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EXECUTIVE SUMMARY 
The extraction process of fossil fuels is increasingly becoming more challenging as easy to reach 
reservoirs are depleting. The conventional well design results in tapered design with progressively 
narrowing diameter. The reduction of well diameter poses a challenge to reach the target depth while 
ensuring viable economic production rates. To tackle this challenge, a new drilling technique called 
monodiameter (MOD) well has been developed at Shell. In this technique, a steel pipe is lowered into 
the bore hole and then expanded radially through a forming process. This reduces the loss of diameter 
each time a new pipe is inserted and can result in almost a single diameter well from the surface all the 
way down to the target depth. Understanding the performance of the expandable pipe during and 
after the expansion process is vital to ensure a safe and reliable service. The process of pipe expansion 
and the performance of the pipe after the expansion process can be simulated using the finite element 
analysis (FEA). In order to obtain an accurate simulation prediction, a proper material model is 
essential. The identification of the material parameters can be determined through appropriate test 
method. In this work, a new test method is proposed to characterize the material behavior under cyclic 
and non-proportional deformation paths. The test method is validated with the external experimental 
results previously obtained at Massachusetts Institute of Technology (MIT). Further investigation 
conducted as part of this project reveals that the expandable pipe exhibits a significant drop of yield 
stress (so-called Bauschinger effect) after load reversal and an increase of yield stress under cross 
loading (so-called cross hardening). To model the Bauschinger effect, the existing material model of 
combined isotropic-kinematic hardening has been successfully implemented to describe the test 
results accurately. Nevertheless, the combined isotropic-kinematic hardening model predicts a drop 
of yield stress when the material is subjected to cross loading. This contradicts the test results. In order 
to take into account this physical observation, a new model that is capable of changing its yield surface 
shape known as the distortional hardening is needed.  
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1 INTRODUCTION 

1.1 BACKGROUND 
Fossil fuels are likely to remain as one of the most important source of energy for the coming decades 
despite the strong growth of renewable energy. However, the extraction of fossil fuels is increasingly 
becoming more challenging as new oil reservoirs are found at deeper depth with extreme conditions. 
More importantly, this brings a significant increase of economical aspect for developing a well. This 
has motivated engineers and researchers to develop a new technology that can reduce the cost of 
developing a well. 
 
In conventional well technique, the bore hole is initially drilled using a drill bit of a certain size. As the 
drilling process goes deeper, the pressure within the wall of bore hole, known as pore pressure, 
increases. In order to prevent the bore hole from collapse or cave in, drilling mud is circulated to 
counter the pressure and displace the cuttings to the top. However, the drilling mud can only provide 
a certain amount of counter pressure. When the pore pressure can no longer be handled by the drilling 
mud, a pipe (also known as casing) is inserted to prevent the hole from collapse. The process of drilling 
is then repeated using a smaller drill bit and a smaller pipe diameter until the target depth is reached. 
This drilling sequence resulted in a tapered well design (see Figure 1). One of the drawbacks from this 
tapered well design is that the well may end up with a pipe size that is too small to produce oil or gas 
at economic rates. 

 
Figure 1: Comparison between conventional drilling method versus MOD in terms of the cutting volumes, volume of drilling mud and size of rig. The figure on 

the right shows the difference between MOD and conventional well design. Diagram adapted from Shell Wells R&D. 

A recently developed technique in oil well drilling is the monodiameter (MOD) well. In this technique, 
the steel pipe is lowered into the bore hole and then radially expanded to the required diameter. The 
process of expansion is achieved by pulling a rigid cone, which plastically deforms the pipe. By 
repeating the drilling sequence, the diameter of the well remains almost the same throughout the well 
depth. With this method, a significant amount of energy can be preserved as lesser rocks need to be 
removed and lesser material cuttings need to be displaced. In addition to this, the well does not have 
to be initially drilled with a large diameter in order to reach the target depth. This also means that less 
amount of steel, cement and drilling mud are required to build a well. By taking all these factors in 
mind, the cost of constructing a well is significantly lowered. 
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1.2 COMPANY 
Shell Global Solutions is a leader in innovative technology development in the field of oil and gas 
industry. Shell is dedicated to making wells safer through investment and research into new and 
effective well construction methods. The Expandables team based in Rijswijk focusses on the 
development of the MOD well technology. The collaboration between Twente University and Shell 
Global Solutions has resulted in a small research team at Twente University, which consists of several 
PDEng students and several MSc students tackling different aspects in the realization of the MOD 
well technology. 

1.3 REPORT OUTLINE 
This PDEng report is structured in 7 chapters. Chapter 2 introduces the design issues and the objective 
of the design project. In Chapter 3, the deformation path during the expansion process is presented. 
This will be the basis for developing the requirements of the test method. In addition, this chapter 
covers the available test methods reported in the literature and the general framework of existing 
material models. Chapter 4 elaborates the test method requirements in details. In Chapter 5, three 
conceptual designs are presented. The results of feasibility studies from these three conceptual designs 
are discussed. Based on the outcome from the feasibility studies, the realization of the design is 
outlined in Chapter 6. Finally, the last chapter arrives at the general conclusions and the directions for 
future work. For readers who are interested in the social and the environmental context of the design, 
the readers are advised to refer to Appendix A.  
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2 OBJECTIVE 

2.1 DESIGN ISSUE & PROJECT OBJECTIVE 
Despite the advantages of implementing the MOD technology, there are still challenges in realizing 
the technology on field. The backbone of MOD technology is the pipe expansion process itself. 
Understanding the mechanical properties and the behaviors of the pipe is important to ensure the 
highest safety and performance when the pipe is in service. Currently, there are no guideline that 
clearly define the requirement of the mechanical properties of expandable pipe [1]. Hence, it is 
important to gain a good understanding on the mechanism that governs the performance of the pipe 
during and after the expansion process. 
 
The process of expansion can be simulated using finite element analysis (FEA). FEA can be used for 
different applications such as estimating the required expansion force and predicting the post-
expansion mechanical performance such as the collapse strength. The basis of building an FEA model 
consists of creating  geometry, assigning appropriate material model and applying correct loads and 
constraints. The most challenging aspect is to assign a correct material model that represents the 
behaviors observe from the laboratory testing. Appropriate material model is essential to characterize 
the mechanical behaviour of the material against deformation. This influences the accuracy and the 
correctness of FEA simulation. 
 
The identification process of material parameters require a suitable test method. The most common 
test method to characterize the material response is the monotonic uniaxial tensile test. However, a 
simple tensile test is not sufficient to accurately mimic the deformation path during the expansion 
process. The details of the deformation path during the expansion process are discussed in Chapter 
3. At this stage, it is sufficient to mention that the pipe experiences non-proportional deformation 
during the expansion process due to the cyclic bending. Previous cyclic uniaxial tension-compression 
tests indicate that the material exhibits significant reduction of yield stress after reverse loading, which 
is known as Bauschinger effect [1], [2]. This physical observation can be described more accurately 
using a combined isotropic-kinematic hardening model [3]. In spite of this, the validation of the 
current material model under non-proportional deformation path has not been investigated. 
Therefore, a need exists for developing a new test method that can capture the material response 
under cyclic and non-proportional deformation. The test method can consequently be used to validate 
the existing material model. Hence, the objective of this PDEng project is defined as follow: 
 

“To design a non-proportional deformation test method that can be used to characterize the hardening 
behavior of expandable pipe material and subsequently validate the existing material model” 

 
Here, it is important to define the term non-proportional deformation as changes involving the 
principal deformation direction. 
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3 LITERATURE REVIEW 
In this chapter, a summary of the deformation path occurring in the pipe during the expansion process 
is provided. This will be the basis for setting up the requirements in designing a new test method. 
Then, a short overview of available test methods reported in the literature are presented. Finally, the 
basic concepts of the existing material models are provided.  

