achieved with the introduction
of an imaginary level shift in the denominators of the perturbation series, which will
remove the intruder states without affecting the zero-order energies of the other per-
turbation functions [10, 11].

2.2.3 Density Functional Theory

Density functional theory (DFT) [12] is an alternative to wave-function-based meth-
ods, which is very widely employed due to its favorable scaling with system size,
allowing the treatment of very large molecular systems. The key quantity in the DFT
formalism is the electronic density, ρ(r), a 3-dimensional function, instead of the 3N-
dimensional many-body wave function. The Hohenberg-Kohn theorem [13] lays the
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fundations of DFT and states that the ground-state electron density uniquely deter-
mines the external potential and, therefore, the wave function together with all expec-
tation values. Unfortunately, the mapping functional is unknown and must therefore
be approximated. In practical DFT applications, one relies on the Kohn-Sham the-
orem [14], which maps the interacting system of electrons to a non-interacting one
with the same ground-state density, and results in the simple single-particle equa-
tions: [

−1

2
∇2 + veff ([ρ] ; r)

]
φi = εiφi, (2.26)

where the electronic density is constructed by summing over the N occupied orbitals:

ρ(r) =
N∑
i=1

|φi(r)|2 . (2.27)

The effective Kohn-Sham potential is given by

veff ([ρ] ; r) = vext(r) +

∫
ρ(r′)

|r− r′|
dr′ + vxc ([ρ] ; r) , (2.28)

where vext(r) is the external potential. The exchange-correlation potential vxc ([ρ] ; r)
is the functional derivative of the exchange-correlation energy, Exc [ρ], that enters in
the expression of the total energy:

E = −1

2

N∑
i=1

∫
φi∇2φi dr +

∫
ρ (r) vext (r) dr

+
1

2

∫ ∫
ρ(r)ρ(r′)

|r− r′|
dr dr′ + Exc [ρ] . (2.29)

Even though Equation 2.29 is in principle exact, the exchange-correlation functional
is the aforementioned unknown component of DFT in an actual calculation.

Approximate Exchange-Correlation Functionals

Many approximate exchange-correlation functionals are available in the literature [15]
and recent years have seen a proliferation of new functionals, sometimes even de-
signed for the study of specific properties. In this thesis, we employ the local density
approximation (LDA), various generalized gradient approximation (GGA), hybrid,
meta-hybrid, and long-range corrected (LC) functionals.

The simplest functional form is given by the local density approximation:

ELDA
xc [ρ] =

∫
ρ(r)εhom

xc (ρ(r))dr, (2.30)

where εhom
xc (ρ) is the exchange-correlation energy per electron of a uniform electron

gas of density ρ. Thus, in the LDA, the exchange-correlation energy per electron
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of an inhomogeneous system at a spatial point of density ρ(r) is approximated as
the exchange-correlation energy per particle of the uniform electron gas of the same
density.

To improve upon LDA, the generalized gradient approximation (GGA) intro-
duces a dependence on the gradient (and possibly higher derivatives) of the density.
The general expression of a GGA functional is given by

EGGA
xc [ρ] =

∫
ρ(r) εGGA

xc (ρ(r), |∇ρ(r)| ,∇2ρ(r)) dr. (2.31)

We will employ the Perdew-Burke-Ernzerhof (PBE) [16] GGA functional in the
ground-state ab initio molecular dynamics simulations.

Hybrid functionals introduce an explicit dependence on the Kohn-Sham orbitals
by mixing in the functional a portion of exact exchange from Hartree-Fock theory:

EHF
x [ρ] = −1

2

N∑
i=1

N∑
j=1

δsi,sj

∫ ∫
φ∗i (r)φ

∗
j(r
′)φj(r)φi(r

′)

|r− r′|
dr dr′ . (2.32)

where the exchange energy is an implicit functional of the density since the Kohn-
Sham orbitals are themselves functionals of the density. The idea of mixing exact
exchange in the functional expression was introduced by Becke [17] based on the
adiabatic connection formalism (which constructs a path connecting the Kohn-Sham
non-interacting system with the interacting one, while keeping the density constant,
by linearly switching on the electron-electron interaction). The main benefit of in-
troducing a fraction of exact exchange is to decrease the so-called interaction error
of LDA and GGA functionals (for an exact functional, the exchange energy should
cancel the Hartree energy in the one-electron limit), which tends to favor too much
delocalized densities upon localized ones. One of the most widely employed hybrid
functional is B3LYP [18, 19], which combines LDA and the Becke-Lee-Yang-Parr
(BLYP) [20,21] GGA functional with 20% exact Hartree-Fock exchange. We use the
B3LYP functional for geometry optimization of isolated and solvated chromophores.

Meta-GGA functionals include also a dependence on the local non-interacting
kinetic density computed for the Kohn-Sham orbitals:

τ(r) =
1

2

∑
i

|∇φi(r)|2 . (2.33)

Meta-GGA functionals have also been extended to include exact exchange in the
so-called meta-hybrid functionals. The four M06 [22–25] functionals are a popu-
lar set of meta-GGA’s that differ mainly in the amount of exact exchange included:
M06-L (0%), M06 (27%), M06-2X (54%), and M06-HF (100% of exact exchange).
From this set, we use the M06-2X functional to optimize ground- and excited-state
geometries.

The last family of functionals that we present is the one of the long-range cor-
rected (LC) functionals [26], where the electron-electron interaction is split into a
short- and a long-range component as

1

r
=

1− g(r)

r
+
g(r)

r
, (2.34)
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where g(r) = erf(µr) is a standard choice. In the original LC scheme [27, 28],

Exc [ρ] = EHF,LR
x [ρ] + EDFA,SR

x [ρ] + EDFA
c [ρ] , (2.35)

where the the exact HF exchange energy is used for the long-range electron-electron
interaction (EHF,LR

x ), while the short-range interaction (EDFA,SR
x ) is treated with a

semi-local density functional approximation (DFA) [15, 28]. The parameter µ in the
error function controls the range of separation and a value in the range of 0.3–0.5 a.u.
is recommended [29]. In this formulation, the LC functionals include 0% of exact
exchange at short range and 100% at long range. In the more recent formulation of
the so-called Coulomb-attenuating method (CAM) [30], a fraction of HF exchange
is added at both ranges of separation:

Exc [ρ] = aEHF,SR
x [ρ] + bEHF,LR

x [ρ]

+ (1− a)EDFA,SR
x [ρ] + (1− b)EDFA,LR

x [ρ] + EDFA
c [ρ] , (2.36)

where EHF,SR
x is the HF exchange at short range and EDFA,LR

x is the DFA exchange
energy at long range. The popular CAM-B3LYP functional [30] follows this ap-
proach and uses short- and long-range versions of the B88 functional and the same
correlation functional used in B3LYP, including 19% exact exchange at short range
(a = 0.19) and 65% at long range (b = 0.65) with µ = 0.33 a.u. It has been observed
that the use of long-range corrected functionals can improve the well-known short-
coming of other functional forms in describing charge-transfer excitations within
time-dependent DFT.

Time-Dependent Density Functional Theory

A natural question arises whether one can use the energy functional formally devel-
oped in the context of a ground-state theory to compute excited states. Perdew and
Levy proved that, in the context of pure DFT [31], every extremum of the energy
functional corresponds to a stationary-state density. Unfortunately, they also showed
that not every stationary-state density is an extremum of the energy functional. Con-
sequently, the formal correctness of the use of a ground-state functional only holds
for a (small) subset of excited states. Currently, research effort in the development
of excited-state energy functionals is mainly focused on setting up a proper theoret-
ical formulation [32, 33] more than generating approximations which can be used in
practice.

At present, the most successful theoretical framework for extending DFT to the
treatment of excited states is time-dependent density functional theory (TDDFT) [34].
As in the case of DFT, while exact in principle, TDDFT depends on the use of
approximate exchange-correlation functionals alongside other approximations men-
tioned below. In analogy with the Hohenberg-Kohn theorem which is at the roots of
DFT, for time-dependent problems, the Runge-Gross theorem [35] proves the biuni-
vocal correspondence between an external time-dependent potential vext(r,t) and the
time-dependent electronic density, ρ(r,t). This leads to the development of a time-
dependent Kohn-Sham scheme, where the many-body time-dependent Schrödinger
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equation is replaced by a set of equations for non-interacting particles in a time-
dependent Kohn-Sham effective potential whose orbitals produce the same density
of the real system:[

−1

2
∇2 + veff ([ρ] ; r, t)

]
φi(r, t) = i

∂

∂t
φi(r, t). (2.37)

Therefore, the exact electronic density obtained with the Kohn-Sham orbitals is

ρ(r, t) =
N∑
i=1

|φi(r, t)|2 . (2.38)

The Kohn-Sham effective potential is given by:

veff ([ρ] ; r, t) = vext(r, t) +

∫
ρ(r′, t)

|r− r′|
dr′ + vxc ([ρ] ; r, t) . (2.39)

Importantly, this time-dependent exchange-correlation potential is a different func-
tional of the density than the ground-state one (Eq. 2.28), being the functional deriva-
tive of the exchange-correlation component of the action functional [35, 36].

Since the time-dependent exchange-correlation potential is unknown, some ap-
proximations are required. In the so-called adiabatic approximation, one considers
the exchange-correlation potential as local in time, meaning that it reacts instanta-
neously and without memory to any temporal change of the density:

vadiab
xc ([ρ]; r, t) = vgs

xc([ρ]; r)|ρ=ρ(r,t) , (2.40)

where vgs
xc is then chosen as a particular ground-state exchange-correlation poten-

tial. Since vgs
xc is a property of the ground state, this approximation should be more

appropriate for time-dependent systems where the density is not too far from the
ground-state one.

The most common application of TDDFT is the computation of the response to
the perturbation created by an optical field. Knowing the response of the system
to this time-dependent perturbation, it is possible to compute within TDDFT the
excitation energies of a molecule as the poles of the response function. To achieve
this, the key quantity is the linear density-response function, χ, that gives the change
in the density of the system subjected to a small perturbation in the external potential:

δρ(r, ω) =

∫
dr′χ(r, r′, ω) δvext(r

′, ω). (2.41)

The change in the density can also be expressed using the time-dependent Kohn-
Sham scheme as

δρ(r, ω) =

∫
dr′χKS(r, r′, ω) δveff(r′, ω). (2.42)

where χKS is the density response function for the non-interacting Kohn-Sham elec-
tron system, which we can write in the terms of the unperturbed time-independent
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Kohn-Sham orbitals. To connect the Kohn-Sham to the true response function, we
can start from the evaluation of the variation of the Kohn-Sham potential:

δveff(r, ω) = δvext(r, ω) +

∫
dr′
[

1

|r− r′|
+ fxc(r, r

′, ω)

]
δρ(r′, ω). (2.43)

Here, fxc([ρ]; r, r′, ω) is the Fourier transform of the exchange-correlation kernel:

fxc([ρ]; r, r′, t− t′) =
δvxc([ρ]; r, t)

δρ(r′, t′)
. (2.44)

Since, the variation of the Kohn-Sham density δρ(r, ω) is equal to the variation of the
real system, we can equate Eqs. 2.42 and 2.41, thus obtaining the following Dyson
equation of the true response function:

χ(r, r′, ω) = χKS(r, r′, ω) (2.45)

+

∫
dx

∫
dx′ χKS(r,x, ω)

[
1

|x− x′|
+ fxc(x,x

′, ω)

]
χ(x′, r′, ω).

The response of the interacting system can be obtained via a self-consistent solution
if the exact exchange-correlation kernel is known. However, achieving a complete
numerical solution of this equation is rather difficult. Instead, one exploits the fact
that the excitation energies of the interacting system correspond to the poles of the
density-response function, χ. The Kohn-Sham response function χKS has instead
poles that coincide with the non-interacting excitation energies, which are given by
the difference of Kohn-Sham eigenvalues.

By employing a sequence of algebraic manipulations, linear-response TDDFT is
usually expressed in the form of the so-called Casida’s equations [37], which is the
form used in most quantum chemistry codes. The poles of the response function,
Ω = Em − E0, are obtained as solutions of a non-Hermitian eigenvalue problem:[

A B
B A

](
~X
~Y

)
= Ω

[
−1 0
0 1

](
~X
~Y

)
, (2.46)

where the matrices A and B are defined as:

Aia,i′a′ = δii′δaa′(εa − εi) +Kia,i′a′ ,

Bia,i′a′ = Kia,a′i′ = 〈ia′|ai′〉+ 〈ia′|fxc|ai′〉 . (2.47)

The excitation energies are given by the eigenvalues, while the oscillator strengths
can be computed from the eigenvectors.

TDDFT is widely employed in the computation of excited-state properties of
large molecular systems thanks to its favorable scaling of approximately O(N3).
Nevertheless, it is important to bear in mind that approximate linear-response TDDFT
has various limitations [34]. In particular, it is not suitable to describe excited states
with strong multi-configurational character and suffers for the underestimation of
charge-transfer excitations [38–40]. This last limitation, however, is largely cured by
the use of range-separated functionals. In this work, we will make use of TDDFT ei-
ther to optimize excited-state geometries or to compute excitation energies in single-
point calculations, and assess the quality of these results by comparing them with
those obtained from wave function-based approaches.
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2.2.4 Quantum Monte Carlo Methods
In this thesis, we will extensively use continuous quantum Monte Carlo methods [41],
in particular, variational (VMC) and diffusion (DMC) Monte Carlo, to compute
excited-state properties of various molecular systems. QMC methods are also wave
function based but, differently from traditional quantum chemistry methods, provide
a stochastic (approximate) solution of the Schrödinger equation. Thanks to the use
of sampling Monte Carlo techniques, QMC benefits from a great freedom in the
choice of the functional form of the many-body wave function, which can for in-
stance explicitly depend on the electron-electron distances. The scaling of QMC is
also rather favorable with the number of electrons (a mere N4) and the method is
therefore particularly appealing if one aims at treating at the correlated level a fairly
large molecular system, which might be too expensive for other approaches such as
CASSCF or MRPT.

Variational Monte Carlo

The variational Monte Carlo method is the simplest flavor of QMC that uses Monte
Carlo techniques to evaluate the expectation value of an operator on a given wave
function. Let us assume for example that we have a trial wave function ΨT and that
we are interested in computing the expectation value of the HamiltonianH:

EV =

∫
Ψ∗T(R)HΨT(R)dR∫
Ψ∗T(R)ΨT(R)dR

, (2.48)

where we denote with R the 3N electron coordinates. This expectation value can be
rewritten as

EV =

∫
|ΨT(R)|2[ΨT(R)−1HΨT(R)]dR∫

|ΨT(R)|2dR
=

∫
ρ(R)EL(R)dR , (2.49)

where

ρ(R) =
|ΨT(R)|2∫
|ΨT(R)|2dR

, (2.50)

and the local energy is defined as

EL(R) =
HΨT(R)

ΨT(R)
. (2.51)

In these equations, the function ρ(R) is a positive quantity, integrates to one, and
can therefore be interpreted as a probability distribution. Consequently, to compute
the integrals, we can resort to classical Monte Carlo techniques and sample a set of
configurations {Rm} in the 3N dimensional space of electrons, distributed according
to ρ(R). The expectation value can then be estimated as an average of the local
energy EL(R) evaluated on these configurations:

EV ≈
1

M

M∑
m=1

EL(Rm) (2.52)
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This derivation is valid for any operator O diagonal in space representation.
For the realistic molecular systems studied here, the square of the trial wave func-

tion is a complicated function in a high-dimensional space and its normalization is
not easy to compute. Therefore, we cannot use direct sampling techniques but em-
ploy the classical Metropolis algorithm [42] to generate a sequence of configurations
{Rm} distributed according to ρ(R). The Metropolis algorithm allows us to sam-
ple an arbitrary probability distribution without knowing its normalization. Here, we
employ the VMC algorithm as described in Ref. 43, which uses a non-symmetrical
transition matrix in the Metropolis algorithm, and which we properly modified to
deal with pseudopotentials.

In our calculations, we use trial wave functions of the Jastrow-Slater form, that
is, a determinantal expansion multiplied by the so-called correlation Jastrow factor.
In a spin-assigned form, the Jastrow-Slater wave function can be written as

Ψ(r1, . . . , rN) = J (r1, . . . , rN)
∑
k

dkD
↑
k(r1, . . . , rN↑)D↓k(rN↑+1, . . . , rN) , (2.53)

where D↑k and D↓k are Slater determinants of single particle orbitals for the up-
and down-spin electrons, respectively, and the Jastrow factor J describes electron-
electron as well as higher-body correlations (e.g. through the inclusion of electron-
electron-nucleus terms). The presence of the Jastrow factor also ensures that the
Kato’s cusp conditions are satisfied at the inter-particle coalescence points. When the
interparticle distance goes to zero, the electron-electron and electron-nucleus poten-
tials diverge as 1/r and−Z/r, respectively. Since the local energy must be finite, the
kinetic energy must have an opposite divergence to the potential. This cancellation
can be enforced if the trial wave function satisfies the so-called “cusp conditions” and
displays an appropriate discontinuity at the coalescence points. The cusp condition
for the coalescence of two electrons of opposite spin is

1

Ψ

∂Ψ̂

∂rij

∣∣∣∣∣
rij=0

=
1

2
, (2.54)

and the condition for the coalescence of an electron with a nucleus of chargeZ placed
at the origin is

1

Ψ

∂Ψ̂

∂ri

∣∣∣∣∣
ri=0

= −Z, (2.55)

where Ψ̂ is the spherical average of the wave function over an infinitesimally small
sphere centered at zero. Note that the condition is obtained if the wave function
is different than zero at the coalescence point. The Kato’s cusp conditions can be
further generalized to the case when the wave function goes to zero (as for two spin-
like electrons). Methods such as configuration interaction are characterized by a
slow convergence in the expansion over Slater determinants in part because of the
difficulty in describing the cusp at the electron-electron coalescence points (i.e. they
give a poor description of so-called dynamical correlation).
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With the Jastrow factor, the explicit dependence on the inter-electronic distances
is introduced in the wave function and the cusp conditions can be exactly imposed,
recovering an important component of dynamical correlation. Therefore, the use of
quantum Monte Carlo techniques to compute expectation values allows us to em-
ploy a much more compact representation of the wave function such as the Jastrow-
Slater one, which is usually expanded over few hundred determinants, while in a CI
calculation one would need an expansion over millions of determinants. For most
applications, we use the following simple form for the Jastrow factor:

J (r1, . . . , rN) =
∏
α,i

exp {A(riα)} ×
∏
i<j

exp {B(rij)} ,

in which A(riα) depends on the electron-nucleus distances, riα, and B(rij) on the
electron-electron distances, rij . Both functions are fifth-order polynomials and the
arguments are scaled as r = (1 − eκr)/κ to ensure that the Jastrow factor behaves
well at large interparticle distances. The function B(rij) includes an additional
b1r̄ij/(1 + b2r̄ij) term to satisfy the cusp conditions with b1 = 1/2 and 1/4 for
opposite- and like-spin electrons, respectively. Different polynomial parameters are
used for different atom types in the case of the electron-nucleus terms and, since
we use pseudopotentials, we do not need to impose the electron-nucleus cusp con-
ditions. We also include additional electron-electron-nucleus “three-body” terms in
the Jastrow factor to perform geometry optimizations and to test the effect of the use
of higher-body correlation on the quality of the optimized structures.

The quality of the trial wave function does not only directly affect the quality of
the expectation values computed with it, but also the statistical efficiency of the VMC
(and DMC) algorithm as well as the final accuracy of the results obtained in DMC as
explained below. It is therefore important that the wave function captures the “right”
physics of the system, for instance, in the choice of the excitations included in the
determinantal expansion to describe static correlation. Furthermore, the parameters
in the Jastrow factor should be optimized together with the parameters in the deter-
minantal component (CI and LCAO coefficients) since the optimal values will be
different from the initial DFT or MCSCF ones, which have been obtained in the ab-
sence of the Jastrow factor to construct an initial wave function. For the optimization
of the parameters in the trial wave function of a system in its ground state, we use the
so-called linear optimization method within energy minimization [44] (the method
is similar to the super-CI optimization method used in MCSCF, which has been ex-
tended to arbitrary wave functions in the framework of variational Monte Carlo).

Since we are also interested in non-trivial excited states of the same symme-
try as other lower-energy states, we face here the same problems one encounters in
MCSCF when optimizing multiple states of the same symmetry. To obtain a stable
optimization procedure, we therefore employ a generalization of the linear method to
state-average (SA) optimization [45] and, in the spirit of SA-MCSCF, optimize the
parameters of the multiple (ground and excited) orthogonal states described by the
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wave functions:

ΨI =

NCSF∑
i=1

cIiJCi , (2.56)

which share the same Jastrow factor and orbitals but have different linear coefficients,
by minimizing the state-average energy

ESA =
∑
I

wI
〈ΨI |H|ΨI〉
〈ΨI |ΨI〉

, (2.57)

with
∑

I wi = 1. The optimization produces a set of orbitals and a Jastrow factor
which give a comparably good description of the states under considerations, while
preserving orthogonality among the states through the CI coefficients.

Diffusion Monte Carlo

VMC is a very powerful approach which allows us to use any wave function as
long as is computable in a reasonable amount of time. VMC can be very effectively
used to understand the system of interest by exploring which type of correlation
is important and to construct a high-quality wave function via optimization of its
parameters. With QMC, it is also possible to improve on this wave function with the
use of a projector Monte Carlo technique, which removes (at least in part) the bias
introduced by the trial wave function from the results. The idea of projection Monte
Carlo is to construct an operator that inverts the spectrum of the Hamiltonian H and
to project out all excited states by the repeated application of this operator to an
initial trial wave function. The final result of this procedure will be the ground state
of the given Hamiltonian. Diffusion Monte Carlo (DMC) is a particular projection
approach, which we use in this thesis.

In DMC, the projection operator is chosen to be exp[−τ(H−ET)], whereET is a
constant, whose role will soon become clear, and τ the time-step. If we subsequently
apply this operator to an initial trial wave function, we obtain the sequence of wave
functions:

Ψ(n) = e−τ(H−ET)Ψ(n−1) . (2.58)

If we expand the initial wave function Ψ(0) on the eigenstates Ψi with energies Ei of
H, we obtain for Ψ(n):

Ψ(n) =
∑
i

Ψi 〈Ψ(0)|Ψi〉e−nτ(Ei−ET) , (2.59)

Since the coefficients of the excited states die off exponentially fast relative to the
one of the ground state, we obtain:

lim
n→∞

Ψ(n) = Ψ0〈Ψ(0)|Ψ0〉e−nτ(E0−ET) . (2.60)
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Therefore, if we adjust the trial energy ET ≈ E0 to keep the overall normalization of
Ψ(n) fixed, the projection gives us the ground state Ψ0 of the Hamiltonian.

To understand how to perform the projection in practice, let us rewrite Eq. 2.58
in integral form as:

Ψ(n)(R′, t+ τ) =

∫
dRG(R′,R, τ)Ψ(n−1)(R, t) , (2.61)

where the Green’s function is defined as:

G(R′,R, τ) = 〈R′|e−τ(H−ET)|R〉 . (2.62)

If we can sample the trial wave function and the Green’s function in Eq. 2.61, we
can compute this integral stochastically by Monte Carlo integration. Unfortunately,
since electrons are fermions, we cannot interpret the antisymmetric wave function as
a probability distribution. Nevertheless, for the moment, let us assume that we are
dealing with a bosonic system and return to this problem later.

Let us now check that we can treat the Green’s function as a transition probability.
For small τ , the Green’s function can be approximated via the Trotter-Suzuki formula
applied to the operatorH = T + V as

〈R′|e−Hτ |R〉 ≈ 1

(2πτ)3N/2
exp

[
−(R′ −R)2

2τ

]
exp [−τ V(R)] . (2.63)

The first factor is a Gaussian, which is positive, can be interpreted as a distribution
probability, and easily sampled. The exponential of the potential V(R) is again pos-
itive but does not preserve normalization and is a factor by which we multiply the
wave function Ψ(R, t) at each step. Combining both factors, we can interpret the iter-
ation in Eq. 2.61 as a branching random walk, where the walkers perform a diffusion
step and their weights are then rescaled by the positive exponential factor (the weight
grows in regions where the potential is less than the average energy, and is reduced
in regions of high potential). Since the short-time expression of the Green’s function
is valid only for τ → 0, the results of a DMC calculation must be extrapolated in the
limit of small τ .

The simple algorithm described above is in fact very inefficient: The potential can
vary significantly in configuration space or even diverge as in the case of the Coulomb
potential. It is however possible to overcome these difficulties by using the so-called
importance sampling algorithm [46] and making use of the good trial wave function
ΨT we have constructed in VMC. To do so, we start from Eq. 2.61, multiply each
side by ΨT, and work with the probability distribution f (n)(R) = ΨT(R)Ψ(n)(R)
which satisfies

f (n)(R′, t+ τ) =

∫
dR G̃(R′,R, τ)f (n−1)(R, t) . (2.64)

The importance-sampled Green’s function is given by:

G̃(R′,R, τ) = ΨT(R′)〈R′|e−τ(H−ET)|R〉/ΨT(R) , (2.65)
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and, for small τ , becomes the drift-diffusion-branching short-time Green’s function:

G̃(R′,R, τ) = (2πτ)3N/2 exp

[
−(R′ −R− τV(R))2

2τ

]
×

× exp {−τ [(EL(R) + EL(R′))/2− ET]}+O(τ 2) , (2.66)

where the quantum velocity is defined as

V(R) =
∇ΨT(R)

ΨT(R)
, (2.67)

and EL(R) is the local energy for the trial wave function ΨT. There are two new
important features in this Green’s function: The quantum velocity pushes the walk-
ers towards regions where the wave function is large and the local energy EL(R)
appears in the branching factor instead of the bare potential V(R). If the trial wave
function approaches an eigenstate of the Hamiltonian, the local energy becomes con-
stant and equal to the eigenvalue. Consequently, a good trial wave function will result
in smaller fluctuations in the branching factor. For example, the instabilities due to
the divergences of the Coulomb potential at the interparticle coalescence points are
removed since the wave function is constructed to obey the cusp conditions.

