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Chapter 1

Introduction

1.1 GFP and its mutants

Intrinsically fluorescent proteins (FP’s) [1,2] represent a very important class of pho-

toactive biological systems which have launched a revolution in cell biology, being

compatible with non-invasive imaging in living cells and allowing to dynamically

visualize cellular processes in vivo in combination with conventional microscopy.

Wild-type Aequorea green fluorescent protein (GFP) is the progenitor of the large

family of FP’s, which now covers almost the entire visible spectrum both in emis-

sion and absorption through the mutagenesis and continuous discovery of a variety of

GFP-like proteins in different sea organisms [1]. The wide range of absorption and

emission frequencies is for instance exploited in the Brainbow technique [3], which,

using mixtures of FP’s of sufficiently different colors, creates up to 100 distinguish-

able labels and can discriminate individual neurons. Another very important class of

mutants are photoswitchable proteins, which have allowed surpassing the diffraction

limit in so-called super-resolution microscopy as a very sharp final image can be re-

constructed from several snapshots in which only a fraction of the markers is turned

on and located very precisely [4, 5].

Most FP’s share the same β-barrel structure and their chromophores are similar

or even identical to that of GFP. Given the rich photophysical and photochemical

behavior of these proteins, it is well understood that even subtle variations in the

protein environment surrounding the chromophore can induce significant changes in

its spectral properties. One astonishing example of the delicate interaction between

the chromophore and its surroundings is the difference between the green Dronpa

and cyan fluorescent mTFP0.7. Even though these two proteins share the same chro-

mophore and most residues in proximity of the chromophore are identical, mTFP0.7

has an absorption blue shifted by 50 nm (or 0.3 eV) compared to Dronpa (see Fig-

ure 1.1). By inspecting visually the crystal structures of these proteins, one can infer

the direction of the change in absorption from the location of the hydrogen bonds:

The excitation involves a partial charge transfer from the phenolic ring to the imida-

zolinone ring, so the additional bond on the phenolic side in mTFP0.7 will stabilize

the ground state while the additional bond on the imidazolinone ring in Dronpa will

1



1 Introduction

Figure 1.1: Difference between mTFP0.7 and Dronpa structurally and in terms of

absorption maxima. (Courtesy of R. Nifosì). The numbers with “av” refer to the

position of the respective residues in wild-type (or aequorea victoria) GFP.

stabilize the excited state, therefore blue-shifting the absorption of mTFP0.7 with

respect to Dronpa. However, the extent of the shift surpasses what one might expect

from such little changes in non-covalent interactions. Since subtle variations in the

protein environment can have large consequences on the absorption (and emission)

properties of FP’s, an indispensable feature of any computational model aimed at a

quantitative description of these systems is the accurate treatment of the coupling

between the chromophore and the protein.

Today, the design of new and more efficient FP’s is an ongoing field of re-

search [1, 2] as more advantageous mutants could further improve imaging tech-

niques microscopy. For example, generating infrared- or red-fluorescent proteins

(iRFP’s or RFP’s) is a desirable goal since light with longer wavelength is less pho-

totoxic and is also less absorbed by the tissue, therefore being more suited for in
vivo imaging [6–8]. For several years, the most red-shifted GFP mutant remained

yellow fluorescent protein (YFP), [1] and red-emitting proteins were eventually gen-

erated from Anthozoa and not Aequorea (today, there are also GFP mutants that

have red emission [9]). However, conventional RFP’s often suffer from issues such

as low brightness [7] or low photostability, and better mutants are necessary to bridge

these shortcomings. In general, the design of novel FP’s relies on phenomenological

arguments and very approximate computational approaches are only used, for exam-

ple, to screen for the stability of the β-barrel structure [10]. A recent review [11]

notes, “For now, (semi-) random mutagenesis followed by high-throughput screen-

ing continues to be the technique of choice.” A reliable computational strategy to

excited-state modeling of these systems is in fact still elusive and this thesis takes a

step into the direction of an ab initio electronic-structure description of the excita-

tion process inside FP’s, in particular, modeling absorption. We focus on absorption

since predicting excitation energies is the first task in a computational study aimed

at capturing any phenomenon in a FP, and if a model fails to accurately reproduce

absorption (and shifts in absorption), other results it yields will also be dubious.

2



1.1 GFP and its mutants

The first test of the performance of a theoretical method is reproducing already

known data. On that note, several recent studies [12–14] have attempted the com-

putational characterization of these photoactive systems but reproduced trends in ab-

sorption between the various FP’s with only limited degree of success. In this thesis,

we will focus on wild-type GFP for several reasons. It has been extensively char-

acterized experimentally as regards structure and spectral properties, making valida-

tion of the tested models easier. GFP is also a rare example of a fluorescent protein

which has two significantly populated protonation forms at physiological pH and

room temperature, which allows an additional route to comparison to experiments

(i.e., the distance between the absorption maxima of the two forms) without chang-

ing the species. Finally, given that a large number of FP’s are close mutants of GFP,

the conclusions reached about GFP will likely be transferable to other members of

the FP family.

1.1.1 Structure and photocycle of GFP

The structure in GFP was first identified via X-ray crystallography in 1996 by Ormö

et al. [15] The protein has a barrel structure created by 11 β-sheets, in which the

photoactive chromophore is firmly held. By fixing the chromophore, the protein

plays a crucial role in enabling fluorescence, which is characterized by a significant

quantum yield also at room temperature. This must be contrasted to the behavior

in solution where the chromophore has instead a very low quantum yield at room

temperature (less than 0.001 [16]) but does fluoresce at 77 K [17, 18] when the low

temperature inhibits its numerous available modes of relaxation [18–20].

The absorption spectrum of GFP has two clear peaks at 398 nm and 478 nm at-

tributed to two different protonation forms of the chromophore, namely, the neutral

A and the anionic B form, respectively. From the relative intensities of these two

peaks, it is possible to infer that at room temperature, the ratio between the A and

B form populations is about 6:1 [21], while the B form becomes energetically fa-

vorable at low temperature (1.6 K) with the peaks corresponding to the two forms

moving closer [22]. At room temperature, upon excitation at 398 nm, the neutral

chromophore loses its proton to Glu222 through the proton-transfer wire consisting

of a water molecule, Ser205, and Glu222, and transforms into an intermediate (I)

form as illustrated in Figure 1.2. This intermediate is characterized by the same

hydrogen-bond network as the A form and an anionic chromophore as the B form.

From the I form, the protein can convert into the B form through a slow and rare

process which requires conformational changes in the protein environment, chiefly a

rotation of Thr203 [23]. More commonly, it converts back into the A form [21].

In the protein pocket, there are in total four candidate residues that may bond to

the phenolic side of the chromophore: Tyr145, His148, Thr203, and the aforemen-

tioned water molecule. The only two residues in the vicinity of the chromophore

that may be charged are Arg96, which is always cationic and Glu222, which may be

either protonated (neutral) or deprotonated (anionic) in the B and the A form, respec-

tively [23, 24]. We illustrate the location of the relevant residues in the A, I, and B

forms along with the photocycle in Figure 1.2.

3



1 Introduction

Figure 1.2: The transformation between the A and B forms of GFP through the

intermediate I form. The conversion between the A and I forms is due to a proton

transfer from the chromophore to Glu222, resulting in an anionic chromophore and

a neutral Glu, while the conversion between the I and B forms is due to a change in

conformation of Thr203. Bottom right: The photocycle between A, B, and I forms.

Given the size of the protein, about 2000 heavy atoms, a full quantum mechanical

description of the system is clearly impossible and a multiscale approach is required:

An expensive electronic-structure method must be employed for the chromophore

and the protein environment must be treated at a lower level of theory. However,

there is a wide range of choices available for how to perform the electronic-structure

calculation and describe the coupling with the environment. Important criteria for

choosing a combination of methods are computational cost, accuracy, and, critically,

the number of (semi-)empirical parameters which should be as small as possible to

allow us to work in a predictive framework as opposed to fit the particular experi-

ments at hand. This is a crucial consideration since, ideally, a model developed for

one protein should be readily and successfully applicable to any similar biosystem.

The next subsection will explore the currently available multiscale methods and how

they have been applied so far to FP’s.

4



1.2 Complex environments and multiscale methods: Point charges and beyond

1.2 Complex environments and multiscale meth-
ods: Point charges and beyond

Based on the previous discussion, we can already dismiss some common multiscale

methods. For example, we know that the protein environment is highly anisotropic

and treating it as a continuum solvent will not be appropriate since describing each

atom in the environment separately is an important ingredient. Furthermore, based on

the relatively broad absorption spectrum and the change in the shape and position of

the peaks at low temperatures, we can establish that thermal effects are also important

for an accurate treatment of the system.

To reduce the computational cost for the molecular dynamics calculations at room

temperature, we need the simplest available approximation for the atomistic environ-

ment, namely, quantum mechanics in molecular mechanics (QM/MM) [25, 26]. In

this case, each atom in the environment is modeled as a single point charge and the

interaction with the chromophore will be purely electrostatic (along with the rela-

tively weak van der Waals forces). In general, QM/MM dynamics can be expected

to yield reasonable molecular configurations since the force fields have been de-

signed for this purpose. Nevertheless, once we choose a certain set of snapshots and

wish to compute excitation energies on them, we may reasonably ask whether this

point-charge description is sufficiently sophisticated to capture the subtle ways the

environment can influence the excitation energies. Indeed, the bulk of the literature

that employs this scheme seems to indicate that this level of treatment falls short of

experimental agreement [13, 27–33] and errors as large as 0.5 eV in absorption have

been recently reported for wild-type GFP [30]. What is the main aspect missing from

the point-charge description?

To understand the reason why nonpolarizable classical descriptions fail, let us

consider for instance the interaction between the positive counterion, Arg96, with

the chromophore (see Figure 1.3). In the standard force field parameters, there is a

positive charge of 0.75e concentrated on the final seven atoms of guanidinium group:

The amine groups are highly polar and attached to the significantly charged carbon

atom. However, since the two nitrogen atoms and four hydrogen atoms are equivalent

in an isolated arginine residue, their point charges will be fixed as equal in the force

field and the interaction with the partially negative oxygen in the chromophore will

not be taken into account. The frozen point charges will therefore miss (or at best,

include very superficially) the various electronic interactions with the hydrogen-bond

network and additional degrees of freedom are necessary to make the environment

truly interact with the chromophore.

The most common and popular way to enhance the description of the ground

state is through polarizable dipoles [34–37]. In this case, alongside the point charges

mentioned before, each atom also possesses a polarizability and an induced dipole

moment relating to it. Going back to our example, the different hydrogen bonds and

local environments of the sites of the arginine residue will cause subtle variations in

the dipole moments. However, including these additional degrees of freedom raise

an additional issue: How to obtain the polarizabilities in the environment? In prac-

5



1 Introduction

Figure 1.3: The point charges of the closest atoms to the chromophore in the counte-

rion Arg96.

tice, additional experimental fits [38, 39] are often performed, thereby even further

distancing us from our initial goal of reducing the number of needed empirical pa-

rameters to the minimum. It is also possible to compute polarizabilities through

ab initio calculations, for example, the popular LoProp method [40], but a certain

amount of uncertainty relating to the chosen computational details (geometry, basis

set, and quantum method) will still remain.

A more advanced way of introducing coupling between environment and chro-

mophore is frozen-density embedding [41–43]. In this case, the environment is de-

scribed as a continuous density computed at the quantum level through density func-

tional theory (DFT). In principle, this scheme should significantly improve a classical

description in several ways: One eliminates the majority of the empiricism (even the

one related to the point charges) of the scheme, retaining only the (relatively few)

parameters that had been used to develop the functionals needed in the scheme. Fur-

thermore, one includes coupling beyond electrostatics such as Pauli repulsion. A

drawback of DFT embedding is that computations become more expensive and one

can include only part of the environment as a DFT density. However, in practice,

the bottleneck of a calculation lies in the highly correlated method used to compute

the excitation of the active site and reasonable sizes of quantum environments are

feasible (see, for example, Figure 1.4). In fact, the treatment of an entire protein

at the level of DFT embedding is possible if we split the system into several frag-

ments [44, 45]. In summary, as ground-state description, we would therefore expect

DFT embedding to be a superior choice to polarizable dipoles.

On may however also ask if it is necessary to improve the description of the ex-

cited state as well. The excitation of the chromophore involves a certain degree of

charge redistribution: In wild-type GFP, the phenolic ring loses some charge to the

6



1.2 Complex environments and multiscale methods: Point charges and beyond

Figure 1.4: The size and position in the GFP barrel of a 344-atom cluster (in red)

which is at the limit of what can be treated at a quantum level.

imidazolinone ring. At first sight, one might assume that this reorganization of charge

has relatively little effect on the net electrostatic interaction: The chromophore con-

tains more than 100 electrons and the mainly highest-occupied to lowest-unoccupied

molecular orbital (HOMO→LUMO) excitation (see Figure 1.5) only involves the in-

ternal transfer of approximately one of these electrons. However, we must remember

that most of the electric field created by the electrons will be canceled by the nuclei

and it is more useful to think of the charge distribution in terms of a net dipole created

by the whole chromophore. It turns out that, in wild-type GFP, this dipole changes

significantly due to the excitation: For example, in the case of the A form, the exci-

tation induces a change in the total dipole of the chromophore by a vector about 50%

its size (see Figure 1.6). Based on this observation, we can expect this charge reorga-

nization to polarize the environment in a different way than in the ground state. The

change in the environment in response to the excitation of the embedded species will

in turn affect the the excitation energy, introducing so-called “differential polariza-

tion” effects (and inducing a red shift in the excitation energy since the excited state

is allowed more degrees of freedom). In the case of polarizable dipoles, including

differential polarization in the model seems to be a straightforward task. The dipoles

can readjust to any change in the density of the active subsystem to reach equilibrium

in the excited state as well. We will return to this point in due course since the im-

plementation of this effect actually strongly depends on the class of quantum method

involved.

However, given that our “preferred” ground-state description is in principle DFT

embedding, it is reasonable to treat differential polarization at the same level of the-

7



1 Introduction

Figure 1.5: The highest occupied and lowest unoccupied molecular orbitals (HOMO

and LUMO) of the neutral chromophore of GFP.

Figure 1.6: A form: The electrostatic dipole created by the chromophore in the

ground state (μgs), excited state (μex), and the difference between the two (Δμ).

The relative magnitudes and directions of the dipoles are accurate but their origin

and absolute size are chosen arbitrarily for pictorial reasons. The dipoles are com-

puted with a wave function method (CASSCF) on the chromophore embedded in

point charges (QM/MM).

ory, and have two different environmental densities and embedding potentials for the

two states of interest. However, at the time of beginning our study, the formalism of

differential polarization within DFT embedding had not been established yet. There-

fore, we have taken the route of method development first, derived the necessary

equations in Chapter 3, and tested the scheme further in Chapter 4, before applying

it to our biological system of choice, GFP, in Chapter 5. For the sake of deeper un-

derstanding and to also facilitate a comparison with other studies in the literature, we

also employ the simpler polarizable dipoles, which have in fact greatly helped us to

gain a more complete picture of the origin of the chromophore-protein coupling.

In addition to the choice of the approach to describe the environment, we also

need to choose a quantum method to treat the chromophore, a choice which can

have very large effects on the final results. Significant spreads between excitation

8



1.3 This thesis

energies of different putatively accurate excited-state quantum methods are not un-

common, even in the case of calculations on small molecules done in vacuum [46]

(see also Chapter 7). In this thesis, we will not take a definitive stance on the op-

timal choice of quantum methods and will instead employ more than one method

whenever possible to eliminate the danger of a coincidental (or deliberate!) exper-

imental agreement due to only a cancellation of errors. As an illustration of the

effects of choosing a quantum method, we can mention two recent studies which

have reported experimental agreement for GFP without accounting for any response

from the environment, using however unconventional quantum methods [47, 48]. In

both cases, the quantum methods employed are documented to produce artificial red

shifts, and thereby provide a counterbalance for the coarseness created by the lack

of environmental response. Studies that directly determined the effect of differential

polarization, however, [14, 33, 49–52] have invariably arrived at the conclusion that

it significantly affects the excitation. Choosing the wrong quantum method with-

out careful analysis can in fact lead to qualitatively wrong conclusions: One may

be satisfied by the experimental agreement and conclude that the environmental de-

scription is sufficient whereas in fact both the chromophore and the environment are

inadequately modeled but causing opposite errors.

In the following section, we will give a short overview of how the chapters of

this thesis fit together, moving from method development (in particular, differential

polarization within DFT embedding) to the application of our new scheme to GFP.

1.3 This thesis

We introduce in Chapter 3 our novel wave function in density functional theory

(WF/DFT) embedding technique we have developed to account for the response of

the environment to the electronic excitation of the embedded species and for possible

back-polarization effects on the excitation. In our hybrid scheme, density-based em-

bedding potentials are constructed which differ for the ground and the excited states

of interest, and are then employed in highly correlated calculations of the excited

properties of the solute. We test our state-specific approach on the excited states of

several small molecules solvated in both polar and nonpolar solvents, where the ex-

citation is characterized by internal charge transfer and can strongly couple to the

environment. The size of the solute-solvent clusters is such that calculations for

the complete systems are feasible and, therefore, a direct comparison between our

embedding approach and the supermolecular reference possible. For the four small

molecules we used to test our model, differential polarization always improves or

leaves unchanged the frozen DFT embedding results. Although, in several cases, the

difference between the excitation energies obtained with the two DFT embedding

schemes are small, one does not know in advance whether the environment responds

to the excitation of the embedded species and our novel approach serves therefore as

a useful diagnostic tool to assess the importance of this effect.

While the results of Chapter 3 are generally encouraging, several questions re-

main unanswered: First, how dependent is our scheme on the particular wave func-

9



1 Introduction

tion method used to describe the active site? Second, when the embedding method

does not yield an improvement (or even worsens the results) compared to the use of a

frozen, non-responsive environment, what is the origin of the error? Third, which is

the best strategy to polarize the environment around the photo-excited active site? We

answer these questions in Chapter 4 by considering several different wave function

methods, namely, coupled cluster and quantum Monte Carlo methods in addition to

the multi-determinant perturbation approach used in the previous chapter. We com-

pare the response of these methods to a solvent described with DFT embedding and

as a collection of explicit quantum water molecules. Our analysis suggests that prob-

lems in our responsive scheme can be often cured by polarizing the environment with

respect to accurate excited-state solute densities. Remaining discrepancies with the

reference are primarily due to the use of an approximate kinetic-energy functional in

the construction of the embedding potential. This issue must be the focus of further

research and will be briefly touched on in Chapter 6.

Having introduced and tested our scheme involving differential polarization ef-

fects in a DFT environment, we are ready to employ it on GFP. In Chapter 5,

we investigate the ability of our method and a variety of state-of-the-art multiscale

schemes in predicting the absorption properties of GFP to identify the key theoret-

ical ingredients for an accurate description of the chromophore-protein coupling in

this prototypical photosensitive biosystem. On the classical side, we employ the

simplest, most widely used approach of static point charges to which we then add

polarizable dipoles and, on the quantum side, our DFT-based hybrid method. We

test these embedding schemes against calculations on a large active region compris-

ing the chromophore and a first shell of surrounding amino acids. We find that, in

contrast to what commonly portrayed in the literature, a model where the protein is

static or even polarized to the ground state of the chromophore (either quantum me-

chanically or through classical dipoles) is inadequate, indicating the need to couple

the photexcited chromophore to its surroundings. Surprisingly, our quantum embed-

ding scheme which should account for the environmental response to the excitation

fails to improve on this description. Similarly, the use of dipoles polarized to the

excited state of the chromophore produces negligible results. The best performance

is in fact lent by classical polarizable dipoles but only when these are treated in

a linear-response framework. While, in vacuum, excitations computed by linear-

response quantum methods coincide with those obtained through the direct solution

of the time-independent Schrödinger in the limit of exact eigenfunctions [53], these

two formulations yield different results when combined with a classical environment

which depends on the quantum state through the induced dipoles. While the self-

consistent computation of eigenstates and the dipoles captures the main electrostatic

interaction between the chromophore and the protein, linear-response calculations

will miss this electrostatic term but happen to capture the instantaneous coupling

between the environmental dipoles and the transition dipole moment (TDM) of the

excitation itself [54, 55], which is fundamentally a quantum effect. Given this quan-

tum (often referred to as “dispersion-like”) coupling between the excitation and the

environmental polarizabilities, our conclusion is that ultimately, only calculations on

large quantum regions can reliably recover the subtle interaction between the photo-

10



1.3 This thesis

excited chromophore and its environment in GFP.

Given that the quantum-in-quantum DFT-embedding results in Chapter 5 fell

short of our expectations, we test in Chapter 6 a novel embedding method where

the role of the kinetic-energy functional is supplanted by a direct reconstruction of

the embedding potentials. While this route is significantly more costly than using

approximate functionals, it eliminates the main source of errors in WF/DFT embed-

ding calculations. Importantly, this work is the first step towards the development

of a reconstruction scheme where the target density of the embedded site is in fact

the one of an excited species. Finally, the availability of accurate embedding poten-

tials is essential for the benchmarking of new approximations of the kinetic-energy

functional. We give a first numerical demonstration of the method, proving that we

can recover the embedding potential and the target density in a numerically stable

procedure via freeze&thaw cycles without the need of an (in general, costly) super-

molecular calculation.

Finally, Chapter 7 deviates from the main topic of electronic excitations in com-

plex environments, being a benchmark study of the excited states of small polyenes,

namely, ethene and butadiene, in the gas phase. The importance of the work stems

from a combination of elements, namely, the difficulty encountered by most theoret-

ical methods in describing the low-lying excited states of polyenes and the use of a

novel quantum Monte Carlo approach to reach the full configuration interaction limit,

a task previously thought to be impossible even for these small molecules. With this

tool, we provide a robust estimate of the lowest vertical excitation energies of these

polyenes, which are found to be significantly higher than the corresponding exper-

imental absorption maximum. Our results represent therefore a reliable, important

reference for other methods, especially given the difficulty of benchmarking theory

on more complex systems as the ones described in the previous chapters.
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Chapter 2

Theoretical Methods

2.1 Introduction

We will employ several different electronic structure methods to study the excited

states of systems having a wide range of sizes. Large systems will have to be treated

at a computationally cheaper and more approximate level, while small systems can

be handled at a higher computational cost and level of accuracy. We will invariably

treat the excited states of our systems quantum mechanically, while the environment

will be described more coarsely, possibly even classically. The main issues explored

in this thesis relate to defining, and developing, the best computational strategy to

combine accuracy and efficiency in a multiscale calculation of excited states. To

avoid the pitfall of accepting a particular scheme based on a possibly coincidental

agreement with experiments, we will employ a variety of quantum chemistry meth-

ods for the photoactive site in combination with several lower-level descriptions of

the environment. Whenever feasible, we will compare multiscale results with super-

molecular reference calculations.

In this chapter, we briefly describe the theoretical methods employed in this the-

sis. In particular, we will summarize the formalism of multi-configurational self-

consistent field (MCSCF) as well as its perturbative extensions, the quantum Monte

Carlo (QMC) method, density functional theory (DFT), and time-dependent DFT

(TDDFT). Likewise, we will explain how to couple these quantum methods with a

lower-level description of the environment via a quantum mechanics-in-molecular

mechanics (QM/MM) scheme and its polarizable variant (QM/MMpol), and con-

clude with a treatment of wavefunction-in-DFT embedding (WF/DFT).

2.2 Quantum Mechanical Calculations

We work here in the Born-Oppenheimer approximation [1,2], and neglect relativistic

effects so that our non-relativistic system of N interacting electrons is described by
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2 Theoretical Methods

the Hamiltonian:

H = −1

2

N∑
i=1

∇2
i +

N∑
i=1

vext(ri) +
N∑
i<j

1

|ri − rj| , (2.1)

where we used atomic units (� = m = e = 1/4πε0 = 1). The external potential is

either the bare electron-ion Coulomb potential −Z/r where Z is the charge of the

ion, or a pseudopotential describing the ion plus the core electrons which have been

eliminated from the calculation. We denote with x = (r, σ) the 3 spatial and 1 spin

coordinates of one electron where σ = ±1.

2.2.1 Traditional Quantum Chemistry Methods

In the Hartree-Fock (HF) method [1, 2], one describes an interacting system of elec-

trons with the optimal non-interacting wave function, namely, a Slater determinant

of single-particle spin-orbitals {Φi} as

ΨHF(x1, . . . ,xN) =
1√
N !

∣∣∣∣∣∣∣∣∣
Φ1(x1) Φ1(x2) · · · Φ1(xN)
Φ2(x1) Φ2(x2) · · · Φ2(xN)

...
...

...
...

ΦN(x1) ΦN(x2) · · · ΦN(xN)

∣∣∣∣∣∣∣∣∣
,

where the single-particle orbitals are determined by minimizing the expectation value

of the interacting Hamiltonian on this wave function. The HF method is an important

step for higher-order many-body methods, which usually contain linear combinations

of determinants.

By expressing the spin-orbitals as the product of a spatial and a spin compo-

nent, Φi(x) = φi(r)χsi(σ), and minimizing the energy subject to orthonormality

constraints between the orbitals, one obtains the self-consistent HF equations for the

spatial orbitals: [
−1

2
∇2 + vext(r) +

N∑
j=1

∫
dr′

|φj(r
′)|2

|r− r′|

]
φi(r)

−
N∑
j=1

δsi,sj

∫
dr′

φ∗
j(r

′)φi(r
′)

|r− r′| φj(r) = εiφi(r) . (2.2)

The fully non-local HF exchange potential cancels the interaction of an electron with

itself, that is, the self-interaction contribution from the the Hartree potential, and also

implements the so-called Pauli exchange interaction so that electrons with the same

spin tend to avoid each other.

The solution of a HF problem will entail starting from guess orbitals, determining

the HF potential for these orbitals, and repeating the procedure until self-consistency

(hence, the alternative name of the HF method being self-consistent field, SCF).
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2.2 Quantum Mechanical Calculations

For molecular systems, the orbitals are expanded as a linear combination of atomic

orbitals (LCAO) centered on the nuclear positions:

φi(r) =
nuclei∑

μ

∑
j

aμji ηjμ(r− rμ) , (2.3)

where rμ denotes the position of a nucleus, and the minimization is performed with

respect to the LCAO coefficients, aμji. In most quantum chemistry codes, a Gaussian

atomic basis is used:

η(r) = xmynzk exp (−αr2) , (2.4)

as this choice allows all integrals to be computed analytically.

The difference between the exact energy E and the HF energy is called the cor-

relation energy, Ecorr = E − EHF. The correlation energy is often considered as a

sum of static correlation, which is linked to the insufficiency of a single-reference

wave function, and dynamical correlation, which captures repulsions of the electrons

beyond the mean-field approximation.

Post Hartree-Fock Methods

While the HF energy is missing all correlation effects, the full correlation energy

can be recovered if one expresses the many-body wave function, Ψ(x1, . . . ,xN),
as an expansion in terms of all possible determinants of orthonormal single-particle

orbitals, assuming our basis set is complete. This approach is called full configuration

interaction (full CI or FCI). In practice, full CI is unfeasible for all but the smallest

molecules and relatively modest basis sets, although a stochastic realization of this

approach will be applied in Chapter 7 of this thesis for systems of up to 30 electrons

and 1029 determinants. If we are using an atomic Gaussian basis set, the matrix

elements of the Hamiltonian and the overlap of these N -electron basis functions can

be expressed as integrals over one-electron orbitals and computed analytically.

The wavefunction in the configuration interaction (CI) approach is obtained by

considering excitations out of the reference HF determinant to a set of virtual orbitals

as

ΨCI = c0DHF +
∑
ab

ca→bD
a→b +

∑
abcd

cab→cdD
ab→cd + . . . , (2.5)

where Da→b denotes a single excitation where the occupied orbital a in the HF deter-

minant is substituted with the virtual orbital b. Similarly, Dab→cd indicates a double

excitation from a and b to the virtual orbitals c and d. In practice, one often truncates

this expansion to a low level: For example, CISD (configuration interaction singles

and doubles) only includes single and double excitations.

If we include up toN -body excitations to all virtual orbitals, we obtain the full CI

expansion, which must then be extrapolated to the infinite basis limit by considering

a sequence of larger basis sets. If we denote with Ci a spin- and space-adapted

configuration state functions (CSF) (i.e. a fixed linear combination of determinants
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with proper spin and space symmetry), we can rewrite a CI expansion as

ΨCI =
K∑
i=1

ciCi , (2.6)

and, by applying the variational principle, obtain the secular equations for the coeffi-

cients ci:
K∑
j=1

〈Ci|H|Cj〉c(k)j = E
(k)
CI

K∑
j=1

〈Ci|Cj〉c(k)j , (2.7)

where 〈Ci|Cj〉 = δij as the orbitals are orthonormal.

For a CI expansion (and any linear expansion on a basis set), one obtains not only

an approximation to the ground-state wave function but also to the excited states

thanks to a generalized variational principle, known as the McDonald’s theorem,

which states that the approximate solutions with energies E
(0)
CI ≤ E

(1)
CI ≤ . . . ≤ E

(K)
CI

satisfy

Ei ≤ E
(i)
CI , (2.8)

where Ei are the exact energies of the eigenstates of the Hamiltonian H. A CI wave

function is however a slowly converging expansion and a large number of determi-

nants must be included due to the lack of explicit dependence of the inter-electron co-

ordinates, and the consequent poor description of the cusp occurring at the electron-

electron coalescence points. Moreover, the number of determinants grows exponen-

tially with the number of electronsN and, while limiting the number of determinants

to the most important excitations lowers the computational cost (for instance, CISD

includes single and doubles and scales as N6), it results in the loss of size consis-

tency.

In the multi-configurational self-consistent field (MCSCF) approach, one min-

imizes the energy not only with respect to the linear coefficients ci but also the

LCAO coefficients aji. The complete-active-space self-consistent field (CASSCF)

approach is a particular type of MCSCF calculation, where n electrons are distributed

over a set of m active orbitals, whose occupancy is allowed to vary. The resulting

CASSCF(n,m) calculation is like a full CI calculation for n electrons in m orbitals,

except that also the orbitals are now optimized to minimize the total energy. Outside

the active space, there is generally an inactive space of orbitals that are doubly oc-

cupied in every determinant, but still influence the energy since they can change in

the optimization, and there is the virtual space of unoccupied orbitals, which have no

influence on the CASSCF energy but will be important in the perturbative expansions

mentioned later.

When several states of the same symmetry are requested, it is customary to use

the state averaged (SA) CASSCF approach to avoid root-flipping problems in the

optimization. In a SA calculation, the weighted average of the energies of the states

of interest is optimized:

ESA =
∑
I

wI
〈ΨI |H|ΨI〉
〈ΨI |ΨI〉 , (2.9)
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where
∑

I wI = 1 and the states are kept orthogonal. The optimization yields one

common set of orbitals and the different states differ only in their CI coefficients,

which ensure orthogonality. The most important step for a MCSCF/CASSCF calcu-

lation is the selection of the active space, which requires a fair amount of knowledge

of the system under study and is rather time-consuming since a great number of trial

calculations is often necessary. Furthermore, MCSCF/CASSCF calculations recover

only a small part of the correlation energy as it only provides a description of non-

dynamical correlation.

One way to improve upon a MCSCF calculation is to use Rayleigh-Schrödinger

perturbation theory, where the total Hamiltonian is partitioned into a zero-order

Hamiltonian, H(0), and a perturbing operator V:

H = H(0) + V . (2.10)

The definition of the perturbation theory is complete once we have decided on the

zero-order wave function and Hamiltonian. If we take the zero-order wave func-

tion to be the HF wave function, we would obtain the Møller-Plesset perturbation

theory (MP2). Taking a MCSCF wave function to be the zero-order wave func-

tion, we obtain the multi-reference perturbation theory (MRPT). Specifically, in the

case of a CASSCF wave function, this has resulted in the complete active space

perturbation theory (CASPT2) [3], which is one of the most widely used methods

in excited-state quantum chemistry. However, for MRPT, there is no unique def-

inition of the zero-order Hamiltonian and this has led to multiple formulations of

CASPT2, which differ in the choice of the zero-order Hamiltonian yielding the same

zero-order CASSCF wave function. For example, a more modern formulation of

the zero-order one-body Hamiltonian employed in CASPT2 calculations involves an

ionization potential-electronic affinity (IPEA) shift [4] of 0.25 a.u., which is a semi-

empirical parameter that compensates a discrepancy between orbital energies when

exciting from and exciting into the active space. Excitation energies computed with

the CASPT2 method without the IPEA shift are too low [5], which calls for particular

care when making theoretical comparison to older works. A different formulation of

MRPT also based on a CASSCF zero-order wave function is the so-called n-electron

valence state perturbation theory (NEVPT2) [6], which is based on a more advanced

zero-order Hamiltonian than CASPT2. In particular, the zero-order Hamiltonian in

NEVPT2 explicitly includes two-electron terms for the active electrons, while the

CASPT2 zero-order Hamiltonian only includes one-electron terms.

Finally, we also use coupled-cluster (CC) methods, which are similar to configu-

ration interaction, but use an exponential excitation operator in the ansatz of the wave

function:

|ΨCC〉 = eT̂ |ΨHF〉 , (2.11)

where T̂ = T̂ 1 + T̂ 2 + T̂ 3 + . . . is the excitation operator grouping together single,

double, triple, ... excitations. For example, the operator for the single-excitation class

can be written as:

T̂ 1 =
∑
i

∑
a

tiaâ
†
aâi, (2.12)
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where tia are unknown excitation amplitudes.

In practice, as in the case of CI methods, this operator is truncated to define the

CCS, CCSD [7], CCSDT [8, 9], ... methods. The energy and excitation amplitudes

are computed via the coupled-cluster equations which, for instance in CCSD, are

given by:

〈ΨHF|e−T̂HeT̂ |ΨHF〉 = ECCSD (2.13)

〈Ψa
i |e−T̂HeT̂ |ΨHF〉 = 0

〈Ψab
ij |e−T̂HeT̂ |ΨHF〉 = 0,

where T̂ = T̂1 + T̂2. There are several different routes which approximate coupled-

cluster equations at a reduced computational cost. For example, CCSD [7] can be

approximated by CC2 [10–12], which scales as N5 compared to N6 in the case of

CCSD.

A very important difference between CC and CI methods is that CC is size con-

sistent: The sum of the energies of two systems computed separately is identical to

that of the method applied to both subsystems taken together in the limit of infinite

separation. This is true for any truncation of the coupled-cluster expansion. This

property, which is due to the exponential ansatz of the CC wave function, comes

however at a cost: While truncated CI methods are variational (they give an upper

bound to the energy), the above energy estimator of a truncated CC wave function

is not (it may recover more than 100% of the total correlation energy). This non-

variational character does not significantly affect the energies for small molecules

close to the equilibrium condition. In particular, the coupled cluster theory with sin-

gles and doubles plus perturbative triples [CCSD(T)] has been very successful, in

particular in small systems with low static correlation, and is often referred to as the

“gold standard” of quantum chemistry.

Excited states can also be obtained in the coupled-cluster method through the

so-called equation-of-motion coupled-cluster (EOM-CC) formalism by acting on the

ground-state CC wave function with the excitation operators R̂i (whose amplitudes

are unknown):

|Ψi〉 = R̂i |Ψ0〉 = R̂ie
T̂ |ΨHF〉 . (2.14)

Rearranging the coupled-cluster equations, we obtain that the excited-state wave

functions are the right-eigenvectors of a non-Hermitian effective Hamiltonian H̄ =

e−T̂ (Ĥ − E0)e
T̂ :

H̄R̂i |ΨHF〉 = ωiR̂i |ΨHF〉 , (2.15)

where ωi = Ei −E0 gives the excitation energy at the coupled-cluster level. In prac-

tical calculations, the operators R̂ are truncated to the same degree as the coupled-

cluster operator: For example, in EOM-CCSD, one would only include single and

double excitations in R̂.
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2.2.2 Density Functional Theory
Density functional theory (DFT) [13] is a very popular alternative to wave function-

based approaches due to its favorable scaling with system size. The DFT formalism

is based on the electronic density, a 3-dimensional function, instead of the more im-

practical 3N-dimensional many-body wave function. While the Hohenberg-Kohn

theorem [14] proves that the ground-state electron density uniquely determines the

external potential and therefore the wave function together with all observables, the

mapping functional is unknown. Therefore, compared to wave function-based meth-

ods where the basic equations are well known but often computationally intractable,

DFT reduces the size of the problem by several orders of magnitude but introduces

a fundamental unknown in the equations to solve. In practical DFT applications,

one relies on the Kohn-Sham theorem [15], which maps the interacting system to

a non-interacting one with the same ground-state density, and results in the simple

single-particle equations:[
−1

2
∇2 + veff ([ρ] ; r)

]
φi = εiφi, (2.16)

where the electronic density is constructed by summing over the N lowest energy

orbitals where N is the number of electrons:

ρ(r) =
N∑
i=1

|φi(r)|2 . (2.17)

The effective Kohn-Sham potential is given by

veff ([ρ] ; r) = vext(r) +

∫
ρ(r′)
|r− r′|dr

′ + vxc ([ρ] ; r) , (2.18)

where vext(r) is the external potential. The exchange-correlation potential vxc ([ρ] ; r)
is the functional derivative of the exchange-correlation energy Exc [ρ] that enters in

the expression for the total energy:

E = −1

2

N∑
i=1

∫
φi∇2φi dr+

∫
ρ (r) vext (r) dr

+
1

2

∫ ∫
ρ(r)ρ(r′)
|r− r′| dr dr′ + Exc [ρ] . (2.19)

The exchange-correlation functional is the aforementioned unknown component of

DFT: Even though DFT is in principle exact, the exchange-correlation energy must

be approximated.

Approximate Exchange-Correlation Functionals

Several approximate exchange-correlation functionals have been proposed in the lit-

erature [16], and recent years have in fact seen a proliferation of novel functionals,
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sometimes designed for the study of specific properties. In this thesis, we employ

the local-density approximation (LDA), various generalized gradient approximation

(GGA), hybrid, meta-hybrid, and long-range corrected (LC) functionals. The hierar-

chy of these functionals has been famously likened by John Perdew to the “Jacob’s

Ladder” between the “Hartree hell” and the “heaven of chemical accuracy” [17].

The LDA is the simplest functional:

ELDA
xc [ρ] =

∫
dr εhomxc (ρ(r))ρ(r), (2.20)

where εhomxc (ρ) is the exchange-correlation energy per electron of a uniform electron

gas of density ρ. The generalized gradient approximation (GGA) introduces a depen-

dence on the gradient and higher derivatives of the density, whose generic expression

(here restricted to second-order derivatives) is given by

EGGA
xc [ρ] =

∫
ρ(r) εGGA

xc (ρ(r), |∇ρ(r)| ,∇2ρ(r)) dr. (2.21)

Out of the class of GGA’s, we will employ the Becke-Lee-Yang-Parr (BLYP) [18,19]

for some geometry optimizations in the gas phase and the Perdew-Burke-Ernzerhof

(PBE) [20] functional in the ground-state ab initio molecular dynamics simulations.

In our embedding calculations, we also use the Perdew-Wang exchange-correlation

functional (PW91) [21].

Hybrid functionals introduce a dependence on the Kohn-Sham orbitals by mixing

in the functional a portion of exact exchange from Hartree-Fock theory:

EHF
x [ρ] = −1

2

N∑
i=1

N∑
j=1

δsi,sj

∫ ∫
φ∗
i (r)φ

∗
j(r

′)φj(r)φi(r
′)

|r− r′| dr dr′ . (2.22)

Mixing of exact exchange in the functional expression was introduced by Becke [22]

based on the adiabatic connection formalism (which provides a path at constant den-

sity between the Kohn-Sham non-interacting system and the interacting one) and

further rationalized in Ref. 23: At the limit of no Coulomb repulsion, the exchange-

correlation energy is identical to the Hartree-Fock exchange with Kohn-Sham or-

bitals, while at full Coulomb repulsion, semilocal functionals are more appropriate.

The simplest approximation (assuming a linear switching between the two regimes)

would then imply a 50% exact exchange, a so-called “half-and-half” functional [22].

More sophisticated combinations have been developed, a particularly widely used

one being the three parameter B3LYP functional [24, 25] which combines LDA and

the BLYP GGA with 20% exact exchange. We employ the B3LYP functional for

geometry optimization and in some cases for the construction of the embedding po-

tentials.

Meta-GGA functionals introduce a dependence on the local non-interacting ki-

netic density:

τ =
1

2

∑
i

|∇φi(r)|2 . (2.23)
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2.2 Quantum Mechanical Calculations

Just like normal GGA’s, meta-GGA functionals can and have been combined with

exact exchange, resulting in the so-called meta-hybrid functionals. A popular fam-

ily among these functionals is the M06 [26–29] set of four functionals that differ

mainly in the amount of exact exchange included; M06-L (0%), M06 (27%), M06-

2X (54%), M06-HF (100%). We use the M06-HF functional for the construction of

most embedding potentials since this functional ensures in general a better conver-

gence for systems with separated charges (as one may encounter when performing a

DFT calculation of a protein fragment containing close-by charged amino acids).