3.1 PIPE DEFORMATION DURING EXPANSION PROCESS 
The deformation path during the expansion process has a general deformation pattern, which is highly 
dependent on the shape of the cone. This can be explained with the help of the diagram shown in 
Figure 2. In this diagram, the cone is moving to the left as indicated by the cone velocity vector Vcone. 
The pipe initially remains straight apart from the elastic effect when it is in the unexpanded state, prior 
to the contact with the cone. As the cone makes contact with the pipe, the pipe is outwardly bended 
as shown at step 2. At step 3 the pipe is bended straight again. This causes opposite bending strain. 
Then, a large portion of pipe radial expansion takes place at step 4. The pipe is then bended inward 
as seen at step 5 before it is bended straight again at step 6. At step 7, the pipe experiences geometric 
changes due to the elastic recovery as the cone separates from the pipe. This is also known as the 
elastic springback. Afterwards, the pipe is in fully expanded state. 

 
Figure 2: Different stages of pipe deformation during the expansion process [1]. 

The above deformation pattern is generally valid for all expansion cases. However, the degree of pipe 
shortening and the degree of pipe wall thinning are dependent upon the three idealized expansion 
modes which are tension, fixed-fixed and compression (see Figure 3). These three idealized expansion 
modes define the location of the fixed boundary condition on the pipe body. 

In order to understand the deformation path during the expansion process, the expansion process is 
simulated in ABAQUS/Standard. The pipe material is modelled using the existing isotropic hardening 
material model [3]. In this simulation, a  9-5/8” (244.48 mm) VM50 pipe with a wall thickness of 
0.435” (11.05 mm) is expanded with a 10.2” (259.08 mm) TAaP3 cone. The simulation is simplified 
by assuming an axisymmetric problem. The cone is assumed to be a rigid body and the pipe is assumed 
to be a deformable body. The pipe wall is modelled using an 8-node quadrilateral axisymmetric solid 
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element with reduced integration, CAX8R. The cone is modelled using a 2-node linear axisymmetric 
element, RAX2. The friction between the cone and the pipe is set to 0.06. To simplify the analysis, 
only the expansion process in compression mode is considered. The deformation path results for the 
other two expansion modes are  included in Appendix B. In this deformation path plot (see Figure 5), 
only the hoop strain component and the meridional strain component are taken into account. The 
strain component that represents the wall thinning of the pipe is not included. The deformation path 
plots are based on the average values of the integration points requested at a single element of the 
outer, the middle and the inner element of the pipe geometry as shown in Figure 4. 

 
Figure 3: The three idealized expansion modes: fixed-fixed (left figure), tension (middle figure) and compression (right figure). 

 
Figure 4: The data request at three elements that represent the inner, the middle and the outer fiber of the pipe.   

Cone 
(rigid) 

Pipe 
wall 
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Figure 5: The strain path for the expansion process under the compression mode. The numbers refer to the stages during the expansion process as shown in 

Figure 2. 

As can be seen from Figure 5, the main deformation is in the hoop direction. The amount of plastic 
strain in the hoop direction goes up to around 15%. During the expansion process, the pipe undergoes 
cyclic bending in the meridional direction. There are four bending stages that occur throughout the 
expansion process. These usually take place simultaneously with straining in the hoop direction. Here, 
the middle layer of the pipe does not experience significant plastic changes in the meridional direction 
of the pipe. Interestingly, the bending that takes place near the end of expansion process at step 6 
mainly occurs in the meridional direction under constant hoop strain in the order of 2-3%. Generally, 
the expandable pipe has a tendency to shorten when it is expanded under the tension mode and the 
compression mode. Under the tension mode, the degree of shortening is less compared to the case of 
compression mode expansion. In the case of fixed-fixed, there will be no change in the length of the 
pipe. However, this is compensated with a larger degree of pipe thinning due to the preservation of 
volume. 

3.2 EXISTING TEST METHODS 
For an accurate description of the post-expansion pipe material state, it is important that the behavior 
of the pipe under relevant deformation path is captured correctly. Ideally, the testing method should 
mimic the deformation path during the expansion process. There are several testing methods to 
investigate the material behavior under non-proportional deformation. Most of the testing methods 
are applicable to sheet metal, which has a constant thickness. 

Several testing methods have been established in order to study the Bauschinger effect. These include 
the tension-compression (or the compression-tension) with anti-buckling device [2], [4], the cyclic 
shear test [5] and the cyclic bending test (3-points or 4-points) [6], [7]. The first two test methods allow 
for the identification of material parameters from a direct stress-strain curve while the latter require 
the identification through inverse methods. All of the mentioned test methods have the similarities of 
investigating the material behavior along the reverse loading path. 

4 
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3 

5 
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Figure 6: Different test methods that allow for measurement of stress–strain behavior under various stress states [8]. 

In order to study the effect of a change of deformation path, a test method known as the two-step 
tension tests can be utilized [9]. In this method, a larger sized specimen than the standard uniaxial 
specimen is utilized during the first step of pre-straining. This allows a smaller specimen to be removed 
at an angle from the pre-strained specimen and sequentially to be tested in tension. Due to the large 
specimen dimension, a novel grip system needs to be designed to fit into the existing tensile testing 
machine. 

 
Figure 7: Illustration of the two-stage tension test. 

In the area of biaxial testing, an in-plane biaxial tension test can be performed on a crucifix specimen 
(see Figure 8). The application of this test method is for characterization of yield locus in the first 
quadrant as shown in Figure 6. The yield locus defines the boundary between the elastic and the plastic 
deformation. A lot of attention is given to the design of the crucifix specimen to ensure sufficient 
strain can develop at the central region of interest [10]–[12].  Here at Twente University, a biaxial test 
equipment has been developed that is capable of imposing a shear deformation and a plane strain 
deformation [7]. The biaxial tester allows various stress and deformation states to be investigated on 
a sheet metal having a maximum thickness of 3 mm. 
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Figure 8: An example of crucifix design with the reduced area at the region of interest [12]. 

3.3 MATERIAL MODELS 

3.3.1 Constitutive Equations 
For a simple uniaxial tensile test, the monotonic curve can be well captured using the isotropic 
hardening law. The hardening law is used to describe the changes of yield surface with plastic 
deformation. The isotropic hardening assumes that the size of the yield surface is equally expanded 
(see Figure 9). A hardening under tension results in an equally large hardening under compression. In 
general, the isotropic hardening can be expressed for an arbitrary yield function F as follow: 

 𝐹𝐹 = 𝑓𝑓(𝝈𝝈) − 𝜎𝜎0(𝜀𝜀�̅�𝑝𝑝𝑝) = 0, (1) 
where 𝜎𝜎0 represents the hardening law and f  is the initial yield function. There are several empirical 
functions that can describe the isotropic hardening, known as Swift, Voce and combined Ludwik-
Voce hardening law. The Voce hardening law can be formulated as: 

 𝜎𝜎𝑜𝑜(𝜀𝜀�̅�𝑝𝑝𝑝) = 𝜎𝜎|𝑜𝑜 + 𝑄𝑄∞ �1 − 𝑒𝑒−𝑏𝑏𝜀𝜀�𝑝𝑝𝑝𝑝�, (2) 

where 𝜎𝜎|𝑜𝑜  is the yield stress at zero plastic strain and 𝑄𝑄∞ and 𝑏𝑏 are the material parameters. The 
combined Ludwik-Voce hardening law can be described in the following form: 

 𝜎𝜎𝑜𝑜(𝜀𝜀�̅�𝑝𝑝𝑝) = 𝛽𝛽�𝜎𝜎|𝑜𝑜1 + 𝐴𝐴𝜀𝜀�̅�𝑝𝑝𝑝𝑛𝑛� + (1 − 𝛽𝛽) �𝑘𝑘 + 𝑄𝑄∞ �1 − 𝑒𝑒−𝑏𝑏𝜀𝜀�𝑝𝑝𝑝𝑝�� (3) 

As shown above, both formulations describe the mechanical behavior as a function of accumulated 
equivalent plastic strain. The use of isotropic hardening alone cannot capture the features observed 
during the reverse loading in particular the Bauschinger effect where the yield stress decreases upon 
the reverse loading direction. 
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Figure 9: The evolution of yield surface using the isotropic and the kinematic hardening [3]. 