We still need to address one important point: Previously, we have assumed that
the system is bosonic, while the electrons are fermions and their antisymmetric wave
function changes sign and cannot be treated as a probability distribution. Algorithms
which attempt to handle both signs of the wave function lead to the so-called fermion
sign problem: The bosonic component (lower in energy) grows at the expense of the
fermionic one, and the antisymmetric signal is lost in the noise. To avoid this prob-
lem, we work in the so-called fixed-node approximation and impose in the evolution
the boundary condition that the solution Ψ(R, t) has the same nodes (the same zeros)
as the given trial wave function (for instance, by forbidding moves in which the trial
wave function changes sign). The Schrödinger equation is then solved exactly inside
the nodal regions but not at the nodes where the derivatives of the solution will be
discontinuous. The fixed-node solution is exact only if the nodes of the trial wave
function are exact and, for approximate nodes, gives an upper bound to the exact
energy.

Importantly for this thesis, DMC can also be used to study the excited states of a
given Hamiltonian. If the state is the lowest state of a one-dimensional representation
of the point group of the molecule under study, this is equivalent to a ground-state
problem and DMC will yield a solution which is variational. If the excited state is not
the lowest state in its symmetry, we no longer have a variational principle but can still
use DMC in the fixed-node approximation and employ the nodes of a trial excited-
state wave function to keep the solution from collapsing on lower-energy states. We
are however only guaranteed to obtain the exact excited-state solution if the nodes
of the trial wave function are exact. In practice, we find that, unless one uses an
intentionally poor excited-state wave function, DMC yields excited-state energies
which approach the reference value from above as the quality of the excited-state
trial wave function is improved.
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2.3 Multiscale Techniques

In this thesis, we will also investigate the excited-state properties of molecules in
solution or embedded in a protein. For these systems, a full quantum mechanical
treatment is impossible and one must rely on a simplified treatment where the main
component responsible for light absorption (the chromophore) is described quantum
mechanically, while the rest of the protein is described at a lower level of theory.
In paritioning the system, we are assuming that the excitation is spatially localized,
an assumption which is not always valid (as discussed later) but which results in a
significant reduction of the computational cost. The larger environment surrounding
the photoexcited region will here be simulated with less expensive classical methods.

Within quantum-in-classical methods, different formulations with various lev-
els of sophistication can be employed to describe the environment, either preserv-
ing its explicit atomistic structure [47–50] or, at the other extreme, as a continuum
medium [50–53]. If the environment is homogeneus, like in the case of a solution,
and one aims to study the average bulk effects on a photoactive solute, a cost-effective
approach is represented by the polarizable continuum model (PCM) [51, 52]. In this
model, the solute is enclosed in a cavity and the solvent outside the cavity is de-
scribed as a continuum dielectric medium. In practice, the solute interacts with point
charges distributed on the surface (and sometimes also in the bulk) of the contin-
uum medium [51, 54] and induced by the electronic density of the solute. The PCM
model will be employed in the study of the effect of water solvent on the excited-state
optimized geometries of small prototypical chromophores.

If the system presents instead specific local interactions, like hydrogen bonds,
which affect the excited state of the embedded region, it is necessary to provide a
description of the environment, which preserves its discrete nature [49, 55]. In this
case, the simplest classical description of the atoms of the environment is through the
use of partial atomic charges, which perturb the photoactive subsystem with a static
external electric field. This so-called quantum mechanics-in-molecular mechanics
(QM/MM) hybrid approach has been often used in the study of excited states, but
recent work by several groups on small organic molecules in solution as well as pho-
toactive proteins [56–70] has provided substantial evidence that static point-charge
embedding, although qualitatively able to reproduce some experimental findings, ap-
pears inadequate if one strives for higher accuracy.

To achieve a more realistic and accurate modeling of the chromophore-environ-
ment interactions, it is possible to formulate a more sophisticated classical embed-
ding scheme which takes into account polarization effects between the two subsys-
tems, both in the ground state and in response to the excitation of the embedded
quantum region. This can be done by describing the classical atoms not only with
partial atomic charges but also with induced dipoles determined by the atomic polar-
izabilities and the total electric field of the system with contributions from the em-
bedded electronic density, the static electric field of the point charges, and the other
induced dipoles in the environment. The quantum part is therefore polarized by the
classical region, which can now respond to the presence of the embedded molecule
and to the variations of its electronic density upon excitation [71–74]. We will call
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this polarizable embedding scheme QM/MMpol to underline the difference with the
traditional static embedding. In this thesis, we will explore the use of QM/MMpol
approach both in its state-specific and linear-reponse formulation for the description
of the vertical excitation energies of small chromophores in water solution and of the
protein rhodopsin as well as develop and implement a QMC/MMpol model.

2.3.1 The polarizable continuum model

In the PCM, the chromophore is placed inside a cavity made of a set of interlock-
ing spheres generally centered on the atoms, which forms a boundary between the
quantum and the classical part. The environment (in our application a homogeneus
solvent) is represented as a continuum medium characterized by a static dielectric
constant, ε, while the dielectric constant inside the cavity is equal to one. The Pois-
son equation couples the electric field and the charge density of the solute with the
electric field and the charge density of the solvent:

∇ · E = 4πρtot(r) (2.68)

where E is the total electric field and ρtot(r) is the total charge density of the electrons
and nuclei of the solute and the polarization density of the solvent. The electric field
of the continuum medium is generated by a charge distribution that can be either
placed on the surface of the cavity only, or also in the bulk of the continuum medium
(volume charges), to accurately describe the solvent polarization effects arising from
the spill-out of the solute electronic density through the tails of the wave function.

The surface polarization charge density, σ, is linked to the total electric field as

σ(r) =
1− ε
4πε

n+ · E−(r) , (2.69)

where n+ is a versor pointing outside the cavity and E−(r) is the total electric field
evaluated at the surface immediately inside the cavity, with E(r) = Esolute(r) +
Esurf(r) +Evol(r). The surface charge distribution is discretized dividing the surface
in elements (tesserae) of area a and placing point charges at the center of each of
them. This allows us to approximate the surface charge density at the point rk as

σ(rk) ≈
qk
a
, (2.70)

where the positions of the point charges are determined by minimizing the mutual re-
pulsion of equal charges on the surface of a sphere of a given fixed radius [75]. When
included in the model, the volume polarization charge density outside the cavity is
given by

ρ
(pol)
vol (r) =

(
1

ε
− 1

)
ρe(r) , (2.71)

where ρe(r) is the electronic charge density of the solute. In practical implementa-
tions, the volume charge density is also represented as a set of discrete point charges.
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The surface polarization charges, qk, are induced by the electric field of the so-
lute and the volume charge distribution, and obey the relationship derived from the
Poisson equation:

qk =
∑
j

Gkj(Σ, ε) n+ · [Evol(rj) + Esolute(rj)] , (2.72)

where Gkj depends only on the shape of the cavity surface, Σ, and on the solvent
dielectric constant.

This equation must be brought to self-consistency with the molecular wave func-
tion of the solute, which is in turn optimized in the presence of the PCM environment.
This is achieved with the minimization of the energy functional:

E[Ψ] = 〈Ψ|HQM|Ψ〉+
∑
α<β

ZαZβ
|Rα −Rβ|

+
1

2

∫
ρsolute(r) [Vσ(r) + Vvol(r)] dr, (2.73)

where HQM is the electronic Hamiltonian of the isolated solute and ρsolute includes
contributions from the nuclei and the electrons.

2.3.2 QM/MM and QM/MMpol models

If the system requires a more realistic description of the environment and expanding
the quantum region is not a computationally viable option, it is often possible to
obtain quantitative results for the excited-state properties of the embedded region
using a discrete classical embedding approach. In the simplest quantum mechanical-
in-molecular mechanics (QM/MM) model, the atoms of the environment are replaced
by classical point charges creating a static external electric field which perturbs the
quantum region. The Schrödinger equation for the solute wave function becomes

(HQM + V)Ψ = EΨ , (2.74)

withHQM the Hamiltonian of the isolated quantum part and V the potential describ-
ing the interaction with the classical region:

V =

Nch∑
m

qmV̂chro(rm) , (2.75)

where V̂chro(rm) is the electrostatic potential operator generated by the electrons and
the nuclei of the quantum part at the coordinate rm of the point charge qm. The
energy of the combined system for an electronic state described by a wave function
Ψ is given by

E[Ψ] = 〈Ψ|Hvac + V |Ψ〉+ Uenv . (2.76)
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where the term Uenv represents a constant shift in the total energy, which does not
influence the excitation energy and is given by

Uenv =
1

2

Nch∑
n

Nch∑
m 6=n

qmqn

|rm − rn|
. (2.77)

A clear limit of such a static embedding model is that the classical part produces a
perturbation on the quantum system but cannot respond to a variation of its electronic
distribution. The ability of the environment to relax in response to the excitation of
the chromophore turns out to be important to accurately reproduce the excitation
energies of molecules which strongly couple to the environment, for instance, for
an excitation characterized by charge-transfer character and a large variation of the
molecular dipole moment as we will show in Chapters 5 and 6.

More flexible embedding conditions can be obtained by including polarizable
dipoles along with the static charges in a so-called QM/MMpol scheme. The use of
polarizable dipoles is not computationally much more expensive and allows one to
polarize the environment to the ground state of the active site for an enhanced de-
scription of its surroundings and also to include the response of the environment to
the excitation of the embedded region by polarizing the dipoles with respect to the
excited chromophore. The induced dipole at site a in equilibrium with the quantum
system depends linearly on the total electric field, E, through the isotropic polariz-
ability, αa, as

µa = αaE(ra) (2.78)

= αa

[
〈Ψ| Êchro(ra) |Ψ〉+

∑
b 6=a

qb(ra − rm)

|ra − rm|2
−Tab · µb

]
,

where the total electric field at site a is generated by the quantum (nuclear and elec-
tronic) system, Êchro(ra), the static charges, and the other dipoles. The interaction
tensor T is equal to:

(Tab)ij =
1

r3
ab

[
δij − 3

(rab)i(rab)j
r2

ab

]
.

In Eqs. 2.74- 2.76, the term describing the interaction between the quantum and the
classical part becomes

V =

Nch∑
m

qmV̂chro(rm)−
Ndip∑

a

µa · Êchro(ra) , (2.79)

and the contribution of the environment to the energy is now given by

Uenv =
1

2

Nch∑
n

Nch∑
m 6=n

qmqn

|rm − rn|
−

Ndip∑
a

µa · Eq(ra)

+
1

2

Ndip∑
a

Ndip∑
b 6=a

µa ·Tab · µb +
1

2

Ndip∑
a

µ2
a

αa

, (2.80)
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where the first term, as in the case of the static embedding, describes the interactions
of the point charges, the second term the interaction of the induced dipoles with the
electric field of the point charges, the third the dipole-dipole interaction, and the last
one the self-energy of the dipoles, which is the work exerted by the electric field to
induce the dipoles. In these conditions, the dipoles µ and the wave function Ψ are
mutually dependent and must be brought to self-consistency. This procedure results
in a different sets of induced dipoles for the ground and the excited states. This means
that one has to solve a non-linear the Schrödinger equation (Eq. 2.74), coupled with
the classical equation for the dipoles (Eq. 2.78), where the potential V depends on the
wave function quadratically through the induced dipoles. Solving this equation leads
to a set of non-orthogonal wave functions in equilibrium with their corresponding
dipoles.

It is possible to follow several routes to compute the excited states of a quantum
system embedded in polarizable dipoles. One possibility is to polarize the dipoles
to the ground state of the quantum system (polGS) and then freeze the dipole values
in the calculation of the excited states. This is still a form of static embedding,
but the ground-state description is obviously improved with respect to the use of
point charges only. The second choice is to allow the environment to respond to
the electronic excitation of the embedded species. This can be achieved polarizing
the quantum system using different set of dipoles, brought to self consistency with
the wave function of the ground and the excited state independently (polSS). This
last polarization regime fully recovers the differential electrostatic effects on the two
states involved in the electronic excitation and leads to an intuitive interpretation of
the observed results: The bigger the difference between the ground- and the excited-
state electronic distribution, the bigger is the correction on the excitation energy of
polSS embedding with respect to polGS.

Another possibility to account for relaxation effects is based on linear-response
theory (polLR) and determines the excitation energies as poles in the dynamic po-
larizability of the system. While state-specific and linear-response-based approaches
give identical excitations for an isolated quantum calculation (with a potential which
is linear in the wave function), the two ways of computing excited states (polSS and
polLR) in the quadratic potential V(Ψ) yield different excitation energies, even in
the limit of the exact solution of the Schrödinger equation. An analysis using first-
order perturbation theory reveals that the polSS and polLR excitation energies behave
as [76]:

∆EpolSS −∆EpolGS

∆EpolLR −∆EpolGS

≈ |µ1 − µ0|
2

2µ2
01

, (2.81)

where µI = 〈ΨI |
∑

i r̂i|ΨI〉 is the expectation value of the electronic dipole moment
for state I and µ01 = 〈Ψ0|

∑
i r̂i|Ψ1〉 the transition dipole moment (TDM) of the

excitation. For a given system and excitation, the change in dipole moment and the
TDM can have sizable differences and, consequently, also the change in excitation
with respect to the polGS value can significantly differ in the two schemes. In the
polLR approach, the dipoles in the environment are polarized to the transition density
of the system and the polLR contribution corresponds to a dispersion-like coupling
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between the quantum oscillations of the excitation and the classical dipoles in the
environment [77].

2.4 Computational Details
We list here the codes employed in the various calculations. Computational details
specific to the calculations will be given in each chapter.

The Molcas [78] code is a quantum chemistry code, based on Gaussian basis
sets, that we use to perform CASSCF and CASPT2 calculations.

The Gaussian 09 [79] code is a quantum chemistry code we use to perform
ground-state DFT and linear-response TDDFT calculations as well as well optimize
geometries in the ground and excited states. It employes Gaussian basis sets and a
wide range of exchange-correlation functionals is available.

The GAMESS [80] code is also an ab initio quantum chemistry package which
we mostly use to generate the CASSCF component of the starting QMC wave func-
tions either in state-specific or SA-CASSCF calculation. This code employs Gaus-
sian basis sets.

Other packahes used in this thesis are the CFOUR [81] code for coupled-cluster
calculations, and the ORCA [82] code for NEVPT2 calculations. Both codes employ
Gaussian basis sets.

Finally, the code CHAMP is used for all the quantum Monte Carlo calculations.
It can perform VMC and DMC calculations, and optimizes the wave function param-
eters by energy minimization.
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Chapter 3

Ground- and excited-state
geometry optimization of small
organic molecules with quantum
Monte Carlo†

We present a comparative study of the geometry optimization in the gas phase of
acrolein, acetone, methylenecyclopropene, and the propenoic acid anion with special
emphasis on their excited-state structures, using quantum Monte Carlo (QMC), mul-
tireference perturbation theory (CASPT2 and NEVPT2), second-order approximate
coupled cluster (CC2), and time-dependent density functional theory (TDDFT). We
find that, for all molecules, the geometries optimized with QMC in its simplest varia-
tional (VMC) flavor are in very good agreement with the perturbation results both in
the ground and the excited states of either n→ π∗ or π → π∗ character. Furthermore,
the quality of the QMC structures is superior to those obtained with the CC2 method,
which overestimates the CO bond in all n → π∗ excitations, or to the symmetry-
adapted-cluster configuration interaction (SAC-CI) approach, which gives a poorer
description of the CC bonds in the excited states. Finally, the spread in the TDDFT
structures obtained with several current exchange-correlation functionals is large and
does not reveal a clear relation between the defining features of the functionals and
the quality of the optimized structures. In summary, our findings demonstrate the
good performance of QMC in optimizing the geometries of these molecules, also in
cases where other correlated or TDDFT approaches are inaccurate, and indicate that
the method represents a robust reference approach for future structural studies also
of larger systems.

† This chapter has been published as R. Guareschi and C. Filippi, “Ground- and excited-state
geometry optimization of small organic molecules with quantum Monte Carlo”, J. Chem. Theory
Comput. 2013, 9, 5513–5525
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3 Ground- and excited-state geometries of small molecules with QMC

3.1 Introduction

The optimization of ground- and excited-state structures of molecular systems is an
area of fundamental importance in the application of quantum chemical methods.
While it is possible to choose among a variety of first-principle approaches, these of-
ten display different performances as regards the computational cost or the accuracy
of the resulting structures, especially if one considers geometrical relaxation in an
electronically excited state.

Time-dependent density functional theory (TDDFT) is the most efficient ap-
proach for the computation of excited states of large molecules [1–3] but relies in
practice on the choice of an approximate exchange-correlation functional, which
may severely limit its accuracy, in particular in describing excitations characterized
by charge transfer or multi-reference character [4, 5]. Therefore, significant research
effort has been devoted to develop novel functionals, the long-range corrected being
just one example [6–13], and to benchmark the performance of the numerous avail-
able approximations [14–25]. Benchmarking has mostly focused on the quality of the
vertical excitation energies [16–18,21] but several studies have recently attempted to
also establish the performance of TDDFT in describing the optimal excited-state
structures and fluorescence [14, 20, 23, 24] also with the inclusion of a solvent via
the polarizable continuum model [15, 19, 22, 25]. While these investigations concur
on the fact that the spread of TDDFT geometries obtained with different exchange-
correlation functionals can be rather large, the assessment of the relative accuracy
of these structures is hindered by the corresponding spread of reference geometries
obtained at a higher level of theory.

The complete-active-space second-order perturbation theory (CASPT2), symme-
try-adapted-cluster configuration interaction (SAC-CI), and second-order approxi-
mate coupled-cluster (CC2) have been adopted as reference in different TDDFT
studies [19, 23, 25] but these approaches may yield significantly different equilib-
rium geometries in the excited state of some particular molecule. For instance, CC2
generally overestimates the CO bond lengths in the n→ π∗ excited states [25,26] and
the selection of this reference method can clearly introduce a bias in the evaluation
of the quality of a TDDFT geometrical optimization.

Quantum Monte Carlo (QMC) methods represent an alternative class of highly-
correlated approaches which solve the Schrödinger equation by stochastic means,
enabling the use of accurate and compact many-body wave functions with an explicit
dependence on the inter-particle distances [27–29]. While the most common varia-
tional (VMC) and diffusion (DMC) Monte Carlo variants have been routinely em-
ployed for the study of ground-state properties of molecules and solids, their use for
the investigation of excited states mainly dates to the last few years [30–41] and has
been primarily restricted to the computation of vertical excitation energies. Impor-
tantly, these approaches have been shown to yield excitation energies for several pro-
totypical photosensitive molecules [36–41] in good agreement with multi-reference
perturbation approaches as CASPT2 in its most recent IPEA formulation [42] and
the n-electron valence perturbation theory (NEVPT2) [43]. Geometry optimiza-
tion [37, 44–47] is also possible within QMC thanks to recent methodological ad-
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vances, in particular, the robust optimization of wave functions within VMC in a
state-specific [48] and state-average [36] fashion, and the computation of interatomic
forces with a finite-variance estimator [44] and efficient analytic expressions [45]. To
date, the only attempt to optimize the geometry of a non-trivial excited state via QMC
gradients remains however our work on retinal chromophore models [37].

In this paper, we present a detailed QMC study of the excited-state structures
(stationary points and global minima) obtained for a set of small organic molecules
in the gas phase (s-cis and s-trans acrolein, acetone, methylenecyclopropene, and
the propenoic acid anion) often used to assess the accuracy of TDDFT or other ap-
proaches. The aim of this paper is twofold. Since QMC has not been often used to
optimize the geometry of excited states, we want to demonstrate here the good qual-
ity of VMC geometries as well as offer a comparison with other popular methods
often used in benchmark studies. To this purpose, we revisit the optimization of the
structures within CASPT2 (and within NEVPT2 for some of these molecules), pay-
ing particular attention to the choice of the active space used in the reference wave
function. This can in fact significantly affect the resulting optimal geometry as in the
case of the propenoic acid anion, where we obtain a different equilibrium structure
than in previous CASPT2 studies [49]. In addition to these perturbation approaches,
we also compare our QMC results with the structures we obtain with CC2 and a
variety of present-day TDDFT functionals, as well as with SAC-CI results available
in the literature [50]. Our comparative study demonstrates that the use of VMC in-
teratomic gradients in combination with fully optimized wave functions yields very
accurate excited-state structures, and that VMC represents a robust reference theory
for future benchmark studies.

In the Section 3.3, we present the computational details and, in Section 3.2, dis-
cuss various methodological aspects regarding the wave functions and the computa-
tion of interatomic gradients in QMC. In Section 3.4, we present a detailed analysis
of our results and conclude in Section 3.5.

3.2 Methods

QMC methods provide an accurate and balanced description of dynamical and static
electronic correlation in molecular systems for the computation of ground- and exci-
ted-state properties. As already explained in Chapter 2, the most commonly used
QMC wave functions are of the so-called Jastrow-Slater type, namely, a linear com-
bination of spin-adapted configuration state functions (CSFs) multiplied by a Jastrow
correlation factor, J :

ΨI = J
NCSF∑
i=1

ciCi , (3.1)

where ci are the expansion coefficients of the CSFs, Ci, for the state of interest, I .
The Jastrow factor depends explicitly on the inter-particle distances and we consider
here different Jastrow forms either including only two-body interactions (J2−body)
to account for electron-nuclear and electron-electron correlations, or also also three-
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body terms to describe electron-electron-nuclear correlations (J3−body) [51]. Differ-
ent Jastrow factors are used to describe different atom types.

The linear coefficients, the orbitals, and the Jastrow parameters are optimized
by energy minimization within VMC in a state-specific [48] or state-average [36]
fashion. If we are interested in the lowest state of a given symmetry, we simply
minimize the corresponding variational energy with respect to the wave function
parameters. In the case of a not-trivial excited state with lower-energy states of the
same symmetry, we minimize the weighted-averaged energy over the states under
consideration:

ESA =
Nstates∑

I

wI
〈ΨI |H|ΨI〉
〈ΨI |ΨI〉

, (3.2)

where the weights sum to one. The wave functions ΨI of the different states share a
common set of single-particle orbitals and a common Jastrow factor but depend on
their individual linear coefficients cIi , which are determined to ensure orthogonality
between the states. At convergence, the averaged energy is stationary with respect to
all parameter variations subject to the orthogonality constraint, while the energies of
the individual states are stationary with respect to variations of the linear coefficients
but not with respect to variations of the orbital or Jastrow parameters. In the case of
multiple states, the expectation values of the quantities needed for the optimization
of the parameters are computed in a single VMC run by sampling the square of a
guiding wave function, Ψ2

g, which is here chosen equal to
∑

I |ΨI |2.
To obtain the interatomic forces for a given wave function Ψ for either the ground

or the excited state, we need to differentiate the VMC energy which is computed as

EV =

∫
ρ(R)EL(R)dR, (3.3)

where R denotes the electronic coordinates, EL(R) = HΨ(R)/Ψ(R) is the local
energy, and ρ(R) = |Ψ(R)|2/ 〈Ψ(R)|Ψ(R)〉 is the probability distribution sampled
in the Monte Carlo run. The force is then given by

Fα = −∇αEV = −
∫
ρ(R) [∇αEL(R) + (EL(R)− EV)∇αlnρ(R)] dR, (3.4)

where the gradient is computed with respect to the nuclear coordinate of atom α. This
expression of the force is equivalent to the more familiar one obtained by using the
Hermiticity of the Hamiltonian, where the first term is substituted with the Hellmann-
Feynman force. The reason for using this estimator of the energy gradient is that
it obeys a zero-variance principle: If both the trial wave function and its gradient
approach the exact ones, the estimator has zero variance (EL and ∇αEL become
constant and the second term in Eq. 3.4 is identically zero). Consequently, in this
limit, one Monte Carlo step is sufficient to sample this expectation value.

In practice, Ψ(R) is an approximate wave function and, even though the estima-
tor has zero variance in the limit of an exact wave function, it has in general infinite
variance for an approximate one. Both EL and ∇αlnρ diverge at the nodes of Ψ(R)
as 1/d where d is the distance from the nodal region, so their product diverges as
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1/d2. Since the distribution ρ goes to zero as d2, this leads to a finite estimator of
the force but to an infinite variance (the integral of d2 × (1/d2)2 is unbounded). This
results in undesirable large spikes in the forces and affects the geometry optimization
procedure slowing down the convergence of the calculation. Fortunately, there is a
simple solution to obtain a stable estimate of the interatomic forces which consists
in sampling a modified distribution ρ̃ corresponding to a wave function, Ψ̃(R), equal
to Ψ(R) in the region far from the nodes but finite at the nodes. In the averages, the
product of EL and ∇αlnρ must then be reweighted with the factor [Ψ(R)/Ψ̃(R)]2

and has a finite variance [44]. We note that the divergence of the electron-nucleus
potential in the term ∇αEL also leads to an infinite variance of the force estimator,
which can in principle be cured but is here not an issue since we are using pseudopo-
tentials.

