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1
I N T R O D U C T I O N

This chapter introduces the key concepts of the re-
search presented in this thesis: the interplay between
superconductivity and topological insulators, and be-
tween superconductivity and constraints due to pat-
terned structures. Special attention is paid to the in-
fluence of geometry and the search for topological
effects in experiments. A short overview of the sub-
sequent chapters is also given.

1.1 superconductivity

Superconductivity is the result of the collective behaviour of
electrons, distinguishing it from the behaviour of electrons in
metals. This collective behaviour results in a macroscopic quan-
tum state, and is the result of an attractive force between elec-
trons [1, 2]. These electrons would otherwise experience a Cou-
lomb repulsion, but an attractive force allows two electrons to
form a bosonic Cooper pair [3]. The formation of these bosons
results in a new ground state, where all Cooper pairs occupy
the same energy level. So, all Cooper pairs in a material oc-
cupy the same macroscopic quantum ground state which can
be described using a wave function with a complex phase, Ψ ∼

Δ exp(iϕ).
This new ground state manifests itself in several ways. His-

torically the disappearance of DC electrical resistivity was ob-
served first [4]. As long as a material is superconducting, a cur-
rent in the material will continue to flow. Secondly, supercon-
ductors behave subtly different in a magnetic field than one
would expect for a material without electrical resistance. In-
stead of a perfect diamagnet an external field is shielded from
the interior of a superconductor by surface currents. If a ma-
terial is cooled through the critical temperature Tc in a static
background field, surface currents will flow spontaneously to
cancel this field in the interior. This is distinct from Lenz’s law,
where currents will only flow in reaction to a dynamic field,
and this effect is known as the Meissner-Ochsenfeld effect [5].
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2 introduction

For the experiments presented in this thesis, perhaps the
most used aspects of superconducting systems are flux quan-
tisation and the Josephson effect due to the proximity effect.

Flux quantisation is the result of the macroscopic quantum
state in a superconductor. The wave function describing the col-
lective behaviour of the Cooper pairs is single-valued around
any contour, which results in flux quantisation with Φ0 = h/2e
[6]. This quantisation can be probed in several ways, such as by
measuring the magnetisation [7, 8], the resistance or the transi-
tion temperature [9] of a superconducting ring. Flux quantisa-
tion is an example of a topological quantum number, insensi-
tive to disturbances such as the geometry of the ring [10].

On the interface between a superconductor and non-super-
conducting material, the wave function does not diminish abrup-
tly but extends for a distance characterised by the coherence
length ξN [11, 12]. When a non-superconducting material is
wedged between two superconductors such that these wave
functions interfere, Josephson predicted that the two could be-
come phase-coherent [13–16]. The behaviour of this contact is
now dependent on the phase difference between the two super-
conductors. The DC Josephson effect states that the sine of the
phase difference between the two superconductors modulates
the supercurrent, or maximum current without a voltage. The
modulation is periodic in 2π with the phase difference . The
time derivative of the phase difference leads to a voltage differ-
ence, inversely proportional with Φ0. This is known as the AC
Josephson effect. Despite possible defects and irregularities in
a Josephson junction, this relationship between the time deriva-
tive of the phase and the voltage is exact, and for this reason
used as the conventional definition of the volt, V90.

1.2 topological insulators

Another system where topology plays a defining role in deter-
mining the physical behaviour is a topological insulator. Strong
spin-momentum locking in these materials, which have a bulk
insulating band structure, results in surface states which host
helical Dirac fermions [17]. Inducing superconductivity in these
states could result in a p-wave order parameter, and Majorana
zero modes [18–20]. This latter effect is actively under inves-
tigation in a wide variety of systems such as nanowires [21,
22], HgTe systems [23–26] and the surfaces of bismuth based
topological insulators (chapter 2). Whereas effects due to topol-



1.3 josephson junction arrays 3

ogy, such as flux quantisation in a superconductor and helical
Dirac fermions in a topological insulator, are robust, combin-
ing these two materials does not easily lead to unambiguous
results despite a clear prediction for a modified flux quantisa-
tion, h/e. These difficulties are attributed to quasi-particle poi-
soning, quantum phase slips, non-perpendicular bound states
and contributions from non-Majorana modes in the junctions,
and there is a continuous search for unambiguous experiments
and signatures [27–32].

The connection between bismuth based topological insula-
tors and superconductors is introduced in more detail in chap-
ter 2. In chapter 3 the interplay between geometric constraints,
namely the width of planar Josephson junctions, and the search
for signatures of topological superconductivity in Nb / Bi2Te3
systems is explored. One of the constraints of the first genera-
tion Bi-based topological insulators is the presence of bulk con-
ductivity due to defects. Chapter 4 presents the realisation of
Josephson contacts on a topological insulator without a bulk
shunt, Bi2−xSbxTe3−ySey. To investigate the phase dependence
of Nb / Bi2Te3 Josephson junctions, SQUID devices allow for
control of the phase of the junctions. By comparing the geomet-
ric areas of the SQUID loop and the Josephson junctions the
periodicity of the current-phase relationship of the junctions is
determined in chapter 5. In the final chapter concerning super-
conductor / topological insulator systems, chapter 6, SQUID
characteristics of superconductors with different current-phase
relationships are modelled.

1.3 josephson junction arrays

Another way to exploit the macroscopic wave function present
in superconductors is by creating a superconducting lattice or
array. Such a superconducting network is relevant both from a
technical and fundamental point of view. In the definition of a
voltage standard using the Josephson effect, large arrays of cou-
pled Josephson junctions are used for frequency-to-voltage con-
version, exploiting the precision in Φ0 mentioned previously.
In fundamental physics, superconducting networks can be used
as a model for disordered superconductors, investigating phase
transitions and as model systems for engineered Hamiltonians
[33–35].

The starting point for the experiments presented in chapters
7 and 8 is an array of superconducting islands connected via the
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proximity effect on a metallic substrate. The behaviour of these
simple structures, described by the Little-Parks effect or SQUID
physics, becomes rich and complex due to vortices, topologi-
cally stable excitations, threading the unit cell, or loops, of the
arrays. The superconducting array creates an egg-crate poten-
tial landscape for vortices, with minima in between islands. In
zero field, the interactions between thermally activated vortices
and anti-vortices are associated with a Berezinskii-Kosterlitz-
Thouless (BKT) transition as a function of temperature. In an
applied magnetic field, the vector field places competing re-
quirements on the order parameter of islands which are part
of different loops, and the resulting vortices will arrange them-
selves throughout the system. To minimise the total energy the
distance between vortices will be maximised. In a thin super-
conducting film or strips [36] this is evident by the formation
of an Abrikosov lattice [37]. The number of vortices in an array
can be controlled by a perpendicular magnetic field. Similarly,
when the number of vortices per unit cell is a rational fraction,
stable and periodic vortex lattices exist which are insensitive to
disturbances. Magnetic fields which lead to such periodic vor-
tex configurations are commensurate with the physical lattice. In
chapter 7, the existence and behaviour of these periodic vortex
lattices is investigated and found to behave as a Mott system. In
the final chapter the influence of disturbing the lattice by remov-
ing islands is measured and analysed, probing the relationship
between disorder, commensurability and superconductivity.
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2
I N T R O D U C T I O N T O B I S M U T H B A S E D
T O P O L O G I C A L I N S U L AT O R -
S U P E R C O N D U C T O R S Y S T E M S

The surface of a 3D topological insulator is conduct-
ing and the topologically non-trivial nature of the
surface states is observed in experiments. It is the
aim of this introduction to review and analyse exper-
imental observations of the superconducting trans-
port properties of hybrid structures consisting of su-
perconductors and these topological insulators. Su-
perconductivity can be induced in topological super-
conductors by means of the proximity effect. The in-
duced supercurrents, Josephson effects and current-
phase relations will be reviewed.

2.1 introduction

A three-dimensional (3D) topological insulator (TI) is a semi-
conductor with two-dimensional (2D) surface states that have
an energy dispersion across the entire bulk bandgap. These
surface states arise from band inversion, due to strong spin-
orbit interactions. The band inversion makes the surface states
topologically nontrivial, meaning that these states are protected
(cannot be removed) and that the states have a helical Dirac-
type dispersion, where spin is tightly coupled to momentum.
Several compounds have been theoretically predicted to be 3D
TIs [1]. Strong experimental evidence for the presence of topo-
logical surface states exists for the class of Bi-based materials:
the alloy Bi1−xSbx [2], and the compounds Bi2Se3 and Bi2Te3
[3], see Fig. 2.1 for the crystal structure. The class of Bi-based
topological insulator has been expanded with the fabrication

This chapter is published as part of “Magnetotransport and induced
superconductivity in Bi based three-dimensional topological insulators" by
M. Veldhorst, M. Snelder, M. Hoek, C. G. Molenaar, D. P. Leusink, A. A. Gol-
ubov, H. Hilgenkamp & A. Brinkman, Phys. Status Solidi RRL 7:26–38 (2013).
The author of this PhD thesis has contributed to this publication by con-
tributing in the writing of the sections presented in this chapter.
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8 introduction to bismuth based topological . . .

Figure 2.1: The crystal structure of Bi2Te3 as a representative
example of Bi-based 3D topological insulators. From
[3].

of TlBiSe2 [4–6], TlBiTe2 [6], BiSbPbTe [7], and PbBiTe4 [8]. The
bulk of these compounds is not necessarily insulating, due to
the presence of defects and impurities. This bulk conductivity
might shunt and mask topological transport properties. A suc-
cessful trend in the research on topological insulators has been
to reduce the number of defects and impurities by atom sub-
stitutions such as Bi2Te2Se [9–11] and Bi2−xSbxTe3−ySey [12]
which have higher bulk resistivities. Simultaneously, progress
has been made in disentangling topological surface state trans-
port properties from bulk transport contributions.

The topologically non-trivial surface state is an attractive me-
dium to study unconventional superconductivity. When super-
conductivity exists in a system with a Dirac-type dispersion
and helical spin-momentum locking, exotic features could be
realised such as p-wave order parameter symmetry [13] and
Majorana type bound states [14]. Josephson hybrid structures
have been designed theoretically already to mimic non-abelian
particle statistics [14]. Parallel to the trend of doping and al-
loying TIs to render them superconducting [15, 16] runs the
successful approach of inducing superconductivity from a stan-
dard superconductor into a TI by means of the proximity effect.
Here, we will review the current status of the experimental ef-
forts in the latter direction. Evidence for supercurrents through
topological surface states will be analysed, also in the presence
of bulk conducting channels. The prospects for future Super-
conducting quantum interference device (SQUID) based experi-
ments to detect topological effects in the superconductivity will
be discussed.
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2.2 topological insulators with proximity induced
superconductivity

The combination of superconductivity with spin-orbit coupling
opens many new exciting research directions, including the re-
alisation of a new emergent particle: the Majorana bound state.
This particle, which is its own antiparticle, emerges from the
electron-hole symmetry of superconducting condensation and
the spin-momentum locking in the topological insulator [14, 17].
The high potential of this particle in quantum computation
led to many new proposals in various material systems, such
as topological insulator/superconductor structures [14, 18–22],
spin-triplet p-wave superconductors [13, 23–26], helical super-
conductors [27, 28], topological superconductors [15, 16, 29–31],
semiconductor/metals with strong orbit coupling in combina-
tion with superconductors or superconductors with strong spin
orbit coupling [32–39]. In the latter category the most well-
known device is inducing superconductivity in nanowires struc-
tures with strong Zeeman and Rashba fields [37–56]. First signa-
tures of the Majorana fermion are revealed [40–42, 57–62] but in
order to test all its peculiar properties the realisation of super-
conducting interference devices will be a prerequisite [52, 63].

2.2.1 Supercurrents through TI structures

Shortly after the discovery of the Bi-compound topological insu-
lators, observations of supercurrents in superconductor - topo-
logical insulator structures have been reported [64–70], as well
as the coexistence of superconductivity and topological sur-
face states [71]. Several fabrication techniques have been used
such as epitaxial film growth and mechanical exfoliation for the
topological insulator structure. Superconducting electrodes are
deposited on top resulting in lateral junctions. Sandwich-type
junctions have been realised by Qu et al. [66] using a clever fab-
rication method based on exfoliated flakes. Using an oxidised
Si substrate, Sacépé et al. [64] demonstrated gate tunable super-
currents. The change in the IcRN product is of the order of 15%
by applying a gate voltage between -80 V and +50 V. Structures
based on exfoliation are therefore flexible and have high poten-
tial. High quality topological insulators with small thicknesses
and smooth surfaces can be realised that allow the construc-
tion of multiple devices on a single flake [65]. Orlyanchik et al.
[72] demonstrated a gate tunable supercurrent with an abrupt
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change at the band-inversion point. Kurter et al. [73] find that at
this band-inversion point, the modulation depth of dc SQUIDs
also changes, without a change in the periodicity.

The characteristic IcRN product observed so far is well below
the characteristic voltage scale of πΔ/e, e.g. 5 mV for super-
conducting niobium electrodes. Although mechanisms as scat-
tering and electron-hole decoherence due to junction lengths
longer than ξ can lower the IcRN product, these junctions often
have high interface transparencies and junction lengths compa-
rable to ξ. In these systems, an important mechanism lowering
the IcRN product is the presence of bulk conduction. Normal
state transport is dominated by the bulk states which are spread
over the entire sample. As the electrodes are fabricated on top,
proximity induced superconductivity will be the strongest on
the top, and the bulk is effectively shunting the junction RN
significantly, thereby reducing the IcRN product. Veldhorst et al.
[65] obtained a bulk mean free path shorter than the junction
length while the system is in the ballistic limit and concluded
that the discrimination between bulk and surface states can be
so strong that the top topological surface state dominates the
superconducting transport, while the bulk states dominate the
normal state.

It is an intriguing question why this discrimination is so
strong. Besides geometrical effects, strong anisotropy of the
band structure of Bi-based topological insulators is a possible
origin. The ratio of the superconducting coherence length ξz/ξxy
in the topological insulator depends on the effective mass and
the potential energy difference along the xy-direction and z-
direction. From the expression of the coherence-length tensor
for anisotropic superconductors as described in Ref. [74], we
find for the proximity coherence length in the non-supercon-
ducting material

ξz

ξxy
∝ mxy

mz

kz

kxy
∝ mxy

mz

a

c
, (2.1)

where the x, y and z axis are as defined in Fig. 2.1. The super-
conductivity is induced in the surface states in the xy−plane.
a and c are the lattice constants of the unit cell along the x
(or y) and z direction, respectively. Using the valence band ef-
fective masses mxy = 0.18 and mz = 0.84 for Bi2Te3 [75] in
conjunction with the lattice constant differences, we find a ratio
ξz/ξxy of 0.15. Hence, the band structure itself causes a strong
anisotropic proximity effect. An additional argument for strong
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anisotropy is the observation of the layered quantum Hall effect
in Bi2Te3 [76]. Furthermore, the effective parameter that deter-
mines the suppression of IcRN in S-N-S junctions (whether bal-
listic or diffusive, and including barriers at interfaces) is given
by γeff = (Lξ)

2 RB
RN

, with the boundary resistance RB and the
interlayer resistance RN [77]. From this suppression parameter
it can already be seen that a low interlayer resistance with re-
spect to the boundary resistance gives a high γeff. The IcRN is
then suppressed more strongly for the bulk than for the surface
channel. Finally, topological effects might render the interfaces
to the surface states intrinsically transparent. These intriguing
options open a new exciting research direction and give the op-
portunity to have surface states dominating the supercurrent in
topological insulators even in the presence of substantial bulk
conductivity.

Successive Andreev reflections allow quasiparticles to escape
from the superconducting gap in the voltage state. These mul-
tiple Andreev reflection (MAR) processes cause structures in
the current voltage characteristics at voltages eV = αΔ/n, with
n an integer and α = 2 for standard Cooper pair tunneling
and α = 1 for single electron tunneling mediated by Majorana
fermions. Experimentally, Zhang et al. [67] have reported evi-
dences for MAR for junctions that are in the standard α = 2

regime (as expected for 3D junctions). Remarkably, in this ex-
periment only steps are observed for even n.

2.2.2 Current-phase relationship

Topological protection causes interfaces to be highly transpar-
ent due to Klein tunneling [14, 17] and absence of backscat-
tering for perpendicular incidence. This protection can change
the standard current-phase relationship in Josephson junctions
from sin(φ/α) with α = 1 to α = 2. The systems is then gapless
at zero energy, and there exists a Majorana bound state when
the phase difference φ across the junction equals π. Many the-
oretical proposals have been put forward to reveal this current-
phase relationship. These proposals are based on the AC and
DC Josephson effects and superconducting quantum interfer-
ence devices with topological interlayers.

The AC Josephson effect has been observed by Veldhorst et
al. [65], see Fig. 2.2. These Josephson junctions show clear steps
when irradiated with microwaves, demonstrating the Joseph-
son nature of the supercurrent and from the spacing between
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Figure 2.2: Bessel-peacock color plot of the conductance after
irradiation with microwaves (10.0 GHz). From [65].

the steps it can be concluded that these measurements are in
the α = 1 regime. Future strategies to enhance the fraction
of sin(φ/2) tunneling involve non-equilibrium measurements
[78] and the suppression of non-perpendicular trajectories in
the junctions [79].

The DC Josephson effect causes a modulation of the super-
conducting critical current in an applied magnetic field. In the
limit of infinite width and a homogenous current density dis-
tribution the magnetic field dependence of the critical current
is the Fraunhofer sinc function:

Ic (Φ0) = Ic (0)
sin (πΦ/αΦ0)

πΦ/αΦ0
(2.2)

Here, Φ0 is the superconducting flux quantum. Fig. 2.3 shows
typical critical current modulation patterns observed so far. The
Josephson junctions fabricated by Qu et al. [66] are well de-
scribed by Eq. (2.2) with α = 1, while Veldhorst et al. [65] and
Williams et al. [69] report deviations.

Deviations in the field dependence can result from flux fo-
cusing effects and geometrical inhomogeneities, e.g. pinholes
result in a slower decay of the side lobes, while lower current
densities at the edges result in faster decay of the side lobes.
Furthermore, having a finite width changes the field depen-
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Figure 2.3: Critical current modulation by magnetic field of
Josephson junction with topological insulator in-
terlayers. (a) From [65]. (b) From [66]. (c) From [69].
While the Josephson junctions fabricated by Qu et al. [66]
(b) have standard Fraunhofer patterns, the junctions from
Veldhorst et al. [65] (a) and Williams et al. [69] (c) show
deviations. Deviations occur both with respect to the field
period (which is smaller than expected from the effective
junction area) and in the shape.

dence, which becomes significant when W ≈ L, the situation
for most experiments so far. The ratio between the length L and
the width W of the junctions can change both the magnitude
and period of the diffraction pattern [80]. The period increases
from Φ0 to 2Φ0 for L/W → ∞ [81] when the junction edges
are ‘open’, as in Fig. 2.4(a). In this scenario, the side lobes will
decrease more rapidly. This scenario is applied in chapter 4.