Finally, we consider the long-range corrected functionals (a good overview of

them can be found in Ref. 30), where one splits the electron-electron interaction into

a short- and a long-range component

1

r
=

1− g(r)

r
+
g(r)

r
, (2.24)

where, for instance, g(r) = erf(μr). In the original proposal of Iikura, Tsuneda,

Yanai, and Hirao [31], the short-range component is treated through a density func-

tional approximation (DFA) while the long-range component is considered as exact

exchange, resulting in

Exc [ρ] = EHF,LR
x [ρ] + EDFA,SR

x [ρ] + EDFA
c [ρ] . (2.25)

The usage of the error function allows the exact exchange part to be obtained analyt-

ically while, for the short-range part, a semi-local density functional approximation

is used [16, 31]. The parameter μ controls the range of separation and a value of

0.3–0.5 a.u. is often found to be optimal.

As given above, the long-range corrected functionals include 0% exact exchange

at short range and 100% exact exchange at long range. However, the formulation

has been generalized to include a certain amount of exact exchange at both short and

long ranges as proposed in the so-called Coulomb-attenuating method (CAM) [32]:

Exc [ρ] = aEHF,SR
x [ρ] + bEHF,LR

x [ρ]

+ (1− a)EDFA,SR
x [ρ] + (1− b)EDFA,LR

x [ρ] + EDFA
c [ρ] . (2.26)

In particular, the popular CAM-B3LYP functional [32] uses short- and long-range

versions of the B88 functional and the same correlation functional used in B3LYP,

and includes 19% exact exchange at short range (a = 0.19) and only 65% at long

range (b = 0.65) with μ = 0.33 a.u. It has been observed that the use of long-range

corrected functionals can ameliorate the well-known shortcoming of other functional

forms in describing charge-transfer excitations within time-dependent DFT.

In this thesis, we will employ the CAM-B3LYP functional [32] and the LC-BLYP

functional (which uses a short-range version of the B88 functional for exchange, the

LYP functional for correlation, a = 0, b = 1, and μ = 0.47 a.u.) in the study of the

excited states of green fluorescent protein (GFP). We note in passing that alternative

range-separated functionals also exist [33], in which the opposite separation is used

with the short-range component containing more exact exchange than the long-range
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one. These were developed to simplify the calculation of the non-local exchange

interaction in periodic systems.

Finally, an important actor in the DFT embedding methods describe below is the

kinetic-energy density functional (KEDF) for orbital-free DFT (i.e., without the KS

formalism). The simplest KEDF is the Thomas-Fermi functional [34–36], which is

the LDA for the kinetic energy functional, namely, the kinetic energy of an uniform

electron gas:

T [ρ] = CF

∫
[ρ(r)]5/3dr. (2.27)

We will usually employ the Perdew-Wang kinetic-energy functional (PW91k) [37],

which is a re-parametrization of the PW91 [38] exchange-correlation functional with

the correct Thomas-Fermi limit for homogeneous densities.

Time-Dependent Density Functional Theory

Time-dependent density-functional theory (TDDFT) [39] represents a rigorous for-

malism to compute response properties of molecules, but is most widely applied

to determine excitation energies through the dynamic polarizability tensor. As in

the case of ground-state DFT, while exact in principle, TDDFT also depends on the

use of approximate exchange-correlation functionals alongside other approximations

mentioned below.

The time-dependent equivalent of the Hohenberg-Kohn theorem is the Runge-

Gross theorem [40]. It proves the one-to-one correspondence between the external

time-dependent potential vext(r,t) and the time-dependent electronic density, ρ(r,t)

and leads to the construction of a time-dependent Kohn-Sham scheme. The interact-

ing problem is then exactly mapped to a system of non-interacting electrons in an

effective external time-dependent potential:[
−1

2
∇2 + veff ([ρ] ; r, t)

]
φi(r, t) = i

∂

∂t
φi(r, t), (2.28)

which yields the exact electronic density constructed from the Kohn-Sham orbitals

as

ρ(r, t) =
N∑
i=1

|φi(r, t)|2 . (2.29)

The Kohn-Sham effective potential is given by:

veff ([ρ] ; r, t) = vext(r, t) +

∫
ρ(r′, t)
|r− r′|dr

′ + vxc ([ρ] ; r, t) . (2.30)

Here, it is important to note that the time-dependent exchange-correlation potential

is not the same functional of the density as the ground-state exchange-correlation po-

tential (Eq. 2.18). Instead, it is the functional derivative of the exchange-correlation

component of the action functional [40, 41].
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2.2 Quantum Mechanical Calculations

Some approximations are needed as the time-dependent exchange-correlation po-

tential is unknown. The simplest approximation is to assume that the exchange-

correlation potential is local in time, that is, reacts instantaneously and without mem-

ory to any temporal change of the density. This is known as the adiabatic approxi-

mation:

vadiabxc ([ρ]; r, t) = vgsxc([ρ]; r)|ρ=ρ(r,t) , (2.31)

where vgsxc is a particular chosen ground-state exchange-correlation potential. Here,

vgsxc is a property of the ground-state, so this approximation should work best for time-

dependent systems where the density is not too far from the ground-state density.

If we know how the system responds to a small time-dependent perturbation, then

the excitation energies can easily be obtained from a TDDFT calculation. To achieve

this, the key quantity is the linear density response function χ that gives the change in

the density if the system is subjected to a small perturbation in the external potential:

δρ(r, ω) =

∫
dr′χ(r, r′, ω) δvext(r′, ω). (2.32)

Using the linear density response function, we can compute the dynamic polarizabil-

ity and consequently obtain the photoabsorption cross section. We can rewrite this

change in the density by using the time-dependent Kohn-Sham scheme (Eqs. 2.28–

2.30), resulting in

δρ(r, ω) =

∫
dr′χKS(r, r

′, ω) δveff(r′, ω). (2.33)

Here, χKS is the density response function for the non-interacting Kohn-Sham elec-

tron system, which we can write in the terms of the unperturbed time-independent

Kohn-Sham orbitals. We can obtain the linear change in the potential if we make use

of the definition of the exchange-correlation potential (Eq. 2.29):

δveff(r, ω) = δvext(r, ω) +

∫
dr′

[
1

|r− r′| + fxc(r, r
′, ω)

]
δρ(r′, ω). (2.34)

Here, fxc([ρ]; r, r
′, ω) is the Fourier transform of the exchange-correlation kernel:

fxc([ρ]; r, r
′, t− t′) =

δvxc([ρ]; r, t)

δρ(r′, t′)
. (2.35)

By combining Eqs. 2.32–2.34, we can derive a Dyson-like equation for the response

function

χ(r, r′, ω) = χKS(r, r
′, ω) (2.36)

+

∫
dx

∫
dx′ χ(r,x, ω)

[
1

|x− x′| + fxc(x,x
′, ω)

]
χKS(x

′, r′, ω).

The response χ of the interacting system can be obtained via a self-consistent solu-

tion if the exact exchange-correlation kernel is known. However, achieving a com-

plete numerical solution of this equation is rather difficult. Instead, we make use of
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the knowledge that the excitation energies of the interacting system correspond to

the poles of the density response function χ. In the same manner, the Kohn-Sham

response function χKS has poles that coincide with the non-interacting excitation

energies, which are given by the difference of Kohn-Sham eigenvalues.

By employing a sequence of algebraic manipulations, linear-response TDDFT

can be expressed in the form of the so-called Casida’s equations [42], which is the

form used in most quantum chemistry codes. There, the poles of the the response

functions, Ω = Em − E0, are obtained as solutions of a non-Hermitian eigenvalue

problem: [
A B
B A

](
�X
�Y

)
= Ω

[ −1 0
0 1

](
�X
�Y

)
, (2.37)

where the matrices A and B are defined as:

Aia,i′a′ = δii′δaa′(εa − εi) +Kia,i′a′ ,

Bia,i′a′ = Kia,a′i′ = (ia| 1

|r− r′| |a
′i′) + (ia|fxc|a′i′) . (2.38)

The excitation energies are given by the eigenvalues, while the oscillator strengths

can be computed from the eigenvectors.

TDDFT is a very appealing method for obtaining the excited-state properties of

large molecular systems as it has a rather favorable scaling of approximately O(N3)
and is often fairly accurate. Nevertheless, it is important to note that approximate

linear-response TDDFT does have limits [39]. In particular, it only contains dressed

one-electron excitations, which is a problem if the system under study displays ex-

cited states with strong multi-configurational character. Another well-known issue

is the underestimation of charge-transfer excitations [43–45], which can however be

largely cured by the use of range-separated functionals.

2.2.3 Quantum Monte Carlo Methods

In our excited-state studies, we will employ the variational (VMC) and diffusion

(DMC) Monte Carlo methods, which are the most commonly employed flavors of

continuous quantum Monte Carlo (QMC) [46]. These methods are also wave func-

tion based but, at variance with conventional quantum chemistry, provide an approx-

imate solution of the Schrödinger equation stochastically. Since the integrals are not

computed analytically, QMC offers a lot of freedom in the choice of the functional

form of the many-body wave function, which can depend explicitly on the electron-

electron distances. The VMC and DMC approaches exhibit favorable scaling with

the number of electrons, namely, N4 as compared for instance to N7 of the coupled

cluster singles and doubles with perturbative triples [CCSD(T)] method.

Variational Monte Carlo

The variational Monte Carlo method is the simplest flavor of QMC and uses Monte

Carlo techniques to evaluate the expectation value of an operator on a given wave
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function. For instance, let us consider computing the expectation value of the Hamil-

tonian H on a given trial wave function ΨT:

EV =

∫
Ψ∗

T(R)HΨT(R)dR∫
Ψ∗

T(R)ΨT(R)dR
, (2.39)

where we denote with R the 3N electron coordinates. This expectation value can be

rewritten as

EV =

∫ |ΨT(R)|2[ΨT(R)−1HΨT(R)]dR∫ |ΨT(R)|2dR =

∫
ρ(R)EL(R)dR , (2.40)

where

ρ(R) =
|ΨT(R)|2∫ |ΨT(R)|2dR , (2.41)

and the local energy is defined as

EL(R) = ΨT(R)−1HΨT(R) , (2.42)

Since ρ(R) is a positive quantity and integrates to 1, we can interpret it as a proba-

bility distribution and use classical Monte Carlo techniques to sample a set of con-

figurations {Rm} distributed according to ρ(R). The expectation value can then be

estimated as an average of the local energyEL(R) evaluated on these configurations:

EV ≈ 1

M

M∑
m=1

EL(Rm) (2.43)

Note that in this derivation, we can substitute the Hamiltonian H with any operator

O diagonal in space representation.

For a realistic molecular system, the square of the many-body wave function is a

complicated probability distribution in a high-dimensional space, whose normaliza-

tion is usually not easy to compute. Therefore, we cannot use direct sampling tech-

niques but we employ the classical Metropolis algorithm [47] to generate a sequence

of configurations {Rm} distributed according to ρ(R). The Metropolis algorithm is

a general method to sample an arbitrary probability distribution without knowing its

normalization. Here, we employ the VMC algorithm as described in Ref. 48, which

uses a non-symmetrical transition matrix in the Metropolis algorithm, and which we

properly modified to deal with pseudopotentials.

The functional form of our trial wavefunction is of the Jastrow-Slater form, that

is, a conventional CI expansion multiplied by the so-called Jastrow factor:

Ψ(r1, . . . , rN) = J (r1, . . . , rN)
∑
k

dkD
↑
k(r1, . . . , rN↑)D

↓
k(rN↑+1, . . . , rN) , (2.44)

where D↑
k and D↓

k are Slater determinants of single particle orbitals for the up and

down spin electrons, respectively, and the Jastrow factor ensures the Kato cusp con-

ditions, i.e., a proper discontinuity of the derivatives of the wave function at the
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coalescence points (points where the position of two electrons coincide). For most

applications, we use the following form for the Jastrow factor:

J (r1, . . . , rN) =
∏
α,i

exp
{
A(riα)

}
×

∏
i<j

exp {B(rij)} ,

in which A(riα) depends on the electron-nucleus distances and B(rij) on the elec-

tron-electron distances. Both functions are fifth-order polynomials of scaled dis-

tances r = 1−eκr

κ
, and different polynomial parameters are used for different atom

types in the case of the electron-nucleus terms. We also include additional electron-

electron-nucleus “three-body” terms in the Jastrow factor to test the quality of the

wave function for the particular systems studied in Chapter 4.

The quality of the trial wave function affects the statistical efficiency of the QMC

algorithms as well as the final accuracy of the results also in DMC. The parameters

in the Jastrow factor must therefore be optimized together with the parameters in

the determinantal component (CI and LCAO coefficients) since the optimal values

will be different from the initial DFT or MCSCF ones, which have been obtained in

the absence of the Jastrow factor. For the optimization of the parameters in the trial

wave function of a system in its ground state, we use the so-called linear optimization

method within energy minimization [49]. Since we are also interested in excited

states, we want to be able to optimize the parameters of the multiple (ground and

excited) orthogonal states described by the wave functions:

ΨI =

NCSF∑
i=1

cIiJCi . (2.45)

which share the same Jastrow factor and orbitals but different linear coefficients.

To this end, we employ a generalization of the linear method to state-average (SA)

optimization [50] to determine a set of orbitals and a Jastrow factor which give a

comparably good description of the states under considerations while preserving or-

thogonality among the states through the CI coefficients.

Diffusion Monte Carlo

VMC is a very effective approach to explore which type of correlation is important

in the description of the system of interest and to construct a high-quality wave func-

tion via optimization of its parameters. It is then possible to improve on this wave

function by employing other flavors of QMC, which go under the general name of

projector Monte Carlo techniques. The idea of projection Monte Carlo is to con-

struct an operator that inverts the spectrum of H and to project out all excited states,

thereby obtaining the ground state of H, by repeated application of this operator on

an initial trial state. Diffusion Monte Carlo (DMC) and full CI QMC (FCIQMC) are

both examples of this approach, and will be described here.

In DMC, the projection operator is given by exp[−τ(H−ET)], and is applied to

an initial trial wave function to obtain the sequence of wave functions:

Ψ(n) = e−τ(H−ET)Ψ(n−1) . (2.46)
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If we expand the initial wave function Ψ(0) on the eigenstates Ψi with energies Ei of

H, we obtain for Ψ(n):

Ψ(n) =
∑
i

Ψi 〈Ψ(0)|Ψi〉e−nτ(Ei−ET) , (2.47)

Since the coefficients of the excited states die off exponentially fast relative to the

one of the ground state, we obtain:

lim
n→∞

Ψ(n) = Ψ0〈Ψ(0)|Ψ0〉e−nτ(E0−ET) . (2.48)

Therefore, if we adjust the trial energy ET ≈ E0 to keep the overall normalization of

Ψ(n) fixed, the projection gives us the ground state Ψ0 of the Hamiltonian.

To perform a stochastic realization of the formulas above, we need to choose a

basis set to express these equations. In DMC, one works in real space and rewrite

Eq. 2.46 in integral form as:

Ψ(n)(R′, t+ τ) =

∫
dRG(R′,R, τ)Ψ(n−1)(R, t) , (2.49)

where the Green’s function is defined as:

G(R′,R, τ) = 〈R′|e−τ(H−ET)|R〉 . (2.50)

This integral is computed stochastically by sampling the trial wave function and the

Green’s function in Eq. 2.49 (for the moment, let us assume that the wave function

is positive so that we can interpret it as a probability distribution). For small τ , the

Green’s function can be approximated via the Trotter-Suzuki formula as:

〈R′|e−Hτ |R〉 ≈ 1

(2πτ)3N/2
exp

[
−(R′ −R)2

2τ

]
exp [−τ V(R)] . (2.51)

Therefore, the iteration in Eq. 2.49 can be interpreted as a branching random walk,

where the walkers perform a diffusion step and their weights are then rescaled by the

positive exponential factor. The results of a DMC calculation must then be extrapo-

lated for τ which goes to zero.

Since the potential can vary significantly in configuration space and even be un-

bounded, the approach is inefficient but it is possible to overcome this problem by

using the so-called importance sampling algorithm [51] and exploiting the trial wave

function Ψ constructed in VMC. To do so, we start from Eq. 2.49, multiply each

side by Ψ, and define the probability distribution f (n)(R) = Ψ(R)Ψ(n)(R) which

satisfies

f (n)(R′, t+ τ) =

∫
dR G̃(R′,R, τ)f (n−1)(R, t) . (2.52)

The importance-sampled Green’s function is given by:

G̃(R′,R, τ) = Ψ(R′)〈R′|e−τ(H−ET)|R〉/Ψ(R) . (2.53)
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For small τ , the resulting drift-diffusion-branching short-time Green’s function is

given by:

G̃(R′,R, τ) = (2πτ)3N/2 exp

[
−(R′ −R− τV(R))2

2τ

]
×

× exp {−τ [(EL(R) + EL(R
′))/2− ET]}+O(τ 2) . (2.54)

This Green’s function offers the advantage that the quantum velocity pushes the

walkers towards regions where the wave function is large and that the local energy

EL(R) instead of the potential V(R) appears in the branching factor. A good trial

wave function will result in smaller fluctuations in the branching factor and the insta-

bilities due to the divergences of the Coulomb potential are removed since the wave

function obeys the cusp conditions.

Unfortunately, electrons are fermions and the trial wave function must be anti-

symmetric, so it cannot be interpreted as a probability distribution. Algorithms which

attempt to handle both signs of the wave function lead to the so-called fermion sign

problem: The bosonic component grows at the expense of the fermionic one, and

the antisymmetric signal is lost in the noise. To avoid this problem, we work in the

so-called fixed-node approximation and solve the evolution equation with the bound-

ary condition that the solution has the same nodes (the same zeros) as the given trial

wave function. The Schrödinger equation is solved exactly inside the nodal regions

but not at the nodes where the solution will have a discontinuity of the derivatives.

The fixed-node solution is exact only if the nodes of the trial wave function are exact

and, for approximate nodes, only gives an upper bound to the exact energy.

Importantly, DMC can also be used to study the excited states of a given Hamil-

tonian. If the state is the lowest state of a one-dimensional representation of the point

group of the molecules, DMC will yield a solution which is variational. If the ex-

cited state is not the lowest state in its symmetry, we can use DMC in the fixed-node

approximation and employ the nodes of a trial (excited-state) wave function to keep

the solution from collapsing on the ground state. However, we do not have a varia-

tional principle on the excitation energy and are only guaranteed to obtain the exact

solution in the limit of exact nodes of the trial wave function.

Full Configuration Interaction Quantum Monte Carlo

Full CI quantum Monte Carlo (FCIQMC) [52] is also a projection Monte Carlo

method and uses the same projection operator as DMC but the equations are ex-

pressed in the Slater determinant space and not in real space. If we express the wave

function in the basis of Slater determinants, Di, generated by arranging the electrons

in a given set of spin orbitals, we obtain the FCI representation of the wave function,

Ψ =
∑
i

ciDi . (2.55)

The projection (Eq. 2.46) formulated in this determinantal basis is then equivalent to

a set of coupled equations for the evolution of the determinant coefficients in the CI
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expansion as:

− dci
dτ

= (Hii − ET)ci +
∑
j �=i

Hijcj , (2.56)

where Hij are the matrix elements of the Hamiltonian between the Slater determi-

nants.

Walkers in FCIQMC therefore live in determinant space and, at a given time,

the CI coefficient of a certain determinant will be proportional to the number of

walkers occupying it, ci ∝
∑

αi
sα, where sα = ±1 is the sign of a given walker.

The wave function will evolve in time by walkers spawning new walkers onto other

determinants (off-diagonal terms) and dying or cloning (diagonal terms) depending

on the trial energy. The wave function will evolve to the ground-state solution in

the limit of very large walker populations or by averaging the CI coefficients over a

sufficiently long amount of time. The ground-state energy can be estimated either as

the average trial energy ET or through the so-called mixed estimator,

Eproj =
〈D0|H|ΨFCI〉
〈D0|ΨFCI〉 =

∑
j

〈D0|H|Dj〉 〈Nj〉
〈N0〉 , (2.57)

which will generally have better statistical behavior, especially if a good trial wave

function (in place of D0) is used.

Even though FCIQMC still suffers from exponential scaling, the exponent has a

very small prefactor and, for a given system, the number of walkers needed to con-

verge a FCIQMC calculation is several orders of magnitude smaller than the original

full CI problem. Owing to the use of determinant space, the FCIQMC wave function

is guaranteed to be fermionic, unlike the DMC one, but the method is still vulner-

able to a different sort of sign problem, namely, that |Ψ〉 and − |Ψ〉 are both viable

solutions. In practical calculations, the FCIQMC method is stabilized by introducing

the so-called initiator approach [53], which allows only determinants with a suffi-

cient number of walkers with the same sign (and therefore likely to possess a rela-

tively sure sign) to spawn progeny on new determinants. Initiator FCIQMC suffers

however from a bias and extrapolations with the size of the walker population must

be performed. Other recent improvements on FCIQMC include a semi-stochastic

propagation [54], where the propagation on a small part of the determinant space is

performed deterministically and not stochastically.

In this thesis, we also consider excited states using FCIQMC but only in the

lowest state of a particular symmetry. Consequently, these states are “ground states”

in their symmetry class and the application of FCIQMC to their study is therefore

straightforward. Algorithms to treat non-trivial excited states have also been recently

proposed [55].

2.3 Multiscale Techniques
In this thesis, we investigate light absorption in complex systems comprising as many

as thousands of atoms, for which a full quantum mechanical treatment is clearly im-
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possible. Fortunately, the primary photoabsorption process often involves a photo-

sensitive component (the chromophore) and few surrounding residues, and is there-

fore spatially localized. Therefore, it is not unreasonable to attempt to partition the

system into a smaller quantum subsystem and a larger environment to be simulated

by less expensive classical methods, that is, either point charges or point charges and

polarizable dipoles. These hybrid methods are called quantum mechanics in molec-

ular mechanics (QM/MM) [56] approaches.

Another route is to treat the environment (or a part thereof) at the DFT level. This

approach has the advantage that a large region surrounding the chromophore can

be treated within DFT compared to what would be possible with highly correlated

calculations, while being in principle superior to QM/MM owing to a more faithful,

quantum mechanical description of the environment and its coupling to the embedded

region.

2.3.1 Quantum Mechanics in Molecular Mechanics Tech-
niques

Classical MM calculations employ empirical force fields to describe interactions of

the atoms [57]. The chosen force field defines the functional form of the potential-

energy function and the parameters set for the atoms. The potential contains bonded

terms, for example, bond stretching, bending of angles, and torsional angles as well

as non-bonded contributions, which are van der Waals and the Coulomb interaction

terms between the partial point charges of the atoms.

In Chapter 5, we perform ab initio molecular dynamics simulations of GFP using

a QM/MM framework [58, 59] as implemented in the CPMD cose [60]. The dy-

namics of the chromophore is governed by DFT calculations via the Car-Parrinello

approach [61], while the rest of the protein is described by a classical force field.

We then extract snapshots from the QM/MM trajectory and perform single-point cal-

culations of the excited-state properties of the system, where the the chromophore

(or a slightly larger system) is treated quantum mechanically in the presence of an

electrostatic potential created by the point charges of the environment:

H = HQM +
∑
a

qaV̂QM(ra), (2.58)

where a runs over the atoms in the environment and V̂QM(ra) =
∑

i
1

|ra−r̂i| is the

electrostatic potential operator due to the electrons of the embedded species.

Since the QM/MM boundary in our system cuts through chemical bonds of the

protein, we “cap” each broken bond with a hydrogen atom, which is seen by the QM

system but not by the MM atoms. In the single-point calculations, we set to zero

the few MM charges closest to the QM/MM boundary to avoid problems of over-

polarization and redistribute them to the nearest MM atoms of the same amino acid

to keep its total charge constant. Finally, in standard wave function and (TD)DFT

calculations, one computes the matrix elements of the external potential due to the

charges on a given basis set only at the beginning of the run. In quantum Monte
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Carlo, since one must repeatedly evaluate the potential along the random walk for

different positions of the electrons, we store the potential due to the point charges on

a grid and, when needed, compute it by interpolatation using polynomials.

2.3.2 QM/MMpol formalism
A more sophisticated, yet classical, description of the environment can be obtained

by including polarizable dipoles along with the static charges in a so-called QM/-

MMpol scheme. The use of polarizable dipoles is not computationally much more

expensive and allows one to polarize the environment to the ground state of the ac-

tive site for an enhanced description of its surroundings. Furthermore, it is possible

to include the response of the protein to the excitation of the embedded region by

polarizing the dipoles with respect to the excited chromophore. The resulting im-

provement in the description of the excited state of the embedded species can be

significant and is not known a priori. On electrostatic grounds, one might expect

that if the ground state has a large dipole moment (or even a charge), a correct de-

scription of the ground-state polarization is surely important, while if the change in

dipole moment between the excited and the ground states is large, then including the

response of the dipoles to the excitation will be also a crucial factor. We will analyze

the validity of this principle in Chapter 5 for GFP.

In the QM/MMpol framework, the environment will be modeled as a set of sites

with charge qa and polarizability αa, assumed here to be isotropic. For a given wave

function Ψ, the induced dipoles in equilibrium with the quantum system are given

by:

μa = αaE(ra) (2.59)

= αa

[
〈Ψ| ÊQM(ra) |Ψ〉+

∑
b �=a

qb(ra − rm)

|ra − rm|2
−Tab · μb

]
,

where E is the total electric field at site a which is generated by the quantum system

(electrons and nuclei), the static charges, and the other dipoles. The interaction tensor

T is equal to:

(Tab)ij =
1

r3ab

[
δij − 3

(rab)i(rab)j
r2ab

]
. (2.60)

We note that, in practical calculations, the sum over b in Eq. 2.59 does not run over

the sites within the same molecule or too close to dipole a for the sake of numerical

stability.

The wave function Ψ obeys the Schrödinger equation:

(HQM +HQM/MM)Ψ = EΨ (2.61)

in which HQM is the Hamiltonian of the isolated quantum system and

HQM/MM = Hsolute,q +Hsolute,μ

=
∑
a

qaV̂QM(ra)−
∑
a

μa · ÊQM(ra) , (2.62)
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which describes the interaction between the potential and the field of the electrons

and nuclei with the MM charges and dipoles. Since the dipoles depend on the wave

function, one solves a non-linear Schrödinger equation:[HQM +
∑
a

qaV̂QM(ra) + V (Ψ)
] |Ψ〉 = E |Ψ〉 , (2.63)

where the potential depends on the wave function quadratically through the dipoles.

Therefore, this equation must be solved self-consistently with the ones defining

the dipoles (Eq. 2.59) and this procedure yields different potentials for the ground

and the excited states of interest, with wave functions which will therefore be non-

orthogonal.

The total energy of the system must also include the MM energy as a shift in the

energy eigenvalue of the QM system, accounting for charge-charge, charge-dipole,

dipole-dipole and self-energy contributions:

EMM = Uq,q + Uq,μ + Uμ,μ + Uself . (2.64)

The self-energy is the work exerted by the electric field to induce the dipole μa at site

a with isotropic polarizability αa and is given by

Uself =
1

2

∑
a

μ2
a

αa

(2.65)

If the dipoles are in equilibrium with the given wave function, Eq. 2.59 holds and the

self-energy cancels half of the interaction of the dipoles with the rest of the system.

Alternatively, one introduces the so-called free-energy operator:

Ĝ(Ψ) = HQM +
∑
a

V̂QM(ra) +
1

2
V (ψ). (2.66)

whose expectation value yields the total energy of the system with dipoles in equi-

librium with the quantum part, and obtain the Schrödinger equation (Eq. 2.63) from

the variational principle:

δ
〈Ψ|Ĝ(ψ)|Ψ〉

〈Ψ|Ψ〉 = 0, (2.67)

using that 〈Ψ|V (Ψ)|Ψ〉 depends quadratically on Ψ 1.

It is possible to follow several routes to compute the excited states of a quantum

system embedded in polarizable dipoles. The first approximation neglects polariza-

tion altogether (denoted as “nopol”) and simply corresponds to an embedding cal-

culation in static point charges as in the previous subsection. The next possibility

is to polarize the dipoles to the ground state of the quantum system (polGS) and to

then freeze the dipole values in the calculation of the excited states. Finally, one

can allow the environment to respond to the electronic excitation of the embedded

1In the more general case where V (Ψ) ∝ (Ψ∗Ψ)
n

, the potential in the free-energy operator is

instead scaled by 1/n [62].
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species. While the formulation of the first two approximations (nopol and polGS) is

straightforward for any quantum method, there are two possible ways of including

responsive dipoles.

In the so-called state-specific formulation (polSS), we solve self-consistently the

equations (Eqs. 2.59 and 2.63) for the ground and the excited states of interest. The

dipoles respond to the change in electrostatic potential created by the wave function

upon excitation and the classical and quantum domains are seperately brought into

equilibrium in the ground and the excited states. The second formulation (polLR)

is based on linear-response theory and determines the excitation energies as poles in

the dynamic polarizability of the system. Its derivation relies on the time-dependent

Dirac-Frenkel variational principle for the free-energy operator Ĝ(Ψ), an extension

of Eq. 2.67 yielding the time-dependent Schrödinger equation corresponding to the

time-independent Eq. 2.63. For isolated quantum calculations (with potentials which

are linear in the wave function), state-specific and linear-response-based approach

give identical excitations but the two routes for the computation of excited states

(polSS and polLR) in the quadratic potential V (Ψ) can yield significantly different

excitation energies, even in the limit of the exact solutions of the Schrödinger equa-

tion (Eq. 2.63) An anlysis using first-order perturbation theory reveals that the polSS

and polLR excitation energies behave as [63]:

ΔEpolSS −ΔEpolGS

ΔEpolLR −ΔEpolGS

≈ |μ1 − μ0|2
2μ2

01

, (2.68)

where μI = 〈ΨI |
∑

i r̂i|ΨI〉 is the expected value of the electronic dipole moment in

a particular state and μ01 = 〈Ψ0|
∑

i r̂i|Ψ1〉 the transition dipole moment (TDM) of

the excitation. For a given system and excitation, the change in dipole moment and

the TDM can have sizable differences. The excitation-energy shift yielded by polSS

is readily understood from electrostatics arguments and is what one might expect

to recover from classical embedding. The polLR contribution has a somewhat less

intuitive physical meaning and has been shown to correspond to a dispersion-like

coupling between the quantum oscillations of the excitation and the classical dipoles

in the environment [64].

Finally, we note that, as parameters for the polarizable dipoles, one can use

standard polarixable force-field parameters or obtain them through ab initio calcula-

tions [65], but thereby possibly significantly increasing the computational cost.

2.3.3 DFT embedding

In DFT embedding, one treats the embedded system and its excitation with a high-

level wave function method, while describing the rest of the system with the cheaper,

yet quantum mechanical, DFT method. This combination allows a proper description

of the Pauli repulsion of the active site with the immediate surroundings and carries

the advantage of being ab initio and, potentially, more accurate.

DFT embedding is based on so-called subsystem DFT, where we partition our
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system in two subsystems 2, each containing a given set of atoms and a fixed number

of electrons. If we partition the density as ρtot(r) = ρ1(r) + ρ2(r) and the number

of electrons as a sum of two constant integers, Ntot = N1 + N2, we can rewrite the

total energy as:

Etot[ρ1 + ρ2] = E1[ρ1] + E2[ρ2] + Eint[ρ1, ρ2], (2.69)

where EI [ρI ] is the Kohn-Sham energy of the isolated system I (Eq. 2.19) and the

interaction energy is given by

Eint[ρ1, ρ2] = J [ρ1, ρ2] + Vnuc1[ρ2] + Vnuc2[ρ1] + F nadd[ρ1, ρ2], (2.70)

where J [ρ1, ρ2] is the inter-subsystem electron-electron repulsion, VnucI[ρJ ] the inter-

action of the nuclei of system I with the density of system J , and the nonadditive

contribution is given by:

Fnadd[ρ1, ρ2] = Ts[ρ1 + ρ2]− (Ts[ρ1] + Ts[ρ2]) (2.71)

+ Exc[ρ1 + ρ2]− (Exc[ρ1] + Exc[ρ2]).

and is generally different than zero since both Ts and Exc are non-linear functional

of the density. In particular, the kinetic contribution to Fnadd is non zero since or-

bitals belonging to different subsystems are generally not orthogonal, and is approxi-

mated using an orbital-free kinetic energy functional. Furthermore, for the exchange-

correlation terms in Fnadd, we need to use an orbital-free approximate functional

(e.g. LDA or GGA but not an hybrid) since the computation of Exc for the complete

system would otherwise require the knowledge of the corresponding Kohn-Sham or-

bitals.

Differentiation of Eq. 2.69 with respect to the density of subsystem 1 will result

in a modified Kohn-Sham equation:[
−1

2
∇2 + veff ([ρ1] ; r) + vemb[ρ1, ρ2](r)

]
φi = εiφi, (2.72)

in which the embedding potential is the functional derivative of the interaction energy

functional (Eq. 2.70):

vemb[ρ1, ρ2](r) =
δEint[ρ1, ρ2]

δρ1(r)
(2.73)

= vnuc2(r) +

∫
ρ2(r

′)
|r− r′|dr

′ +
δF nadd[ρ1, ρ2]

δρ1(r)
.

After solving these Kohn-Sham equations for subsystem 1 in the presence of the

embedding potential, one may fix the newly obtained density for subsystem 1 to

relax subsystem 2, and continue in this way until self-consistency through a series of

so-called ”freeze&thaw” cycles.

2The generalization to more than two subsystems is trivial but omitted here for simplicity.
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Wavefunction-in-DFT (WF/DFT) embedding is the generalization of this proce-

dure where one obtains an embedding potential from a subsystem DFT calculation

and uses it in a wave function calculation. In WF/DFT embedding, we express the

energy of the full system as:

Etot[Ψ1, ρ2] = 〈Ψ1|H1|Ψ1〉+ E2[ρ2] + Eint[ρ1, ρ2], (2.74)

where the interaction energy term is still treated at the level of orbital-free DFT. When

we minimize this energy expression with respect to Ψ1, the resulting Schrödinger

equation is

[H1 +
∑
i

vemb(ri)]Ψ = EΨ , (2.75)

which contains the same local embedding potential of Eq. 2.73. Through this proce-

dure, we can obtain the ground state of the embedded system but can also compute

the excited states in the same embedding potential, which can be viewed as describ-

ing a non-responsive or “frozen” environment. In this thesis, we introduce and test

a new formulation of wavefunction-in-DFT embedding, in which the environment is

allowed to respond to the excitation of the WF subsystem. This scheme results in dif-

ferent embedding potentials for the ground and excited states, much like in the case

of MMpol described in the previous subsection. It is perhaps worth mentioning that

the expression “response” should not be taken to express a temporal delay between

the excitation of the active subsystem and the environmental relaxation, since both

are changes in the electronic wave function and happen simultaneously. Details of

our scheme can be found in Chapter 3 and 4.

Finally, in Chapter 6, we present an embedding scheme which eliminates the

need for an approximate kinetic-energy functional in the expression of the embedding

potential, which is the main approximation of the method. However, at the time of

writing, this approach has no rigorous way of treating environmental response since

it is based on a ground-state potential reconstruction.

2.4 Computational Details

We list here the codes employed in the various calculations. Computational details

specific to each calculation will be given in each chapter.

The Gromacs [66] code is a set of computational tools to perform and analyze

classical molecular dynamics simulations.

The CPMD [60] code is used to perform the QM/MM calculation within DFT as

QM method, while the Gromos [67] classical force field code is used for the MM part.

We employ the QM/MM interface developed by Röthlisberger and coworkers [58,

59]. The CPMD code is a plane-wave/pseudopotential code particularly designed for

ab-initio molecular dynamics.

The Molcas [68] code is a quantum chemistry code, based on Gaussian basis

sets, that we use to perform CASSCF and CASPT2 calculations.
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The Gaussian 09 [69] code is a quantum chemistry code we use to perform

ground-state DFT and linear-response TDDFT calculations. It uses Gaussian basis

sets, and a wide range of exchange-correlation functionals is available.

The Amsterdam Density Functional ADF [70] code is a software package for

first-principles electronic structure DFT calculations, using Slater functions for the

construction of the orbitals. We employ this code to perform subsystem DFT calcu-

lations.

The GAMESS [71] code is a ab initio quantum chemistry package which we

mostly use to generate the starting QMC wave functions either through a DFT or a

SA-CASSCF calculation. This code employs Gaussian basis sets.

Other codes employed are the Dalton [72], Turbomole [73], and CFOUR [74]

codes for coupled-cluster calculations, and the ORCA [75] code for NEVPT2 calcu-

lations. All of these codes employ Gaussian basis sets.

Finally, the code CHAMP is used for all the quantum Monte Carlo calculations.

It can perform VMC and DMC calculations, and optimize the wave function param-

eters by energy minimization.
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Chapter 3

State-Specific Embedding
Potentials for Excitation-Energy
Calculations†

Embedding potentials are frequently used to describe the effect of an environment on

the electronic structure of molecules in larger systems, including their excited states.

If such excitations are accompanied by significant rearrangements in the electron

density of the embedded molecule, large differential polarization effects may take

place, which in turn can require state-specific embedding potentials for an accurate

theoretical description. We outline here how to extend wave function in density func-

tional theory (WF/DFT) methods to compute the excitation energies of a molecule

in a responsive environment through the use of state-specific density-based embed-

ding potentials constructed within a modified subsystem DFT approach. We evaluate

the general expression of the ground- and excited-state energy difference of the to-

tal system both with the use of state-independent and state-dependent embedding

potentials, and propose some practical recipes to construct the approximate excited-

state DFT density of the active part used to polarize the environment. We illustrate

these concepts with the state-independent and state-dependent WF/DFT computation

of the excitation energies of p-nitroaniline, acrolein, methylenecyclopropene, and p-

nitrophenolate in various solvents.

3.1 Introduction
A well-known strategy for electronic structure calculations on complex systems is to

partition the system into an active region (system 1) and an environment (system 2),

and then to employ a hybrid energy expression. In so-called additive hybrid schemes,

the energy expression is written as

Ehybrid
(1+2) = EMA

1 + EMB
2 + EMC

(1↔2), (3.1)

† This chapter has been published as C. Daday, C. König, O. Valsson, J. Neugebauer, and C.

Filippi, “State-Specific Embedding Potentials for Excitation-Energy Calculations”, J. Chem. Theory
Comput. 2013, 9, 2355–2367
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3 State-Specific Embedding Potentials for Excitation-Energy Calculations

whereMA/B/C denote the different theoretical methods used to calculate the energies

of system 1 and 2, and the interaction energy E(1↔2). Often, methods MB and MC

are identical. Several combinations of different methods are possible [1–5], with

the class of mixed quantum mechanics in molecular mechanics (QM/MM) methods

being probably the most prominent ones [1]. In these methods, a polarization of

system 1 due to the environment is achieved by including an embedding potential,

in the simplest case just due to a set of point charges. If also the polarization of

the environment by the active system shall be described, it is necessary to employ

polarizable force fields.

Extensions for electronic excitations are also known in combination with the two

standard ways of calculating excitation energies in electronic-structure theory [6, 7],

namely, directly through a linear-response approach (i.e. as poles of the dynamic

polarizability of the system) or as the difference between energies of two distinct

electronic states of the combined system (1+2). Since the electron density of system

1 changes upon excitation, the mutual polarization between systems 1 and 2 will be

different in the two electronic states. The resulting effect on excitation energies is

known as the differential polarization. In response-based QM/MM methods, these

effects can be described by including the response of the environment, for instance

via induced dipole moments [8–10], while, in energy-differences based QM/MM

methods, they can be easily obtained if polarizable MM models for the environment

are employed: The polarization of the environment depends on the charge distribu-

tion of the embedded system, and changes in the charge distribution immediately

lead to a change in the polarization. It should be emphasized that, in both theoretical

frameworks, we aim at describing the combined or supersystem (1 + 2), so we want

to describe either the response of the entire supersystem or a particular excited state

of the supersystem in addition to its ground state.

Sub-system density-functional theory (DFT) [11, 12], though in principle an al-

ternative formulation of DFT, can be regarded as a hybrid method of Kohn–Sham

(KS) DFT for system 1 and 2 in which the interaction energy is calculated based on

orbital-free (OF) DFT [13]. By minimizing the total energy expression with respect

to the density of system 1 (ρ1) given a fixed density of the environment (ρ2), one

derives a set of Kohn–Sham–like equations for the optimal ρ1, in which an effective

embedding potential arises due to the presence of ρ2 [14]. Since the same can also

be done for system 2, a scheme is derived in which systems 1 and 2 are iteratively

polarized with respect to each other, until self-consistency [15]. In this way, sub-

system DFT can be regarded as a fully self-consistent alternative to KS-DFT [5, 16].