So far, we have neglected the implicit dependence of the energy on the nuclear
coordinates through the variational parameters of the wave function, λi. The gradient
contains in fact two terms:

Fα = −∂EV

∂Rα

−
∑
i

∂EV

∂λi

dλi
dRα

(3.5)

where the second term is equal to zero for a fully-optimized wave function in energy
minimization since ∂EV/∂λi = 0. In the case of a state-average optimized wave
function, the energy is optimal with respect to the linear coefficients but not with
respect to the orbital and Jastrow parameters, which are obtained by minimizing the
average energy. This leads to a small error in the computation of the forces, whose
magnitude can be assessed by employing wave functions of increasing quality. Fi-
nally, we note that recent developments have made possible the efficient and practical
computation of forces within diffusion Monte Carlo [52] but, in the present work, we
limit our study to VMC.

The VMC geometry optimizations are performed in Z-matrix coordinates with
the use of numerical gradients of the energy with respect to the atomic coordinates.
We stress that it is now possible to compute the analytical expression of the forces
with a computational cost larger than that of the energy by a modest factor which is
independent of the system size [53]. At the time of these calculations, however, ana-
lytical forces were not yet implemented in our QMC code and the interatomic forces
at a reference geometry were therefore computed in a correlated sampling VMC cal-
culation [54], where a set of secondary geometries is generated through forward and
backward displacements of 0.001 a.u. in the bond lengths and 0.01◦ in the bond and
dihedral angles. The procedure followed here is described in greater detail in our
earlier work on structural optimization in VMC [37] and can be summarized in the
following steps: (i) The Jastrow parameters, linear coefficients, and the orbitals of the
starting wave function are optimized in energy minimization at the initial geometry;
(ii) the energy gradients are computed in a correlated sampling VMC calculation;
(iii) the geometry is updated following the descendant direction of the energy gra-
dient in an approximate Newton-Raphson method which uses the diagonal elements
of the Hessian; (iv) at the new geometry, the wave function is optimized starting
form the optimal wave function at the previous step, recentered at the new geometry.
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The procedure is iterated until convergence, namely, until the forces are smaller than
0.001–0.003 Hartree/Bohr for the bond lengths and 0.0001 Hartree/deg for the bond
angles. As starting geometries in the ground-state optimizations, we usually employ
a DFT structure and, in the excited-state relaxation, an excited-state geometry ob-
tained with another correlated theory. For the more problematic case of the π → π∗

state of planar acrolein, we test the use of the ground-state VMC geometry as initial
guess, and obtain the same final configuration. All VMC structural optimizations
converge with less than 10 iterations.

Due to the stochastic nature of VMC, it is not possible to identify a particular
geometry as the minimum one. Therefore, after convergence, we perform 5-10 more
iterations and obtain the final structure by averaging the internal coordinates over
these additional steps. For the geometry optimization of an excited state which is
not the lowest in its symmetry class, the wave function parameters are optimized in
a state-average manner as described above, but the forces are computed for the root
of interest. We note that analytic calculation of VMC forces is possible to reduce the
computational cost for systems larger than the ones studied here [45]. Finally, ap-
proximate DMC forces [54] could also be employed but their use in combination with
fully optimized wave functions does not seem to improve the VMC estimates [37,47],
while being significantly more expensive.

3.3 Computational details

We perform the TDDFT calculations with the Gaussian09 program [55] and employ
a set of exchange-correlation functionals that are representative of different classes
of approximations. In particular, we use BLYP [56, 57] as local functional with no
Hartree-Fock (HF) exchange, B3LYP [58, 59], PBE0 [60–62], M06 [63], and M06-
2X [63] as global hybrids with a fixed amount of HF exchange, and CAM-B3LYP [6]
and LC-BLYP [7] for the long-range corrected functionals with a variable percentage
of HF exchange which depends on the inter-electronic distance.

We carry out the CC2 [64–67] calculations with the CFOUR code [68] and use the
MOLCAS 7.2 suite of programs [69] for the CASPT2 [70, 71] calculations, where
we always employ the default zero-order IPEA Hamiltonian [42]. The strongly-
contracted (SC) NEVPT2 [43,72,73] calculations are performed with the ORCA 2.8
code [74]. With this code, one can exploit symmetry in the single-point calculations
but not in the geometry optimization with numerical gradients at the NEVPT2 level.
Furthermore, ORCA employs the weighted average of the interatomic gradients to
optimize with NEVPT2 the structure of an excited state resulting from a state-average
calculation. Therefore, we only employ NEVPT2 to optimize the geometry in the
ground state and in the lowest-energy state with a different symmetry than the ground
state using a fictitious state-average calculation over two roots with (0,1) weights.
This procedure is however only successful for the n→ π∗ excited state of acrolein.

The program package CHAMP is used for the QMC calculations [75]. We em-
ploy scalar-relativistic energy-consistent Hartree-Fock pseudopotentials [76, 77] and
obtain the starting determinantal component of the Jastrow-Slater wave function in
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complete-active-space self-consistent field (CASSCF) calculations performed with
the program GAMESS(US) [78]. The CAS expansions are then expressed on the
CASSCF natural orbitals and all configuration state functions are retained in the
QMC studies. Only for the propenoic acid anion, the expansion is truncated with a
threshold of 0.05 on the CSF coefficients for subsequent use in the QMC calculations.
All parameters in the QMC wave functions are optimized in variational Monte Carlo
using the linear method [48] and its extension for state-average calculations [36].
Further details on the QMC calculations are given in the Method section.

The basis set dependence of the geometrical parameters is studied at the TDDFT,
CASPT2, NEVPT2, and CC2 level using the Dunning’s correlation consistent cc-
pVXZ and aug-cc-pVXZ basis sets [79–82]. In the QMC calculations, we use the
Gaussian basis sets [76] specifically constructed for our pseudopotentials. In partic-
ular, we employ the cc-pVDZ and cc-pVTZ basis sets and the corresponding basis
augmented with diffuse functions [83] on the heavy atoms. We also use the cc-
pVTZ′ basis set which consist of the cc-pVTZ for the heavy atoms combined with
the cc-pVDZ for hydrogen. We show below that the geometrical parameters com-
puted with the TDDFT, CC2, and perturbation methods are well converged with the
cc-pVTZ basis set and, within QMC, with the cc-pVTZ′ basis.

3.4 Results

Figure 3.1: The molecules considered in this work: A) s-trans and B) s-cis acrolein,
C) acetone, D) methylenecyclopropene (MCP), and E) the propenoic acid anion
(PAA).

The molecules investigated here are the s-trans and s-cis acrolein, acetone,
methylenecyclopropene (MCP), and the propenoic acid anion (PAA), which are
shown in Figure 3.1. This set of representative molecules has often been chosen in
the literature to study the performance of quantum chemical methods in determining
optimal excited-state structures [19, 25, 49, 50, 84–91]. We consider the structural
optimization in the ground state of all molecules, in the n → π∗ state of acrolein,
acetone, and PAA, and in the π → π∗ state of acrolein and MCP.

The geometries of these molecules are optimized with different symmetry con-
straints in their ground and low-lying singlet excited states as detailed in Table 3.1.
When planarity is imposed in the excited state, the optimal structures do not corre-
spond to a minimum in the case of acrolein and MCP in the π → π∗ state, and of
acetone in the n→ π∗ state. For acetone, we also determine the minimum geometry
for the n → π∗ state, allowing the pyramidalization of the central C atom, which
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leads to a symmetry reduction from C2v to Cs. The out-of-plane optimization is also
performed for s-trans acrolein in the π → π∗ excited state, where a twisting around
the terminal C−CH2 bond is expected to bring the system to the minimum energy
geometry with a diradical ground state.

Molecule Symmetry State Excitation
s-trans acrolein Cs planar 11A′ GS

11A′′ n→ π∗

21A′ π → π∗

Cs twisted 11A′′ GS

s-cis acrolein Cs planar 11A′ GS
11A′′ n→ π∗

Acetone C2v planar 11A1 GS
11A2 n→ π∗

Cs bended 11A′′ n→ π∗

MCP C2v planar 11A1 GS
11B2 π → π∗

PAA Cs planar 11A′ GS
11A′′ n→ π∗

Table 3.1: Symmetries imposed in the structural optimization of the ground and low-
lying excited states of the molecules. The symmetry of the state and the nature of the
excitation are also reported. We denote with GS the lowest-energy state for the given
geometry.

For these states and molecules, we compute the optimal geometries within VMC,
CC2, CASPT2, and NEVPT2. We assess the relative performance of these highly-
correlated methods and compare our results to the geometries obtained with different
approximate exchange-correlation functionals within TDDFT. Before presenting the
results of our geometry optimizations, we first discuss the dependence of the geomet-
rical parameters obtained with the various methods on the choice of basis set and, in
the VMC calculations, on the sophistication of the Jastrow factor. To illustrate the de-
pendence of the methods on these computational ingredients, we focus on for s-trans
acrolein in the ground and the n→ π∗ excited state.

3.4.1 Geometry dependence on basis set

For s-trans acrolein, we employ the cc-pVXZ and aug-cc-pVXZ series to investi-
gate the basis set dependence of the optimal structures computed at the CASPT2,
NEVPT2, CC2, and TDDFT level in the ground and the lowest n→ π∗ excited state.

We report the CASPT2 ground- and excited-state geometries obtained with the
cc-pVXZ basis sets in Table 3.2. The enlargement of the basis set from double to
quadruple ζ produces a slight shortening of the bond lengths, which are well con-
verged when the cc-pVTZ basis is employed. The cc-pVDZ bond lengths differ
from the cc-pVQZ values by at most 0.017 Å and the use of cc-pVTZ improves the
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agreement to better than 0.005 Å. The effect of the augmentation is tested only for
the excited state where it might be expected to have an effect. As shown in Fig-
ure 3.2, we find instead that the aug-cc-pVXZ series does not performs better than
the cc-pVXZ sets since, for the smallest double ζ basis, it leads to geometries further
away from the converged values. As shown in Table 3.3 and Table 3.4, the cc-pVTZ
basis leads to well converged geometries in the ground and excited states also at the
NEVPT2 and CC2 level.

CASPT2 cc-pVDZ cc-pVTZ cc-pVQZ
11A′

C−−O 1.220 1.214 1.211
C−C 1.482 1.470 1.468
C−−C 1.352 1.339 1.337
θ(C−C−C) 120.78 120.36 120.25
θ(C−C−O) 124.02 124.16 122.67

11A′′

C−−O 1.342 1.336 1.332
C−C 1.388 1.377 1.375
C−−C 1.406 1.392 1.389
θ(C−C−C) 123.36 123.26 123.26
θ(C−C−O) 124.93 124.54 124.36

Table 3.2: CASPT2 bond lengths (Å) and angles (deg) of s-trans acrolein in the
ground (11A′) and n → π∗ excited (11A′′) states computed with the cc-pVXZ basis
sets.

NEVPT2 cc-pVDZ cc-pVTZ cc-pVQZ
11A′

C−−O 1.219 1.210 1.209
C−C 1.479 1.462 1.458
C−−C 1.350 1.333 1.329
θ(C−C−C) 120.72 120.33 119.66
θ(C−C−O) 124.19 124.45 123.90

11A′′

C−−O 1.339 1.328 1.326
C−C 1.387 1.371 1.371
C−−C 1.403 1.385 1.383
θ(C−C−C) 123.40 123.37 123.42
θ(C−C−O 125.00 124.79 124.39

Table 3.3: NEVPT2 bond lengths (Å) and angles (deg) of s-trans acrolein in the the
ground (11A′) and n→ π∗ excited (11A′′) states computed with different basis sets.

To investigate the basis set dependence of the TDDFT geometries, we select
the CAM-B3LYP functional since the convergence is rather similar for the differ-
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Figure 3.2: Convergence of the bond lengths (Å) of s-trans acrolein in the n → π∗

excited state computed at the CASPT2 level with the cc-pVXZ basis sets.

ent functionals. The dependence of the bond lengths in the excited state are shown
in Figure 3.3 and is rather similar to the one observed for the perturbation and CC2
methods, with bond lengths which are well converged when the cc-pVTZ basis is em-
ployed. The aug-cc-pVXZ series yields practically equivalent results to the cc-pVXZ
sets.

On the basis of these results, we do not employ diffuse functions in the CASPT2,
NEVPT2, CC2, and TDDFT geometry optimization of the ground states and of the
valence excited states of the molecules investigated here, and use the cc-pVTZ basis
set as the default basis to compare the performance of the different methods.

3.4.2 VMC geometry dependence on basis set and Jastrow
factor

We investigate the dependence of the VMC geometries on the choice of basis set
and Jastrow factor in the optimization of the ground and the n → π∗ excited state
of s-trans acrolein. As described in Section 3.3, we use correlated-consistent basis
sets specifically constructed for the pseudopotentials we employ in the QMC cal-
culations. Here, we test the double ζ basis (pVDZ), the triple basis for the heavy
atoms combined with a double ζ for hydrogen (pVTZ′), and the triple basis set for
all atoms (pVTZ). We also perform calculations augmenting these basis sets with
diffuse functions on the heavy atoms. Furthermore, we employ two different Jastrow

58



3.4 Results

CC2 cc-pVDZ cc-pVTZ cc-pVQZ
11A′

C−−O 1.229 1.221 1.220
C−C 1.481 1.463 1.462
C−−C 1.353 1.336 1.335
θ(C−C−C) 120.28 120.00 119.97
θ(C−C−O) 124.45 124.56 124.38

11A′′

C−−O 1.369 1.368 1.371
C−C 1.391 1.370 1.369
C−−C 1.398 1.383 1.382
θ(C−C−C) 122.20 122.14 122.15
θ(C−C−O) 127.83 127.15 126.67

Table 3.4: CC2 bond lengths (Å) and angles (deg) of s-trans acrolein in the the ground
(11A′) and n→ π∗ excited (11A′′) states computed with different basis sets.
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Figure 3.3: Convergence of the bond lengths (Å) of s-trans acrolein in the n → π∗

excited state computed within TDDFT/CAM-B3LYP with the cc-pVXZ basis sets.

factors, that is, a two-body Jastrow factor (J2−body) and a three-body Jastrow factor
(J3−body). We report the geometries optimized with a two-body Jastrow factor in
Table 3.5.

In line with what observed for all other methods, we find that the bonds con-
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tract when the basis set is enlarged as also shown in Figure 3.4. Furthermore, also
in VMC, the inclusion of diffuse functions slows down the convergence of the bond
lengths with basis size (not shown in the Table). A difference with the other cor-
related approaches is that VMC displays a weaker dependence of the geometrical
parameters on the basis set thanks to the presence of the Jastrow correlation func-
tion. We observe that the use of a valence triple ζ basis on the heavy atoms and a
double on hydrogen (pVTZ′) leads to bond lengths which are converged to better than
0.01 Å. Finally, introducing a three-body Jastrow factor gives a similar convergence
with respect to the basis as the two-body Jastrow factor, and leads to equivalent bond
lengths within 0.003–0.006 Å. Therefore, as a good compromise between accuracy
and computational cost, the VMC optimizations will be performed with the pVTZ′

basis set and a two-body Jastrow factor for all the other systems, since the use of
a three-body Jastrow factor does not appreciably affect the results but significantly
increases the time of the simulations.

3.4.3 Acrolein

The states of s-trans acrolein considered here are the ground state (11A′) and the
n → π∗ (11A′′) and π → π∗ excited states (21A′). The three states are optimized
with planarity constraint (Cs symmetry). The 21A′ excited state is also studied in his
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VMC pVDZ pVTZ′ pVTZ
11A′

C−−O 1.207(0) 1.205(1) 1.202(1)
C−C 1.466(0) 1.464(1) 1.460(1)
C−−C 1.333(1) 1.328(1) 1.328(0)
θ(C−C−C) 118.93(8) 120.89(6) 120.25(5)
θ(C−C−O) 124.86(7) 123.67(4) 124.41(5)

11A′′

C−−O 1.334(0) 1.327(0) 1.325(0)
C−C 1.377(0) 1.368(0) 1.370(0)
C−−C 1.388(0) 1.383(0) 1.383(0)
θ(C−C−C) 123.76(1) 122.57(1) 121.89(0)
θ(C−C−O) 123.67(1) 125.82(1) 126.13(0)

Table 3.5: VMC bond lengths (Å) and angles (deg) of s-trans acrolein. We employ
different basis sets, specifically constructed for our pseudopotentials, and a two-body
Jastrow factor (J2−body). The statistical error on the last digit is given in bracket.

twisted geometry, always maintaining Cs symmetry. We also present a brief study
of the ground and n → π∗ excited-state geometries of the s-cis isomer of acrolein.
In the following, when speaking about the double or single carbon-carbon bonds of
acrolein, we always refer to the ground-state bond structure as depicted in Figure 3.5.

H
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C

O

H

H

H

H

C

C

C

O

H

H

H

Figure 3.5: Structures of s-trans (left) and s-cis (right) acrolein.

Ground-state and n→ π∗ excited-state geometries of s-trans acrolein

The optimal geometries of s-trans acrolein in the ground and n → π∗ excited states
computed with CC2, CASPT2, NEVPT2, and VMC are given in Table 3.6. In the
perturbation and the VMC optimization of the ground and excited states, we use as
reference wave function a CAS(6,5) expansion, where the active space comprises
four π orbitals on the conjugated carbon chain and a σ orbital describing a lone pair
in the direction orthogonal to the CO group. Our CASPT2 results for the ground and
the n → π∗ state are in good agreement with previous benchmark studies of s-trans
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CC2 CASPT2 NEVPT2 VMC
11A′

C−−O 1.221 1.214 1.210 1.205(1)
C−C 1.463 1.470 1.462 1.464(1)
C−−C 1.336 1.339 1.333 1.328(1)
θ(C−C−C) 120.00 120.36 120.33 120.89(6)
θ(C−C−O) 124.56 124.16 124.45 123.67(4)

11A′′

C−−O 1.368 1.336 1.328 1.327(0)
C−C 1.370 1.377 1.371 1.368(0)
C−−C 1.383 1.392 1.385 1.383(0)
θ(C−C−C) 122.14 123.26 123.37 122.57(1)
θ(C−C−O) 127.15 124.54 124.79 125.82(1)

Table 3.6: CC2, CASPT2, NEVPT2, and VMC bond lengths (Å) and angles (deg)
of s-trans acrolein in the ground state (11A′) and n → π∗ excited states (11A′′). We
employ a cc-pVTZ basis in the CC2 and PT2 calculations, and a pVTZ′ basis set in
combination with a two-body Jastrow factor in VMC.

acrolein based on a different CASPT2 approach (with the IPEA shift set to zero in
the zero-order Hamiltonian) [49, 84].

For the ground state, the optimal CC2, perturbation, and VMC geometries agree
very well. The CASPT2 bond lengths are about 0.005 Å longer than the NEVPT2
values, and the CASPT2 and NEVPT2 results differ from the VMC ones by less
than 0.01 and 0.005 Å, respectively. The CC2 method displays somewhat larger
deviations from the other techniques in the CO bond, which is 0.015 Å longer than
the VMC value. We note that, for the ground state, there exists a second CASSCF
minimum very closed in energy and corresponding to a CAS(6,5) expansion which
includes a lone-pair orbital parallel to the CO group. The structural optimization
performed at the CASPT2 level with this expansion leads to a geometry which agrees
to better than 0.001 Å [92] with the one of Table 3.6, indicating that the inclusion
in the active space of either lone pair does not substantially influence the optimal
ground-state geometry obtained in the subsequent correlated calculation.

As shown in the upper panel of Figure 3.6, we find a good agreement between the
perturbation theories and VMC also in the excited state, with differences of the same
order of magnitude as those observed for the ground state. In particular, the NEVPT2
bond lengths are again in excellent agreement with the VMC values, displaying de-
viations smaller than 0.003 Å. The agreement of CC2 with the other approaches is
instead less satisfactory: While CC2 gives CC bond lengths which are compatible
with the VMC values, it overestimates the CO bond by as much as 0.04 Å. This
behavior is in line with the general tendency of the method to overestimate the car-
bonyl bond in the n → π∗ states of aldehydes [26]. A comparison with the SAC-CI
calculations with the cc-pVTZ basis set of Ref. [50] reveals a poor performance also
of the SAC-CI approach, which overestimates the CC bond, formerly single in the
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Figure 3.6: Bond-length differences (Å) between the geometries computed with
different methods and the VMC reference for the n → π∗ excited state of s-trans
acrolein. The SAC-CI/cc-pVTZ values are from Ref. [50].

ground state, by 0.045 Å and underestimates the other CC bond by 0.025 Å, while
the agreement on the CO bond length is rather good.

In the lower panel of Figure 3.6, we assess the quality of the TDDFT geome-
tries against out VMC data. We employ a set of functionals which comprises some
(B3LYP, PBE0, and CAM-B3LYP) considered also in previous benchmark stud-
ies [19, 25, 84]. The errors in the TDDFT bond lengths are compatible with those
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3 Ground- and excited-state geometries of small molecules with QMC

reported in Ref. [25], with the noteworthy exception of the CO bond. The apparent
difference for this bond is however simply due to the use of a different reference ge-
ometry: The deviation of TDDFT with respect to VMC is about −0.05 Å for all the
functionals considered here, but increases to −0.1 Å when CC2 with the the aug-cc-
pVTZ basis set is taken as reference as in Ref. [25]. Considering the near breakdown
of the CC2 model in the description of the n → π∗ excited state of acrolein (as
well as of acetone and the propenoic acid anion) as also discussed in previous stud-
ies [25, 26], the choice of this method as reference for TDDFT geometry optimiza-
tions is surely not appropriate for this class of molecules. As for the performance
of the TDDFT functionals, there is not a clear trend when increasing the amount of
exact exchange in going from B3LYP (20%) to M06-2X (54%). While the use of
the M06-2X halves the error on the CO bond, it significantly increases the devia-
tions on the CC bonds by not sufficiently shortening/lengthening the bonds formerly
single/double in the ground state. The use of the long-range corrected functionals
CAM-B3LYP and LC-BLYP with either 65% and 100% exchange at long distances
leads to significantly larger errors on the CC bonds and a comparable error on the
CO bond as the hybrid BLYP and PBE0 functionals. We note here that, in all Fig-
ures throughout the paper, we employ VMC as our reference. This choice is mainly
motivated by the fact that the NEVPT2 results are only available for acrolein, where
they agree remarkably well with VMC, while the use of CASPT2 as reference poses
a problem for the π → π∗ state of acrolein as discussed below.

Ground-state and n→ π∗ excited-state geometries of s-cis acrolein

In the literature, the cis configuration instead of the more stable trans configuration
of acrolein (see Figure 3.5) has sometimes been adopted to benchmark the electronic
excitations of various methods such as TDDFT [19] and CASPT2 [84]. We expect
that all considerations above about s-trans acrolein are directly transferable also to
s-cis acrolein and, to demonstrate this, we optimize here the ground state and the
n→ π∗ state of this isomer with the methods also used for s-trans acrolein.

The ground-state geometries display an excellent agreement and, for the n→ π∗

excited state, we observe the same behavior noted for the trans isomer as shown in
Figure 3.7 (upper panel): While the agreement is very good between the perturbation
theories and the VMC method, CC2 significantly overestimates the CO bond. The
CC2 error on the CO bond is in fact somewhat larger than for the trans isomer.

For the functionals selected to test TDDFT, the errors with respect to the VMC
optimized structure are of the same order of magnitude as for trans acrolein (see
lower panel of Figure 3.7). Again, we observe a satisfactory performance of B3LYP
and PBE0 for the CC bonds, while the CO bond length is underestimated by as much
as 0.05 Å. The error on this bond is in the same range also for the other functionals
considered here.
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Figure 3.7: Bond-length differences (Å) between the geometries computed with dif-
ferent methods and the VMC reference for the n→ π∗ state of s-cis acrolein.

The planar π → π∗ excited-state geometry of s-trans acrolein

We optimize the geometry of s-trans acrolein also in the π → π∗ state, a case which
is less documented in the literature. The π → π∗ transition leads to an excited state of
the same symmetry as the ground state if planarity (Cs symmetry) is imposed. For the
planar optimization of this state, we limit the perturbation description to the CASPT2
method due to the limitations in code used to perform the NEVPT2 calculations as
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3 Ground- and excited-state geometries of small molecules with QMC

detailed in Section 3.3. In both the CASPT2 and VMC calculations, we employ a
CAS(4,4) expansion over two bonding and two anti-bonding π orbitals, which re-
sults in the bright excited state being the third root in the state-average CASSCF
calculation.

The perturbation correction yields the energetic inversion of the two highest
CASSCF roots and the CASPT2 optimization following the second state leads to
significantly different geometries if we use the single-state or the multi-state flavor
of CASPT2. Even though the gap between the second and third state on the optimal
geometry is about 0.012 Hartree, we observe a strong mixing of the eigenvectors of
the second and third roots in the multi-state CASPT2 calculation, and therefore a
perturbation wave function dramatically different from the zero-order reference. The
problem is not ameliorated if the active space is enlarged to include more π∗ orbitals.
Therefore, we report below the CASPT2 geometry obtained with the smallest possi-
ble CAS(2,2) active space that leads to a straightforward multi-state optimization of
the second state but represents a computational expedient which may be variationally
rather poor.

In the VMC calculations, the use of a CAS(4,4) expansion over the π orbitals
in the determinantal component of the Jastrow-Slater wave function poses instead
no problems. While the relevant transition is the third state at the CASSCF level
as discussed above, the introduction of the Jastrow factor reorders the two highest
roots. We perform the structural relaxation in the π → π∗ state following the second
state, whose wave function is obtained in a state-average optimization at the VMC
level over three states. The state of interest remains the second one in the course of
the geometrical optimization and, on the optimal geometry, is energetically separated
from the higher state by about 0.013 Hartree.