When specular reflection occurs at the edge of the junction,
such as in Fig. 2.4(b), the 2Φ0 crossover occurs at smaller as-
pect ratios [82]: L/W ∼ 1. The ratio that is important in this
scenario is the distance between the Josephson vortex and the
range of nonlocal electrodynamics, determined by the thermal
length ξN. As long as the range of nonlocal electrodynamics
is smaller than the distance between vortices, the Φ0 period
remains. For a larger range or strong nonlocality the period
becomes 2Φ0 due to boundary effects. Including a finite tun-
neling barrier to this geometry mainly causes a sharpening of
the Fraunhofer pattern and the side lobs are flattened [83]. This
flattening is also characteristic for SNS junctions in the diffusive
limit [84].

A third situation occurs when the magnetic field is parallel
to the surface but perpendicular to the current as shown in
Fig. 2.4(c). This changes the Fraunhofer pattern drastically [85],
including irregular periods, periods smaller than the flux quan-
tum and non-zero minima depending on the L/D ratio. The ex-
perimentally realised dc SQUIDs, described in chapter 5, based
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L
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(a) (b) (c)

S S

L

S S

Figure 2.4: Geometric effects. (a) Geometry of S-TI-S junctions as
used in the calculation of Ref. [81] to determine the critical
current modulation by applied magnetic fields. The dotted
arrow shows the path of an electron that never goes to the
other superconductor but leaves the junction. In the mid-
dle of the superconductor the angle for which the electron
still reach the other superconductor is larger than at the
edges. (b) Geometry as used in the calculation of Ref [82].
At the boundaries the electrons are specular reflected. (c)
The geometry as used in the calculation of Ref. [85].

on junctions where the critical current field dependency devi-
ates from the standard Fraunhofer pattern [65] show standard
fluxoid quantisation and suggest that the junction deviations
are due to geometrical effects.

The observation of Fraunhofer patterns in topological Joseph-
son junctions unambiguously shows the development of the
superconducting proximity effect in the topological insulator.
The deviations from the standard Fraunhofer form an interest-
ing platform to search for new phenomena in these junctions.
However, these junctions are nanosized, are often ballistic, and
multiple bands can contribute to the conduction, resulting in
complex scenarios. Still, based on these Josephson junctions
SQUIDs can be fabricated that can discriminate between inho-
mogeneities and transport mediated by Majorana fermions.

2.2.3 dc SQUIDs with unconventional current phase relationships

Due to the appearance of Majorana fermions single electron
tunneling occurs and the resulting current-phase relation of
Josephson junctions can become 4π-periodic. The 4π-periodic
current-phase relationship of topological Josephson junctions
has its signatures in superconducting loops [86]. In the absence
of relaxation mechanisms, standard fluxoid quantisation is dou-
bled. Unfortunately, mechanisms such as quasiparticle poison-
ing and quantum phase slips will drive the system easily to
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Figure 2.5: SQUIDs including transparant junctions. (a) Current-
phase relationship of junctions with different interface
transparancies (Z = 0, 0.5 and 100). (b) Resulting SQUID
characteristics. Dashed lines include the peaked current
phase relationship as considered in the phenomenological
model introduced by Williams et al. [69], with the screen-
ing parameter βL = 0 and 2. These results hold in the
presence of relaxation mechanisms and are independent
of junction homogeneities and are thereby strong signa-
tures of unconventional current-phase relationships.
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standard fluxoid quantisation. However, as shown in chapter
6, even in this regime the unusual current phase relation of
the individual junctions alter the standard SQUID modulation
characteristics. This model is based on imposing fluxoid quan-
tisation on a superconducting loop interrupted by two Joseph-
son junctions described with the resistivily and capacitively
shunted junction (RCSJ) model. To further illustrate this model
we show the scenario of full relaxation in Fig. 2.5, where the
junctions have been modeled by the Blonder-Tinkham-Klapwijk
(BTK) approach [87]. The resulting bound states are described

by E = ±
√
cos(φ/2)2+Z2

1+Z2
. Here, Z is the BTK barrier strength of

the barriers I. These results also represent bound states of su-
perconductor - topological insulator Josephson junctions, where
the factor Z effectively describes the scattering resulting from
finite angle incidence with momentum mismatches and the ap-
pearance of a magnetic gap. In the standard SQUID scenario,
the Josephson junctions have low transparency (corresponding
to Z = 100 in Fig. 2.5) and can be described with a sin(φ)
current-phase relationship. In that case the dc SQUID has a si-
nusoidal critical current modulation as a function of magnetic
field and standard fluxoid quantisation Φ0 = h/2e. Lowering
the barrier strength, increasing the interface transparency, re-
sults in an incomplete critical current modulation [88]. This
incomplete modulation is a strong signature, since it is inde-
pendent of the junction homogeneity and survives up to the
regime of energy relaxation (where doubled fluxoid quantisa-
tion is absent [17]).

We also included the current-phase relationship as imposed
phenomenologically by Williams et al. [69]. This model assumes
a current-phase relation that peaks when the relative phase
over the junction equals π. In the regime of small self-induced
flux, described by the screening parameter βL = 2πLIc/Φ0, the
characteristic spikes are also present in the dc SQUID char-
acteristics. Increasing βL smears out the spikes, resulting in
a triangular critical current modulation, see Fig. 2.5. We con-
clude this section by noting that dc SQUIDs are ideal candi-
dates to measure the unusual current-phase relationships of
superconductor-topological insulator structures even in the pres-
ence of junction inhomogeneities and relaxation mechanisms.
These dc SQUIDs can be used to test whether the critical cur-
rent field dependences of topological junctions are due to in-
trinsic or extrinsic effects.
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3
G E O M E T R I C D E P E N D E N C E O F N B - B I 2T E 3 - N B
T O P O L O G I C A L J O S E P H S O N J U N C T I O N
T R A N S P O RT PA R A M E T E R S

Superconductor-topological insulator-superconduct-
or Josephson junctions have been fabricated in or-
der to study the width dependence of the critical
current, normal state resistance and flux periodic-
ity of the critical current modulation in an exter-
nal field. Previous literature reports suggest anoma-
lous scaling in topological junctions due to the pres-
ence of Majorana bound states. However, for most
realised devices, one would expect that trivial 2π-
periodic Andreev levels dominate transport. We also
observe anomalous scaling behaviour of junction pa-
rameters, but the scaling can be well explained by
mere geometric effects, such as the parallel bulk con-
ductivity shunt and flux focusing.

3.1 introduction

Topological insulator (TI) – superconductor (S) hybrids are po-
tential systems for realizing p-wave superconductivity and host-
ing Majorana zero-energy states [1–8]. The common singlet s-
wave pairing from a nearby superconductor is predicted to in-
duce a spinless p-wave superconducting order parameter com-
ponent in a topological insulator [4, 8] because of the spin-
momentum locking of the surface states in a topological insu-
lator [9–11]. In a Josephson junction between two s-waves su-
perconductors with a topological insulator barrier (S-TI-S), Ma-
jorana Bound States (MBS) can occur with a sin(φ/2) current-
phase relationship [4]. Contacts between superconductors and
3D topological insulators were realised on exfoliated flakes and

This chapter is accepted for publication in Superconductor Science and
Technology (2014) as Geometric dependence of Nb-Bi2Te3-Nb topological Josephson
junction transport parameters by C. G. Molenaar, D. P. Leusink, X. L. Wang &
A. Brinkman.
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films of Bi2Te3, Bi2Se3, and strained HgTe [12–18], and the Jo-
sephson behaviour was investigated by measuring Fraunhofer
patterns in the presence of an applied magnetic field and Shapiro
steps due to microwave radiation [13–15, 17, 18]. Despite the
presence of conductivity shunts through bulk TI, the Joseph-
son current was found to be mainly carried by the topological
surface states [13, 17, 18].

Pecularities in the Fraunhofer diffraction patterns have been
found for topological Josephson junctions [15, 19], including
non-zero minima in the Fraunhofer patterns and periodicities
which do not correspond to the junction size. In junctions with
a varying width the characteristic energy ICRN was reported to
scale inversely with the junction width [15]. This observation
has been phenomenologically attributed to the width depen-
dence of the Majorana modes contributing to a highly distorted
current-phase relationship [15]. The Majorana modes have also
been held responsible for the unexpectedly small flux periodic-
ities in the Ic(B) Fraunhofer pattern of the same junctions [15].

However, only one mode out of many channels is a MBS. For
all non-perpendicular trajectories a gap appears in the Andreev
Bound state spectra, giving trivial 2π periodic bound states [20].
For typical device sizes fabricated so far, the number of chan-
nels is estimated to be large (a width of the order of a few 100
nm and a Fermi wavelength of the order of k−1F = 1 nm already
gives a few 100 modes). The Majorana signatures are, therefore,
expected to be vanishingly small.

To understand the Ic(B) periodicity as well as the scaling of
ICRN with width, we have realised S-TI-S topological Joseph-
son junctions with varying width. We also observe a non-trivial
scaling of the critical current, normal state resistance and mag-
netic field modulation periodicity. However, a detailed analysis
shows that all scaling effects can be explained by mere geomet-
ric effects of trivial modes. The dominance of trivial Andreev
modes is supported by the absence of 4π periodicity signatures
in the Shapiro steps under microwave irradiation.

3.2 expected majorana related modifications of the
critical current modulation by magnetic field
and microwaves

Screening external flux from a superconducting junction results
in the characteristic Fraunhofer pattern in Josephson junctions
due to the DC Josephson effect. The critical current is modu-
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lated by the magnetic flux with a periodicity of the supercon-
ducting flux quantum, Φ0 = h/2e, threading the junction, due
to the order-parameter being continuous around a closed con-
tour. If the current-phase relationship is changed from sin(φ) to
sin(φ/2) in a topologically non-trivial junction the periodicity
is expected to become h/e.

Additionally, for junctions where MBS are present it has been
proposed that the minima in the Fraunhofer pattern are non-
zero [21]. The current at the minima is predicted to be approx-
imately equal to the supercurrent capacity of a single channel,
IM ≈ Δ/Φ0.

Applying an AC bias on top of the DC bias will create a fre-
quency to voltage conversion, the AC Josephson effect. In the
voltage state of the junction, at DC voltages equal to kΦ0f =

khf/2e, with k an integer and f the frequency in Hz, there will
be a current plateau with zero differential resistivity at fixed fi-
nite voltages. The presence of these Shapiro steps in a supercon-
ducting junction is one of the hallmarks of the Josephson effect.
In contrast to a Fraunhofer pattern, it does not depend on the
geometry of the junction, but on the current-phase relationship
of the junction. A sum of different current-phase relationships
[22–27] I = A1 sinφ/2+A2 sinφ+A3 sin 2φ+ . . . will result in
current plateaus at V1,l = lhf/e, V2,m = mhf/2e, V3,n = nhf/4e,
etc. For a pure sin(φ/2) relationship one expects steps only at
khf/e. The actual width and the modulation as function of ap-
plied RF power of the current plateaus depends on the ratio
between the applied RF frequency and the ICRN product of the
junctions. This can be numerically obtained by solving the Re-
sistively Shunted Josephson (RSJ) [28] junction model.

3.3 sample layout and fabrication∗

Devices were designed with junctions of constant electrode
separation and varying width. The fabrication is similar to the
method used by Veldhorst et al. [13], but has been modified to
reduce the number of fabrication steps and increase the num-
ber of usable devices available on one chip. Exfoliated flakes†

are transferred to a Si/SiO2 substrate. E-beam lithography, with
300 nm thick PMMA resist, is used to define junctions and con-
tacts in two different write fields, eliminating the photo-lithog-
raphy step.

∗Device fabrication by D. P. Leusink.
†Crystals grown by X. L. Wang.
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Figure 3.1: Scanning electron microscope images of a typical
device. The white bar is 200μm, 5μm and 100 nm wide in
the three consecutive images respectively, and the white
rectangles in the two left images mark the location of the
image to the right. The first image show the Nb contact
pads (dark grey) written with a large write field. The mid-
dle image shows the flake (trapezoid with bright edges
and a step edge diagonal across) with leads (dark grey)
leading to the junctions. The junctions are visible as faint
white breaks in the leads. Along the top-row, left to right,
are a 100, 250 and 500 nm junction. On the bottom-row are
a 750, 1000 and 2000 nm junction. The 5μm on the right
hand side of the flake is overexposed. The rightmost im-
age is a close-up of a 250 nm by 150 nm designed junction.

In figure 3.1 the contact pads, written with a coarse write
field, and the structure on the Bi2Te3 flake, written with a smal-
ler and accurate write field, are visible. The smaller write field
increases the resolution possible. An overlap of the structures
was used in areas where the dose or write field was changed.
These overlaps will cause overexposure and are only possible
when the resolution is not critical. The 80 nm niobium super-
conducting film and a 2.5 nm capping layer of palladium are
sputter deposited. The flake is Ar-ion etched at 50 eV for 1 min
prior to deposition resulting in transparent contacts.

The edge of the flake with the substrate provides a step edge
for the Nb from the substrate to the flake, and it is advisable to
keep the thickness of the flake comparable or less than the thick-
ness of the Nb layer. The thickness of the sputter deposited Nb
is limited by the thickness of the e-beam resist layer. For flakes
of usable lateral dimensions, the thickness is generally in the
order of 100 nm. The contacts for the voltage and current leads
are split on the flake: if a weak link occurs on the lead transi-
tion from flake to substrate this will not influence the measured
current-voltage (IV) characteristic of the junction.

Structures with a disadvantageous aspect ratio (junction wid-
th to electrode separation), such as wider junctions, are prone
to overexposure. This increases the risk of the junction ends
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junction
width (nm)

critical
current (μA)

normal state
resistance (Ω)

100 0.2 1.5
250 3.5 1.14
500 13.5 0.84
1000 16 0.64

Table 3.1: Junction characteristics. The critical current IC and nor-
mal state resistance RN are given at 1.6 K. The measured
junction separation is 140 nm. The 750 nm and 5000 nm
wide junctions have shorted junctions due to e-beam over-
exposure, and the 2000 nm wide junction had a non-ohmic
contact, caused by a break at the edge of the Bi2Te3 flake.

not being separated. For wider junctions a slightly larger sep-
aration has been used. Overexposure will decrease the actual
separation. Actual dimensions are verified after fabrication as
in figure 3.1.

The junctions are characterised in a pumped He cryostat with
mu-metal screening and a superconducting Nb can surround-
ing the sample. The current and voltage leads are filtered with
a two stage RC filter. A loop antenna for exposure to microwave
radiation is pressed to the backside of the printed circuit board
(PCB) holding the device. A coil perpendicular to the device
surface is used to apply a perpendicular magnetic field. For dif-
ferent values of the applied microwave power or magnetic field
current-voltage traces are recorded.

3.4 measured scaling of transport parameters

3.4.1 Junction overview

The devices are characterised by measuring their IV curves at
1.6 K under different magnetic fields and microwave powers.
The microwave frequency of 6 GHz is chosen for maximum
coupling as determined by the maximum suppression of the
supercurrent at the lowest power. The main measured junction
parameters are given in table 3.1.

Both the magnetic and microwave field response has been
studied for all junctions. Results for the 250, 500 and 1000 nm
wide junctions are shown in figure 3.2. The supercurrent for
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the 100 nm wide junction was suppressed in a magnetic and
microwave field without further modulation. In the response to
the microwave field a sharp feature is visible starting at 200μA
and −10 dBm for the 1000 nm junction. This is likely the result
of an unidentified weak link in one of the leads. The fainter
structures in the 250 nm junction starting at 43 and 60μA and
−40 dBm are reminiscent of an echo structure described by Yang
et al. [14] for Pb-Bi2Se3-Pb Josephson junctions. Measuring the
microwave response at the minima of the Fraunhofer pattern
[21] yielded no Shapiro features.

3.4.2 Scaling of IC and RN

In general, the normal state resistance, RN, of a lateral SNS junc-
tion [29, 30] is expected to scale inversely with junction width,
whereas Ic is expected to be proportional to the width, such
that the ICRN product is constant [28]. Josephson junctions on
topological insulators are similar to SNS junctions with an in-
duced proximity effect by superconducting leads into a TI sur-
face state. For junctions on Bi2Te3 the transport was found to be
in the clean limit, with a finite barrier at the interface between
the superconductor and the surface states [13]. The supercur-
rent for ballistic SNS junctions with arbitrary length and barrier
transparency is given by [31], which was found to fit the data of
Veldhorst et al. well [13]. The normal state resistance in Bi2Te3 is
complicated by the diffusive bulk providing an intrinsic shunt.
The leads on the Bi2Te3 flake leading up to the junction also
contribute towards a normal state conductivity shunt without
carrying supercurrent. This results in current paths not only di-
rectly between the two electrodes but also through and across
the whole area of the flake to the left and right of the electrodes.

The scaling of Ic and RN with junction width is shown in Fig-
ure 3.3. In the junctions with an aspect ratio (width of the junc-
tion divided by electrode separation) greater than 5, the ICRN
product is approximately 11μV, similar to junctions where the
the length was varied instead of the width [13, 32]. Below this,
the ICRN product falls sharply. To verify whether this can be
due to Majorana modes we estimate the number of conducting
channels in these small junctions. The number of channels in
a junction is related to the width of the junction: M = kF×W

π
1.

1The wave vector for linear dispersion is given by kF = EF
�hvF

≈
2 × 109 m−1. The Fermi energy is taken as 150 meV and the Fermi velocity is
in the order of 1 × 105 m/s.
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Figure 3.2: Magnetic field and microwave power dependence.
The top row figures show the dynamic resistance of the
250 nm wide junction, the middle row figures correspond
to the 500 nm wide junction and the bottom row figure to
the 1000 nm wide junction. The left column shows the re-
action to an applied magnetic field, the right column the
reaction to microwave power at 6 GHz. The horizontal line
at ∼19 mT is an artifact of the magnet current source. IV
curves for these junctions are shown in figure 3.4.
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Figure 3.3: Scaling of the critical current, normal resistance
and ICRN product. In the left panel the measured criti-
cal currents (black squares) and normal state resistances
(red circles) are plotted. The critical current is assumed
to be linear (black dashes). The resistance is modelled as
a width resistivity ρw = 7.9 × 10−7 Ωm in parallel with a
constant shunt resistance Rparallel = 1.9 Ω. The ICRN prod-
uct is plotted in the right panel, with the dashed line as the
product of the fits in the left panel. The fit approaches the
ICRN product of 10 to 15μV found in junctions of varying
width [13].