As far as excited-state calculations are concerned, the environmental response can

be included in the corresponding response-based subsystem time-dependent density

functional theory (TDDFT) [17–19].

Following the pioneering work by the Carter group [20,21], several authors have

dealt with the question of how to derive and numerically develop, in a similar spirit,

wave function/density functional theory (WF/DFT) hybrid methods [7, 22–28]. In

these methods, density-based embedding potentials are used to include polariza-

tion effects [29] caused by the environment, while accurate correlated wave function

methods can be employed for the active system. Both state-dependent [30–34] and
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response-based methods [35] have been suggested, which are in principle capable of

capturing differential polarization. Although this issue has received significant at-

tention in recent years, to the best of our knowledge, no numerical applications have

been presented yet containing these contributions.

Here, we investigate possible routes for extending hybrid WF/DFT approaches

for the calculation of excited states. We do not consider response-based approaches,

but concentrate on state-dependent methods. We will analyze different types of ap-

proximations that can or have to be made to make WF/DFT methods applicable in

practice. We will compare the use of effective “embedding operators” in the cal-

culation of the energy of system 1 with the explicit evaluation of the entire energy-

difference expression. These approaches will be analyzed for state-independent (no

differential polarization) and state-specific (differential polarization included) em-

bedding potentials.

We will start with a presentation of the theory in Section 3.2, followed by details

of the implementation and computations in Section 3.3. Results for a number of test

cases are given in Section 3.4 before we summarize our conclusions in Section 3.5.

3.2 Theory

3.2.1 DFT/DFT and WF/DFT embedding methods

We start by writing the subsystem DFT energy of a supersystem composed of two

subsystems (1 and 2) as a DFT/DFT hybrid energy expression,

E
DFT/DFT
(1+2) = EKS

1 [ρ1] + EKS
2 [ρ2] + EOFDFT

(1↔2) [ρ1, ρ2] . (3.2)

The KS-DFT energies of system 1 and 2 in this expression are,

EKS
I [ρI ] = Ts[{φiI}] + J [ρI ] + Vnuc,I [ρI ] + Exc[ρI ] , (3.3)

where I denotes system 1 or 2, J is the Coulomb energy of a given electron density

distribution, Exc is the exchange–correlation energy, Vnuc,I [ρI ] is the interaction of

the electron density of system I with the nuclei in the same system, and Ts[{φiI}]
is the kinetic energy as defined in the Kohn–Sham formalism, calculated from the

Kohn-Sham-like orbitals, {φiI}. The interaction energy is then,

EOFDFT
(1↔2) [ρ1, ρ2] = Vnuc,1[ρ2] + Vnuc,2[ρ1] + J [ρ1, ρ2] (3.4)

+ Enadd
xc [ρ1, ρ2] + T nadd

s [ρ1, ρ2] ,

where Vnuc,I [ρK ] is the Coulomb attraction between the nuclei of system I and the

electron density of system K, J [ρ1, ρ2] is the Coulomb repulsion between the elec-

tron densities of the two systems,

J [ρ1, ρ2] =

∫ ∫
ρ1(r1)ρ2(r2)

|r1 − r2| dr1dr2 , (3.5)
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and the non-additive density functionals F nadd = {Enadd
xc , T nadd

s } are defined as,

F nadd[ρ1, ρ2] = F [ρ1 + ρ2]− F [ρ1]− F [ρ2] . (3.6)

By minimizing Eq. (3.2) with respect to the density ρ1 (keeping ρ2 fixed), one

obtains a set of Kohn–Sham–like equations containing an effective embedding po-

tential [14],

vemb,1(r) = vnuc,2(r) +

∫
ρ2(r

′)
|r− r′|dr

′ (3.7)

+
δEnadd

xc [ρ1, ρ2]

δρ1(r)
+
δT nadd[ρ1, ρ2]

δρ1(r)
.

Here, vnuc,2 is the Coulomb potential due to the nuclei of system 2. A similar em-

bedding potential, vemb,2(r) (with indices 1 and 2 interchanged in vemb,1) is obtained

by minimizing the energy with respect to ρ2. In practical applications, an iterative

“freeze-and-thaw” scheme can be adopted in which systems 1 and 2 are mutually

polarized until self-consistency [15].

If the energy of system 1 shall be described in terms of a wave function method,

we can, according to Eq. (3.1), employ the following WF/DFT energy expression,

E
WF/DFT
(1+2) = EWF

1 [Ψ1] + EKS
2 [ρ2] + EOFDFT

(1↔2) [ρ1, ρ2] , (3.8)

with

EWF
1 [Ψ1] = 〈Ψ1|

{∑
i

[
−1

2
∇2

i + vnuc,1(ri)

]
+
∑
i<j

1

rij

}
|Ψ1〉 , (3.9)

where the sum is over the electrons of system 1. In the WF/DFT context, the wave

function Ψ1 is obtained under the influence of the embedding potential vemb,1(r), i.e.

with a modified one-electron operator [36],{∑
i

[
−1

2
∇2

i + vnuc,1(ri) + vemb,1(ri)

]
+
∑
i<j

1

rij

}
Ψ1 = ẼWF

1 Ψ1 . (3.10)

A similar embedding potential (vemb,2) has to be included in the determination of ρ2
within the KS-like equations for system 2. This potential depends on the density

of system 1, so an iterative polarization of active part and environment needs to be

carried out, similar to the freeze-and-thaw scheme in the DFT/DFT context. Since

this is usually very time-consuming and technically difficult with highly correlated

WF methods, one can resort to approximate schemes in which the freeze-and-thaw

cycles are carried out in a DFT/DFT embedding framework, and the resulting em-

bedding potential is taken as an approximation for the fully self-consistent WF/DFT

embedding potential [37]. As an alternative, Carter and co-workers have employed

an environmental density ρ2 which was calculated from a DFT-based density of the

total system, from which the density of the (isolated) system 1 was subtracted [23].
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3.2.2 Excitation energies in WF/DFT

As mentioned before, here we will only consider state-dependent electronic-structure

methods, and thus not discuss response-based treatments. Excitation energies ΔE
are therefore calculated explicitly as energy differences between excited and ground

electronic states. In the framework of WF/DFT embedding, this means,

ΔE = E
WF/DFT
(1+2)e − E

WF/DFT
(1+2)g , (3.11)

where the subscripts e and g refer to the excited and the ground state, respectively.

The main question in this work is how to approximate the calculation of this energy

difference, and how different approximations affect the resulting excitation energies.

It has also been argued [7, 32, 35] and is physically reasonable that state-specific

embedding potentials are needed for a consistent theoretical description of excitation

energies in WF/DFT, which include differential polarization effects. In particular,

Khait and Hoffmann pointed out that WF/DFT embedding is formally correct not

only for ground but also for excited states [32]. They make use of the observation

by Perdew and Levy in the context of pure DFT [38] that every extremum of the

energy functional corresponds to a stationary-state density. Since, however, not every

stationary-state density is a also an extremum of the energy functional, the formal

correctness only holds for a subset of excited states. In spite of this difficulty, we are

going to investigate how a practical scheme for state-specific embedding potentials

in WF/DFT calculations can be implemented, and whether the increased effort is

justified by the results.

We will first neglect differential polarization effects. If the excitation is entirely

localized within the embedded system (system 1), it is often a good approximation to

assume that system 2 does not respond to the excitation of system 1 so that the den-

sity ρ2 is the same in both calculations. The embedding potentials for ground- and

excited-state calculations derived from ρ2 will also be very similar since the (often

dominant) electrostatic contribution is unchanged. However, they will not be pre-

cisely the same since the non-additive parts of the orbital-free embedding potential

depend also on ρ1, which is different for the two states. In addition, one can further

approximate the DFT-based embedding potential by calculating it from a fixed guess

for the density of the active system, [39] a strategy that has been used in the con-

text of WF/DFT embedding before [37]. This has the advantage that the embedding

potential can be generated on a grid, and then be re-used in both the ground- and

excited-state calculations.

Writing the energy difference explicitly with the assumption of no differential

polarization (ρ2 unchanged), we obtain

ΔEno−dpol =
(
EWF

1 [Ψe
1] + EKS

2 [ρ2] + EOFDFT
(1↔2) [ρe1, ρ2]

)
(3.12)

− (
EWF

1 [Ψg
1] + EKS

2 [ρ2]E
OFDFT
(1↔2) [ρg1, ρ2]

)
= EWF

1 [Ψe
1] + EOFDFT

(1↔2) [ρe1, ρ2]

− (
EWF

1 [Ψg
1] + EOFDFT

(1↔2) [ρg1, ρ2]
)
,
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where we denote the ground- and excited-state wave functions with Ψg
1 and Ψe

1, and

the corresponding densities with ρg1 and ρe1. Note that, in addition to EKS
2 [ρ2], the

term Vnuc,1[ρ2] contained in EOFDFT
(1↔2) will also cancel out in the above expression.

If we considered only electrostatic interaction terms, i.e. neglected all differential

non-additive terms, then the excitation energy would be:

ΔEelstat = (EWF
1 [Ψe

1]− EWF
1 [Ψg

1]) + Vnuc,2[ρ
e
1]− Vnuc,2[ρ

g
1] (3.13)

+ J [ρe1, ρ2]− J [ρg1, ρ2] (3.14)

= (EWF
1 [Ψe

1]− EWF
1 [Ψg

1]) (3.15)

+ 〈Ψe
1|
∑
i

velstatemb,1(ri) |Ψe
1〉 − 〈Ψg

1|
∑
i

velstatemb,1(ri) |Ψg
1〉 ,

where we introduced the electrostatic component of the embedding potential,

velstatemb,1(r) = vnuc,2(r) +

∫
ρ2(r

′)
|r− r′|dr

′ . (3.16)

Evaluating excitation energies according to Eq. (3.13) would be particularly simple

since it corresponds to computing the differences of the modified energies ẼWF
1 from

Eq. (3.10) (only considering the electrostatic contribution in the embedding poten-

tial).

It is thus appealing to compute approximate excitation energies from WF/DFT

as a simple difference in the ground- and excited-state eigenvalues of a modified

Hamiltonian including the (ground-state-like) embedding potential as in Eq. (3.10),

now containing all contributions,

ΔE(A)
approx = EWF

1 [Ψe
1] + 〈Ψe

1|
∑
i

vemb,1(ri)|Ψe
1〉 (3.17)

−
(
EWF

1 [Ψg
1] + 〈Ψg

1|
∑
i

vemb,1(ri)|Ψg
1〉
)

(3.18)

= EWF
1 [Ψe

1]− EWF
1 [Ψg

1] + Vnuc,2[ρ
e
1]− Vnuc,2[ρ

g
1] (3.19)

+ J [ρe1, ρ2]− J [ρg1, ρ2]

+

∫
vnaddxc [ρg1, ρ2](r) [ρ

e
1(r)− ρg1(r)] dr (3.20)

+

∫
vnaddt [ρg1, ρ2](r) [ρ

e
1(r)− ρg1(r)] dr,

where we denote the ground- and excited-state wave functions in the potential vemb,1

[Eq. (3.10)] with Ψg
1 and Ψe

1, and the corresponding densities with and ρg1 and ρe1. The

potentials vnaddxc and vnaddt are the functional derivatives of the corresponding energy

functionals as appearing in Eq. (3.7). The use of a ground-state-like embedding

potential in the ground- and excited-state WF calculations will be denoted as route

(A) in the following. It is equivalent to the “first-order corrected” approach employed

by Carter and co-workers in Ref. [34], while they used the approximation

ΔEno−dpol ≈ EWF
1 [Ψe

1]− EWF
1 [Ψg

1] , (3.21)
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in their earlier work [30, 31, 33]. This older approximation does however not con-

tain the change in the electrostatic interaction contributions between the subsystems,

which has been shown to substantially affect the excitation energies of MgnOn clus-

ters [34].

3.2.3 State-specific vs. state-independent embedding

A second route in our current work – denoted with (B) – is to allow system 2 to

respond to the excitation of 1, and in turn to include “back” polarization effects on

system 1. This is equivalent to saying that the energy difference contains differential

polarization effects, which requires state-specific embedding potentials.

We rewrite the general expression of the energy of the total system in an excited

state localized on system 1 as

E
WF/DFT
(1+2)e = EWF

1 [Ψ̃e
1] + EKS

2 [ρ̃2] + EOFDFT
(1↔2) [ρ̃e1, ρ̃2] , (3.22)

where Ψ̃e
1 denotes the excited-state wave function computed in an embedding poten-

tial which accounts for differential polarization. In principle, all energy expressions

for ground and excited states have to be evaluated with self-consistently optimized

subsystem densities/wave functions [32] so that also the energy of system 2 and

the interaction energy in the above expression differ from the ones in the ground-

state case, Eq. (3.8). We denote these general, self-consistent quantities entering in

Eq. (3.22) with a tilde, and discuss below some specific, practical choices for their

computation.

The general excitation energy is given by the difference between this WF/DFT

excited-state energy and the ground-state one of Eq. (3.8):

ΔE = E
WF/DFT
(1+2)e − E

WF/DFT
(1+2)g (3.23)

= EWF
1 [Ψ̃e

1]− EWF
1 [Ψg

1] + EKS
2 [ρ̃2]− EKS

2 [ρ2]

+ EOFDFT
(1↔2) [ρ̃e1, ρ̃2]− EOFDFT

(1↔2) [ρg1, ρ2]

= EWF
1 [Ψ̃e

1]− EWF
1 [Ψg

1] + EKS
2 [ρ̃2]− EKS

2 [ρ2]

+ Vnuc,1[ρ̃2]− Vnuc,1[ρ2] + Vnuc,2[ρ̃
e
1]− Vnuc,2[ρ

g
1] + J [ρ̃e1, ρ̃2]− J [ρg1, ρ2]

+ Enadd
xc [ρ̃e1, ρ̃2]− Enadd

xc [ρg1, ρ2] + T nadd
s [ρ̃e1, ρ̃2]− T nadd

s [ρg1, ρ2],

where, for clarity, we denote the ground-state solutions for system 1 in Eq. (3.8) as

Ψg
1 and ρg1.

For both cases (A) and (B), the practical implementation of the ground-state en-

ergy calculations is the same: Following for instance Ref. [37], we do not employ

the WF density of system 1 but perform an iterative “freeze-and-thaw” scheme within

subsystem DFT, in which systems 1 and 2 are mutually polarized in the ground state

until self-consistency. We then construct an embedding potential vemb,1(r) based

on the final ground-state DFT densities of systems 1 and 2 to obtain the embedded

ground-state wave function Ψg
1 of system 1.
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For the excited-state calculation in case (A), the ground-state-like embedding

potential vemb,1(r) is also used to calculate an excited-state wave function, Ψ̃e
1 = Ψe

1,

and the corresponding density ρ̃e1 = ρe1. The density of system 2 remains unchanged

so that ρ̃2 = ρ2. The excitation energy in case (A) can be calculated as:

ΔE(A) = EWF
1 [Ψe

1]− EWF
1 [Ψg

1] + Vnuc,2[ρ
e
1]− Vnuc,2[ρ

g
1] (3.24)

+ J [ρe1, ρ2]− J [ρg1, ρ2] + Enadd
xc [ρe1, ρ2]− Enadd

xc [ρg1, ρ2]

+ T nadd
s [ρe1, ρ2]− T nadd

s [ρg1, ρ2],

where the EKS
2 [ρ2] and Vnuc,1[ρ2] terms cancel in the difference of the interaction en-

ergies. If we compare ΔE(A) with the approximate expression (Eq. 3.17), we observe

that the electrostatic interaction terms, which often dominate environment effects on

excitation energies, are treated exactly in ΔE
(A)
approx (for the given densities), and that

the approximation in Eq. (3.17) amounts to neglecting the following correction term,

δE
(A)
nadd = ΔE(A) −ΔE(A)

approx (3.25)

= Enadd
xc [ρe1, ρ2]− Enadd

xc [ρg1, ρ2] + T nadd
s [ρe1, ρ2]− T nadd

s [ρg1, ρ2]

−
∫ {

vnaddxc [ρg1, ρ2](r) + vnaddt [ρg1, ρ2](r)
}
[ρe1(r)− ρg1(r)] dr .

Although there is no rigorous justification for this approximation, we observe that (i)

all ingredients here are “non-additive” terms, which go to zero for non-interacting

systems and will be small for weakly interacting systems, (ii) we are taking differ-

ences between these terms evaluated with very similar (or even equal, for ρ2) densi-

ties, and (iii) exchange–correlation and kinetic-energy contributions often cancel out

to a certain degree. Therefore, this approximation can be expected to be rather good

in practical applications.

For the excited-state calculation in case (B), where the WF/DFT hybrid scheme

is improved by considering differential polarization effects, we construct a new em-

bedding potential vpolemb,2(r) based on an approximate excited-state density of system

1. With this potential, we calculate a ground-state density ρ̃2 = ρpol2 (r) that is po-

larized with respect to the excited-state density of system 1. Then, we use ρpol2 (r) to

construct an excited-state-like embedding potential vpol,eemb,1(r), and then iterate until

self-consistency. The final vpol,eemb,1(r) is employed to calculate an excited-state wave

function, Ψ̃e
1 = Ψpol,e

1 , and corresponding density ρ̃e1 = ρpol,e1 (r). The full excitation-

energy expression is:

ΔE(B) = EWF
1 [Ψpol,e

1 ]− EWF
1 [Ψg

1] + EKS
2 [ρpol2 ]− EKS

2 [ρ2] (3.26)

+ Vnuc,1[ρ
pol
2 ]− Vnuc,1[ρ2] + Vnuc,2[ρ

pol,e
1 ]− Vnuc,2[ρ

g
1]

+ J [ρpol,e1 , ρpol2 ]− J [ρg1, ρ2] + Enadd
xc [ρpol,e1 , ρpol2 ]− Enadd

xc [ρg1, ρ2]

+ T nadd
s [ρpol,e1 , ρpol2 ]− T nadd

s [ρg1, ρ2] ,

where the situation changes with respect to case (A) as the energy contributions for

system 2 do not cancel anymore.
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In analogy to case (A), the approximate form of the excitation energy where the

system-interaction is accounted for via expectation values of embedding potentials

is given by

ΔE(B)
approx = EWF

1 [Ψpol,e
1 ] + 〈Ψpol,e

1 |
∑
i

vpol,eemb,1(ri)|Ψpol,e
1 〉 (3.27)

−
(
EWF

1 [Ψg
1] + 〈Ψg

1|
∑
i

vemb,1(ri)|Ψg
1〉
)

= EWF
1 [Ψpol,e

1 ]− EWF
1 [Ψg

1] + Vnuc,2[ρ
pol,e
1 ]− Vnuc,2[ρ

g
1]

+ J [ρpol,e1 , ρpol2 ]− J [ρg1, ρ2]

+

∫ [
vnaddxc [ρpol,e1 , ρpol2 ](r) + vnaddt [ρpol,e1 , ρpol2 ](r)

]
ρpol,e1 (r)dr

−
∫ [

vnaddxc [ρg1, ρ2](r) + vnaddt [ρg1, ρ2](r)
]
ρg1(r)dr .

Even if we assume that we can disregard all differential kinetic-energy and exchange–

correlation terms appearing as corrections to EWF
1 [Ψpol,e

1 ] − EWF
1 [Ψg

1], we neverthe-

less make the following approximation compared to the full excited-state expression

[Eq. (3.26)]:

EKS
2 [ρpol2 ]− EKS

2 [ρ2] + Vnuc,1[ρ
pol
2 ]− Vnuc,1[ρ2] ≈ 0 , (3.28)

which is, as far as the electrostatic terms are concerned, equivalent to the following

approximation,∫
{vCoul[ρ2 +Δρ2/2](r) + vnuc,1(r) + vnuc,2(r)}Δρ2(r)dr ≈ 0, (3.29)

where Δρ2(r) = ρpol2 (r)−ρ2(r) . This may be a rather drastic approximation, leading

to errors of the same order of magnitude as the environment-induced shift that shall

be calculated.

Our analysis reveals however a simple, practical cure to account for differential

polarization effects and to remain within an approximation of the style of Eq. (3.27).

We stress that the use of such an expression is, from a pragmatic point of view,

preferable over the computation of the true excitation energy [Eq. (3.26)] since the

one-electron integrals in the WF calculation can be used both in the variational op-

timization of the wave function and in the energy calculation. The use of Eq. (3.26)

requires instead first to optimize the wave functions with the corresponding embed-

ding potential and then to evaluate the energy expression without it. Fortunately, a

simple solution is possible whose ingredients are to (i) calculate the change in the

energy in system 2 explicitly and (ii) correct for the remaining Coulomb error, which

leads to the simple correction

δE
(B)
simple = EKS

2 [ρpol2 ]− EKS
2 [ρ2] +

∫
vnuc,1(r)Δρ2(r)dr . (3.30)
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An improved excitation energy with state-specific embedding potentials can then be

obtained as

ΔE
(B)
simple = ΔE(B)

approx + δE
(B)
simple (3.31)

= EWF
1 [Ψpol,e

1 ] + 〈Ψpol,e
1 |

∑
i

vpol,eemb,1(ri)|Ψpol,e
1 〉

− EWF
1 [Ψg

1]− 〈Ψg
1|
∑
i

vemb,1(ri)|Ψg
1〉

+ EKS
2 [ρpol2 ]− EKS

2 [ρ2] +

∫
vnuc,1(r)Δρ2(r)dr.

The remaining approximations are consistent with the ones made in Eq. (3.17) for a

state-independent embedding potential and, to assess their impact, we can explicitly

calculate the neglected terms,

δE
(B)
nadd = Enadd

xc [ρpol,e1 , ρpol2 ]− Enadd
xc [ρg1, ρ2] (3.32)

+ T nadd
s [ρpol,e1 , ρpol2 ]− T nadd

s [ρg1, ρ2]

−
∫ [

vnaddxc [ρpol,e1 , ρpol2 ](r) + vnaddt [ρpol,e1 , ρpol2 ](r)
]
ρpol,e1 (r)dr

+

∫ [
vnaddxc [ρg1, ρ2](r) + vnaddt [ρg1, ρ2](r)

]
ρg1(r)dr.

As mentioned above, in both schemes (A) and (B), we will introduce an addi-

tional approximation in practice and resort to the use of subsystem DFT densities for

systems 1 and 2 to compute the embedding potentials needed in the WF/DFT calcu-

lations. For the ground-state calculations in both schemes, we follow the practical

route to self-consistently converge the ground-state subsystem DFT densities of both

systems, which are then used to construct the embedding potential, vemb,1(r), for the

ground-state WF calculation of system 1. Similarly, for the excited-state calculation

of scheme (B), we construct the excited-state-like embedding potential, vpol,eemb,1(r),
from an approximate excited-state embedded DFT density of system 1 and the po-

larized ground-state DFT density of system 2, which are obtained self-consistently.

In Section 4.1, we discuss two simple possible choices for approximate embedded

excited-state DFT densities.

3.3 Computational details
To optimize the structures, we use either the Gaussian 09 [40] or the Turbomole code,

version 6.0 [41]. We employ density functional theory (DFT) and the cc-pVDZ [42]

basis set in combination with the B3LYP [43, 44] functional for p-nitroaniline and

the BLYP [45, 46] functional for all other molecules.

All subsystem DFT calculations are performed using the ADF package [47]. We

employ the M06-HF [48] exchange-correlation functional and the DZP [49] basis set.

For the frozen-density embedding calculations, we use the PW91k kinetic-energy
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functional [50] to compute the non-additive terms of the kinetic energy since this

functional has been shown to give a good performance in frozen density embed-

ding [51]. For the non-additive exchange-correlation contribution, we employ the

local density approximation (LDA) [52] since, in ADF, we cannot use the non-local

M06-HF functional for this term as done in the intra-subsystem calculations. We

have tested the use of PW91, instead of LDA, for all four molecules and found that

the excitation energies within scheme (A) vary by less than 0.05 eV.

We perform the complete-active-space self-consistent field (CASSCF) and sec-

ond-order perturbation theory (CASPT2) calculations using MOLCAS 7.4 [53]. For

the CASSCF/DFT and CASPT2/DFT embedding calculations, we use a modified

version of the MOLCAS code where the embedding interface is adapted from the

Molcas-Embed interface developed by Carter and co-workers [23,54]. We use state-

averaged CASSCF wave functions with equal weights on the ground and the excited

states of interest, and report below the single-state CASPT2 excitation energies. In

the CASPT2 calculations, we employ the default IPEA zero-order Hamiltonian [55]

and introduce an additional constant imaginary shift [56] of 0.1 a.u. In the CASPT2

calculations, we freeze the lowest σ orbitals corresponding to the 1s atomic orbitals

of the heavy atoms in the system. We use the Cholesky decomposition of the two-

electron integrals [57] with the threshold of 10−4. The default convergence criteria

are used for all calculations.

In all CASSCF and CASPT2 calculations, the aug-cc-pVDZ [42, 58] basis set is

used for the solvated molecule and, in the supermolecular calculations, a 6-31G [59]

basis set is employed for the solvent molecules. To test the basis-set convergence, we

compute the CASPT2 excitation energies of the p-nitroaniline with state-independent

embedding potentials (case A) with the aug-cc-pVTZ basis set [42, 58] and find a

decrease by at most 0.05 eV with respect to the use of the aug-cc-pVDZ.

In the QM/MM calculations, we use the TIP3P [60] values of qO = −0.834e,
qH = 0.417e when treating the water molecules as non-polarizable point charges.

3.4 Results

To illustrate the performance of the WF/DFT embedding schemes discussed above,

we consider the four molecules from Figure 3.1, that is, p-nitroaniline (PNA), s-cis-

Figure 3.1: The solvated molecules considered in this work: a) p-nitroaniline (PNA),

b) s-cis-acrolein, c) methylenecyclopropene (MCP), and d) p-nitrophenolate (PNP).
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Figure 3.2: Cluster models with acrolein solvated in a) water, b) methylamine

(CH3NH2), c) carbon-tetrachloride (CCl4), and d) cyclohexane (C6H12).
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acrolein, methylenecyclopropene (MCP), and the anionic p-nitrophenolate (PNP).

For each molecule, we construct a model cluster consisting of the molecule solvated

in a small number of waters as detailed in Table 3.1. For acrolein, we also consider

as solvents methylamine (CH3NH2), carbon-tetrachloride (CCl4), and cyclohexane

(C6H12). The cluster models for acrolein in the four solvents are shown in Table 3.2.

The choice of these four molecules is motivated by different reasons. PNA rep-

resents a perfect test case for our study since its lowest singlet π → π∗ excitation is

characterized by strong intramolecular charge transfer and the response of the sol-

vent environment is expected to be significant, leading to a shift of about 1 eV in the

excitation energy in water solution with respect to the gas phase [61,62]. Acrolein is

an interesting molecule since it has both conjugated double bonds and lone-pair elec-

trons with the two lowest singlet excitations being of different n → π∗ and π → π∗

character. Furthermore, these two transitions respond in an opposite fashion to a po-

lar solvent like water, with the corresponding excitation energies displaying a blue

and a red shift, respectively, with respect to the gas phase [63]. The MCP molecule is

also a potentially promising test case since its properties change rather dramatically

upon photoexcitation. For instance, in the vertical π → π∗ transition, the dipole mo-

ments of the ground and excited states have opposite signs and the solvatochromic

shift in water is expected to be significant and of the order of 0.5 eV [64]. Finally,

the anionic PNP has been recently studied with the aid of polarizable force fields and

it has been reported that the mutual polarization between PNP and the water solvent

accounts for a large part (0.2-0.3 eV) of the shift in the excitation energy with respect

to the gas phase [9].

As WF method, we employ the multi-reference perturbation theory approach

(CASPT2) both to compute the excitation energies of the solvated molecule in an

embedding potential as well as to perform the so-called supermolecular calculations,

where the solvation shell is included in the active region and treated at the WF level.

In the systems considered here, the excitations are predominantly localized on the

solvated molecules and are therefore not characterized by charge transfer to the sol-

vent. Consequently, also in the supermolecular calculations, the excitations can be

described with the use of a CAS expansion constructed from a set of orbitals mainly

localized on the molecule itself.

For all π → π∗ excitations, we employ a minimal CAS expansion comprising all

π electrons in the reference and a number of active orbitals equal to the number of

heavy atoms as obtained by using one atomic orbital of p character per heavy atom.

For acrolein, since we compute both the n→ π∗ and the π → π∗ excitation energies,

we use at least 3 states in the state-averaged (SA) calculations and extend the active

space to include two lone-pair electrons on the oxygen as well as two additional n
and π antibonding orbitals. For a given system, we employ the same active space

and number of states in the state-averaged calculations both in the subsystem and in

the supermolecular calculations as detailed in Table 3.1. For acrolein in cyclohex-

ane, we employ 3 and 5 states in the supermolecular and embedding calculations,

respectively, since the relevant states in the latter become the second and the fourth.

59
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Solute Solvent CAS(n,m) SA

PNA 22 H2O 12,10 2

acrolein 19 H2O 6,7 3

10 CH3NH2 6,7 3

6 CCl4 6,7 3

6 C6H12 6,7 3,5

MCP 17 H2O 4,4 2

PNP 26 H2O 12,10 2

Table 3.1: Solute molecules and corresponding solvents. The number of solvent

molecules included in the solute-solvent cluster model is indicated. We also list

the dimension of the CAS expansion with the number n of electrons in m active

orbitals, which we employ in the wave function calculations, and the number of

states included in the state-averaged (SA) calculations.

3.4.1 Excited-state DFT density

The construction of the embedding potential in the WF/DFT calculations requires

an approximation for the density of both the active system and the environment.

In case (A), we use the same strategy as in Ref. [37], i.e., we utilize the densities

obtained in a subsystem DFT treatment for the ground state of both systems. In case

(B), we want to relax the environment within subsystem DFT in the presence of a

solvated molecule in its excited state, and must therefore construct an approximate

DFT density of the excited state of the solute. Here, we test two simple procedures,

which lead to two different approximate densities named here self-consistent post-

Kohn-Sham (scp-KS) and fully relaxed (fr-KS) densities.

In both schemes for case (B), we assume that the excitation is of pure single-

orbital transition nature. We therefore start from the ground-state Kohn-Sham or-

bitals and modify the occupation numbers by moving an electron from an occupied

to a virtual orbital with a 0.5 fractional occupation of the up- and down-spin compo-

nents in both orbitals. Here, we generally focus on the lowest singlet excitation where

one electron is promoted from the HOMO to the LUMO orbital. The only exception

is the n → π∗ excitation in acrolein, which is a transition from the HOMO-1 to the

LUMO orbital at the KS level. In the scp-KS scheme, the orbitals of the molecules

are not further relaxed, so the excited-state density is simply constructed with frac-

tionally occupied ground-state orbitals. In the fr-KS case, we relax the orbitals at

fixed fractional occupations until convergence.

We then keep the molecule in the chosen excited-state density and relax the en-

vironment in the ground state. Subsequently, we freeze the environment and find a

new excited-state density of the solvated molecule by relaxing the orbitals either in

the ground state or with fixed fractional occupations for the scp-KS and the fr-KS

case, respectively. We repeat these steps (generating the excited-state density and re-

laxing the environment around the excited molecule) in cycles until the densities of

the environment and of the solvated molecule are converged. We find that 5-6 cycles

suffice for convergence for all systems.
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3.4.2 Nitroaniline and acrolein
We employ the WF/DFT embedding schemes with a state-independent (A) and a

state-specific (B) embedding potential to compute the excitation energies ΔE(A) and

ΔE(B) (Eqs. 3.24 and 3.26) of solvated PNA and acrolein. For scheme (B), we

compute two sets of WF/DFT excitation energies corresponding to the two different

embedding potentials we generate with the use of the scp-KS and the fr-KS excited-

state DFT density for the active region. In all cases, we also evaluate the corrections

which must be added to the simple excitation energies obtained as eigenvalue differ-

ences of the solute Hamiltonian including the embedding potential (Eqs. 3.17 and

3.27). We denote these energy contributions as

δE
(A)
tot = δE

(A)
nadd (3.33)

δE
(B)
tot = δE

(B)
nadd + δE

(B)
simple ,

where we make use of Eqs. 3.25, 3.31, and 3.32. Then, in the case of water solvent,

for which standard force fields are available, we consider a conventional QM/MM

approach where the solvation shell is represented in terms of a non-polarizable point-

charge model as it is often done for complex biological or solvated systems. Finally,

we perform a supermolecular calculation where the whole system is treated at the

WF level, which provides a reference value for the other types of embedding. We

collect all results in Table 3.2.

For PNA in water, we consider three structures of the model cluster correspond-

ing to different steps during the geometry optimization, with the last structure (ge-

ometry 3) being the converged geometry of lower energy. For all structures, we find

that already scheme (A) gives a better accuracy than the simple point-charge model,

reducing the excitation energies by about 0.1-0.15 eV and bringing them in better

agreement with the supermolecular values. The use of scheme (B) in the variant

which includes the correction to the eigenvalue difference of the state-specific WF

calculations further improves the excitation energies. On the other hand, the ne-

glect of the corrections in scheme (B) would yield significantly worse results. In

fact, while these terms are rather small in case (A) where they only include differ-

ential non-additive contributions (Eqs. 3.25), they can instead be non negligible in

case (B). Furthermore, they also appear to depend rather strongly on the particular

choice of excited-state DFT density for the generation of the excited-state embedding

potential, being consistently smaller in the case of the so-called fr-KS density. Per-

haps surprisingly, the excitation energies in scheme (B) including these corrections

are instead rather independent of the particular choice of excited-state DFT density

employed.

The best performance of scheme (B) is observed in correspondence of geom-

etry 1. To understand how (B) improves upon (A), we can inspect the difference

vpol,eemb,1(r) − vemb,1(r) between the excited-state embedding potential used in the WF

excited-state calculation of case (B) and the ground-state potential used both in case

(A) and in the WF ground-state calculation of case (B), which is shown in Figure 3.3.

We observe that the excited-state potential is more negative than the ground-state po-

tential in the region close to the nitro group while the opposite holds in proximity
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3.4 Results

Figure 3.3: Difference of the state-specific excited- and ground-state embedding po-

tentials for PNA (geometry 1). The excited-state potential is obtained with the use

of the scp-KS excited-state density. The contours in violet, blue, red, and yellow

correspond to the values of -0.02, -0.01, +0.01, and +0.02 a.u., respectively.

of the amine group. Consequently, since the excitation implies a transfer of charge

from the amine to the nitro group, the excited-state embedding potential will stabilize

the excited state more than the ground-state, resulting in a lower excitation energy in

scheme (B) than in (A).

An analysis of the results for structures 2 and 3 leads to qualitatively similar ob-

servations, but the improvement of the corrected case (B) compared to case (A) is

diminished along the sequence of structures 1, 2, 3. In particular, for geometry 3,

the (A) and (B) excitation energies are very similar, superior to the QM/MM value

but about 0.2 eV higher than the supermolecular result. Since geometries 1, 2, and 3

represent a succession of structures along a geometry optimization with the last one

being a minimum, it is possible that the nature of the hydrogen bonds changes as the

structure reaches equilibrium, rendering the partitioning in different regions not ad-

equate to the present case. To investigate this hypothesis, we compute the QM/MM,

(A), and (B) excitation energies of structure 3, including some water molecules in the

active region which are depicted in Figure 3.4. As reported in Table 3.3, when the

waters close to the amino group are included in the active region and treated at the

WF level, the agreement with the supermolecular calculation improves and the (A)

and (B) excitation energies become well within 0.1 eV of the supermolecular value,

with (B) being in better agreement that (A). Therefore, as conjectured, moving the

partition between the two parts further away from the active systems and allowing
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a better description of relevant hydrogen bonds significantly improves the perfor-

mance of the (A) and, in particular, the (B) scheme. Finally, while including these

water molecules in the active part also improves the QM/MM excitation energy, the

QM/MM value remains 0.24 eV higher than the supermolecular reference.

ΔEB

Active H2O QM/MM ΔEA scp-KS fr-KS

0 3.61 3.46 3.47 3.44

3 3.51 3.36 3.34 3.32

22 (all) 3.27 3.27 3.27 3.27

Table 3.3: Excitation energies (eV) of PNA in water (geometry 3), computed with

different numbers of water molecules included in the active region and treated at the

WF level. The supermolecular computation is the limit of all four methods when

all 22 water molecules are in the active system. For the notation, see caption of

Table 3.2.

In 3.2, we also list the (A) and (B) excitation energies of acrolein in water and in

the three other solvents shown in Figure 3.2. For case (B), we compute the excited-

state potentials starting from the scp-KS and the fr-KS excited-state DFT densities.

Perhaps not surprisingly, we find that the second procedure presents problems of

convergence for the n → π∗ excitation, where the construction of the density does

not follow the Aufbau principle. We do instead not encounter such problems in the

case of the π → π∗ excitation, which corresponds to the HOMO-LUMO transition

in KS-DFT.

For the π → π∗ transition of acrolein in all solvents, the two sets of (B) excitation

energies are always similar, and rather close to both the (A) and the supermolecular

values. Therefore, differential polarization does not appear to play a significant role

in the description of this transition even though some of the solvents would have

been expected to strongly interact with the π electronic system of acrolein. This ob-

servation can be extended to the n→ π∗ transition where the (A) excitation energies

are already in good agreement with the corresponding supermolecular calculation.

In fact, for the π → π∗ case, the use of scheme (B) with the scp-KS density slightly

worsens the agreement with the reference values in the case of acrolein solvated in

methylamine and cyclohexane. We note that, for cyclohexane, the use of a state-

specific excited-state embedding potential constructed with the fully relaxed DFT

excited-state density improves upon the scp-KS-based result, restoring the (A) value

and the good agreement with the supermolecular calculation. We will further com-

ment on the choice of excited-state DFT density for the construction of state-specific

potentials below.

Finally, the energy corrections used in scheme (B) are always substantial for

acrolein, being as large as 5 eV for n → π∗ transition in water and the scp-KS

case. Consequently, the excitation energies computed without these corrections as

the eigenvalue difference of the state-specific Hamiltonians of the solute would be

totally unreasonable. We note that the corrections to compute the (B) excitation en-

ergies based on the fr-KS density are systematically smaller that those based on the
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Figure 3.4: PNA and its solvation shell of 22 water molecules for structure 3. We

depict in green the three water molecules added to the active region in Table 3.3.

scp-KS density. Finally, as for PNA, the use of eigenvalue differences of the solute

Hamiltonian including the embedding potential is justified for scheme (A) since the

energy corrections (computed as differences of non-additive quantities) are always

smaller than 0.01 eV.

3.4.3 Correction and non-additive contributions

In Table 3.4, we analyze in more detail the energy corrections (Eqs. 3.31 and 3.32)

which must be added to the eigenvalue differences of the state-specific WF calcu-

lations to obtain the final (B) excitation energy. In addition to PNA in water and

acrolein in the four different solvents, we consider the MCP and PNP molecules

in water, and focus on the excitation energies obtained with the use of the scp-KS

excited-state density since it is possible to converge this DFT density for all cases

reported in the table.

We observe that, similarly to what was found for scheme (A), the non-additive

contributions are rather small, less than 0.02 eV, also in scheme (B). Therefore, the

largest component in the energy corrections to the eigenvalue difference of state-

specific solute Hamiltonians comes from the KS energy difference of the environ-

ment, being polarized in the ground and the excited state of the active part, plus the
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Solute Transition Solvent ΔE
(B)
approx δE

(B)
simple δE

(B)
nadd ΔE(B)

PNA 1 π → π∗ H2O 4.32 −0.85 0.005 3.48

2 3.93 −0.46 0.005 3.48

3 3.98 −0.51 0.005 3.47

Acrolein n→ π∗ H2O 9.88 −5.27 −0.023 4.58

CH3NH2 6.46 −2.54 −0.013 3.90

CCl4 3.62 0.03 0.003 3.66

C6H12 5.41 −1.68 −0.007 3.71

π → π∗ H2O 3.23 2.54 −0.012 5.76

CH3NH2 5.08 0.85 −0.002 5.94

CCl4 6.33 −0.36 0.001 5.97

C6H12 5.07 0.83 −0.004 5.89

MCP π → π∗ H2O 5.18 −0.48 −0.045 4.66

PNP 1 π → π∗ H2O 17.03 −12.75 0.003 4.28

2 16.45 −12.29 0.006 4.17

3 14.95 −10.85 0.010 4.11

Table 3.4: Excitation energies (eV) computed with scheme (B). The energy correc-

tions are split in the non-additive and remaining contributions, which must be added

to the eigenvalue differences of state-specific WF calculations (ΔE
(B)
approx) to obtain

the correct excitation energies (ΔE(B)). The scp-KS excited-state DFT density is

used in the generation of the state-specific embedding potential.

difference of the nuclear interaction of the active fragment with these two environ-

mental densities. This contribution can be remarkably large and, in the case of PNP

in three different water clusters, amounts to as much as -11 eV, greatly exceeding

in absolute value the (B) excitation energy of about 4 eV. It is remarkable that the

addition of such large energy corrections to a grossly incorrect eigenvalue difference

leads to very reasonable excitation energies. As already mentioned and also shown

below, it is even more remarkable that different procedures to compute the excited-

state density in the generation of the state-specific potentials leads to very different

eigenvalue differences and energy corrections, but remarkably close final excitation

energies.