CC2 CASPT2 VMC
C−−O 1.286 1.279 1.266(2)
C−C 1.433 1.444 1.443(1)
C−−C 1.436 1.429 1.428(1)
θ(C−C−C) 125.49 128.39 123.92(6)
θ(C−C−O) 121.30 119.27 121.64(1)

Table 3.7: CC2, CASPT2, and VMC geometries of the π → π∗ (21A′) state of s-trans
acrolein in the planar geometry. The CASPT2 geometry is obtained with a CAS(2,2)
active space (see text).

We report our CASPT2, CC2, and VMC geometries of the planar π → π∗ ex-
cited state in Table 3.7 and compare them in Figure 3.8. We find that the optimal
CASPT2 structure obtained with the reduced CAS(2,2) is in excellent agreement
with the VMC geometry, the largest deviations being 0.013 Å for the CO bond and
about 0.001 Å for the CC bonds. The CC2 structure is also in satisfactory agreement
with the VMC reference, only somewhat overestimating the CO bond by 0.02 Å,
an error which is nevertheless smaller than the corresponding one for the n → π∗

state. Finally, the agreement of the SAC-CI/cc-pVDZ data from Ref. [50] with the
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Figure 3.8: Bond-length differences (Å) between the geometries computed with
different methods and the VMC reference for the π → π∗ state of planar s-trans
acrolein. The CASPT2 geometry is obtained with a CAS(2,2) active space (see text).
The SAC-CI/cc-pVDZ values are from Ref. [50].

VMC geometry is particularly good for the CO bond, while the CC bonds are slightly
overestimated in SAC-CI. Finally, the TDDFT geometries are compared to VMC in
Figure 3.8 (lower panel). Also in the case of the π → π∗ excitation, there is no
clear correlation between the type of functional considered (e.g. dependence on the
amount of exact exchange) and the quality of the corresponding optimized geometry.
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3 Ground- and excited-state geometries of small molecules with QMC

The overall performance of TDDFT is slightly better than for the n → π∗ case and
the general features that emerge from the comparison are the underestimation of the
CO bond, with LC-BLYP giving the largest error of −0.033 Å, and the overestima-
tion of the terminal CC bond.

The twisted π → π∗ excited-state geometry s-trans acrolein

O O

H

H

H

H

H

H

H

H

Figure 3.9: Schematic representation of the relaxation path of the π → π∗ state of
s-trans acrolein.

If the geometry in the π → π∗ state of s-trans acrolein is optimized without im-
posing planarity, the minimum structure is twisted by about 90◦ around the terminal
C−−CH2 bond as shown in Figure 3.9. The π → π∗ excited state of planar acrolein
correlates adiabatically to a state with a strong diradical character in the twisted ge-
ometry. At the CASSCF level, the π → π∗ wave function acquires a high weight on
an up-down configuration with the HOMO orbital on the carbons in the plane and the
LUMO on the terminal carbon of the twisted CH2 group. To allow a comparison with
previous SAC-CI calculations [50], we keep the O−C−C frame planar and obtain a
final structure with Cs symmetry. The state with diradical character corresponds to
the first root in the A′′ irreducible representation, which is also the ground state of
twisted acrolein. r active electrons in four orbitals, namely, three π orbitals on the
carbon chain in the molecular plane and the p-like σ orbital resulting from the 90◦

rotation around the terminal C=CH2 bond. We report our optimal perturbation and
VMC geometries of twisted s-trans acrolein in the 11A′′ state in Table 3.8. The good
agreement among the CASPT2, NEVPT2, and VMC structures is confirmed also
for this state of acrolein. As shown in Figure 3.10, both perturbation methods only
slightly overestimate the VMC bond lengths with the largest discrepancy of 0.013
Å being for the CO bond and CASPT2. On the other hand, the SAC-CI/cc-pVDZ
structure from Ref. [50] only agrees with VMC on the CO bond while the CC bonds
are overestimated with a large error of about 0.035 Å for the C−C bond and 0.02 Å
for the C−−C bond.

3.4.4 Acetone

To optimize the ground-state geometry of acetone, we impose C2v symmetry and,
in the n → π∗ state, consider two conformations, one with the same symmetry as

68



3.4 Results

0.000

0.005

0.010

0.015

0.020

0.025

0.030

0.035

0.040

C=O C−C C=C

B
on

d 
le

ng
th

 d
iff

er
en

ce
 (

Å
) 

CASPT2
NEVPT2
SAC−CI

Figure 3.10: Bond-length differences (Å) between the geometries computed with
different methods and the VMC reference for the π → π∗ state of s-trans acrolein in
the twisted geometry.

the ground state and the other one having Cs symmetry as a consequence of the
pyramidalization of the central carbon atom out of the molecular plane. In the excited
state of the C2v and Cs conformations, the geometry is therefore optimized for the
first root in the A2 and the A′′ irreducible representation, respectively. This second
non-planar structure corresponds to a true minimum for the n→ π∗ state.

The ground- and excited-state geometries obtained with the correlated methods
are listed in Table 3.9 and compared in Figure 3.11. As perturbation approaches,
we only employ the CASPT2 method to optimize the excited-state structure due to
the difficulties in the use of NEVPT2 as explained in Section 3.3. In the CASPT2
and VMC calculations, we use a CAS(4,3) expansion as reference wave function,
where the active space includes the lone pair on the oxygen and the bonding and
antibonding π orbitals on the CO bond [93]. In the ground state, the CC2, CASPT2,
and VMC methods yield very close geometries, with the largest deviation of 0.017 Å
being between CC2 and VMC on the CO bond. For the excited states, the CASPT2
and VMC optimal structures are in very good agreement, always differing by less
than 0.01 Å. Also for the n → π∗ state of this molecule, the biggest difference is
observed for the CO bond length computed with the CC2 method, which deviates
from the VMC value by as much as 0.074 Å when planar symmetry is imposed (see
upper panel in Figure 3.11).

Similarly to the acrolein case, all TDDFT functionals tend to underestimate the
CO bond length of acetone with respect to the optimized VMC structure, giving er-
rors as large as 0.06 Å for the LC-BLYP functional as also shown in Figure 3.11.
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CASPT2 NEVPT2 VMC
C−−O 1.232 1.226 1.218(0)
C−C 1.436 1.431 1.427(1)
C−−C 1.454 1.449 1.444(0)
θ(C−C−C) 123.66 123.97 123.45(5)
θ(C−C−O) 122.82 122.96 122.80(4)
Θ (C−C−C−H) 92.14 92.2 93.14(8)

Table 3.8: CASPT2, NEVPT2, and VMC geometries of the π → π∗ (11A′′) state of
s-trans acrolein in the twisted geometry.

CC2 CASPT2 NEVPT2 VMC
11A1 (C2v)

C−−O 1.222 1.214 1.211 1.205(0)
C−C 1.504 1.509 1.501 1.502(1)
θ(C−C−O) 121.93 121.91 121.89 119.80(2)

11A2 (C2v)
C−−O 1.422 1.360 – 1.348(1)
C−C 1.473 1.487 – 1.481(1)
θ(C−C−O) 116.24 116.86 – 118.99(4)

11A′′ (Cs)
C−−O 1.404 1.350 – 1.344(1)
C−C 1.477 1.496 – 1.489(1)
θ(C−C−O) 112.63 112.75 – 112.52(8)
Θ(H−C−C−O) 55.37 52.25 – 52.16(13)

Table 3.9: CC2, CASPT2, NEVPT2, and VMC bond lengths (Å) and angles (deg) of
acetone in the ground state (11A1) and in the n→ π∗ excited (11A2 and 11A′′) states
optimized either in C2v or Cs symmetry. We employ a cc-pVTZ basis in the CC2
and PT2 calculations, and a pVTZ′ basis set in combination with a two-body Jastrow
factor in VMC.

Given the good agreement between CASPT2 and VMC, the TDDFT deviations ob-
tained here are comparable to the ones reported in an older benchmark publica-
tion [19] using CASPT2 as reference. On the other hand, the choice of CC2 as
reference as in the more recent study of Ref. [25] is not recommended since the large
error of CC2 for the CO bond with respect to either CASPT2 or VMC will incorrectly
affect the comparison.

3.4.5 Methylenecyclopropene

We optimize the geometry of methylenecyclopropene in the ground and the π → π∗

excited state maintaining planarity (C2v symmetry), so the two states have 11A1

and 11B2 symmetry, respectively. We note that the planar geometry does not cor-
respond to a minimum for this excited state since a twisting of 90◦ around the exo-
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Figure 3.11: Differences in the bond lengths (Å) computed with different methods
with respect to the VMC values for the n→ π∗ state of acetone in the C2v (top) and
Cs(bottom) conformations.

cyclic C−−CH2bond is expected to stabilize the state in analogy to what happens for
acrolein [94]. Since we are also interested in a comparison with the CC2 and TDDFT
approaches, which cannot describe diradical systems as noted above, we limit here
our study to the planar π → π∗ state of methylenecyclopropene. The atomic labels
for this molecule are specified in Figure 3.12.

We present the perturbation, CC2, and VMC ground- and excited-state geome-
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Figure 3.12: Methylenecyclopropene with atomic labels.

tries in Table 3.10. In the perturbation and VMC calculations, we construct the ref-
erence wave functions of both states as a CAS(4,4) expansion over two bonding and
two anti-bonding π orbitals. We find that the ground-state perturbation and CC2 ge-
ometries are in very good agreement with the VMC structures, with all deviations
being smaller than 0.01 Å. These ground-state structures are also compatible with
the corresponding SAC-CI/cc-pVDZ geometry of Ref. [50]. In the excited state, we
observe an inversion of the single and double bonds, which is well reproduced by all
techniques. Also for this state, the VMC and CASPT2 structures agree very well as
shown in Figure 3.13 (upper panel). The comparison with CC2 and SAC-CI reveals
instead bigger errors in correspondence of the C3−−C4 bond in the ring which both
techniques overestimate by about 0.025 Å. The excited-state description of this part
of the molecule is expected to be more critical since the excitation strongly localizes
the electrons on the ring atoms [95]. On the other hand, TDDFT displays the oppo-
site behavior, giving smaller deviations from VMC on this bond and non-negligible
errors on C1−−C2. Also for this molecule, the best performance is obtained with the
hybrid B3LYP and PBE0 functionals (see lower panel in Figure 3.13).

3.4.6 Propenoic acid anion

The last molecule considered in this study is the propenoic acid anion, for which we
compute the structures of the ground state and the first singlet excited state corre-
sponding to the n → π∗ excitation. The molecular structure and the relevant atomic
labels are given in Figure 3.14.

We report the CC2, CASPT2, and VMC geometrical parameters of the propenoic
acid anion in Table 3.11. In the ground-state optimization with the perturbation and
VMC approaches, we choose a CASSCF wave function which correlates eight elec-
trons in six orbitals, five orbitals of π character and one σ orbital describing the lone
pair on one oxygen. At the CASPT2 level, the ground-state energy with a CAS(8,6)
expansion is optimal if the σ orbital is on the C−O1 bond and it is unfortunately not
possible to stabilize a larger CAS also including the lone pair on the C−O2 bond. The
optimal ground-state geometries are characterized by almost equal CO bond lengths
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CC2 CASPT2 NEVPT2 VMC
11A1

C1−−C2 1.328 1.331 1.327 1.324(0)
C1−C3 1.438 1.442 1.434 1.434(0)
C4−−C3 1.325 1.324 1.319 1.316(1)
θ(C2−C1−C3) 152.56 152.66 152.62 152.98(4)
θ(C1−C3−C4) 62.56 62.67 62.62 62.63(3)

11B2

C1−−C2 1.457 1.461 – 1.456(1)
C1−C3 1.349 1.360 – 1.351(1)
C4−−C3 1.512 1.496 – 1.483(0)
θ(C2−C1−C3) 145.90 146.64 – 146.66(2)
θ(C1−C3−C4) 55.90 56.64 – 56.66(3)

Table 3.10: CC2, CASPT2, NEVPT2, and VMC bond lengths (Å) and angles (deg)
of the ground (11A1) and the π → π∗ excited (11B2) state of planar methylenecy-
clopropene. We employ a cc-pVTZ basis set in the CC2 and PT2 calculations, and a
pVTZ′ basis set in combination with a two-body Jastrow factor in VMC.

and are rather similar at all levels of theory. At the CC2 level, the CO bonds are
slightly longer than the CASPT2 ones and therefore further away from the VMC
values.

In the n → π∗ state, one can construct two CAS(8,6) expansions by including
the σ orbital either on the C−O1 or on the C−O2 bond, as well as a CAS(10,7)
active space comprising both lone pairs. These reference wave functions lead to very
different CASPT2 and VMC geometries. If we employ the CAS(8,6) expansions
which give rather close CASPT2 energies on the ground-state geometry, we obtain
a differential elongation of the C−O1 and C−O2 bonds, where the bond elongating
is the one associated to the lone pair included in the active space. The geometry
with a longer C−O2 is consistent with the one reported in a previous CASPT2 study
with the same active space [49]. Chemically, it is however unclear why the excited-
state geometry should display a differential elongation of the two CO bonds, which
is moreover crucially dependent on the choice of the σ orbital included in the active
space. Therefore, we perform also a CASPT2 optimization with both lone pairs in a
CAS(10,7) expansion.

As shown in Table 3.11, the use of the CAS(10,7) reference yields the expected
behavior within CASPT2 and VMC: Both CO bonds are equally elongated with re-
spect to the ground-state geometry by about 0.04-0.05 Å. We note that the use of
a CAS(10,7) active space always leads to the same CASPT2 minimum with equal
CO bond lengths independently of the starting geometry being the ground-state or
the two CAS(8,6) excited-state structures. Within VMC, the optimization with a
CAS(10,7) leads instead to distinct minima if we start from these different geome-
tries. Two minima are characterized by a differential elongation of the CO bonds
while the other one has equal CO bond lengths and is lower in energy by about 7
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Figure 3.13: Bond-length differences (Å) between the geometries computed with
different methods and the VMC reference for the π → π∗ (11B2) state of planar
methylenecyclopropene.

mHartree. This optimal excited-state VMC structure is similar to the CASPT2 one
but, as in the ground state, we observe differences of about 0.02 Å on the CO bonds.
In the excited state, CC2 yields a similar lengthening of both CO bonds as observed
at the CASPT2 and VMC level (See Figure 3.15). The biggest difference with the
other correlated approaches is the excessive lengthening of the C−O2 bond, which
is 0.03 and 0.05 Å longer than the CASPT2 and VMC values, respectively. Finally,
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Figure 3.14: Propenoic acid anion with atomic labels.

CC2 CASPT2 VMC
11A′

C−O1 1.265 1.260 1.245(1)
C−O2 1.261 1.253 1.241(0)
C−C 1.521 1.531 1.526(1)
C−−C 1.335 1.338 1.324(0)
θ(O1−C−C) 114.02 114.00 113.95(5)
θ(C−C−C) 123.48 123.68 124.03(6)
θ(O1−C−O2) 129.59 129.69 129.72(4)

11A′′

C−O1 1.311 1.309 1.291(1)
C−O2 1.331 1.299 1.284(1)
C−C 1.385 1.387 1.379(0)
C−−C 1.415 1.412 1.401(0)
θ(O1−C−C) 130.41 128.39 128.33(7)
θ(C−C−C) 123.43 124.70 124.49(7)
θ(O1−C−O2) 102.32 103.98 107.18(7)

Table 3.11: CC2, CASPT2, NEVPT2, and VMC bond lengths (Å) and angles (deg)
of the ground and n → π∗ excited states of the propenoic acid anion. We employ
a cc-pVTZ basis set in the CC2 and CASPT2 calculations, and a pVTZ′ basis set in
combination with a two-body Jastrow factor in VMC.

the geometries optimized at the TDDFT level share the common feature of having
CO bonds of equal length which are very close to the VMC values, while bigger
differences are observed for the C−C bond.
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Figure 3.15: Bond-length differences (Å) between the geometries computed with
different methods and the VMC reference for the n → π∗ state of propenoic acid
anion.
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3.5 Conclusions

3.5 Conclusions

In this paper, we have presented a thorough investigation of the performance of a vari-
ety of first-principle approaches in optimizing the geometries of a set of small organic
chromophores, with particular focus on their excited-state structures. The primary
goal was to assess the accuracy of the VMC geometries through a detailed compar-
ison with those obtained with other highly-correlated approaches such as multiref-
erence perturbation approaches (CASPT2 and NEVPT2), coupled cluster (CC2) and
SAC-CI, which have been used in previous benchmark studies of TDDFT or other
correlated approaches.

For this aim, we revisited the perturbation calculations for these molecules with
special emphasis on the construction of the reference wave function since the choice
of active space may significantly affect the excited-state optimal geometry as in the
case of the propenoic acid anion.

As shown in Figure 3.16, the level of agreement between the different methods
and VMC can be discussed in terms of the maximum absolute deviations (MXAD)
with respect to the VMC excited-state bond lengths. For the perturbation theories
and CC2, the MXAD occurs for the CO bond of the carbonyl compounds and for
the double CC bond in the ring of MCP, while we find that SAC-CI consistently
gives a worse description of the CC bond lengths. We observe that the VMC and
perturbation structures are always very close: The MXADs are extremely small at
the NEVPT2 level and consistently around 0.013 Å within CASPT2, with the only
exception of the more problematic case of the propenoic acid anion with its bigger
error of about 0.018 Å. With maximum absolute deviations of 0.04–0.075 Å, the
comparison with CC2 confirms the lack of accuracy of this method in the description
of the CO bond in the n→ π∗ excited states as already reported in Ref. [26]. CC2 is
instead able to provide a somewhat better description of the π → π∗ excited states of
acrolein and MCP, where the MXADs are about 0.02–0.03 Å. The maximum errors
on the SAC-CI geometries are of the same order of magnitude as those on the CC2
structures.

At the TDDFT level, most functionals give the largest errors on the CO bond
of the carbonyl compounds in the n → π∗ excited states, with the exception of the
propenoic acid anion where all functionals fail on the CC bonds. As regards the π →
π∗ excitations, the MXAD for the different functionals is always on the exocyclic
double bond of MCP while it occurs on different bonds of acrolein. Manifestly, it
is not possible to identify a clear correlation between the defining features of the
different functional investigated (e.g. amount of exact exchange) and the accuracy
of the geometry obtained. Furthermore, while the poorest results are obtained with
the LC-BLYP functional, it is not straightforward to pinpoint a single functional as
the one offering the best overall performance in the optimization of the excited-state
structures of these molecules.

In conclusion, our study demonstrates that QMC (also in its simplest VMC vari-
ant) can be successfully employed as a robust method for the accurate optimiza-
tion of ground- and excited-state structures also in cases where other correlated or
TDDFT methods fail. Thanks to its favorable computational scaling with the system
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Figure 3.16: Maximum absolute deviations (Å) on the bond lengths in the excited
state with respect to the VMC optimal geometries.

size, QMC represents therefore a promising alternative to other methods ordinar-
ily employed in quantum chemistry for the structural study also of more complex
molecules.
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Chapter 4

Solvent effects on excited-state
structures: A quantum Monte
Carlo and density functional
study†

We present the first application of quantum Monte Carlo (QMC) in its variational fla-
vor combined with the polarizable continuum model (PCM) to perform excited-state
geometry optimization in solution. Our implementation of the PCM model is based
on a reaction field which includes both volume and surface polarization charges, and
is determined self-consistently with the molecular wave function during the QMC
optimization of the solute geometry. For acrolein, acetone, methylenecyclopropene,
and the propenoic acid anion, we compute the optimal exited-state geometries in
water and compare our results with the structures obtained with second-order per-
turbation theory (CASPT2) and other correlated methods, and with time-dependent
density functional theory (TDDFT). We find that QMC predicts a structural response
to solvation in good agreement with CASPT2 with the only exception of the π → π∗

state of acrolein where the robustness of the QMC geometry must be contrasted to
the sensitivity of the perturbation result to the details of the calculation. As regards
TDDFT, we show that all investigated functionals systematically overestimate the ge-
ometrical changes from the gas phase to solution, sometimes giving bond variations
opposite in trend to QMC.

4.1 Introduction

A realistic theoretical description of photo-excitations in chemical systems must take
into account that these processes generally occur in a condensed medium such as a
liquid solution, which may significantly affect the molecular properties of the active

† This chapter has been published as R. Guareschi, F. M. Floris, C. Amovilli, and C. Filippi,
“Solvent effects on excited-state structures: A quantum Monte Carlo and density functional study”, J.
Chem. Theory Comput. 2014, 10, 5528–5537
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species with respect to the gas phase. The most common approach to include solva-
tion effects is to describe the solute at the quantum mechanical level and the solvent
classically. In this framework, the solvent can be represented at different levels of
sophistication, preserving its explicit atomistic structure or, at the other extreme, as
a continuum medium [1–7].

The methods based on a continuum solvent offer a cost effective manner to ap-
proximately include an average description of the environment and account for im-
portant polarization contributions in processes such as absorption, emission, and
structural relaxation in solution. Among the numerous variants of continuum ap-
proaches, the most popular nowadays is the polarizable continuum model (PCM) [1,
6], where the solvent is a dielectric medium surrounding a molecule enclosed in a
cavity and the solute-solvent interactions are mimicked via polarization charges dis-
tributed on the surface of the cavity and sometimes also in the bulk of the continuum
medium (volume polarization charges) [1, 8].

As regards the treatment of the solute and its structural response in the excited
state, a plethora of quantum chemical methods is available whose performance has
been primarily investigated in the gas phase. The ability of an approach to treat
an isolated species does however not ensure an equally good quality of its excited-
state response to the presence of a solvent. In benchmarking time-dependent density
functional theory (TDDFT) [9–11], the focus has in fact recently moved to establish
its performance in describing optimal excited-state structures, fluorescence emission,
and adiabatic absorption beyond the gas phase. For this purpose, the combination of
TDDFT with PCM techniques appears to be the simplest and most effective mean
to obtain a fast, qualitatively correct analysis of molecular properties in a solvated
environment and has in fact been employed to this purpose in different flavors [12–
19], the most recent one in a structural investigation also including the response of
the exact TDDFT excited-state density [20]. These studies suffered however for the
lack of good reference data, which can in principle be provided by accurate wave
function methods.

In this context, quantum Monte Carlo (QMC) represents an accurate and robust
highly-correlated approach to investigate the properties of a solvated molecular sys-
tem. QMC has been shown [21–26] to yield excitation energies of a variety of chro-
mophores in good agreement with multi-reference second-order perturbation theo-
ries like CASPT2 in its most recent formulation [27] and the n-electron valence per-
turbation theory (NEVPT2) [28], while offering a more favorable scaling for large
systems (N4 with N the number of electrons) than either perturbation approach.
Ground- and excited-state geometry optimizations [22, 29–32] can be carried out
within QMC in its variational (VMC) flavor thanks to a robust wave function opti-
mization procedure in state-specific [33] and state-average [21] fashion, and an effi-
cient implementation of the computation of interatomic forces with a finite-variance
estimator [29, 30]. Recently, our group has presented a detailed study of the ground-
and excited-state geometry optimization of a set of representative organic molecules
in the gas phase [34], obtaining QMC optimal structures consistent with those re-
sulting from perturbation theory and providing robust reference data whenever the
application of a perturbation approach proved problematic.
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The aim of this work is to provide an accurate PCM benchmark of both ground-
and excited-state structures of prototypical organic solutes, which we treat here at
the QMC level. For this purpose, we combine for the first time structural optimiza-
tion in VMC with our QMC/PCM approach [35–38] to include a continuum solvent
determined self-consistently with the solute wave function in terms of surface and
volume polarization charges. For a set of small organic chromophores representative
of n → π∗ and π → π∗ transitions, we compute the optimal excited-state geome-
tries in water within VMC and compare them with those resulting from TDDFT and
CASPT2 in the same medium. We find that QMC yields structural changes due to
the presence of the solvent in good agreement with the predictions of the CASPT2
method. Furthermore, it provides a robust estimate of the geometry of the π → π∗

state of acrolein, where the perturbation results are instead strongly dependent on the
computational ingredients entering the calculation. Finally, all TDDFT functionals
investigated here tend to overestimate the geometrical response to the solvent in the
excited states and yield an even larger error with respect to the correlated approaches
than in the gas phase.

The paper is organized as follows. In Section 4.2, we discuss various method-
ological aspects related to the computation of interatomic gradients in QMC/PCM
and, in Section 4.3, we present the computational details. In Section 4.4, we present
a detailed analysis of our results and conclude in Sec. 4.5.

4.2 Methods
We focus here on the excited-state geometry optimization of small organic molecules
and include solvation effects within the polarizable continuum model (PCM) [1, 6,
8, 12, 39–42]. In this model, the molecule under study (the solute) is treated at the
quantum mechanical level and placed inside a cavity made of a set of interlocking
spheres generally centered on the atoms, which represents a boundary between the
solute and the solvent. The solvent is represented as a continuum medium character-
ized by a static dielectric constant, ε, while the dielectric constant inside the cavity
is equal to one. We assume a fast response of the solvent, namely, that the sol-
vent molecules have time to undergo the orientational reorganization induced by the
structural changes of the solute in the excited state [1, 38, 39, 42–44]. Consequently,
for water, we employ the static dielectric constant, ε = 78.39, in all excited-state
geometrical optimizations.

4.2.1 The QMC/PCM approach
We investigate the effect of PCM solvation on the excited-state geometry within
variational Monte Carlo (VMC), using our approach to accurately solve the Pois-
son equation coupled to a QMC description of the solute [36, 37].

Within the PCM, the electric field and the charge density of the solute is coupled
to the electric field and the charge density of the solvent via the Poisson equation:

∇ · E = 4πρtot(r) (4.1)
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where E is the total electric field and ρtot(r) is the total charge density of the elec-
trons and nuclei of the solute and the polarization density of the solvent. In our
VMC/PCM calculations, we include surface polarization charges on the cavity as
well as volume charges in the solvent region to accurately treat solvent polarization
effects arising from the quantum mechanical spill-out of the solute electronic density
from the cavity.