Alternatively, the Bauschinger effect can be described using the kinematic hardening law. The 
kinematic hardening law assumes that the size of the yield surface remains the same. However, the 
yield surface can translate in stress space when a plastic deformation occurs (see Figure 9). The 
translation of the yield surface is described by the introduction of a new state parameter, 𝜶𝜶 that is 
known as back-stress tensor. The yield surface then takes the following form: 

 𝐹𝐹 = 𝑓𝑓(𝝈𝝈 − 𝜶𝜶) − 𝜎𝜎𝑜𝑜 = 0 (4) 
There are two classical descriptions to describe the evolution of back-stress, namely Prager and 
Ziegler. Prager defines the evolution of back-stress in the following form [13]: 

 �̇�𝜶 = 𝐶𝐶𝐶𝐶𝜺𝜺𝑝𝑝 − 𝛾𝛾𝜶𝜶𝜀𝜀̅�̇�𝑝, (5) 
where 𝐶𝐶𝜺𝜺𝑝𝑝 is the plastic strain increment tensor and 𝛾𝛾𝜶𝜶𝜀𝜀̅�̇�𝑝 induces the saturation of the hardening 
response. The latter term is also known as the recall term. According to this hardening law, the 
translation of the yield surface takes place in the direction of the plastic strain increment. Ziegler 
proposes another formulation to describe the evolution of back-stress. Here, the evolution of back-
stress is governed by the direction of the reduced stress vector 𝝈𝝈 − 𝜶𝜶 [14]. If a Von Mises yield 
criterion is used, both the Ziegler and the Prager directions are equal [8], [15]. The default kinematic 
hardening law in ABAQUS uses the Ziegler hardening law [16]. This is formulated as: 

 
�̇�𝜶 = 𝐶𝐶

1
𝜎𝜎0

(𝝈𝝈 − 𝜶𝜶)𝜀𝜀̅�̇�𝑝 − 𝛾𝛾𝜶𝜶𝜀𝜀̅�̇�𝑝 
(6) 

Under uniaxial loading condition, an analytical expression of the back-stress can be obtained. During 
the initial pre-strain, the back-stress component can be evaluated as follow [2]: 

 
𝛼𝛼𝑘𝑘 =

𝐶𝐶𝑘𝑘
𝛾𝛾𝑘𝑘

[1 − 𝑒𝑒−𝛾𝛾𝑘𝑘𝜀𝜀�𝑝𝑝] 
(7) 

For subsequent compressive reverse loading, the evolution of the back-stress component takes the 
following form [2]: 

 
𝛼𝛼𝑘𝑘 =

𝐶𝐶𝑘𝑘
𝛾𝛾𝑘𝑘

{[2𝑒𝑒−𝛾𝛾𝑘𝑘𝜀𝜀�𝑝𝑝,1 − 1]𝑒𝑒−𝛾𝛾𝑘𝑘𝜀𝜀�𝑝𝑝 − 1} 
(8) 

where 𝜀𝜀�̅�𝑝,1 is the equivalent plastic strain at the load reversal. This can be extended for multiple back-
stresses (k ≥ 2). 
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The two hardening laws: isotropic hardening and kinematic hardening, may be combined into what is 
called combined isotropic-kinematic hardening. The combination of both hardening laws allow the 
size and the position of the yield surface to change while maintaining the shape of the yield surface.  

3.3.2 Existing Material Models 
Based on the previous work at Shell and MIT, there are several models that can fit the test results 
obtained from the cyclic uniaxial tension-compression with an anti-buckling device [2]. This test 
method was previously performed at MIT on a 9-5/8” (244.48 mm) VM50 unexpanded pipe with a 
wall thickness of 0.435” (11.05 mm). This is the same pipe material used in the actual pipe expansion 
system. The work at MIT has resulted in two calibrated material models namely MIT-1 and MIT-2, 
which employed the combined Ludwik-Voce hardening law and the Voce hardening law respectively. 
Both material models use the default kinematic hardening law in ABAQUS with two back-stresses. 
The response of both curves are shown in Figure 10. The main difference between these two models 
is the capability of the model to describe the rounded response that was observed under compression. 
The material model MIT-2 has the capability of describing the rounded response upon compression 
while MIT-1 indicates a sharper transition. However, MIT-2 model does not have the capability of 
describing the initial part of the curve accurately. Recently, a new model based on the work performed 
by Van der Wilk can be used to describe the initial yield plateau while capturing the rounded response 
[3]. This model will be referred as MIT-UT model. This can be achieved by modifying Voce hardening 
law with additional terms that take the following form: 

 𝜎𝜎𝑜𝑜 = 𝜎𝜎|𝑜𝑜 + 𝑄𝑄∞1 �1 − 𝑒𝑒−𝑏𝑏1𝜀𝜀�𝑝𝑝𝑝𝑝� + 𝑄𝑄∞2 �1 − 𝑒𝑒−𝑏𝑏2𝜀𝜀�𝑝𝑝𝑝𝑝� (9) 

In Figure 10, the results of stress-strain curve predicted by the three existing material models are 
illustrated. Here, the experimental data from the cyclic tension-compression test performed at MIT is 
included. The values of calibrated material model parameters can be found in Appendix C. 

 
Figure 10: Comparison of MIT-1, MIT-2 and MIT-UT models on single element under uniaxial cyclic loading. 
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3.4 CONCLUSIONS 
This chapter covered the deformation path that is observed during the expansion process, the available 
testing methods and the existing material models. The highlights from this chapter can be summarized 
as follows: 

• During the expansion process, the main deformation is in the hoop direction in the order of 
15% strain.  

• During the expansion process, four stages of bending occur predominantly in the meridional 
direction in the order of 2-3% strain. 

• During the expansion process, the final plastic deformation occurs in the meridional direction 
with constant hoop strain. 

• The available testing methods for non-proportional deformation are mainly designed for a 
sheet metal that comes in a flat shape with a constant thickness.  
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4 DESIGN METHODOLOGY 
The development of a test method can be viewed as a design problem. It covers different design 
aspects that include the shape and the dimensions of the specimen to be tested, the preparation of the 
specimen, the testing procedure and the routines for material model fitting. At the same time, the 
design process should be viewed within a bigger context. By keeping this in mind, the following list 
of needs is devised based on the motivations of immediate context and wider context (see Table 1). 

Table 1: List of needs from different perspectives. 
Level Needs 
Enterprise  Improve the company image and the university reputation through strong 

collaboration between the industry and the academic research. 
Business  Return of investment by avoiding external testing (faster development times, 

open access to academic expertise, cost of developing test method < cost of 
external testing). 

Stakeholders Manager/ Well Engineer: 
 Theoretically sound test method that is practically viable in industrial 

context. 
 Project outcomes contribute to the understanding of pipe’s material 

behavior and subsequently help to steer new innovation. 
 Develop design strength formulation for expanded pipe based on the 

information of post-expansion stress and strain states. 
 Better understanding of the strength, the reliability and the failure 

mechanism of expanded tubular products. 
FEA Engineer: 
 Develop and improve the current material model for the prediction of 

expansion force, the collapse strength and other expandable tubular related 
performances. 

System  Testing method that is robust and reliable to characterize the hardening 
behavior and validate the existing material models. 

 Preferably, a universal test method that can closely mimic the deformation 
path during expansion process.  

 The test method can be extended for different pipe applications (pipe sizes, 
materials). 

System 
Elements 

Equipment: 
 Capable of performing cyclic, non-proportional deformation and/or  under 

biaxial stress state requiring only (slight) modifications of standard testing 
equipment. 

 Accurate and precise measurement of specimen deformation without 
influencing the test specimen. 

Specimen: 
 Should be able to make specimens from actual pipe size and material as used 

in field installation. 
 No major modifications on the material state and the wall thickness when 

preparing the specimen. 
 Specimen design does not cause material instabilities (eg. buckling, necking, 

barreling) at the desired loading. 
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 Homogenous and uniform deformation at the region of interest. 
 Low preparation cost. 

Data Acquisition and Processing: 
 Data resolution and sampling rate are sufficiently high to capture the 

material behaviors without having excessive amount of data points. 
 Data acquisition should not influence the test. 