For a 100 nm junction this means that there are more than 60
channels active in the junction, and a MBS will not dominate
transport properties.

Rather, due to the open edges of the junctions, the scaling
of the normal state resistance is not directly proportional to
the junction width, but offset due to the whole flake provid-
ing a current shunt. This is similar to an infinite resistor net-
work [33] providing a parallel resistance to the resistance due
to the separation of the two leads. Taking this into account, the
resistance between the two leads takes the form R = (ρW ×
Rparallel)/(W×Rparallel +ρW), where rhoW/W gives the junction
resistance without a current shunt and Rparallel is the resistance
due to the current shunt through the flake. This equation does
not disentangle the surface and bulk contributions but treats
them as scaling the same. In the zero-width limit, the resistance
is cut-off and does not diverge to infinity. The resulting ICRN
product can then be well explained by the scaling of RN (in-
cluding the shunt) and the usual scaling of Ic with width (Ic
being directly proportional to the number of channels, given
by the width of the junctions with respect to the Fermi wave-
length). Note, that the expected scaling of Ic contrasts previous
observations of inverse scaling [15].
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3.4.3 Periodicity in Φ0

The critical current of Josephson junctions oscillate in an ap-
plied magnetic field due to a phase difference induced across
the junction. The magnetic flux in the junction area is the prod-
uct of the area of weak superconductivity between the two elec-
trodes and flux density in this area. The area of the junction
is given by W × (l+ 2λL), where W, l and λL are the width,
length and London penetration depth respectively. The investi-
gated junctions are smaller than or comparable to the Joseph-
son penetration depth, λJ =

√
Φ0/(2πμ0d ′JC), where d ′ is the

largest dimension (corrected by the London penetration depth)
of the junction and JC has been estimated using the bulk mean
free path of Bi2Te3 crystals, 22 nm [13], which allows us to ig-
nore the field produced by the Josephson current. For the 80 nm
thick Nb film used we use the bulk London penetration depth,
39 nm [34, 35].

The superconducting leads may be regarded as perfect dia-
magnets. This leads to flux lines being diverted around the
superconducting structure. This causes flux focussing in the
junctions, as more flux lines pass through the junctions due
to their expulsion from the superconducting bulk. We estimate
the amount of flux focussing by considering the shortest dis-
tance a flux line has to be diverted to not pass through the
superconducting lead. In a long lead, half are passed to the one
side and half to the other side. At the end of the lead the flux
lines are diverted into the junction area. The flux diverted is
((W/2− λL)

2 × B, see also the inset of Figure 3.2. This occurs
at both electrodes, and is effectively the same as increasing
the junction area by 2 × (W/2 − λL)

2. Without flux focussing,
the expected magnetic field periodicity is given by the dashed
line in figure 3.4(a). Correcting for flux focussing and taking
λL = 39nm results in the solid line, closely describing the mea-
sured periods.

The colour graphs in figure 3.2 show the modulation of the
critical current with microwave power. In figure 3.4(b) IV traces
for different applied powers are plotted. The steps all occur at
multiples of Φ0f = 12.4μV. A 4π periodic Josephson effect will
result in steps only at even multiples of Φ0f. Shapiro steps are
not geometry dependent: in combination with the previously
introduced geometry corrected magnetic field periodicity this
illustrates the 2π periodic Josephson effect in these junctions.
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Figure 3.4: Behaviour of Fraunhofer oscillation frequency and
Shapiro steps. In the left panel the modulation period of
the Josephson current as a function of the external field
is plotted as a function of the inverse junction width. The
dashed line is the expected period for a rectangular junc-
tion. The solid line takes into account flux focussing, as
presented in the inset. The flux incident on the grey areas
A and B is diverted to the sides of the junction lead, while
the red area C is added to the effective junction area be-
tween the two leads. The dimensions of the superconduc-
tor have been reduced by the London penetration depth,
since flux can penetrate this area. The right panel shows
IV characteristics under 6 GHz microwave irradiation. The
line graphs are at −40, −30, −20, −10 and 0 dBm powers for
the 250, 500 and 1000 nm wide junctions, and are offset in
current for clarity. All current plateaus are at multiples of
Φ0f = 12.4μV.
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3.5 conclusion

We investigated superconducting junctions, coupling Nb leads
on the surface of a Bi2Te3 flake, by varying the junction width.
The critical current and normal state resistance decrease and
increase respectively with reduced junction width. However,
the ICRN product is found to be geometry dependent, as the
normal state resistance does not diverge for zero width. The
decreasing ICRN product with reduced junction width is under-
stood when taking into account the resistance due to the entire
flake surface. The ICRN product becomes of the order of 10 to
15μV for wide junctions, similar to previous junctions [32]. The
junctions are found to be periodic with Φ0 in a magnetic field
when flux focussing is taken into account. Microwave irradia-
tion results in steps at voltages at kΦ0f, which is to be expected
from junctions with ten to hundred conducting channels con-
tributing to the coupling between the superconducting leads.

Using topological insulators with reduced bulk conductivity
should result in increased ICRN products and allow for electro-
static control of the Fermi energy. With similar junction geome-
tries this will allow for reduction and control of the number of
superconducting channels. This step will allow the behaviour
of a possible MBS to be uncovered and separated from geomet-
ric effects which affect all conducting channels in S-TI-S junc-
tions.
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4
J O S E P H S O N S U P E R C U R R E N T I N A
T O P O L O G I C A L I N S U L AT O R W I T H O U T A B U L K
S H U N T

A Josephson supercurrent has been induced into the
three-dimensional topological insulator Bi1.5Sb0.5Te1.7-
Se1.3. We show that the transport in Bi1.5Sb0.5Te1.7-
Se1.3 exfoliated flakes is dominated by surface states
and that the bulk conductivity can be neglected at
the temperatures where we study the proximity in-
duced superconductivity. We prepared Josephson ju-
nctions with widths in the order of 40 nm and lengths
in the order of 50 to 80 nm on several Bi1.5Sb0.5-
Te1.7Se1.3 flakes and measured down to 30 mK. The
Fraunhofer patterns unequivocally reveal that the
supercurrent is a Josephson supercurrent. The mea-
sured critical currents are reproducibly observed on
different devices and upon multiple cooldowns, and
the critical current dependence on temperature as
well as magnetic field can be well explained by dif-
fusive transport models and geometric effects.

Topological insulators (TIs) have conducting surface states
with a locking between the electron momentum and its spin
[1–9]. Besides bearing promise for high temperature spintronic
applications [10–12], TIs are also candidate materials to host
exotic superconductivity. For example, p+ ip order parameter
components [13, 14] and Majorana zero energy states [15–18]
have been theoretically predicted. The topological superconduc-
tivity can either be intrinsic [19] or proximised by a nearby su-
perconductor [20–22].

This chapter is accepted for publication in Superconductor Science and
Technology (2014) as Josephson supercurrent in a topological insulator without a
bulk shunt by M. Snelder, C. G. Molenaar, Y. Pan, Y. K. Huang, A. de Visser,
A. A. Golubov, W. G. van der Wiel, H. Hilgenkamp, M. S. Golden &
A. Brinkman.
The author of this PhD thesis has contributed to this manuscript by the mea-
surements presented in figures 4.2 and 4.3, the analysis and interpretation
of the data and by contributing in the writing of the manuscript.
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The first generation of topological insulators, Bi-based mate-
rials such as Bi1−xSbx alloys, and later Bi2Te3 and Bi2Se3 com-
pounds, exhibit topological surface states but also have an addi-
tional shunt from the conducting bulk, mainly due to anti-site
defects and vacancies [5, 23, 24]. Josephson junctions [22, 25–35]
and SQUIDs [27, 34–37] have been realised in these topological
surface states, but the practical use of these topological devices
is limited by the bulk shunt [36, 38]. Secondary and ternary
compounds have been engineered to increase the bulk resis-
tance and increase the stability of the surface states. The most
promising examples of the latest generation three-dimensional
TIs are Bi2−xSbxTe3−ySey [39] and strained HgTe [40–42].

In this work we report the realisation of a Josephson super-
current across 50 nm of the topological insulator Bi1.5Sb0.5Te1.7-
Se1.3. We first show that in our Bi1.5Sb0.5Te1.7Se1.3 no bulk con-
duction is present at low temperatures and that the observed
surface states are of a topologically non-trivial nature. We then
demonstrate Josephson junction behaviour reproducibly on dif-
ferent flakes and during multiple cooldowns. The width of the
superconducting Nb electrodes is very narrow, of the order of
40 nm, anticipating future work on topological devices with
only a few modes [43–45].

4.1 transport properties of exfoliated bi1 .5sb0 .5te1 .7 -
se1 .3 flakes

Bi1 .5Sb0 .5Te1 .7Se1 .3 single crystals were obtained by melting
stoichiometric amounts of the high purity elements Bi (99.999
%), Sb (99.9999 %), Te (99.9999 %) and Se (99.9995 %). The raw
materials were sealed in an evacuated quartz tube which was
vertically placed in the uniform temperature zone of a box fur-
nace to ensure the homogeneity of the batch. The molten ma-
terial was kept at 850 ◦C for 3 days and then cooled down to
520 ◦C with a speed of 3 ◦C/h. Next, the batch was annealed at
520 ◦C for 3 days, followed by cooling to room temperature at
a speed of 10 ◦C/min [46].

Smooth flakes are prepared using mechanical exfoliation on a
silicon-on-insulator substrate. To determine the transport char-
acteristics of Bi1.5Sb0.5Te1.7Se1.3, Hall bars are prepared using
e-beam lithography and argon ion etching on exfoliated flakes
with a thickness ranging from 80 till 200 nm. Au electrodes are

∗Crystals grown by Y. Pan, Y. K. Huang, A. de Visser & M. S. Golden
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defined by photolithography and lift-off. During all the fabri-
cation steps the Hall bar is covered with either e-beam resist
or photoresist protecting the surface from damage or contami-
nation. The Hall bars are 7 μm long and 700 nm wide. Figure
4.1(a) shows a SEM image of such a Hall bar.

A typical temperature dependence of the resistance of the
Hall bars is shown in Fig. 4.1(b). At high temperature, the crys-
tal exhibits semiconductor-like thermally activated behaviour.
Below 150 K the resistance stabilises, indicating metallic sur-
face channels. At high temperatures the transport properties
are determined by the bulk of the crystal, while at low tem-
peratures the surfaces provide the dominant charge carriers. To
verify this, the high temperature part of the curve is modelled
as a semiconductor using R ∝ eΔ/kBT . The best fit between 200
K and 300 K gives Δ = 18 meV. This means that the Fermi
energy is positioned 18 meV below the bottom of the conduc-
tion band. The entire bulk band gap would be larger than 18
meV. At 300 K, the bulk contribution is dominant and allows for
a one-band interpretation of the Hall effect measurement (see
Fig. 4.1(c)) at this temperature, giving a bulk carrier density of
1017 cm−3. Extrapolating the carrier freeze out to low tempera-
tures we find a negligible bulk conduction at low temperatures.
At low temperatures all transport is due to the surface states.
Hall and longitudinal resistance measurements at 2 K are used
to determine the electron density and mobility of the surface
states. We reproducibly obtain surface electron densities in the
range of 1012 - 1013 cm−2 with mobilities between 120 and 450
cm2/Vs. The resulting mean free path of the order of 10 to 40
nm is comparable to the mean free path of the electron-like
surface states found by Taskin et al. [39].

Figure 4.1(d) shows the change in longitudinal conductance
as function of applied perpendicular magnetic field. To ver-
ify the topological character of the surface states the Hikami-
Larkin-Nagaoka theory [47] is used to fit the low-field magne-
toconductance in perpendicular field,

ΔG�(B⊥) −ΔG�(0) =

α
e2

2π2�h

[
ψ

(
1

2
+

�h

4el2φB⊥

)
− ln

(
�h

4el2φB⊥

)]
, (4.1)

where G� = L
WR with L being the length and W the width of

the Hall bar, R is the measured resistance, ψ is the digamma

†Bulk characterisation and device fabrication by M. Snelder.
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function, lφ is the inelastic scattering length, α is a parameter
indicating the strength of the spin-orbit interaction and B⊥ is
the perpendicular magnetic field. If the spin-orbit interaction
is weak, a positive value of α = 1 is expected, as opposed to
strong spin-orbit interaction where a negative value of -0.5 is
expected [47]. Due to the chiral-spin texture of a topological in-
sulator and the contribution of both top and bottom surfaces in
the transport measurements, an α parameter of −1 is expected.
In Fig. 4.1(d) the magnetoconductance is fitted with lφ = 144
nm and α = −1.01 which would be in good agreement with the
presence of just the bottom and top topologically non-trivial
surface states.

However, we cannot rule out the presence of additional triv-
ial two-dimensional metallic surface states that could originate
from surface band bending. The possibility of the conduction
band bending down below the Fermi energy has been observed
in Bi1.5Sb0.5Te1.7Se1.3 [39]. Angle resolved photoemission spec-
troscopy has revealed that the presence of these non-topological
surface states is depending on surface absorbents and could
vary over time [48].

4.2 junction fabrication

Now that we have verified the topological nature of our crystals
we turn to fabricating Josephson junctions with Bi1.5Sb0.5Te1.7-
Se1.3 as the weak link. Transferred similarly to the devices for
determining the transport properties, smooth flakes on Si/SiO2

substrates are used for devices. E-beam lithography is used to
define the junctions and the contact pads. Thereafter we per-
form a 30 second low voltage etching step to avoid large dam-
age to the surface followed by sputtering in-situ 25 nm Nb and
2.5 nm Pd to protect the Nb layer, and lift-off of the excess
material. The resulting Nb/Bi1.5Sb0.5Te1.7Se1.3/Nb junction has
been covered by photoresist during the entire process and no
damage from etching or growth has occurred to the crystal sur-
face between the electrodes. In figure 4.2(a) a junction is visible
in a SEM image, and similar junctions have been prepared on
different flakes. The width is about 40 nm and the electrode sep-
aration is about 50 nm. The motivation for the junction length
is based on our earlier work on Bi2Te3 with junctions ranging
from 50-250 nm [25]. The mean free path in Bi1.5Sb0.5Te1.7Se1.3
is ten times smaller compared to Bi2Te3 which implies that the
junction length should also be reduced by a factor of ten to
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Figure 4.1: Flake characteristics. (a) Scanning electron microscopy
image of a Hall bar of Bi1.5Sb0.5Te1.7Se1.3. The dimension
of this Hall bar is different from the Hall bar of the mea-
surements shown in Fig. 4.1 (c–d). The Hall bar of the mea-
surements has a width of 560 nm and a length of 6.8 μm.
The dark grey part is etched away. The light gray part be-
tween the electrodes is the topological insulator. The white
scale bar is 5 μm. The longitudinal resistance is measured
between V1+ and V-, and the Hall resistance between V-
and V2+. (b) Typical temperature dependence of the re-
sistance of an exfoliated flake of Bi1.5Sb0.5Te1.7Se1.3, mea-
sured in a Hall bar configuration. The dependence is fitted
with a function eΔ/kBT .(c) A typical Hall effect measure-
ment at 2 K (black) and 300 K (red). The negative slope im-
plies that the charge carriers are electrons. (d) Measured
magnetoconductance, together with a fit of the HLN the-
ory to the data. The best fit is obtained for α = −1.01 and
lφ = 144 nm.
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Figure 4.2: Junction and nanowire. (a) Scanning electron mi-
croscopy image of a Nb/Bi1.5Sb0.5Te1.7Se1.3/Nb junction.
The Nb layer has been coloured yellow for clarity. The
junction is 57 nm long and 38 nm wide. (b) The depen-
dence of the critical current of the Nb nanowire as func-
tion of temperature. From the linear fit to the data points
in the range of 300-850 mK, the critical temperature is
extrapolated to be 1.4 K. Close to the transition temper-
ature, the gap and therefore the critical current can be ap-
proached by a linear dependence [49].

realise sufficient coupling between the electrodes. Simultane-
ously, this design takes a step forward towards experiments for
the observation of a quantised supercurrent where only a few
modes should be present [43–45]. In order to achieve the pres-
ence of a few modes, the junction width should be of the order
of the Fermi wave length. For a 40 nm wide junction and a
Dirac velocity of 4.5× 105 m/s this means that the Fermi level
would have to be tuned within 50 meV from the Dirac point
by means of gating, which is quite reasonable. To realise these
dimensions a thin layer of PMMA (80 nm) is used which limits
the thickness of Nb that could be grown. The reduction of the
dimensions of the Nb leads reduces the gap of Nb. A 40 nm
wide and 250 nm long Nb nanowire is prepared in the same
run to determine the properties of the niobium with these di-
mensions. In figure 4.2(b) the critical current of this nanowire
as a function of temperature is presented, and a reduction of
the critical temperature from 9 K of the Nb of our thin film
process to about 1.4 K is visible.

4.3 results

Measurements are performed in a cryogen free dilution refrig-
erator with low pass filtering of current and voltage signals
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using pi filters, printed circuit board copper powder filters [50],
and RC filters. We measured the critical current as function of
temperature and the modulation of the critical current by an ap-
plied magnetic field at 30 mK. We will start this section with a
discussion of the temperature dependence followed by an anal-
ysis of the Fraunhofer pattern.

4.3.1 Temperature dependence of the critical current

At 30 mK we observe a critical current of 14 nA for a junction
with 57 nm electrode separation, visible in figure 4.2(a), and
4.8 nA for a 80 nm long junction. Using the extracted critical
temperature of the Nb nanowire as the transition temperature
for the leads, the normalised temperature dependence of the
critical current is plotted in figure 4.3(a) for the 57 nm junc-
tion. The boundary between Josephson coupling and thermal
noise (�hI0/e)/(kBT) = 1 is illustrated with the dashed line. In
figure 4.3(b) the dV/dI characteristics around the thermal limit
reveal indeed that a zero resistance state and coherence peaks
are only visible below the thermal limit. The coherence peaks
are used for determining the critical current below the thermal
limit. Above the thermal limit the width of the resistance valley
is used as an estimate.