The volume polarization charge density outside the cavity is given by

ρ
(pol)
vol (r) =

(
1

ε
− 1

)
ρe(r) , (4.2)

where ρe(r) is the electronic charge density of the solute. The electrostatic potential
associated to this charge density is given by the following integral over the domain
outside the cavity C:

φpol
vol(r) =

∫
r′ 6∈ C

ρpol
vol(r

′)

|r− r′|
dr′

=

(
1− 1

ε

)
〈Ψ|

N∑
i=1

θ(ri)

|r− ri|
|Ψ〉 , (4.3)

where Ψ is the solute wave function and the θ function is equal to one outside the
cavity and zero inside. We employ the VMC approach to compute the integral above
by sampling a set of M configurations (r(k)

1 , . . . , r
(k)
M ) from the square of the wave

function |Ψ|2. The electrostatic potential can then be written as due to a set of nc
volume polarization charges,

φpol
vol(r) ≈

nc∑
l=1

ql
|r− rl|

, (4.4)

where the nc ≤ N ×M point charges have charge ql = (1− 1/ε) /M and positions
corresponding to the sampled one-electron coordinates outside the cavity, rl = r

(k)
i

if θ(r(k)
i ) = 1.

The surface polarization charge density, σ, is linked to the total electric field as

σ(r) =
1− ε
4πε

n+ · E−(r) , (4.5)

where n+ is a versor pointing outside the cavity and E−(r) is the total electric field
evaluated at the surface immediately inside the cavity, with E(r) = Esolute(r) +
Esurf(r) + Evol(r). Thus, at the end of a VMC run in the solvent, the normal com-
ponent of the averaged solute field and of the field produced by volume polarization
is computed while, for the field related to the surface polarization charge density, we
use the relation

n+ · Esurf−(r) = −2πσ(r)

+

∫
Σ

n+ · (r− ra)

|r− ra|3
σ(ra) da , (4.6)
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where the integral is defined over the cavity surface Σ.
The surface charge distribution is discretized dividing the surface in elements

(tesserae) of area a and placing point charges at the center of each of them. In our
implementation, the number of point charges per unit surface, p, is fixed and it is the
same for all the spheres of the cavity. The surface charge density at the point rk is
then approximated as

σ(rk) ≈
qk
a
, (4.7)

where the positions of the point charges are determined by minimizing the mutual
repulsion of equal charges on the surface of a sphere of a given fixed radius [45].
The Poisson equation establishes the relation between the surface charge polarization
and the nuclear and the electronic density of the solute (which also determines the
volume polarization charges) as

qk =
∑
j

Gkj(Σ, ε) n+ · [Evol(rj) + Esolute(rj)] , (4.8)

where Gkj depends only on the shape of the cavity and on the solvent dielectric
constant.

This equation must be self-consistently solved with the molecular wave function
of the solute, which is optimized in the presence of the PCM solvation through the
minimization of the energy functional:

E[Ψ] = 〈Ψ|Helec|Ψ〉+
∑
α<β

ZαZβ
|Rα −Rβ|

+
1

2

∫
ρsolute(r) [Vσ(r) + Vvol(r)] dr, (4.9)

where Helec is the electronic Hamiltonian. The density of the solute is given by the
sum of the charges of the nuclei Zα at positions Rα and the electronic contribution:

ρsolute(r) =
∑
α

Zαδ(r−Rα) + ρe(r) , (4.10)

and the potential due to the surface and volume charges is given by

Vσ(r) + Vvol(r) =

surf,vol∑
k

qk
|r− rk|

. (4.11)

The solute-solvent interaction term in the energy functional given in Eq. (4.9) cor-
responds to the polarization contribution to the free energy of solvation, which we
denote as ∆G(pol) in the following. In order to prevent divergences of the Coulomb
interaction at the coalescence points, we introduce a small cutoff distance and, when
the electron and the point charge are closer than this distance, we set the interaction
equal to the value it takes at the cutoff.
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To describe the solute, we employ a many-body molecular wave function of the
Jastrow-Slater form,

Ψ = J
NCSF∑
i=1

ciCi , (4.12)

where ci are the expansion coefficients of the CSFs, Ci, and J is the Jastrow corre-
lation factor which has an explicit dependence on the inter-particle distances. At a
given geometry of the solute, the wave function is fully optimized by energy mini-
mization within VMC in a state-specific or state-average fashion and brought to self
consistence with the surface and volume polarization charges through two cycles of
generation of the solvent charges and optimization of the solute wave function for
the targeted excited state.

4.2.2 Computation of the forces in PCM

The inclusion of the PCM requires however some attention in the computation of the
QMC forces by finite difference (as well as analytically) since the surface and volume
polarization charges depend on the positions of the nuclear coordinates of the solute.
When the atomic displacements are performed to compute the numerical forces, the
spheres of the cavity centered on the atoms and, therefore, the point charges on the
surface, must be rigidly moved with the atoms when the energy of the solute (Eq. 4.9)
is evaluated at the displaced positions. Furthermore, the magnitude of the charges
must be modified to account for the change of the electronic density distribution [46].

We give here the details of our procedure and start by considering a small varia-
tion of an internal coordinate xγ with respect to the starting configuration x, where
we have minimized the energy functional (Eq. 4.9) self-consistently with the sol-
vent. The wave function of the solute is recentered and the atomic cavity spheres
are rigidly moved with the nuclear centers. The contribution to the forces due to the
solvent polarization is then computed as

∂∆G(pol)

∂xγ
=

[
∆G(pol)(x + δxγ)−∆G(pol)(x− δxγ)

]
2δxγ

, (4.13)

where ∆G(pol) consists of two contributions, one from the volume charges and one
from the surface charges as described above. The volume polarization charges do not
change the value in the molecular deformation but must be repositioned according
to the solute wave function recentering. To this end, we resort to the space-warp
coordinate transformation of Ref. [47]. Once this operation is complete, the volume
contribution to the force is directly evaluated by means of the finite difference.

The surface polarization term is treated differently to avoid the self-consistent
recalculation of the surface charges. To explain our procedure, it is convenient to
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rewrite ∆G
(pol)
surf as following:

∆G
(pol)
surf =

1

2

∫
ρsolute(r)Vσ(r)dr =

1

2

∑
k

Vsolute(r)qk

=
1

2

∑
kj

Vsolute(rk)Gkjn+ · [Evol(rj) + Esolute(rj)] , (4.14)

where we used Eqs. 4.8 and 4.9, and Vsolute(rk) is the solute electrostatic potential
at the center of surface element k. We can rewrite this equation in matrix form as

∆G
(pol)
surf =

1

2
VGE , (4.15)

where the row vector V represents the potential of the solute and the column vector
E the electric field normal components. Consequently, Eq. 4.13 becomes

∂∆G
(pol)
surf

∂xγ
=

[
1
2
V+G+E+ − 1

2
V−G−E−

]
2δxγ

, (4.16)

where the subscript ± indicates that the calculation is performed at x ± δxγ . In the
limit of δxγ → 0, we can neglect second and higher order terms in the variation of
each quantity depending on x, and write

∂∆G
(pol)
surf

∂xγ
= [V+G+E0 + V0G0E+

−V−G−E0 −V0G0E−] /4δxγ , (4.17)

where the subscript 0 labels quantities evaluated at the initial position x. In order
to avoid the recalculation of the electric field at the displaced positions of surface
charges, we introduce the following approximation,

V0G0E± ≈ V±G±E0 , (4.18)

which is motivated by the bilinear form of the energy associated to the electrostatic
field. This relation is exact in the case of a solute completely enclosed in a fixed
cavity and for the non-discretized treatment of the surface polarization distribution.
With this approximation, the above derivative becomes

∂∆G
(pol)
surf

∂xγ
≈ [2V+G+E0 − 2V−G−E0] /4δxγ . (4.19)

We are aware that, through this simplification, we are neglecting small contributions
of pure geometrical origin. We expect that such effects are generally negligible ex-
cept for more complicated cavities than those considered in this work, i.e. in case of
very large solutes with cavity spheres non centered on nuclei.

To assess the accuracy of our VMC/PCM scheme for the computation of the
forces, we investigate the consistency between the energy profile and the computed
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forces for the LiF molecule, which is a simple system expected to strongly respond to
the presence of a polar solvent like water. We employ a single-determinant Jastrow-
Slater wave function and plot the corresponding ground-state energy as a function of
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Figure 4.1: Energy (left scale) and force (right scale) of the LiF molecule as a func-
tion of the internuclear distance in the gas phase (above) and in PCM water solution
(below). The dashed (blue) curve is a polynomial fit to the calculated energies and the
solid (red) curve is minus the gradient of the fit. The forces (circles) are calculated
as described in the text. The statistical errors are smaller than the symbol size.
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the bond length in the gas phase and in the PCM in Figure 4.1. For each geometry, the
wave function is fully optimized in energy minimization and the surface and volume
charges of the water environment are determined self-consistently. We then compare
the force obtained as minus the derivative of the fit of the energy with the values
of the numerical gradients computed with the scheme described above. Clearly, the
forces computed at each geometry lie on the curve obtained by differentiating the
fit of the energy and the consistency between energy and forces is equally good in
the gas phase and in the presence of the PCM. This also demonstrates that the geo-
metrical term we neglect in Eq. 4.19 gives a negligible contribution, smaller than the
statistical error on the force. We expect that this approximation is similarly good for
the molecules studied here since the shape of their cavities is also rather simple and
does not present the complexity one can for instance encounter in the folding of a
molecular chain.

4.3 Computational details

We perform the TDDFT calculations with the Gaussian09 program [48] and employ
the B3LYP [49,50], PBE0 [51–53], M06 [54], M06-2X [54], and CAM-B3LYP [55]
exchange-correlation functionals. These functionals represent a subset of those con-
sidered in our previous gas-phase study [34] and have also been used in a recent
investigation of TDDFT structures in solution [12,13,18–20]. We use the MOLCAS
7.2 suite of programs [56] for the CASPT2 [57, 58] calculations, and always employ
the recommended zero-order Hamiltonian [27] with the IPEA shift set to 0.25 a.u.

The QMC calculations are carried out with the program package CHAMP [59].
We employ scalar-relativistic energy-consistent Hartree-Fock pseudopotentials [60,
61] and obtain the starting determinantal component of the Jastrow-Slater wave func-
tion in complete-active-space self-consistent field (CASSCF) calculations performed
with the program GAMESS(US) [62]. The CAS expansions are then expressed on
the CASSCF natural orbitals and all configuration state functions (CSF) are retained
in the QMC studies of acrolein, MCP, and acetone. For the excited state of the
propenic acid anion, the expansion is truncated imposing a threshold of 0.05 on the
CSF coefficients and the union of the surviving CSF’s in the ground and excited states
are then kept in the final wave functions. We employ a three-body Jastrow factor to
account for electron-nuclear, electron-electron, and electron-electron-nucleus corre-
lations and use different Jastrow factors to describe different atom types [63]. The
difference between the VMC structures optimized with a two-body and a three-body
Jastrow factor is rather small, between 0.003-0.006 Å in the gas phase and 0.003-
0.009 Å in the PCM, and a good cancellation of errors is generally observed in the
bond-length differences (see Supporting Information). In the following, we present
the results obtained with the more sophisticated three-body Jastrow factor. The QMC
wave functions are fully optimized within variational Monte Carlo using the linear
method [33] and its extension to state-average calculations [21].

We perform the CASPT2 and TDDFT calculations with the Dunning’s correla-
tion consistent cc-pVTZ basis set [64–67] and the QMC calculations with the basis
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sets specifically constructed for our pseudopotentials [60]. In particular, in QMC, we
employ the cc-pVTZ′ basis set which consists of the cc-pVTZ for the heavy atoms
and the cc-pVDZ basis set for hydrogen. For these molecules, this choice of basis
sets represents a good compromise between accuracy and computational cost in the
computation of the bond-length differences between PCM and the gas phase. With
respect to the use of augmentation, the largest basis-set error on this difference is
observed for the very responsive π → π∗ state of acrolein and amounts to 0.004 and
0.006 Å at the TDDFT and the CASPT2 level, respectively.

For all PCM calculations, we construct the cavity using interlocking spheres cen-
tered on the nuclei, whose radii yield an electronic isodensity surface of 0.001 a.u.
In the VMC/PCM calculations, we include both surface and volume polarization
charges [36] while the latter are not present in the TDDFT and CASPT2 calcula-
tions. In the TDDFT computations, we use the integral equation formalism variant of
PCM (IEFPCM) while, in CASPT2, we use the standard PCM implemented in MOL-
CAS. In the CASPT2/PCM, the surface charges are computed self-consistently in the
CASSCF step [41] and then simply included unchanged in the zero-order CASPT2
Hamiltonian. As starting geometry of the PCM excited-state optimizations, we use
the corresponding optimal excited-state geometries obtained in the gas phase at the
same level of theory.

As detailed in previous work by our group [22,34], the VMC geometry optimiza-
tion is performed in Z-matrix coordinates with numerical gradients of the energy with
respect to the nuclear coordinates. The interatomic forces at a reference geometry are
computed in a correlated sampling VMC calculation [47], where a set of secondary
geometries is generated through forward and backward displacements of 0.001 a.u.
in the bond lengths and 0.01 degrees in the bond and dihedral angles. To obtain
finite-variance estimates of the gradients, we sample a distribution which is finite at
the origin following Ref. [29]. The VMC/PCM structural optimizations require gen-
erally about 5 iterations to converge to a final value of the interatomic gradients of
about 0.001-0.003 Hartree/Bohr for the bond lengths and 0.0001 Hartree/degree for
the bond angles. We then perform 5-8 additional steps after convergence to obtain
the average estimates of the optimal internal coordinates.

4.4 Results

Figure 4.2: The molecules considered in this work: A) s-trans acrolein, B) acetone,
C) methylenecyclopropene (MCP), and D) the propenoic acid anion (PAA).
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The molecules considered in this work are the s-trans acrolein, acetone, methylenecy-
clopropene (MCP), and the propenoic acid anion (PAA), which are shown in Fig-
ure 4.2. The ground- and excited-state properties of these molecules have been exten-
sively investigated in the gas phase with many different quantum chemical methods
and are commonly employed to benchmark the quality of the predicted excited-state
structures [15,34,68–77]. Relatively few studies have instead been performed on the
effect of solvation on the ground- and excited-state equilibrium geometries of these
molecules [15–17, 19] and these studies suffered from the lack good reference data
for comparison.

As in our gas-phase study [34], we investigate the optimal structures of the n →
π∗ state of acrolein, acetone, and PAA, and of the π → π∗ state of acrolein and
MCP, imposing the symmetry constraints detailed in Table 4.1. For these states,
we optimize the molecular geometries within VMC and CASPT2 and compare the
relative performance of these correlated methods to the TDDFT structures obtained
with several approximate exchange-correlation functionals. Here, we will focus on
the effect of the solvation PCM environment on the equilibrium geometries, which
is quantified in terms of bond-length differences with respect to the corresponding
gas-phase structures.

Molecule Symmetry State Excitation
s-trans acrolein Cs 11A′′ n→ π∗

21A′ π → π∗

Acetone C2v 11A2 n→ π∗

Cs 11A′′ n→ π∗

MCP C2v 11B2 π → π∗

PAA Cs 11A′′ n→ π∗

Table 4.1: Symmetries imposed in the structural optimization of the low-lying ex-
cited states of the molecules. The symmetry of the state and the nature of the excita-
tion are also reported.

4.4.1 Acrolein
In the CASPT2 and VMC calculations of the n → π∗ state of planar acrolein, we
use a CAS(6,5) expansion given by four π orbitals on the conjugated carbon chain
and one σ orbital describing a lone pair in the direction orthogonal to the CO group.
In the π → π∗ state, we employ a CAS(4,4) expansion over four π orbitals in VMC
and a smaller CAS(2,2) in CASPT2. Both in the gas phase and in PCM, a CASSCF
calculations with a CAS(4,4) expansion results in the bright π → π∗ state being the
third root in the A′ irreducible representation, which then becomes the second root
when dynamical correlation is introduced with the perturbation correction or with
the Jastrow factor in VMC. While the VMC optimization with a CAS(4,4) does not
pose any problem, the CASPT2 calculations are affected by a strong mixing between
the second and third eigenvectors at the multi-state level, and therefore a perturba-
tion wave function dramatically different from the zero-order reference. To better
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illustrate these difficulties, we report the spread of optimal geometries obtained with
different active spaces at the single- and multi-state CASPT2 level in the Supporting
Information. Therefore, consistently with the choice made in the gas phase, we em-
ploy a different active space for the CASPT2 and VMC optimizations of the π → π∗

structure, keeping in mind that the use of the small CAS(2,2) active space leads to
a straightforward CASPT2 optimization of the second state but may be variationally
rather poor.
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Figure 4.3: Bond lengths (Å) in the gas phase (top) and in water solution (bottom) of
the n→ π∗ excited state of s-trans acrolein. The statistical errors on the VMC values
is about 0.001 Å.

The optimal excited-state geometries of s-trans acrolein in the gas phase and
solvation are shown in Figure 4.3 and Figure 4.4, and the bond-length differences
between water and the gas phase are reported in Figure 4.5. In the n→ π∗ state, we
find that VMC and CASPT2 agree in predicting that single and double bonds acquire
a more similar length in the excited state and that this pattern is preserved in the PCM
environment. The structural response of acrolein to solvation at the correlated level
is in fact very small with changes in the bond lengths with respect to the gas phase
well below 0.005 Å. All TDDFT functionals give instead double bonds in the excited
state significantly shorter than the single one, and the difference is enhanced upon
solvation: The single C−C bond lengthens by about 0.01–0.015 Å with respect to
the gas phase, while the effect on the other bonds is much smaller (with the exception
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Figure 4.4: Bond lengths (Å) in the gas phase (top) and in water solution (bottom) of
the π → π∗ excited state of s-trans acrolein. The statistical error on the VMC values
is smaller than 0.001 Å.

of the C−−C bond optimized with the M06 functional which shortens by about 0.01
Å). These findings are consistent with a recent TDDFT study [19] where an even less
polar solvent than water (acetonitrile) was considered.

The geometry of the π → π∗ state responds more strongly to the presence of
water at the correlated level. This is expected since the dipole moment increases
going from the ground to the π → π∗ excited state, while it decreases in the n→ π∗

excited state [42]. The VMC and CASPT2 methods predict the same behavior upon
solvation, namely, the elongation of the C−−O and C−C bonds, and the shortening
of the C−−C bond. As discussed above, the absolute differences between the two
correlated approaches must be attributed to the use of a sub-optimal CAS(2,2) active
space for CASPT2 and we will therefore use VMC as reference for the geometry
optimization of this state. All TDDFT functionals yield an elongation of the carbonyl
bond but display a change opposite to VMC in the carbon-carbon distances, that is,
a shortening of the C−C bond by about 0.02 Å and a slight lengthening of the C−−C
bond.

Finally, in Figure 4.6, we compare our correlated results with the structural re-
sponse of SAC-CI and CCSD in PCM water computed in Refs. [15] and [17], respec-
tively. For the n → π∗ state, CCSD slightly overestimates the geometrical response
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Figure 4.5: Bond-length differences (Å) between the geometries computed in water
solution and in the gas phase for the n → π∗ (top) and π → π∗ (bottom) excited
states of s-trans acrolein. The statistical error on the VMC bond-length differences
is about 0.001 Å for the n → π∗ and smaller than 0.001 Å for the π → π∗ state.
The CASPT2 geometry of the π → π∗ state is obtained with a sub-optimal CAS(2,2)
active space (see text).

to the solvent and SAC-CI displays the same trend further amplifying the error with
respect to CCSD. In the π → π∗ state, while SAC-CI and CCSD yield the same pat-
tern as VMC in the bond-length differences between PCM and gas-phase structures,
both methods predict an excessive elongation of the C−C bond upon solvation by
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Figure 4.6: CASPT2 and VMC bond-length differences (Å) between the acrolein
geometries computed in water solution and in the gas phase compared with SAC-
CI [15] and CCSD [17] values from the literature. The CASPT2 geometry of the
π → π∗ state is obtained with a sub-optimal CAS(2,2) active space (see text). The
statistical error on the VMC bond-length differences is about 0.001 Å for the n→ π∗

and smaller than 0.001 Å for the π → π∗ state.

0.04 and 0.03 Å, respectively.
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4.4.2 Acetone

We optimize the n → π∗ excited state of acetone in the Cs conformation corre-
sponding to a minimum of the potential energy surface characterized by the pyra-
midalization of the central carbon atom out of the plane. In the CASPT2 and VMC
computations, the active space comprises four electrons in three orbitals, that is, the
bonding and antibonding π orbitals on the CO bond, and the nonbonding lone pair
on the oxygen.
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Figure 4.7: Bond lengths (Å) in the gas phase (top) and in water solution (bottom) of
the n→ π∗ state of acetone. The statistical error on the VMC values is smaller than
0.001 Å.

The excited-state geometries optimized in the gas phase and in water solution are
shown in Figure 4.7 and the corresponding bond-length differences in Figure 4.8.
All TDDFT functionals yield an optimal solvated structure with the carbonyl bond
slightly shorter than in the gas phase and with the CC bonds longer by about 0.005-
0.01 Å depending on the functional. As in the case of the n → π∗ state of acrolein,
CASPT2 and VMC display a different response to solvation than TDDFT yielding
no appreciable changes in the optimized geometries with respect to the gas phase:
The VMC bond-length difference on the CC bond is zero within statistical error and
on the CO bond below 0.005 Å, consistently with CASPT2.
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4.4.3 Methylenecyclopropene
In planar MCP, the dipole moment in the π → π∗ excited state lies along the C1−−C2
bond and has similar magnitude but opposite directions than in the ground state.
More precisely, the dipole moment points towards the exocyclic bond in the ground
state and towards the ring in the excited state, reflecting a flux of charge in the same
direction upon excitation. This remarkable variation in the distribution of the elec-
tronic density leads to the simultaneous shortening of the C1−−C2 bond and the length-
ening of the C1−C3 and C3−−C4 bonds in the excited state [34, 42]. The π → π∗

excited state of MCP in water is optimized maintaining planarity and using at the
correlated level a CAS(4,4) reference wave function which includes the two bonding
and two antibonding π orbitals.

As shown in Figure 4.9 and Figure 4.10, the effect of introducing a solvation
environment is rather small and of the order of mÅ both in VMC and in CASPT2.
All TDDFT functionals predict instead that the change in the bond-length pattern
observed upon excitation in the gas phase is emphasized in water: The C1−−C2 bond
becomes consistently shorter by about 0.015 Å, while the C1−C3 and C3−−C4 bonds
are slightly elongated. Finally, we compare the CASPT2 and VMC bond-length
differences with the SAC-CI values from Ref. [15] in Figure 4.11. Again, we find
that SAC-CI yields significant deviations on the excited-state structures not only in
the gas phase [34] but also in response to solvation.
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4.4.4 Propenoic acid anion
The last molecule considered in this work is the propenoic acid anion in its n →
π∗ excited state. For the CASPT2 and VMC optimizations, we use a CAS(10,7)
expansion, which includes five π orbitals on the conjugated chain and two σ orbitals
on the oxygen atoms to describe the lone pairs. We employed this same active space
in the gas-phase optimizations of our previous study [34], where we showed how
the choice of a smaller active space with only one of the two lone pairs leads to
excited-state geometries with a differential elongation of the C−O1 and C−O2 bonds,
depending on which lone pair is added to the active space.

The excited-state geometries of PAA in water and in the gas phase, and their
difference are shown in Figure 4.12 and Figure 4.13. The effect of PCM on the
CASPT2 geometries is to slightly shorten all bonds with respect to the gas phase,
while the VMC response to the presence of the solvent is almost zero. As in the
case of the other molecules, the response of TDDFT is stronger with the CC bonds
shortening by 0.01-0.02 and the CO bonds lengthening by about 0.01-0.02 Å. These
results are consistent with what reported in a recent TDDFT structural study in a
solvated PCM environment [19].
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Figure 4.12: Bond lengths (Å) in the gas phase (top) and in water solution (bottom)
of the n → π∗ state of PAA. The statistical error on the VMC values is smaller than
0.001 Å.
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4.5 Conclusions

This work combines for the first time the PCM model of solvation with QMC tech-
niques to perform geometry optimizations in the ground and excited states. We con-
sider here a set of of chromophores in water representative of n → π∗ and π → π∗

excitations, and compute the optimal excited-state geometries with the QMC method
in its simplest VMC variant, coupled to the PCM description of the solvent. Im-
portantly, in our implementation of the PCM model, the reaction field includes both
volume and surface polarization charges and is determined self consistently with the
molecular wave function during the QMC optimization of the solute geometry. These
features must be contrasted to common implementations of the PCM model where
the volume charges are not introduced or the response of the reaction field is not
taken into account at the same level of theory as in the CASPT2 calculations. The
consistency between the energy profile and the forces computed with our VMC/PCM
approach is demonstrated for the test case of LiF, a simple molecule whose structure
strongly responds to a polar solvent like water.