 
Based on the global view of the needs, the sets of requirements that will be mainly covered in this 
project can be summarized as follows: 

1. The ability of the test method to conduct cyclic, non-proportional deformation and/or under 
biaxial stress state in the range up to 15% of total strain in order to closely mimic the strain 
path during the expansion process. 

2. The deformation at the region of interest should be uniform.  
3. The test specimen should preserve the whole wall thickness section to avoid any bias. 

 
Based on the listed requirements, it is challenging to meet all the requirements concurrently. Therefore, 
several compromises are made. These are listed as follows: 

1. As mentioned earlier, it would be ideal to design testing method that can mimic the 
deformation path during the expansion process. However, this can be challenging due to the 
complex deformation path. Therefore, the problem can also be approached by only 
considering the most important behaviors observed during the expansion process. Here, the 
two main observations are the cyclic nature of loading in the meridional direction and the final 
plastic deformation that occurs in the meridional direction with constant hoop strain. 

2. Based on the hardness measurement included in Appendix D, there are significant differences 
in terms of hardness value across the pipe wall thickness before the expansion. Therefore, it 
is decided that it is important to take into account the overall wall thickness of the pipe when 
preparing the test specimen. Nevertheless, the main deformation during the expansion process 
is in the hoop direction. Machining specimen from the hoop direction while taking into 
account the overall pipe thickness leads to design constraint due to the curvature of the pipe. 
Therefore, it is initially assumed that the effect of material direction is negligible. 
 

In the next chapter, several test concepts are proposed based on the listed requirements and the 
compromise study mentioned above. The design cycle consists of proposing several design concepts, 
assessing the design concepts in virtual environment using FEA, conducting a “quick and dirty” 
feasibility test, assessing the results of feasibility with respect to the requirements and reiterating the 
design for improvement. The design process is illustrated in Figure 11. 

 
Figure 11: The schematic of design iteration process. 
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5 DEVELOPMENT PHASE 
In this chapter, three test concepts are presented. The first test concept mainly addresses the 
requirements of performing non-proportional deformation by changing the strain path. The second 
test concept explores the capability of performing a cyclic non-uniaxial test on crucifix specimen and 
the final test concept looks into the viability of a cyclic shear test on a small scale pipe. 

5.1 CONCEPT 1: FULL THICKNESS SPECIMEN 

5.1.1 Introduction 
The expandable pipe is a seamless tube made of the expandable martensitic steel grade VM50 
produced by Vallourec-Mannesman [17]. The expandable pipe has an outer diameter of 9-5/8” 
(244.48 mm) and a wall thickness of 0.435” (11.05 mm). In this test concept, the overall wall thickness 
of the pipe is included. The main advantage of taking the full wall thickness is that the overall 
microstructure along the pipe wall thickness is taken into account. This will ensure that there will be 
no bias in terms of the location that is chosen to machine the specimen. Hence, performing a test on 
a full wall thickness specimen is desirable. Material isotropy is assumed, as is generally the case before 
the expansion process. Therefore, the specimen can be machined longitudinally instead of tangentially. 

 
Figure 12: Illustration of a full thickness specimen. 

By taking advantage of having a thick specimen, a brick-shaped specimen can be machined out of the 
tensile specimen (see Figure 13). This brick-shaped specimen can be subjected to compressive 
straining. The directions of compressive straining can be in the reverse direction (reverse loading) or 
in the cross direction (cross loading) of the pre-strain path. For the cross loading compression, there 
are two possibilities that are compression through the thickness direction and compression through 
the width (hoop) direction. In the next section, the latter part is not been considered. Hence, this test 
concept has the capability of carrying out non-proportional deformation path change. 

 



16 
 

 
Figure 13: Illustration of the three compression loading directions that can be applied on the brick-shaped specimen after a pre-strain. 

5.1.2 Proposed Test Method 
The overall overview of the test concept is illustrated in Figure 14. A full wall thickness specimen is 
machined from an unexpanded VM50 pipe using a computer numerical control (CNC) milling 
machine. The full wall thickness specimen is elongated up to the desired strain value using the uniaxial 
tensile machine. The deformation on the specimen is measured using a contact extensometer. The 
contact extensometer has a minimum gage length of 10 mm. 

 
Figure 14: Overview of Concept 1. 

The brick-shaped specimens having a height of 10 mm is machined from the pre-strained specimen. 
The compression test setup is shown in Figure 15. The test setup consists of two compression plates 
and a non-contact laser speckle extensometer. The deformation on the specimen is measured using a 
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laser speckle extensometer with a single camera. The minimum gage length that is required when using 
a single camera is 1.5 mm. The bricked-shaped specimen is subjected to either reverse loading or cross 
loading. 

 
Figure 15: Test setup for compression test. 

The test data obtained from the reverse loading is used to calibrate the material parameters of the 
combined isotropic-kinematic hardening material model using the optimization procedure 
programmed in MATLAB [2], [3]. Then, a single element simulation in cross loading is performed 
using the calibrated material parameters as the material inputs. Finally, the response of a single element 
simulation for cross loading is compared with the test data from the cross loading tests.  

5.1.3 Full Thickness Specimen Design 
Conventionally, often a flat “dogbone” specimen is utilized for a simple uniaxial tensile test. The 
“dogbone” specimen can be easily machined from a flat plate, which has a constant thickness. 
However, the cylindrical geometry of a pipe poses a new challenge in machining a “dogbone” 
specimen that preserves the full wall thickness of the pipe. 

In order to address this issue, a new specimen geometry is proposed. In this specimen design, the 
thickness at the clamping region is reduced while the thickness at the gage section is preserved. This 
allows for a wider clamping area and eventually minimize the likelihood of clamp slippage. Two fillet 
sections are introduced to avoid localized stress concentration and to ensure a homogenous state of 
stress and strain within the gage section.  

FEA study was performed using the isotropic hardening material model to investigate the uniformity 
of strain distribution on the new specimen design. In the first design iteration, both fillets on the 
specimen are inter-connected and they intersect at the same position on the clamp region. This design 
resulted in a non-uniform strain distribution as shown in Figure 16. In order to overcome this 
problem, the fillet region was shifted upwards and the gage length was extended. The second design 
iteration resulted in a homogenous strain state near the gage section. The uniformity of strain 
distribution along the gage length section is shown in Figure 17. 

Laser speckle extensometer 

Brick-shaped specimen 

Compression plates 
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Figure 16: Initial specimen design with inter-connected fillets. The uniformity of strain distribution is shown on the right figure. 

                   

 
Figure 17: Second design iteration with modifications on the position of the fillet. This resulted in homogenous strain state as shown on the right figure. 

5.1.3.1 Parametric Study:  Homogeneity of Stress State 
A parametric study was conducted to identify the most suitable geometrical features that can generate 
a uniform deformation region along the gage length using the static simulation in SolidWorks. A width 
of 4 mm is specified in order to ensure that a straight section along the gage length can be machined. 
The specimen thickness is specified as 11.05 mm. Two geometrical features are considered in this 
parametric study, which are the dimension of fillet-1 and fillet-2 (see Figure 18). A total of 16 different 
scenarios are considered by varying the radius of fillet-1 in the range between 5 mm to 15 mm (step 
of 5 mm) and the radius of fillet-2 in the range between 1 mm to 10 mm (step of 2 mm). In this 
parametric study, only the linear elastic material is considered. The linear elastic property is sufficient 
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to inspect the presence of stress localization. A displacement boundary condition is prescribed to the 
top surface and a fixed boundary condition is prescribed to the bottom surface of the specimen. 

 
Figure 18: Illustration to demonstrate the location of two geometrical features, fillet-1 and fillet-2. The other constant dimensions are shown on the right figure. 