The nature of weak link is determined by fitting the temper-
ature dependence of the supercurrent. For diffusive SNS junc-
tions, i.e. junctions where the junction length L is larger than
the electron mean free path, the Usadel equation is used to de-
scribe the temperature dependence [52–54],

J =
2πkBT

eρN
Im

∑
ωn>0

G2N
ω2n

ΦN
d

dx
ΦN, (4.2)

where ρN is the resistivity of the N layer, ΦN is the self-consis-
tently determinded induced order parameter function in the N
layer with GN the corresponding normal Green function and
ωn = πkBT(2n+ 1) the Matsubara frequencies, where n � 0 is
integer. As there is no analytical expression for arbitrary length
and barrier transparency, the expression was solved numeri-
cally with three fitting parameters [55], γ = ρsξs

ρNξN
, γB = RB

ρNξN
and ξN. Here, γ is the ratio between the resistivities and coher-
ence lengths in the superconducting leads and the topological
insulator surface state. The resistivity of Nb is much smaller
than that of Bi1.5Sb0.5Te1.7Se1.3 which gives γ	 1. γB is propor-
tional to the interface resistance per unit area RB between the
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Figure 4.3: Josephson characteristics of the Nb/Bi1.5Sb0.5Te1.7-
Se1.3/Nb junction illustrated in Figure 4.2. (a) Tem-
perature dependence of the critical current. Above the
thermal limit, indicated by the black dashed line, the crit-
ical current is determined by the resistance peaks. Below
the thermal limit the width of the resistance dip is used as
estimate. The red dashed line is a fit for diffusive junctions
with the Usadel equation, see main text. (b) Derivative
of the current-voltage characteristic above, at, and below
the thermal limit. Below the thermal limit the resistance
is zero and coherence peaks are visible. These peaks dis-
appear above the thermal limit of 200 mK and only a re-
sistance valley remains. (c) Modulation of the critical cur-
rent by an applied perpendicular magnetic field. The up-
per and lower frames are measurements during different
cooldown cycles. The upper frame was the first cooldown
using Al bond wires which have reduced cooling power
below 10 mT, resulting in a sharp step in the critical cur-
rent at this point. The bottom frame uses Au bond wires.
This second cooldown exhibited a slightly reduced criti-
cal current and ergo reduced visibility of the first lobe of
the diffraction pattern. The dotted line is a model of the
critical current by Barzykin et al. [51] using the junction
parameters found in (a). (d) Current-voltage characteristic
and derivative at base temperature. The critical current of
14 nA and normal state resistance of 460 Ω result in an
ICRN product of 6.4 μV, consistent with a junction with
high γB and L � ξN.
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S and N layers. Finally, ξN is the coherence length in the nor-
mal region at TC. For the junction illustrated in figures 4.2(a)
and 4.3, the best fit is obtained for γB = 5 and ξN = 11.4 nm.
The other junctions give values of the same order of magnitude.
The large γB is in good agreement with the low excess current
in the IV curves which implies a large barrier or low trans-
parency at the interface. Taking the Tc of the Nb wire, we get

for ξN (Tc) =
√

�hD
2πkBTc

a value of 28 nm which is also in good
agreement with the fitting parameters. We note, that the junc-
tions have a small ICRN product, ∼ 7μV. We argued that γ	 1.
Together with the fitted values of γB and ξN the ICRN product
is either of the form ∝ V0/γB or ICRN∝ V0e−L/ξN [56]. Substitu-
tion of γB, ξN and the junction length L we estimate from this
relation that the ICRN should be in the order of 1-10 μV which
is in good agreement with the measured product value.

4.3.2 Critical current as a function of magnetic field

In Fig. 4.3(c) measurements during two separate cooldowns of
the IC(B) pattern at 30 mK are shown for the same junction.
The changes in the supercurrent in the second cooldown in-
dicate a slight evolution in time. The upper frame shows the
Fraunhofer pattern of the first measurement. Due to the use of
Al bond wires, the cooling of the sample is reduced below the
critical field of Al. These measurements are greyed out because
the temperature increased in that region, we estimate by 100
mK. A second cooldown using Au bonds results in the lower
panel Fraunhofer pattern. Here, the critical current has reduced
slightly resulting in a decreased visibility of the lobes of the
Fraunhofer pattern. The Fraunhofer patterns are fitted by the
critical current derived from the Usadel equations for arbitrary
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W and L with open boundaries, as described by Barzykin et al.
[51],

Ic ∼

∞∑
l=−∞

(−1)lSl(L/2)S
′
l(L/2)×

(
sinπ(ν+ l)/2
π(ν+ l)/2)

− (−1)l
sinπ(ν− l)/2
π(ν− l)/2)

)2
,

Sl(u) =
√
|u|/2π

(
q2T + π

2l2/W2
)1/4×

K1/2

(√
u2
(
q2T + π

2l2/W2
))

,

S ′l(u) =
d

du
Sl(u), (4.3)

where ν = φ/φ0 with φ0 = �h/2e is the normalised flux, qT =

1/ξ2N and K1/2 is a modified Bessel function of the second kind.
For our junction dimensions it follows from this model that
the first period is tripled, i.e. the first minimum is at Φ = 3Φ0
and the following minima are separated by 2Φ0 intervals. The
doubling of the period is not restricted to diffusive junctions
and was, in fact, also observed [57] and explained for [51] in
ballistic junctions for width and length ratios in the order of
one. The first minimum in the measurements occurs at a field
value of 0.07 T. The width of the junction is 37 nm. For a flux
of 3φ0 = 6.2 · 10−15 Wb this implies that the junction effective
length (including the penetration depths) is about 2 μm. The ob-
tained London penetration depth is then about 1 μm. This large
London penetration depth compared to bulk Nb (47 nm) [58]
can be explained by the reduced dimensions of the junctions.
The increase of the London penetration depth with decreasing
film thickness is studied in Ref. [59]. A film thickness of 25 nm
gives a London penetration depth above 100 nm and a decrease
of the critical current to 8 K. Due to the reduction of width of
the junction in our devices, we end up with a TC of 1.4 K which
consistently implies an even larger increase of the London pen-
etration depth. The coherence length found from the fitting of
the critical current together with the width and the length of the
junction and London penetration depth serve as inputs for the
model described in equation 4.3. The theoretical expectation is
shown in figure 4.3(c). The relative small critical current of the
higher order peaks in the data is found to be well explained by
the model.
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4.4 discussion

We showed that the transport in the Bi1.5Sb0.5Te1.7Se1.3 flakes
is dominated by surface states at low temperatures where we
study proximity induced superconductivity. We prepared Joseph-
son junctions with widths in the order of 40 nm and lengths in
the order of 50 to 80 nm on several Bi1.5Sb0.5Te1.7Se1.3 flakes
and measured them during several cooldowns to 30 mK. The
Fraunhofer patterns unequivocally reveal that the supercurrent
is a Josephson supercurrent. The measured critical currents are
reproducibly observed on different devices and upon multiple
cooldowns, and the measurement can be well explained by dif-
fusive transport models and geometric effects. The predicted 4π
periodic Josephson effect can only be observed in the future for
similar devices with just a single perpendicular mode [60] and
when measured faster than the relaxation rate of a quasiparticle
inside an Andreev bound state.

The realisation of a Josephson supercurrent in junctions with
dimensions in the order of tens of nanometers on a topologi-
cal insulator dominated by surface states at low temperatures,
is an important technological step towards advanced devices
necessary for the observation of a quantised supercurrent and
confirming the presence of a Majorana bound state in such de-
vices [20]. Future work will focus on top and bottom gating of
the surface states to eliminate potential additional trivial sur-
face states from band bending.
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5
E X P E R I M E N TA L R E A L I S AT I O N O F
T O P O L O G I C A L I N S U L AT O R S Q U I D S

We demonstrate topological insulator dc SQUIDs,
based on superconducting Nb leads coupled to nano-
fabricated Nb-Bi2Te3-Nb Josephson junctions. The
high reproducibility of the fabrication process allows
the creation of dc SQUIDs, which are in agreement
with the design values. Clear critical current modu-
lation of both the junctions and the SQUID with ap-
plied magnetic fields have been observed. We show
that the SQUIDs have φ0 periodicity, of relevance to
the Majorana fermion predicted to be a bound state
in superconductor - topological insulator structures.

5.1 introduction

Topological insulators [1–12] are characterised by an insulating
bulk with a finite band gap and conducting edge or surface
states, where charge carriers are protected against backscatter-
ing. These states give rise to the quantum spin Hall effect [2]
without an external magnetic field, where electrons with op-
posite spins have opposite momentum at a given edge. The
surface energy spectrum of a three-dimensional topological in-
sulator [3, 4] is formed by an odd number of Dirac cones with
the spin locked to the momentum. The long-sought yet elusive
Majorana fermion [13] is predicted to appear in a combination
of a superconductor and a topological insulator [14–16].

In the search for the Majorana fermion, efforts have been
made to contact a topological insulator (TI) to a superconduc-
tor (S) and supercurrents in S-TI-S junctions have been reported
[17–19]. Evidences for supercurrents through the topological
surface states are the demonstration of ballistic junctions over

This chapter is published by M. Veldhorst, C. G. Molenaar, X. L. Wang,
H. Hilgenkamp & A. Brinkman, Appl. Phys. Lett. 100 072602 (2012).
The author of this PhD thesis has contributed to this publication by the
measurements presented in figures 5.3-5.6, the analysis and interpretation
of the data and by contributing in the writing of the manuscript.
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54 experimental realisation of topological insulator squids

Figure 5.1: Topological insulator Nano dc SQUIDs. Two SQUIDs
with junction seperation l = 120 nm are designed on an ex-
foliated Bi2Te3 (200 nm height) flake. The two Nb arms are
differently sized resulting in an asymmetric SQUID. Nb is
sputter deposited and defined by e-beam lithography.

length scales that are only consistent with the surface states [19].
Josephson effects have also been demonstrated [19].

In this chapter, we take a step towards the observation of
the Majorana fermion with the fabrication of topological insu-
lator dc SQUIDs. Majorana bound states may appear in the vor-
tex of a topological superconductor and at the S-TI interface
[14, 16]. In the latter, time reversal symmetry in the topolog-
ical insulator needs to be broken, for example by a magnetic
insulator or an external magnetic field. Intriguing systems are
proposed to identify the appearance of this exotic particle [14–
16, 20]. Since the Majorana fermion is charge neutral and is a
zero energy state, most proposals rely upon quantum interfer-
ence devices. For example, a current-phase relationship with
4π periodicity [14] might result from the interplay between
the Majorana fermion and a superconductor. This periodicity
might be detected in equilibrium states or in noise measure-
ments [21]. Here, we present the fabrication of topological insu-
lator SQUIDs and study their current-phase relationship. Fur-
thermore, the interplay between superconductivity and strong
spin orbit coupling in topological insulators might result in ex-
otic phenomena and influence the current-phase relationship.
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5.2 device fabrication∗

Figure 5.1 shows two superconductor Nb - topological insula-
tor Bi2Te3 dc SQUIDs fabricated on one Bi2Te3 flake. Using me-
chanical exfoliation, Bi2Te3 flakes† ranging from 30 nm to 1μm
are transferred to a Si substrate. The Bi2Te3 flakes are nanome-
ter smooth on the μm scale. Figure 5.2 shows an AFM-image of
the surface of a typical Bi2Te3 flake, revealing the 1.0 nm quintu-
ple unit cell layers of Bi2Te3. After exfoliation, a superconduct-
ing (TC = SI9K) Nb-layer (200 nm) is sputter deposited with a
5 nm Pd layer deposited in situ on top to protect the Nb against
oxidation. Electrodes are defined by photolithography. The Nb
on top of the Bi2Te3 flake makes a strong superconducting con-
tact with the Nb on the substrate. Finally, nanojunctions are
defined by lift-off e-beam lithography and sputter deposition
of Nb. The substrate is slightly conducting (ρ = 5 Ωcm) at room
temperature to increase the resolution of e-beam lithography,
but is completely insulating at low temperatures. Prior to de-
position, in situ Ar-ion etching is performed in order to make
transparent contacts. It is found that Ar etching roughens the
Bi2Te3 surface, probably by preferential etching, but 2 minute
etching at 50 eV leaves a Bi2Te3 surface with 1-2 nm roughness
and a transparent contact. Throughout the fabrication process
the Bi2Te3 surface in between the Nb leads has only been cov-
ered by resist, leaving the surface of the junction barrier layer
unaffected from Ar-ion etching and deposition steps. Two sepa-
rate electrodes connected by Nb over the Bi2Te3 flake, for exam-
ple the positive current and voltage leads, have a superconduct-
ing contact with a critical current exceeding 30 mA, ensuring a
large supercurrent through all layers.

5.3 characterisation

We have designed two SQUIDs on one Bi2Te3 flake (200 nm
height), see figure 5.1. The nanojunctions are 2μm in width and
120 nm in length. The inductance ratio between the two arms is
about λ = 0.2. In a square washer approximation [22] the to-
tal enclosed area of the SQUID is 920μm2, and the estimated
inductance 46 pH. Both SQUIDs showed similar behaviour, but
in the rest of the paper we focus on the left SQUID.

∗Device fabrication by M. Veldhorst.
†Crystals grown by X. L. Wang.
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Figure 5.2: AFM-image of a Bi2Te3 flake. Atomic force microscopy
image of an exfoliated Bi2Te3 surface. The step edges are
1.0 nm high, corresponding to the Bi2Te3 quintuple unit
cell. These nanometer flat surfaces span an area up to 50
× 50 μm2.

Below 6 K, the superconducting proximity effect induces a
Josephson supercurrent through the junctions and at 1.4 K the
dc SQUID has a critical current of 30μA, as shown in figure 5.3.
This results in critical current density of 7.5 A/m, which is
within 10% of individually measured junctions on different flakes.
The SQUID had a critical current constant within 10% over
three cooldowns running over two weeks. Due to shunting of
the junctions we find a relatively low ICRN = 10μV. One of
the major reasons for this low ICRN product is the large bulk
shunt reducing the normal state resistance [19]. Ballistic junc-
tions with ξ0 ≈ 80 nm, TC = 6 K and l = 120 nm, have an esti-
mated ICRN ≈ 130-260μV, but the bulk conductance reduces
the characteristic voltage to a few percent. In order to obtain
higher values, electrical gating or chemical substitution, e.g.
Bi2Se3Te3 [23], could be used. Nonetheless, clear supercurrents
are observed.

Applying an external magnetic field causes oscillations of the
superconducting critical currents due to interference of the two
arms, shown in 5.4. This unequivocally demonstrates the Nb-
Bi2Te3 SQUID. Since these junctions are in the ballistic limit
[19], we rule out superconducting transport through the diffu-
sive bulk, and conclude that the supercurrent is carried by the
topological surface states, which are present as demonstrated in
high magnetic field measurements [19]. This allows us to study
the current-phase relationship of superconductor - topological
surface state structures.
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Figure 5.3: IV-curve of the dc SQUID. Typical SQUID critical cur-
rent of 30μA. The junctions are μm in width and have an
electrode separation of 120 nm. The intrinsic bulk shunt
has reduced the ICRN product to 10μV.

Figure 5.4: Critical current of the dc SQUID. The critical current
of the SQUID varies between 22 and 34μA. The measure-
ments, in red, are fitted with a model accounting for asym-
metry in the arms, λ, and asymmetry in the junctions, κ.
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Figure 5.5: Voltage modulation of the dc SQUID and individual
junctions. The V −Φ modulation of the SQUID is mea-
sured at a bias current of 34μA. The SQUID oscillations
are periodic in 2μT, while the junction critical current is
minimal at 350μT, corresponding to the first minimum of
the Fraunhofer pattern. SQUID oscillations are still observ-
able.
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Figure 5.6: Voltage modulation of the dc SQUID. The V-φ relation-
ship reveals an asymmetric response as well as a shift for
increasing bias currents. The solid lines represent equicur-
rents for ±30-90μA. The asymmetric response and shift is
due to the asymmetric design of the SQUID arms.

The voltage modulation is strongest at a bias of approxi-
mately 40μA (figure 5.6), which corresponds to a current close
to the critical current of the SQUID. The critical current mod-
ulation is ∼ 35% of the total critical current. Using a simple
model based on IC sinφ, βL together with the relative induc-
tance, we can fit the field dependence with high accuracy. The
asymmetrical bias causes asymmetry in the current phase rela-
tionship, Fig. 5.4. We also observe a shift in the current-phase
relationship when increasing the bias current. The two arms
of the SQUID have different inductances, which results in a
growing field threading the SQUID for increasing current. The
3/4Φ0 shift in the V-φ relation at 90μA bias can be accounted
for by a 10 pH inductance difference between the two arms.
This corresponds to the fitted values for the total inductance
of the SQUID, L = Φ0

2π
βL
Ic

= 55 pH and the asymmetry factor
λ = 0.2, resulting in an inductance difference of 11 pH. At the
optimum bias, the sensitivity of the SQUID is 15μV/Φ0. In the
limit βL (= 5) >> 1, the sensitivity of a SQUID can be estimated
by R/L [24] which yields 12μV/Φ0.
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5.4 analysis

As expected, the SQUID modulation frequency is much larger
than that of the individual junctions, see Fig. 5.5. A SQUID os-
cillation corresponds to 1.9μT, while the critical current of the
junctions is suppressed at 350μT. This corresponds to about 180
SQUID oscillations in a junction oscillation, which is slightly
lower than expected by comparing the enclosed areas. How-
ever, for the enclosed area of a junction, the Josephson penetra-
tion depth and flux focussing has to be included, also observed
in [19]. Using the square washer approximation, given a total
SQUID area of 920μm2, in combination with the calibrated field
of the used coil, we calculate a 2π periodic dependence within
7% accuracy, enough to exclude a 4π periodicity. Future exper-
iments will point towards noise measurements were a 4π pe-
riodic dependence is predicted to exist in nonequilibrium [21]
and on the incorporation of ferromagnetic insulators to break
time reversal symmetry.

5.5 conclusions

In conclusion, we have demonstrated the first Nb-Bi2Te3 SQUID.
As shown previously, the supercurrent is carried by the topo-
logical surface states, thereby allowing the study of the current-
phase relationship of the superconductor - topological insula-
tor structures. From the V-φ characteristics we deduced a 2π
current-phase relationship. The high reproducibility allows to
study the noise properties of these devices in future experi-
ments and to eventually include magnetic insulators in order to
break time reversal symmetry to create Majorana bound states.

bibliography

[1] B. A. Bernevig, T. L. Hughes, and S.-C. Zhang, Science 314,
1757 (2006).

[2] M. König, S. Wiedmann, C. Brüne, A. Roth, H. Buhmann,
L. W. Molenkamp, X.-L. Qi, and S.-C. Zhang, Science 318,
766 (2007).