3.4.4 Construction of excited-state DFT density

We discuss here in more detail the choice of excited-state density for the active site

employed to polarize the other fragments and construct a state-specific embedding

potential for the WF excited-state calculation. To understand how this choice affects

the the (B) excitation energies, we consider the MCP and PNP molecules in water

solvent and, in addition to the scp-KS and the fr-KS densities, we construct excited-

state densities of the active region with fractional occupations over the HOMO-1,

HOMO, LUMO, and LUMO+1 orbitals. The occupation numbers are based on the

occupations of the natural orbitals of the excited-state wave function obtained in the
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Method Density H-1 H L L+1 ΔE δEsimple δEnadd

MCP

Super – – – – 5.03 – –

QM/MM – – – – 4.88 – –

A 2 2 0 0 5.08 – 0.017

B scp-KS 2 1 1 0 4.66 −0.48 −0.045

B fr-KS (1) 2 1 1 0 4.81 0.12 −0.035

B fr-KS (2) 1.9 1 1 0.1 4.87 −0.82 −0.036

PNP

Super – – – – 3.50 – –

QM/MM – – – – 3.51 – –

A 2 2 0 0 3.49 – 0.001

B scp-KS 2 1 1 0 4.11 −10.85 0.010

B fr-KS (1) 2 1 1 0 3.72 −4.79 0.009

B fr-KS (2) 1.9 1.2 0.8 0.1 3.67 −4.07 0.007

Table 3.5: Excitation energies and energy corrections (non-additive and remain-

ing contributions) of the MCP and PNP (geometry 3) molecules in water solvents,

obtained in a supermolecular, QM/MM, (A), and (B) calculation. In scheme (B),

we employ the scp-KS and fr-KS excited-state densities obtained with (1) standard

HOMO-LUMO and (2) fractional occupations over the HOMO-1, HOMO, LUMO,

and LUMO+1 KS orbitals. The corresponding natural-orbital occupation numbers

of the excited-state CASSCF wave function obtained in scheme (A) are (1.94, 1.01,

1.00, 0.06) and (1.88, 1.17, 0.87, 0.12) for MCP and PNP, respectively.

CASSCF calculations and the KS density is then relaxed in the spirit of the fr-KS

density introduced before. The results are summarized in Table 3.5. We stress that

the densities with fractional occupations are constructed to test the sensitivity of the

result to the choice of approximate excited-state DFT density and are not proposed

as a general practical route for scheme (B).

For both molecules, the (A) excitation energy is in very good agreement with

the corresponding supermolecular calculation and even an MM description of the

environment appears to be sufficiently accurate. Therefore, differential polarization

effects due to the response of the environment to the excitation of the active region are

surely expected to be negligible. Nevertheless, scheme (B) with the use of the scp-

KS density modifies the (A) excitation energy, significantly worsening the agreement

of the WF/DFT approach with the reference. To understand whether this is a funda-

mental failure of scheme (B) or a problem with the construction of the approximate

excited-state density needed in scheme (B), we compute the (B) excitation energies

based on (1) the HOMO-LUMO fully relaxed density employed also above and (2)

the fully relaxed density with fractional occupations. We find that the (B) excitation

energy improves as we move from the scp-KS to the fr-KS (1) and the fr-KS (2)

density, with the error with respect to the supermolecular value being reduced from

0.4-0.5 eV to less than 0.2 eV. Finally, as a consistency check, we consider two cases,
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PNA and the π → π∗ transition of acrolein, where scp-KS and fr-KS densities yield

similar (B) excitation energies and verify the robustness of this agreement by also

constructing fully relaxed excited-state densities with fractional occupations inspired

by the CASSCF wave functions. As shown in Table 3.6, the use of fractional occu-

pations in the excited-state DFT density does not affect the (B) excitation energy of

these two systems, supporting the idea that the equivalent performance of the scp-KS

and fully relaxed HOMO-LUMO density is a good indicator of the robustness of the

(B) results for the particular system under study.

Method Density H-1 H L L+1 ΔE δEsimple δEnadd

PNA (geometry 3)

QM/MM – – – – 3.61 – –

A 2 2 0 0 3.46 – 0.001

B scp-KS 2 1 1 0 3.47 -0.51 0.005

B fr-KS (1) 2 1 1 0 3.44 0.09 0.005

B fr-KS (2) 1.90 1.30 0.70 0.10 3.46 -0.80 -0.011

Super – – – – 3.27 – –

Acrolein (π → π∗)

QM/MM – – – – 5.65 – –

A 2 2 0 0 5.76 – 0.007

B scp-KS 2 1 1 0 5.76 2.54 -0.012

B fr-KS (1) 2 1 1 0 5.76 0.98 -0.012

B fr-KS (2) 1.97 1.03 1 0 5.76 0.90 -0.012

Super – – – – 5.70 – –

Table 3.6: Excitation energies and energy corrections (non-additive and remaining

contributions) of the PNA and acrolein (π → π∗ transition) molecules in water sol-

vents, obtained in a supermolecular, QM/MM, (A), and (B) calculation. In scheme

(B), we employ the scp-KS and fr-KS excited-state densities obtained with (1) stan-

dard HOMO-LUMO and (2) fractional occupations over the HOMO-1, HOMO,

LUMO, and LUMO+1 KS orbitals. The corresponding natural orbital occupation

numbers of the excited-state CASSCF wave function obtained in scheme (A) are

(1.90, 1.26, 0.78, 0.11) for PNA and (1.95, 1.04, 0.96, 0.03) for acrolein (note that,

since the CAS has more than 4 orbitals, the CASSCF occupations do not need to sum

to 4 while, for DFT, they necessarily do). Since the LUMO+1 orbital for acrolein has

a different character in the CASSCF and KS calculations, we only use the HOMO-1,

HOMO, and LUMO orbitals in the fully relaxed run with fractional occupations.

To investigate more closely the relative accuracy of the scp-KS and fr-KS proce-

dures employed to obtain the excited-state density of the active molecule, we com-

pare the difference between the ground- and excited-state densities computed within

subsystem DFT and CASPT2 for MCP in water. As seen above, this molecule rep-

resents a good test case since the use of these two excited-state densities leads to

different (B) excitation energies, with the values obtained with the fr-KS density be-

ing in better agreement with the supermolecular reference. As DFT densities for
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Figure 3.5: Difference between the excited- and ground-state densities of MCP in

water, integrated over planes perpendicular to the x-axis (Eq. 3.34) and computed

with CASPT2 and the approximate subsystem DFT schemes.

the total system, we use the sum of the densities of the molecule and the environ-

ment obtained self-consistently for each subsystem (a comparison of the densities of

only the active subsystem yields a very similar plot, not shown here). The CASPT2

densities are computed with the first-order wave function from a supermolecular cal-

culation (and therefore also include some second-order contributions) and are here

obtained through perturbative calculations on top of state-specific CASSCF wave

functions separately targeting the ground and the excited state. For the vertical ex-

citation of MCP in water, the use of state-specific CASSCF energies is robust as the

energy difference between the ground and excited states is large and, furthermore,

the corresponding wave functions of the nearly planar molecule preserve approxi-

mately different symmetry character. On the other hand, the use of state-average

orbitals leads to CASSCF densities of significantly lower quality and therefore to

less reliable CASPT2 densities, as discussed in more detail in the Appendix.

In Figure 3.5, we plot the difference between the excited- and ground-state densi-

ties integrated over cross-sections normal to the axis formed by the two carbon atoms

of the CCH2 terminus (defined here as the x-axis):

λe(x)− λg(x) =

∫
ρe(x, y, z)dydz −

∫
ρg(x, y, z)dydz. (3.34)

We observe that both approximate DFT densities correctly display the general feature
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that charge transfer occurs from the ethylene moiety to the ring but differ significantly

in describing the extent of the change. In particular, the scp-KS procedure leads to a

more marked transfer of charge which mainly interests the extremes of the molecule,

while the fr-KS density is more structured and better reproduces the general fea-

tures of the CASPT2 reference. Therefore, the improvement observed in the fr-KS

excitation energy of MCP as compared to the scp-KS value coincides with a supe-

rior description of the excited-state density employed to construct the state-specific

excited-state embedding potential for the WF calculation. Similarly, we have found

that also for PNP, the fr-KS density is of better quality than the scp-KS one. It is

however clear that alternative strategies must be devised for the construction of the

excited-state density since non-negligible differences remain between the fr-KS and

the reference density, and between the corresponding (B) excitation energy and the

supermolecular value. Furthermore, we must recall that the fr-KS scheme may suffer

from convergence problems for non-Aufbau excited-state densities as shown above

for the n→ π∗ excitation of acrolein.

Finally, we observe that the use of different excited-state DFT densities in scheme

(B) can lead to quite large and different energy corrections (Eq. 25) as shown in Ta-

ble 5. For instance, in the case of PNP, the corrections corresponding to the scp-KS

and fr-KS densities are −10.85 and −4.79 eV, respectively, and, therefore, differ by

as much as 6 eV. This remarkable difference is however diminished when the correc-

tions are added to the eigenvalue differences of the state-specific Hamiltonians (Eq.

22). The final excitation energies of PNP in scheme (B) are in fact rather similar for

the two choices of excited-state densities, and equal to 4.11 and 3.72 eV, respectively.

To understand the reasons behind this cancellation, we rewrite the expression of

the eigenvalue difference (Eq. 22) neglecting the small non-additive contributions as

ΔE(B)
approx ≈ EWF

1 [Ψpol,e
1 ]− EWF

1 [Ψg
1]

+ Vnuc,2[ρ
pol,e
1 ]− Vnuc,2[ρ

g
1] + J [ρpol,e1 , ρpol2 ]− J [ρg1, ρ2]

= EWF
1 [Ψpol,e

1 ]− EWF
1 [Ψg

1] +

∫
vnuc,2(r)Δρ1(r)dr

+ J [ρg1,Δρ2] + J [ρ2,Δρ1] + J [Δρ1,Δρ2] . (3.35)

where Δρ1(r) = ρpol,e1 (r) − ρg1(r). The last term is relatively small compared to the

other electrostatic terms and the first WF energy difference is expected to be not so

sensitive to changes in the embedding potential, which only affect the expectation

value through changes in the excited-state wave function of system 1. Furthermore,

the second term describing the interaction of nuclei of system 2 with Δρ1 will largely

cancel the electrostatic interaction J [ρ2,Δρ1]. Therefore, the only term in the expres-

sion above which may significantly vary with changes in Δρ2 is J [ρg1,Δρ2].
We then observe that the leading term in the energy correction (Eq. 25) is the

interaction of the nuclei of the active system 1 with the density difference Δρ2 of the

environment. We expect this contribution to largely cancel the electrostatic interac-

tion of ρg1 with Δρ2 in the equation above, namely,∫
vnuc,1(r)Δρ2(r)dr+ J [ρg1,Δρ2] ≈ 0 , (3.36)
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to zeroth order. Therefore, the final excitation energy obtained by adding the energy

correction (Eq. 25) to the eigenvalue difference (Eq. 22) will vary less than the correc-

tion and the eigenvalue difference itself, when different excited-state DFT densities

are employed to polarize the environment and construct the state-specific embedding

potential. To illustrate this cancellation in PNP, we note that the interaction of the

nuclei of system 1 with Δρ2 is equal to −10.74 and −4.69 eV in correspondence of

the scp-KS and the fr-KS excited-state density, and amounts to almost the full energy

correction of −10.85 and −4.79 eV, respectively. Furthermore, these contributions

largely cancel the corresponding terms, J [ρg1,Δρ2], which are of opposite sign and

equal to 11.10 and 4.85 eV.

3.5 Conclusions

In this work, we have outlined a practical route to compute the excitation energies

of a molecule embedded in a responsive environment within a WF/DFT scheme that

can account for the mutual polarization of the fragments upon excitation of the active

molecule. The approach relies on the construction of state-specific embedding po-

tentials within an approximate subsystem DFT approach we have adapted to treat the

active fragment in its excited state. We have evaluated the explicit energy expression

of the total system in the ground and excited states, using both state-independent and

state-dependent embedding potentials, that is, either freezing or relaxing the environ-

ment in response to the excitation of the embedded molecule.

We showed that, if state-independent embedding potentials are used (frozen en-

vironment), computing the excitation energies as WF eigenvalue differences of the

Hamiltonian of the active molecule with included the embedding potential yields an

approximate, reasonable treatment of embedding effects. The reasons for the ef-

fectiveness of these energy expressions lie in the fact that the neglected terms are

differences of non-additive energy contributions, which are expected to be small. In

contrast, if differential polarization effects are included in terms of state-dependent

embedding potentials (responsive environment), we demonstrated that a simple cor-

rection must be added to the WF eigenvalue differences of the state-specific Hamil-

tonians of the embedded molecule, since important Coulomb contributions would

otherwise be neglected. The uncorrected calculations with state-specific embed-

ding potentials result in fact in significantly worse excitation energies than with

state-independent embedding potentials while the corrected expression may bring the

state-specific results into better agreement with the supermolecular reference values.

Also in the case of state-dependent embedding potentials, the neglect of non-additive

contributions in the evaluation of the excitation energies does not appreciably affect

the results.

We demonstrated all these concepts with the state-independent and state-depen-

dent computation of the excitation energies of p-nitroaniline, acrolein, methylenecy-

clopropene, and p-nitrophenolate in various solvents. We showed that the use of

state-independent potentials generally improves on a QM/MM description. It is also

often sufficient to obtain excitation energies in good agreement with the supermolec-
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ular values, surprisingly also in the case of p-nitrophenolate in water where calcu-

lations with polarizable force fields have instead reported large contributions to the

energies from the polarization of the solvent upon excitation of the molecule. For

p-nitroaniline, we found instead that mutual polarization effects are important and

that the use of state-specific embedding can improve the description of the excitation

energies of this system.

Finally, when using state-dependent potentials, we found that a key ingredient

is the choice of excited-state density for the active part, which we employ to po-

larize the other fragments and construct a state-specific embedding potential for the

WF excited-state calculation. We have outlined ways to obtain approximate excited-

state densities in terms of embedded KS-DFT calculations (also with non-Aufbau

occupation numbers) but, when these approximate densities result in rather different

excitation energies as in the case of methylenecyclopropene and p-nitrophenolate, we

take this as indicating that a better description of the excited-state density is needed,

possibly through a WF calculation. This particular issue will require further investi-

gation and will be the subject of future studies.
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Appendix: State-average versus state-specific
CASSCF and CASPT2 densities

In Figure 5 of the main chapter, we have computed the ground- and excited-state ref-

erence densities of MCP through CASPT2 calculations on top of state-specific (and

not state-average) CASSCF calculations, which separately target the ground and ex-

cited states. To explain the reasons for this choice, we compare here CASSCF and

CASPT2 densities of MCP obtained within state-average and state-specific calcula-

tions.

In 3.6, we plot the CASSCF densities and the two CASPT2 densities obtained

either as the first-order density (D = D0 + D1) or as the density computed from

the first-order wave function, which also contains some second-order contributions

(D = D0 + D1 + D′
2). The symbols D0, D1, and D′

2 denote, respectively, the zero-

order CASSCF density, the first-order cross terms between the CASSCF and the

first-order contributions in the wave function, and the second-order term given by

the expectation value of the density operator on the first-order contributions in the

wave function. As in the paper, we analyze the change in linear density between the

excited and the ground state given by:

λe(x)− λg(x) =

∫
ρe(x, y, z)dydz −

∫
ρg(x, y, z)dydz, (3.37)

where the x-axis is defined by the two carbon atoms in the CCH2 terminus. We

observe that both the first-order and the partial second-order density are very different

from the zero-order CASSCF one in the case of a state-average calculation, while

the corresponding state-specific densities are very close to one another. Furthermore,

the large perturbation corrections in the state-average case bring the density in the

direction of the state-specific results.

The significant difference between the first-order and the CASSCF density is an

indication that the single excitations in the first-order wave function are important

(the difference between the first-order and the zero-order density is given by terms

which couple the first-order contribution of wave function to the CASSCF one via a

one-body operator, so only the single excitations survive in the expectation values).

Therefore, in the state-average case, the non-negligible first-order correction to the

zero-order density points at the importance of improving on the use of state-average

orbitals employed in both the zero-order ground- and excited-state wave functions

(the first-order terms can be regarded as an effective orbital-relaxation step). The

addition of second-order contributions further modifies the density.

As discussed in the paper, it is a robust procedure to perform state-specific CAS-

SCF calculations for MCP in water since the states are well separated and the wave

functions have approximately different symmetry for this nearly planar molecule.

The corresponding zero-order, first-order, and partial second-order CASPT2 densi-

ties are rather close, which signifies that the zero-order wave functions of the ground

and excited states represent a rather good starting point. This must be contrasted

to the case of the CASSCF wave functions constructed from state-average orbitals.
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Figure 3.6: Difference between the excited- and ground-state densities of MCP in

water integrated over planes perpendicular to the x-axis (Eq. 3.34) and computed with

state-specific (SS) and state-averaged (SA) CASSCF and the corresponding CASPT2

calculations.

Therefore, we choose to use the perturbative densities obtained starting from state-

specific CASSCF calculations as reference for our subsystem DFT densities.
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Chapter 4

Wavefunction-in-Density
Functional Theory Embedding for
Excited States: Which
Wavefunctions, which Densities?†

We present a detailed analysis of our recently proposed wavefunction-in-density-

functional theory method to include differential polarization effects through state-

specific embedding potentials. We study methylenecyclopropene and acrolein in wa-

ter, using several wavefunction (WF) approaches to validate the supermolecular ref-

erence and assess their response to embedding. We find that Quantum Monte Carlo,

complete-active space second-order perturbation theory, and coupled cluster [CCSD

and CCSDR(3)] methods give very consistent solvatochromic shifts and a similar re-

sponse to embedding. Our scheme corrects the excitation energies produced with a

frozen environment, but often overshoots. To ameliorate the problem, one needs to

use WF densities to polarize the environment. The choice of the exchange-correlation

functional in the construction of the potential has little effect on the excitation, while

the approximate kinetic-energy functional appears to be the largest source of error.

4.1 Introduction

Density-functional theory (DFT) based subsystem and embedding methods have

found widespread applications in the past years (for a recent review, see Ref. [1])

Related are so-called wavefunction-theory-in-DFT (WFT-in-DFT) embedding meth-

ods, in which DFT-based embedding potentials are combined with a wavefunction

description of an active subsystem. They can be regarded as derived from WFT/DFT

hybrid energy expressions [2], or as DFT approaches in which the active subsystem’s

density is described in terms of a (multi-determinantal) wavefunction. [3] The use of

† This chapter has been published as C. Daday, C. König, J. Neugebauer, and C. Filippi,

“Wavefunction-in-Density Functional Theory Embedding for Excited States: Which Wavefunctions,

which Densities?”, ChemPhysChem 2014, 15, 3205–3217
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such WFT-in-DFT methods for accurate calculations of excitation energies has been

pioneered by Carter; [4] a review is provided in Refs. [5] and [6]. A common ap-

proximation in such calculations is to simply add an embedding potential for a fixed

environmental density to the one-electron terms in the WFT calculation. [7] This

potential is derived along the lines of frozen-density embedding, [8] but often addi-

tional simplifications are made. An alternative quasi-energy formulation is provided

in Ref. [9].

We have recently reported on the first WFT-in-DFT embedding calculations in-

cluding (approximate) differential polarization effects through state-specific embed-

ding potentials. [10] (See Chapter 3.) “State-specific” here explicitly refers to a

freeze-and-thaw-like [11] relaxation of the environmental electron density for the

different electronic states of the chromophore. There is also a state-specificity in the

embedding potential through its dependence on the electron density of the active sys-

tem, which we in general expect to be small for weakly overlapping densities (see

Chapter 3).

From a formal point of view, state-specific embedding potentials should give an

improvement for excitation energies, [12] as they correspond to fully relaxed elec-

tron densities in both electronic states. We observed in our study that state-specific

embedding potentials can offer an improvement in some cases, but this was not gen-

erally true for all systems considered. Hence, the question remains: Which part of

our approximate state-specific embedding procedure needs to be improved for more

accurate results? Here, we will address two crucial aspects.

First, we will consider other high-level WFT methods for the embedded excited-

state calculation. In Chapter 3, we solely relied on the complete-active-space second-

order perturbation theory (CASPT2) calculations as a reference. However, when

comparing environment-induced shifts from CASPT2, the results may actually be

biased, because it is often difficult to find a balanced active space and basis set

combination for an isolated molecule and the same molecule surrounded by a sol-

vent cluster. So the reference shifts may be affected a bit; but since also differential

polarization effects may be comparatively small, it is important to have alternative

high-level reference results. In addition, different correlated wavefunction methods

may react slightly differently to the embedding potential. Therefore, two different

(groups of) WFT methods will be applied in addition to CASPT2 in this work: (i) for

the first time, we will employ Quantum Monte Carlo (QMC) techniques in a WFT-in-

DFT embedding scheme for excited states, since QMC offers an alternative reliable

high-accuracy wavefunction description; (ii) we will, in addition, introduce an ap-

proximate (linear-response) coupled-cluster-in-DFT embedding scheme that can be

used to describe differential polarization effects without including an environmental

contribution in the linear-response part. This method thus avoids a major practical

bottleneck in applications of more consistent embedded response frameworks [9].

Second, we will compare several (approximate) choices for excited-state den-

sities. These are needed in the relaxation steps to construct the embedding po-

tential for the excited state. The ΔSCF-like strategy used in our previous chap-

ter will be compared to embedding potentials constructed with excited-state den-

sities from the high-level WFT method. This will be tested here for the case of
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CASPT2. As access to WFT densities is often difficult and considerably increases

the computational demands, we also perform a comparison of excited-state densi-

ties from two different ΔSCF-like variants to two types of time-dependent density-

functional theory (TDDFT) densities: (i) approximate TDDFT densities constructed

in a configuration-interaction-singles (CIS) manner, following the approximate in-

terpretation of TDDFT solution vectors suggested by Casida; [13] and (ii) “true”

TDDFT densities constructed as a functional derivative of the excited-state energy

w.r.t. the external potential. [14] All four different DFT-based excited-state densities

will be compared to the CASPT2 density.

In addition, we will test the effect of different exchange–correlation and kinetic-

energy functionals in the construction of the embedding potentials, and perform an

analysis of the resulting embedding potentials. Results from state-specific embed-

ding calculations will be compared to the corresponding state-independent embed-

ding potentials as well as to QM/MM and supermolecular reference calculations.

These are important steps towards an accurate and efficient construction of state-

specific embedding potentials for WFT-in-DFT calculations, which pave the way for

high-accuracy calculations of excited-state energies for chromophores in environ-

ments, such as solvated, biomolecular, or adsorbed dye molecules.

This paper is organized as follows: We discuss aspects regarding our WF-in-DFT

embedding method in Section 4.2, and we present the details of our calculations in

Section 4.3. Results are given and discussed in Section 4.4 before we conclude our

study in Section 4.5.

4.2 Methods

In WFT-in-DFT embedding, the total energy of the system is given by the following

hybrid expression:

E
WF/DFT
(1+2) = EWF

1 [Ψ1] + EKS
2 [ρ2] + EOFDFT

(1↔2) [ρ1, ρ2] , (4.1)

that is, the sum of the wavefunction energy of subsystem 1 (characterized by Ψ1), the

Kohn-Sham DFT energy of subsystem 2, and an orbital-free-DFT interaction energy

between the two. This interaction energy is expressed as:

EOFDFT
(1↔2) [ρ1, ρ2] = Vnuc,1[ρ2] + Vnuc,2[ρ1] + J [ρ1, ρ2]

+ Enadd
xc [ρ1, ρ2] + T nadd

s [ρ1, ρ2] , (4.2)

where Vnuc,I [ρK ] is the Coulomb attraction between the nuclei of system I and the

electron density of system K, J [ρ1, ρ2] is the Coulomb repulsion between the elec-

tron densities of the two systems,

J [ρ1, ρ2] =

∫ ∫
ρ1(r1)ρ2(r2)

|r1 − r2| dr1dr2 , (4.3)
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and the non-additive density functionals F nadd = {Enadd
xc , T nadd

s } are defined as:

F nadd[ρ1, ρ2] = F [ρ1 + ρ2]− F [ρ1]− F [ρ2] , (4.4)

where a kinetic energy functional must be used to compute the non-additive kinetic

terms.

Minimization of the energy expression (Eq. 4.1) with respect to Ψ1 leads to a

wave function equation containing an additional local potential due to the environ-

ment (subsystem 2), which consists of two electrostatic and two non-additive terms:

vemb,1(r) = vnuc,2(r) +

∫
ρ2(r

′)
|r− r′|dr

′ (4.5)

+
δEnadd

xc [ρ1, ρ2]

δρ1(r)︸ ︷︷ ︸
vxc[ρ1,ρ2](r)

+
δT nadd

xc [ρ1, ρ2]

δρ1(r)︸ ︷︷ ︸
vt[ρ1,ρ2](r)

.

To somewhat simplify the WFT-in-DFT embedding calculations, we first perform

a freeze-and-thaw subsystem DFT calculation, in which systems 1 and 2 are mutu-

ally polarized until self-consistency [11], and then employ the resulting embedding

potential in the wavefunction calculation for subsystem 1.

As in our previous chapter we dub scheme (A) the approach where we use the

same embedding potential to compute both the ground and the excited states of sub-

system 1. The total excitation energy is then obtained as the eigenvalue difference

of the embedding Hamiltonian (the Hamiltonian of system 1 with the additional em-

bedding potential) plus a “non-additive” correction term:

ΔE(A) = EWF
1 [Ψe

1] + 〈Ψe
1|
∑
i

vemb,1(ri)|Ψe
1〉 (4.6)

− EWF
1 [Ψg

1]− 〈Ψg
1|
∑
i

vemb,1(ri)|Ψg
1〉+ δE

(A)
nadd,

where

δE
(A)
nadd = Enadd

xc [ρe1, ρ2]− Enadd
xc [ρg1, ρ2] (4.7)

+ T nadd
s [ρe1, ρ2]− T nadd

s [ρg1, ρ2]

−
∫ {

vnaddxc [ρg1, ρ2](r) + vnaddt [ρg1, ρ2](r)
}

× [ρe1(r)− ρg1(r)] dr.

This contribution corrects for the fact that the excitation energy should contain the

non-additive energy terms (Eq. 4.4) instead of the expectation value of their func-

tional derivatives contained in the embedding potentials. For a detailed derivation of

this and the following equations, we refer the reader to Chapter 3.

In scheme (A), the environment does not respond to the electronic excitation

of subsystem 1. To account for differential polarization effects, one needs to relax

subsystem 2 in the presence of an excited system 1, and iterate. Such a scheme,
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denoted as (B), leads to state-specific embedding potentials, that is, one potential

for the ground state as obtained in scheme (A), and a different potential for each

excited state of interest. The excitation energy will then be given by the following

expression:

ΔE(B) = EWF
1 [Ψpol,e

1 ] + 〈Ψpol,e
1 |

∑
i

vpol,eemb,1(ri)|Ψpol,e
1 〉

− EWF
1 [Ψg

1]− 〈Ψg
1|
∑
i

vemb,1(ri)|Ψg
1〉

+ δE
(B)
nadd + δE

(B)
simple, (4.8)

where the two corrections are defined as:

δE
(B)
nadd = Enadd

xc [ρpol,e1 , ρpol2 ]− Enadd
xc [ρg1, ρ2] (4.9)

+ T nadd
s [ρpol,e1 , ρpol2 ]− T nadd

s [ρg1, ρ2]

−
∫ [

vnaddxc [ρpol,e1 , ρpol2 ](r) + vnaddt [ρpol,e1 , ρpol2 ](r)
]

× ρpol,e1 (r)dr

+

∫ [
vnaddxc [ρg1, ρ2](r) + vnaddt [ρg1, ρ2](r)

]
ρg1(r)dr,

δE
(B)
simple = EKS

2 [ρpol2 ]− EKS
2 [ρ2]

+

∫
vnuc,1(r)Δρ2(r)dr. (4.10)

The first correction is analogous to the non-additive contribution in scheme (A)

(Eq. 4.7), namely, the difference between the non-additive functionals and the inte-

gral of their functional derivatives. The second term, also called the “environmental”

correction, includes those energy terms that depend only on ρ2 and would therefore

vanish if the environment were not relaxed as in scheme (A). The accurate determi-

nation of this second correction term is crucial to the success of scheme (B): It is

usually of the same order of magnitude as the excitation energy itself (see Chapter 3)

and, therefore, even relatively small errors in its value can undermine any improve-

ment scheme (B) can yield on (A). The excitation energy obtained within scheme

(B) should in principle be lower than the one determined through scheme (A) since

the ground-state WF-in-DFT energy is identical in both cases, while scheme (B) al-

lows more degrees of freedom for the excited state. Therefore, whenever scheme

(B) produces a blue shift, this suggests an unresolved issue either with the embed-

ding potential or the environmental correction (the non-additive correction is non

problematic as it is typically at least one order of magnitude smaller).

Finally, we note that the environmental correction has a slightly different expres-

sion for the case of pseudopotentials as used for instance in the QMC calculations:

δE
(B),PP
simple = EKS

2 [ρpol2 ]− EKS
2 [ρ2] (4.11)

+

∫
vPP,1(r)Δρ2(r)dr ,

85



4 WF/DFT Embedding for Excited States: Which Wavefunctions, which Densities?

where vPP,1(r) denotes the sum of the pseudopotentials of the atoms in subsystem

1. Since the ADF code we employ to compute this correction does not allow the

use of pseudopotentials, we approximate this integral by simply using the −Zeff/r
component of the pseudopotential. This approximation amounts to the neglect of the

non-local components of the pseudopotentials which have however rapid exponential

decay. We show below that, for the systems investigated here, this simple procedure

for computing the environmental correction reproduces the all-electron excitation

energies at the CASPT2 level.

4.2.1 State-specific CC-in-DFT calculations
In this paper, we also perform CC-in-DFT calculations including the environmen-

tal response not in linear response but, analogously to our CASPT2 calculations,

with the use of state-specific embedding potentials and separate calculations for each

state. The ground-state energy is then the coupled-cluster result in the ground-state

potential, while the excited-state energy is the sum of the ground-state energy and

the linear-response excitation both computed in the excited-state potential, but with-

out environmental contributions in the linear response part of the calculation. For the

CCSDR(3) calculations, we add ground-state CC3 energies to the excitation energies

computed at the level of CCSDR(3), since CCSDR(3) is only a response model. The

excitation energies with scheme (B) at the CC2 or CCSD level are therefore given

by:

ΔE
(B)
CCSD/CC2 = E0,ex

CCSD/CC2 +ΔEex
CCSD/CC2 − E0,gs

CCSD/CC2

+ δE
(B)
nadd + δE

(B)
simple, (4.12)

and in CCSDR(3) by:

ΔE
(B)
CCSDR(3) = E0,ex

CC3 +ΔEex
CCSDR(3) − E0,gs

CC3

+ δE
(B)
nadd + δE

(B)
simple, (4.13)

where E0,ex and E0,gs refer to the ground-state energy in the excited- and the ground-

state embedding potentials, respectively.

4.2.2 Construction of the excited-state density
We obtain the state-specific embedding potentials from DFT calculations where we

use an approximate excited-state density ρ1 to generate the corresponding relaxed

environmental density ρpol,e2 . In our previous chapter, we considered two different

strategies for this, namely, the fully relaxed (fr-KS) and the self-consistent post-

Kohn-Sham (scp-KS) density. In the fr-KS case, we optimize the Kohn-Sham orbitals

of system 1 with fixed occupations to represent a singlet excited state characterized

by a pure single-orbital transition (a restricted approach with fractional occupation

numbers in the frontier orbitals is used here; see Chapter 3 for details). In the scp-KS

case, we optimize the Kohn-Sham orbitals for the ground state and only then change
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the occupations to obtain the excited-state density of subsystem 1. Here, we also

use a third strategy, namely, to employ wavefunction-based densities. In particular,

we use state-specific CASPT2 densities obtained within scheme (A), and relax the

environment in the presence of the wavefunction density. For MCP, we verified that

further iterations to bring the two subsystems at self-consistency leave the excitation

energies unchanged to better than 0.01 eV. As discussed in our previous chapter, the

use of state-specific perturbation densities for the systems investigated here is ap-

propriate and necessary since the CASPT2 densities obtained from a state-average

CASSCF calculation are not sufficiently accurate. We note that, also in the coupled

cluster and QMC calculations, we employ the potentials generated with the CASPT2

excited-state densities when comparing the excitation energies computed in the pres-

ence of a wave-function-based embedding potential.

For these calculations, we need to compute the wavefunction density with the

same basis set as used in the DFT calculations. Therefore, since the CASPT2 densi-

ties are obtained in Molcas with a Gaussian basis while the ADF software employs

Slater basis sets, we perform a Gaussian fit of Slater orbitals [15] for the exponents

of the DZP Slater basis set of ADF, using a contraction of 6 Gaussian primitives for

every Slater orbital (SDZP-6G). This basis is then used in the state-specific CASPT2

calculations to generate the excited-state density, which is then imported in ADF to

obtain the embedding potential. To test convergence, we also employ a SDZP-5G fit

with only 5 Gaussian primitives per Slater orbital, and obtain practically unchanged

densities. We use the same SDZP-6G basis set to construct the TDDFT densities in

the Gaussian 09 code.

4.3 Computational details

We employ the geometries obtained in our previous chapter and optimized within

DFT with the BLYP [16, 17] functional and the cc-pVDZ basis set [18] using the

Gaussian 09 [19] code.

All subsystem DFT calculations are performed with the subsystem-DFT im-

plementation [20, 21] in the ADF2013.2 package. [22–24] We employ either the

M06-HF [25] or the PW91 [26] exchange-correlation functional and the DZP basis

set [27]. For the embedding calculations, we use the Thomas–Fermi (TF) [28–30]

or the PW91k [31] kinetic-energy functional to compute the non-additive terms of

the kinetic energy. We employ the PW91 functional for the non-additive exchange-

correlation contributions.

For the linear-response coupled-cluster at the approximate doubles (CC2), [32–

34] singles and doubles (CCSD), [35] and non-iterative triples [CCSDR(3)] [36, 37]

orders, we use the Dalton 2013 code [38] appropriately modified for the CC-in-DFT

embedding calculations [7]. The CC2 calculations for the complete solvated systems

are performed with the Turbomole code, version 6.3.1 [39] and the resolution of

the identity [33]. The 1s core orbitals for heavy atoms were kept frozen in these

calculations.

We use Molcas 7.4 [40] for the CASPT2 calculations and a modified version
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of the code for the CASPT2-in-DFT embedding calculations, where the embedding

interface is adapted from the Molcas-Embed interface developed by Carter and co-

workers. [41, 42] We use state-averaged complete-active-space self-consistent field

(CASSCF) wave functions with equal weights on the ground and the excited states

of interest, and refer the reader to the previous chapter for a description of the choice

of active spaces. In the CASPT2 calculations, we employ the default IPEA zero-order

Hamiltonian [43] and introduce an additional constant imaginary shift [44] of 0.1 a.u.

In the CASPT2 calculations, we freeze the lowest σ orbitals corresponding to the 1s
atomic orbitals of the heavy atoms in the system. We use the Cholesky decomposition

of the two-electron integrals [45] with a threshold of 10−4. All CASPT2 excitation

energies reported in this work are obtained at the single-state level.

For the CC and the CASPT2 embedding calculations, we employ the aug-cc-

pVDZ [18] basis sets for the solute molecule. At variance with Chapter 3, where we

treated the water molecules in the supermolecular calculations with the 6-31G basis

set, we give here a more balanced description of the solute and the solvent when

they are both treated at the WFT level: For solvated methylenecyclopropene (MCP),

we use the aug-cc-pVDZ basis set to describe all explicit water molecules and, in

the supermolecular calculations for acrolein, we treat the 10 water molecules closest

to the formylic oxygen with the aug-cc-pVDZ and the remaining 9 waters with the

cc-pVDZ basis set. Within CC2, we can test the use of aug-cc-pVDZ for all 19 sur-

rounding waters and obtain excitation energies for the n → π∗ and π → π∗ states

which are compatible within 0.02 eV. In order to compare with QMC, we also per-

form pseudopotential calculations within CASPT2, employing the Stuttgart/Cologne

pseudopotentials and basis sets [46] augmented with the diffuse functions from aug-

cc-pVDZ [47].

The program package CHAMP [48] is used for the QMC calculations with scalar-

relativistic energy-consistent Hartree-Fock pseudopotentials and the corresponding

basis sets. [49, 50] In particular, we employ the cc-pVDZ basis augmented with dif-

fuse s and p functions [51] on the heavy atoms. Different Jastrow factors are used to

describe the correlation with different atom types and, for each atom type, the Jas-

trow factor consists of an exponential of the sum of two fifth-order polynomials of

the electron-nucleus and the electron-electron distances, respectively [52]. The in-

clusion of electron-electron-nucleus terms in the Jastrow factor is tested and leads to

excitation energies which are equivalent in diffusion Monte Carlo (DMC) within the

statistical error. We employ the same CAS spaces used in the CASPT2 calculations

and obtain the starting determinantal components of the wavefunction in a CASSCF

calculation done with the GAMESS(US) package. [53] In the embedding calcula-

tions of MCP, all (linear, Jastrow, and orbital) parameters in the QMC wavefunctions

are optimized in a state-average fashion within variational Monte Carlo (VMC) us-

ing the linear method [54] extended to state-average calculations. [55] In the cluster

calculations, we only optimize the linear and Jastrow parameters and test the effect

of also optimizing the orbitals for the isolated and the 3-water system. In both cases,

we find that the excitation energies are lowered by about 0.05 eV. The pseudopoten-

tials are treated beyond the locality approximation [56, 57] and an imaginary time

step of 0.05 a.u. is used in the DMC calculations. All QMC results shown below are
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obtained within DMC.

In the QM/MM calculations, we use the TIP3P [58] values of qO = −0.834, qH =
0.417 when treating the water molecules as static point charges.

4.4 Results

We revisit here the performance of the WFT-in-DFT embedding schemes (A) and (B)

for the two smallest molecules studied in our previous chapter, namely, methylenecy-

clopropene (MCP) and s-cis-acrolein (henceforth, acrolein). These molecules are in-

teresting because their low-lying excitations have internal charge-transfer character,

and are therefore archetypal examples of strong coupling with the solvent environ-

ment. Their small size is also well suited to a detailed investigation with wavefunc-

tion approaches of high computational cost.

An important motivation for investigating MCP and acrolein in more detail is also

that the performance of scheme (B) is not fully satisfactory for these molecules: The

excitation energies of MCP in a responsive water solvent display a strong dependence

on the approximate excited-state density chosen to generate the embedding potential

and the agreement with the supermolecular results for acrolein is not very good in

the case of water solvent (see Chapter 3.

Here, we first establish the reliability of the supermolecular reference used to

assess the quality of the embedding calculations, through an extensive comparison

of a variety of wavefunction approaches. We then analyze how different exchange-

correlation and kinetic functionals affect the state-independent and state-specific em-

bedding potentials and the resulting excitation energies of solvated MCP and acro-

lein. We also employ wavefunction densities to polarize the environment in the

ground as well as in the excited state, and investigate the effect of partitioning the

cluster in subsystems by including an increasing number of water molecules in the

wavefunction part.

4.4.1 Methylenecyclopropene

We analyze the embedding calculations of the π → π∗ excitation energy of MCP

in water from several perspectives. First, we employ several wavefunction methods

in addition to CASPT2, which also used in our previous chapter, and investigate

their convergence behavior with increasing cluster size to assess the reliability of the

supermolecular reference. Second, we compare these reference excitation energies to

the embedding results of schemes (A) and (B) computed with the same wavefunction

approach. We then investigate how the errors in the embedding methods depend on

the system size (discarding some water molecules) and on the size of the active part

treated at the WF level (moving some water molecules from the environment to the

active subsystem).

In Table 4.1, we present the excitation energies computed with CASPT2, three

different flavors of coupled cluster theory, and QMC for MCP surrounded by an

increasing number of water molecules. We incorporate up to a total of 17 water
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molecules. We note that the supermolecular calculation with 17 water molecules

is not feasible with CCSD and that MCP with three water molecules is the largest

system considered at the CCSDR(3) level.