The results from the parametric study indicate that there are two different scenarios which provide 
the most uniform stress distribution without high stress localization. These are scenario-12 and 
scenario-18 (see Appendix E). In scenario-18 the radius of fillet-1 is set to 15 mm while the radius in 
scenario-12 is set to 10 mm. The radius of fillet-2 is set to 10 mm in both scenarios. Further 
investigation in ABAQUS is conducted since the previous SolidWorks simulations do not include 
plasticity. The isotropic hardening model is used for the material model and the inputs are entered 
into ABAQUS in terms of yield stress as tabular function of equivalent plastic strain. A quadratic brick 
element with reduced integration, C3D20R is chosen for the analysis. The simulation results from 
ABAQUS suggests that scenario-18 indicates a slightly lower plastic deformation at fillet-1 region in 
comparison to scenario-12. The achievable strain and the uniformity of the strain along the gage length 
based on the dimension in scenario-18 is shown in Figure 19. By considering the range between 15 to 
30 mm along the gage length path, the average strain was found to be 13.43% ± 0.32%. Further FEA 
investigation also indicates that there is no region with high stress localization. Based upon these 
observations, the final dimensions of fillet-1 and fillet-2 are determined from scenario-18. This will be 
the basis dimensions for machining the specimen for the feasibility test. 
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Figure 19: Strain distribution along the gage length section. 

5.1.4 FEA Pre-analysis 
In previous Section 3.3.2, there are three existing combined isotropic-kinematic hardening material 
models namely MIT-1, MIT-2 and MIT-UT. These three material models can describe the 
Bauschinger effect observed from a cyclic uniaxial reverse loading. In order to understand the models’ 
response in cross loading, a single element simulation was conducted in ABAQUS. The single element 
is loaded in tension by applying a displacement to the top surface of the element. The element is then 
unloaded to allow elastic recovery. Finally, the element is loaded in compression by applying a 
displacement to the side surface of element. An 8-node linear brick element, C3D8 is used in the 
simulation. The prescribed boundary conditions for the single element simulation are shown in Figure 
20. 

 
Figure 20: Boundary conditions for the single element simulations. 

The stress-strain curves from the single element simulations are shown in Figure 21. As can be seen, 
all three models predict a reduction of yield stress after cross loading. None of the models indicate 
any significant differences in terms of material response. All three models show the tendency to follow 
the monotonic curve at higher value of equivalent plastic strain. Although this test concept does not 
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indicate significant differences in terms of predicted material response, the actual material response 
under cross loading has not been investigated. Therefore, the test concept can be used to check the 
validity of existing combined isotropic-kinematic hardening material models. 

 
Figure 21: Comparison of MIT-1, MIT-2 and MIT-UT models for single element simulation under cross loading. 

The feasibility of this concept was investigated through a “quick and dirty” test. The procedures and 
the outcomes of this feasibility works are included in Appendix F. 
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5.2 CONCEPT 2: CRUCIFIX SPECIMEN 

5.2.1 Introduction 
This section discusses a test concept of performing non-continuous cyclic test using crucifix specimen. 
This test concept allows for the investigation of material behavior under non-uniaxial stress state. In 
this feasibility study, two different crucifix designs are presented. The response of three existing 
combined isotropic-kinematic hardening on the test concept was explored by means of FEA analyses. 

5.2.2 Crucifix Specimen Design 
The specimen geometries were determined by considering the homogeneity of plastic deformation at 
the region of interest. By introducing a circular shape or rectangular shape hole at the center of the 
specimen (see Figure 22), larger deformation can be achieved at the region of interest. Here, the region 
of interest is at 45o between the intersection of vertical arm and horizontal arm. The deformation that 
occurs at the region of interest is primarily dominated by shear deformation. 

 
Figure 22: Specimen designs for the cyclic biaxial test. 

5.2.3 Proposed Test Method 
The schematic overview for this test concept is shown in Figure 24. The test concept can be performed 
on a standard uniaxial tensile machine. A single complete load cycle is achieved with two loading steps 
(see Figure 23). The first half cycle is achieved by elongating the ‘vertical arm’ and unloading the 
specimen. Then, the arm is rotated 90O and subsequently the ‘horizontal arm’ is to be displaced in 
order to complete one cycle. 
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Figure 23: Schematic of cyclic loading sequence. 

The deformation on the surface of the crucifix is measured using a Digital Image Correlation (DIC) 
system, ARAMIS. The ARAMIS consists of 2 cameras and a built-in software that computes the 
deformation field. For a 2D measurement, only a single camera is needed. A random speckle pattern 
is created on the surface of crucifix specimen in order for the ARAMIS system to recognize the surface 
of the measuring object. 

Analytical solutions are formulated in order to analyse the stress state at the region of interest. The 
transformed stress state at the region of interest can be approximated by knowing the required force 
and the area of deformation. The details of the analytical solutions are provided in Appendix G. 

A 3D FEA model that represents a quarter of the actual geometry is created in ABAQUS. The material 
parameters of the combined isotropic-kinematic hardening model can be calibrated by fitting to the 
shear stress-strain data. Based on the calibrated material parameter, the outcomes from the test data 
and the FEA simulation can be compared for the normal stress-strain component. 

 
Figure 24: Overview of Concept 2. 

’ ’ 

’ ’ 
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5.2.4 FEA Pre-analysis 
In order to explore the outcomes of using different existing combined isotropic-kinematic hardening 
models on crucifix specimen testing, a virtual test using FEA was conducted. As stated in Section 
3.3.2, there are three material models that have been previously calibrated that can accurately describe 
the cyclic uniaxial tension-compression test namely MIT-1, MIT-2 and MIT-UT. Hence, the responses 
of these three material models were compared. An FEA model was built by considering only a quarter 
of the actual geometry. In all simulations, the loadings were prescribed through displacement driven 
boundary conditions. For the post-processing, the stress and the strain components are calculated by 
averaging the values requested from the integration points of the selected elements (at 45O section) 
after they underwent transformation of coordinate system (see Figure 25). The new x’-axis and y’-axis 
are defined at 45O anti-clockwise with respect to the original definition. 

 
Figure 25: The elements that are selected for the stress-strain calculation are highlighted in red. Note: The actual model is a quarter model. The view that is 

shown here is only for visualization purpose. 

The results obtained from the virtual test using the three existing material models are shown in Figure 
26 to Figure 29 for the shear stress-strain component and the normal stress-strain component. The 
results of MIT-2 shows significant difference compared to the result of MIT-1 and MIT-UT. 
However, it can be seen that there is no significant difference between MIT-1 and MIT-UT. When 
performing simulation using MIT-1 and MIT-UT, the strain values for the normal component, 𝜀𝜀𝑦𝑦′ are 
always higher than the strain values indicated by MIT-2 (see Figure 27 and Figure 28). For the shear 
strain component, γ𝑥𝑥′𝑦𝑦′ the differences shown by MIT-1 and MIT-UT model is in the order of 1.4 
times of MIT-2 (see Figure 26 and Figure 27). 

 
Figure 26: Comparison between MIT-1, MIT-2 and MIT-UT model for the shear stress-strain curve. 
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Figure 27: Comparison of the strain path for MIT-1, MIT-2 and MIT-UT model. The strain component εy’ is plotted against ϒx'y'. 

 
Figure 28: Comparison between MIT-1, MIT-2 and MIT-UT model for σy’- εy’ curve. 

In this virtual test, the same displacement driven boundary conditions were prescribed on all three 
simulations. However, the response of MIT-2 indicates large differences compared to MIT-1 and 
MIT-UT. This can be explained by looking at the plot of equivalent plastic strain as shown in Figure 
29. In Figure 29, it can be seen that the plastic strain is no longer concentrated at the 45o region when 
using MIT-2. The plastic strain distribution is more extended over larger area and this is clearly 
indicated from the distribution curve along the selected path as shown in Figure 30. This observation 
is strongly related to the parameter value that describes the low initial yield point. From this virtual 
test it can be seen that even though the MIT-2 model has the capability of describing the rounded 
response of the stress-strain curve, the low initial yielding point resulted in dubious response under 
biaxial stress state. 

Based on this preliminary FEA results using the three existing material models, significant differences 
are observed when comparing the results of MIT-2 with the other two models (MIT-1 and MIT-UT). 
However, no major differences are predicted between MIT-1 and MIT-UT. Looking back at the strain 
path shown in Figure 27, it can be seen that non-proportional deformation path can be achieved. 
Hence, this test concept is foreseen to enable the determination of model parameters under non-
proportional deformation path with biaxial stress state. 
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Figure 29: The equivalent plastic strain distribution at the end of first loading step for MIT-1 (left) and MIT-2 (right).