[3] L. Fu, C. L. Kane, and E. J. Mele, Phys. Rev. Lett. 98, 106803
(2007).



Bibliography 61

[4] H. Zhang, C.-X. Liu, X.-L. Qi, X. Dai, Z. Fang, and S.-C.
Zhang, Nat Phys 5, 438 (2009).

[5] X.-L. Qi, R. Li, J. Zang, and S.-C. Zhang, Science 323, 1184
(2009).

[6] D. Hsieh, D. Qian, L. Wray, Y. Xia, Y. S. Hor, R. J. Cava, and
M. Z. Hasan, Nature 452, 970 (2008).

[7] Y. L. Chen, J. G. Analytis, J.-H. Chu, Z. K. Liu, S.-K. Mo,
X. L. Qi, H. J. Zhang, D. H. Lu, X. Dai, Z. Fang, S. C. Zhang,
et al., Science 325, 178 (2009).

[8] D. Hsieh, Y. Xia, D. Qian, L. Wray, J. H. Dil, F. Meier, J. Os-
terwalder, L. Patthey, J. G. Checkelsky, N. P. Ong, A. V.
Fedorov, et al., Nature 460, 1101 (2009).

[9] D. Hsieh, Y. Xia, L. Wray, D. Qian, A. Pal, J. H. Dil, J. Oster-
walder, F. Meier, G. Bihlmayer, C. L. Kane, Y. S. Hor, et al.,
Science 323, 919 (2009).

[10] H. Peng, K. Lai, D. Kong, S. Meister, Y. Chen, X.-L. Qi, S.-C.
Zhang, Z.-X. Shen, and Y. Cui, Nat Mater 9, 225 (2010).

[11] P. Cheng, C. Song, T. Zhang, Y. Zhang, Y. Wang, J.-F. Jia,
J. Wang, Y. Wang, B.-F. Zhu, X. Chen, X. Ma, et al., Phys.
Rev. Lett. 105, 076801 (2010).

[12] T. Zhang, P. Cheng, X. Chen, J.-F. Jia, X. Ma, K. He,
L. Wang, H. Zhang, X. Dai, Z. Fang, X. Xie, et al., Phys.
Rev. Lett. 103, 266803 (2009).

[13] E. Majorana, Il Nuovo Cimento 14, 171 (1937).

[14] L. Fu and C. L. Kane, Phys. Rev. Lett. 100, 096407 (2008).

[15] J. Nilsson, A. R. Akhmerov, and C. W. J. Beenakker, Phys.
Rev. Lett. 101, 120403 (2008).

[16] Y. Tanaka, T. Yokoyama, and N. Nagaosa, Phys. Rev. Lett.
103, 107002 (2009).

[17] D. Zhang, J. Wang, A. M. DaSilva, J. S. Lee, H. R. Gutierrez,
M. H. W. Chan, J. Jain, and N. Samarth, Phys. Rev. B 84,
165120 (2011).

[18] B. Sacépé, J. B. Oostinga, J. Li, A. Ubaldini, N. J. Couto,
E. Giannini, and A. F. Morpurgo, Nat Communications 2,
575 (2011).



62 Bibliography

[19] M. Veldhorst, M. Snelder, M. Hoek, T. Gang, V. K. Guduru,
X. L. Wang, U. Zeitler, W. G. van der Wiel, A. A. Golubov,
H. Hilgenkamp, and A. Brinkman, Nature Materials 11,
417 (2012).

[20] C. Beenakker, Annual Review of Condensed Matter
Physics 4, 113 (2013).

[21] D. M. Badiane, M. Houzet, and J. S. Meyer, Phys. Rev. Lett.
107, 177002 (2011).

[22] M. Ketchen, W. Gallagher, A. Kleinsasser, S. Murphy, and
J. Clem, SQUID 85-Superconducting Quantum Interference
Devices and their Applications (Berlin: de Gruyter, 1985), p.
865.

[23] S. Jia, H. Ji, E. Climent-Pascual, M. K. Fuccillo, M. E.
Charles, J. Xiong, N. P. Ong, and R. J. Cava, Phys. Rev.
B 84, 235206 (2011).

[24] C. Tesche and J. Clarke, Journal of Low Temperature
Physics 29, 301 (1977).



6
O P T I M I S I N G T H E M A J O R A N A C H A R A C T E R
O F S Q U I D S W I T H T O P O L O G I C A L LY
N O N - T R I V I A L B A R R I E R S

We have modelled SQUIDs with topologically non-
trivial superconducting junctions and performed an
optimisation study on the Majorana fermion detec-
tion. We find that the SQUID parameters βL, and βC
can be used to increase the ratio of Majorana tun-
nelling to standard Cooper pair tunnelling by more
than two orders of magnitude. Most importantly, we
show that dc SQUIDs including topologically triv-
ial components can still host strong signatures of
the Majorana fermion. This paves the way towards
the experimental verification of the theoretically pre-
dicted Majorana fermion.

6.1 introduction

Superconducting junctions with topologically non-trivial barri-
ers are predicted to host Majorana bound states [1, 2]. Non-
trivial states include the edge or surface of the recently discov-
ered topological insulators [3–12] and semiconducting nanowires
in the presence of Rashba spin orbit coupling and a Zeeman
field [13, 14]. Candidates with high potential for the detection
and manipulation of the Majorana fermion [15] are supercon-
ducting quantum interference devices (SQUIDs) [16, 17]. The
appearance of Majorana bound states in superconducting junc-
tions enables tunnelling of quasiparticles with charge e across
the junction, which doubles the Josephson periodicity, Ic =

I0 sin(φ/2) [1]. The doubled periodicity is predicted to lead to
the absence of odd integer Shapiro steps in individual junc-
tions, and a SQUID modulation period of 2Φ0 instead of the

This chapter is published by M. Veldhorst, C. G. Molenaar, C. J. M. Ver-
wijs, H. Hilgenkamp & A. Brinkman, Phys. Rev. B 86, 024509 (2012).
The author of this PhD thesis has contributed to this publication by con-
tributing to the model, the interpretation of the results and by contributing
in the writing of the manuscript.
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usual Φ0 periodicity, with Φ0 = h
2e the magnetic flux quantum

in superconductivity [16–18].
Experimental efforts have been made to contact superconduc-

tors to topologically non-trivial states [19–21]. Josephson effects
have been observed, and SQUIDs have been reported [22]. The
first signatures of a Majorana fermion, characterised by a zero
bias conductance peak, have been observed in superconductor
- semiconducting nanowire junctions [23]. Nonetheless, so far
only Φ0 periodic dependences have been observed. Relaxation
to equilibrium states [16, 18], quantum phase slips [17], and the
large bulk shunt present in contacts with topological insulators
so far, may reduce the 2Φ0 periodicity.

A key question therefore is how to optimise the Majorana
character. Here, we study extrinsic parameters that can be con-
trolled to optimise the sin(φ/2) signal from the Majorana ferm-
ion in dc SQUIDs composed of junctions containing both sin(φ)
and sin(φ/2) components in different proportions. Our main
observation is that the SQUID parameters βL and βC are im-
portant parameters altering the periodicity. Furthermore, a su-
perconducting interferometer will have the periodicity of the
component with the smallest periodicity. Nonetheless, even in
dc SQUIDs with topologically trivial components the Majorana
character strongly influences the dc SQUID characteristics. This
study is also of relevance for dc SQUIDs composed of junctions
with higher order periodicities, occurring in SNS and SFS sys-
tems [24].

6.2 model

In the next session we introduce fluxoid quantisation in super-
conducting rings composed of topologically trivial and non-
trivial parts. Then we will use the fluxoid quantisation con-
ditions to determine the critical current in the SQUID under
applied magnetic fields and derive the voltage state assuming
that the junctions can be described with the resistively and ca-
pacitively shunted junction model.

6.2.1 Fluxoid quantisation in topologically (non)-trivial rings

The fluxoid quantisation in a superconducting loop Γ leads to
γplΦ0 periodicity, with γpl related to the charge carrier q = 2e

γpl

in the loop. In macroscopic systems, γpl = 1, but for mesoscopic
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Figure 6.1: Schematic representation of the considered dc
SQUID. The dc SQUID is composed of a superconduct-
ing ring interrupted by two Josephson junctions. Charge
transport through the Josephson junction is characterised
by standard Cooper pair tunnelling (sin(φ)) and single
electron tunnelling by virtue of the Majorana fermion
(sin(φ/2)). The relative contribution of these two processes
is determined by the factor α. We analyse two scenarios, in
(a) the superconductor is macroscopic and is in the trivial
state, γpl = 1 and in (b) the superconductor is in the topo-
logically non-trivial state, γpl = 2. Doubled periodicity
is only observed when there is a topologically non-trivial
state in the entire ring, as in (b). However, the unusual
current-phase relation changes the dc SQUID characteris-
tics even when the ring is not entirely topologically non-
trivial.
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systems on the order of the superconducting coherence length
ξ [25, 26] and systems including Majorana fermions, γpl can be
either 1 or 2 depending on parity conservation [27]. Integrating
the phase of a superconducting loop containing N Josephson
junctions results in:

∮
∇ φ

γpl
·dl = −

2π

γplΦ0

∫
Γ ′
ΛJs ·dl−

2π

γplΦ0

∮
A ·dl−

N∑
i=1

φi

γpj
(6.1)

Here, Γ ′ denotes the contour of the superconducting ring
with the Josephson junctions excluded, and Λ is a normalisa-
tion constant for the current. The phase-drop over junction i is
given by φi

γpj
, with γpj connected to the charge carrier q = 2e

γpj

in the junction. We will consider scenarios where the supercon-
ductor is either trivial γpl = 1 or topologically non-trivial γpl =
2. Also we will consider the junctions to be trivial γpj = 1, topo-
logically non-trivial γpj = 2 or that both charge carrier types are
present in the junctions. When the junctions are topologically
non-trivial, but the superconductor is macroscopic, quantum
phase slips can occur in the superconductor so that γpl can be
different from γpj. Contour integration over the magnetic vec-
tor potential A results in the total flux Φ. Then, in the limit
Js = 0, assuming thick superconducting leads, fluxoid quantisa-
tion reduces to: 1

2π

∑N
i=1

φi
γpj

+ Φ
γplΦ0

= n. The flux Φ is the sum
of the external flux and the self-flux induced by current flowing
through the ring.

Now we will consider the case of a ring containing two junc-
tions, as depicted in Fig. 6.1. We consider the dc SQUID to
be symmetric, except for the current-phase relationship of the
individual junctions. Inclusion of asymmetry (e.g. inductance,
critical current or capacitance asymmetry) is easily included.
However, inclusion will only lead to asymmetrical SQUID char-
acteristics, and will not change the periodicity. The total flux
of the considered system is given by Φ = Φe + LIcχ1 − LIcχ2.
Here, Φe is the externally applied flux, L the inductance of a
single arm and Ic the critical current of the individual junctions
1 and 2, Ic = Ic1 = Ic2. The factors χ1,2 denote the current de-
pendence on the phase difference of the individual junctions,
which we limit to χχ−10 = α sin(φ) + (1 − α) sin(φ/2), with
α ∈ [0, 1] the relative amplitude and χ0 a normalisation factor to
have max(χ) = 1. The sin(φ) component is the standard Joseph-
son relation, and SNS-junctions are well described by this si-
nusoidal relation, but it can include higher order components
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due to n Cooper pairs tunnelling [24], described by Is(φ) =∑∞
n=1 I

n
c sin(nφn). Our simplification includes the lowest fre-

quency, which is enough for our conclusions. The sin(φ/2) com-
ponent is due to single electron tunnelling by virtue of the Ma-
jorana fermion resulting in the 4π current-phase relationship
periodicity.

6.2.2 SQUID characteristics in the superconducting and voltage
state

The critical current for an applied external field is obtained
by finding the solution of the fluxoid quantisation equation
with the maximal critical current. The junctions in the voltage
state are modeled with the resistively and capacitively shunted
junction (RCSJ) model, assuming an ideal Josephson junction
shunted by a resistor R and a capacitor C: I = CdVdt + Icχ1,2 +

V
R .

The voltage is related to the time derivative of the phase by
V = Φ0

2π
dφ
dt , the same for a topologically trivial and non-trivial

ring since we have written the phase as φ
γpj1,2

. The RCSJ model

leads to the expression d2φ

dt2
+ 1
RC

dφ
dt +w

2
p(χ1,2 −

I
Ic
) = 0, with

the plasma frequency wp =
√

2π
Φ0

Ic
C . The SQUID parameters

are defined as

βL =
2πLIc

Φ0
,

βC =
2π

Φ0
IcR

2C.

Applying the fluxoid quantisation equation, the voltage state
can be described by the two differential equations which we
have solved numerically

βC
d2φ2,1

dt2
+
dφ2,1

dt
+ χ2,1−

1

2

I

Ic
±β−1

L (φ2−φ1− 2π
Φe

Φ0
) = 0.

6.3 results

In this section we show the SQUID characteristics. We will start
analysing a dc SQUID composed of a topologically trivial ring,
and two non-trivial junctions. In this regime there is no dou-
bled fluxoid quantisation, however the unusual current-phase
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Figure 6.2: Current-phase characteristics of a dc SQUID com-
posed of a topologically trivial superconducting
ring and non-trivial junctions. The current-phase re-
lationship of the junctions is shown for α sin(φ) + (1 −

α) sin(φ/2) in steps δα = 0.2, βL = 0. The increase of the
sin(φ/2) component causes a decrease of the oscillation
amplitude without introducing a 2Φ0 component.

relationship causes a deviation from standard SQUID charac-
teristics. After that, we will consider the SQUID in the entirely
non-trivial regime, where doubled periodicity is observed due
to the appearance of the Majorana fermion. Finally, we move to
the voltage state and consider both cases in this regime.

6.3.1 dc SQUIDs composed of trivial and non-trivial elements

The considered dc SQUID is composed of a topologically trivial
ring, and two non-trivial junctions, as shown in Fig. 6.1a. Figure
6.2 shows the critical current dependence of the dc SQUID. In
this figure, the non-trivial junctions develop their current-phase
relationship from pure sin(φ) to pure sin(φ/2) in steps δα = 0.2.
Note that all graphs are calculated for βL = 0, a situation which
for standard SQUIDs leads to a complete critical current mod-
ulation. The 2Φ0 periodicity due to the sin(φ/2) component,
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tends to be completely obscured by the trivial superconduct-
ing ring. Quantum phase slips cause the usual Φ0 periodicity,
equivalent to what is calculated by Heck et al. [28] when one
of the junctions is topologically trivial. When χ1 = sin(φ/2)
and χ2 = sin(φ) we obtain the result of Fig. 6.2 for α approxi-
mately 0.7, shifted by an additional 14Φ0. Instead of 2Φ0 period-
icity, the sin(φ/2) component influences the modulation depth
of the SQUID. There is no appearance of asymmetry as is the
case for asymmetric SQUIDs, with different critical currents of
the individual junctions [29]. The decrease in modulation depth
by increasing the sin(φ/2) component looks similar to increas-
ing βL in standard SQUIDs. However, this is a parameter that
can be controlled externally, and a large βL results in more tri-
angular oscillations. If one junction is topologically trivial, the
same effect occurs, combined with a phase shift due to asym-
metry between the junctions. Therefore, even in rings including
topologically trivial components, a sin(φ/2) current-phase rela-
tionship can be detected, although the effect is more subtle than
a 2Φ0 periodicity.

6.3.2 Topologically non-trivial SQUIDs

In the case when the ring is completely topologically non-trivial,
corresponding to Fig. 6.1b, 2Φ0 periodicity is to be observed. In
the limiting case βL = 0 and I = Ic sin(φ/2), the critical cur-
rent dependence on field can be written as I = 2Ic| cos(π Φ

2Φ0
)|,

resulting in the 2Φ0 periodicity. If both sin(φ) and sin(φ/2)
components are present in the junctions, both periodicities are
observed, as shown in Fig. 6.3a for equal ratios in the junctions.
Interestingly, increasing βL results in a larger 2Φ0 component
and a reduced Φ0 component. In Fig. 6.3b the ratio dependence
on βL is shown, where the ratio is defined using the frequency
amplitude after Fourier transformation. The screening parame-
ter βL is composed of the critical current of the junctions, and
the inductance of the ring determined by geometrical factors,
but is also dependent on the charge carrier in the ring. Since
Majorana tunnelling is with charge e instead of 2e as is the case
for Cooper pair transport, the effective screening is reduced by
a factor 2. By optimizing βL using the tunable inductance of
the ring, it is therefore possible to dramatically increase the
2Φ0 component relative to the standard Φ0-periodic compo-
nent, ideal for the observation of the Majorana fermion.
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Figure 6.3: Current-phase characteristics of a dc SQUID com-
posed of a topologically non-trivial superconduct-
ing ring and non-trivial junctions. (a) dc SQUID oscil-
lations for two symmetric junctions with equal amplitude
sin(φ) and sin(φ/2) components, α = 0.5. Increasing βL

(in steps δβL = 0.5, and shifted for clarity) promotes the
2Φ0 period, since the effective screening is smaller for Ma-
jorana tunnelling than Cooper pair tunnelling. (b) (blue)
FFT amplitude of the two components as function of βL.
(red) Evolution of the FFT amplitude ratio as a function
of βL. The dashed lines represent the ratio when the junc-
tions have only 5% sin(φ/2) component contribution. The
2Φ0 component can be more than 2 orders of magnitude
larger than the Φ0 component.
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Figure 6.4: Voltage characteristics of non-trivial dc SQUIDs
with mixed junctions. (a) dc SQUID IV characteristics
for junctions with sin(φ) and sin(φ/2) current-phase re-
lationships; βC = 1,βL=1. The sin(φ/2) (solid line) com-
ponent doubles the resonance voltage Vres (dashed line)
with respect to the standard SQUID. The IV characteris-
tic of the standard SQUID is shifted for clarity. (b) Damp-
ing and resonance in the SQUID. The sin(φ/2) component
oscillates with half the frequency, so that the sin(φ) and
sin(φ/2) components have their minima and maxima at
different voltages (solid red are maxima for the sin(φ/2)
component and dashed blue maxima for the sin(φ) com-
ponent.
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Figure 6.5: Topologically non-trivial dc SQUID in the volt-
age mode. Vφ characteristics of a dc SQUID with equal
sin(φ) and sin(φ/2) components in the junctions, and
βC = 1,βL = 1. The SQUID shows both Φ0 and 2Φ0

periodicity, depending on the voltage close to Vres,φ or
Vres,φ/2, which is controlled by the bias current.
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6.3.3 The voltage state

When the SQUID is operated in the voltage mode, both Φ0 and
2Φ0 periodicity can be observed, even if the ring includes triv-
ial components. The relative amplitude depends on the voltage,
controlled by the bias current. Figure 6.4a shows the IV char-
acteristics for a dc SQUID with either pure sin(φ) or sin(φ/2)
components. The current modulation for high voltages is in-
verted with respect to the modulation for small voltages. This
is the result of the nonlinear interaction of the ac Josephson cur-
rent with the resonant circuit formed by the loop inductance L
and the junction capacitance C. This resonance voltage is given

by Vres = γpj

√
2

βCβL
IcR. As a result, the sin(φ) and sin(φ/2)

components cause oscillations with different frequency as a
function of voltage, see Fig. 6.4b. Consequently, the relative am-
plitude of the 2π and 4π periodicity of the V(φ) characteristics,
shown in Fig. 6.5 for βC = 1, and βL = 1 depend on the res-
onance voltages Vres,φ and Vres,φ/2, which is controlled by the
bias current. The resonance voltage is independent of the loop
parity, but for γpl = 1 the oscillation amplitude is reduced by
quantum phase slips. This is similar to the cause of the incom-
plete critical current modulation shown in Fig. 6.2.