As shown in Fig. 4.1, the shifts in the excitation energy with increasing number

of water molecules are rather consistent between the CASPT2, CCSD, CCSD(3),

and QMC methods, supporting the reliability of these approaches in describing the

changes in the excitation of MCP due to the water solvent. In particular, the agree-

ment between CASPT2, CCSDR(3), and QMC for isolated MCP and the 3-water

cluster is very good and the solvatochromic shift for a 9-water system is very sim-

ilar at the CASPT2, CCSD, and QMC levels, namely, 0.72, 0.73, and 0.76(2) eV,

respectively. Furthermore, even though the supermolecular QMC calculation with

17 waters has a large error bar (to keep the computational cost manageable), the to-

tal solvatochromic shift of 0.87(4) eV is compatible with the CASPT2 value of 0.86

eV. This must be contrasted to the use of CC2 which systematically underestimates

the solvatochromic shift: CC2 yields a lower solvatochromic shift of 0.64 eV for

the 9-water cluster and of 0.78 eV for the total system. Furthermore, CC2 shows an

increasing error compared to its CCSD reference with increasing system size here.

These reference data for the supermolecular case with all water molecules are

used to assess the quality of the WF-in-DFT embedding calculations which are also

listed in Table 4.1. We consider the embedding schemes (A) and (B), and treat all

17 water molecules within DFT, and MCP with the same wavefunction approaches

as used above. We first note that using a ground-state CASPT2 density to polar-

ize the environment in scheme (A) gives excitation energies very similar to the ones

obtained with a potential constructed from the ground-state DFT density. As illus-

trated in Fig. 4.2, the excitation energies obtained in scheme (A) are however con-

sistently blue-shifted by about 0.12 eV with respect to the corresponding reference

while method (B) yields red-shifted energies by about 0.1 eV. The only exception is

again CC2, which gives an error for scheme (A) almost twice as large and an exci-

tation energy in scheme (B) which agrees with the CC2 supermolecular value. As

discussed above, this probably reflects an inaccuracy in the solvatochromic shift for

the complete system, which is underestimated by CC2. Surprisingly, an acciden-

tal agreement with the reference calculation is obtained within scheme (A) if we do

not perform freeze-and-thaw cycles but employ the isolated environmental density

to construct the embedding potential. We will see below that this procedure leads to

poor results in the case of acrolein.

As shown in Table 4.1, we also test the sensitivity of the embedding calculations

to the choice of exchange-correlation functional used to the describe the subsystems

in the construction of the embedding potential. We employ two different exchange–

correlation functionals, M06-HF and PW91, and find that the resulting excitation

energies in both schemes (A) and (B) are rather insensitive to this ingredient. As

previously observed in Chapter 3 and also shown in the table, the (B) excitation

energy for MCP displays instead a strong dependence on the approximate excited-

state density used to relax the environment. The excitation energy obtained using

a scp-KS excited-state density is significantly red-shifted with respect to the value

obtained with a fr-KS density. To overcome the limitations of a ΔSCF-like density,

90



4.4 Results

4.0

4.2

4.4

4.6

4.8

5.0

5.2

0 3 6 9 17

E
xc

ita
tio

n
en

er
gy

(e
V

)

No. water molecules

CASPT2
CC2
CCSD
CCSDR(3)
QMC

Figure 4.1: Excitation energies (eV) of MCP and an increasing number of water

molecules. We incorporate up to a total of 17 water molecules.
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Figure 4.2: Excitation energies (eV) of MCP in the complete water system computed

with the WF-in-DFT schemes (A) and (B) and in a supermolecular calculation at

the CASPT2 level. The excitation energies for isolated MCP are also shown. The

PW91/PW91/PW91k functionals are employed in the embedding calculations and

the fr-KS density in scheme (B).
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#wat CASPT2 CC2 CCSD CCSDR(3) QMC

AE ECP ECP

0 4.111 4.099 4.303 4.338 4.125 4.20(1)

3 4.684 4.676 4.843 4.924 4.687 4.79(1)

6 4.742 4.733 4.882 4.973 – 4.83(1)

9 4.831 4.823 4.944 5.068a – 4.96(2)

17 4.968 4.961 5.081 – – 5.07(4)

M06-HF/PW91/PW91k

(A) 5.104 5.094 5.315 5.348 5.132 5.19(1)

(B) fr-KS 4.867 4.912 5.084 5.116 4.897 5.02(1)

PW91/PW91/PW91k

iso env 4.926 – – – – –

(A) 5.091 5.078 5.304 5.337 5.119 5.19(1)

(A) WF 5.082 5.072 5.296 5.330 5.112 5.18(1)

(B) scp-KS 4.750 4.831 4.975 5.003 4.781 4.92(1)

(B) fr-KS 4.871 4.903 5.090 5.120 4.900 5.00(1)

(B) WF 4.876 4.910 5.096 5.127 4.907 5.02(1)
a The cc-pVDZ basis set is used for the H atoms.

Table 4.1: CASPT2 (all-electron, AE, and effective core potential, ECP), CC, and

QMC excitation energies (eV) of MCP and an increasing number of water molecules.

We incorporate up to a total of 17 water molecules. In the WF-in-DFT results with

schemes (A) and (B), MCP is treated at the WF level and all 17 water molecules

within DFT. In scheme (B), we employ ΔSCF-like (scp-KS and fr-KS) and wave-

function (CASPT2) densities to polarize the environment and construct the embed-

ding potentials. “Iso env” denotes an embedding scheme where the potential is

generated with the frozen ground-state density of the isolated environment. We

use PW91 and PW91k as the inter-fragment functional and either M06-HF (M06-

HF/PW91/PW91k) or PW91 (PW91/PW91/PW91k) for the intra-fragment calcula-

tions. Only the linear coefficients and Jastrow parameters are optimized in the QMC

calculations for the clusters.

we use ground- and excited-state CASPT2 densities to polarize the water molecules

in schemes (A) and (B), respectively. For MCP, we find that the use of a WF density

yields similar excitation energies to the one obtained with the fr-KS density, so the

source of the remaining error with respect to the supermolecular reference must be

sought in some other aspects of the embedding schemes.

To this aim, we study the effect of changing the size of the environment, that is,

the number of solvent water molecules. We proceed in two different ways: First,

we treat only MCP at the WF level and include a given number of water molecules

within DFT, discarding all the others. Second, we move the boundary between the

WF and DFT parts of the complete system by including an increasing number of

water molecules in the WF part.

The results obtained with a growing number of DFT water molecules in the clus-

ter are presented in Fig. 4.3. The results of scheme (A) are blue-shifted with respect
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Figure 4.3: CASPT2 excitation energies of MCP and an increasing numbers of water

molecules. We incorporate up to a total of 17 water molecules. The correspond-

ing QM/MM and WF-in-DFT energies obtained with schemes (A) and (B) are also

shown. The PW91/PW91/PW91k functionals are employed in the embedding calcu-

lations and the fr-KS density in scheme (B).

to the energy obtained treating the whole cluster at the WF level, but the size of this

shift is quite constant (0.09-0.12 eV) for the 3, 6, 9, and 17 water clusters. This

suggests that the main source of error of scheme (A) is the neglect of the response

of the closest 3 water molecules, while the other 14 water molecules are adequately

described as a “frozen” solvent. Scheme (B) correctly yields a red-shift compared

to (A) by including the response of the 3 closest water molecules. However, it pre-

dicts that this red-shift with respect to scheme (A) grows uniformly with the size of

the system to a final value of 0.24 eV for 17 waters, and a resulting excitation en-

ergy 0.10 eV lower than the reference value. The environmental response should no

doubt increase with the number of solvent molecules but scheme (B) significantly

overestimates it since the error with respect to the reference grows with the size of

the environment.

In Table 4.2 and Fig. 4.4, we present the excitation energies obtained by including

more water molecules in the WF region and treating the remaining ones at the DFT

level. We observe that scheme (A) is in very good agreement with the supermolecular

reference when we include 3 water molecules in the WF region (blue-shifted by only

0.04 eV for PW91/PW91/PW91k). This finding is very much consistent with the

results of the previous test (Fig. 4.3), namely, that the largest error in scheme (A) is

the inadequate description of the closest 3 water molecules (possibly, neglecting their

response). On the other hand, scheme (B) needs as many as 9 water molecules in the

WF region to yield the same level of accuracy. Surprisingly, the use of wavefunction-
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Figure 4.4: Dependence of the CASPT2 excitation energy on the number of water

molecules in the WF region. The PW91/PW91/PW91k functionals are employed

in the embedding calculations. We use either fr-KS or WF (CASPT2) densities in

scheme (B).

based densities brings no significant improvement in the agreement of scheme (B)

with the supermolecular value. In fact, for most cases, the QM/MM excitation energy

is very close to scheme (B) – this is surely a coincidence as the two approaches are

radically different.

We also check for the dependence of the results on the kinetic-energy functional

and the exchange-correlation functional used to describe the subsystems. Employing

the TF functional instead of PW91k yields a blue shift of 0.02-0.08 eV, depending

on the size of the WF region. Therefore, the use of TF as a kinetic-energy functional

improves the performance of scheme (B) and worsens the one of scheme (A) when

comparing to the reference value. Even though this improvement may be based on

error cancellation, it illustrates that the non-additive kinetic-energy functional (and

its functional derivative entering the embedding potential) can have a non-negligible

effect here, since the desired differential polarization effects are of similar magnitude.

M06-HF as an intra-fragment exchange-correlation functional produces slightly less

stable results than PW91. For example, there is an unphysical 0.1 eV blue shift of

scheme (B) with respect to scheme (A) for the case of 3 water molecules in the WF

part. The better performance of PW91 can possibly be explained by the fact that the

same density functional is then employed in all aspects of the embedding calculation

(intra- and inter-fragment functionals), which translates into a better cancellation of

errors.

To better understand why scheme (B) overestimates the red-shift, we also study

how the dipole moments of the total system (MCP and solvent) computed with
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M06-HF PW91

PW91k PW91k TF

#wat QM/MM (A) (B) (A) (B) (B) WF (A) (B)

0 4.876 5.104 4.867 5.091 4.871 4.857 5.167 4.940

3 4.910 4.924 5.027 5.008 4.835 4.833 5.063 4.886

6 4.874 4.952 4.906 5.005 4.864 4.834 5.047 4.904

9 4.918 4.982 4.935 5.001 4.915 4.906 5.020 4.934

17 4.968 4.968 4.968 4.968 4.968 4.968 4.968 4.968

Table 4.2: Excitation energies (eV) for MCP computed with different numbers of wa-

ter molecules in the WF region and the remaining ones treated at the DFT level. In the

WF-in-DFT calculations, four different combinations of functionals are employed

with M06-HF and PW91 as intra-fragment exchange-correlation functional, and TF

and PW91k as kinetic-energy functionals. The non-additive exchange-correlation

potential is always computed with the PW91 functional. We use either fr-KS or WF

(CASPT2) densities in scheme (B).

schemes (A), (B), and QM/MM compare to the reference values. We treat MCP

at the WF level and include only part of the water molecules in the DFT region,

discarding the others (as in Fig. 4.3). The dipole contribution of the environment is

estimated in schemes (A) with the use of the subsystem DFT density of the water

molecules and in QM/MM by simply using the classical electrostatic dipole created

by the static point charges. For scheme (B), we compute the dipole contribution

of the relaxed environment using the polarized density obtained in a self-consistent

fr-KS calculation in the presence of excited MCP.

We plot the difference between the excited- and ground-state dipole moments for

our schemes (A), (B), QM/MM, and the supermolecular reference in Fig. 4.5(a). For

scheme (A) and QM/MM, the dipole of the environment cancels out but scheme (B)

also includes the dipole shift stemming from the environment since the water DFT

density is different in the ground and the excited state. The calculations denoted as

“(B) only MCP” neglect this change in the environmental density, so only the MCP

dipole is included in the calculation. We find that methods (A) and QM/MM seem-

ingly converge to their respective values for the complete system when only 6 water

molecules are included. On the other hand, the dipole shift of the supermolecular

reference does not converge even for 17 water molecules. In fact, the largest change

in the reference dipole shifts occurs between the 9-water cluster and the 17-water

one; this observation calls into question the concept that the only effect scheme (A)

misses is the response of the nearest 3 water molecules to get an accurate description

of the excitation process. However, even though the additional 8 water molecules

have apparently a significant response in terms of total density/dipole moment, from

our previous analysis, it is clear that the neglect of their response does not amount to

a serious error in terms of final excitation energy. We also notice that the agreement

of the dipole shift given by scheme (A) with all 17 water molecules and the corre-

sponding supermolecular value is most likely just a coincidence since scheme (A)

displays significant errors for all other cluster sizes.
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Scheme (B) shows important similarities to, but also some significant deviations

from the supermolecular reference. On the positive side, it is the only embedding

scheme tested here which qualitatively correctly predicts a decrease in the dipole

shift from 0 to 3 water molecules. However, it overestimates this decrease, and pre-

dicts a further decrease for 6 and 9 water molecules instead of an almost constant

behavior (in fact, a slight increase) observed in the supermolecular reference. The

increase observed for scheme (B) when going from 9 to 17 water molecules is again

in very good agreement with the supermolecular result, and much better than for all

other methods. If one ignores the environment relaxation, scheme “(B) only MCP”

produces larger dipole shifts than (A) or QM/MM. This effect is, however, coun-

terbalanced by the contribution of the responsive DFT environment, which makes

the dipole shifts of scheme (B) the smallest of the four schemes considered here.

A dipole shift in the active subsystem should indeed induce an opposite (approxi-

mately antiparallel) shift in the environment, so scheme (B) works qualitatively as

expected, but it clearly overestimates this effect. This finding is also reminiscent of

what we have seen in the excitation energies of Fig. 4.3, namely, that scheme (B)

overestimates the environmental response.

We also analyze the total ground- and excited-state dipole moments projected to

the main axis of MCP in Fig. 4.5(b). As perhaps expected, scheme (A) reproduces

the reference dipole moment very well for the ground state (the ground-state dipole

moment of scheme (B) is of course identical). Interestingly, scheme (A) is superior

to scheme (B) in the excited state even though scheme (A) in no way accounts for the

environmental relaxation. Scheme (B) correctly reduces the dipole moment in the

excited state with respect to (A) but the correction w.r.t. (A) overshoots the reference

value. In fact, it overshoots so much here that a worse agreement with the reference is

obtained. Therefore, we witness an over-correction of scheme (B) as in our previous

analyses. Finally, we find that QM/MM yields surprisingly good dipoles up to 6

water molecules, especially for the ground state.

4.4.2 Acrolein

For acrolein in water, we focus on the comparison of the embedding schemes (A) and

(B) with the supermolecular reference, and summarize the results in Table 4.3. We

employ CASPT2 and CC2 as wavefunction approaches to describe active acrolein

and find that they predict significantly different excitation energies in the presence

of the solvent: For the n → π∗ and π → π∗ excitations, CC2 gives supermolecular

excitation energies lower than the CASPT2 values by about 0.3 and 0.1 eV, respec-

tively. We recall that CC2 disagrees with CASPT2 also in the case of MCP in water,

where higher-level coupled-cluster and QMC approaches have however validated the

use of CASPT2 against CC2.

The embedding calculations reproduce the supermolecular reference excitation

energy rather well for the n → π∗ state. At the CASPT2 level, scheme (A) gives a

very good agreement with the reference, independently of the ground-state density

(DFT or WF) used to polarize the environment and construct the embedding poten-

tial. The excitation energies obtained with scheme (B) depend instead on the choice
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Figure 4.5: Top: Absolute value of the CASPT2 dipole shifts between the groud

and excited state. Bottom: ground- and excited-state dipole moments projected on

the main axis of MCP. For both cases, we consider MCP and an increasing numbers

of water molecules. For schemes (A) and (B), the MCP molecule is treated at the

WF level and the water molecules at the DFT level, and the PW91/PW91/PW91k

functionals are employed with the fr-KS density in scheme (B).
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n→ π∗ π → π∗

scheme CC2 CCSD CASPT2 CC2 CCSD CASPT2

isolated 3.280 3.371 3.289 5.891 6.025 5.856

iso env – – 4.392 – – 5.837

(A) 4.433 4.532 4.623 5.773 5.919 5.763

(A) WF 4.432 4.532 4.623 5.782 5.928 5.774

(B) scp-KS 4.242 4.360 4.421 5.822 5.970 5.816

(B) fr-KS – – – 5.779 5.926 5.771

(B) WF 4.318 4.427 4.500 5.828 5.976 5.821

super 4.340 – 4.610 5.580 – 5.658

Table 4.3: CASPT2 and CASPT2-in-DFT excitation energies (eV) of acrolein in

water. The PW91/PW91/PW91k functionals are employed in the embedding calcu-

lations in combination with ΔSCF (scp-KS and fr-KS) and WF (CASPT2) densities.

We also report the excitation energy of isolated acrolein and the value (iso env) ob-

tained with an embedding scheme where the potential is generated with the frozen

ground-state density of the isolated environment.

of the excited-state density used to relax the environment. With the scp-KS density,

scheme (B) yields a red-shift of 0.2 eV with respect to the (A) result, overestimating

the environmental response and, therefore, spoiling the agreement with the super-

molecular calculation. Scheme (B) with the wavefunction-based density fares much

better since it predicts a red-shift of only about 0.1 eV, which brings the values in bet-

ter agreement with the supermolecular reference. Interestingly, if we do not perform

freeze-and-thaw cycles but employ the isolated environmental density to construct

the embedding potential, we obtain a rather poor excitation energy. Therefore, al-

though reasonable for MCP, the procedure of using isolated densities advocated in

Ref. [59] is not generally valid and can be rather dangerous for the system at hand if

not properly validated.

Unlike the n → π∗ state, the π → π∗ excitation energies obtained with the

different embedding schemes and wavefunction methods have a rather small spread

(about 0.05 eV). We note that there is a small, unphysical (see Section 4.2) blue-shift

of about 0.04 eV when going from scheme (A) to (B). Finally, we stress once again

that the use of CC2 as supermolecular reference would have in fact lead us to the

opposite conclusion as regards the relative accuracy of the (A) and (B) embedding

schemes in the case of the n → π∗ excitation. This underlines the importance of

having an independent reference wavefunction approach, especially in view of the

fact that CC2 shifts showed an increasing deviation from their CCSD reference for

increasing solvation shell in case of MCP.

Similarly to MCP, the use of a ground-state wavefunction density to polarize

the solvent yields practically unchanged excitation energies. This again gives us

confidence in the ground-state description of these two systems in WF/DFT.
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4.4.3 Excited-state densities to polarize the environment

As discussed above, the accuracy of scheme (B) often hinges on the availability of a

good approximation for the excited-state density of the embedded molecule to po-

larize the environment. The two simple ways (scp-KS and fr-KS) of generating

an approximate density within Kohn-Sham DFT can lead to significantly different

excitation energies within scheme (B) as observed for MCP, and may be both not

sufficiently accurate. Furthermore, it is not always possible to converge the self-

consistent procedure for obtaining the fr-KS density as in the case of the n → π∗

state of acrolein.

As demonstrated above, the use of accurate wavefunction-based densities can

improve the results obtained with ΔSCF-like densities or be used to confirm the ex-

citation energies obtained with these densities. Here, we used CASPT2 densities

obtained in state-specific calculations since the use of state-average orbitals signif-

icantly impacts the quality of the resulting PT2 density (see the appendix of Chap-

ter 3). However, this recipe is not generally applicable since a state-specific calcula-

tion can be unsuitable for the system at hand. Moreover, in practical computations

of larger systems, it might simply be too costly to determine an accurate density

with a wavefunction approach, in particular if iterative relaxation cycles (“freeze-

and-thaw”) are carried out.

An alternative we have not considered so far is to obtain an excited-state density

through time-dependent density functional theory (TDDFT). To investigate whether

this is a viable strategy, we consider the isolated MCP molecule (TDDFT densities

are not yet available for embedding calculations with the ADF code) and compute the

linear density difference between the ground and the excited state of MCP defined

as:

λe(x)− λg(x) =

∫
ρe(x, y, z)dydz −

∫
ρg(x, y, z)dydz, (4.14)

where the x-axis is parallel to the two carbon atoms in the CCH2 terminus. In

Fig. 4.6, we compare the results obtained with the reference CASPT2, the two ΔSCF-

based densities, and two TDDFT densities obtained with the CAM-B3LYP [60]

functional. An approximate TDDFT density is computed in a CIS-like fashion [13]

and the “exact” linear-response (LR) one is calculated as the functional derivative of

the energy with respect to the potential. [14] We find that the scp-KS and CIS-like

TDDFT densities are very close to each other and severely overestimate the charge

transfer effect while fr-KS slightly underestimates it. As compared to the fr-KS den-

sity, the linear-response or “exact” TDDFT density displays a better agreement with

the reference on the side of the CCH2 terminus but a larger discrepancy in the ring.

We recall that, for MCP, the use of the reference WF density yields very similar

excitation energies within scheme (B) to the ones obtained with the fr-KS density

while the scp-KS construction leads to severely underestimated energies. Therefore,

while CIS-only TDDFT does not bring an improvement compared to a simple scp-

KS density, the use of the linear-response TDDFT density in scheme (B) represents

a promising compromise between accuracy and computational cost.
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function (CASPT2) methods. Inset: the position of the MCP molecule.
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4.4.4 On the accuracy of the embedding potentials

To understand the effect of using state-specific potentials in scheme (B), it is in-

structive to analyze the embedding potentials. For MCP, we know that scheme (B)

yields a red-shifted excitation with respect to scheme (A) and this feature should be

reflected in the ground- and excited-state embedding potentials. If we plot the dif-

ference between the excited- and ground-state embedding potentials in Fig. 4.7, we

observe in fact that the excited-state potential promotes the charge transfer from the

methylene moiety to the ring by increasing the potential around the region which

loses charge. Therefore, the excited-state potential has the appropriate features to

give a qualitatively correct chemical behavior in the excitation.

However, if we want to investigate in more detail how the various ingredients

in the calculations affect the embedding potentials, it is difficult to do so through a

direct visualization of the potential since MCP is not a linear molecule. Therefore,

we choose here to look at the gross features of the potentials by averaging it over an

isosurface “outside” the molecule characterized by the same distance to the closest

carbon atom of the MCP molecule. In Fig. 4.8, we show the average embedding

potential as a function of this coordinate for schemes (A) and (B), which form a very

high barrier in the range of about 2–4 Å. As documented in the literature for smaller

molecules [61], this barrier is introduced by the non-additive contribution of the func-

tional derivative of the kinetic functional and, while it correctly serves the purpose

of confining the electrons in the respective subsystems, it is usually overestimated

by present approximate kinetic-energy functionals. Since scheme (B) red-shifts the

excited-state energy with respect to scheme (A), one might expect some difference

in the average features of the potential or in the height of the barriers. Surprisingly,

the average embedding potentials from schemes (A) and (B) and, consequently, the

corresponding barriers are practically identical. Therefore, the way in which a state-

specific potential affects the excited state at the level of a 0.1-0.2 eV is hidden in the

finer features of the potentials and it will be possibly harder to capture when develop-

ing newer kinetic-energy functionals. On the other hand, the use of different kinetic-

energy functionals, PW91k and Thomas-Fermi, in the construction of the potential

for scheme (A) yields some clear differences: The barrier formed by Thomas-Fermi

is slightly higher than the one obtained with PW91k and the potential raises more

steeply. This behavior correlates rather well with the excitation energies, which are

consistently blue shifted when the Thomas-Fermi approximation is employed (see

Table 4.2). An analogous analysis for acrolein in water yields similar global features

in the embedding potential as illustrated in Figure 4.9.

4.5 Conclusions

We performed here a detailed analysis of the WF-in-DFT approach we recently pro-

posed for excited-state calculations, which includes differential polarization effects

through state-specific embedding potentials. We focused on two molecules (micro-

)solvated in water, MCP and acrolein, where the use of state-specific embedding
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Figure 4.7: The difference between the excited- and ground-state embedding poten-

tials for MCP obtained with the PW91/PW91/PW91k functionals and the fr-KS den-

sity in scheme (B). The red and blue isosurfaces correspond to the values of 0.0075

and -0.0075 a.u., respectively.
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Figure 4.8: Average embedding potential as a function of the distance from the clos-

est carbon atom of MCP. Top: Two different kinetic-energy functionals are used in

the construction of the non-additive kinetic potential in scheme (A). Bottom: The

potentials are obtained with schemes (A) and (B). PW91 is always employed for the

intra-fragment computations and the non-additive exchange-correlation potentials.
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potentials in Chapter 3 did not improve upon the excitation energies obtained with

the standard WF-in-DFT approach with state-independent potentials and a frozen

ground-state DFT environment.

First of all, we showed that the supermolecular solvatochromic shifts from CAS-

PT2 calculations, which were exclusively used as a reference in our previous chapter,

are confirmed by QMC and by CC methods. In particular, the QMC, CCSD, and

CCSDR(3) approaches offer a very similar response to the solvent as more water

molecules are added to the system, in good agreement with the CASPT2 method. We

note in passing that the CC2 model in our MCP test case turned out to yield increasing

deviations from CCSD for excitation energies with increasing number of solvent

molecules. Using the CC2 shifts as a reference can actually change the conclusion

on the relative accuracy of the embedding methods (A) versus (B), as is the case here

of the n → π∗ excitation of acrolein. Concerning the embedding effect on different

electronic-structure methods, we found for MCP that all wavefunction approaches

respond to both embedding schemes in a very similar manner: Scheme (A) uniformly

leads to a solvatochromic shift of about 1 eV, whereas scheme (B) yields smaller

shifts of about 0.8 eV. For this molecule, scheme (B) leads to slightly better shifts

than scheme (A) with the settings tested here (unless “scp-KS” densities are used).

Our results demonstrate the importance of using a well validated reference (computed

here with a consistently large basis set for the complete system) and an accurate

excited-state density in the construction of the embedding potential in scheme (B).

We also investigated in detail how various computational ingredients affect the

ground- and excited-state potentials of MCP and acrolein and the resulting excita-

tion energies in scheme (A) and (B). We found that the specific exchange-correlation

functional used to describe the subsystems does not significantly affect the excita-

tion energies. However, the choice of the excited-state density used to polarize the

environment and to construct the excited-state potential in scheme (B) can play a

major role. In order to overcome the limitation of ΔSCF-like (scp-KS and fr-KS)

densities as used in our previous chapter, we tested accurate CASPT2 excited-state

densities obtained in scheme (A) to polarize the environmental density. This pro-

cedure is computationally more costly, but offers a more consistent WFT-in-DFT

embedding approach. Moreover, wavefunction-based densities can be obtained for

any state of interest unlike the fr-KS one, for which no convergence could be reached

for the n→ π∗ state of acrolein. We also tentatively analyzed whether TDDFT-based

densities represent a viable route with reduced computational cost and, for MCP, ob-

served a very promising agreement of the linear-response TDDFT density with the

accurate wavefunction-based reference. This option will have to be further explored

and applied to the construction of the excited-state potential for scheme (B).

Even with the use of wavefunction-based excited-state densities in the construc-

tion of the excited-state potentials, the results of the WFT-in-DFT embedding with

state-specific potentials are not systematically better than scheme (A), which makes

use of state-independent embedding potentials. Our analysis shows that scheme (B)

qualitatively corrects results from scheme (A) into the right direction, but often leads

to an overcorrection. In the case of MCP, state-specific embedding potentials slightly

overestimate the response of the environment and therefore also the solvatochromic
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shift: Compared to the supermolecular reference, the errors produced by scheme (B)

are similar in magnitude to those of scheme (A), but in the opposite direction. For the

n→ π∗ state of acrolein, we found that scheme (B) again overestimates the environ-

mental response and red-shifts the excitation energy below the reference value. We

stress that these errors are rather small, typically below 0.1 eV, and that a clear signa-

ture of possible inaccuracies in scheme (B) is in fact the dependence of the excitation

energy on the excited-state density used to polarize the environment.

Possibly, the presence of such strong dependence on the excited-state density of

the active subsystem signals another limitation of the approach, namely, the use of

ground-state energy functionals and their functional derivatives to generate excited-

state embedding potentials. At present, theoretical effort on excited-state energy

functionals is, however, still mainly focused on developing a proper theoretical for-

mulation [62, 63] more than on generating approximations for practical use.

Another source of error which affects both embedding schemes (A) and (B) is

of course the relative crudeness of the available approximations for the kinetic en-

ergy functional entering in the embedding potentials as compared to the exchange-

correlation counterpart. This was shown here by a comparison of TF and PW91k for

the excitation energies of MCP. To understand possible routes of improvement for

either scheme, we believe that the comparison with exact reconstructed [61] state-

independent and state-specific embedding potentials is essential. This will be the

subject of future investigations.
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Chapter 5

Multiscale excited-state modeling
of green fluorescent protein:
Solving a polarizing issue †

We study the absorption properties of green fluorescent protein (GFP) using several

multiscale schemes. For the modeling of the excitation on the photoactive chro-

mophore, we employ a variety of electronic-structure methods: Time-dependent den-

sity functional theory (TDDFT), multiconfigurational perturbation theory (NEVPT2

and CASPT2), and quantum Monte Carlo (QMC), and we treat the rest of the pro-

tein at several different levels to explore the most important physical effects: Non-

polarizable and polarizable classical descriptions and quantum environments (DFT

embedding). After performing thermal sampling using ab initio dynamics for both

protonation forms, we choose a total of 100 room-temperature frames and treat these

at the lowest class of environmental description, static point charges. From these

results, we identify an important difference between the protonation states: The

excitation of the neutral A form is mostly tuned by the coordinates of the chro-

mophore, while the anionic B form is more affected by the external parameters of

the hydrogen-bond network. Given that these initial runs yield blue shifted results

compared to the experiments, we pursue various ways of going beyond the point-

charge models. Through comparisons with TDDFT reference calculations on a 300-

atom cluster, we find that the point charges cause an average blue shift of about 0.1

eV and correcting this error is not possible through adding ground-state polarizable

dipoles. On the other hand, we show that dipoles induced in the excited state alle-

viate the errors yielded by the point-charge description, but only in the formulation

of linear-response polarization (polLR) and not that of state-specific ones (polSS).

Since apparently non-electrostatic coupling (captured by polLR but not polSS) with

the environment is the most important effect, the dominantly electrostatic DFT em-

bedding does not improve on the static point-charge model.

† This chapter is submitted for publication as C. Daday, C. Curutchet, A. Sinicropi, B. Mennucci,

and C. Filippi, “Chromophore-protein coupling beyond non-polarizable models: Understanding ab-

sorption in green fluorescent protein ”,
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5 Multiscale excited-state modeling of GFP: Solving a polarizing issue

5.1 Introduction

The development of multiscale methods to treat complex environments is at the

forefront of research in computational chemistry [1–6]. An important application

of these approaches is the description of the excited states of large photosensitive

systems, where the excitation of a limited active region is modeled at a high-level

electronic structure method and a lower level of theory describes the rest of the sys-

tem. While several possible combinations of computational ingredients are possible

in such hierarchical models, the simplest embedding approach of a static classical

environments in so-called quantum mechanics in molecular mechanics (QM/MM)

calculations has seen widespread use for more than a decade [1,3]. There is however

mounting evidence that this approach is inadequate for the treatment of excitation

energies: Several recent papers using classical point charges in combination with

a variety of quantum approaches [7–13] have reported significant errors in the com-

puted excitation energies with respect to experimental absorption maxima in different

photoactive proteins.

There are essentially two main paths one may follow to alleviate the shortcomings

stemming from the inadequacy of classical point charges. One may either employ a

more sophisticated but still classical environment or attempt to treat parts of the en-

vironment at the quantum level. In the first class of models, the use of polarizable

dipole moments (MMpol) [14–17] is gaining popularity: Polarizable dipoles appear

to yield significantly improved excitation energies with respect to non-polarizable

classical embedding [13, 18–21] and offer the appealing feature that the effect of in-

cluding dipoles induced in the ground state or also responding to the excitation of the

embedded system can be systematically studied [22]. The second class of models,

seeking to treat more atoms at a quantum level, has several possible members. In

the so-called “mechanical embedding” schemes, the high-level quantum calculation

is only performed on an isolated part of the total system and determines a correction

to a low-level supermolecular quantum calculation [23]. A self-consistent quantum

method is sub-system density functional theory (DFT) embedding, where the envi-

ronment density creates a one-electron embedding potential to be used in a high-level

calculation of the active sub-system. Similarly to the case of polarizable dipoles,

ground-state [24,25] and state-specific [26] schemes are available to study the effect

of the environment response. Finally, a more “brute-force” approach [10, 13, 27] is

to simply increase the quantum region to include part of the protein environment and

treat the whole cluster at the same level of theory. The clusters might however be

much larger than what is viable with most quantum methods: A recent study [8] re-

ported that more than 700 quantum atoms are necessary to converge the excitation

energy of the photoactive yellow protein.

Here, we focus on wild-type Aequorea green fluorescent protein (GFP), as a par-

ticularly ideal case, which challenges our understanding of how the the excitation

of the photoreceptor (the chromophore) couples to the protein environment, and of

what the necessary ingredients in a computational method are to describe its pho-

tophysics. The importance of GFP as photobiological system stems from being the

progenitor of the large family of intrinsically fluorescent proteins [28,29] which have
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launched a revolution in cell biology being compatible with non-invasive imaging in

living cells. More recently, the development of fluorescent proteins with targeted

photochemical properties has also enabled remarkable advances in super-resolution

bio-imaging techniques capable of beating the diffraction limit [30, 31]. Relevantly

to the purpose of the current study, the environment surrounding the chromophore

in these proteins is known to play a critical role in tuning its excited-state behav-

ior: Through the mutagenis and continuous discovery of GFP-like proteins in dif-

ferent sea organisms [28], this class of proteins now covers almost the entire visible

spectrum both in emission and absorption. On the other hand, predicting the rela-

tion between relatively fine structural changes in the chromophore pocket and the

spectral properties of the chromophore-protein complex remains a very demanding

task for multiscale approaches. Several recent studies [12, 19, 32] have attempted a

computational characterization of these photoactive systems but reproduced trends

in absorption between the various proteins with limited degree of success.

For wild-type GFP, in particular, many computational articles have appeared in

the literature [7, 9, 12, 13, 18–21, 27, 32–40] due to the importance of the system

and abundance of experiments characterizing its structural and spectral properties.

The bulk of these studies produced however excitation energies blue-shifted with

respect to absorption experiments when using a classical static treatment of the pro-

tein [7,9,12,32,34–40]. Consequently, the focus has recently shifted towards improv-

ing the description of the environment either through polarizable dipoles [18–21] or

simply by increasing the quantum region and therefore treating all atoms at the same

level of theory [10, 27]. While both approaches appear to improve on experimen-

tal agreement, many fundamental questions remain unanswered that transcend the

choice of GFP as system of study: Does the excitation of the chromophore polarizes

the environment and how long range is this effect? Is the coupling between the active

site and the protein of electrostatic nature or do we ultimately need a fully quantum

mechanical description? Are there clear signatures indicating which computational

route one must follow in modeling other photobiological systems?

Here, we seek to provide robust answers to these questions and, to this aim,

employ a large battery of tools to describe the chromophore-protein complex. We

will begin with extensive QM/MM molecular dynamics simulations and generate a

large number of representative frames (about 100 in total) to investigate the inter-

play between structure and excited states of both protonation states of GFP. Analyz-

ing numerous frames allows us to faithfully assess temperature effects, explore the

main factors that determine the spread of absorption energies, and avoid the danger

of drawing far-reaching conclusions on a single configuration of the system. We

will consider the three main approaches to multiscale modeling of excited states,

namely, static point charges, polarizable dipoles, and DFT embedding (the latter be-

ing here applied for the first time to fluorescent proteins) and, for many configurations

sampled from the dynamics, either compare their results to supermolecular calcula-

tions on very large clusters or change the quantum method within the same hybrid

scheme to understand how the response varies with the sophistication of the quan-

tum treatment. For this purpose, we will perform calculations with several different

electronic-structure methods: Time-dependent density functional theory (TDDFT)
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5 Multiscale excited-state modeling of GFP: Solving a polarizing issue

with two different functionals and three wave-function methods, that is, the complete

active space perturbation theory (CASPT2), n-electron valence state perturbation the-

ory (NEVPT2), and quantum Monte Carlo (QMC). In particular, we will explore the

nature of polarization effects on the excitation energies of GFP using a frozen and a

polarizable environment both at the level of DFT and MMpol embedding to identify

the origin of the failure of a static classical description. Finally, we will establish the

validity of representing the whole protein as a small cluster in several different ways;

this analysis has been lacking in the bulk of previous literature.

The remainder of this paper is organized as follows: In Section 5.2, we describe

the computational details and, in Section 5.3, we present our main results. We discuss

them and draw our conclusions in Section 5.4.

5.2 Computational details

For the QM/MM simulations [41, 42], we use the CPMD 3.17.1 [43] and Gro-

mos96 [44] codes with the Amber 03 [45] force field and the TIP3P [46] water

model for the MM atoms. We treat the QM region with density functional theory

(DFT) and employ the PBE [47, 48] exchange-correlation functional, the Martins-

Toullier pseudopotentials [49] and a plane-wave cutoff of 70 Ry. The size of the

quantum box is such that the distance between periodic replicas is at least 8 Å. We

perform the Car-Parrinello molecular dynamics (MD) simulations with a time step

of 4 a.u (about 0.1 fs) and a fictitious electron mass of 400 a.u. For the first 0.5 ps

of the room-temperature (300 K) runs, we use the Berendsen thermostat [50] with a

time constant of 10 a.u. We then switch to a Nosé-Hoover thermostat [51, 52] with

a characteristic frequency of 2000 cm−1 and default settings for the rest of the 27

and 25 ps MD simulations for B and A form, respectively. In the annealing runs, we

rescale the velocities at each step by 0.999 until the temperature is below 0.1 and 10

K for the A and the B form, respectively, and by 0.99 afterwards.

We use Molcas 7.4 and 7.8 [53] for the CASPT2 calculations and a module

adapted from the Molcas-Embed interface developed by Carter and co-workers [54,

55] for the CASPT2/DFT embedding runs. We employ the ANO-S-VDZP [56,

57] basis set and, in the convergence tests, the aug-cc-pVDZ [58]. We use the

Cholesky decomposition of the two-electron integrals [59] with a threshold of 10−4.

In the CASPT2 calculations, we always adopt the default IPEA zero-order Hamil-

tonian [60] with an additional constant imaginary shift [61] of 0.1 a.u. and, unless

otherwise noted, report the excitation energies computed at the single-state level. We

also freeze as many σ orbitals as there are heavy atoms. In the MM calculations,

we describe the protein with the Amber 99 [62] force field and set the charges of

the charge group closest to the MM boundary to zero, redistributing them to the next

charge group, weighted by nuclear charge. All CASSCF calculations are carried out

in state average and we use a CAS(14,13) for the B form and CAS(16,15) for the

A form. The reason why we deviate from the minimal CAS(16,14) is different for

the two forms: For the A form, we found that including an extra virtual orbital to

substantially stabilize our states and for the B form, freezing one occupied orbital
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allowed for cheaper calculation on the large number of frames that we will consider.

We also perform CASPT2/MMpol calculations in the presence of a polarizable

environment using the Amber pol12 parameters (AL model in Ref. [63, 64]) to de-

scribe the protein and the water solvent. For water, we derived the point charges

from a standard RESP fit using the electrostatic potential computed at the MP2/aug-

cc-pVTZ level on the TIP3P water geometry (qO = −0.726, qH = 0.363). These

CASPT2/MMpol results are estimated using a two-step strategy recently present-

ed [65], where the MM induced dipoles and charges from a CASSCF/MMpol cal-

culation performed using the Gaussian code are later used in Molcas as a static ex-

ternal potential to obtain the CASPT2 results. Such CASSCF/MMpol calculations,

performed using a locally modified version of Gaussian09, revision A.02 [66], are

obtained using the state-average procedure for the ground and first excited states and

adapting the MM polarization either to the ground state (polGS), or to the ground

and excited states in two separate calculations (polSS).

The time-dependent density functional theory (TDDFT) runs are also performed

using a locally modified version of Gaussian09, revision A.02 [66], and with the

CAM-B3LYP [67] and LC-BLYP [68] functionals. We use the AL Amber pol12

parameters [63,64] for the polarizable dipole calculations and Amber 99 for the non-

polarizable runs for consistency with CASPT2/MM. We employ the 6-31G [69] basis

set on the hydrogens and the 6-31+G(d) [69–71] for the other atoms.

To generate the embedding potentials for the CASPT2/DFT and TDDFT/DFT

calculations, we use the ADF 2013.2 code [72–74] with the DZP [75] basis set.