 
Figure 30: Comparison of the equivalent plastic strain on the selected path (right) between MIT-1 and MIT-2. 

The feasibility of this test concept was investigated through a “quick and dirty” test on a mild steel 
plate. The procedures and the outcomes of this feasibility works are included in Appendix H. 
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5.3 CONCEPT 3: CYCLIC SHEAR TEST ON SMALL SCALE PIPE 
This work is based on the work of several pre-MSc students and BSc students namely H. Snijder, H.R. 
Gerritsen, G.J. Beumkes and L.M.M ten Have. 

5.3.1 Introduction 
This small section describes the feasibility of performing a cyclic shear test that takes into account the 
full wall thickness of the pipe. The material behavior under shear loading can provide information to 
identify the kinematic hardening parameters and additional information in characterizing the yield 
surface. Within the yield surface, the cyclic shear test would provide information in the second and 
the forth quadrants. In theory, the cyclic shear test is quite convenient since the limitations that are 
associated with buckling and necking can be eliminated. 

In this feasibility test, a small scale expandable pipe S355J2H was used. The pipe has an outer diameter 
of 60.3 mm and a wall thickness of 2.9 mm. The material of the small scale pipe is not identical to the 
actual expandable pipe of VM50. Hence, the feasibility test only serves as a proof of concept. 

5.3.2 Specimen Design 
In order to perform the test on a standard universal tensile test machine, a new set of clamps was 
designed as shown in Figure 31. The clamps are secured to the tensile machine using pins. Ideally, the 
clamps are designed to have a tight fit with the pipe. This ensures that the loads are continuously 
transmitted to the pipe without any interval. Two sets of hole were machined on the top and the 
bottom side of the pipe to secure the connection between the pipe and the clamps using pins (see 
Figure 32). 

 
Figure 31: New clamps design. 

In an attempt to create a uniform distribution of deformation, a specific pattern was proposed that 
allows homogenous strain distribution at the pipe’s region of interest. The double v-notch pattern as 
shown in Figure 32 was created using laser cutting process. This allows the deformation at the region 
of interest undergoes nearly close to pure shear state. Although there is a small section of 
inhomogeneity induced due to the edge effect, this effect has much less influence on the region of 
interest. 
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Figure 32: Illustration of shear patterns on the small scale pipe. 

5.3.3 Feasibility Test Method 
In this feasibility test, three sets of test were performed on three different pipes via force control 
method. Each pipe was subjected to 12.5 kN, 14.0 kN and 15.0 kN respectively prior to reverse 
loading. The maximum force imposed upon reverse loading was set to -14.0 kN for all three cases. 
The load cycle continued for another half cycle which resulted in a total of one-and-half cycle. All 
tests were performed at a constant displacement rate of 1.5 mm/min. 

The deformation at the region of interest was measured using a DIC system, ARAMIS. A single 
camera that allows 2D measurement was used in this test configuration. A speckle pattern was created 
near the region of interest. 

5.3.4 Results and Discussions 
Based on ARAMIS results in Figure 33, the deformation field at the region of interest is found to be 
reasonably uniform. A large section at the region of interest remains uniform. The largest variation 
occurs near to the start/end of deformed region due to the edge effect. 

 
Figure 33: The variation of shear strain across the shear region. 

The results of shear stress-strain curves from all three sets of test are shown in Figure 34. As can be 
seen from the general shape of the stress-strain curves, the small scale pipe does not show an upper 
yield point nor an initial yield plateau. The curves show a rounded-shape response with a rapid 
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deviation from the unloading shear modulus upon reverse loading. This early deviation can be 
attributed to the Bauschinger effect. 

 
Figure 34: Overview of cyclic shear stress-strain curves for three loading cases. 

From Figure 34, it is also observed that all three curves do not share the same initial stress-strain 
response. Under the prescribed loading condition, one would expect that the initial curve response 
should almost be on top of each other. One would also expect that the 14.0 kN curve would lie in 
between the 12.5 kN and 15.0 kN curves. This puzzling observation might be due to several factors 
as listed below: 

• The dimensions of the pipe after the laser cutting might differ for each pipe. The 
assumption of having the same dimensions at the region of interest (5 mm of shear length 
with a thickness of 2.9 mm) should be checked prior to the actual measurement. 

• The observed material behaviours might differ due to different manufacturing batch of the 
pipe. Currently, it is not known whether all three pipes came from the same pipe batch. 
Therefore, it is important to ensure that all testing specimens come from the same 
manufacturing batch to avoid any external variations.   

5.3.5 Conclusions 
In this feasibility test, the double v-notch pattern created on the pipe allows the loading at the region 
of interest undergoes nearly close to pure shear state. Based on ARAMIS measurement, the strain near 
the region of interest is quite uniform and homogenous. However, the reliability of the measurement 
is questionable. The variations of the initial part of the stress-strain curve cannot be concretely 
explained at this stage. Future works should focus on trying to justify the unexpected observations in 
order to ensure a more robust testing method before moving ahead. 
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5.4 TEST CONCEPTS EVALUATION 
In this chapter, three test concepts are presented. In Table 2, the assessment of the test concepts with 
the project requirements are provided. Here, all the test concepts cannot meet all the prescribed 
requirements concurrently. Nonetheless, each test concept can provide valuable information in 
characterizing the hardening behavior of expandable pipe. 

In Concept 1, the material behavior under non-proportional deformation path can be investigated. 
The deformation path achieves from this concept is the simplification of the deformation path 
experiences by the pipe’s outer layer during the expansion process. During the expansion process, the 
main tensile deformation occurs in the hoop direction and the final plastic bending deformation 
occurs in the meridional direction with constant hoop direction. In addition to this, the concept also 
allows for the investigation of material behavior in reverse loading. This can be performed easily by 
switching the compressive loading direction. In terms of economic feasibility, Concept 1 provides 
affordable and attractive alternative. The cost of machining the tensile specimen is 105 Euro per 
specimen and the cost of machining the brick-shaped specimen using the electrical discharge 
machining (EDM) wire cutting is 17 Euro per specimen. In addition, there are no additional cost to 
build the test setup since all the required equipment are already available. 

Table 2: Criterion assessment against the main requirements. 
Properties Requirement Concept 1 Concept 2 Concept 3 
Non-proportional 
deformation 

Yes Yes No 

Biaxial stress states No Yes Yes 
Cyclic Yes (only 1-cylce) Yes Yes 
Homogeneity of 
deformation 

Uniform Uniform (neglecting 
the edge effects) 

Uniform 

Specimen location Full wall thickness Mid-section of wall 
thickness 

Full wall thickness 

Preparation cost per 
specimen (€) 

122 ~600 Currently not 
available for full 
scale 

In Concept 2, the cyclic behavior of the pipe under biaxial stress state can be investigated. This test 
concept indicates that different models can result in a different response. Thus, Concept 2 can be used 
to determine the model parameters under non-proportional deformation path and biaxial stress state. 
However, the practicalities to prepare a flat specimen that takes into account the entire wall thickness 
require the pipe to be bended flat. This requires pre-straining and this process will alter the material 
state prior to the actual cyclic test procedure. An alternative is to assume no bias in terms of  
specimen’s location. This assumption allows the specimen to be machined from the mid-section of 
pipe’s wall thickness. However, machining a small scale crucifix specimen cost almost 6 times more 
than machining a specimen proposed in Concept 1. 

Concept 3 provides a new alternative of specimen design for performing a cyclic shear test. This 
concept can provide additional information of the Bauschinger effect under shear load. However, the 
deformation path remains proportional. Based on the small scale feasibility study, there are issues that 
need to be resolved to ensure reliable measurement. Another drawbacks of this concept is its 
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practicality. Currently the expandable pipe comes in a specific size. The expandable pipe has an outer 
diameter of  9-5/8” (244.48 mm) and a wall thickness of 0.435” (11.05 mm). This means that a higher 
capacity of tensile machine is required for a full scale test, which is not currently available. Hence, the 
cost of conducting a full scale test can be very expensive. 