The damping of the current modulation with increasing bias

voltage is characterised by ζ =
√
2βC
βL

, independent on the cur-
rent-phase periodicity, and SQUIDs with sin(φ/2) component
junctions have therefore a smaller current modulation where
the modulation is inverted, compared to standard SQUIDs. Cho-
osing a large βL will decrease the damping term and increase
the amplitude of the voltage resonances. A small βC will reduce
the damping term but increase the resonance voltage.

6.4 applications to topologically non-trivial sys-
tems

We now discuss the implications of our proposals. The possi-
ble realisation of a new emergent particle in condensed mat-
ter physics together with the potential for quantum computa-
tion, boosted the search for superconducting systems hosting
the Majorana fermion. Superconductor - semiconductor struc-
tures in the presence of strong spin orbit coupling and Zee-
man fields are currently quite successful and signatures of Ma-
jorana fermions have been observed, characterised by zero bias
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conductance peaks [23]. In superconductor - topological insula-
tor junctions, Josephson supercurrents have also been observed
[19–21, 30]. In the case of topological insulator systems, bulk
shunting likely introduces sin(φ) terms in the current-phase re-
lation. Quantum phase slips [17] and quasiparticle poisoning
[16] will be relevant for all proposals, relaxing the system to
sin(φ) periodicity. Therefore, increasing the sin(φ/2) compo-
nent is important for all these proposals.

The parameter βL is easily tunable. This SQUID parameter
depends on the inductance, determined by the SQUID geome-
try, and independent of the individual junctions. The parameter
βC is a junction parameter and therefore more difficult to tune.
However, varying the length and width of the junctions and
controlling the interface transparency tune βC.

6.5 conclusions

In conclusion, we have studied dc SQUIDs containing two topo-
logically non-trivial barriers. The 2Φ0 periodicity stemming from
the Majorana fermion can only be detected in non-trivial dc
SQUIDs. However, even loops containing topologically trivial
elements are influenced by the presence of junctions with sin(φ/2)
components. This is observed both in the critical current mod-
ulation by flux and the resonance voltage. The SQUID parame-
ters can be used to increase the relative component; increasing
βL is found to largely increase the component with the largest
periodicity. The V(φ) relation is altered when both components
are present, and both components can be maximised at dif-
ferent bias currents, determined by the resonance voltage. In
recently fabricated S-TI-S junctions, βC is usually low due to
bulk shunting. This increases the resonance voltage to a regime
where the damping is higher, which complicated observing a
clear difference between Φ0 and 2Φ0 periodicities. Decreasing
this bulk shunt would therefore simplify the 2Φ0 periodicity
observation. Nonetheless, the strong effect of βL, large βL in-
creases the 2Φ0 component over 100 times, allows the detec-
tion of the Majorana fermion, under the right intrinsic circum-
stances (e.g. no relaxation to equilibrium), in dc SQUIDs com-
posed of present day S-TI-S junctions. This result is also of rel-
evance to devices where the Majorana character is induced via
other means, such as in semiconducting nanowires with strong
Rashba spin orbit coupling. Tuning βL in combination with ac
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measurements to prevent relaxation paves the way to the obser-
vation of exotic properties of the Majorana fermion.
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7
C R I T I C A L B E H AV I O U R AT T H E D Y N A M I C
M O T T T R A N S I T I O N

In a superconducting array of niobium islands on a
gold surface we have realised the vortex equivalent
of an electron Mott insulator. Control over the mag-
netic field controls the vortex density and accesses
fractional Mott insulator states. The role of a bias
current in a vortex system is dual to the role of elec-
tric potential in an electron system, and induces an
insulator to metal transition. The critical exponent
describing the phase transition of the integer vortex
Mott insulator is that of a temperature-driven Mott
transition. For the fractional Mott insulator state a
different critical exponent is found, reflecting the
anti-ferromagnetic ordering of vortices compared to
the ferromagnetic ordering of the integer state.

7.1 introduction

Mott insulators [1–3] are at the heart of the physics of strongly
correlated systems [4], encompassing phenomena and systems
that range from high temperature superconductivity [5] and
quantum transitions of ultracold atomic gases [6–12] to quan-
tum spin liquid states [13]. Furthermore, there is an increas-
ing interest in the Mott insulator-to-metal transition induced
by applied electric fields, as an exemplary representative of
a nonequilibrium phase transition [14–16]. However, interfer-
ing effects such as disorder, environmental noise and an impre-
cise control over external drives, impede the understanding of
the fundamental mechanisms governing nonequilibrium phase
transitions and their respective drives.

Using a square proximity array of superconducting islands
placed on a normal metal, we have created a vortex Mott in-
sulator which offers a unique opportunity for control of the
tuneable parameters of Mott phase and its dynamic state. We
discover a current-induced vortex Mott transition and find a
critical scaling |i| ∝ |h|2/3, where i and h are the respective de-
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viations from the transition current and the matching magnetic
fields at which the vortex Mott insulator forms.

The critical exponent exhibits a striking similarity with the
scaling of the equilibrium electronic temperature-driven Mott tran-
sition [17], |t| ∝ |p|2/3, where t and p are the deviations from the
temperature and applied pressure, controlling parameters of
the transition, from their critical values. This establishes a deep
connection between the thermodynamic phase transitions gov-
erned by the temperature and its out-of-equilibrium dynamic
counterpart induced by applied current.

In the same superconducting array we observe novel frac-
tional vortex Mott insulating states at partial fillings of pin-
ning sites as a dual to fractional quantum Hall electronic states.
We observe strikingly exhibit different critical exponents gov-
erning the dynamic phase transitions of these fractional states.
Our results mark an important step towards an understanding
of the physics governing transitions between equilibrium and
non-equilibrium states. As well as that, these results offer a new
experimental tool for controlling fractional Mott states and in-
vestigating their dynamic phase transitions.

7.2 mott phenomena and transition

A deep understanding of the Mott transition is the key ingredi-
ent for a wide range of physical phenomena, such as unravel-
ling the origin of high temperature superconductivity, the quan-
tum phase transition in a Bose-Einstein condensate [8], and as
a base for metal-insulator-semiconductor field-effect transistors
and related applications [18]. The field of phase transitions in
strongly correlated systems is growing with the study of non-
equilibrium phase transitions. Potential induced insulator to
metal transitions have been described theoretically using sev-
eral approaches [16, 19, 20]. Phase transitions have been ob-
served in one-dimensional [14] and narrow band [15] Mott in-
sulators, and a potential gradient was studied to probe the ex-
citation spectrum in a cold atom gas [8].

A general approach to dynamic phase transitions was taken
by Chtchelkatchev et al. [21], where a non-equilibrium mean-
field Ginzburg-Landau (GL)-type theory was constructed for
an electronic Mott insulator. The main result obtained in the
context of fluctuation superconductivity was that the nonequi-
librium order parameter vanishes as

√
|V − Vc| in the out-of-

equilibrium state, V being a voltage bias, replacing the cus-



7.3 sample design and fabrication 79

tomary
√

|Tc − T |-dependence of the equilibrium state. A dif-
ferent realisation of a Mott system is a vortex Mott insulator
[22], where there is a mathematical mapping between 3D vor-
tices and the strongly repulsive charges of an electronic Mott
insulator. According to vortex-charge mapping, the applied cur-
rent plays the role of the electric field, and the dynamic resis-
tance, dV/dI, probes the density of the mobile vortex states as
a mirror image to dynamic conductivity, dI/dV , which mea-
sures the density of the electronic states in electronic Mott in-
sulators [24, 25]. Since the derivation by Chtchelkatchev et al.
[21] was done on a generic symmetry ground without assum-
ing any specifics of a particular system, we make a general
conjecture that in a mean field approximation the duality be-
tween the equilibrium and non-equilibrium phase transitions
manifests itself through temperature↔external drive mapping.
In the case of a dynamic vortex Mott transition we thus ex-
pect |T − Tc| ↔ |I − I0| correspondence. Upon increasing the
current the critical scaling of dynamic magnetoresistance is re-
vealed which surprisingly coincides exactly with the scaling of
the equilibrium Mott transition [17] up to the correspondence
current↔temperature. Our observation establishes a unifying
connection between equilibrium and dynamic phase transitions
as well as a duality between vortex and quantum strongly cor-
related systems.

7.3 sample design and fabrication∗

To realise a vortex Mott insulator we prepared a proximity
array which localises vortices at the energy dimples of an egg
crate potential [23]. Standard photolithographic tools have been
employed to create a 40 nm thick Au template (see Fig. 7.1) on a
Si/SO2 substrate of 1× 1 cm2. The template consists of a central
square of 82× 82μm2, with the corners connected to 4 terminals
in a Van der Pauw configuration for electrical characterisation.
The size of the terminals is 200× 200μm2, large enough for mi-
cro bonding. The Au pattern is overlaid with a square array
of superconducting niobium (Nb) islands 45 nm thick. The Nb
pattern is created on top of the central Au square employing
electron beam lithography and DC sputtering, via a standard
PMMA lift off procedure. Transport between the Nb islands can
take place via the Au template that lies underneath. The result-

∗Sample fabrication by F. Coneri and N. Poccia.
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Figure 7.1: Experimental set up. (a) Scanning electron microscopy
(SEM) image of square array of Nb islands on Au. The
scale bar is 1μm. The bottom-left inset shows a magni-
fied image of the array (the scale bar is 200 nm). The top-
right inset shows the temperature dependence of the resis-
tance near the superconducting transition. The supercon-
ducting critical temperature of bulk Nb is marked by the
vertical bar. (b) 1.4× 1.4μm2 AFM topography of the su-
perconductor islands on the metallic template of the same
sample. (c) Optical image of the Au template with four
contacts (yellow), Nb bus bars (light green), the array of
300× 300Nb islands barely visible as a red square shadow
on a Si/SiO2 substrate (dark green). (d) Maximum height
profile along the principle axis of the array.
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ing Nb array is 80× 80μm2 large and comprises 300× 300 sites.
The 90,000 Nb islands are placed with a period a = 267nm.
The diameter of an island is 220± 3nm and the island separa-
tion is 47± 3nm. Panels a-d of Fig. 7.1 show scanning electron,
atomic force microscopy, and optical images of the sample and
the height profile along one of the principal axis of the array.

7.4 device characterisation

At zero field, the temperature and bias dependence of a su-
perconducting array is that of a BKT transition [27–29]: vortex-
antivortex pairs are unbound by either temperature or current,
and in turn contribute to dissipation. A background magnetic
field linearly controls the number of vortices in the system
and hence controls the (fractional) Mott phase, going well be-
yond the regime of BKT physics. These fractional Mott phases
are formed when vortices can arrange themselves periodically
in the egg-crate potential provided by the superconducting is-
land lattice. Careful control over the driving force enables us
to closely follow the evolution of the Mott phase in the critical
region.

We first investigate the temperature dependence of the ar-
ray resistance. Four-point probe resistivity measurements to
determine the transition temperature are performed in a Quan-
tum Design PPMS system, warming from 1.9 K at a rate of
0.3 K/min. The superconducting transition temperature of the
array, determined as the midpoint of the temperature resistance
curve in the upper inset in Fig. 7.1a, is Tc = 7.3K which is 2 K
lower than Tc = 9.3K of bulk niobium. This moderate down-
ward shift of the transition temperature implies that the array
is a strongly coupled network of superconducting islands [26].

In order to identify the critical behaviour of the dynamic Mott
transition we perform transport measurements in the current-
voltage-magnetic field (I,V ,B) space scanning I and B in small
steps. To probe the density of mobile vortices the differential re-
sistance, dV/dI, is used [24, 25]. To ensure a uniform current in-
jection into the array during magnetoresistance measurements,
two 45 nm Nb bus bars are deposited along two opposite sides
of the array, as shown in Fig. 7.1c; the gap between strips and
array is less that 0.5μm. When cooled below 9 K, the bars be-
come superconducting and effectively short the corresponding
current and voltage leads. This results in a 2-point measure-
ment that yields magnetoresistance data shown in Fig. 7.2. The
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IV measurements are carried out in a shielded cryostat at 1.4 K.
A current bias is applied using a ramp generator at several
Hz. The measured voltage waveform is amplified using home-
built low-noise electronics, and subsequently digitised with a
National Instruments PXI-4461. The IV characteristics are non-
hysteretic and averaged over several current cycles. The dy-
namic resistance is found by numerically differentiating the av-
eraged IV characteristics. A magnetic field is applied by placing
a solenoid around the sample with the field perpendicular to
the sample plane. The current through the solenoid increases
in a stepwise fashion and separate IV traces are recorded at
each field step. The obtained IV curves are nonlinear, similar to
superconducting junction characteristics but with a residual re-
sistance less than 50 mOhm. This resistance corresponds to the
finite distance between the superconducting bus bars and the
Nb island array.

Panel a of Fig. 7.2 shows colour plots of the differential re-
sistance as function of the applied current and the magnetic
field in units of the frustration parameter f = B/B0, where
B0 = Φ0/a

2, and Φ0 = π�h/e is the magnetic flux quantum. In
our array B0 = 28.6mT. The data presented in Fig. 7.2 a enable a
meaningful scaling analysis which will reveal the nature of the
Mott insulator-to-metal transition in the dynamic regime. To
highlight the transition we display isocurrent cuts as dV/dI vs.
B plots in Fig. 7.2b. At modest currents we observe the expected
dips in dV/dI, or equivalently minima in the density of states,
at rational f = fc ≡ p/q reflecting modulation of the ground
state energy Eg and formation of periodic vortex patterns in a
magnetic field (Fig. 7.2c,d). The Eg(f) dependence is given by
the minimum energy as function of field of the Harper equa-
tion spectrum [31, 32]. This is the same spectrum that corre-
sponds to tight-binding electrons on a two-dimensional square
lattice under a magnetic field perpendicular to the plane and
which is a signature of a fractional quantum Hall effect [33],
and a manifestation of the duality between vortices and electri-
cal charges [22, 34]. Viewing Fig. 7.2d as a visualisation of the
Mott-Hubbard model for electrons the case f = 1 would cor-
respond to a Mott insulator. Accordingly, for its vortex coun-
terpart, the case of complete filling of the pinning sites array
(fc = 1, 2, ...) was conjectured to form a vortex Mott insulator
[22]. Our data enable us to extend this conjecture onto frac-
tional filling and propose a fractional Mott insulator, a mirror
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Figure 7.2: Vortex Mott insulator-to-metal transition. a: Color
plots of the differential resistance as function of the
applied current and magnetic field in units of B0 =

π�h/(ea2) = 28.6mT. The color bar is given in Ohms.
b: Representative differential resistances as functions of
the frustration factor f = B/B0 taken at different bias
currents. At low current bias (blue, orange, and yel-
low), the differential resistance minima at commensurate
f = 1/3, 1/2, 2/3, 1, 4/3, 3/2, 5/3, 2, 7/3, 5/2, 8/3, 3 are visi-
ble. Increasing the current flips the minima into maxima
(red and violet). It manifests the Mott-insulator-to metal
transitions and is highlighted by vertical arrows (the de-
tails of the insulator-to metal evolution at f = 1/2, 1, 2 are
shown below in the upper row of Fig. 7.4). c: Energy of the
ground state as function of f ∈ [0, 1] obtained by solving
the Harper equation [32]. (d) Vortex configurations at com-
mensurate frustration factor f = 0, 1/3, 1/2, 2/3, 1; at inte-
ger f the conventional vortex Mott insulator forms, partial
fillings correspond to fractional Mott insulator states.
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image of fractional quantum Hall states. The profound low cur-
rent minima in dV/dI at rational f support this conclusion.

Our key finding is that the transition from the Mott insulat-
ing to metallic state manifests itself as a reversal of the minima
in dV/dI at rational fc into maxima upon increasing the cur-
rent bias, indicating the population of free vortex states. The ef-
fect is most pronounced at integer and half-integer f, although
at f = 1/3, 2/3, ... the dV/dI flips are also still distinguishable
(Fig. 7.2b). Note that the observed dip-to-peak evolution upon
increasing current exists only in dV/dI, but not in the R = V/I

quantity, see figure 7.3. The absence of the peak in R implies
that depinning of vortices at elevated currents, which would
have resulted in the dramatic increase of dissipation, cannot
explain the observed evolution in dV/dI [35, 36].

7.5 scaling analysis†

We present detailed plots of dV/dI vs. B curves in the vicin-
ity of fc = 1/2, 1, 2 in the critical bias region in the upper
row panels of Fig. 7.4. There is an asymmetry between the
left-hand-side and right-hand-side vicinities of the commensu-
rability points which we consider independently. In either of
them there is an apparent separatrix between insulating-like
and metallic-like regions. We identify the critical currents I±0 ,
corresponding to this divide between insulating and metallic
behaviour from the condition d(dV/dI)/df|f=f±c = 0, as cur-
rents at which the dynamic Mott transition occurs. These sep-
aratrices are highlighted by dots in Fig. 7.4a-c. For I > I±0 the
dV/dI traces display minima at |f− fc| > 0, marked by strokes
in Fig. 7.4a-c, encompassing the region of metallic behaviour.
These critical regions widen upon increasing current similar to
the standard quantum phase transition critical region which in-
creases with growing temperature [37].