To establish the robustness of our scheme as well as offer reliable reference data
for TDDFT in solution, we compare the excited-state QMC geometries of the se-
lected chromophores in water to the structures we optimized with CASPT2 and a
variety of TDDFT functionals. The geometrical response to the solvent estimated
in QMC is found to be in very good agreement with the predictions of the CASPT2
method, with the only exception of the π → π∗ state of acrolein where one must use
the computational expedient of a sub-optimal active space at the perturbation level
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while no such compromise is needed in the QMC optimization of this excited state.
As regards TDDFT, we find that the functionals investigated here generally over-

estimate the geometrical variations in the excited states due to the presence of the
solvent, further increasing the discrepancy with the correlated approaches already
observed in the gas phase. The π → π∗ excited state of acrolein is the only state
which sees a non-negligible structural response to solvation also at the correlated
level with QMC bond-length differences with respect to the gas phase as large as
0.03 Å. However, while VMC and CASPT2 predict the elongation of the C−C and
the shortening of the C−−C bond in solution, all TDDFT functionals yield the oppo-
site behavior.

In conclusion, we have demonstrated that QMC in its simplest VMC flavor is
an accurate method for structural optimization in the presence of PCM solvation.
Thanks to its favorable computational scaling as compared to other correlated ap-
proaches, our QMC scheme self-consistently coupled to the reaction field via surface
and volume charges is therefore a robust and promising approach to investigate the
structural relaxation and fluorescence in solution of also larger molecules with higher
accuracy than present TDDFT functionals.
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Chapter 5

Introducing QMC/MMpol:
Quantum Monte Carlo in
polarizable force fields for excited
states†

We present for the first time a quantum mechanics/molecular mechanics scheme
which combines quantum Monte Carlo with the reaction field of classical polarizable
dipoles (QMC/MMpol). In our approach, the optimal dipoles are self-consistently
generated at the variational Monte Carlo level and then used to include environmen-
tal effects in diffusion Monte Carlo. We investigate the performance of this hybrid
model in describing the vertical excitation energies of prototypical small molecules
solvated in water, namely, methylenecyclopropene and s-trans acrolein. Two polar-
ization regimes are explored where either the dipoles are optimized with respect to
the ground-state solute density (polGS) or different sets of dipoles are separately
brought to equilibrium with the states involved in the electronic transition (polSS).
By comparing with reference supermolecular calculations where both solute and sol-
vent are treated quantum mechanically, we find that the inclusion of the response of
the environment to the excitation of the solute leads to superior results than the use of
a frozen environment (point charges or polGS), in particular, when the solute-solvent
coupling is dominated by electrostatic effects which are well recovered in the polSS
condition. QMC/MMpol represents therefore a robust scheme to treat important en-
vironmental effects beyond static point charges, combining the accuracy of QMC
with the simplicity of a classical approach.

† This chapter has been published as R. Guareschi, H. Zulfikri, C. Daday, F. M. Floris, C.
Amovilli, B. Mennucci, and C. Filippi, “Introducing QMC/MMpol: Quantum Monte Carlo in po-
larizable force fields for excited states”, J. Chem. Theory Comput. 2016, 12, 1674–1683
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5 Introducing QMC in polarizable force fields for excited states

5.1 Introduction

The effective treatment of complex processes of chemical and biological relevance
imposes practical choices in the construction of the theoretical model. The system is
divided into an active region and the surrounding environment, and the two parts are
treated at a different level of accuracy. A liquid solution is a typical application of
such an approach: One or more active molecules (the solute) are embedded in an ex-
ternal potential generated by the solvent. Within this framework, the challenge is to
combine the accuracy of the model with the increasing computational requirements
due to the high number of interactions inside the different regions and between them.
The most common computational approaches resort to the use of quantum mechan-
ics (QM) to treat the active region through orbital- or density-based theories, and
classical molecular mechanics (MM) for the environment. Originally proposed by
Warshel and Levitt [1] in 1976, such combination of a QM description with a classi-
cal one has gained increasing popularity through the years [2–7] and represents now
a standard approach to describe molecular systems of high complexity.

Within quantum-in-classical methods, different formulations can be adopted to
describe the classical component either preserving its discrete molecular structure [8,
9] or through a coarser treatment as a continuum medium [10]. If we focus on the
more realistic discrete methods, the simplest way to simulate the environmental ef-
fects is to assign partial atomic charges to the classical atoms, which create a pertur-
bation on the active subsystem through a static external electric field. While its most
common use is for ground-state problems, this approach has also been widely em-
ployed to compute excitation properties of (bio)molecules in complex environments
with a varying degree of success. Several recent studies of the absorption properties
of small organic molecules in solutions as well as photo-active proteins [11–25] have
in fact provided substantial evidence that the choice of a static point-charges embed-
ding scheme may qualitatively reproduce some experimental findings but appears
inadequate if one strives for higher accuracy.

To cope with these limitations and simulate a more realistic interaction between
the environment and the photo-active site, a more accurate embedding scheme is
required which takes into account mutual polarization effects both in the ground
state and in response to the excitation of the embedded quantum region (as long
as a partitioning scheme with fixed number of electrons is applicable to the prob-
lem of interest). This can be achieved by describing the classical atoms not only
with partial atomic charges but also with induced dipoles determined by the atomic
polarizabilities and the total electric field of the system with contributions from
the embedded electronic density, the static electric field of the point charges and
the other induced dipoles in the environment. In this scheme, the QM subsys-
tem is polarized by an MM region which can in turn respond to the presence of
the embedded molecule in its ground or excited state [26–29]. Such a polariz-
able embedding (QM/MMpol) scheme has been combined with coupled cluster the-
ory (CC) [23, 26, 30, 31], the complete-active-space self-consistent field (CASSCF)
method [32], and time-dependent density functional theory (TDDFT) [27,28,33,34]
and has provided a very effective description of excitation energies beyond static
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multipole models [23, 34–37], allowing the systematic study of different polariza-
tion effects induced in the ground state and in response to the excitation of the so-
lute [15, 25].

Here, we combine for the first time quantum Monte Carlo (QMC) methods with
the reaction field of polarizable dipoles and investigate the performance of
QMC/MMpol for the computation of the excitation energies of small solvated
molecules, namely, methylenecyclopropene and acrolein in water. The use of QMC
to compute electronic excitations has already been extensively validated in the gas
phase [21,38–41] and also employed in combination with standard MM methods [17,
21, 25] and DFT embedding [42]. To explore the robustness of the QMC/MMpol
scheme, we compare the excitation energies obtained in the presence of static and
polarizable environments with the results of supermolecular calculations, where both
solute and solvent are treated at the QM level. Alongside QMC, we also analyse
the response to the different embedding conditions of other quantum mechanical
methods for the treatment of the solute, namely, time-dependent density functional
theory and the complete-active space second-order perturbation theory (CASPT2).

The paper is organized as follows. In Sec. 5.2, we discuss the theoretical back-
ground and the methodological aspects of the computation of the QMC/MMpol ex-
citations and, in Sec. 5.3, give the computational details. In Sec. 5.4, we present
the complete analysis of our results for methylenecyclopropene and acrolein, and
conclude in Sec. 5.5.

5.2 Methods

In the QM/MMpol approach presented here, the solute and the solvent are treated at
different levels of the theory, namely the solute is described quantum mechanically
while the solvent is represented by explicit molecules treated with a classical model
which consists of permanent atomic partial charges and atomic polarizabilities. The
polarizabilities are used to determine the induced dipoles on the atoms of the solvent
molecules.

Thus, the Schrödinger equation for the solute wave function becomes

(Hvac + V̂)Ψ = EΨ (5.1)

where the vacuum Hamiltonian describes the isolated solute and the second term the
interaction between the solute and the classical solvent. Since the MM model has
both static and polarization contributions, we have

V̂ =

Nch∑
m

qmV̂solute(rm)−
Ndip∑

a

µa · Êsolute(ra) , (5.2)

where V̂solute(rm) and Êsolute(ra) are the electrostatic potential and electric field op-
erators generated by the electrons and the nuclei at the coordinate rm of the point
charge qm and ra of the dipole µa, respectively.
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The solvent contribution to the energy is given by

Usolvent =
1

2

Nch∑
n

Nch∑
m 6=n

qmqn

|rm − rn|
−

Ndip∑
a

µa · Eq(ra)

+
1

2

Ndip∑
a

Ndip∑
b6=a

µa ·Tab · µb +
1

2

Ndip∑
a

µ2
a

αa

. (5.3)

where αa is the isotropic polarizability at site a, Eq(ra) the static electric field gener-
ated by the point charges of the solvent at the sites of the dipoles,

Eq(ra) =

Nch∑
b 6=a

f1(rab)
qm(ra − rb)

|ra − rb|3
, (5.4)

and the dipole field tensor Tab is defined as

(Tab)ij =
f1(rab)

r3
ab

[
δij − 3f2(rab)

(rab)i(rab)j
r2

ab

]
, (5.5)

with rab = ra − rb and rab = |rab|. The first three terms in the solvent energy are
the charge-charge, dipole-charge, and dipole-dipole interaction energies while the
last term is the self-energy cost to induce the dipoles. In the last two equations, we
have introduced two screening functions following the Thole linear model [43–45]
to prevent divergences in the energy when two MM sites are too close. The two
functions are defined as

f1(rab) = 4
(rab

c

)3

− 3f2(rab)

f2(rab) =
(rab

c

)4

, (5.6)

for rab/c ≤ 1 with c = k(αaαb)1/6, and are identical to one otherwise. The di-
mensionless parameter k is optimized together with the atomic polarizabilities in
Ref. [46] to reproduce the experimental molecular polarizabilities of an extensive set
of compounds. In this work, we consider water as solvent and interactions between
charges and dipoles belonging to the same water molecule are excluded.

For a given solute wave function, Ψ, the energy in the presence of this polarizable
solvent model is given by

E[Ψ,µ] = 〈Ψ|Hvac + V̂ |Ψ〉+ Usolvent , (5.7)

where the formalism so far has not assumed that the solute and the induced dipoles
are in equilibrium, so wave function and dipoles are treated as independent entries in
the energy expression. For a given wave function, the induced dipoles in equilibrium
with the solute can then be obtained as the dipoles that minimize the energy E[Ψ,µ].
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This minimization leads to the expected relation between the induced dipoles and the
total electric field:

µa = αa[Estatic(ra)−
Ndip∑
b6=a

Tab · µb] , (5.8)

where the static field due to the solute charge density and the solvent permanent
charge distribution is given by

Estatic(ra) = 〈Ψ| Êsolute(ra) |Ψ〉+ Eq(ra) , (5.9)

with

〈Ψ| Êsolute(ra) |Ψ〉 =

∫
ρsolute(r)

(ra − r)

|r− ra|3
dr , (5.10)

and ρsolute the solute nuclear and electronic charge density [47]. This set of equations
defines the optimal dipoles and can be rewritten as

Aµ = Estatic (5.11)

where µ and Estatic are vectors of dimension 3Ndip, which contain all the dipoles
and the static electric field at the corresponding positions, respectively, while the
3Ndip × 3Ndip matrix A only depends on the values of αa and the positions of the
solvent molecules.

Importantly, since the dipoles µ and the wave function Ψ are mutually depen-
dent (Eqs. 5.8 and 5.9), they must be brought to self consistency, a procedure which
results in a different sets of induced dipoles for the ground and the excited states.
In other words, the Schrödinger equation (Eq. 5.1) coupling the solute to classical
polarizable dipoles is non-linear being characterized by a potential V̂ which depends
on the wave function quadratically through the induced dipoles (Eq. 5.8). Solving
this equation leads to a set of non-orthogonal wave functions in equilibrium with
their corresponding dipoles. When wave function and dipoles are in equilibrium, the
energy of the solute and the solvent (Eq. 5.7) becomes

E[Ψ,µ(Ψ)] = 〈Ψ|Hvac +

Nch∑
m

qmV̂solute(rm) |Ψ〉

− 1

2

Ndip∑
a

µa(Ψ) · [〈Ψ| Êsolute(ra) |Ψ〉+ Eq(ra)]

+
1

2

Nch∑
n

Nch∑
m 6=n

qmqn

|rm − rn|
, (5.12)

where the dipoles µ(Ψ) are determined through Eq. 5.8. It is important to stress
that this simplified expression for the energy does not hold when the dipoles and
the electric field of the solute are not in equilibrium. This occurs for instance when
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one computes an excitation energy in the presence of dipoles which are in equi-
librium with one of the two states of interest: One solves the Schrödinger equa-
tion for state I to determine ΨI and µ(ΨI) and computes the other state J in the
potential V of the fixed dipoles µ(ΨI) to obtain the excitation energy as ∆E =
E[ΨJ ,µ(ΨI)] − E[ΨI ,µ(ΨI)], where the solvent contribution Usolvent cancels out
in this energy difference since the dipoles are the same for both states. Another
non-equilibrium situation is encountered when we optimize a wave function in the
presence of dipoles which are optimal for the initial starting wave function. Then,
we must employ the general expressions for the coupling of the solute wave function
to a set of non-equilibrium induced dipoles (Eqs. 5.2, 5.3, and 5.7).

In this work, we focus on the computation of the excitation energies of a solvated
molecule in such a classical polarizable model using QMC to describe the solute,
and consider two different polarization regimes. In the first case, the induced dipoles
are in equilibrium with the solute ground-state density and used in the computation
of the ground and excited states (polGS). In the second case, state-specific dipoles
are generated with respect to the ground- and the excited-state static electric field
separately (polSS). To this aim, two parallel routes (I and II) are followed to obtain
the polGS and polSS excitation energies according to the steps outlined below, where
we denote with the subscripts 0 and 1 the ground and the excited state and with the
superscripts “g” and “e” whether the wave functions are computed in the potential of
the induced dipoles µg and µe polarized to the ground- and the excited-state solute
density, respectively. Starting from iteration i = 1, we have

Ia) Determine µg(i− 1) in equilibrium with Ψg
0(i− 1).

Ib) Optimize Ψg
0(i) and Ψg

1(i) in the presence of the ground-state dipoles µg(i−1).

Ic) Return to Ia.

At self-consistency, we compute the polGS excitation energy as

∆EpolGS = E [Ψg
1,µ

g]− E [Ψg
0,µ

g] . (5.13)

For the polSS calculation,

IIa) Determine µe(i− 1) in equilibrium with Ψe
1(i− 1).

IIb) Optimize Ψe
0(i) and Ψe

1(i) in the presence of the excited-state dipoles µe(i−1).

IIc) Return to IIa.

The polSS excitation energy is then obtained as

∆EpolSS = E [Ψe
1,µ

e]− E [Ψg
0,µ

g] . (5.14)

The starting wave functions Ψ0(0) and Ψ1(0) are obtained in the presence of the
static classical point charges and, at each iteration, the wave functions are optimized
in a state-average (SA) fashion since the systems considered here have no symmetry.
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Method iter. no. Eexc (eV)
VMC DMC

QM/polGS 1 5.138(3) 5.120(7)
2 5.134(3) 5.119(7)
3 5.128(3) 5.110(7)

QM/polSS 1 5.010(3) 4.999(7)
2 5.012(3) 5.006(7)
3 5.015(3) 5.009(7)

Table 5.1: Convergence of the polGS and polSS excitation energies (eV) obtained in
VMC and DMC with the number of wave function-dipole optimization cycles for the
π → π∗ state of methylenecyclopropene in water. The statistical error on the QMC
values is given in brackets.

We note that, while in the polGS excitation energy the solvent energy Usolvent cancels
out as already mentioned above, this is not the case in the polSS energy difference
since two different sets of dipoles are employed.

To describe the quantum solute, we use both the variational (VMC) and diffusion
Monte Carlo (DMC) methods. We employ many-body molecular wave functions of
the Jastrow-Slater form,

Ψ = J
NCSF∑
i=1

ciCi , (5.15)

where ci are the expansion coefficients of the configuration state functions (CSFs),
Ci, and J is the Jastrow correlation factor which has an explicit dependence on the
inter-particle distances. In VMC, the energy of the electronic states is computed
according to Eq. 5.7 where the expectation values are calculated via Monte Carlo
sampling of the square of the wavefunction, Ψ2. For the given wave function, the
average electric field due to the solute sampled at the dipole sites is then used to
compute the induced dipoles (Eq. 5.8). The Jastrow-Slater wave functions are fully
optimized by energy minimization in VMC [48] in a state-average fashion [38], using∑

I |ΨI |2 as square of the guiding wave function.
After we have followed schemes I and II above to obtain the self-consistent wave

functions and dipoles in VMC, we perform DMC calculations to compute the polGS
and polSS excitations energies, where we employ Ψg

0 and Ψg
1 as trial wave functions

in the potential generated by µg, and Ψe
1 in combination with µe. For the molecules

considered here, the VMC and DMC excitation energies are converged after two
wave function-dipole optimization cycles as reported for the methylenecyclopropene
molecule in polarizable water solvent in Table 5.1.

5.3 Computational details

The QMC calculations are carried out with the program package CHAMP [49]. We
employ scalar-relativistic energy-consistent Hartree-Fock pseudopotentials [50, 51]
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and obtain the starting determinantal component of the Jastrow-Slater wave func-
tion in complete-active-space self-consistent field (CASSCF) calculations performed
with the program GAMESS(US) [52, 53]. For acrolein, we truncate the CAS ex-
pansion expressed on the state-average natural orbitals with an appropriate threshold
of 0.03 on the coefficients of the CSFs (the total CASSCF weight of all states is
greater than 98.5%), and retain the union set of surviving CSFs for the states of in-
terest. We use instead the complete CAS space for methylenecyclopropene (MCP).
We employ a two-body Jastrow factor (J2−body) to account for electron-nuclear and
electron-electron correlations and use different Jastrow factors to describe different
atom types [54]. The effect of using a three-body Jastrow factor (J3−body) including
electron-electron-nucleus correlation is also tested. The QMC wave functions are
fully optimized within VMC using the linear method [48] and its extension to state-
average calculations [38], and used to compute excitation energies at both the VMC
and the DMC level. We treat the pseudopotentials beyond the locality approxima-
tion [55] and use an imaginary time step of 0.075 a.u. in the DMC supermolecular
calculations and of 0.05 a.u. in all other DMC runs. In order to prevent divergences
of the electrostatic interactions at the coalescence points, we introduce a small cutoff
distance of 0.04 a.u. and, when an electron is closer than this distance to the site of
a point charge or a dipole, we set the interaction equal to the value it takes at the
cutoff. For historical reasons, the QMC calculations with point charges only employ
charges which are screened according to the function vq(r) = q[1− exp(−Br2)]/r.

We use the MOLCAS 7.4 suite of programs [56] for the CASPT2 [57, 58] cal-
culations and always employ the recommended zero-order Hamiltonian [59] with
the IPEA shift set to 0.25 a.u. We use an additional constant imaginary shift [60]
of 0.1 a.u. and, unless otherwise noted, we report the excitation energies computed
at the single-state level. For direct comparison with the QMC results, we employ
pseudopotentials [50, 51] also in the MOLCAS calculations. The CASPT2/MMpol
results are computed in a two-step procedure recently presented [32], where the MM
induced dipoles and charges from an all-electron CASSCF/MMpol calculation with
the Gaussian code [61] are later used in MOLCAS as a static external potential to
obtain the CASPT2 results. Such CASSCF/MMpol calculations are performed us-
ing a locally modified version of Gaussian09, revision A.02, and are obtained using
the state-average procedure for the ground and excited states and adapting the MM
polarization either to the ground state (polGS), or to the ground and excited states in
two separate calculations (polSS). All-electron CASPT2 calculations are reported in
the SI, where we freeze as many σ orbitals as there are heavy atoms.

We perform the TDDFT calculations using a locally modified version of Gaus-
sian09, revision A.02 [61] and the CAM-B3LYP [62] exchange-correlation func-
tional. The range-separated hybrid functional CAM-B3LYP is chosen to limit possi-
ble spurious charge-tranfer effects in the supermolecular calculations.

In the QM/MMpol calculations, the water molecules are described by point charges
derived from a standard restrained electrostatic potential (RESP) fit using the elec-
trostatic potential computed at the MP2/aug-cc-pVTZ level on the TIP3P water ge-
ometry (qO = −0.726, qH = 0.363 a.u.) [63] and by isotropic atomic polarizabilities
taken from the Amber pol12 force field (AL model in Ref. [46, 64]). The parameter

120



5.3 Computational details

Figure 5.1: Cluster models of solvated (A) methylenecyclopropene and (B) s-trans
acrolein in water.

k (Eq. 5.6) is set to 2.5874 (AL model in Ref. [46]). We also use the non-polarizable
TIP3P model (qO = −0.834 and qH = 0.417 a.u.). [65] The screening parameters in
the QMC calculations with point charges are BO = 0.52548 and BH = 2.73465 a.u.

5.3.1 Cluster models

In this study, we use small water clusters of solvated methylenecyclopropene (MCP)
and s-trans acrolein. This allows us to perform supermolecular reference calcula-
tions of the excitation energies which can be used to assess the quality of the results
obtained with different embedding approaches.

We generate the cluster models by solvating MCP and acrolein in approximately
one shell of water molecules (17 and 19 molecules, respectively) and optimize the ge-
ometries with Gaussian09 in DFT with the BLYP exchange-correlation functional [66,
67] and the cc-pVDZ basis set. For acrolein, due to the high number of tests per-
formed to ascertain the supermolecular value of the excitation energy, we reduce the
size of the cluster and retain the 11 water molecules closer to the carbonyl oxygen of
acrolein. The final cluster models used in this study are shown in Figure 5.1.

5.3.2 Choice of basis set and Jastrow factor in QMC

In the QMC calculations, we employ the Gaussian basis sets [50, 68] specifically
constructed for our pseudopotentials. In Table 5.2, we assess the basis-set conver-
gence of the QMC excitation energies of MCP isolated and in TIP3P water using
the cc-pVTZ′, aug-cc-pVDZ′, and aug-cc-pVTZ′ basis sets, where the prime indi-
cates that cc-pVDZ is employed for hydrogen. We find that the use of augmentation
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significantly accelerates the convergence of the VMC and DMC excitation energies
and that the aug-cc-pVDZ′ basis set yields results at the DMC level that are only
0.02–0.03 eV higher than those obtained with the larger aug-cc-pVTZ′. In Table 5.2,
we also investigate the effect of including three-body terms in the Jastrow factor and
find that it generally leads to higher excitation energies, the shift being larger in the
isolated system and in combination with the aug-cc-pVDZ′ basis set. The error with
respect to the triple-ζ result is about 0.05 eV at the VMC level and the basis-set con-
vergence of the excitation energy therefore appears to be slower in the presence of
a three-body Jastrow factor. Consequently, all QMC results presented below are ob-
tained with the aug-cc-pVDZ′ basis set and the two-body Jastrow factor, which offer
a good compromise between accuracy and computational cost.

pVTZ′ aug-cc-pVDZ ′ aug-cc-pVTZ ′

J2−body J2−body J3−body J2−body J3−body

VMC/isolated 4.265(1) 4.179(1) 4.225(1) 4.161(1) 4.170(1)
DMC/isolated 4.229(1) 4.159(1) 4.185(1) 4.141(1) 4.151(1)
VMC/TIP3P 5.010(0) 4.889(1) 4.908(1) 4.857(0) 4.862(1)
DMC/TIP3P 4.963(1) 4.862(1) 4.867(1) 4.831(1) 4.829(1)

Table 5.2: Basis-set convergence of the VMC and DMC excitation energies (eV) of
the π → π∗ state of MCP isolated and in TIP3P water. Either a two- or a three-
body Jastrow factor is employed. The statistical error on the QMC values is given in
brackets.

In the QMC supermolecular calculations, we employ the aug-cc-pVDZ′ basis set
for the solute and the closest water molecules and describe the remaining solvent
molecules with the cheaper cc-pVDZ on the oxygens and cc-VDZ basis set (without
p functions) on the hydrogens. In the MCP and acrolein clusters, we identify eight
and five close water molecules, respectively, so that the use of different basis sets for
the rest of the solvent affects the CASSCF excitation energies to less than 0.01 eV. In
the wave function optimization, we localize the orbitals and do not to optimize those
of the far water molecules to limit the computational cost.

5.3.3 Basis-set convergence in CASPT2 and TDDFT

We test the basis set convergence of the CASPT2 and TDDFT excitation energies for
MCP using the Dunning’s correlation consistent cc-pVXZ and aug-cc-pVXZ series
up to quintuple and quadruple ζ , respectively [69–72]. We find that for MCP isolated
and in water, the inclusion of augmentation is very important (more so than in the
QMC calculations) to accelerate the basis set convergence, and the excitation ener-
gies computed with the aug-cc-pVDZ basis are compatible with the aug-cc-pVQZ
and cc-pV5Z values within 0.02-0.03 eV at both level of theory.

Therefore, we select the aug-cc-pVDZ as default basis set for the computation
of the TDDFT excitation energies. For CASPT2, we compare the excitation ener-
gies computed with pseudopotentials in combination with the aug-cc-pVDZ′ basis
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5.3 Computational details

set described above to the all-electron values obtained with the Dunning’s aug-cc-
pVDZ basis. As reported in Table 5.3, the resulting excitation energies are com-
patible within 0.04 eV for MCP and the n → π∗ excitation of acrolein, while the
difference is of the order of 0.1 eV for the π → π∗ excitation energy of acrolein.
Surprisingly, in all three cases, the CASSCF values computed with and without pseu-
dopotential agree to better than 0.02 eV. To allow a direct comparison with the QMC
results, we report below the CASPT2 values obtained with pseudopotentials and the
aug-cc-pVDZ′ basis set.