By considering the primary requirement of performing non-proportional deformation path change, 
Concept 1 and Concept 2 meet this technical requirement. Hence, Concept 3 can be ruled out for 
further development. Concept 2 has the capability of performing non-proportional deformation under 
biaxial stress state. However, the test method for Concept 2 is not straightforward and the prediction 
for one of the normal stress component remains uncertain. On the other hand, Concept 1 provides 
straightforward solutions for analyzing the stress state. This provides more confidence in terms of the 
reliability and the accuracy of the results. Another important factor for consideration is the cost. 
Concept 1 definitely provides an attractive solution in terms of value for money compared to Concept 
2. Therefore, Concept 1 is selected for further development by considering the technical and the 
economical aspect. 

Note: Although Concept 2 was not selected based on the current design evaluation, the outcomes from a small scale crucifix was 
investigated on a VM50 unexpanded pipe material. The outcomes are included in Appendix L. 
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6 DESIGN DELIVERABLES 
In this chapter, the test method of Concept 1 is presented. Based on the findings from previous 
feasibility tests, improved test procedures are laid out. This chapter also highlights the findings of 
material behavior and the validity of existing material models with respect to the observed findings. 

6.1 DESIGN DELIVERY 1: FULL WALL THICKNESS SPECIMEN 

6.1.1 Test Procedure 
The full wall thickness specimens were machined using a CNC milling machine from the 9-5/8” 
unexpanded VM50 pipe. The specimen includes a long gage length section. This allows multiple brick-
shaped specimens to be machined from a single pre-strain specimen. The detailed dimensions are 
included in Appendix I. 

All tests were performed on a Zwick Z100 machine, which has a load rating of 100 kN. The specimens 
were subjected to elongations of 7.5% and 12.5% engineering strain. The specimen deformation was 
measured using a contact extensometer. All tensile tests were carried out at a displacement rate of 2 
mm/min. 

Brick-shaped specimens having a height of 10 mm were cut from the elongated specimen using an 
EDM wire cutting. A total of 3 brick specimens was cut from a single elongated specimen. Two types 
of compression tests were performed. The first test was in compression in the opposite direction as it 
was initially elongated (reverse loading). The second test was in compression in the thickness direction 
(cross loading). A small amount of lubricant was placed between the specimen and the compression 
plates. The deformation was measured using a non-contact laser speckle extensometer with a single 
camera. All compression tests were carried out at a displacement rate of 0.4 mm/min. The 
displacement rate was set to lower value compared to the displacement rate for pre-straining as part 
of safety measures.  

6.1.2 Results & Discussions 
Table 3 gives an overview of the tests that were conducted. An example of naming convention and 
compression sample location is provided in Figure 35. This naming convention will be used 
throughout the next sections.  

Table 3: Overview of naming convention for all set of test. 
Tensile Sample 
No. 

Pre-strain Compression 
Sample No. 

Compression Loading 
Direction 

Specimen 1 7.5% 2 Cross Loading 
3 Reverse Loading 

Specimen 2 12.5% 1 Reverse Loading 
2 Cross Loading 

Specimen 4 12.5% 1 Cross Loading 
2 Reverse Loading 
3 Cross Loading 

Specimen 5 7.5% 1 Cross Loading 
2 Reverse Loading 
3 Cross Loading 
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Figure 35: In this naming example, the specimen was pre-strained up to 12.5%. For Specimen 2_1, the specimen was then subjected to reverse loading 

compression. On the other hand, Specimen 2_2 was subjected to cross loading compression. 

6.1.2.1 Uniaxial Tension 
The results from the uniaxial tensile test are shown in Figure 36. The general trends of the stress-strain 
curves show an upper yield point, followed by a distinct yield plateau before it continues to strain 
harden. The length of the yield plateau varies between 2% to 3%. The tensile results show good overall 
repeatability between tests. 

There are three common methods that can be used to determine the yield point. These are the 0.2% 
offset method and the 0.5% extension under load method. Another method that can be used to 
determine the yield point is through the Kock-Mecking plot. The Kock-Mecking plot shows the 
variation of elastic modulus (dσ/dε) with respect to the true stress. The value of the true stress that 
corresponds to a sudden drop of the elastic modulus can be regarded as the yield stress point. In 
practice, the stress-strain data is first filtered using a smooth function on MATLAB. Since the amount 
of recorded data is quite large, the derivative calculation can be troublesome especially when dε value 
is close to zero. In order to fix this problem, some of the data are being removed using decimate function 
on MATLAB. The decimate function reduces the original sampling rate of data while making sure the 
shape of the stress-strain curve is retained. A comparison of the stress-strain curve after the decimate 
function and the raw data is provided on Appendix J. Using this approach (see Figure 37), it can be 
seen that the yield point occurs in the range between 420 MPa and 435 MPa. 

Based on the Kock-Mecking plot, it is also possible to determine the Young’s Modulus. Here, the 
term Young’s Modulus is used to describe the elastic modulus upon tensile loading. This can be done 
by taking the average values of dσ/dε prior to the sudden drop. Another method that can be used for 
determining the Young’s Modulus is by fitting a linear trendline on selected number of data points. 
The values obtain from this linear fitting are dependent on the selected data points. For this purpose, 
the selected data points are kept consistent in the range of 100 MPa to 300 MPa. An example of 
Young’s Modulus calculation is shown in Figure 38. The results of Young’s Modulus for all the 
specimens are summarized in Table 4. 
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Figure 36: Overall overview of stress-strain curves from uniaxial tension test. 

For the calculation of elastic modulus upon unloading, a linear trendline is fitted to the data points in 
the range of 250 MPa and 450 MPa. Interestingly, the elastic modulus upon unloading does not vary 
too much between experiments. However, it can be noticed from Table 4 that the elastic modulus 
upon unloading can be significantly lower in contrast to the values calculated upon loading. This 
phenomenon has been observed for the loading/unloading behavior of metals [18]–[20] and it 
contradicts the assumption in classical elasto-plastic modelling that assumed an equal elastic modulus 
upon loading and unloading. It is also observed that by plotting the Kock-Mecking plot upon 
unloading (see Figure 39), the elastic modulus degraded as the stress reaches back to zero. Although 
this is outside the scope of this project, it is worthwhile to highlight that this can affect the prediction 
of springback after the expansion process and the collapse strength of the pipe. 

Table 4: The elastic modulus upon loading and unloading by fitting a linear trendline fit. 
Specimen Young’s Modulus (Loading) Elastic Modulus (Unloading) 

Specimen 1 217 GPa 172 GPa 
Specimen 5 177 GPa 177 GPa 
Specimen 2 226 GPa 173 GPa 
Specimen 4 256 GPa 175 GPa 
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Figure 37: Kock-Mecking plots for tensile loading. 

 
Figure 38: Example of determining the elastic modulus using a linear trendline for Specimen 1. The values highlighted in red color correspond to the elastic 

modulus upon loading and unloading. 
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Figure 39: The Kock-Mecking plots for elastic unloading. 

6.1.2.2 Compression (Reverse Loading) 
In Figure 40 and Figure 41, the results of the combined tension-compression tests under reverse 
loading are shown. Based on two sets of experiments, it can be seen that a good repeatability is 
achieved in the case of 7.5% pre-strain and a reasonable repeatability is shown for the case of 12.5% 
pre-strain. It is noticeable that the compression curves do not show a distinct yield point, but a more 
gradual transition (a rounded response rather than a sharp-knee response). The Kock-Mecking plot 
(see Figure 42) does not show a sudden drop as seen in the pre-strain Kock-Mecking plot (see Figure 
37). As expected, the Bauschinger effect is apparent under reverse loading, which resulted in a lower 
absolute yield stress. 

In addition, the elastic modulus upon compression is no longer consistent with the elastic modulus 
that was found during the pre-strain (refer to Table 5 and Table 4). Under compression, the elastic 
modulus shows lower value and it deviates much earlier. However, the elastic modulus upon unloading 
regains its elasticity and the values are more resemblance to the theoretical values of 190 GPa - 210 
GPa. 