We employ the M06HF [76] exchange-correlation functional for the intramolecular

calculations, and the PW91k [77] kinetic functional and the PW91 [78] exchange-

correlation potential for the non-additive part of the embedding potential. For frozen-

density embedding TDDFT/DFT calculations, we use the ADF program with the

same embedding potentials used in the CASPT2 runs and the CAMY-B3LYP func-

tional [67, 79, 80].

For the NEVPT2 calculations in the strongly contracted formulation [81–83],

we use ORCA 3.0.2 [84] with the ANO-L-VDZP [56, 57] basis set and the aug-cc-

pVTZ [58] as auxiliary basis set for the resolution of identity [85]. The RIJCOSX

approximation [86] is employed in the CASSCF step. The orbital energies for the

doubly occupied and virtual orbitals appearing in the Dyall Hamiltonian [87] (used

for the definition of the zero order Hamiltonian in NEVPT2) were obtained by the

diagonalization of a generalization of the Fock operator [88] (canonical orbital option

in ORCA). In the construction of the third- and fourth-order density matrices, the

CASSCF wave function is truncated so that configurations with lower weight than

a threshold of 10−8 are discarded. The NEVPT2/MM runs are performed in the

presence of the same point charges as in the CASPT2 calculations.

For the QMC calculations, we use CHAMP [89] with scalar-relativistic energy-

consistent Hartree-Fock pseudopotentials and the corresponding cc-pVDZ [90, 91]

basis sets augmented with diffuse s and p functions on the heavy atoms [92]. We

employ a two-body Jastrow factor to account for electron-electron and electron-

nucleus correlations and use different Jastrow factors to describe different types of

atoms [93]. The starting orbitals are obtained in a state-average CASSCF calcula-
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tions with Molcas 7.8 (in the presence of the MM charges, if appropriate) and are

not optimized in the QMC runs. We truncate the CAS expansion in state-average

natural orbitals with a cutoff on the CI coefficients as detailed in Section 5.3. The

CI coefficients and Jastrow parameters are optimized with the linear method [94] in

a state-averaged fashion [95] within variational Monte Carlo (VMC). The pseudopo-

tentials are treated beyond the locality approximation [96] and an imaginary time

step of 0.05 or 0.075 a.u. is used in the diffusion Monte Carlo (DMC) calculations.

The potential generated by the external MM charges is put on a grid which is padded

to have at least 5.0 Å distance from any atom in the chromophore and has a step

size of 0.2 a.u. A finer grid with a step size of 0.1 a.u. yields VMC excitation ener-

gies compatible to better than 0.02 eV. The electron loss ratio (attempted evaluations

outside the cubic grid) is less than 10−6 in all runs. All QMC calculations reported

below refer to DMC.

5.2.1 Models

To prepare the structures of the A and B forms, we start from the protein models

obtained in our previous study [9]. For the A form, we remove one GFP barrel from

the previously used dimeric system as well as all water molecules which are more

than 5 Å from the remaining monomer. We then solvate the system and bring the

added water in equilibrium by performing a 5 ns NPT classical MD simulation with

NAMD [97] while keeping all other atoms fixed. The solvation box is approximately

72× 84× 82 Å3 for the A form and 70× 65× 70 Å3 for the B form.

In the QM/MM simulations, we set the boundary between the QM and MM re-

gions at the single bonds COOH-Cα of Phe64 and N-Cα of Val68. With this QM

part of 40 (A form) or 39 (B form) atoms, we run long QM/MM room-tempertature

simulations of 27 and 25 ps for the A and B form, respectively. We then perform

a cluster analysis [98] with VMD [99] on 4000 frames sampled every 5 fs from the

last 20 ps of the QM/MM trajectories. Each cluster is populated by frames that are

within a certain cutoff distance of the central frame of the same cluster. As distance

between two frames, we employ the mass-weighted fitted RMSD where the frames

are first aligned to obtain the lowest possible RMSD. In the computation of the dis-

tance between two frames, we include all the atoms in the protein but not the water

molecules, and use a cutoff distance of 0.5 Å for the A form and 0.6 Å for the B form

to define a cluster. The central frames of the most populated 10 clusters from the

cluster analysis are then used in the calculation of the excitation energies. For further

analysis, we isolate 50 equidistant frames sampled every 400 fs from the QM/MM

MD runs and also determine a final annealed structure for both forms of the protein.

For the B form, we also consider a larger QM region, which includes the chro-

mophore and the residues Gln94 and Arg96, and the boundary between the QM

and MM regions also includes the single bonds COOH-Cα of Val93, N-Cα of Thr97,

and Cα-Cβ of Glu95 (the backbone of Glu95 is modeled at the quantum level but

its sidechain classically). With the resulting QM region, containing 93 atoms, 5 of

which are capping hydrogens, we perform a QM/MM simulation of 1.5 ps and deter-

mine then an annealed structure.
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Cluster atoms Residues Capping

Cluster 1 168 CRO, Thr62, Gln69, Gln94, Arg96, His148,

Val150, Ile167, Thr203, Ser205, Glu222,

8xH2O

Cβ or deeper

Cluster 2 279 CRO, Thr62, Gln94, Arg96, Tyr145, His148,

Thr203, Ser205, Glu222, 4xH2O

next Cα

Cluster 3 345 As Cluster 1 next Cα

Cluster 4 529 CRO, Leu42, Val61, Thr62, Thr63, Gln69,

Cys70, Phe71, Gln94, Arg96, Asn121,

Tyr145, His148, Val150, Phe165, Ile167,

Gln183, Thr203, Ser205, Glu222, 8xH2O

next Cα

Table 5.1: Number of atoms and residues involved in the quantum clusters considered

for GFP. The type of capping is also given.

Finally, we construct QM cluster models for the TDDFT, CASPT2/DFT, and

TDDFT/DFT calculations. The smallest cluster contains 168 atoms from 10 residues

(with deep cuts at Cβ or even deeper) and 8 water molecules, and is similar to the

models used in Ref. 12. For the three larger clusters of 279, 345, and 529 atoms

(4 waters and 8 residues, 7 waters and 10 residues, and 7 waters and 19 residues,

respectively), we use capping methyl groups and cut the residues at the neighboring

Cα atoms in the backbone. The list of residues included in the clusters is given in

Table 5.2.1.

5.3 Results

In equilibrium, the chromophore of wild-type GFP exists in either a neutral A form

or an anionic B form. Upon excitation in the blue, the A form of the chromophore

loses the phenolic proton converting to an intermediate anionic I form, which in turn

infrequently transforms into the thermodynamically stable B form [100]. The neutral

chromophore is known to transfer its proton to Glu222 through the wire CRO-Wat-

Ser205-Glu222 [101, 102] but other differences in the surroundings are difficult to

assess experimentally: Since the predominant form of wild-type GFP at room tem-

perature is the neutral one, the structure of the anionic form cannot be established

through X-ray diffraction. As workaround, one can adopt as starting model a suit-

ably modified X-ray structure of the mutant S65T which stabilizes the anionic form

as also done in earlier computational work [9, 103]. The available X-ray structures

of this mutant (PDB entries 1EMA, 1EMG, and 1Q4A [104–106]) suggest that the

hydrogen-bond network of the B form is similar to that of the A form except for a dif-

ferent orientation of Thr203. A recent theoretical study [40] challenges the accepted

orientation of Thr203 and also suggests a new conformation of the anionic chro-

mophore. We will explore this possibility and its consequences in Subsection 5.3.5.

The solvated chromophore of GFP does not exhibit fluorescence at room tem-

perature (quantum yield of less than 0.001 [107]) but fluoresces in solution at 77

117
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K [108, 109] and also in the protein, being rigidly held by the environment which

inhibits its numerous available modes of relaxation [109–111]. Temperature ef-

fects on the chromophore and its surroundings have nevertheless an impact on the

excited-state properties of GFP: When temperature is reduced, the absorption maxi-

mum moves from 2.59 to 2.63 eV for the B form, and from 3.12 to 3.05 eV for the

A form and, consequently, the distance between the peaks of two forms decreases

from 0.5 to 0.4 eV. Furthermore, the width of the peaks is much smaller in the low-

temperature than in the room-temperature spectrum [112]. We begin our study by

investigating the effects of temperature on the chromophore-protein complex of both

forms of GFP and explore the range of conformations visited by the system in our

QM/MM MD trajectories.

5.3.1 Thermal stability of hydrogen-bond network

For the A form, the hydrogen-bond network around the chromophore is quite stable

during the 27 ps of QM/MM dynamics. In particular, the CRO-WAT-Ser205-Glh222-

CRO wire is always connected except for a very short instance in the equilibration

part where the water loses the H-bond with Ser205 (see Figure 5.1 for the position

of the residues with respect to the chromophore and the labeling). His148 is always

bonded to the water close to the phenolic oxygen and also the imidazolinone ring

has a stable environment. In particular, O12 is bonded to Arg96, Gln94, and a water

molecule, while N2 is weakly bonded to a water molecule. Only the O12-water

interaction is sporadically broken. The annealed frame has the same hydrogen-bond

network as the one in the dynamics.

For the B form, we observe instead that the hydrogen-bond network adopts sev-

eral configurations even during the relatively short 25 ps dynamics as can be seen in

Figure 5.2. The CRO-WAT-Ser205-Glu222-CRO wire is occasionally broken as the

water molecule loses the bond to the phenolic O1. There are in fact four residues

around O1 that compete to form hydrogen bonds with it: Tyr145, Hid148, Thr203,

and a water molecule as illustrated in Figure 5.1. Through the trajectory, either two

or three of these four residues are bonded to the phenolic oxygen. In particular, in

most of the trajectory, exclusively one of the two residues Tyr145 and His148 (see

Figure 5.2) is bonded to the oxygen, while Thr203 is bonded most of the time only

rarely losing the bond due to the movement of the H atom (the heavy atoms of the

residue are always at a distance consistent with a hydrogen bond). Finally, we note

that the water molecule close to the phenolic oxygen O1 forms a bond with Thr203

for a short time interval, losing the one with O1 but keeping the other hydrogen

bonded with Ser205. The annealed frame of the B form has Tyr145 bonded to the

phenolic O1 even though, for most of the dynamics, it had His148 instead. This

simply indicates that multiple close minima are available to the system. In fact, the

annealing run with the larger quantum region results instead in Tyr145, His148, and

the water bonded to the phenolic ring, while Thr203 forms a bond with the carbonyl

group in His148, mainly due to the movement of the gamma hydrogen atom in the

threonine residue. Consequently, the commonly used approach of using a single

frame obtained through annealing or optimization can lead to a configuration which
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Figure 5.1: B form: The hydrogen-bond network around the chromophore (CRO).

The phenolic oxygen O1 is bonded to the water molecule (orange), His148 (red),

Thr203 (gray), while Tyr148 (red) does not participate in this particular snapshot.

The hydrogen-bond network is completed by Ser205 (purple) and Glu222 (green).

The hydrogen-bond network of the A form is similar but Glu222 loses its proton to

O1 and Thr203 is no longer bonded to CRO owing to a change in conformation.
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Figure 5.2: B form: The hydrogen bonds formed with the phenolic oxygen of the

chromophore during the QM/MM trajectory as a function of time. Top: The bonding

of the four possible residues (when the distance between their hydrogen atom and

O1 is less than 2.3 Å). Bottom: The distances between O1 and the bonded hydrogen

atoms of Tyr145 and His148 as a function of time.

is not representative of the average behavior.

5.3.2 Relationship between structure and excitation ener-
gies

To analyze the excitation energies over a wide range of representative conforma-

tions of the protein, we choose 50 equidistant frames from the last 20 ps of the

QM/MM trajectories of both the A and B forms (i.e. one frame every 500 fs). Given

the significant number of frames, we perform a first screening of the behavior of

the excitation energies over these frames using the relatively cheap TDDFT/MM

method. We choose CAM-B3LYP as exchange-correlation functional since it has

been shown [113, 114] to ameliorate problems with spurious charge-transfer effects

that may plague conventional hybrid methods [115,116]. Later in this paper, we will

also employ more sophisticated methods to treat either the chromophore or the pro-

tein environment and focus then on 10 representative frames obtained from cluster

analysis for each protonation state. Our findings on the 50 frames for the A and B

forms are summarized in Figure 5.3. The A form exhibits a spread in the TDDFT

excitation energies of more than 0.5 eV and a standard deviation of 0.1 eV, while the
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Figure 5.3: The dependence of the TDDFT/MM excitation energies of the A (top)

and B (bottom) forms on time (right) and on the bond-length alternation (left). In the

BLA panels, the colored linear fit refers to the specific protonation form, while the

gray line is a fit of all data for both protonation forms.

B form has a smaller but still considerable spread of almost 0.4 eV and a slightly

smaller standard deviation of 0.07 eV. The extent of values for the A form is partic-

ularly surprising since the protein environment is very stable during the dynamics as

noted above.

The origin of these large variations is worth exploring. Previous studies [12, 34,

117] have shown that the excitation energies of fluorescent proteins depend on the

bond-length alternation (BLA) within the chromophore. The BLA was then defined

as a linear combination of the 15 heavy-atom bonds in the chromophore, whose

weights were fitted to the excitation energies in various ways. We also perform such

an analysis but use a much simpler definition of the BLA than in previous works,

namely,

BLA =
[
O1C2 + 1

2
∗ (C3C4 + C3′C4′)

+ C5C6 + C7C8]

− [
O12C8 + 1

2
∗ (C2C3 + C2C3′)

+ 1
2
∗ (C4C5 + C4′C5) + C6C7

]
(5.1)

where the atom labeling is given in Figure 5.2. The significance of this parameter can

be understood in terms of the two resonance structures of the anionic chromophore
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Figure 5.4: The a) benzenoid and b) quinoid resonance structures of the anionic

chromophore.

shown in Figure 5.4: The BLA defined above is positive when the chromophore is

in the dominant benzenoid structure and negative in the quinoid one. Such a simple

definition avoids the danger of over-fitting our data and, as shown in Figure 5.3,

suffices to describe a sizable part of the tuning in the A form. In this case, since

the chromophore adopts exclusively the benzenoid resonance structure, when the

BLA approaches zero through thermal fluctuations, the electronic structure of the

ground state is severely perturbed, thereby closing the gap. On the other hand, for

the anionic B form, small values of the BLA are more typical since the quinoid

structure acquires importance and the ground state is more capable of adjusting also

to conformations with a negative BLA and a dominant quinoid resonance structure.

The dependence on the BLA of the excitation energy is therefore much less steep as

shown in Figure 5.3.

We also note that the quality of the fit for the B form is lower, indicating that

other factors than the BLA affect its excitation energy. We can in fact improve the

fit if we account for environmental effects by adding for instance fitting parameters

which measure the presence or lack of a bond between O1 and His148 and/or Tyr145

(the resulting shifts are +0.05 and +0.03 eV, respectively). Even though more data

would be required to elucidate the precise role of the different amino acids in the

surrounding of the chromophore, our analysis suggests that the spread of the absorp-

tion energies has different causes in the two forms: For the A form, it is mostly

determined by the internal coordinates (which in turn are coupled to the external

conformations) and, for the B form, the flexible hydrogen-bond network around the

chromophore seems to be a more directly relevant factor.

While the average BLA is smaller for the B form than the A form, this fact alone

is not enough to explain why the A form has a higher excitation energy. If we attempt

to fit the dependence of the excitation energies on the BLA for both forms together

as done for instance in Ref. [34], we observe that the excitation energies of the A

form are systematically higher than those of the B form as is evident from Figure 5.3

and that a single fit is inadequate (we reach the same conclusion if we allow arbitrary

weights for the bonds in the fitting procedure). We therefore add an energy shift be-

tween the two forms in the linear model to account for this offset, which is found to

be 0.22 eV and improves the quality of the fit as shown in Figure 5.5. Consequently,

of the total shift of 0.29 eV between the average excitation energies of the A and B

forms, only 0.07 eV is accounted for by a lower average BLA in the B form than in

the A form and the remaining 0.22 eV is caused by the different electronic structure
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Figure 5.5: A and B forms: TDDFT/MM excitation energies as a function of the

BLA. A shift between the two forms is introduced as parameter to yield the best

linear fit, the value (A-B) being 0.22 eV. (This value is not directly comparable with

the experimental value of 0.4 . . . 0.5 eV since the average BLA is different in the two

protonation forms.)

of the two protonation states. We note in passing that, for both forms, the excitation

energy displays the strongest dependence on the bridging distance C6-C7 (double

bond in the A form and predominantly double bond in the B form) when we search

for correlations between the excitation and any single bond length, while the other

bridging distance, C5-C6, has a less significant influence. This is in line with the

Hückel model description [37] for the excitation energy of the A form, which is ap-

proximated as a simple ethylene-like HOMO-LUMO transition on the C6-C7 bond.

However, the same model assumes the bonds C5-C6 and C6-C7 to be equivalent in

the B form, which does not fit our findings.

In agreement with previous studies [12, 19, 39, 118], we find that CAM-B3LYP

gives blue-shifted values for the excitation energies of these photoactive systems.

For the B form, the average excitation energy over 50 frames is 3.07 ± 0.01, which

is almost 0.5 eV blue-shifted with respect to the experimental absorption maximum

of 2.59 eV. Furthermore, the dependence of the excitation energies on the BLA is

not as clear as for the A form and attempts to correlate the spread in the energies

with environmental changes gave inconclusive results. Given these relatively unclear

findings, one can ask whether the observed trends are physically meaningful or just

noise due to the use of approximate TDDFT. To answer this question, we carry out

CASPT2/MM calculations on all 50 frames of the B form and compare the result-

ing excitation energies with those obtained with CAM-B3LYP/MM. As illustrated in
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Figure 5.6: B form: Comparison of the TDDFT/MM and CASPT2/MM excitation

energies computed on the 50 equidistant frames of the QM/MM MD simulation.

Figure 5.6, the conclusion is unequivocal: The two methods are in excellent agree-

ment as regards general trends. While these calculations reinforce our preceding

analysis (the BLA dependence is qualitatively identical for CASPT2 energies), the

CASPT2/MM average excitation energy of 2.80 ± 0.01 eV is still clearly blue-shifted

compared to experiment. This means that thermal sampling by itself is not sufficient

to overturn the strong indications coming from previous studies [9, 11, 39, 119] that

describing the protein environment as only classical charges produces an unphysical

blue shift in the excitation energies of related photoactive systems.

To verify that the choice of quantum method is not responsible for the blue shift,

we extend our investigation to other computational approaches for 10 representative

frames obtained through cluster analysis. We employ the LC-BLYP functional in the

TDDFT calculations and also use quantum Monte Carlo and NEVPT2 as alternative

wave function-based methods. To pinpoint the effect of the MM environment, we

consider the difference between the QM/MM description and the excitation energies

computed on the isolated chromophore at the geometry obtained within the protein.

As shown in Figure 5.7, the trends across the frames are qualitatively similar at all

levels of theory but the shifts induced by the protein are larger for the wave function

approaches. As regards the absolute excitation energies with the other WF methods,

we find that NEVPT2 and QMC are rather close and about 0.2 eV blue-shifted com-

pared to CASPT2, thereby further worsening the agreement with experiments. This

finding renders even more pressing the search for an alternative, better description of

the environment, which will be the focus of the following subsection.
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Figure 5.7: B form: Difference between the QM/MM and isolated excitation ener-

gies computed with TDDFT (CAM-B3LYP and LC-BLYP), CASPT2, NEVPT2, and

QMC.

5.3.3 Improved description of the environment

To further investigate whether the MM description of the protein is responsible for

the significantly blue-shifted excitation energies with respect to experiment, we ex-

plore here the use of other embedding methods to improve on the simple MM scheme

with static point charges. A possible strategy is that of adding a polarizable embed-

ding (MMPol) in terms of induced dipoles [15]. From the QM/MM trajectories of

the A and the B forms, we choose 10 representative snapshots using cluster anal-

ysis and repeat the TDDFT investigation for these frames with induced dipoles in

addition to the MM charges to describe the protein. On these 10 frames we have

applied three different MMPol approaches: In the first one, the polarization of the

environment is limited to the ground state (polGS), in the second a state-specific

(polSS) polarization is used in terms of the response of the induce dipoles to the

change in the density of the chromophore due to the excitation, and in the third linear

response (polLR) is instead used where the induced dipoles are determined by the

chromophore transition density. We note that polSS formulation corresponds to what

is called corrected LR method within polarizable continuum approaches [120]. The

three models represent three different approximations of the environment response

to excitations, namely, polGS neglects any response, i.e. it assumes a completely

frozen environment, while polSS and polLR allow the polarizable part of the envi-

ronment to respond to the excitation. In particular, polSS introduces a relaxation

of the environmental polarization to the new excited-state density, while polLR uses

a resonance-like formalism where the transition density of the chromophore oscil-
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lating at the Bohr frequency induces an oscillating polarization in the environment.

This creates in turn an in-phase response on the chromophore which gives on aver-

age a nonzero interaction with the transition density itself. The LR formulation has

been largely used in combination with polarizable continuum models and has been

described as a dispersion-like term [121].

As summarized in Figure 5.8, we find that for the A form, polarizing the en-

vironment around the ground state (polGS) of the chromophore leaves the excita-

tion energy essentially unchanged with respect to the non-polarizable MM approach.

On the other hand, for the B form, polGS leads to a blue shift (0.06 eV). That the

ground-state polarization has a larger effect on the B form is understandable as the

chromophore is charged. Moving to the two descriptions which introduce an envi-

ronment response to the excitation, we obtain that, for both forms, the polSS descrip-

tion does not significantly change the excitation energy with respect to a completely

frozen solvent (polGS). This seems to indicate that the variation of the electron den-

sity upon excitation is not very significant neither in the A nor the and B form (as

a matter of fact, the TDDFT/CAM-B3LYP absolute variation of the dipole moment

between ground and excited state is around 3 Debye for both molecules. On the con-

trary, the polLR causes a substantial red shift with respect to polGS for both the A

(−0.17 eV) and the B (−0.22 eV) forms. Such a finding can be explained in terms of

the large transition dipole which characterizes the excitation in both forms and which

can strongly interact with the polarizable environment. Perturbatively to linear order,

the shifts in the polSS and polLR excitation energies with respect to polGS can in

fact be shown [122] to be proportional to the square of the change in dipole moment

between the ground and excited states and to the square of the transition dipole mo-

ment, respectively, a relation which is very convincingly demonstrated in Figure 5.9.

From this analysis, we conclude that the chromophore-environment interactions in

the ground state are almost equally described by the non-polarizable and the polariz-

able models. To account for full response to the excitation, we need instead to move

beyond an electrostatic-only picture of the coupling with the protein.

An alternative method for treating the environment is DFT embedding [123],

which one would expect to be superior to a classical treatment. To generate the em-

bedding potential for the chromophore, we use here either the density of the isolated

environment, relaxing the chromophore density [124], or bring the environmental

and chromophore densities at self-consistency after an appropriate number of so-

called freeze&thaw cycles [125]. For the A form, we find that DFT embedding

with freeze&thaw cycles yields a small blue shift (about 0.02 eV) compared to the

MM description, while using the density of the isolated environment leaves the ex-

citation energies essentially unchanged. However, for the B form, DFT embedding

with freeze&thaw cycles causes a blue shift with respect to the MM charges as large

as 0.15 eV at the level of TDDFT/DFT. Since DFT embedding is conceptually a

ground-state embedding method, this finding is reminiscent of the blue shift caused

by the polGS model, although the shift is larger for DFT embedding. If one uses

the density of the isolated environment, there is almost no shift with respect to the

MM values. Therefore, DFT embedding gives at best excitation energies equivalent

to the MM ones but only with an isolated environmental density, while one would
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Figure 5.8: A and B forms: Excitation energies computed with TDDFT on the chro-

mophore only (isolated) or surrounded by the environment described with static point

charges (nopol), with point charges and dipoles polarized in the ground state (polGS),

in the excited state (polSS) or using a linear-response (polLR) formulation. The thin,

gray lines represent the results on a specific frame, while the thick, red line shows

average values across the frames. The thin, green lines represent the annealed frame,

while the dashed, green line for the B form represents the annealed frame obtained

with a larger QM region in the QM/MM dynamics.
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expect a relaxed environment to provide a better description of the system especially

in the anionic B form. Nevertheless, in the following, we present the DFT embed-

ding results computed with the freeze&thaw scheme which is internally consistent,

conceptually related to polGS, and not dictated by the performance of the method for

this particular system.

To investigate the effect of polarizing the environment at the DFT level, we also

apply the recently introduced state-specific formulation of DFT embedding [26,126]

and find that the response to state-specific potentials at the TDDFT/DFT level is

on average very small for both forms (see SI). While the use of an excited-state

functional in the state-specific scheme would in principle ensure the inclusion of all

relevant environmental effects on the excitation, the use of ground-state functionals

appears in practice to only capture the electrostatic response of the protein. It is

therefore not surprising that the state-specific TDDFT/DFT results are in line with

the polSS ones.

While the electrostatic contribution to the environment response is negligible for

both forms, polarizable dipoles in linear response appear to offer a possible remedy

for the blue shift in the excitation energies caused by the classical point charges. To

validate the behavior of polLR in describing the environment effects on the excita-

tions, we compare the polLR results with supermolecular calculations at the same

level of theory. Given the size of the protein model and the number of frames, we

limit these test calculations to clusters of 279 atoms comprising the chromophore and

close-by residues, and compare the TDDFT/MMpol calculations on the same clus-

ters (MMpolCl) with the supermolecular TDDFT results. As shown in Figure 5.10,

we find a remarkably good correlation between the shifts in the polLR and super-

molecular excitation energies with respect to the MM description for each frame. In

fact, the parameters of a linear fit for the A and B forms are compatible and impos-

ing a intercept of zero in the fit leads to a slope of about one and not a significantly

poorer quality of the fit for both forms. Furthermore, the average excitation energies

computed at the polLR level on the cluster differ from the average supermolecular

reference by less than 0.01 eV for both forms as detailed in Table 5.2.

The recent study of Ref. [13] with the CC2 method reports a somewhat larger

discrepancy of about 0.04 eV between linear-response MMpol and supermolecular

calculations both done on 160-atom clusters of the A and B forms. This is in line

with our results: When considering individual frames in Figure 5.10, one can find

some frames with similar TDDFT/MMpol excitation energies but a spread of up to

0.05 eV in the cluster values, and vice versa. Averaging over many frames seems

however to lead to a high degree of cancellation in the MMpol errors.

A summary of the results obtained for all 10 frames by applying the different

ways of treating the environment in combination with a TDDFT description of the ex-

citations is reported in Figure 5.11 and in Table 5.2, where we also list the excitation

energies obtained with the LC-BLYP functional. We find that LC-BLYP responds

to the changes in the description of the environment very similarly to CAM-B3LYP

and that the agreement between the polLR and cluster excitation energies is equally

good. We finally note in Table 5.2 and Figure 5.8 that increasing the QM region in

the QM/MM dynamics and annealing has no significant effect on the excitation en-
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Figure 5.11: A (top) and B (bottom) forms: Excitation energies computed with

TDDFT for a) the isolated QM chromophore, b) the QM chromophore/MM protein,

c) DFT environment, d) a large QM cluster, e) QM chromophore/MMpol (polLR)

protein. The orange lines indicate the room-temperature absorption maxima of 3.12

and 2.59 eV for the A and B forms, respectively.

ergies of the B form at variance with the suggestion of Ref. [10], where only a partial

and constrained optimization of the structure was carried out.

As already discussed in the previous section, all WF methods considered here

agree with TDDFT in predicting that the MM description of the protein leads to

significantly blue-shifted excitation energies of the B form with respect to the ex-

perimental absorption maximum: The average excitation energy over the 10 frames

is 2.79 ± 0.02 and 3.02 ± 0.02 eV for CASPT2/MM and NEVPT2/MM, respec-

tively. The QMC/MM excitation energies on a subset of frames are very close to the

NEVPT2 values as illustrated in Figure 5.12 and detailed for a subset of frames in

Table 5.3. Also the anomalous blue shift observed with TDDFT/DFT for the B form

with respect to the MM embedding is confirmed at the wave function level, with

CASPT2/DFT predicting an even larger blue shift of 0.25 ± 0.02 eV and QMC/DFT

a similar correction of 0.11 ± 0.04 eV. The further localization of the excitation en-

ergy induced by DFT embedding is possibly due to a too high/steep barrier in the

embedding potential induced at the edge of the chromophore by the approximate

kinetic functional [126]. Increasing the cluster size worsens the situation, causing

further blue shifts at the CASPT2 level as shown in Figure 5.13. As in the case of

TDDFT/DFT, we find that the use of state-specific DFT potentials has on average

almost no effect on the excitation energies at the CASPT2 level (less than 0.01 eV).

All findings with WF methods for the B form are summarized in Figure 5.12,
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CAM-B3LYP

A form B form

300 K 0 K 300 K 0 K 0 Ka

isolated 3.49(3) 3.47 2.96(2) 2.98 3.00

QM/MM 3.41(2) 3.38 3.06(2) 3.11 3.11

QM/MMpol 3.24(2) 3.19 2.90(2) 2.96 2.94

QM/MMpolcl 3.30(3) 3.26 2.95(2) 3.01 2.98

QM/DFTcl 3.43(3) 3.43 3.15(2) 3.23 3.19

Cluster 3.30(3) 3.28 2.96(2) 3.03 2.99

Exp. [112] 3.12 3.05 2.59 2.63 2.63

LC-BLYP

A form B form

300 K 0 K 300 K 0 K 0 Ka

isolated 3.70(3) 3.67 3.03(2) 3.05 3.07

QM/MM 3.58(3) 3.53 3.13(2) 3.18 3.16

QM/MMpol 3.41(3) 3.35 2.99(3) 3.04 3.00

QM/MMpolcl 3.49(4) 3.42 3.03(3) 3.09 3.02

QM/DFTcl – – – – –

Cluster 3.51(4) 3.48 3.06(3) 3.14 3.06

Exp. [112] 3.12 3.05 2.59 2.63 2.63
a Large QM region in the QM/MM annealing.

Table 5.2: TDDFT excitation energies (eV) of A and B forms averaged over 10

frames (300 K) and for the annealed structure (0 K). The polLR formulation is used

in QM/MMpol. Experimental absorption maxima at 295 K and 1.6 K are also given.

The error on the averages is in brackets.

frame TDDFT SS/MS CASPT2 NEVPT2 QMC

A-form

ann. 3.38 3.24/3.32 – 3.55(2)

1189 3.42 3.36/3.43 – 3.69(2)

2103 3.40 3.31/3.40 – 3.58(1)

4519 3.33 3.23/3.28 – 3.51(2)

B-form

ann. 3.11 2.82/2.82 3.06 3.10(2)

1682 3.01 2.72/2.73 2.98 3.03(2)

2831 3.07 2.71/2.72 2.92 2.95(2)

3568 3.05 2.85/2.86 3.03 3.13(2)

Table 5.3: A and B forms: Excitation energies (eV) computed with MM embedding

at the TDDFT, SS/MS CASPT2, NEVPT2, and QMC levels. The statistical error on

the QMC values is given in brackets.
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Figure 5.12: B form: Excitation energies computed with WF methods for a) the iso-

lated QM chromophore, b) the QM chromophore/MM protein, c) DFT environment.

Full symbols refer to CASPT2, empty squares to QMC, and other empty symbols to

NEVPT2. The leftmost symbols in each panel represent the annealed structure and

the others the room-temperature frames, while the orange line indicates the experi-

mental room-temperature absorption maximum of 2.59 eV.

Figure 5.13: B form: Excitation energies computed with CASPT2/DFT for increas-

ing cluster size for the annealed structure.
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which clearly illustrates how the trends for the different embedding methods mir-

ror the TDDFT ones of Figure 5.11, with the difference that the shifts are generally

slightly larger for the WF methods. One might therefore hope that the large red-

shift between TDDFT/MM and TDDFT/cluster or TDDFT/MMpol would be even

larger between WF/MM and WF/MMpol or a possible WF/cluster run. Unfortu-

nately, WF/MMpol in the polLR formulation is not yet available for the chosen WF

methods (an estimate of such effects at the CASPT2/MMpol level will be given in the

conclusions), while a calculation on a cluster of almost 300 atoms is out of reach for

all but the simplest WF approaches due to prohibitive costs. For the A form, we en-

counter severe difficulties in the WF calculations due to the presence of multiple min-

ima in the CASSCF reference calculations and a strong sensitivity of the CASPT2

excitation energies on the size of the active space, the minimal but yet large expan-

sion not being sufficient. Therefore, in Table 5.3, we only present CASPT2/MM and

QMC/MM results for four frames (the annealed and three room-temperature ones)

where the CASPT2 calculations are robust at both the single- and multi-state level

as discussed in detail in the SI. The available WF excitation energies are in line

with the TDDFT results also for the A form with QMC/MM being a bit higher and

CASPT2/MM a bit lower than the corresponding TDDFT/MM excitation energies

on the same frames, and both being blue-shifted with respect to the experimental

absorption maximum of 3.12 eV also of this form.

If we focus on the embedding MMpol (polLR) approach which all tests indicate

as the most reliable for this system, we can only attempt a comparison with exper-

iments at the TDDFT level. Even though a direct comparison of the CAM-B3LYP

results to experimental absorption maxima is tenuous as previously noted, we can

use the data for each form to validate our account of thermal effects. Since we have

performed MMpol calculations on both room-temperature and annealed frames as

listed in Table 5.2, comparing shifts between the excitation energies of the two data

sets to experimental shifts in the absorption maxima is possible. We find that for the

A form, the annealed (frozen) frame has a lower excitation energy than the average of

the room-temperature frames by 0.05 ± 0.02 eV, while for the B form, the annealed

frame has a higher excitation energy than the room-temperature average (0.04 ± 0.02

eV if we focus on the annealing performed with the same QM region). These two

shifts are rather close to the experimental values [112] of 0.07 eV red-shift between

room- and low-temperature absorption maxima for the A form and 0.04 eV blue-shift

for the B form. The precise values of the shifts are difficult to ascertain, as especially

the A form has a wide peak, but reassuringly, the direction and order of magnitude is

well reproduced by combining an MMpol embedding with our thermal sampling in

the QM/MM MD simulations.

5.3.4 On the use of a cluster representation of the protein

In the previous subsection, we employed cluster calculations to validate the MMpol

approach and to perform the DFT embedding calculations. Quite often in the litera-

ture, a cluster representation of the protein is instead used to compute the excitation

energies for a direct comparison with experiments and the question therefore arises
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on how large a cluster must be for a converged calculation of the excitation energies.

Distressingly, a recent article [8] suggested that clusters as large as 723 atoms are

necessary for reliable results on the photoactive yellow protein.

In Table 5.4, we answer this question for wild-type GFP by enhancing the 279-

atom cluster calculations in several ways, namely, by increasing the cluster size to

345 atoms, including the rest of the protein outside the cluster as point charges, or

comparing the TDDFT/MMpol results for the cluster only and for the full protein.

We present also an estimate based on CASPT2/DFT calculations on two different

cluster sizes for the B form but consider the observed unphysical increase in the

blue shift an artifact of the use of approximate kinetic functionals. In the case of

TDDFT-based estimates, the error introduced by the use of a 279-atom cluster is

small and comparable for both protonation states, between 0 and 0.07 eV for the A

form and between −0.03 and 0.06 eV for the B form. Therefore, it appears that a

cluster of about 300 atoms is sufficient to estimate the excitation energies and, espe-

cially, the trends between the two protonation forms of wild-type GFP. On the other

hand, smaller clusters as for instance employed in previous coupled-cluster studies

of GFP [10] probably suffer from much larger cluster errors and carry therefore a

large uncertainty as regards comparison with experiments. For example, adding the

rest of the protein in Ref. 10 as standard classical force-field point charges yielded

a 0.2 eV blue shift, which is about an order of magnitude larger than the errors we

obtain here due to the addition of the MM protein (0.01 eV for the A and 0.03 eV for

the B form).

5.3.5 Alternative H-bond network for the B form

Our results strongly indicate that a poor description of the environment via classi-

cal point charges is mainly responsible for the blue shift observed in the excitation

energies with respect to experiments. Nevertheless, we will here also explore the

possibility that a drastically different configuration of the chromophore might lead to

the desired agreement with experiments. In particular, we will investigate the impact

on the excitation energies of the formation of an internal hydrogen bond between

Oγ in the Ser65 side chain and N11 of the imidazolinone ring. The extra hydrogen

bond on the imidazolinone side of the chromophore is expected to stabilize the ex-

cited state as the excitation has a partial charge transfer character from the phenolic

to the imidazolinone ring, and therefore red shift the excitation energy. (We note

that the an analogous internal hydrogen bond network between the Thr65 side chain

and the chromophore is observed in the X-ray structure 1Q4B [106] of the S65T

mutant.) The distortion of Ser65 however significantly perturbs the surroundings of

the chromophore since it is also coupled to a twist of Glu222 from the anti to the

syn conformation and, consequently, to a breaking of the proton-transfer wire, so the

combined effect on the excitation energy is in fact hard to predict.

Such a structure was recently put forward as the “true” conformation of the B

form of wild-type GFP while the standard hydrogen-bond network we have adopted

above was assigned to the I form of GFP [40]. This assignment was motivated by the

the small blue shift of 0.02–0.04 (depending on the quantum method) computed be-
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model Eexc (eV)

279-atom cluster

T (K) CRO 12 res.a rest cluster cluster+rest error

A form

0 TDDFT TDDFTb 3.28 3.25 0.03

0 TDDFT MM 3.28 3.28 0.00

0 TDDFT MMpol MMpol 3.26 3.19 0.07

300 TDDFT MMpol MMpol 3.30(3) 3.24(2) 0.06(2)

B form

0 TDDFT TDDFTb 3.02 3.02 0.01

0 TDDFT MM 3.02 3.05 −0.03

0 TDDFT MMpol MMpol 3.01 2.96 0.05

0c TDDFT MMpol MMpol 2.98 2.94 0.03

300 TDDFT MMpol MMpol 2.95(2) 2.90(2) 0.05(1)

0 CASPT2 DFT DFTd 3.02 3.08 −0.06
a 8 amino acids and 4 water molecules.
b Enlarging cluster to 345 atoms (+2 amino acids and 3 waters).
c Large QM region in the QM/MM annealing.
d Enlarging cluster to 529 atoms (+11 amino acids and 3 waters).

Table 5.4: Cluster convergence analysis for the A and B forms. Results on the chro-

mophore (CRO) plus 12 residues (279-atom cluster) are compared with calculations

on a larger cluster (345 and 529 atoms) or the whole protein treated at different levels

of theory.
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tween the excitation energies of their B and I forms and the fact that, experimentally,

the 0→0 transition of the B form is also blue shifted (albeit by 0.1 eV) with respect

to the I form.

To prepare this alternative B form, we appropriately twist Ser65 and Glu222,

but keep the S65T-like orientation of Thr203 bonded to the phenolic oxygen for

consistency with our standard B form and with the bulk of the literature (Thr203

is twisted away from the phenolic oxygen in Ref. 40). We then optimize a small

cluster within DFT with fixed surrounding residues and, starting from this structure,

perform a QM/MM simulation of 15 ps followed by annealing. During the 15 ps run,

the hydrogen-bond network around the phenolic oxygen behaves similarly to what

observed for the standard setup. In particular, the water molecule and Thr203 are

constantly bonded to the phenolic oxygen but His148 and Tyr145 intermittently bond

and detach. The final structure resembles the one of Ref. 40 but displays a hydrogen

bond between His148 and the phenolic oxygen of the chromophore instead of having

the water molecule bridging the histidine to the chromophore.

Finally, we compute the excitation energies on this structure at the level of CAS-

PT2/MM, TDDFT/MM, and TDDFT on a cluster model. Disappointingly and in

agreement with Ref. 40, we obtain a small blue shift of 0.04-0.07 in the excitation

energies with respect to the annealed structure of our standard B form. Our results

therefore suggest that the conformational changes of Ser65 and Glu222 do indeed

have some effect on the excitation energy but in the opposite direction than what

a simple analysis would have suggested. We stress however that we do not agree

with Ref. 40 in assigning these structural changes to the difference between the I

and B forms based on this small difference in excitation energies. The only available

experimental data for the I form [112] is the 0→0 transition at room temperature and

not the absorption maximum at low temperature, we should compare our vertical

excitation energy for the annealed structure. Furthermore, we have shown above that

temperature effects on the excitation energies are of this same order of magnitude.

Finally, temperature effects were neglected altogether in Ref. 40, so their relative

absolute energies for the A, B, and I forms should be compared to low-temperature

populations. Consequently, since they estimated the A form to be 1 kcal/mol below

the I and B forms, this would lead to the A form being exclusively populated at low

temperature in contradiction with experiments at 1.6 K [112], which indicate that the

B form is energetically favorable to the A form and the I form entirely unpopulated.