MCP isolated TIP3P nopol polGS polSS super
CASSCF π → π∗

all-electron 4.211 4.963 4.864 5.103 4.997 5.062
pseudopotentials 4.217 4.965 4.866 5.104 4.989 5.046

CASPT2 π → π∗

all-electron 4.111 4.876 4.776 5.019 4.921 4.968
pseudopotentials 4.133 4.902 4.801 5.045 4.928 4.978
s-trans acrolein
CASSCF n→ π∗

all-electron 3.726 4.486 4.386 4.684 4.588 4.533
pseudopotentials 3.701 4.465 4.365 4.663 4.560 4.534

CASPT2 n→ π∗

all-electron 3.565 4.256 4.167 4.434 4.355 4.237
pseudopotentials 3.559 4.213 4.127 4.385 4.297 4.224

CASSCF π → π∗

all-electron 7.799 7.064 7.118 7.007 6.960 7.010
pseudopotentials 7.846 7.111 7.164 7.047 7.002 7.031

CASPT2 π → π∗

all-electron 6.640 6.341 6.395 6.284 6.251 6.134
pseudopotentials 6.727 6.431 6.494 6.366 6.337 6.221

Table 5.3: CASSCF and single-state CASPT2 excitation energies (eV) of
methylenecyclopropene (MCP) and s-trans acrolein computed with and without
pseudopotentials. We use a CAS(4,4) expansion for methylenecyclopropene and a
CAS(6,10) for acrolein. In the all-electron calculations, we use the Dunning’s aug-
cc-pVDZ basis set and, in the pseudopotential calculations, the cc-pVDZ basis set
specifically constructed for the pseudopotentals used in QMC and augmented on the
heavy atoms (aug-cc-pVDZ′ basis set) as detailed in the paper. In the all-electron
CASPT2 calculations, we freeze as many core σ orbitals as there are heavy atoms.
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5 Introducing QMC in polarizable force fields for excited states

5.4 Results

We investigate here how the MMpol description of the environment affects the exci-
tation energies computed with QMC for methylenecyclopropene and s-trans acrolein
solvated in water. We treat the environment using two different MMpol schemes: In
the polGS one, the environment is polarized only to the ground state and frozen in the
computation of the excitation energy while, in the polSS approach, we include the
response of the solvent to the excitation of the solute, equilibrating the dipoles with
the ground- and excited-state density separately for each state. As elaborated in the
Method Section, the resulting state-specific dipoles are then employed to compute
the polSS excitation energy and to account in this manner for differential polariza-
tion effects. The polGS and polSS treatments of the environment capture the purely
electrostatic interaction of the solute with the solvent, so possible discrepancies with
the reference can be attributed not only to the approximate nature of the model but
also to the incomplete description of solute-solvent coupling.

To understand the interplay between these environmental effects, the limitation
of the embedding model, and the choice of quantum method for the solute, we em-
ploy TDDFT and CASPT2 in addition to QMC to compute the polGS and polSS
excitation energies. Furthermore, we obtain the TDDFT excitation energies also in
the linear response regime (polLR) of MMpol, where the environment does relax
upon excitation of the solute but the induced dipoles respond to the transition den-
sity instead of the density difference between the ground and the excited state. The
polLR model has been shown to miss the electrostatic response of the environment
described in the polSS approximation but to capture the solvent polarization oscil-
lating at the frequency of the solute excitation [73]. Both terms should however be
present to describe the full environmental response and the analysis of the difference
in the polSS and polLR responses at the TDDFT level will also help us to unravel
the performance of the MMpol model in combination with QMC and other wave
function approaches. Finally, we also compute the excitation energies of the solute
at all levels of theory in a non-polarizable solvent of only point charges. We consider
two different set of charges, namely, the point charges of the TIP3P water model and
those (denoted as “nopol”) from the polarizable force field, which we also employ in
the MMpol calculations but use in this case without the corresponding polarizabili-
ties.

We focus here on the vertical excitation energies of the π → π∗ state of MCP and
the n→ π∗ and π → π∗ states of acrolein. From absorption experiments in different
solvents, we infer that water solvent induces a red-shift in the π → π∗ excitation
energy of acrolein with respect to the isolated value and a blue-shift for the other
two states [74, 75]. Since we only consider one geometrical configuration for each
system, we expect a qualitatively similar behavior of the excitation energies com-
puted on our cluster models but a detailed comparison with absorption experiments
in solution is outside the scope of this paper.
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Method isolated TIP3P nopol polGS polSS polLR super
VMC 4.179(1) 4.889(1) 4.800(3) 5.134(3) 5.012(3) – 5.07(2)
DMC 4.159(1) 4.862(1) 4.773(2) 5.119(7) 5.006(7) – 5.04(2)
CASPT2 4.133 4.902 4.801 5.045 4.928 – 4.978
TDDFT 4.224 5.017 4.916 5.190 5.077 5.173 5.187

Table 5.4: Excitation energies (eV) of the π → π∗ state of MCP isolated and solvated
in a water cluster. The statistical error on the QMC values is given in brackets.

5.4.1 Methylenecyclopropene

MCP is a cross-conjugated molecule with interesting electrostatic features in the
ground and first π → π∗ excited states. Although without polar bonds with het-
eroatoms, MCP displays a relatively large dipole moment in the ground state (with
an experimental value of about −1.9 Debye [74, 76]) being characterized by an ac-
cumulation of π-electron density on the exocyclic double bond. The π → π∗ excited
state exhibits strong charge transfer from this double bond to the molecular ring, and
the direction of the molecular dipole moment is reversed in going from the ground to
the excited state. Consequently, a polar solvent in equilibrium with the ground-state
solute is expected to destabilize the π → π∗ excited state and to induce a blue-shift
of the vertical excitation with respect to the gas-phase value [77]. Given the dramatic
change in electronic structure upon excitation, we anticipate a strong response of
the excitation energy to changes in the description of the environment. In particular,
accounting for differential polarization effects via state-specific embedding should
lead to a significant improvement on the use of a frozen (non-polarizable or polGS)
solvent.

Our findings on the MCP-water model described above are summarized in Ta-
ble 5.4 and Figure 5.2. In all calculations, the π → π∗ excited state is always the
second root and, at the correlated level, we employ a reference minimal CAS expan-
sion correlating four electrons in two bonding and two anti-bonding π orbitals. In
line with the physical picture given above, we find that all methods predict a large
blue-shift in the excitation energy (about 0.7–0.8 eV) from isolated MCP to MCP
solvated in TIP3P water. The use of different point charges extracted from the polar-
izable force field (nopol) results in a rather similar trend. Polarizing the dipoles to the
ground state of the solute (polGS) induces an additional significant blue-shift since a
frozen environment optimal in the ground state further destabilizes the excited state.
The shift with respect to nopol is somewhat larger in QMC and of the order of 0.35
eV. As expected, accounting for differential polarization effects via polSS reverses
the trend, lowering the excitation energies with respect to the polGS values. Given
the greatly different nature of the two states, the polSS correction to polGS is sig-
nificant (about 0.1 eV) in all methods and somewhat overshoots the supermolecular
values. Nevertheless, the use of state-specific embedding is crucial to reach an agree-
ment as good as 0.05 eV with the supermolecular excitation energies at the correlated
level.

We find that QMC yields excitation energies in very good agreement with the
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Figure 5.2: Excitation energies of the π → π∗ state of MCP with different quantum
methods and embedding schemes.

CASPT2 values in non-polarizable embedding while the two quantum methods pre-
dict a different shift from static point charges to polGS, and maintain hereinafter a
similar behavior at the polSS and supermolecular levels. For TDDFT, the excitation
energies computed with the CAM-B3LYP exchange-correlation functional respond
less strongly to polGS than the QMC ones, with a shift from nopol somewhat closer
to the CASPT2 value. Finally, we observe that the inclusion of the solvent relaxation
in linear response (polLR) yields an excitation energy only slightly lower than the
polGS value. The smaller effect with respect to a state-specific electrostatic treatment
is to be expected since the response of the dipoles in the polLR model is proportional
to the transition dipole moment which in the π → π∗ transition of MCP is rather
small.

5.4.2 s-trans acrolein

As in the case of MCP, the n→ π∗ excited state of acrolein has charge-transfer char-
acter with the electronic density moving from the oxygen to the carbon skeleton upon
excitation. This flux of charge is responsible for the reduction of the excited-state
molecular dipole moment with respect to the ground state. Therefore, the vertical n
→ π∗ excitation energy blue-shifts in a polar environment with respect to the isolated
molecule since the excited state is destabilized with respect to the ground state [78].
Again, we expect a significant difference between the excitation energies computed
within a polarizable and a frozen environment and, in particular, the relaxation of the
excited-state dipoles in the polSS embedding scheme should have a strong effect on
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5.4 Results

the excitation. Since the n→ π∗ transition is symmetry forbidden in the gas phase
and retains a small transition dipole moment also in water, we do not expect polLR
to considerably affect the excitation energies with respect to the polGS treatment.

We also consider the π → π∗ singlet transition, which has rather a different nature
than the n→ π∗ one, being dipole allowed and associated with an increment of the
molecular dipole moment. Therefore, the π → π∗ transition is red-shifted in polar
environments with respect to the isolated value [79]. In addition to a polSS correction
on the polGS excitation energy due to the non-negligible change in molecular dipole
moment between the ground and excited states, we expect that, when computing the
excitations within TDDFT, polLR should recover sizable polarization effects consid-
ering the bright nature of the excited state and the correspondingly large transition
dipole moment .

We describe the n→ π∗ and π → π∗ excitation energies of acrolein at the corre-
lated level using a CAS(6,10) expansion, which includes two bonding and six anti-
bonding π orbitals on the molecular chain, the σ lone pair localized on the carbonyl
oxygen and its anti-bonding σ∗ orbital. This large active space allows a balanced
treatment of the two excited states at the same time in a SA-CASSCF calculation.
In particular, the choice of the CAS(6,10) reference active space is crucial to give
a proper description of the π → π∗ excited state, which shows a slow convergence
with the size of the active space.

While the n→ π∗ state is always the second root of the SA-CASSCF wavefunc-
tion, the bright π → π∗ state in the isolated system is the fifth root and becomes
the fourth state after the perturbation correction is introduced in CASPT2. The same
behavior is observed in QMC after the inclusion of dynamic correlation through the
Jastrow factor. The presence of a solvent simplifies the treatment of the π → π∗

state, which becomes the third root at the SA-CASSCF level, and the perturbation
and QMC calculations can then be performed using only three states. In the follow-
ing, we present the CASPT2 excitation energies computed at the single-state level
since, for the isolated system, we observe a strong mixing of the eigenvectors of the
three highest roots in the multi-state CASPT2 calculations. The n→ π∗ and π → π∗

excitation energies of our solvated cluster are reported in Table 5.5 and Figure 5.3.
For the n→ π∗ state, all quantum methods respond rather similarly to the pres-

ence of a non-polarizable environment, predicting a blue-shift of about 0.5–0.7 eV
depending on the set of point charges (TIP3P or nopol) considered. Improving only
the ground-state description of the solvent with the polGS scheme consistently in-
duces a further blue-shift of more than 0.2 eV with respect to the nopol values, thus
generally overshooting the value of the supermolecular reference. The inclusion of
differential polarization effects corrects the polGS results, albeit to a lesser extent
than in MCP, bringing the excitation energies in closer agreement with the reference.
As expected, the polLR correction is negligible for this state. We must note that a
TIP3P description appears here to outperform polSS within TDDFT and CASPT2,
which is possibly a fortuitous coincidence due to the use of a single, highly asymmet-
ric configuration with a limited number of water molecules to describe the solution.
Finally, it is interesting to observe that the supermolecular excitation energies have
a considerable spread, with the TDDFT value being much smaller than the CASPT2
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5 Introducing QMC in polarizable force fields for excited states

isolated TIP3P nopol polGS polSS polLR super
n→ π∗

VMC 3.637(3) 4.266(3) 4.191(3) 4.435(3) 4.376(3) – 4.40(2)
DMC 3.621(6) 4.232(5) 4.172(5) 4.434(5) 4.396(5) – 4.30(2)
CASPT2 3.559 4.213 4.127 4.385 4.297 – 4.224
TDDFT 3.549 4.145 4.068 4.311 4.250 4.304 4.112

π → π∗

VMC 6.944(3) 6.557(3) 6.608(3) 6.548(3) 6.521(3) – 6.58(2)
DMC 6.771(6) 6.405(5) 6.455(5) 6.392(6) 6.314(6) – 6.33(2)
CASPT2 6.727 6.431 6.494 6.366 6.337 – 6.221
TDDFT 6.150 6.038 6.057 6.008 5.994 5.913 5.831

Table 5.5: Excitation energies (eV) of the n → π∗ and π → π∗ states of acrolein
isolated and solvated in a water cluster. The statistical error on the QMC values is
given in brackets.

and DMC ones. Moreover, DMC significantly corrects VMC red-shifting the excita-
tion energy by about 0.1 eV while, for the embedded results, the differences between
the two flavors of QMC is of the order of 0.03 eV or smaller.

For the π → π∗ state, the spread in the excitation energies is particularly large
with the correlated values being systematically higher by 0.4–0.6 eV than the cor-
responding CAM-B3LYP results. Other signatures of the complexity of this state
are that the perturbation correction on the zero-order CASSCF excitation energies is
more than 1 eV in the isolated system and remains as large as 0.7 eV for solvated
acrolein The DMC correction on VMC is around 0.2 eV and therefore larger (albeit
the same in the isolated and solvated cases) than what observed so far for MCP and
the n → π∗ state of acrolein. We find that CASPT2 and DMC agree in predicting
a very comparable red-shift induced by the point charges as well as further changes
in the excitation energy due to the different treatments of polarization. This level
of agreement is somewhat surprising since the dipoles included in the zero-order
CASPT2 Hamiltonian are induced in a CASSCF calculation leading to significantly
higher excitation energies, while the dipoles employed in DMC have been optimized
accounting for dynamical correlation at the VMC level. In general, all methods con-
firm that a frozen environment only slightly red-shifts the excitation energies with
respect to the point-charge embedding and that differential polarization effects are
rather small with an average correction on polGS of about 0.04 eV. While electro-
static polarization does not dominate the solute-solvent coupling in this state, other
effects can play a role as it might be revealed in a linear response formulation of
polarizable embedding. We find in fact that, at the TDDFT level, polLR corrects the
polGS excitation energy by about 0.1 eV, consistently with the bright nature of the
π → π∗ state. Since both effects should be accounted for in a realistic treatment of
the solute-solvent system, one should move beyond a quantum-in-classical descrip-
tion of the π → π∗ state of acrolein, ultimately extending the correlated quantum
calculation to a larger region .

Finally, we note that the QMC supermolecular π → π∗ excitation energy is higher
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Figure 5.3: Excitation energies of the n → π∗ (top) and π → π∗ (bottom) state of
s-trans acrolein with different QM methods and embedding schemes.

than the CASPT2 value even though the two methods agree in all other conditions. If
we exclude possible shortcomings of CASPT2 due to the large perturbation correc-
tion (about 0.7 eV for embedded acrolein and 0.8 eV in the supermolecular calcula-
tion) on the zero-order CASSCF excitation energies, the high supermolecular DMC
value could indicate that the trial wave function must be extended to include excita-
tions coupling the solute and the solvent molecules. While these transitions are not
included in the reference CASSCF wave functions used in both DMC and CASPT2,
they are however present in the perturbation correction and their importance seems to
be here confirmed by the improved treatment of the solvent-solute coupling observed
at the polLR level. This possibility must be the subject of further investigations.
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5 Introducing QMC in polarizable force fields for excited states

5.5 Conclusions
In this paper, we combine for the first time quantum Monte Carlo with the self-
consistent optimization of polarizable dipoles (QMC/MMpol) and investigate how
such a discrete polarizable model affects the vertical excitation energies of prototyp-
ical solvated organic molecules, namely, MCP and acrolein in water. We consider
two regimes of polarization where the induced dipoles are optimized with respect to
the ground-state density (polGS) and in a state-specific manner (polSS), and assess
the quality of the results against a complete quantum (supermolecular) calculation of
the same solvated cluster. The induced dipoles optimized with respect to the solute
described at the VMC level are then used in a DMC calculation of the excitation
energies. We also compare the QMC results obtained in the different embedding
schemes against available QM/MMpol implementations of CASPT2 and TDDFT.
Within TDDFT we also consider a third way to polarize the environment in a linear
response formalism (polLR), where the dipoles equilibrate with the transition density
matrix.

We find that our QMC/MMpol approach correctly predicts the response of the ex-
citation energy to the different polarizable environments and, through the inclusion
of differential polarization effects, leads in general to an improved description of the
excitation with respect to the use of static point charges, in particular when the solute
couples mainly electrostatically to the solvent. In MCP and the n→ π∗ transition of
acrolein, we find that improving the description of the ground-state solvent through
polGS does not improve (in fact, worsens) the agreement with the reference excita-
tion energies with respect to the use of a standard QM/MM scheme. Introducing a
state-specific description of polarization through polSS corrects the shortcomings of
polGS and brings the excitation energies in closer agreement with the supermolecular
values. On the other hand, as expected, when such electrostatic effects are small as in
the case of the π → π∗ state of acrolein, the polarization schemes developed here are
not sufficient as indicated by the better performance of polLR at the TDDFT level
and one must move to a correlated description of a larger quantum region to capture
the quantum coupling in the excited solute-solvent system. Importantly, this study
offers a clear demonstration that, through the comparison of different quantum ap-
proaches (QMC, CASPT2, and TDDFT) and the influence of the various embedding
schemes (with point charges, polGS, polSS, and polLR), it is possible to gain a deep
understanding of the nature of the coupling between the solute and the environment
and well characterize the electronic transition in the system of interest.

In summary, our QMC/MMpol scheme in the polGS and polSS flavors with
dipoles optimized in the presence of dynamical correlation offers a robust treatment
of the different electrostatic effects which might affect the excitation energy. Consid-
ering the relatively small computational cost of this hybrid approach and the higher
accuracy with respect to the standard point-charge embedding, QMC/MMpol rep-
resents a particularly useful tool for the study of larger photoactive (bio)systems of
chemical interest, where the specific environment-chromophore interactions play a
major role and must be modeled within a realistic framework.
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Chapter 6

Dissecting polarization in
photoexcited rhodopsin:
Quantum effects from classical
modeling†

We investigate here how the light absorption of the retinal chromophore is regulated
in rhodopsin by the protein environment and rationalize the nature of the coupling
of the chromphore with its surrounding in the photoexcitation process. We employ
classical but polarizable embedding via induced dipoles to recover a description of
the chromophore-protein system that not only accurately accounts for electrostatic
and induction interactions but also includes non-classical resonance effects. We also
show that it is possible to use the same analysis to fingerprint the role of the sur-
rounding amino acids in determining the final spectroscopic response of the embed-
ded chromophore. We find that, while accounting for the electrostatic relaxation of
the environment in response to the excitation of retinal is important, one needs to
include resonance effects between the chromophore and several close amino acids
for a complete description of the absorption process: The same residues which more
strongly polarize in the excited state of the chromophore also “resonate” to its tran-
sition density when treated within a linear-response scheme. Our analysis therefore
demonstrates that the protein-chromophore interactions in rhodopsin are not only
electrostatic and that the use of polarizable dipoles is an effective scheme to also
mimic resonance coupling without resorting to an explicit quantum calculation of an
extended region around the chromophore.

† This chapter is in preparation as R. Guareschi, O. Valsson, C. E. Curutchet, B. Mennucci,
and C. Filippi, “Dissecting polarization in photoexcited rhodopsin: Quantum effects from classical
modeling”,
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6 Rhodopsin: Quantum effects from classical modeling

6.1 Introduction

Visual opsins regulate the process of vision at the molecular level and have become
a prime playground for the understanding and further manipulation of how a pro-
tein environment controls the light-activated response of an embedded photosensitive
species [1–3]. It is remarkable that most members of this large family of receptors
share the same photosensitive component, the 11-cis retinal protonated Schiff base
(RPSB) chromophore (Fig. 6.1), and that relatively minor variations in the protein
surroundings can tune its absorption over a spectral range as wide as 420–570 nm.
This is the result of multiple interactions between the chromophore and the protein
whose fundamental nature, however, has so far eluded our understanding. Rational-
izing the essence of the chromophore-protein coupling and, consequently, the regula-
tory mechanism of absorption in opsins, amounts to answering few precise questions:
Are these interactions purely electrostatic or do we need to account for more subtle
physical effects? Can we identify the amino acids active in the excitation process
and the character of their contribution? Is their participation amenable to the same
theoretical description?

Given the complexity of the system, multiscale approaches to bridge between
the smaller scales of the chromophore and the larger protein environment have been
commonly employed to study the absorption properties of opsins. However, when
opting for a particular multiscale scheme, one has implicitly acknowledged to know
the correct answer to some of these questions: For instance, the common use of static
force field automatically relegates the protein environment to a mere spectator when
light shines on it. To overcome the limitations inherent in the choice of any mul-
tiscale scheme, recent theoretical studies have extended the quantum treatment to
larger regions and suggested that at least one shell of amino acids in proximity of the
RPSB chromophore participates in the photo-induced process [4, 5]. These findings
are qualitatively in line with earlier pioneering studies [6, 7] on prototypical opsins
by Elstner and coworkers, who found the environment to electrostatically respond
to the photoexcitation of the chromophore when relaxed in a state-specific manner
using either a quantum-in-quantum partition or through polarizable force fields. In
all these cases, the observed effects were loosely classified as “polarization” but is
the polarization captured by a responsive (quantum or classical) treatment of the en-
vironment the same one recovered in the quantum calculation of a large photoexcited
region? To date, the true identity of these effects in opsins has not been uncovered.

Here, we will give physical content to the somewhat ambiguous term of polar-
ization and show how it is possible to fingerprint the role of the amino acids sur-
rounding the RPSB chromophore in determining absorption. We focus our analysis
on the archetype of visual opsins, namely, bovine rhodopsin, which is responsible for
dim-light vision and the most extensively studied member of this protein family both
experimentally [1, 3, 8–11] and theoretically [12–33]. This protein exhibits a strong
absorption centered at 2.49 eV, dominated by the π → π∗ transition on the RPSB
chromophore, and associated with electronic charge transfer from the β-ionone ring
towards the terminal side of the conjugated chain. From qualitative considerations,
one expects that the electrostatic interaction of the positive chromophore with the
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6.1 Introduction

Glu113 counterion (Fig. 6.1), induces a blue-shift in absorption with respect to the
gas phase. The size of this shift and the role played by the rest of the protein in
compensating this shift has been much debated over the years with estimates for
both effects often differing considerably in magnitude [13, 16, 19–26, 29, 30]. With
the few exceptions already noted above, most studies have limited the photoexci-
tation to the chromophore and froze the environment as a computationally afford-
able, yet static, sea of classical point charges in a quantum-mechanics-in-molecular-
mechanics (QM/MM) calculation.

Figure 6.1: The RPSB chromophore with the Glu113 counterion. We also show the
side chain of the Lys296 residue covalently linked to the chromophore.

To understand how the chromophore and the protein couple in rhodopsin ab-
sorption, we need a theoretical approach which has the flexibility to selectively re-
cover the (static and responsive) electrostatic interaction of photoexcited RPSB with
its protein pocket and the intrinsically quantum effects which go beyond electro-
static embedding. The use of an extended quantum region, for instance within time-
dependent density functional theory (TDDFT) or cheaper correlated approaches, al-
lows us to establish reference target values for the excited-state properties of interest
at the chosen level of theory but ultimately hinders the analysis we want to carry
out here, hiding inside its complete description the nature of the interactions. It has
however been often overlooked that, somewhat surprisingly, it is possible to employ
a quantum description for a photoexcited site coupled to a classical polarizable sur-
rounding medium not only to recover the dominant electrostatic interactions but also
to mimic non-classical resonance interactions between the active region and the rest
of the system. If we maintain a discrete classical treatment of the protein, the use
of a set of charges in combination with induced dipoles in a so-called QM/MMpol
approach represents a very powerful tool for our purposes since polarization effects
can be introduced following different schemes which consent to capture different
components of the coupling.
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Figure 6.2: TDDFT excitation energies (eV) computed for RPSB isolated and in
a rhodopsin environment described with static point charges (QM/MM) and with
dipoles induced in the ground state (polGS), in a state-specific (polSS), and in a
linear-response formulation (polLR). The orange lines identify the frames (A) from
cluster analysis, the blue and green lines the frames from the center of the ZINDO
spectrum (B and C), and the red circles an annealed frame. The experimental absorp-
tion maximum is at 2.49 eV.

6.2 Results

We begin our analysis of rhodopsin from the TDDFT excitation energies computed
with the CAM-B3LYP exchange-correlation functional [34] using three MMpol schemes
to selectively introduce different types of interactions between the RPSB chromophore
and the protein. First, we polarize the dipoles to the ground-state density of RPSB
and keep them unchanged in the computation of the excitation energy (polGS). Then,
state-specific dipoles are induced to account for possible differential electrostatic ef-
fects between ground and excited states (polSS). Given the large transfer of electronic
charge following photoexcitation, one would expect a strong electrostatic interaction
of RPSB with its surrounding and a sizable polSS correction on the polGS excitation
energies (a rather small shift, however, was previously reported for one structural
realization of the system). In the last scheme, we adopt a linear-response framework
(polLR), where the induced dipoles respond to the transition density of the photoex-
cited species. This embedding condition accounts for the non-classical part of the
coupling between the chromophore and the environment, does not include the elec-
trostatic response, and has been shown to correspond to a dispersion-like coupling
between the quantum system that undergoes to the excitation and the classical dipoles
of the environment [35].

The results are summarized in Fig. 6.2. To account for temperature effects and
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avoid the risk of limiting the analysis to a single and possibly not representative struc-
ture, we consider here four groups of frames extracted according to different recipes
from long QM/MM molecular dynamics (MD) trajectories, where the QM part is
treated within density functional theory (DFT) and the PBE exchange-correlation
functional [36]. Frames A (frames 1-6) are the central frames of the most populated
clusters obtained in a cluster analysis of a trajectory we generated with the chro-
mophore and the counterion Glu113 in the QM region. Frames B (frames 7-11) are
close to the center of the ZINDO spectrum previously computed for a different trajec-
tory obtained in a similar manner [4]. Frame C (frame 12) is from the same study and
selected from the center of the ZINDO spectrum of a QM/MM MD simulation where
the QM region includes also the anionic residue Glu181. Finally, we also determine
an annealed structure from the trajectory from which frames A are extracted.