Now we demonstrate that (I0, fc) is indeed the Mott transi-
tion point that exhibits critical behaviour and we determine the
corresponding critical exponents. A scaling theory states that in
the critical region of a continuous phase transition physical ob-
servables follow the scaling laws, so that their respective corre-
lation lengths diverge on approach to the critical point [38, 39].
The Mott insulator-to-metal transition is driven by tuning the
ratio U/J between the repulsion strength U and the character-

†Key ideas proposed by T. I. Baturina and V. M. Vinokur.
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Figure 7.3: Differential resistance and resistance as function
of frustration. (a) and (c): colour plots of differential
resistance and resistance. Colour scales are the same for
both cases. (b) and (d): representative curves of differen-
tial resistance and resistance as functions of the frustration
factor f = B/B0. Both panels present the curves measured
at the same dc currents, which are denoted by the same
colours. The dip-to-peak evolution at rational f upon in-
creasing the current is experienced only by the differential
resistance, dV/dI, but not by the resistance, V/I.
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Figure 7.4: Scaling at the dynamic vortex Mott transition a-c:
Differential resistance dV/dI vs. frustration parameter f in
the vicinity of fc = 1/2, 1, 2, respectively. Each panel con-
tains 36 traces in 0.01 mA steps. The colors refer to magni-
tude of the current. The dots mark (dV/dI)(I = I0)-s sep-
arating insulating-like and metallic-like behaviours. The
separatrix traces are chosen so that dV/dI start to turn up-
wards on approach to fc at I > I0, dV/dI maintain down-
ward trend near fc at I < I0, and d(dV/dI)/df|f=fc = 0

at I = I0. In the metallic regions dV/dI shows minima
marked with strokes which enclose the critical regions
around fc. The traces are not symmetric with respect to
fc so the critical currents for left-, I−0 , and right-hand
side, I+0 , vicinities are different and assume the values
a: I−0 = 0.83mA, f = 1/2−; I+0 = 0.78mA, f = 1/2+;
b: I−0 = 1.10mA, f = 1−; I+0 = 1.14mA, f = 1+; c:
I−0 = 0.45mA, f = 2−; I+0 = 0.48mA, f = 2+. d-f: Scal-
ing of the same data after subtracting the corresponding
separatrix’, dV/dI− (dV/dI)(I = I0) with respect to vari-
able |I − I0|/|h|

(δ−1)/δ with h = f − fc and δ = 2 for
fc = 1/2 (d) and δ = 3 for fc = 1 and fc = 2 (e,f). The left-
hand side (right-hand side) subpanels present the scaling
plots in the fc − |h|(+|h|) vicinities of the critical frustra-
tion parameters. Upper panels employ the linear scales of
dV/dI− (dV/dI)(I = I0), whereas in the lower panels the
logarithmic scales are used. The scales are the same for
each fc pairwise for left-hand side and right-hand side
subpanels, The black lines in the lower panels correspond
to powers μ = 1 for fc = 1/2, and to μ = 1.2± 0.03.
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istic tunnelling energy or bandwidth, J. Accordingly, the static
Mott transition exhibits scaling behaviour with respect to tem-
perature, T and the repulsion strength U. The mean-field ver-
sion of the Hubbard model predicts [40] that near the Mott
critical point (Tc,Uc), where Tc and Uc are critical temperature
and critical particle repulsion strength respectively, the devia-
tion ΔU = |U−Uc| should scale as (Tc − T)

δ/(δ−1), where δ is
the exponent relating the scaling of the source field with the
order parameter. To figure out the critical behaviour of the dy-
namic vortex Mott transition, we note that the role of U is taken
by the magnetic field B which sets the vortex density and, as
such, controls the vortex repulsion. The corresponding critical
field values are at commensurate fc = p/q. Using a mean field
approximation [21] we conjecture a mapping between tempera-
ture and bias current, with the critical temperature Tc replaced
by the critical current I0 separating distinct dynamic states. We
thus posit the following mapping of the critical behaviour of the
static Mott transition to that of dynamic vortex Mott transition:
|U−Uc| → h = |fc − f|, |T − Tc| → |I− I0|, and the critical point
(Tc,Uc) → (I0, fc) yielding critical scalings |I− I0| ∼ |h|(δ−1)/δ.

To show the validity of this assumption, we scale our dV/dI
data into a universal form

(dV/dI)(f, I) − (dV/dI)(f, I0) = F±
(

|I− I±0 |
|h|(δ−1)/δ

)
, (7.1)

taking the exponent δ as an adjustable fitting parameter. The
best collapse of the data onto a single curve near fc = 1/2 is
achieved at δ = 2 (Fig. 7.4d). Importantly, the independent scal-
ing procedures at both the left- and right-hand sides of the crit-
ical frustration yield the same value of δ, despite the different
I± separatrices. The same procedure for the left- and right-hand
sides of fc = 1 and 2 gives rise to δ = 3, see Fig. 7.4e,f. Double-
logarithmic plots in the vicinity of the above values of fc dis-
play a power-law functional form of F±(x) ∝ xμ, as shown in
the lower panels of Fig. 7.4d-f. For fc = 1/2we find μ = 1± 0.03,
and for fc = 1, 2, we determine the same μ = 1.2± 0.03 for all
four plots. The revealed universal scaling properties of the cur-
rent and magnetic field dependent differential resistance, fol-
lowing Eq.7.1, experimentally establishes the dynamic vortex
Mott transition and the existence of the vortex Mott insulator
in superconducting networks.
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7.6 conclusion

To conclude we consider the implications of our results. Firstly,
the energy spectrum of the fractional vortex Mott insulator
shown in Fig. 7.1c is the Hofstadter butterfly spectrum of the
Harper equation [30]. The latter is also the spectrum of the frac-
tional quantum Hall electronic state [33]. This correspondence
between the fractional vortex Mott insulating- and fractional
quantum Hall electronic states and offers a ‘vortex-side’ evi-
dence for the charge-flux duality previously observed near the
quantum Hall liquid to insulator transition [34].

Secondly, our value of δ = 3 for the integer dynamic vortex
Mott transition notably coincides with the mean-field value of δ
for the equilibrium, temperature-pressure driven Mott transition
[17, 41]. It reveals a deep correspondence between the dynamic
and thermodynamic Mott transitions. It supports the conjecture
[21, 42] that the external drive takes the role of effective temper-
ature in far-from-equilibrium systems. Furthermore, our find-
ing offers experimental evidence of the quantum mechanical
vortex mapping establishing a duality between vortices and 2D
quantum particles [22].

Finally, turning to the difference between critical exponents at
integer and fractional frustration parameters (δ = 3 for fc = 1, 2
and δ = 2 for fc = 1/2) we review the difference in filling
of the pinning sites at these commensurate fields. An integer
vortex Mott insulator corresponds to full filling of all the sites
with vortices, and can be viewed as a ‘ferromagnetic’ state. On
the other hand the case of f = 1/2 represents an ‘antiferromag-
netic’ state since the direction of currents in “empty" cells cor-
responds to vortices of the opposite direction. Therefore, the
critical behaviour of these two distinct vortex Mott insulating
phases expectedly belongs in different universality classes with
correspondingly different exponents. In arrays with more pro-
found dips at further fc the phase transition of the correspond-
ing fractional vortex Mott states and their respective critical
exponents will likely reveal more insights into Mott physics
in general. The gained insights open a route to in-depth in-
vestigation of dynamic phase transitions in strongly correlated
fermionic and bosonic systems.
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8
D I S O R D E R E D P R O X I M I T Y C O U P L E D A R R AY S

In Josephson Junction arrays composed of Nb super-
conducting islands on a Au surface we investigate
the effect of Nb island removal. The removal of is-
lands reveals that there is appreciable coupling be-
tween next-nearest neighbours, which reduces the
percolation threshold from 0.59 to 0.45. Island re-
moval destroys the translational symmetry of the
system, a prerequisite for using the Hofstadter ap-
proach for explaining the structure in the magnetore-
sistance at fields commensurate with the physical
lattice. However, in our samples structure remains
visible in magnetoresistance traces for arrays with
up to 60% of all islands removed. This is attributed
to the existence of n× n islands plaquettes in these
arrays.

8.1 background

The behaviour of arrays of Josephson junctions at low tem-
peratures [1, 2] and zero field is dominated by a Berezinskii-
Kosterlitz-Thouless phase transition [3–5], when a quasi long
range ordering of the phases of the superconducting islands de-
velops. Excitations of the array take the form of vortices thread-
ing the array and distorting the phases on the islands. Below
a threshold temperature TBKT, excitations are only feasible as
vortex-anti-vortex pairs. Above this temperature free single vor-
tices are also present. Applying a magnetic field creates a ma-
jority vortex population. The behaviour in a magnetic field re-
veals a rich structure: where a single superconducting loop or
dcSQUID show oscillations in Φ0 in resistance, supercurrent
and transition temperature [6, 7], an array exhibits oscillations
with commensurate fields, or when a rational fraction of flux
quanta threads a unit area [8–11]. The behaviour of this system
can be described using the Harper equation [12, 13], which is a
one dimensional reduction of the Hofstadter problem [14].

One of the simplest situations to visualise in such a system is
when half a flux quantum threads a unit area set by the lattice
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Figure 8.1: Excitations in a fully frustrated array. The left and
middle panel illustrate an isolated vortex and a vortex-
antivortex pair disturbing the checkerboard pattern. The
right panel shows two competing checkerboard patterns.

spacing a. This is also known as a fully frustrated array. In this
situation, a checkerboard pattern of vortices will form in the
array [5, 8], resulting in a checkerboard of anti-vortices as well.
The system has gained the ordering associated with an anti-
ferromagnetic system. Several excitations can occur in such a
system, shown in figure 8.1. An isolated vortex (left panel) or
a vortex-antivortex pair (middle panel) are associated with a
BKT system. However, due to the presence of a double degen-
eracy in the ground state (the whole checkerboard pattern can
translate by a distance a) at finite temperatures both patterns
may exist (right panel). These are excitations associated with an
Ising system.

In an Ising system one can look at the influence of site dis-
order: removing spins from the 2D system such as in a dilute
(anti)ferromagnet. Larger clusters can show local order without
the presence of global order throughout the system. Only when
the coupling between clusters is sufficiently large will there be
global order [15]. The behaviour of high temperature supercon-
ductors may be placed in this light. One of the ideas to explain
the existence of a pseudogap phase are disconnected clusters
showing individual ordering without global phase coherence
[16]. Only below the critical temperature is there global phase
coherence, and above this temperature individual clusters are
responsible for the pseudogap. It has been proposed that the
disorder in these systems is actually the key to understanding
the behaviour of high temperature superconductors: at the per-
colative threshold there may be an enhancement of the critical
temperature [17]. The percolation threshold here ensures that
(nearly) all clusters are still connected, while the length scale
associated with the hole cluster size, the areas without islands,
diverges.
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8.2 superconducting transition temperature∗

To directly test a possible enhancement in the transition tem-
perature around the percolation threshold, the resistance of ar-
rays consisting of 300× 300 island positions with filling factors
p = 1, 0.75, 0.70, . . . , 0.4 are measured as a function of tempera-
ture and illustrated in figure 8.2. Island positions are filled with
Nb islands of 45 nm thick, 109 nm diameter and 44 nm spacing
on a 40 nm thick Au substrate. Fabrication and measurement
methods are identical to the ones used in chapter 7 1. The pat-
terns with the percolating arrays were provided by Bianconi
[17] and are based on a scale free network.

It is clear from figure 8.2 that there is no enhancement of the
transition temperature with reduced filling factor p. Instead, a
reduction in the transition temperature and increase in transi-
tion width is evident. First, we look at the behaviour of the
transition width and transition temperature for a completely
filled array. In this case, the array undergoes a BKT transition,
below which there are no individual excitations or vortices in
the system. The transition temperature is given by:

TBKT =
πEJ

2kB
, (8.1)

where EJ is the Josephson coupling between two neighbouring
islands. This can be well below the transition temperature of
the individual islands resulting in a widely smeared transition
[2, 18, 19]. For site reduced arrays there is a similar reduction
and broadening [20, 21], and the filling factor p dependent tran-
sition temperature is given by:

TBKT(p)

TBKT(1)
∼ (p− pc)

t, (8.2)

where t = 1.30 and pc is the critical percolation fraction. For
direct neighbour site percolation pc ≈ 0.59. For percolating sys-
tems holes exist in the lattice where unbound vortices can exist
to lower temperatures, reducing the transition temperature. Be-
low pc the holes are larger than the device dimensions and flux
can penetrate the sample freely. Cooling down to 2K only the
devices with p � 0.6 show a transition to a zero resistance state,
but the devices with p < 0.6 can be expected to have a com-
plete transition as well at even lower temperatures. On a tightly

∗Sample preparation by Nicola Poccia and Francesco Coneri.
1The devices with filling factors between 1 and 0.55 were fabricated in

one run, the other three filling factors were part of a different run.
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Figure 8.2: Transition temperature as function of filling fac-
tor p. From left to right, the various curves span increas-
ing filling factors, from p = 0.4 to p = 0.75, with steps
Δp = 0.05. The curve for the regular pattern is also pre-
sented, with strong coupling between islands. For p � 0.6
the superconducting state sets in in the measured tempera-
ture range, with an onset temperature that increases with
filling factor. A bias current of 5μA was applied while
warming up from the base temperature of 1.9 K, at a
sweep rate of 0.3K/sec. The curves are normalised to the
R(10K) value.
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coupled island network without sharply defined junctions, as is
the case in our devices, it is reasonable to assume that next near-
est neighbour interaction plays a role as well. The supercurrent
and Josephson coupling in a SNS junction decreases exponen-
tially with distance [22] when the electrode separation exceeds
the coherence length. Therefore there is a non-negligible cou-
pling between diagonal neighbours and even between further
removed neighbours. This reduces the percolation threshold pc.

0.01 0.1 1

0.1

1

T c(p
)/T

c(1
)

p-pc

0.52 ± 0.06 1.1 ± 0.1 1.9 ± 0.3

Figure 8.3: Reduced transition temperature as a function of
reduced disorder. The square, circle and triangle sym-
bols are rescaled for different percolation thresholds pc =

0.6, 0.45, 0.2 respectively, determined by taking into ac-
count coupling between islands within a distance radius
of a,

√
2a and

√
8a. The solid lines are fits to equation 8.2

and the corresponding slopes/exponent t is indicated as
well. The expected value of t is 1.3 [23].

The percolation threshold as a function of nearest neighbour
coupling can be estimated using a universal formula [24, 25].
For nearest neighbours within a radius of a,

√
2a and

√
8a the

percolation thresholds are 0.59, 0.28 and 0.1 respectively. For
the devices used the percolation threshold is determined by
solving the maximum flow problem for a graph of connected
vertices (islands) with flow between vertices exponentially de-
creasing with separation and cut off at varying radii. The maxi-
mum flow is dual to the minimum cut of a graph, which gives
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Figure 8.4: Resistance oscillations. The left graph shows nor-
malised resistance traces for the different arrays as func-
tion of frustration f. The completely filled array clearly
shows a richer structure. The right graph shows the deriva-
tive dR/df as a function of f. Here, the persistence of the
richer structure for the completely filled array into diluted
arrays is clear. In both cases, from bottom to top, the filling
factor p increases: 1, 0.75, 0.70, . . . , 0.4.

the minimal number of removed connections to completely dis-
connect two points in a graph. In our case we find maximum
flow between a point connected to all islands on the left of the
array to a point connected to all islands on the right, to account
for bus bars on the samples. These superconducting bus bars
ensure a homogeneous current injection in the array. For the
radii mentioned previously the thresholds are 0.6, 0.45 and 0.2.
These thresholds have been used to plot the reduced transition
temperature versus reduced sample disorder in figure 8.3.

The solid lines are fits using equation 8.2 using the different
percolation thresholds. When including diagonally connected
neighbours as well, or islands within

√
2a, the slope, 1.1 ± 0.1,

approaches the expected value of 1.3. Deviations in fitting are
expected due to finite sample dimensions [5] as well as uncer-
tainty in determining the exact transition temperature.
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8.3 behaviour in magnetic field

We now turn to the behaviour of percolating arrays in magnetic
fields to investigate if such systems show collective behaviour.
An applied magnetic field increases the density of unpaired vor-
tices in the system, nf = B/Φ0. Flux can only penetrate a per-
colating system as flux quanta and thus frustrates the phases
on the superconducting islands. Flux quanta repel each other
and will arrange to minimise their potential energy, similar to
Abrikosov lattices [26] in type-II superconductors, but with a
physical lattice now limiting the positions they can inhabit.

Translational symmetry is broken in a percolating lattice. Re-
ferring back to the Hofstadter butterfly, the ansatz of a Bloch
wave can no longer be made. The holes in the lattice provide
lower energy positions for quanta to inhabit. In chapter 7 the
fully filled device was investigated and revealed oscillations at
rational frustration f = p/q. In figure 8.4 resistance and dR/df
traces are presented for reduced filling factor. The peculiar be-
haviour of dV/dI for increasing current at a fixed frustration,
the subject of the previous chapter is not present in any re-
duced array.

The disappearance of rich structure at rational frustration is
understandable as a consequence of the disappearance of trans-
lational symmetry. However, the persistence of the structure
at integer frustration is understandable when considering an
empty array save for one plaquette of four islands connected
in a square. This 2× 2 plaquette is subject to flux quantisation
in the same way as a superconducting ring [27, 28] and subject
to oscillations in the transition temperature with the applied
field [6]. Even in a device below the percolation threshold the
existence of such a structure will result in a periodic structure.
In devices above the percolation threshold but lacking transla-
tional symmetry the system can be visualised as a collection of
weakly coupled plaquettes. This is the situation which we find
in our devices: despite the absence of translational symmetry
we observe oscillations with commensurate fields.

The existence of larger plaquettes, n× n islands, allows con-
struction of solutions for frustration f = p/(n− 1). This should
result in structure in the magnetoresistance at these matching
fields. For all disordered arrays down to p = 0.55, structure
is still present in dR/df traces at f = 1/3, 1/2, 2/3. Despite the
loss of global translational symmetry, the isolated plaquettes of
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Figure 8.5: Visualisation of cluster sizes. The top row images
are 10μm × 10μm AFM images of arrays with p =

0.75, 0.55, 0.4. The light dots are Nb islands. The bottom
row shows a visualisation of square cluster sizes, where
clusters of similar dimensions are labelled with a colour.
Empty positions are light grey. The top and bottom im-
ages do not correspond to the same area.

up to 4× 4 present even in extremely diluted arrays may still
provide structure in the resistance traces.