5.4 Discussion and conclusions

In this paper, we have thoroughly investigated the multi-scale computation of the

excitation energies of wild-type GFP, examining the causes of the spectral spread

and identifying the most suitable protocol for an accurate and affordable calculation

of the absorption properties of this prototypical fluorescent protein.

Through extensive QM/MM molecular dynamics simulations, we explored the

possible conformations of the protein in both the neutral A and anionic B forms,

and found that the A form displays a very stable hydrogen-bond network, while
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the B form exhibits more significant deviations from the average structures even

in the 20 ps time interval we examined. Analyzing 50 equidistant frames for each

protonation form at the TDDFT/MM level, we found remarkably large spreads in

the excitation energies of up to 0.5 eV in both cases and, for the B form, confirmed

the correctness of the TDDFT excitation-structure relation through CASPT2/MM

calculations on the same 50 frames. Surprisingly, the structurally more stable A form

has a larger standard deviation in the energies, which we find to be more sensitive to

the internal coordinates of the chromophore, while the environment plays a bigger

influence on the excitations of the B form. Including several frames, as done here,

ensures a faithful sampling of the possible conformations of the chromophore and its

surroundings.

A first screening of the excitation energies of these numerous frames with the

cheap MM embedding yielded excitation energies blue shifted with respect to exper-

iments. Depending on the quantum method, the excitation energies are in the range

of 3.2-3.6 for the A form and 2.8-3.1 eV for the B form compared to an experimen-

tal absorption maximum of 3.1 and 2.6 eV, respectively. For both forms, CASPT2

gives the lowest excitation energies, QMC the highest ones, and CAM-B3LYP lies

between the two, while NEVPT2, only employed on the B form, agrees reasonably

well with QMC. Our findings are in line with other studies in literature on wild-type

GFP [7, 9, 10, 13] and other photosensitive bio-systems [8, 11, 12, 119] which found

blue-shifted excitation energies compared to experiments using different quantum

methods in combination with an MM environment. Including temperature effects,

as done here and in previous work [11, 12, 19], fails to improve on experimental

agreement.

While there is clearly a spread in the values stemming from the choice of excited-

state quantum method, the coarseness of the MM description is responsible for a

systematic blue shift. To demonstrate this, we used 10 frames from cluster anal-

ysis for each protonation form and compared the MM results at the TDDFT level

to calculations done on clusters containing almost 300 atoms, which we showed to

be sufficiently large to account for most of the tuning by the protein environment.

Within TDDFT, which is the only method allowing the treatment of such large clus-

ters, the MM description causes a blue shift of about 0.03–0.19 eV when compared

to the reference cluster calculations of both the A and the B forms. Even though

the use of large clusters does not greatly ameliorate the agreement of TDDFT with

experiments, the measure of success/failure of a particular description of the envi-

ronment is its ability/inability to reproduce the excitation energies on large clusters

treated at the same level of theory.

Given the evident inadequacy of static point charges, we explored two alterna-

tive approaches to improve the description of the environment. Remaining within

classical methods, we investigated the inclusion of induced dipoles (MMpol) and

performed TDDFT/MMpol in linear response (polLR) on ten frames for each pro-

tonation form. The cluster TDDFT excitation energies and the MMpol calculations

on exactly the same cluster agree remarkably well for both the A and B forms. We

note that, when comparing with previous studies with a similar MMpol method-

ology [19, 21], we find a good agreement for the B form but not for the A form,
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which displays a higher sensitivity in the excitation to the internal coordinates of

the chromophore. As discussed in the SI, if one accounts for the use of a differ-

ent DFT functional in optimizing the quantum chromophore (PBE in our case and

B3LYP in those studies) and differences in the structural relaxation of the environ-

ment (fixed from a classical MD simulation in Ref. [19]), the discrepancy reduces

to less than 0.1 eV also for the A form. Importantly for our discussion, the shifts

with respect to the MM values induced by their polarizable dipoles obtained in a Lo-

Prop construction [127] are in very good agreement with our findings. This shows

that the more cost-effective choice of semi-empirical force-field parameters is ade-

quate for the description of these systems as also apparent from the agreement of our

TDDFT/MMpol results with the cluster calculations.

The good performance shown by the TDDFT/MMpol approach allows us to bet-

ter understand the role of the environment on determining the excitation energies of

the two forms of the GFP chromophore. By comparing three different formulations

of the embedding model, namely, the ground-state (polGS), state-specific (polSS)

and linear-response (polLR) flavors, it is apparent that, in GFP, the response of the

environment to the excitation cannot be represented in terms of purely electrostatic

effects induced by the change in the electronic density upon excitation: In fact, the

polSS result which accounts for the electrostatic response of the environment to the

excitation is almost equivalent to that obtained by assuming that the polarization of

the environment is frozen in the configuration corresponding to the chromophore in

its ground state (polGS). On the contrary, if we switch on the polLR interaction, a

quite different picture is obtained as regards the nature of the chromophore-protein

coupling. This interaction comes from the dynamical response of the environment

(here represented by the induced dipoles) to the density of charge of the chromophore

oscillating at the Bohr frequency (i.e., in a dipolar approximation, to the transition

dipole). Such a “resonance” term, which might be classified as a part of disper-

sion, leads to a significant red-shift with respect to polGS (or the nonpolarizable MM

scheme) and agreement with the reference cluster calculations is finally recovered.

In view of these findings, it is perhaps not so surprising that the other route we fol-

lowed to improve over static MM charges, namely, sub-system DFT embedding was

not successful: This scheme turned out to be at best equivalent to the MM descrip-

tion and, in the case of the anionic B form, to produce further unphysical blue shifts

which persist across several quantum methods (CASPT2, QMC, and TDDFT) if the

environment is relaxed through freeze&thaw cycles. The recently introduced state-

specific formulation of DFT embedding [26, 126] did not capture any response of

the environment, and increasing the quantum DFT environment brought further blue

shifts. While displaying a somewhat worse performance than the polGS and polSS

formulations of MMpol probably due to the quality of the approximate kinetic func-

tional, the behavior of DFT embedding is in line with the MMpol results and reveals

that the state-specific formulation of sub-system DFT can recover electrostatic effects

but that these are not dominant in this system. Similarly, one expects that other alter-

native DFT-based embedding techniques that eliminate the need for kinetic-energy

functionals either by reconstructing the embedding potentials [128] or imposing or-

thogonality of the orbitals of the sub-systems [129] will not possess the necessary
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Figure 5.14: B form: Excitation energies computed with CASPT2 on the chro-

mophore only (isolated) or surrounded by the environment described with static point

charges (nopol), with point charges and dipoles polarized within CASSCF/MMpol

in the ground state (polGS), in the excited state (polSS) or using an estimate based on

the linear-response (polLR) TDDFT result (see text). The calculations are performed

on the annealed frame.

ingredients to describe the excited states of GFP: They will improve the ground-state

description of the environment and, even if they included state-specificity, will not

easily capture the coupling with the environment beyond electrostatic effects.

While the MMpol embedding scheme has allowed us to identify the necessary

ingredients in the description of the excited states of GFP, we have been able to

include either the state-specific (electrostatic) or the linear-response (resonance) po-

larization of the environment but not both in a united formulation without resorting

to a complete ”brute-force” quantum calculation on a large quantum cluster. Fur-

thermore, we have done so only at the TDDFT level. Since both the SS and the LR

responses depend on the quantum method used to describe the excitation, what can

we achieve with a correlated method considering that a large quantum cluster is out

of reach and an LR formulation often not available? In an effort towards a more

complete and accurate simulation of the excitation process in GFP, we attempt here

to estimate the best possible excitation values using a CASPT2 description of the

excitation process instead of TDDFT. At the CASPT2 level, one can evaluate the ex-

citation energy in a polSS scheme using the state-specific induced dipoles obtained

within CASSCF/MMPol in the computation of the CASPT2 energies (see Compu-

tational Details). Then, we estimate the polLR correction as the TDDFT/MMpol

(polLR) shift with respect to the corresponding polGS value and rescaling it with the

ratio squared of the CASPT2 and TDDFT transition dipole moments.

The final picture emerging from this approximate CASPT2 estimate of the effects

of the environment is illustrated for the B form in Figure 5.14 where the different
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CASPT2 excitation energies computed with static point charges, ground-state and

state-specific induced dipoles are compared to the extrapolated polLR+polSS value.

As expected from the results in the previous section, the response at the correlated

level is stronger than in TDDFT when the MM description is added and then en-

hanced with induced dipoles in a polGS and, subsequently, polSS formulation. The

estimated polLR correction is instead rather similar to the TDDFT shift since the ra-

tio of the CASPT2 and TDDFT transition dipole moments is in this case very close

to one. That the extrapolated CASPT2 energy correlates very well with experiments

is an appealing result, which should however not be overstated. One should apply a

similar analysis to the other correlated methods used in this study, which further blue-

shift the excitation energy with respect to CASPT2 but also respond more strongly

to changes in the description of the environment (a perfect agreement between verti-

cal excitation energies and absorption maximum is anyhow a misguided expectation

also for the fluorescent B form). However, our extrapolation clearly shows that envi-

ronmental effects on the excitation processes in GFP are the result of different inter-

actions in the ground and the excited state; only by adopting a polarizable approach

which can account for both state-specific relaxation and “resonance” coupling we

can get a semiquantitatively correct description.
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Chapter 6

Wavefunction embedding using
exact Freeze&Thaw cycles †

Given the slightly disappointing performance of subsystem DFT embedding in Chap-

ter 5, we explore here an alternative way of conducting embedding calculations: We

employ a scheme based on reconstructed potentials, thereby eliminating the need of

a kinetic-energy functional, which has been established as one of the main approxi-

mations in the procedure of Chapter 4. We show that using these exact kinetic-energy

potentials obtained via reconstruction, we can reproduce supermolecular densities by

only performing subsystem calculations, thereby proving the exact nature of this ap-

proach. As a practical route to reconstruction, we test two closely related procedures:

The Wu-Yang scheme and the so-called virtual projection approach, which removes

the unphysical dependence of the final potential on some computational parameters

of the reconstruction procedure. We also perform excited-state wave function calcu-

lations in the embedding potentials and demonstrate the accuracy of the potentials

obtained with the virtual projection procedure.

6.1 Theory

6.1.1 Reconstruction techniques

In a DFT calculation, one solves the non-interacting Kohn-Sham (KS) equations self

consistently: (
−1

2
�2 + vs(r)

)
φi(r) = εiφi(r), (6.1)

which yield the ground-state density of the interacting system as

ρ(r) =
∑
i

|φi(r)|2 . (6.2)

† This chapter is in preparation to be published as C. Daday, C. Filippi, A. S. P. Gomes, and C.

Jacob, “Wavefunction embedding using exact Freeze&Thaw cycles”,
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6 Wavefunction embedding using exact Freeze&Thaw cycles

The one-body KS potential is given by

vs(r) = vnuc(r) +

∫
ρ(r′)
|r− r′|dr+

δExc[ρ]

δρ(r)
, (6.3)

whereExc(ρ) is the exchange-correlation functional. The solution of the KS problem

will minimize the energy functional:

E[ρ] = Ts[ρ] +

∫
vnuc(r)ρ(r)dr+

1

2

∫
ρ(r)ρ(r′)
|r− r′| drdr′ + Exc[ρ], (6.4)

where the noninteracting kinetic energy is known exactly as a function of the orbitals:

Ts[ρ] = −1

2

∑
i

〈φi|�2|φi〉 . (6.5)

The only approximation in a KS calculation enters in the exchange-correlation func-

tional Exc[ρ] since the electrostatic terms and the kinetic energy can be computed ex-

actly. However, in frozen-density embedding (FDE) extensively discussed in Chap-

ters 3, 4, and 5, one also needs the expression of the noninteracting kinetic energy as

a functional of the density, that is, without the benefit of knowing the orbitals of the

system. In particular, the functional derivative of the noninteracting kinetic energy

enters in the definition of the embedding potential of a given subsystem, so one needs

an approximate noninteracting kinetic-energy density functional (KEDF) in addition

to the exchange-correlation one.

Minimization of Eq. 6.4 with respect to the density (with the constraint that the

density integrates to the given number of electrons) yields a relation between the KS

potential vs and the functional derivative of the kinetic energy:

vt[ρ](r) =
δTs[ρ]

δρ(r)
= μ− vs[ρ], (6.6)

where μ is a constant shift (the chemical potential). Therefore, if, for a given density,

we can determine the KS potential vs with yields that density as the non-interacting

ground-state density, we can determine the functional derivative of the kinetic energy

computed at the same density [1]. Since the kinetic potential is the term needed in an

embedding calculation, we will exploit this equation in order to eliminate the need

of an approximate KEDF, as will be shown below.

The problem of determining the kinetic-energy potential is therefore equivalent

to one of computing the potential vs. It is possible to determine a potential ṽs that,

in a KS calculation, yields a given ground-state target density ρtarget through a so-

called reconstruction procedure (in the following, ṽs always refers to the result of a

reconstruction). In practice, for the given target density, we define convergence in

such a reconstruction scheme in terms of a density-error threshold:∫ ∣∣ρ[ṽs](r)− ρtarget(r)
∣∣ dr < edens, (6.7)
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6.1 Theory

where by ρ[ṽs] we denote the ground-state density computed in a KS calculation

using the reconstructed potential ṽs.
In the Wu-Yang [2–5] (WY) reconstruction scheme or direct optimization, the

potential is computed by maximizing the following Lagrangian with respect to it:

Ws[ṽs] = −1

2

∑
i

〈φi|�2|φi〉+
∫
ṽs(r)

(
ρ[ṽs](r)− ρtarget(r)

)
dr. (6.8)

where the reconstructed potential will be given as the sum of a “guess” potential

and a linear combination of potential basis functions whose coefficients we want to

determine:

ṽs(r) = vguesss (r) +
∑
t

btgt(r). (6.9)

As initial guess in our procedure, we choose the following potential:

vguesss (r) = vnuc(r) +

∫
ρ(r′)
|r− r′|dr+ v0(r), (6.10)

where v0 is an approximate exchange-correlation potential, in our case, the Fermi-

Amaldi potential [6]:

v0(r) = − ζ

N

∫
ρ(r′)
|r− r′|dr

′, (6.11)

with ζ the exponent of the most diffuse Slater function in our orbital basis set. This

expression satisfies the exact long-distance limit corresponding to the target density

obtained with the given orbital basis set (decaying as the most diffuse function), and

therefore the difference between the exact vs and the starting potential vguesss is known

to vanish at long distances.

It is possible to show that any reconstruction procedure using a finite orbital ba-

sis set suffers from the ill-posed nature of the problem: Several different embedding

potentials can yield the same Kohn-Sham density due to the limitations of the or-

bital basis (the Hohenberg-Kohn theorem only applies in the basis-set limit). There-

fore, there is a certain arbitrariness involved in any practical reconstruction scheme

and changing certain numerical parameters such as the density threshold edens or the

starting potential can have strong effects on the final reconstructed potential. In prac-

tice, this has as a consequence that the Wu-Yang reconstruction produces unphysical

oscillations in the resulting potential, which depend strongly on the particular orbital

basis and numerical parameters of the reconstruction.

There are several ways to address these issues. For example, one may impose

a certain penalty function in the Lagrangian (Eq. 6.8) for oscillations of the poten-

tial [7]:

W smooth,λ
s [ṽs] = −1

2

∑
i

〈φi|�2|φi〉 (6.12)

+

∫ {
ṽs[ρ](r)

(
ρ[ṽs](r)− ρtarget(r)

)
+ λ|�ṽs(r)|2

}
dr,
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6 Wavefunction embedding using exact Freeze&Thaw cycles

which alleviates the unphysical oscillations but introduces another arbitrary parame-

ter along with the density threshold, namely, the constant λ of the penalty function. 1

A more recent proposal is the so-called virtual projection [5], which determines a

single potential that would yield approximately the same density independently of

any expansion of the orbital basis set. Consequently, unphysical oscillations due to

the finiteness of the basis set are removed and the potential is largely decoupled from

the details of the reconstruction procedure. In general, the density error will increase

due to the virtual projection but the potential is more physically meaningful. There-

fore, since we want to employ the potential in a different quantum method as in a

wave function in DFT embedding calculation, the potential obtained in the virtual

projection scheme will be more accurate and robust than the original Wu-Yang po-

tential that is guaranteed to give good results only for the particular basis set and

method used in its construction (Kohn-Sham DFT). In particular, the effects of the

rapid oscillations on the virtual orbitals will be unpredictable (the virtual orbitals be-

ing irrelevant in the ground-state reconstruction), making an excited-state calculation

in such a potential possibly problematic. For the sake of comparison, we will employ

here both the original Wu-Yang as well as the virtual projection method.

6.1.2 Conventional DFT embedding

As already discussed in Subsection 2.3.3, in a conventional subsystem DFT or wave

function in DFT (WF/DFT) embedding calculation, the embedding potential has the

following expression:

vemb,1[ρ1, ρ2](r) = vnuc2(r) +

∫
ρ2(r

′)
|r− r′|dr

′ (6.13)

+ vnadxc [ρ1, ρ2](r) + vnadt [ρ1, ρ2](r),

where the nonadditive potentials are given by:

vnadxc [ρ1, ρ2](r) =
δExc[ρ]

δρ(r)

∣∣∣
ρ=ρ1+ρ2

− δExc[ρ]

δρ(r)

∣∣∣
ρ=ρ1

(6.14)

vnadt [ρ1, ρ2](r) =
δTs[ρ]

δρ(r)

∣∣∣
ρ=ρ1+ρ2

− δTs[ρ]

δρ(r)

∣∣∣
ρ=ρ1

, (6.15)

where Exc[ρ] and Ts[ρ] must both be approximated with orbital-free functionals. If

the exchange-correlation functional in our calculation is not explicitly dependent on

the orbitals (i.e., an LDA or GGA), we can use the same functional in the nonad-

ditive exchange-correlation potential and in the calculation to generate the density

for the two subsystems, and the only additional approximation in comparison to a

supermolecular Kohn-Sham calculation is the presence of an approximate kinetic-

energy density functional (KEDF). Eliminating the need for an approximate KEDF

1In practice, one may look for a suitable λ that will increase the density error from the initial

threshold edens to another, higher esmooth
dens [4], but this modified approach will also require two param-

eters instead of one.
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6.1 Theory

is therefore a very desirable goal which would allow significant improvements on the

performance of the embedding calculations.

We note that another method which avoids the use of a KEDF is the recently pro-

posed projection-based scheme [8] in which the non-additive kinetic energy term is

enforced to be zero by imposing orthogonality between the orbitals of the subsystems

with the use of a nonlocal projector operator. Differently from the scheme of Ref. 8,

we maintain here a local embedding potential which allows interfacing to a wider

range of methods in case of WF/DFT and do not require a supermolecular calcula-

tion (as shown below). Importantly, the reconstruction-based embedding potentials

can be used as benchmarks for future approximations of KEDF’s, diagnosing issues

in current approximations.

6.1.3 Exact embedding using a reconstruction scheme
We have now introduced all the necessary ingredients to establish a subsystem DFT

scheme that eschews the use of a KEDF. Combining Eqs. 6.6, 6.13, and 6.15, we can

obtain the exact embedding potential for a conventional subsystem DFT calculation

as

vemb,1[ρ1, ρ2](r) = vnuc2(r) +

∫
ρ2(r

′)
|r− r′|dr (6.16)

+ vnadxc [ρ1, ρ2](r) + vnad,exactt [ρ1, ρ2](r),

where ρ2 is fixed and ρ1 is an initial density that will be optimized. The exact nonad-

ditive kinetic potential has the expression:

vnad,exactt [ρ1, ρ2] =
δTs[ρ]

δρ

∣∣∣
ρ=ρ1+ρ2

− δTs[ρ]

δρ

∣∣∣
ρ=ρ1

= −ṽs[ρ1 + ρ2] + ṽs[ρ1] + Δμ, (6.17)

where the reconstructed potentials replace the functional derivative of the KEDF

which is the main approximation of conventional DFT embedding.

In this scheme, before relaxing ρ1, we need to first reconstruct the potentials for

ρ1 + ρ2 and ρ1 to yield an exact nonadditive kinetic potential to use in the expression

of the embedding potential. After relaxing ρ1 in the embedding potential containing

these terms, we can invert the roles of ρ1 and ρ2 and perform a full freeze&thaw

(F&T) calculation until self consistency, as sketched in the following subsection.

6.1.4 The freeze&thaw procedure
We outline here the procedure we have optimized to conduct a freeze&thaw run with

the exact kinetic potentials is:

0) Perform isolated runs for the subsystems to obtain ρ01 and ρ02. Define ρ0tot =
ρ01 + ρ02.

1a) Reconstruct ṽs[ρ
0
tot], ṽs[ρ

0
1], and ṽs[ρ

0
2].
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6 Wavefunction embedding using exact Freeze&Thaw cycles

1b) Construct the embedding potentials (Eq. 6.16) for subsystems 1 and 2 from

the densities from point 0 and the tnads [ρ01, ρ
0
2] and tnads [ρ02, ρ

0
1] contributions

obtained from the reconstructed potentials of point 1a (Eq. 6.17).

1c) Compute ρ11 and ρ12 using the embedding potentials from 1b, defining ρ1tot =
ρ11 + ρ12.

etc.) Repeat points a-c until self-consistency.

The proposed scheme is preferable to defining and reconstructing the intermediate to-

tal density after updating subsystem 1, namely, ρi∗tot = ρi1+ρ
i−1
2 , since this step would

require two supermolecular reconstructions per freeze&thaw cycle and these recon-

structions are the bottleneck of this procedure. We also note that, in contrast to a con-

ventional subsystem DFT calculation, in which the embedding potential vemb[ρ1, ρ2]
can be (and usually is) updated during the minimization of ρ1, in our scheme, such a

“real-time” update of the embedding potential is impractical since the reconstruction

steps are rather expensive computationally. However, at self-consistency, this lack

of continuous updates is irrelevant. In practice, neither of these considerations are

found to be an issue in the following and our F&T cycles rapidly converge, as we

will show below.

As initial guess potential, we use the following expression:

vguesss [ρ](r) = vCoul(r)− ζ

N

∫
ρ(r)

|r− r′|dr, (6.18)

where, for the first cycle and subsystem 1,

v
(1)
Coul(r) = vnuc1(r) +

∫
ρ
(0)
1 (r′)

|r− r′|dr
′, (6.19)

while for all other cycles i > 1 we need to include the influence of subsystem 2 as

well:

v
(i)
Coul(r) = vnuc1(r) +

∫
ρ
(i−1)
1 (r′)
|r− r′| dr′ + (6.20)

+ vnuc2(r) +

∫
ρ
(i−1)
2 (r′)
|r− r′| dr′.

Equivalent equations hold for subsystem 2.

6.2 Computational details
We use the ADF program, version 2014 [9], in the PyADF scripting framework [10].

We employ the DZP [11] Slater basis set for the orbital basis and the DZP [11]

charge-fitting basis as potential basis. We employ the PyADF interface [10] available

with the ADF program for our calculations. We denote the frozen-density embed-

ding calculations with orbital and potential basis sets localized on the subsystems as
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6.3 Results

FDE(m) (“monomolecular basis set”) and the results with a supermolecular basis set

(both for the expression of the orbitals and of the potentials) as FDE(s). We allow a

maximum density error (as defined in Eq. 6.7) of edens < 5 · 10−3 a. u. for the recon-

struction procedure of the supermolecules and edens < 2 · 10−3 a. u. for those of the

individual subsystems for all three example systems. For comparison with conven-

tional DFT embedding, we run subsystem calculations using the PW91k [12] kinetic

energy density functional. As exchange-correlation functional, we use BLYP [13,14]

in all calculations.

We use a modified version of the Molcas 7.4 [15] code for the CASPT2-in-DFT

embedding calculations, where the embedding interface is adapted from the Molcas-

Embed interface developed by Carter and co-workers [16, 17]. These calculations

employ the aug-cc-pVDZ [18] basis set. We use the minimal CAS expansion for the

molecules treated in WF/DFT, that is, CAS(4,4) for MCP and CAS(6,5) for acrolein.

We performed geometry minimization in the Gaussian09 code [19], using the

cc-pVDZ [18] basis set and the BLYP [13, 14] functional.

6.3 Results

To demonstrate our approach, we use the three test systems shown in Figure 6.1: Am-

monia bonded to a water molecule, s-trans-acrolein (henceforth, acrolein) bonded to

a water molecule, and methylenecyclopropene (MCP) bonded to three water mole-

cules. For the excitation-energy calculations, we study the dark π → π∗ excitation of

MCP and the dark n→ π∗ excitation of s-trans-acrolein. The MCP+3×H2O system

is identical to the one discussed already as a test case in Chapter 4.

To assess the accuracy of the embedding potential, we perform two main tests:

We compare the densities obtained with the converged F&T procedure to super-

molecular reference densities, and the excitation energies obtained by wave function

calculations in the presence of the embedding potential from the last F&T cycle to

supermolecular excitation energies.

6.3.1 Density errors for subsystem DFT

The primary goal of any subsystem DFT calculation is to reproduce a supermolecular

density. To test how well our F&T method meets this standard, we compute the F&T

total densities after each F&T cycle and compare them to densities computed via

supermolecular KS calculations. In Table 6.1, we list the density errors yielded by

monomolecular as well as supermolecular basis sets.

For all three molecules, our F&T method in combination with the pure WY pro-

cedure yields converged densities with errors which are significantly smaller that

those obtained in a standard subsystem DFT calculation with the approximate PW91k

kinetic functional. If the monomolecular basis sets, FDE(m), are used as orbital and

potential basis, the converged error on the sum of the two subsystem densities is how-

ever sizable for all three molecules. To show that the exact reconstruction scheme

can reproduce the supermolecular results indeed exactly, we also perform the same
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6 Wavefunction embedding using exact Freeze&Thaw cycles

Figure 6.1: The systems used in this study: a) Ammonia and a water molecule, b)

acrolein and a water molecule, and c) MCP and three water molecules.

calculations using supermolecular orbital and potential basis sets, FDE(s), and find

that the density error reduces by more than a factor of 6 and is comparable to the

tolerance level of the WY procedure itself (in our case, chosen to be 0.005 a.u.) with

the largest errors in the case of MCP+3 waters still being only 0.013 a.u.

The density errors yielded by the virtual projection are however the largest, being

up to 50% larger than those obtained with PW91k. In Figures 6.2 and 6.3, we illus-

trate the evolution of the density error of acrolein as a function of number of F&T

cycles performed within FDE(m) and FDE(s), respectively. The other two systems

display a very similar behavior. The fact that the density error produced by the virtual

projection is significant is an issue that can however be averted by the use of larger

orbital or potential basis sets and will be the subject of further study.

6.3.2 Analysis of the embedding potentials

In order to better understand the performance of virtual projection in our procedure,

we plot the embedding potential acting on acrolein yielded by our exact freeze&thaw

computation of acrolein in water in Figure 6.4. We consider a configuration where the

water and acrolein oxygens are at a distance of 2.7Å. In the limit of large separation

between the subsystems, the exact embedding potential in the region of the frozen

subsystem (here, the water) is known to be zero (for instance, the nonadditive kinetic

potential cancels the nuclear potential [20] in the environment). While in this case

the separation is finite, the density overlap between the subsystems in the region

of the water molecule is negligible and the large variations in the potential close to

the oxygen nucleus of the water molecule are therefore unreasonable. Clearly, the
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Figure 6.2: Acrolein: Density error of the sum of the two subsystem densities in

F&T cycles using a monomolecular basis set (as orbital and potential basis). The red

circles represent F&T calculations using the WY procedure (no proj) while the blue

triangles represent F&T calculations where we also apply the virtual projection (virt

proj) during the construction of the potential. The green symbol represents the final

value of a F&T calculation with PW91k.
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Figure 6.3: Acrolein: Density error of the sum of the two subsystem densities in

F&T cycles using a supermolecular basis set (as orbital and potential basis). The

red circles represent F&T calculations using the WY procedure (no proj) during the

construction of the potential and the green symbol represents the final value of a F&T

calculation with PW91k.
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FDE(m) FDE(s)
System WY WY+virt PW91k WY PW91k

ammonia+wat 0.020 0.043 0.039 0.003 0.031

acrolein+wat 0.065 0.150 0.107 0.010 0.068

MCP+3 wat 0.090 0.245 0.161 0.013 0.108

Table 6.1: Density errors of the final sum of the two subsystem densities yielded by

the F&T procedure for ammonia, acrolein, and MCP in water, computed with FDE

calculations with a monomolecular [FDE(m)] or supermolecular [FDE(s)] basis set

for both the orbitals and the reconstructed potential. WY refers to the F&T cycles

employing only the WY scheme, while WY+virt denotes the runs applying the virtual

projection after the WY scheme in the reconstruction.

virtual projection eliminates most of the sudden oscillations created by the Wu-Yang

procedure and also evens out most of the strong repulsion close to the core of the

environmental nuclei and is closer to fulfilling the criterion of a smooth potential

in the environment than PW91k. The virtual projection also largely eliminates the

dependence of the embedding potential on the density threshold edens (data not shown

here).

6.3.3 WF/DFT results

For MCP and acrolein, we compute excitation energies on the final embedding po-

tentials constructed in the previous subsection using monomolecular basis sets. We

refrain from using the embedding potentials determined using supermolecular basis

sets for consistency with the wave function calculations which employ monomolec-

ular basis sets, as practical calculations will need to do so. In Table 6.2, we report

the excitation energies computed. In the interpretation of the data below, we must

however keep in mind that our scheme does not include environmental response to

the excitation (we are performing ground-state embedding) and agreement with the

supermolecular value might be a result of cancellation of errors.

In the case of acrolein, the water molecule causes a blue shift of about 0.23 eV

on the excitation energy. The converged excitation energy computed using the ex-

act F&T procedure and the WY procedure is red-shifted compared to the reference

value, which means that including environmental response to the excitation would

worsen the agreement with the reference. Consequently, the red-shift observed in

the excitation is most likely due to the unphysical features associated to the poten-

tials obtained in the WY procedure. On the other hand, the excitation energies with

virtually projected potentials are very close to PW91k and about 0.1 eV blue shifted

compared to the pure WY-based result.

In the case of MCP, the three water molecules cause a blue shift of about 0.57

eV. The closest result to the supermolecular reference is the pure WY procedure, but

it is again red-shifted compared to the reference value so the agreement will worsen

if one allows a responsive environment. PW91k is about 0.1 eV too high compared

to the reference and the virtual projection causes a blue shift of more than 0.2 eV
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6.3 Results

Figure 6.4: Acrolein: Embedding potential in the plane approximately defined by

the OH bond in the water molecule and the oxygen atom in acrolein. Pure red refers

to values higher than 0.5 hartree, pure blue refers to values lower than −0.5 hartree,

white refers to zero, and shades of red and blue represent intermediate values. We

illustrate the embedding potentials computed using Wu-Yang reconstruction, the vir-

tual projection (middle), and PW91k. The black lines refer to the bonds in the water

(bottom left) and the acrolein molecules (right).
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6 Wavefunction embedding using exact Freeze&Thaw cycles

CASPT2/DFT CASPT2

System WY WY+virt PW91k isolated super

acrolein+wat 3.669 3.763 3.775 3.477 3.705

MCP+3 wat 4.640 4.865 4.779 4.111 4.684

Table 6.2: CASPT2/DFT excitation energies (eV) using the embedding potentials

from the exact F&T procedure (FDE(m)) for acrolein and MCP. The CASPT2 ex-

citation energies of the isolated molecules as well as the supermolecule are also re-

ported.

compared to the results yielded by only the WY procedure. We stress again that a

somewhat blue-shifted excitation energy is not unreasonable since we are computing

the excitation energy in an embedding potential obtained in a ground-state procedure.

Based on the available data, we can only conclude that improving the ground-state

potential in a wave function in DFT calculation does not necessarily improve the

agreement of the excitation energy with the reference since we are still neglecting the

relaxation of the environment in response to the excitation of the embedded species.

6.4 Conclusions
We implemented and performed for the first time subsystem DFT calculations with

an exact freeze&thaw procedure based on reconstructed potentials, thereby without

the use of an approximate kinetic-energy density functional. In the case of super-

molecular basis sets, the procedure yields densities that are very close to the results

of reference supermolecular KS calculations and far better than those yielded by ap-

proximate kinetic-energy functionals. Virtual projection eliminates unphysical oscil-

lations in the potential at the cost of increased density errors. The excitation energies

obtained in wave function calculations in the embedding potentials obtained with our

exact freeze&thaw procedure are reasonable but there are large spreads of up to 0.2

eV depending on the chosen reconstruction scheme. For the two systems considered

here, the use of only the WY procedure to generate the potentials yields red-shifted

excitation energies compared to the reference, while the results when employing the

virtual projection are similar or higher than those obtained with PW91k, both of them

being blue-shifted compared to the reference excitation energies. While embedding

potentials determined using the pure WY scheme give apparently the excitation en-

ergies closest to the reference, we should keep in mind that this is likely the result

of cancellation of errors due to the neglect of environmental response, which will in

fact further red-shift the excitation energies. Further studies are necessary to under-

stand how to reduce the currently quite large density errors produced by the virtual

projection procedure, most likely through the expansion of the orbital or potential

basis set. The reduction of this error will allow us to generate both robust embedding

potentials and accurate total densities by combining our exact F&T procedure with

the virtual projection reconstruction approach.
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Chapter 7

Full Configuration Interaction
excitations of ethene and
butadiene: Resolution of an
ancient question†

We employ the recently developed full configuration interaction quantum Monte

Carlo (FCIQMC) method to compute the π → π∗ vertical excitation energies of

ethene and all-trans butadiene. These excitations have been the subject of extensive

theoretical studies, and their location with respect to the corresponding absorption

band maximum the source of a long lingering debate. Here, we reliably estimate the

vertical excitations of ethene and butadiene by performing FCIQMC calculations for

spaces as large as 1018 and 1029 Slater determinants, respectively. For ethene, we

obtain a vertical excitation energy in the range of 7.89-7.96 eV, depending on the

particular equilibrium ground-state geometry employed, and definitely higher than

the absorption maximum located at 7.66 eV. For the computationally more challeng-

ing case of butadiene, our calculations provide a robust estimate of about 6.3 eV for

this excitation, that is, 0.4 eV higher than the corresponding absorption band maxi-

mum. Our FCIQMC excitation energies represent a reliable benchmarking reference

for future calculations.

7.1 Introduction

The π → π∗ vertical excitation energies of ethene and all-trans butadiene have been

the subject of a remarkably large number of theoretical investigations [1–24]. A

wide variety of ab initio methods has been employed but little consensus has been

reached on the exact location of the vertical excitations to the 11B1u and 11Bu states

of ethene and butadiene, respectively. Importantly, despite the evident difficulty of

† This chapter has been published as C. Daday, S. Smart, G. H. Booth, A. Alavi, and C. Fil-

ippi, “Full Configuration Interaction excitations of ethene and butadiene: Resolution of an ancient

question”, J. Chem. Theory Comput. 2014, 8, 4441–4451
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7 Full CI excitations of ethene and butadiene: Resolution of an ancient question

obtaining a reliable estimate of their excitation energies, ethene and butadiene are

often chosen as test cases to assess the accuracy of theoretical approaches for excited

states [3, 5, 11, 12, 14, 24].

Experimentally, the absorption spectrum of ethene in the far ultraviolet region

consists of a broad continuous band with a maximum at 7.66 eV [25, 26]. A di-

rect comparison between the experimental absorption maximum and the computed

vertical excitation energy is meaningful if the transition probability is largest at the

ground-state minimum. Since the Franck-Condon envelope might be significantly

distorted for the active 11B1u state of ethene, an excitation energy of 7.8 eV was esti-

mated based on an intensity weighted average energy calculated from the experimen-

tal spectrum [6]. Moreover, an earlier theoretical study indicated that nonadiabatic

effects should also be taken in account, which will lead to a further blue shift in the

location of the vertical excitation with respect to the band maximum [1]. Several

attempts to directly compute the full spectrum have unfortunately not clarified the

issue since qualitative agreement in the description of the intensity distribution has

been obtained with rather different theoretical models, for instance, either discarding

or including nonadiabatic couplings to other electronic excited states [1, 9, 10, 27].

Most calculations of the 11B1u vertical excitation of ethene obtain values higher

than the experimental absorption maximum. The most reliable complete-active-

space second-order perturbation theory (CASPT2) estimates lie between 7.8 and 8.0

eV [5, 12, 15], and coupled cluster (CC) approaches up to perturbative third order

place the excitation in the same energy range [4, 9, 12]. In contrast, two investi-

gations [7, 13] obtain a vertical excitation energy of the order of 7.7 eV, that is,

very close to the experimental absorption maximum at 7.66 eV and therefore ex-

clude a significant impact of nonadiabatic vibronic effects on the location of the

absorption maximum. These calculations employ multi-reference coupled-cluster

and configuration-interaction approaches on appropriately constructed molecular or-

bitals [7] or multi-reference perturbation approaches on orbitals obtained with re-

stricted active space methods [13]. The difficulty in computing the π → π∗ vertical

excitation energy of ethene is evident from the spread of theoretical estimates, and is

generally attributed to the so-called valence-Rydberg mixing, namely, the presence

of a Rydberg-like state close in energy to the excited state of interest, which is instead

essentially valence in nature. Unless electron correlation is accurately described, the

Rydberg state might undesirably mix in, rendering the resulting wave function un-

duly diffuse and its energy unreliable. A recent study comparing the many different

computed values in the literature [12] concludes that “the vertical excitation energy

of the 11B1u state can still not be assigned precisely, but should lie between 7.7 and

8.0 eV”.

For butadiene, the situation is equally confused. The 11Bu state has been experi-

mentally investigated by electron impact and optical spectroscopy and the absorption

spectrum is characterized by broad bands between 5.7 and 6.3 eV with the intensity

maximum at 5.92 eV [28–30]. Similarly to the case of ethene, the vertical excita-

tion energy is believed to be blue-shifted with respect to this value. Theoretically,

valence-Rydberg mixing represents a problem also for the description of the valence

11Bu state of butadiene and a rather large spread of computational estimates can in
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7.2 The FCIQMC method

fact be found in the literature. Available CASPT2 calculations give excitation ener-

gies in the range of 6.1-6.3 eV [3, 14, 18] but these single-state studies are hard to

compare as they employ different zero-order Hamiltonians [14, 18] or, in the pres-

ence of diffuse functions, lead to a too diffuse state due to the lack of a multi-state

treatment of the close Rydberg state [3]. Various flavors of CC calculations yield

values between 6.2 and 6.4 eV [4,17,22,23]. A recent multi-reference coupled clus-

ter study obtains an excitation energy of 6.18 eV [20] with the use of molecular

orbitals constructed with a similar procedure to the one adopted by the same group

for ethene [7].

Here, we employ the recently developed full configuration interaction quantum

Monte Carlo (FCIQMC) method [31–35] to compute the bright π → π∗ excitations

of ethene and all-trans butadiene. While a conventional full configuration interaction

(FCI) calculation would not be feasible for these systems, the FCIQMC approach

offers a computationally costly but practical route to obtain the FCI limit of these

excitation energies with several orders of magnitude less memory requirements. We

recall that the largest reported FCI calculation has been performed for the nitrogen

molecule and a space of 1010 Slater determinants [36]. In contrast, we treat here

FCI spaces of 1018 determinants for ethene and 1029 determinants for butadiene cor-

responding to a partially augmented triple-valence basis and a partial triple-valence

basis, respectively.

The article is organized as follows. In Section 7.2, we give a short description of

the FCIQMC method and summarize the aspects specific to the current calculations.

In Section 7.3, we present our choice of basis sets and geometries. In Section 7.4,

we discuss our results and compare them with previous calculations in the literature.

Section 7.5 summarizes our conclusions.

7.2 The FCIQMC method
The recently developed FCIQMC approach yields the FCI solution of the Schröding-

er equation stochastically and with significantly less memory requirements than con-

ventional FCI [31–35]. The method is based on formulating projection Monte Carlo

in Slater determinant space, so the ground-state wave function is obtained as

Ψ0 = lim
τ→∞

e−τ(H−E)Ψ(0) , (7.1)

where the trial energy E is adjusted to the value of the ground-state energy and Ψ(0)

is some initial wave function. If we express the wave function in the basis of Slater

determinants, Di, generated by arranging the electrons in a given set of spin orbitals,

we obtain the FCI representation of the wave function,

Ψ =
∑
i

ciDi . (7.2)

The projection (Eq. 7.1) formulated in this determinantal basis is then equivalent to

a set of coupled equations for the evolution of the determinant coefficients in the CI
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7 Full CI excitations of ethene and butadiene: Resolution of an ancient question

expansion as

− dci
dτ

= (Hii − E)ci +
∑
j �=i

Hijcj , (7.3)

where Hij are the matrix elements of the Hamiltonian between the Slater determi-

nants.