The excitation energies of all snapshots follow precisely the same trend: The in-
clusion of static point charges determines a significant blue shift of the excitation
energy (about 0.2 eV) with respect to the values computed on the isolated chro-
mophore at the geometry extracted from the protein. This can be mostly attributed to
the presence of the counterion stabilizing the ground state and inhibiting the charge
transfer in the excited state. When the chromophore is embedded in a polarizable en-
vironment equilibrated on the ground state of RPSB (polGS), the excitation energies
become somewhat larger as a consequence of the further stabilization of the ground
state with respect to the excited state. The effect of this improved ground-state de-
scription of the system is however rather small at the TDDFT level, being at most
0.06 eV and in average 0.02 eV. If we further enhance the electrostatic description
of the chromophore-protein coupling by introducing differential polarization effects
through state-specific dipoles, we recover a red-shift in the polSS excitation energies
with respect to the polGS values, which is however rather small and consistently be-
tween −0.03 and −0.02 eV. The presence of a polarizable environment has a much
larger effect on the absorption energies only when the dipoles are induced in the lin-
ear response regime (polLR), namely, in response to the transition density associated
with the electronic excitation. The non-classical part of the coupling captured in
these calculations appears therefore to play a dominant role, lowering the excitation
energies by as much as 0.16–0.18 eV with respect to the polGS value and largely re-
covering the so-called counterion quenching which was lost in an electrostatic (static
and responsive) treatment of the protein.

To better understand qualitatively the origin of these shifts and their quantitative
dependence on the quantum approach (so far TDDFT) chosen to describe RPSB,
we recall that, perturbatively to linear order, the polSS and polLR corrections with
respect to the polGS excitation energies are proportional to the square of the varia-
tion of the molecular dipole between ground and excited states, and to the transition
dipole moment, respectively, so that [37]

∆E(SS−GS)
exc

∆E
(LR−GS)
exc

≈ |∆µ|2

2|µ01|2
, (6.1)

with ∆E
(XX−GS)
exc = EpolXX

exc − EpolGS
exc . If we first focus on the state-specific con-

tribution, we observe that we would have expected a more sizable reduction of the
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Frame |µ01| |∆µ| ∆E(SS−GS)
exc ∆E(LR−GS)

exc ∆E(LR−GS)
exc

|∆µ|2
2µ2

01

4 11.86 6.89 -0.0340 -0.1598 -0.0270
8 11.87 4.71 -0.0178 -0.1583 -0.0125
12 11.83 6.18 -0.0278 -0.1598 -0.0218
ann. 12.26 6.32 -0.0259 -0.1665 -0.0221

Table 6.1: TDDFT excitation energy differences (eV) of rhodopsin computed in
an environment polarized in a state-specific (polSS) and linear-response (polLR)
scheme, relative to the polGS values. The transition dipole moment, |µ01|, and the
change in the dipole moment, |∆µ|, obtained within QM/MM are listed in Debye.

excitation energy due to the inclusion of differential polarization effects: The excited
state of RPSB displays a strong charge redistribution from the β-ionone ring to the
nitrogen terminus which should be greatly stabilized by the relative optimization of
the chromophore surroundings. The difference between the ground- and the excited-
state molecular dipole moment is in fact experimentally rather large and of the order
of 12-13 Debye [38,39]. The underestimation of this electrostatic differential contri-
bution in rhodopsin can be easily explained as resulting from an error of approximate
TDDFT/CAM-B3LYP, which tends to underestimate the changes of dipole moments
in charge-transfer electronic transitions [40]. As shown in Table 6.1, our calculations
for rhodopsin are affected by the same problem and yield values of |∆µ| computed
in point-charge embedding that are too low by about a factor of two. This incor-
rectly predicted change in the dipole moments translates in an underestimation by
about a factor of four of the electrostatic differential polarization contributions in the
TDDFT excitation energies as further discussed below in comparison with correlated
calculations.

The polLR corrections to the polGS excitation energies are instead proportional
to the magnitude square of the transition dipole moment and, therefore, to the large
oscillator strength of the bright π → π∗ transition of RPSB in rhodopsin. The
TDDFT transition dipole moments of about 12 Debye (see Table 6.1) lead in fact to
sizable polLR contributions to the excitation energies. In this case, the estimates are
reliable and do not suffer from particular shortcomings of the use of TDDFT/CAM-
B3LYP since the method has generally been shown to produce reasonably good os-
cillator strengths [41]. We stress that, as shown in Table 6.1, the validity of this
perturbative analysis of the polarization contributions to the excitation energies and
their relation to the (transition) dipole moments is strongly corroborated in rhodopsin
by the remarkable correspondence between the polSS contributions and the values
obtained by rescaling the polLR corrections as in Eq. 6.1.

The polLR and polSS schemes account therefore for different components of the
chromophore-protein interaction that co-exist in rhodopsin and can be captured in a
quantum calculation of a sufficiently large region including RPSB and its surround-
ings. We can extrapolate the combined effects of these polarization treatments by
adding the two corrections on the polGS excitation energies as shown in Fig. 6.2.
Such an additive approach appears be appropriate for rhodopsin, being supported by
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these perturbative arguments and the comparison with TDDFT calculations on large
clusters. The extrapolated excitation energies are reduced by about 0.2 eV with re-
spect to the polGS values and, for the snapshots energetically close to the annealed
one, in good agreement with the experimental absorption maximum. Nevertheless,
we should not attribute too much significance in this agreement: We must recall that
the state-specific contribution is underestimated in TDDFT, resulting in a blue-shift
which is fortuitously compensated by the use of an RPSB geometry computed with
a generalized gradient approximation, yielding a smaller bond length alternation and
a consequent red-shift. Furthermore, we are neglecting vibronic effects which are
not negligible in photoactive rhodopsin and should result in the computed vertical
excitation energy being higher than the absorption maximum.

Let us keep our main goal to elucidate the nature of polarization in the coupling
between the RPSB chromophore and the rest of the protein. Our MMpol calculations
allows us to further our analysis and identify which residues respond more strongly
and whether they polarize to the ground state, the excited state or in a resonance
fashion. In Fig. 6.3, we show for one frame the dominant contributions to the ground-
state polarization (EGS

pol) and the linear contributions induced at the polSS and polLR
level relative to polGS:

δEXX
pol = −1

2

∑
a

µa(ρ
XX) · Ea(ρ

XX) (6.2)

where the sum is over the classical polarizable sites and the dipoles are induced either
by the transition density, ρLR = ρ01, or by the density difference, ρSS = ∆ρ, between
the ground and excited states of RPSB. The same density distribution also determines
the static electric field at the classical sites. For a set of frames, we then determine
the residues with contributions to δEpol larger than about 0.09 kcal/mol. In the polSS
case, since the polSS correction to polGS is underestimated by about a factor of 4 as
discussed above, we identify the residues whose polSS contributions rescaled by the
same factor is above the chosen threshold. In Fig. 6.4, we show the position of the
common set of surviving residues, which nicely embrace the RPSB chromophore.

It is first important to appreciate that the dominating contributions to the ground-
state polarization are mostly carried by few residues in proximity of the nitrogen
end of RPSB, in particular, the covalently linked Lys296, the counterion Glu113, a
water molecule occasionally hydrogen-bonded to it, and Ser186, while the response
effects in the excited state are spread over a larger number of residues surrounding
also the β-ionone ring. As expected, the polSS and polLR responses correlate rather
well: The residues with a strong electrostatic coupling with the chromophore in the
excited state are the ones that predominantly resonate with the chromophore at the
polLR level. The relative contributions of the different residues changes however be-
tween the two polarization schemes. In addition to the three obvious candidates close
to the positive terminus of RPSB (Lys286, Glu113, Ser186), the residues displaying
a sizable π electronic system (Trp265, Tyr268, Phe293, Phe91) contribute the most
to the polLR response, with Trp265 π-stacked to one end of the chromophore giv-
ing the absolute largest value in several frames. A few residues close to the central
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Figure 6.3: Contributions (kcal/mol) to the ground-state DFT polarization energy
(EGS

pol) of all residues within 15 Å of RPSB (top) and relative TDDFT contributions
(δEpol) computed within the polSS (middle) and polLR (bottom) schemes for frame
4.

part of the conjugated skeleton of the chromophore (Ala117, Tyr118) further stabi-
lize the excitation. We note that the validity of this analysis, based on perturbation
arguments (Eq. 6.2), to pinpoint the role of the various residues is strongly supported
by the close equality recovered between δELR

pol and the excitation energy difference
∆ELR−GS

exc .
The understanding gained so far appears to be sound (and internally consistent)
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Figure 6.4: The RPSB chromophore covalently linked to Lys296 and the residues
with the largest contributions δEpol to the relative polarization energies in the polSS
and polLR schemes. The residues are cut at Cα.

within the limitations of TDDFT, which we already know for instance to underes-
timate electrostatic differential polarization effects. To further validate our obser-
vations, we also employ a correlated description of the QM region and select three
frames (4, 8, and 12) to be treated with the complete-active-space self-consistent-
field (CASSCF) approach followed by second-order perturbation theory (CASPT2).
The comparison between the CASPT2 and TDDFT excitation energies are shown
in Fig. 6.5 for one frame and summarized in Table 6.2. The dipoles are induced
in a CASSCF calculation targeting either the ground or the excited state, and used
unchanged in the PT2 computation of the polGS and polSS excitation energies.

The dependence of the CASPT2 excitation energies on the choice of electrostatic
model for the environment follows a similar trend to the one observed at the TDDFT
level but the magnitude of the shifts induced by the different descriptions of the en-
vironment is much larger. The use of a ground-state-polarized protein raises the
excitation energies with respect to point-charge embedding by more than 0.1 eV and
accounting for differential polarization effects in the polSS scheme yields a correc-
tion of the same magnitude and opposite sign. The change in the correlated excita-
tion energies computed with state-specific dipoles with respect to the polGS values is
much larger than in the TDDFT case as a consequence of the more accurate estima-
tion of |∆µ| at the CASPT2 level. In fact, the CASPT2 differences ∆E(SS−GS)

exc can
be remarkably well estimated by simply rescaling the corresponding TDDFT values
by the ratio squared between the CASPT2 and TDDFT |∆µ|, again supporting the
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Figure 6.5: Comparison of the TDDFT/CAM-B3LYP and CASPT2 excitation en-
ergies (eV) for frame 4 computed for the isolated chromophore and with different
models of the protein environment.

validity of our theoretical framework of analysis based on the magnitude of the tran-
sition dipole moment the molecular dipole difference, and the resulting polarization
effects.

Within CASPT2, we do not have direct access to the excitation energies com-
puted within a linear-response formalism but we can estimate them in two ways:
We can either follow Eq. 6.1 and rescale the CASPT2 polSS corrections with the
ratio squared of the CASSCF transition dipole moment and the variation of molec-
ular dipoles, or rescale the TDDFT linear-response shifts by the ratio squared of the
CASPT2 and TDDFT transition dipole moments,

∆E
(LR−GS)
exc PT2 ≈ ∆E

(LR−GS)
exc TDDFT

|µ01 CASSCF|2

|µ01 TDDFT|2
. (6.3)

The two estimates are remarkably close and in very good agreement with the corre-
sponding TDDFT linear-response corrections as shown for the three frames in Ta-
ble 6.2, where the CASPT2 linear-response-like contributions consistently obtained
as in Eq. 6.3 are listed.

The behavior of the CASPT2 excitation energies in the different models for the
protein environment is also illustrated in Fig. 6.6. For the three snapshots, if we add
the state-specific and the estimated linear-response corrections to the polGS values in
analogy to what we have done at the TDDFT level, we obtain extrapolated CASPT2
excitation energies in good agreement with the experimental absorption maximum.
Also here as discussed in the TDDFT case, the caveat holds that the use of geome-
tries with a larger bond-length alternation than the one obtained with the generalized

146



6.3 Discussion and conclusions

2.2

2.3

2.4

2.5

2.6

2.7

2.8

isolated

Q
M

/M
M

polG
S

polSS

polLR

pol(LR
+SS)

E
x
c
it
a

ti
o

n
 e

n
e

rg
y
 (

e
V

)

Experiment

Frame 4
Frame 8
Frame 12

Figure 6.6: Excitation energies (eV) of rhodopsin computed with CASPT2 for RPSB
isolated and with different models of the protein environment.

gradient approximation PBE used here would lead to a blue-shift, which is consis-
tent, however, with the vertical excitation energy being higher than the absorption
maximum due to the neglect of vibronic effects.

6.3 Discussion and conclusions

The analysis carried out within TDDFT and CASPT2 reveals a qualitatively simi-
lar behavior between the two approaches to treat the quantum RPSB chromophore
coupled to different models for rhodopsin. Furthermore, the quantitative differences
can be rationalized (and remarkably well corrected) if one accounts for the reduced
electrostatic response of TDDFT in the excited state. This congruence allows us to
draw a series of rather robust conclusions on the origin of the chromophore-protein
coupling in rhodopsin and on its most suitable theoretical treatment. First, we can
argue that an embedding scheme based on point charges is too simplistic to capture
the complexity of effects which govern absorption of retinal in rhodopsin and the
use of different polarizable models has here given us the needed clues on where a
point-charge model goes amiss.

The first consideration is that the use of ground-state-polarized dipoles does not
ameliorate the point-charge results but further increases the excitation energies. An
improved electrostatic description of ground-state rhodopsin alone is therefore not
sufficient and the lack of environmental response to the electronic transition lies at
the heart of the problem. The correction due to the electrostatic relaxation of the
protein is in fact expected to be large due to the density difference upon excitation
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Frame QM/MM QM/MMpol
Eexc |µ01| |∆µ| EpolGS

exc ∆E(SS−GS)
exc ∆E(LR−GS)

exc

TDDFT
4 2.652 11.86 6.89 2.680 −0.034 −0.160
8 2.630 11.87 4.71 2.627 −0.018 −0.158
12 2.651 11.83 6.18 2.662 −0.028 −0.160

CASPT2
4 2.645 10.39 14.75 2.784 −0.136 −0.100
8 2.609 11.02 12.38 2.686 −0.129 −0.127
12 2.724 10.54 13.55 2.809 −0.113 −0.119

Table 6.2: Excitation energies (eV) of rhodopsin computed with static QM/MM and
the polGS scheme using TDDFT/CAM-B3LYP and CASPT2/ANO-L-VDZP. The
polSS and polLR corrections to the polGS excitation energies are listed. The polLR
values are computed in linear response at the TDDFT level and estimated in CASPT2
by rescaling the CASPT2 polSS corrections according to Eq. 6.1. The QM/MM
transition dipole moment, |µ01|, and the variation of the molecular dipole moment,
|∆µ|, are given in Debye.

resulting from the flux of electronic charge from the β-ionone ring to the nitrogen
terminus of RPSB. When this physical feature is properly reproduced by the quantum
method chosen to describe the chromophore as in the case of CASPT2, the state-
specific correction gives indeed a sizable red-shift of more than 0.1 eV, which can be
ascribed to the response of several residues in the protein pocket of the chromophore.
Nevertheless, the inclusion of electrostatic differential polarization effects does not
account for the complete description of the choromophore-protein coupling. The
same residues which couple electrostatically to the excitation of the chromophore
also resonate to its electronic transition density when treated within a linear-response
scheme at the TDDFT level. The resulting correction to the excitation energies is of
the same order of magnitude as the electrostatic state-specific one if we account for
the relative size of the transition dipole moment and the molecular dipole difference
between the ground and the excited state. Their added contribution to the excitation
energies results in a good agreement with absorption experiments.

Our analysis demonstrates that the protein-chromophore interactions in rhodopsin
are not only of electrostatic nature and are therefore not straightforwardly amenable
to a description in terms of a multiscale quantum-in-classical or quantum-in-quantum
approach based on the product state of chromophore and protein wave functions. In
rhodopsin and any other photobiological system, the process of light absorption is
however modulated by the concurrent presence of electrostatic and resonance effects.
A computational option to recover them at once is to perform an explicit quantum
calculation on an extended region surrounding the photoactive moiety, employing
a technique able to describe coupled excitations between the chromophore and the
many residues we have shown to participate in the excitation process. This is unfortu-
nately very expensive and currently limited to the use of low-correlation approaches.
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Here, we have however outlined an alternative, practical route where a classical em-
bedding model is adapted to mimic both electrostatic and resonant coupling, and to
provide key information on the origin of the interactions and the detailed quantitative
role of specific amino acids in the photoexcitation of a complex chromophore-protein
system.

6.4 Computational methods
Our model system consists of two rhodopsin monomers embedded in an explicit
phospholipidic membrane. All details about the construction of the model are given
in Ref. [4].

We use the MOLCAS 7.8 suite of programs [42] for the CASPT2 [43, 44] cal-
culations always employing the recommended zero-order Hamiltonian [45] with the
IPEA shift set to 0.25 a.u. To prevent the occurrence of intruder states in the perturba-
tion treatment, we use an additional constant imaginary shift [46] of 0.1 a.u. Unless
otherwise specified, the values of the excitation energies reported are computed at
the single-state level. The zero-order wave function is a state-average SA-CASSCF
wave function with an active space CAS(12,13) correlating 12 electrons in 13 π or-
bitals. Two roots with equal weights are used in the calculation. For all CASSCF
and CASPT2 calculations, we employ the ANO-L-VDZP basis set [47].

The CASPT2/MMpol results are computed in a two-step procedure [48]: The
MM induced dipoles and charges from a CASSCF/MMpol calculation with the Gaus-
sian code [49] are later used in MOLCAS as a static external potential to obtain the
CASPT2 values. We perform the CASSCF/MMpol calculations with a locally mod-
ified version of Gaussian09, revision A.02. Also these calculations are performed in
a state-average fashion as with the same parameters described above, and we adapt
the MM dipoles either to the ground state (polGS) or to the ground and excited states
in two separate calculations (polSS).

The TDDFT excitation energies are computed using a locally modified version
of Gaussian09, revision A.02 [49] and the CAM-B3LYP [50] exchange-correlation
functional in combination with the 6-31+G∗ basis set. We employ the MMpol em-
bedding in a limited region of the protein environment, which includes the residues
placed within 15 Å of the chromophore, while the rest of the protein is described with
static point charges only. This polarization threshold has been shown to provide con-
verged values of the excitation energies on previous studies on rhodopsin [51,52]. In
all the calculations the boundary of the quantum region is placed at the Cγ−Cδ bond
of the Lys296 residue covalently linked to the retinal moiety, creating the retinal
protonated Schiff base (see Fig. 6.1).

In the QM/MMpol calculations, we use the Amber pol12 parameters (AL model
in Ref. [53, 54]) to describe the protein and the water solvent. For water, we derived
the point charges from a standard RESP fit using the electrostatic potential computed
at the MP2/aug-cc-pVTZ level on the TIP3P water geometry (qO = −0.726, qH =
0.363). For the residues further than 15 Å from the chromophore, we use the static
Amber 03 force field.
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Samenvatting

De ontwikkeling van theoretische methoden in de kwantumchemie heeft zich lange
tijd beperkt tot de beschrijving van grondtoestand eigenschappen, en pas sinds kort
de aandacht verlegd naar de studie van aangeslagen toestanden. In het algemeen
is het moeilijk betrouwbare berekenen uit te voeren van excitatie eigenschappen,
en de methoden die gebruikt worden om foto-actieve moleculen te bestuderen gaan
gepaard met grote problemen, vooral als men zich ver buiten het Franck-Condon ge-
bied begeeft en de invloed van omringende moleculen in rekening wil brengen. In
dit proefschrift zullen we nieuwe theoretische methoden ontwikkelen en diepgaand
inzicht bieden in de simulatie van structurele relaxaties van moleculen in een aanges-
lagen toestand in gecondenseerde fasen, en in de beschrijving van de koppeling van
de actieve spot met zijn omgeving bij de berekening van absorptie energieën van een
realistisch foto-biologisch systeem.

In Hoofdstuk 3, onderzoeken we de geometrie optimalisatie in de aangeslagen
toestand van kleine prototypische organische moleculen in de gasfase met behulp
van kwantum Monte Carlo (QMC) methoden. Voor alle moleculen levert QMC in
zijn eenvoudigste variationele variant geometrieën in zeer goede overeenstemming
met storings-theoretische resultaten, terwijl tegelijkertijd de methode veel robuuster
is met betrekking tot de rekenkundige parameters die bij de berekening gebruikt
worden. Dit staat in contrast met de grote variatie in structuren verkregen met de
rekenkundig goedkopere tijdsafhankelijke dichtheidsfunctionaal theorie (TDDFT)
wanneer gebruik wordt gemaakt van verschillende exchange-correlatie functionalen,
terwijl er geen duidelijke relatie bestaat tussen de gekozen klasse van functionalen
en de kwaliteit van de corresponderende structuren. Onze bevindingen tonen de
goede prestaties van QMC ook in gevallen waarin andere gecorreleerde of TDDFT
benaderingen onnauwkeurig zijn, en tonen aan dat QMC een krachtige methode is
die als referentie kan dienen voor toekomstige structurele studies, ook van grotere
systemen.

Gestimuleerd door de resultaten van hoofdstuk 3, combineren we nu, in Hoofd-
stuk 4, voor de eerste keer QMC, in zijn variationele variant, met het polariseerbare
continuüm model (PCM) om geometrie optimalisatie van de aangeslagen toestand
uit te voeren voor moleculen in oplossing. In onze aanpak wordt het externe veld
ten gevolge van het continuüm medium, dat hier een wateroplossing representeert,
tijdens de QMC optimalisatie van de geometrie van het opgeloste molecuul, consis-
tent met de moleculaire golffunctie gehouden. Deze methode wordt hier gebruikt
om de kwaliteit van de respons van structuren in de aangeslagen toestand op de aan-
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wezigheid van een omgeving, zoals die berekend wordt met TDDFT, te beoordelen.
We tonen aan dat alle onderzochte TDDFT functionalen de geometrische respons
in de aangeslagen toestand op de aanwezigheid van een oplosmiddel overschatten,
soms zelfs bond variaties laten zien met trends tegenovergesteld aan die met QMC
worden gevonden.

In Hoofdstuk 5 verlaten wij het onderwerp van de geometrie optimalisatie en
richten wij ons op het modelleren van absorptie-eigenschappen met gebruikmaking
van een meer realistische, discrete weergave van de responsieve omgeving. Wij in-
troduceren een kwantum-in-klassieke multiscale schema dat kwantum Monte Carlo
combineert met een reactie veld van klassieke, polariseerbare dipolen (QMC / MM-
pol). We onderzoeken de kwaliteit van dit multiscale model voor het beschrijven van
verticale excitatie energieën van prototypische kleine gesolvateerde moleculen. De
vergelijking met super-moleculaire berekeningen, waarin zowel de opgeloste stof als
het oplosmiddel kwantum mechanisch worden behandeld, laat zien dat het gebruik
van sets van dipolen, die afzonderlijk in evenwicht gebracht worden met de twee
toestanden die betrokken zijn bij de elektronische transitie, leidt tot betere resultaten
dan het gebruik van een bevroren omgeving (puntladingen of dipolen gepolariseerd
door de opgeloste stof in zijn grondtoestand), in het bijzonder wanneer de chromo-
foor zeer verschillende moleculaire dipolen heeft in de grondtoestand en de aanges-
lagen toestand. QMC / MMpol geldt daarom als een zeer effectieve methode voor
de behandeling van belangrijke elektrostatische omgevingseffecten voorbij statische
puntladingen, die de nauwkeurigheid van QMC combineert met de eenvoud van een
klassieke benadering.

In Hoofdstuk 6 richten wij ons op het moeilijke geval van lichtabsorptie van
de 11- cis retinaal geprotoneerde Schiff base (RPSB) chromofoor in rhodopsine,
die sterk wordt gemoduleerd door interacties met de aminozuren van het bindende
pocket van het eiwit. Met behulp van het superieure instrument van polariseerbare
krachtvelden, willen we de aard van deze interacties verhelderen, en begrijpen of
men verder moet gaan dan een elektrostatische beschrijving, en subtielere kwantu-
meffecten moet inbouwen. Voor een reeks van frames gekozen uit een kwantum-
in-klassieke moleculaire dynamica, berekenen we de excitatie energieën in een veld
van dipolen in evenwicht met de grondtoestand en die in een veld van toestands-
specifieke dipolen. Daarnaast voeren wij berekeningen uit waarin wij, met behulp
van lineaire-response theorie, klassieke dipolen induceren als reactie op de RPSB
overgangsdichtheid geassocieerd met de elektronische overgang. In overeenstem-
ming met het grote verschil in elektronen dichtheden tussen de grond en aangesla-
gen toestand, verbeteren differentiële polarisatie-effecten berekend met behulp van
toestand-specifieke dipolen de overeenkomst met absorptie experimenten vergeleken
met die berekend met punt ladingen aanzienlijk, maar zijn zij niet in staat een volledige
beschrijving te geven van de chromofoor-eiwit koppeling. Het hier voorgestelde ge-
bruik van dipolen verkregen in resonantie met de chromofoor overgang heeft ook
een grote invloed op de excitatie, wat aangeeft dat niet-klassieke, resonante interac-
ties tussen RPSB en verschillende omringende aminozuren belangrijk zijn. Wanneer
dit effect in rekening wordt gebracht tezamen met de elektrostatische reactie van de
omgeving op de excitatie, krijgen we excitatie energieën in goede overeenstemming
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met het experimentele absorptie maximum van rhodopsine.
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