8.4 cluster sizes in random arrays

We attribute the persistence of oscillations at f = 1/3, 1/2, 2/3,
even in diluted arrays, to the existence of plaquettes of size
3 × 3 and 4 × 4 down to p = 0.4. In the top panels of figure 8.5
AFM images of arrays with p = 0.75, 0.55, 0.4 are visible, along
with colour coded representations of the same filling factors in
the bottom panels. In figure 8.6 the average cluster size and the
cluster size distribution as function of filling factor are plotted.
Included are also representations of higher and lower filling
factors which were not measured.

For p = 0.75more than 62% of the islands are part of a square
structure. For the lowest filling measured, p = 0.4, this has
fallen to 18%, and there are 27 3 × 3 clusters present in an array
of 300 × 300 islands. Only below p = 0.25 do these clusters
disappear. These 3 × 3 should result in oscillations at f = 1/2.
The clusters of size 4 × 4 only occur in arrays with p > 0.45: a
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Figure 8.6: Cluster size distribution. The left image shows the
cluster size distribution as a function of array filling. As
the filling factor decreases the maximum cluster size de-
creases, and initially the number of small clusters in-
creases. As the array is diluted the number of smaller
clusters also decreases. The right image shows the average
cluster size: arrays with low filling are predominantly in-
dividual islands or part of a collection without any loops.

feature with the corresponding period is visible for p � 0.55 in
transport measurements.

8.5 conclusion

A scaling analysis of the zero voltage state as a function of tem-
perature reveals that the percolation threshold in Nb islands /
Au substrate arrays is well below the expected value of pc ∼ 0.6.
Instead, a percolation threshold pc = 0.45 is found, indicating
appreciable coupling to next-nearest, or diagonal, neighbours
as well. This differentiates the investigated devices from previ-
ous work on Josephson junction arrays [5, 29].

When reducing the filling factor of devices the rich structure
due to commensurability diminishes. However, the oscillations
persist in all filling factors investigated, down to p = 0.4. We
attribute this to the existence of plaquettes of 2 × 2, 3 × 3 and
4 × 4 islands at these reduced filling factors, which in turn are
responsible for oscillations at f = 1, 1/2, 1/3 and multiples.

The existence of larger plaquettes weakly connected by sin-
gle links to each other was proposed to enhance the critical
temperature of the complete device. No such enhancement oc-
curs in our devices. Instead, these plaquettes can be regarded
individually; this explains the magnetoresistance behaviour of
diluted arrays. They do not have to be connected to each other
via a superconducting link. Rather, they form areas of zero re-
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sistance on a resistive background, and currents redistribute
to minimise the total resistance. The modulation of the super-
current with external current is reflected in a field modulated
resistance.

bibliography

[1] D. Resnick, J. Garland, J. Boyd, S. Shoemaker, and
R. Newrock, Phys. Rev. Lett. 47, 1542 (1981).

[2] D. W. Abraham, C. J. Lobb, M. Tinkham, and T. M. Klap-
wijk, Phys. Rev. B 26, 5268 (1982).

[3] V. Berezinskii, Sov. Phys. JETP 32 (3), 493 (1971).

[4] J. Kosterlitz and D. Thouless, Journal of Physics C: Solid
State Physics 6, 1181 (1973).

[5] R. Newrock, C. Lobb, U. Geigenmüller, and M. Octavio,
Solid State Physics 54, 263 (2000).

[6] W. A. Little and R. D. Parks, Phys. Rev. Lett. 9, 9 (1962).

[7] R. C. Jaklevic, J. Lambe, A. H. Silver, and J. E. Mercereau,
Phys. Rev. Lett. 12, 159 (1964).

[8] M. Tinkham, D. Abraham, and C. Lobb, Phys. Rev. B 28,
6578 (1983).

[9] R. A. Webb, R. F. Voss, G. Grinstein, and P. M. Horn, Phys.
Rev. Lett. 51, 690 (1983).

[10] S. Teitel and C. Jayaprakash, Phys. Rev. B 27, 598 (1983).

[11] B. Pannetier, J. Chaussy, R. Rammal, and J. C. Villegier,
Phys. Rev. Lett. 53, 1845 (1984).

[12] P. G. Harper, Proceedings of the Physical Society. Section
A 68, 874 (1955).

[13] T. I. Baturina, V. M. Vinokur, A. Y. Mironov, N. M.
Chtchelkatchev, D. A. Nasimov, and A. V. Latyshev, EPL
(Europhysics Letters) 93, 47002 (2011).

[14] D. R. Hofstadter, Phys. Rev. B 14, 2239 (1976).

[15] R. B. Griffiths, Phys. Rev. Lett. 23, 17 (1969).



Bibliography 103

[16] M. Buchanan, Nature 409, 8 (2001).

[17] G. Bianconi, Journal of Statistical Mechanics: Theory and
Experiment 2012, P07021 (2012).

[18] C. J. Lobb, D. W. Abraham, and M. Tinkham, Phys. Rev. B
27, 150 (1983).

[19] S. Eley, S. Gopalakrishnan, P. M. Goldbart, and N. Mason,
Nat Phys 8, 59 (2012).

[20] D. C. Harris, S. T. Herbert, D. Stroud, and J. C. Garland,
Phys. Rev. Lett. 67, 3606 (1991).

[21] I.-C. Baek, Y.-J. Yun, J.-I. Lee, and M.-Y. Choi, Phys. Rev. B
72, 144507 (2005).

[22] P. G. de Gennes, Rev. Mod. Phys. 36, 225 (1964).

[23] D. J. Frank and C. J. Lobb, Phys. Rev. B 37, 302 (1988).

[24] S. Galam and A. Mauger, Phys. Rev. E 53, 2177 (1996).

[25] K. Malarz and S. Galam, Phys. Rev. E 71, 016125 (2005).

[26] A. Abrikosov, Journal of Physics and Chemistry of Solids
2, 199 (1957).

[27] B. S. Deaver and W. M. Fairbank, Phys. Rev. Lett. 7, 43
(1961).

[28] R. Doll and M. Näbauer, Phys. Rev. Lett. 7, 51 (1961).

[29] P. Martinoli and C. Leemann, Journal of Low Temperature
Physics 118, 699 (2000).





S U M M A RY

This thesis explores two central themes: Josephson junctions
on topological insulators and Josephson junction arrays. The
promise of Majorana zero modes in topological insulator / su-
perconductor systems is discussed in the first chapters of this
thesis. A Majorana zero mode will potentially facilitate the re-
alisation of quantum bits less sensitive to decoherence, reduc-
ing the number of error correction techniques necessary for the
construction of a quantum computer. Before this stage can be
reached the unambiguous detection and manipulation of these
modes is necessary. In this thesis an experimental approach is
pursued towards this goal. The emphasis on the methodolog-
ical side is not on assuming the influence of Majorana zero
modes, or a non-trivial topology, on the measured results, but
by analysing the geometrical aspects of the experiments.

The second theme explored is the phases present in frus-
trated Josephson junction arrays. Here, the Josephson junction
array serves as a model system for a Mott insulator, and the
the frustration via an external magnetic field and bias current
act as parameters to manipulate the phase diagram of a Mott
system.

Concerning the first theme, a possible path towards Majorana
zero modes is by combining bismuth based topological insula-
tors with superconductors. To start, the progress in this field is
reviewed. Topologically non-trivial surface states in materials
such as Bi2Te3, Bi2Se3 and combinations of the two along with
antimony were demonstrated using techniques such as ARPES.
The realised Josephson junctions on these materials so far ex-
hibit small characteristic energies ICRN due to a non-supercon-
ducting channel. The non-insulating bulk of the topological in-
sulators used in experiments acts as a shunt. The supercurrent
is mediated by the surface connecting the superconducting elec-
trodes. This strong coupling to the surface is a result of the
anisotropic band structure in this class of materials. The cur-
rent-phase relationship of the junctions has so far not demon-
strated the contribution of a Majorana zero mode. Deviations
in the magnetic interference or Fraunhofer pattern in several
experiments are understood in the context of flux focussing,
defects, and the geometry of the junctions on the surface of
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the topological insulator. A more careful investigation can be
done by including Josephson junctions in loop structures. This
allows for a better discrimination between intrinsic and extrin-
sic effects contributing to the current-phase relationship.

Keeping the electrode separation constant while varying the
electrode width leads to varying aspect ratio Josephson junc-
tions. This approach results in experimentally disentangling
the shunt due to the conducting bulk and flux focussing in
Nb/Bi2Te3 Josephson junctions. This geometric consideration
is sufficient for understanding the behaviour in magnetic field
and the evolution of the ICRN product as function of width.
This result is in line with the estimated number of supercon-
ducting channels within the junction. A possible Majorana zero
mode is not expected to be dominant compared to the order of
hundred trivial modes in the junction.

To tackle the previous challenge of a conducting bulk, Joseph-
son junctions were fabricated using a different topological in-
sulator, Bi1.5Sb0.5Te1.7Se1.3. This material exhibits an insulating
bulk, in contrast to Bi2Te3. However, the mean free path of the
surface states is reduced in this material. The Josephson nature
of the junctions, with a critical current of the order of 10 nA, is
demonstrated by measuring the Fraunhofer pattern at 30 mK.
The Fraunhofer pattern, with strongly suppressed side-lobes
and periodicity of severalΦ0, is explained using diffusive trans-
port theory in a junction with open edges.

As previously mentioned, embedding Josephson junctions
with a possible non-trivial character in a loop structure, also
called a SQUID, allows for the determination of the current-
phase relationship of the junctions. Using Bi2Te3 as the barrier
material, the trivial nature of the Josephson junctions is demon-
strated. The oscillations are Φ0 periodic, and the reduced mod-
ulation depth of the critical current is in line with the induc-
tance of the loop. Models of different loop structures show that
a Φ0 periodicity of a SQUID is not sufficient to determine that
the junctions are trivial. Instead, the modulation depth of the
SQUID needs to be analysed. A modulation depth reduced be-
low the depth predicted by a large βL is an indication of a Φ0/2
current-phase relationship of the junctions. The amount of re-
duction is a measure of the ratio between Φ0/2 and Φ0 periodic
channels.

The second theme of this thesis is the behaviour of Josephson
junction arrays in a magnetic field. These arrays, consisting of
300 × 300 niobium islands of 220 nm diameter and 45 nm thick-
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ness, are grown in a square lattice with a period of 267 nm on a
gold substrate. When cooled below the transition temperature
of the islands, the Josephson coupling between islands results
in a egg-crate potential landscape for the excitations of this sys-
tem, vortices. An applied magnetic field controls the number of
vortices in the array, while an applied current results in a force
acting on the vortices trapped in the array. For fields where
there is integer frustration, or an integer number of vortices per
egg-crate dimple, a phase transition as a function of applied
current is observed. For half-integer frustration this phase tran-
sition occurs with different critical exponents. An appropriate
mapping exists between this vortex-based Mott insulator and
an electronic Mott insulator, translating the current and field to
the potential and doping.

By removing niobium islands from the array, the egg-crate
potential is disturbed. Translational symmetry is necessary for
constructing solutions describing such systems. However, the
existence of small clusters provides enough symmetry on a lo-
cal scale to show oscillations reminiscent of an undisturbed ar-
ray. The percolation threshold, determined by the relationship
between the transition temperature and the fraction of removed
islands, is lower than expected when only considering nearest
neighbour coupling. This is due to Josephson coupling between
islands not being directed only between nearest neighbours. Re-
moving islands reveals a sizeable coupling between next near-
est neighbours as well.





S A M E N VAT T I N G

In dit proefschrift komen twee thema’s aan bod: Josephson junc-
ties op topologische isolatoren en roosters van Josephson junc-
ties. In de eerste hoofdstukken van dit proefschrift worden de
zogenaamde Majorana nulmodi in systemen van topologische
isolatoren en supergeleiders besproken. Een Majorana nulmo-
dus kan een grote rol spelen in de realisatie van een kwantum-
bit die minder gevoelig is voor decoherentie, waardoor minder
foutcorrectietechnieken nodig zijn om een kwantumcomputer
te bouwen. Voordat men hier aan toe is, moet de aanwezig-
heid en beheersbaarheid van deze modi buiten kijf staan. In
dit proefschrift wordt een experimenteel pad afgelegd richting
dat doel. De nadruk ligt bij het verklaren van resultaten via ge-
ometrische beschouwingen, zonder de aanwezigheid van een
niet-triviale topologie of een Majorana nulmodus.

Het tweede thema is het gedrag van verschillende fases in
roosters van Josephson juncties. Een dergelijk rooster is een mo-
delsysteem voor een Mott-isolator, waarbij de frustratie via een
extern magneetveld en een aangelegde stroom onderzoek van
het fase-diagram van een Mott-systeem mogelijk maken.

Voor het eerste thema is een mogelijke route naar een Ma-
jorana nulmodus één via een combinatie van op bismut ge-
baseerde topologische isolatoren en supergeleiders. Als eerste
zijn de ontwikkelingen op dit gebied samengevat. De vereiste
topologisch niet-triviale oppervlakte toestanden is reeds aan-
getoond met technieken zoals ARPES in materialen als Bi2Te3,
Bi2Se3 en combinaties van die twee. Wat opvalt bij Josephson
juncties op deze materialen is dat de niet-isolerende bulk in de
gebruikte topologische isolatoren zorgt voor een lage karakte-
ristieke energie (het ICRN product) door een niet-supergeleidende
kanaal mogelijk te maken. De supergeleidende koppeling tus-
sen de supergeleidende elektrodes vindt plaats op het opper-
vlak. De sterke koppeling naar het oppervlak is het resultaat
van de anisotrope bandenstructuur in topologische isolatoren.
De stroom/fase relatie in de juncties heeft het bestaan van een
Majorana nulmodus nog niet aangetoond. De afwijkingen in
het magnetische interferentie of Fraunhofer patroon in verschil-
lende experimenten kan worden verklaard met fluxfocussering,
defecten en de geometrie van de juncties op de oppervlaktes.
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Een gevoeliger onderzoek kan worden uitgevoerd met de Jos-
ephson junctie in een loepstructuur. Hiermee kan beter onder-
scheid gemaakt worden tussen in- en extrinsieke effecten die
de stroom/fase relatie beïnvloeden.

Door de afstand tussen de elektrodes constant te houden en
de breedte van de elektrodes te veranderen, wordt de lengte/-
breedte verhouding gevarieerd. Met deze aanpak is de invloed
van het niet-supergeleidende kanaal en fluxfocussering onder-
zocht in juncties van Nb en Bi2Te3. Deze geometrische aanpak is
voldoende om het gedrag in magneetveld en van de karakteris-
tieke energie met variërende breedte te begrijpen. Het geschatte
aantal normale of triviale modi in de juncties is in de orde van
honderd. Het gevonden resultaat is dus niet verrassend: een
mogelijke Majorana modus kan het gedrag van de juncties niet
domineren.

Met het gebruik van een andere topologische isolator, name-
lijk Bi1.5Sb0.5Te1.7Se1.3, wordt het probleem van de niet-super-
geleidende kanalen aangepakt, wat wel aanwezig is in junc-
ties van Bi2Te3. Dit materiaal heeft namelijk geen geleidende
bulk. De vrije weglengte van de oppervlaktetoestanden is ech-
ter sterk afgenomen. Het Josephson gedrag van gerealiseerde
juncties, met een kritische stroom in de orde van 10 nA, wordt
aangetoond door het meten van een Fraunhofer patroon bij
30 mK. Het Fraunhofer patroon wordt gekenmerkt door sterk
onderdrukte oscillaties en periodes van enkele Φ0. Dit wordt
verklaard door gebruik te maken van een model waarin trans-
port met verstrooiing en juncties met open randen zijn opgeno-
men.

De stroom/fase relatie van juncties kan bepaald worden door
de juncties op te nemen in een loep of SQUID. Met Bi2Te3 als
de topologische isolator in een Josephson junctie is het con-
ventionele gedrag van de juncties aangetoond. De oscillaties
zijn namelijk periodiek in Φ0 in plaats van 2Φ0, en de gere-
duceerde modulatiediepte blijkt het gevolg van de inductie van
de loep te zijn. Modellen van verschillende loepstructuren laten
zien dat niet de periodiciteit maar de modulatiediepte van een
SQUID aanwijzingen geeft voor een veranderde stroom/fase
relatie. Een modulatiediepte kleiner dan men zou verwachten
op basis van de inductie van de loep, is een aanwijzing van
een Φ0/2 stroom/fase relatie van de juncties. De gereduceerde
modulatiediepte is afhankelijk van de verhouding tussen het
aantal Φ0/2 en Φ0 kanalen.
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Het tweede thema van dit proefschrift is het gedrag van roos-
ters van Josephson juncties in een magneetveld. Een vierkant
rooster van 300 × 300 niobium eilanden, 220 nm diameter en
45 nm dik, is op een gouden oppervlak gegroeid met een peri-
ode van 267 nm. Nadat het systeem onder de supergeleidende
transitietemperatuur afgekoeld is, ontstaat er een zogenaamd
eierdoospotentiaal voor de excitaties van het systeem, name-
lijk de “flux vortices”. Dit resulteert in een vortex Mott iso-
lator. Een aangelegd magneetveld bepaald het aantal vortices
en de frustratie in het rooster, terwijl een stroom een kracht
uitoefent op de vortices. Voor geheeltallige frustratie, oftewel
één vortex per kuiltje van de eierdoospotentiaal, vindt er een
faseovergang plaats. Voor halftallige frustratie vindt er een fa-
seovergang plaats met andere kritische exponenten. Er bestaat
een afbeelding tussen deze vortex Mott isolator en een elek-
tronische Mott isolator, waardoor het gedrag als functie van
stroom en veld begrepen kan worden in termen van potentiaal
en dotering.

Als vervolgens eilanden uit het rooster worden verwijderd
wordt de eierdoospotentiaal verstoord. Translatiesymmetrie is
nodig om oplossingen te kunnen vinden die het gedrag van
het rooster als functie van magneetveld kan beschrijven. Er blij-
ven echter kleine clusters eilanden over die voor symmetrie op
een lokale schaal zorgen. Dit zorgt voor oscillaties in magneet-
veld die doen denken aan het gedrag van een gaaf rooster. De
percolatiegrens, bepaald door het verband tussen de transitie-
temperatuur en de vulling van het model met eilanden, is lager
dan voor een rooster waar alleen interacties tussen naaste buur-
eilanden worden meegenomen. Dit is het gevolg van de Joseph-
son koppeling tussen verder gelegen eilanden: de verwijderde
eilanden onthullen dat er een merkbare koppeling tussen de
een-na-naaste buren bestaat.
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