The evolution of the CI coefficients is simulated through the dynamics of a pop-

ulation of Nw walkers which are distributed over the determinants and can carry a

positive or a negative sign. The parameter τ is discretized and the walkers evolve ac-

cording to the terms in the above equation (Eq. 7.3): Walkers can spawn new walkers

on to other determinants (off-diagonal terms) and each walker can die or clone (di-

agonal term) depending on the trial energy, which is varied to keep the population

roughly constant at a target value. After every step, walkers of opposite sign on the

same determinant annihilate each other to ensure sign coherence [31, 37]. While

the algorithm still scales exponentially with the system size, FCIQMC achieves con-

vergence to the FCI limit with populations of walkers that are a fraction of the di-

mensions of the determinant space (NFCI) as demonstrated for systems with spaces

ranging from 109 to 1014 determinants [31]. The gain with respect to a conventional

FCI simulation is system dependent and rather hard to predict, being for instance

minor in the relatively simple case of methane and significant for other notoriously

difficult molecules.

A dramatic improvement to this original formulation is represented by the so-

called initiator approach [32], which significantly reduces the population needed

and extends the applicability of FCIQMC to more complex systems and larger ba-

sis sets [32–35]. In the initiator approach, spawning to empty determinants is only

allowed from determinants, dubbed “initiators”, with a number of walkers exceed-

ing a certain threshold, nadd. Except for the special case of “double-spawning”,

the progeny of non-initiator determinants survive only if they are spawned onto an

already occupied determinant. Double-spawning occurs if two non-initiators simul-

taneously spawn walkers onto the same (originally empty) determinant: If the two

progeny are of the same sign, they are allowed to survive. Such double-spawning

events are rare, but are found to be helpful in establishing sign coherence [32].

Clearly, the initiator algorithm reduces to the FCIQMC algorithm in the limit of a

large number of walkers, since in this limit, all determinants acquire an occupancy

and therefore walkers spawned from non-initiators will survive as per the original

FCIQMC algorithm. In practice, the convergence of the correlation energy with

walker number to the FCI result is very rapid and occurs well before all determinants

have acquired an occupation. It does however have a system dependence: Generally

speaking, weakly correlated systems will converge more rapidly with walker number

than strongly correlated ones. The standard protocol of an initiator-FCIQMC simu-

lation is to perform calculations with increasing numbers of walkers, and to monitor

the convergence of the energy. It is found that the initiator-FCIQMC method is still

characterized by exponential scaling but the exponent is now significantly smaller

than with FCIQMC. In other words, the relation between the size of the walker pop-
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ulation and dimension of the FCI space is given by

Nw ∝ (NFCI)
α , (7.4)

but the initiator approach significantly reduces the value of α with respect to the orig-

inal FCIQMC algorithm, characterized by walker populations roughly linear with the

FCI size, α ≈ 1 [31]. For calculations with the initiator approach, values of α be-

tween 0.16 for neutral and ionized atoms up to sodium [34] and 0.34 for C2 [35] have

been reported.

Here, we employ the initiator variant of the FCIQMC method and report below

the value of nadd used in each calculation. We construct the Slater determinants from

the Hartree-Fock orbitals and expand the wave functions on spin-flip combinations of

determinants constructed to exclude odd-spin states [35]. This is particularly relevant

for the computation of the 11B1u and 11Bu excited states of ethene and butadiene,

respectively, because it ensures that the solution converges to the singlet state of the

chosen spatial symmetry and not to the triplet state, which is lower in energy. While

even-spin states other than the singlet are not excluded, they are significantly higher

in energy and therefore projected out in the dynamics. All simulations are started

from one walker on the reference configuration state function, which is the Hartree-

Fock determinant in the ground-state calculations and a spin-flip combination for the

excited states. We grow the walker population to a target value while keeping the

trial energy fixed to the Hartree-Fock value, and then release the trial energy into

variable mode to maintain the population stationary. The energy is computed with

the so-called mixed estimator as

Eproj =
〈D0|H|ΨFCI〉
〈D0|ΨFCI〉 =

∑
j

〈D0|H|Dj〉 〈Nj〉
〈N0〉 , (7.5)

where the coefficient ci in the expansion is estimated as the average of the sum, Ni,

of the signs of all walkers on that determinant. In this energy expression, we still

denote with Di the corresponding spin-flip combination of determinants.

7.3 Computational details
All FCIQMC calculations are performed with the Alavi group code (NECI) and the

setup of the one- and two-electron integrals and molecular orbitals necessary for

FCIQMC is carried out with the Q-Chem code [38]. We employ the frozen-core

approximation and keep the molecular orbitals corresponding to the 1s electrons of

the carbon atoms doubly occupied. This amounts to freezing 4 and 8 spin-orbitals

for ethene and butadiene, respectively.

The ground-state equilibrium structures are optimized at the MP2 level with

the Gaussian 09 code [39] and at the CASPT2 level with the MOLCAS code ver-

sion 7.4 [40]. We investigate the basis-set dependence of the excitation energies

within linear response coupled-cluster (CC) theory [41, 42] at the singles and dou-

bles (CCSD) [43] and approximate third (CC3) [44, 45] orders, using the Dalton
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Basis Label Aug-C Aug-H

ANO-L-VDZP

+C(p) 1p

+C 1s1p1d

+all 1s1p1d 1s1p

+double 2s2p2d 1s1p

ANO-L-VTZP′

ANO-L-VTZP

+C(s,p,d) 1s1p1d

+all 1s1p1d1f 1s1p1d

+double 2s2p2d2f 1s1p1d

ANO-L-VQZP

+C 1s1p1d1f

+all 1s1p1d1f 1s1p1d

Table 7.1: Number and type of diffuse functions employed to augment the ANO-L-

VXZP basis sets on the carbon (Aug-C) and hydrogen (Aug-H) atoms. The label we

assign to the resulting augmented basis set is also listed.

2.0 program [46]. We also perform equation-of-motion coupled cluster calculations

at the singles, doubles and triples (EOM-CCSDT) order [47, 48] using the CFOUR

program, version 1.0 [49]. The frozen-core approximation is employed in the CC

calculations.

7.3.1 Choice of basis sets

To optimize the ground-state equilibrium structures and investigate their basis set de-

pendence, we employ the Dunning’s correlation consistent cc-pVXZ basis sets [50].

For the computation of the excitation energies, we use the ANO-L-VXZP basis

sets [51] with the following contraction scheme: ANO-L-VDZP [3s2p1d]/[2s1p],

ANO-L-VTZP [4s3p2d1f]/[3s2p1d], ANO-L-VQZP [5s4p3d2f]/[4s3p2d] and ANO-

L-V5ZP [6s5p4d3f]/[5s4p3d].

In Table 7.1, we detail how we augment the ANO-L-VXZP basis sets with the

diffuse functions from the corresponding aug-cc-pVXZ and d-aug-cc-pVXZP basis

sets [52], and how we label the various augmented basis sets. For example, in the

VDZP+C(p) set, we only augment the basis on the C atoms with the diffuse p func-

tion from the aug-cc-pVDZ basis while we use the full augmentation on the C atoms

in the VDZP+C basis set. In the VDZP+double basis set, the augmentation from the

d-aug-cc-pVDZ is employed on the C atoms in combination with the augmentation

from the aug-cc-pVDZ on the H atoms. Finally, we also construct a VTZP′ basis set

without augmentation, where the VTZP basis set without f-functions is employed on

the carbon atoms, and the VDZP basis set on the hydrogen atoms.
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7.3.2 Ground-state equilibrium geometries

Previous calculations of the vertical excitation energies of ethene and all-trans buta-

diene have been performed on a variety of geometrical models either optimized with

different ab initio methods or from different experimental studies. For butadiene, in

particular, there are at least four different structures derived from independent ex-

perimental data [53–56], which give a spread of about 0.012 Å in the carbon-carbon

double bond, well outside the reported error bars, as shown in Table 7.2. For ethene,

most previous calculations of the vertical excitation energy have employed the ge-

ometry from the experimental study of Ref. 57 but it is worth noting that another

structure has been reported with a carbon-carbon bond length not compatible within

the given error bar [58] (see Table 7.2). Given the uncertainty in the structures de-

rived from experiments, we generate here the ground-state equilibrium structures

with the MP2 method and validate our choice against CASPT2 geometries.

We optimize the MP2 geometries with cc-pVXZ basis set series and list the

carbon-carbon bond lengths in Table 7.2. We impose D2h symmetry for ethene and

C2h symmetry for butadiene, and place ethene in the yz-plane along the z-axis, so

the π → π∗ excited state has B1u symmetry. We find that the cc-pVQZ basis set

gives converged bond lengths to better than 0.001 Å while smaller basis sets yield

slightly elongated bond lengths with a discrepancy of about 0.015 Å for the smallest

cc-pVDZ basis set. To assess the quality of the MP2/cc-pVQZ geometries, we also

optimize the structures with the CASPT2/cc-pVQZ method. We use a CAS(2,2) and

a CAS(4,4) expansion for ethene and butadiene, respectively, where all π electrons

in the reference are correlated in an equal number of π orbitals. For ethene, we also

consider the larger CAS(6,6) active space where σ and π electrons are correlated over

the orbitals (1b2g, 1b3u, 3ag, 1b3g, 2b2u, 3b1u) as in Ref. 7. The differences between

the CASPT2 and MP2 bond lengths optimized with the same cc-pVQZ basis are

smaller than 0.004 and 0.002 Å in ethene and butadiene, respectively. We also note

that our MP2 geometries are in excellent agreement with the equilibrium structures

recently obtained by combining rotational spectroscopic data with vibration-rotation

constants from quantum chemical calculations [59] (denoted with “Semi-exp” in Ta-

ble 7.2).

We also investigate the dependence of the vertical excitation energies on the

choice of geometry at the CCSD level using the ANO-L-VQZP basis for ethene,

and the ANO-L-VTZP+all basis set for butadiene. We find that the vertical exci-

tation energies of both molecules are rather sensitive to relatively small changes in

bond lengths. For instance, the use of MP2 geometries optimized with the cc-pVDZ

basis yields excitation energies red-shifted by as much as 0.1 eV with respect to the

values obtained on the MP2/cc-pV5Z structures. The excitations computed on the

cc-pVQZ structures are instead converged to better than 0.01 eV. We also compute

the CCSD excitations on the four experimental geometries of butadiene, where we

use the available experimental parameters but the carbon-hydrogen bond lengths and

HCC bond angles from the CASPT2 equilibrium geometry. The spread of 0.012 Å in

the carbon-carbon double bond among the four geometries translates into variations

of 0.1 eV in the computed vertical excitation energy. Clearly, the sensitivity to the
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Molecule Method Basis C−−C C−C ΔE (eV)

Ethene MP2 D 1.346 7.95

MP2 T 1.332 8.05

MP2 Q 1.330 8.06

MP2 5 1.329 8.07

CASPT2/CAS(2,2) Q 1.332 8.05

CASPT2/CAS(6,6) Q 1.333 8.04

Exp [57] 1.339 8.00

Exp [58] 1.334(1) 8.03

Semi-exp [59] 1.3305(10) 8.06

Butadiene MP2 D 1.353 1.464 6.27

MP2 T 1.340 1.453 6.35

MP2 Q 1.338 1.451 6.36

MP2 5 1.338 1.450 6.36

CASPT2/CAS(4,4) Q 1.340 1.452 6.35

Exp [53] 1.343(9) 1.467(2) 6.36

Exp [54] 1.341(2) 1.463(3) 6.36

Exp [55] 1.349(1) 1.467(2) 6.31

Exp [56] 1.337 1.467 6.40

Semi-exp [59] 1.3376(10) 1.4539(10) 6.37

Table 7.2: Carbon-carbon bond lengths (Å) of ethene and butadiene optimized with

the MP2 and CASPT2 methods and the cc-pVXZ basis set with X=D, T, Q, 5. We

also list the CCSD vertical excitation energies (eV) computed with the ANO-L-

VQZP basis set for ethene, and the ANO-L-VTZP+all basis set for butadiene.

choice of geometry should be taken into account when comparing theoretical studies

employing different structural models of ethene and butadiene.

Having validated our choice of equilibrium geometries, we perform the FCIQMC

calculations on the MP2/cc-pVQZ structures. This combination of method and basis

has also the advantage of being easily applicable to consistently extend the present

FCIQMC study to a larger set of molecules. For ethene, we also perform FCIQMC

calculations on the experimental geometry from Ref. 57 since this geometry has been

so often employed in previous theoretical studies of the same vertical excitation.

7.4 Results

We present here the FCIQMC vertical excitation energies of ethene and butadiene

computed with various basis sets. In all calculations, we use the initiator-FCIQMC

approach with thresholds of nadd = 3 for ethene and nadd = 5 for butadiene. These

values minimize the required size of walker populations for all basis sets in the two

systems. For each basis set, the number of walkers is increased until no significant

change is observed in the correlation energy. We converge the ground and excited

states separately and, in general, the excited state requires more walkers for conver-
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gence. Nevertheless, we report the energies obtained with the same population size

for both states to further reduce the statistical error on the excitation energy. To es-

timate the remaining basis set error, we also perform CC calculations with the same

basis sets as in the FCIQMC runs as well as with larger basis sets. In all the compu-

tations below, we employ the augmented ANO-L basis sets described in Table 7.1,

and omit at times ANO-L in the acronym.

7.4.1 Ethene

In Table 7.3, we report the FCIQMC total energies of the 11Ag and 11B1u states of

ethene and the corresponding excitation energies. We employ the ANO double-ζ
basis sets with the augmentations listed in Table 7.1, and the triple-ζ basis with and

without +C(s,p,d) augmentation.

In all FCIQMC calculations, we find that the number of walkers needed to con-

verge the 11B1u state is many orders of magnitude smaller than the dimensions of the

FCI space. For example, we obtain convergence with a population of approximately

108 walkers in a FCI space of 1018 determinants in correspondence of the largest

VTZP+C(s,p,d) basis set. We also find that the size of the walker population scales

with respect to the FCI dimension according to a power law (Eq. 7.4) as previously

observed for other systems. However, as shown in Figure 7.1, the scaling of the aug-

mented basis sets constructed from the ANO double-ζ basis differs significantly from

that of triple-ζ basis sets. For instance, the VTZP basis set without augmentation re-

quires the same number of walkers as the VDZP+all basis even though its FCI space

is almost 100 times larger. Therefore, the triple-ζ basis sets appear to require fewer

walkers than what the extrapolation from the augmented double-ζ basis sets would

suggest. We believe that this difference of prefactors stems from the higher relative

number of diffuse basis functions in the ANO double basis set series as compared to

the two triple-ζ basis sets considered here. Indeed, once the augmentation functions

are added, it is found that the π∗ orbital no longer corresponds to the Hartree-Fock

LUMO orbital. This potentially has significant implications as regards the rapidity

of convergence of the FCI wave function of both the Ag state and the 11B1u states,

since the appearance of additional low energy determinants may result in a signifi-

cantly more multi-configurational wave function. This undesirable behavior may be

ameliorated by employing a different one-electron basis, but in this study we con-

tinue to use a Hartree-Fock basis, leaving this question for a future study. In general,

however, we find that the introduction of very diffuse functions leads to a slower

convergence of the FCIQMC simulation. A log-log fit of only the double-ζ popu-

lations yields α = 0.48. It is unclear from only two basis sets whether the triple-ζ
basis sets have the same scaling parameter α. The scaling parameter of ethene is

therefore larger than the ones obtained for first and second row atoms and anions

(α = 0.16) [34] or C2 (α = 0.34) [35]. Clearly, the size of the FCI space is not the

only relevant parameter which affects the size of the required walker population, but

the relative number and the diffuseness of the augmented functions also need to be

taken into account.

The FCIQMC excitation energies display a smooth convergence with respect
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Figure 7.1: Logarithmic plot of the dimension of the FCI space (NFCI) and the cor-

responding walker population (Nw) employed in the calculations of the 11B1u state

of ethene for five basis sets based on VDZP (red triangles) and two basis sets based

on VTZP (blue circles). A log-log fit of the excitations computed with augmented

VDZP basis sets yields a slope of α = 0.48 (solid, red line). The blue dashed line,

which is drawn with the same slope as the red line, suggests that the VTZP basis sets

might display similar scaling properties.

to the basis sets of the augmented ANO double-ζ series. The VDZP+double val-

ues computed on the MP2 and the experimental geometry are equal to 7.97(1) and

7.90(1) eV, respectively, and compatible with the corresponding excitation energies

of 7.95(2) and 7.92(2) eV obtained with the VTZP+C(s,p,d) basis set. To assess the

degree of convergence of these excitation energies with basis set, we compare the

FCIQMC results with the CCSD, CC3, and CCSDT excitation energies computed

with much larger basis sets of up to quintuple-ζ quality.

The coupled-cluster excitations are compared with the FCIQMC values in Ta-

ble 7.4, and the convergence of the excitations with basis set is illustrated in Fig-

ure 7.2. The CC3 and CCSDT values are very close to the FCIQMC energies and

the CC3 results computed with the VDZP+double and the VTZP+C(s,p,d) basis sets

are converged to better than 0.01 and 0.02 eV, respectively. Given the very simi-

lar behavior of the coupled-cluster and FCIQMC excitations as a function of basis

set, it is safe to expect that also the FCIQMC excitation energies computed with the

VDZP+double basis set are affected by a similar, small basis-set error of at most

0.01 eV. If we correct the FCIQMC/VDZP+double values by this amount, we esti-
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7 Full CI excitations of ethene and butadiene: Resolution of an ancient question

Basis Aug CCSD CC3 CCSDT FCIQMC

VDZP 8.44 / 8.37 8.33 / 8.26 8.34 / 8.26 8.33(1) / 8.25(1)

+C(p) 8.13 / 8.07 8.05 / 7.99 8.06 / 8.00 8.06(1) / 8.00(1)

+C 8.08 / 8.02 7.98 / 7.92 7.99 / 7.93 8.00(1) / 7.93(1)

+all 8.06 / 8.00 7.95 / 7.89 7.96 / 7.90 7.98(1) / 7.92(1)

+double 8.03 / 7.97 7.93 / 7.87 7.94 / 7.88 7.97(1) / 7.90(1)

VTZP 8.15 / 8.08 8.03 / 7.96 8.04 / 7.97 8.06(1) / 7.97(1)

+C(s,p,d) 8.06 / 7.99 7.94 / 7.88 7.96 / 7.89 7.95(2) / 7.92(2)

+all 8.05 / 7.99 7.93 / 7.87 7.95 / 7.88

+double 8.05 / 7.98 7.93 / 7.86 7.94 / 7.87

VQZP 8.06 / 7.99 7.94 / 7.88 7.96 / 7.89

+C 8.05 / 7.98 7.93 / 7.86

+all 8.05 / 7.98 7.93 / 7.86

V5ZP 8.05 / 7.99 7.93 / 7.87

Table 7.4: Vertical excitation energies (eV) of ethene calculated with CCSD, CC3,

CCSDT, and FCIQMC and different ANO-L basis sets on the MP2 and the exper-

imental geometry (separated by a slash as MP2/Expt). The statistical errors on the

FCIQMC excitation energies are given in brackets.

mate that the vertical excitation energy of ethene is ΔEMP2 =7.96(1) eV on the MP2

geometry and ΔEEXP =7.89(1) eV on the experimental geometry.

While all FCIQMC calculations above have been obtained treating all possible

excitations of the 12 valence electrons, it is interesting to find out which level of

excitation plays an important role in our final results. Therefore, for the VDZP+all

basis set which has proven to yield nearly converged results for ethene, we compute

the excitation energies with excitations limited to 3, 4, 5, 6 and 8 electrons. The

walker population is kept fixed at the size needed at the FCI level, namely, 2×107.

The 11Ag state is already converged with an excitation level of 5, but the 11B1u state

needs at least sixfold excitations as shown in Table 7.5.

Max exc. 11Ag 11B1u ΔE

3 -78.3700(0) -78.0450(1) 8.84(0)

4 -78.3973(1) -78.0948(2) 8.23(1)

5 -78.3980(1) -78.1027(3) 8.04(1)

6 -78.3983(1) -78.1051(3) 7.98(1)

8 -78.3983(1) -78.1053(3) 7.97(1)

12 -78.3983(2) -78.1049(2) 7.98(1)

Table 7.5: FCIQMC total (a.u.) and vertical excitation (eV) energies of ethene com-

puted with limited excitations. We employ the MP2 ground-state equilibrium ge-

ometry, the VDZP+all basis set, and a walker population of 5 × 106. A maximum

excitation (Max exc.) of 12 corresponds to a (frozen-core) FCI calculation. The

statistical error on the energies is given in brackets.
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Figure 7.2: Basis-set convergence of the excitation energies (eV) of ethene, com-

puted with CCSD, CC3, and FCIQMC on the MP2 geometry. A very similar be-

havior is observed on the experimental geometry. The statistical error bar on the

FCIQMC energies is either smaller than the size of the symbols or is indicated.

To further validate our FCIQMC results, we investigate two possible sources of

error in our calculations, that is, the frozen-core approximation and the lack of addi-

tional diffuse functions. In all the FCIQMC calculations above, we have frozen the

lowest four orbitals corresponding to the 1s electrons of the carbon atoms. We there-

fore unfreeze all orbitals in the computation of the excitation energy of ethene com-

puted with the VDZP+all basis set. As expected, the absolute ground- and excited-

state energies change significantly but the vertical excitation energy of 7.97(1) re-

mains compatible with the value of 7.98(1) previously obtained within the frozen-

core approximation as shown in Table 7.6. Interestingly, while the FCI space in-

creases by a factor of 104, the required population is only 2.5 times larger than in the

frozen-core calculations. This can be explained with the fact that the determinants

corresponding to excitations from the core have significantly higher energies and a

relatively small weight, so the walker population needed to map this region of the

FCI space is small relative to the total number of determinants. We note that the

CCSD and CC3 excitations computed without the frozen-core approximation also

change by at most 0.01 eV (data not shown).

As for the diffuseness of the basis, several previous calculations of the vertical

excitation energy of ethene employ basis sets which are more diffuse than the ones

considered in this work. In particular, the two investigations which have led to the

lowest estimate of the vertical excitation at 7.7 eV [7, 13] have used more diffuse

functions on the carbon atoms. Therefore, to verify that such diffuse functions do
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Orb. frozen NFCI Nw E(11Ag) E(11B1u) ΔE

0 7.9×1019 5×107 -78.4121(1) -78.1193(2) 7.97(1)

4 5.6×1015 2×107 -78.3983(2) -78.1049(2) 7.98(1)

Table 7.6: FCIQMC total (E in a.u.) and vertical excitation (ΔE in eV) energies of

ethene computed with and without frozen orbitals. The VDZP+all basis set and the

MP2 equilibrium geometry are used. The statistical error on the energies is given in

brackets.

Basis NFCI Nw E(11Ag) E(11Bu) ΔE

VDZP 2.5× 1025 3×108 -155.5481(6) -155.3072(4) 6.56(2)

109 -155.5491(4) -155.3092(6) 6.53(2)

VTZP′ 1.1× 1029 109 -155.6076(4) -155.373(1) 6.38(3)

Table 7.7: Vertical excitation energies (ΔE in eV) of butadiene computed with

FCIQMC with different ANO-L basis sets. The total ground- and excited-state

FCIQMC energies (a.u.) are also given together with the size of the full CI space

(NFCI) and the required walker population (Nw). The statistical error on the energies

is given in brackets.

not change the excitation energy, we further augment our VQZP+all basis set with

the p-augmentation of carbon from Ref. 13, by adding two sets of Gaussians with

exponents 0.010727 and 0.003576 (in total, twelve additional spatial basis functions).

The resulting basis set is not the same as the one used in Refs. [7] or [13] because

ANO-L-VQZP has more primitives than cc-pVQZ, but the total number of functions

is the same and the diffuse functions are identical. At the CCSD and CC3 level,

we find that the additional diffuse functions have very little effect on the excitation

energies which are only 0.01 eV lower than the values obtained with the VQZP+all

basis.

Finally, we note that the ground-state FCIQMC energies in Table 7.3 should also

give us an indication of the quality of the MP2 equilibrium structure as compared

to the experimental geometry from Ref. 57. We first observe that the ground-state

FCIQMC energies obtained with the VDZP basis set are lower on the experimental

geometry than on the MP2 one. However, this difference diminishes as the basis is

enlarged to the VDZP+double and the situation reverses at the triple-ζ level. This

observation is consistent with our findings in optimizing the equilibrium geometry

with different basis sets, namely, that a small basis of double valence quality favors

a longer carbon-carbon bond length as the one in the experimental geometry (see

Table 7.2).

7.4.2 Butadiene

For butadiene, we perform FCIQMC calculations with two basis sets without diffuse

functions, namely, VDZP and VTZP′, and report the total and excitation energies

in Table 7.7. For the VDZP basis set, we obtain a converged excitation energy of
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6.56(2) eV with a population of 3×108 walkers, and further increasing the population

to 109 walkers leads to a ground-state energy compatible within statistical error and

only a slightly lower excited-state energy, reducing the excitation energy to 6.53(2)

eV. The VTZP′ basis yields a FCI space of 1029 determinants and requires instead

populations of at least 109 walkers, which is computationally quite demanding and at

the limits of what we can afford. With this population size, we achieve convergence

for the ground-state energy but cannot further increase the number of walkers to

verify convergence of the excited state.

Nevertheless, we believe that the corresponding excitation energy in the VTZP′

basis set of 6.38(3) eV is nearly converged to the FCI limit for two reasons. First,

halving the number of walkers yields a compatible ground-state energy within a sta-

tistical error of 1 mHartree, and raises the excited-state energy by less than 3±1

mHartree. The corresponding excitation energy is increased by 0.10±0.05 eV. The

convergence behavior for the two basis sets without diffuse functions in ethene and

for the VDZP basis in butadiene reveals that the excited state requires a walker pop-

ulation less or equal to roughly twice the population needed for the ground state.

Since we obtain convergence for the ground state of butadiene in the VTZP′ basis set

with 5×108 walkers, we do not expect that a further increase of the population be-

yond 109 for the excited state will significantly affect the excitation energy. Second,

we can assess convergence of our FCIQMC total and excitation energies through a

comparison with the CCSD, CC3, and CCSDT values. As shown in Table 7.9 and

in Figure 7.3, our FCIQMC excitation energies appear to have a similar convergence

behavior as the CC values. For both basis sets, they lie in the range bordered on the

high side by the CCSD and on the low side by the CCSDT or CC3 values, being

slightly closer to CCSD. The difference of 0.15 eV between the FCIQMC excita-

tion energies computed with the two basis sets is comparable to what is obtained

within CC. Furthermore, if we compare the total ground- and excited-state FCIQMC

energies with the corresponding frozen-core CCSD values, we find that FCIQMC

gives very similar shifts with respect to CC for both the VDZP and VTZP′ basis sets,

as shown in Table 7.8. These facts lead us to conclude that the employed walker

population of 109 is close to sufficient for the VTZP′ basis set.

To estimate the remaining basis set error, we note that the CC results are con-

verged when the VTZP+C(p) and larger basis sets are employed, and that VTZP′

yields CC excitations which are only 0.06 eV higher than the converged values.

Given the similar convergence behavior of FCIQMC, we expect that the basis-set

correction should not be significantly different from the 0.06 eV value estimated

within CC. With the use of this correction, we assign a value of ΔE=6.32(3) eV to

the vertical excitation of butadiene.

Finally, we note that, as in the case of ethene, the use of basis sets with diffuse

functions slows down the convergence of the FCIQMC energies, and leads to even

larger walker populations, especially for the 11Bu state. For instance, even though

the VDZP+C and VTZP′ basis sets are characterized by exactly the same size of FCI

space, the excited state shows a significantly slower convergence with population

size for the VDZP+C basis. In particular, the VDZP+C excited-state energy com-

puted with a population of 109 walkers is significantly closer to the CCSD value than
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E(11Ag)

Basis Aug FCIQMC CCSD ΔE

ANO-L-VDZP -155.5481(3) -155.5332 -0.0149(3)

+C(p) -155.5711(6) -155.5566 -0.0145(6)

+C -155.5993(5) -155.5838 -0.0155(5)

ANO-L-VTZP′ -155.6076(1) -155.5931 -0.0145(1)

E(11Bu)

Basis Aug FCIQMC CCSD ΔE

ANO-L-VDZP -155.3072(1) -155.2902 -0.0170(1)

+C(p) -155.3343(5) -155.3203 -0.0140(5)

+C -155.3606(11) -155.3490 -0.0116(11)

ANO-L-VTZP′ -155.3731(6) -155.3574 -0.0157(6)

Table 7.8: Absolute energies (a.u.) of the 11Ag and 11Bu states of butadiene com-

puted with CCSD and FCIQMC with four ANO basis sets. The difference between

FCIQMC and CCSD energies (ΔE, a.u.) is also given.

Basis Aug CCSD CC3 CCSDT FCIQMC

VDZP 6.61 6.48 6.50 6.53(2)

+C(p) 6.43 6.32 6.34

+C 6.39 6.27 6.29

+all 6.38 6.26 6.27

VTZP′ 6.41 6.29 6.31 6.38(3)

VTZP 6.39 6.26 6.28

+C(p) 6.36 6.24 6.25

+C(s,p,d) 6.36 6.23

+all 6.35

VQZP 6.35

+C(p) 6.35

Table 7.9: Vertical excitation energies (eV) of butadiene calculated with coupled

cluster and FCIQMC. The statistical error on the energies is given in brackets.
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Figure 7.3: Basis-set convergence of the vertical excitation energies (eV) of butadi-

ene, computed with CCSD, CC3, and FCIQMC.

what is observed for the VDZP and VTZP′ basis sets, and therefore too high (see

Table 7.8).

7.4.3 Theoretical comparison

In Table 7.10, we collect the most relevant calculations of the vertical excitation

energy of ethene from the literature, and compare them with our FCIQMC esti-

mates of 7.96(1) and 7.89(1) eV on the MP2/cc-pVQZ and the experimental ge-

ometry of Ref. 57, respectively. We note that the listed calculations have been per-

formed mainly on the same experimental geometry or on a geometry characterized

by a carbon-carbon bond length between our MP2 (1.330 Å) and the experimen-

tal value (1.339 Å). Therefore, these calculations can be either directly compared

with our FCIQMC excitation on the same experimental structure or with a reference

value which should lie between the FCIQMC estimates of 7.89(1) and 7.96(1) eV

obtained on the experimental and MP2 structures. Multi-state (MS) CASPT2 calcu-

lations [5, 12, 15] and previous CC calculations up to perturbative third order [4, 12]

give excitations in the range of 7.8-8.0 eV. At variance with these calculations, an

excitation energy of 7.7 eV is obtained with either multi-reference (MR) configura-

tion interaction and coupled cluster methods on appropriately constructed molecular

orbitals [7], or with the perturbative NEVPT2 approach with the use of orbitals ob-

tained with restricted active space methods [13]. Therefore, the CASPT2 and CC

results are compatible with our FCIQMC excitation energies, while the value of 7.7

eV reported in Refs. [7, 13] is significantly lower. We reiterate that this difference

179



7 Full CI excitations of ethene and butadiene: Resolution of an ancient question

does not stem from the choice of geometry since we employ the same experimental

structure, nor from the use of more diffuse augmented functions, which only affects

the excitation energy by 0.01 eV as shown above. It is rather difficult to establish

why Refs. [7, 13] obtain such a low excitation. In our FCIQMC calculations, there

is no need to artificially constrain the available excitations to an appropriate set of

orbitals as in the RASSCF and subsequent NEVPT2 calculations of Ref. 13 and size-

extensivity is guaranteed, unlike the MR-CISD+Q calculations of Ref. 7, which are

based on the Davidson correction [60] on CISD values. In fact, bare MR-CISD with

the largest CAS reference gives an excitation energy of 7.57 eV, which means that a

Davidson correction of 0.12 eV is significant and that the excitation energy is likely

to become larger when higher excitations are included in the CI expansion.

Table 7.11 reports a similar comparison for the vertical excitation energy of bu-

tadiene. Several calculations in the literature compare rather well with our FCIQMC

estimate of 6.32(3) eV. Previous CC calculations yield excitation energies in the

range of 6.2-6.4 eV [4,22] with CC3 and CCSD being at the low and the high side of

this range, respectively. The single-state (SS) CASPT2 and RASPT2 excitation ener-

gies of about 6.3 eV [14] are in good agreement with our FCIQMC estimate while the

CASPT2 value of 6.0 eV [18] is significantly red-shifted, possibly due to the use of

a different zero-order Hamiltonian. It is hard to establish the quality of the CASPT2

calculation of Ref. 3 due to the lack of multi-state treatment in combination with the

use of diffuse functions which induce valence-Rydberg mixing in the excited state.

The MR-CISD+Q result of 6.34 eV [20] is also in very good agreement with our

FCIQMC excitation energy but their MR-AQCC value of 6.18 eV is too red-shifted.

In comparing the excitation energies of Table 7.11, we must however keep in mind

that they are computed with different geometries and basis sets, and that the quality

of the basis sets is less uniform than in the previous comparison for ethene. For in-

stance, our CC calculations show that the VDZP basis employed in Ref. 18 is clearly

inadequate. On the other hand, we expect that the geometrical differences affect to a

lesser degree the corresponding vertical excitations. From Table 7.2, we can see for

example that our MP2/cc-pVQZ geometry gives the same excitation energy at the

CCSD level as the experimental geometry [53] employed in Refs. [3, 4]. Similarly,

our CC results agree within 0.01-0.04 eV with the ones of Ref. 22, where yet another

geometry, optimized with the MP2 method but with a TZ-VPP basis set, is used.

Finally, we compute a weighted average value of the absorption spectrum of buta-

diene [28], namely,
∫
I dE/

∫
(I/E)dE, as proposed in Ref. 6 for ethene, and obtain

a value of 5.95-6.00 eV, depending on the limits of integration. This estimate is a bet-

ter estimate of the vertical excitation than the band maximum because it takes into

account adiabatic Franck-Condon coupling. However, it is still significantly lower

than our FCIQMC excitation energy and most other values in the literature, indicat-

ing that non-adiabatic couplings to other excited states are important.
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7.5 Conclusions

7.5 Conclusions
In this work, we employ the recently developed FCIQMC method to compute the

π → π∗ vertical excitation energies of ethene and butadiene, which have been the

subject of extensive theoretical investigation for more than two decades and for which

reliable estimates are still needed. For this complex problem, FCIQMC allows us

to treat remarkably large FCI spaces which would be unthinkable for conventional

FCI, namely, 1018 determinants for ethene and 1029 determinants for butadiene cor-

responding to a partially augmented triple-valence basis and a partial triple-valence

basis, respectively.

For ethene, we obtain a vertical excitation energy in the range of 7.89-7.96 eV,

depending on the particular equilibrium ground-state geometry employed. These

values correspond to the FCIQMC limit for a double-augmented ANO-L basis set

of double-ζ quality corrected for a basis-set error of 0.01 eV estimated within CC.

The analysis of the FCIQMC excitations computed with a series of basis sets up to a

partially augmented ANO-L triple-valence basis confirms our extrapolation. The ver-

tical excitation energy is therefore definitely higher than the experimental absorption

band maximum located at 7.66 eV, indicating that nonadiabatic effects are important

and responsible for shifting the location of the vertical excitation to higher energies.

For butadiene, the FCIQMC computation of the excitation is significantly more chal-

lenging even though the approach is able to reduce the complexity of the problem

by 12 orders of magnitude with respect to conventional FCI. With an ANO-L triple-

valence basis on the carbon atoms, we are close to convergence to the FCIQMC limit

with populations of 109 walkers but going to larger populations is currently beyond

our computational possibilities. Our best estimate is a vertical excitation of about

6.3 eV, which we obtain with the use of a partial ANO-L triple-valence basis and

a basis-set correction of 0.06 eV estimated within CC. This value is significantly

blue-shifted with respect to the location of the absorption band maximum at 5.92

eV, indicating the importance of nonadiabatic effects also in butadiene. Our recom-

mended estimates of the vertical excitation energies of both molecules represent a

robust, reliable benchmarking reference for future calculations.
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Samenvatting

De Gordiaanse knoop doorhakken in het modeleren van ge-
ëxciteerde toestanden in complexe omgevingen

Dit proefschrift heeft als doelstelling het betrouwbaar en exact modelleren van de

lichtabsorptie van realistische biosystemen zoals fluorescente eiwitten (b.v. GFP).

Voor dit doel is een multischaal model noodzakelijk vanwege de grootte van dit

soort systemen: een eiwit kan duizenden atomen (en dus tienduizenden elektronen)

bevatten en een kwantummechanische beschrijving ervan is duidelijk onmogelijk.

De lichtabsorptie en elektronexcitatie van deze systemen zijn echter meestal redelijk

goed gelokaliseerd binnen het eiwit. Dit gebeurt namelijk op de zogenaamde chro-

mofoor. Een kwantummechanische behandeling van dit beperkte gebied op het eiwit,

gecombineerd met een minder accurate maar snellere methode voor de rest van het

systeem, is een mogelijke oplossing.

In Hoofdstuk 3 stellen we een nieuw multischaal schema voor, waarin een deel

van de omgeving van de chromofoor toch kwantummechanisch behandeld wordt,

maar door de rekenkundig minder intensieve dichtheidsfunctionaaltheorie (density
functional theory, DFT). Dit soort schema’s worden ook golffunctie-in-DFT inbed-

ding (wavefunction-in-DFT embedding, WF/DFT) genoemd en bestonden al voor dit

proefschrift, maar onze bedrage is de mogelijkheid van de DFT omgeving om te rea-

geren op de excitatie. Dit schema is getest op een aantal kleine moleculen en wij

laten zien dat het meestal een verbetering is op het "bevroren" schema waarin deze

reactie niet mogelijk is.

In Hoofdstuk 4 voeren we verdere testen uit op ons schema: we gebruiken

meerdere accurate kwantummechanische methodes en variëren verschillende param-

eters in het schema. Uit onze analyse blijkt dat de belangrijkste factor in ons schema

de kinetische energie dichtheidsfunctionaal (kinetic energy density functional, KE-

DF) is en dat eventuele instabiliteiten of fouten in onze resultaten grotendeels ver-

meden zouden kunnen worden met de hypothetische "exacte KEDF."

In Hoofdstuk 5 passen we onze nieuwe methode toe op GFP. Wij vergelijken

drie verschillende mogelijkheden qua behandeling van de omgeving. Ten eerste

beschouwen wij de omgeving als een reeks van elektrische ladingen die niet kun-

nen reageren op hun omgeving. Ten tweede, de klassieke omgeving krijgt de mo-

gelijkheid om te reageren dankzij polariseerbare dipolen. Ten slotte behandelen wij

een deel van de omgeving als een kwantummechanisch onderdeel in de DFT. Uit

onze analyse blijkt dat de koppeling tussen de chromofoor en de rest van het eiwit
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een fundamenteel kwantum karakter heeft en de enige manier om excitatie-energieën

betrouwbaar te berekenen het gebruik van grote kwantumclusters (d.w.z. zonder mul-

tischaal modelering) blijft.

In Hoofdstuk 6 beproeven we een alternatieve vorm van WF/DFT inbouwen,

namelijk gebaseerd op “exact embedding.” In dit schema wordt er geen gebruik

gemaakt van de KEDF’s, die de belangrijkste benadering bleken te zijn in Hoofdstuk

4. Wij passen dit schema toe op kleine moleculen die waterstofbruggen vormen

met een klein aantal watermoleculen en we bewijzen dat deze methode inderdaad

“exact” is in het reproduceren van supermoleculaire elektrondichtheden vanuit be-

rekeningen uitgevoerd op subsystemen. De vergelijking van excitatie-energieën is

echter nogal onzeker omdat in ons model de omgevingsreactie op excitatie niet is

geïmplementeerd (in tegenstelling tot de schema’s in Hoofdstukken 3-5).

Ten slotte, in Hoofdstuk 7 is onze focus op een ander thema dan de rest van

het proefschrift: de excitaties van twee kleine moleculen, etheen en butadieen, in

geïsoleerde staat. Voor deze toepassing gebruiken we de zogenaamde FCIQMC

(volledige configuratie-interactie quantum Monte Carlo, full CI quantum Monte Car-
lo) methode, die in principe de exacte energieën oplevert zoals de FCI (volledige

configuratie-interactie, full CI) methode dit doet, maar met een aanzienlijk vermin-

derde rekenkundige bewerkingen. Alhoewel dit onderzoek geen gebruik maakt van

de eerder genoemde multischaal methodes, past dit hoofdstuk wel in dit proefschrift

omdat het aangeeft dat er heel grote verschillen bestaan tussen resultaten van meth-

odes die “betrouwbaar” verondersteld worden. Dit geldt zelfs voor zeer kleine sys-

temen zoals de twee beschreven moleculen met niet meer dan enkele tientallen elek-

tronen (16 en 30, respectievelijk).
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