Table 5: The elastic modulus upon loading and unloading under compression for reverse loading cases. 
Specimen Elastic Modulus (Loading) Elastic Modulus (Unloading) 

Specimen 1 57 GPa 201 GPa 
Specimen 2 57 GPa 185 GPa 
Specimen 4 55 GPa 184 GPa 
Specimen 5 60 GPa 194 GPa 
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Figure 40: The stress-strain curves for reverse loading for specimens subjected to 7.5% pre-strain. 

 
Figure 41: The stress-strain curves for reverse loading for specimens subjected to 12.5% pre-strain. 
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Figure 42: An example of Kock-Mecking plot for compression (reverse loading) for specimen 2_1. 

6.1.2.2.1 Validation of Test Method with External Work 
The relation between the previous external testing performed at Massachusetts Institute of 
Technology (MIT) are compared to the current findings. It should be noted that there are two main 
differences between the specimens tested at University of Twente (UT) and the specimens employed 
by MIT. These are as follow (see also Figure 43): 

• The UT specimens took into account almost the entire pipe wall thickness whereas the MIT 
strip specimens were machined from the middle section of the pipe thickness. 

• The UT specimens were machined from the longitudinal direction of the pipe whereas the 
MIT specimens were machined from the transverse direction with respect to the pipe axis. 

It should be noted that the specimens employed at UT and MIT were machined from the same batch 
of the unexpanded VM50 pipe. This eliminates the variation due to pipe manufacturing process. 
Another point that should be highlighted is the testing procedure. The test performed at MIT uses an 
anti-buckling device to prevent buckling of specimen upon compression, which allows for a 
continuous tension-compression cycle test. 

The relation between UT and MIT findings are shown in Figure 40 and Figure 41. Under tension 
loading, it can be seen that the UT findings show a slightly higher yield plateau and hardening response 
in comparison to the MIT results. The differences accounts up to 5%. Although there is a small 
noticeable difference under tension, the compression curves are almost identical for the case of 7.5% 
pre-strain. This also means that the material in the axial direction shows a slightly higher Bauschinger 
effect considering the higher tensile response. For the case of 12.5% pre-strain, the MIT findings 
indicate slightly less Bauschinger effect compared to the UT findings, but the correlation between 
those findings remains satisfactory. 
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Figure 43: Schematic comparison between MIT (left figure) specimen and UT specimen (right figure). 

Based on these observations, several conclusions can be drawn: 

• The material can be assumed to be initially isotropic based on the comparisons between the 
results obtained from the longitudinal specimen (UT) and the circumferential specimen (MIT). 

• The specimen machined from the middle section of the pipe thickness (MIT) and the 
specimen that takes into account the full wall thickness (UT) shows satisfactory similar 
response under uniaxial tension-compression test. 

• The current testing method is capable of investigating the material behavior similar to a 
continuous uniaxial tension-compression test with an anti-buckling device. 

6.1.2.3 Compression (Cross loading) 
The stress-strain plots under cross loading are shown in Figure 44 and Figure 45 for the 7.5% pre-
strain and 12.5% pre-strain respectively. Interestingly, the curves after pre-strain of 7.5% either remain 
or shows a slightly higher hardening response (overshoot) when overlays against the monotonic stress-
strain curve (in this case the tensile response under 12.5% is used). The overshoot after the strain path 
change is 31 MPa (the largest difference is reported here). In the case of 12.5% pre-strain, the 
hardening effect upon compression generally shows much higher overshoot response that accounts 
up to 50 MPa with respect to the monotonic stress-strain curve. The behavior that is observed here is 
known as cross hardening effect and this is due to the abrupt changes of strain path, which resulted 
in an overshoot. 
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Figure 44: Overview of cross loading response with a pre-strain of 7.5%. 

 
Figure 45: Overview of cross loading response with a pre-strain of 12.5%. 

Note: There is no experimental data that can be used as a reference for the monotonic stress-strain curve up to 16% but the 
monotonic stress-strain curve can be extrapolated on the basis of UT-1 material model. This material model is explained in next 
section. 

The results of elastic modulus upon loading and unloading are listed in Table 6. It can be noticed here 
that the elastic modulus upon loading is slightly lowered than the elastic modulus upon unloading. For 
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cross loading, the magnitude of the elastic modulus upon loading is not as low as seen during the 
reverse loading. This also indicates that the elastic-plastic transition under compression is more 
pronounced under the cross loading compared to the reverse loading. The shape of the curve remains 
rounded but the transition is not as gradual as observed under reverse loading. Although determining 
the exact point of yielding can be a bit challenging, the general trend that can be observed under 
compression is the increase of yield stress in contrast to the drop of yield stress observed under reverse 
loading. 

Table 6: The elastic modulus upon loading and unloading under compression for cross loading cases. 
Specimen Elastic Modulus (Loading) Elastic Modulus (Unloading) 

Specimen 1_2 141 GPa 220 GPa 
Specimen 2_2 142 GPa 198 GPa 
Specimen 4_1 141 GPa 210 GPa 
Specimen 4_3 206 GPa 225 GPa 
Specimen 5_1 163 GPa 240 GPa 
Specimen 5_3 171 GPa 201 GPa 

6.1.2.4 Validation of Material Models 
Two combined isotropic-kinematic hardening models were fitted to the experimental data. The first 
model (referred as UT-1) was calibrated based on the reverse loading data with a pre-strain of 7.5%. 
On the other hand, the second model (referred as UT-2) was calibrated based on the reverse loading 
data with a pre-strain of 12.5%. The calibration procedure was performed using an existing 
optimization tool available in Matlab [2], [3]. 

The Matlab script utilizes the calibration technique employed previously by MIT [2] and Van der Wilk 
[3]. In this optimization procedure, the objective function is to minimize the differences between the 
analytical expression of the yield stress and the yield stress obtained from the test. The material model 
employs two combined Voce laws for the description of isotropic hardening component. The 
isotropic hardening that defines the evolution of yield surface size is described by five parameters. In 
addition to that, the evolution of backs-tresses is described by Abaqus built-in functionality with two 
back-stresses. Hence, there are nine material model parameters to be calibrated. The calibrated 
material parameters can be found in Appendix C. 

The results of calibration for the reverse loading are shown in Figure 46 and Figure 47. The UT-1 
model provides a good agreement with the results of 7.5% pre-strain. However, the UT-1 model 
largely under predicts the experimental data of 12.5% pre-strain. The fitting on 12.5% pre-strain is 
greatly improved with the UT-2 model. However, this causes an over prediction when fitted to the 
7.5% pre-strain data. In general, each model can accurately capture the yield plateau phenomenon, the 
Bauschinger effect and the rounded hardening response. 
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Figure 46: Material models fitting on 7.5% pre-strain data under reverse loading. 

 
Figure 47: Material models fitting on 12.5% pre-strain data under reverse loading. 

Based on the material parameters found from the fitting optimization procedure, the response of a 
single element under cross loading was simulated in ABAQUS. The results are shown in Figure 48 
and Figure 49. In both figures, the material models under predict the hardening response upon 
compression and the cross hardening effect cannot be captured accurately. For the 7.5% pre-strain 
data, the difference between the model and the experimental data is found to be up to 50 MPa. The 
difference for the 12.5% pre-strain data is much larger and can go up to 100 MPa. The overall 
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comparison between the experimental data with the model prediction is shown in Figure 50 and Figure 
51.  

The Bauschinger effect can be predicted successfully using the combined isotropic-kinematic 
hardening model. However, this model predicts a drop of the yield stress after an orthogonal strain 
path change. Although the drop of yield stress after the strain path change is not as large as the drop 
under load reversal, this contradicts the test results, which exhibit cross hardening effect. The current 
combined isotropic-kinematic hardening model is not able to take into account both the Bauschinger 
effect and the cross hardening effect. Hence, a more sophisticated material model is needed. 

The current findings demonstrate the need for a more sophisticated strain path sensitive model. 
Looking back at the strain path during the expansion process, it can be seen that the expansion process 
consist of gradual strain path changes and abrupt strain path changes that occur at the end of 
expansion. Currently, the test method simplifies the strain path by taking into account only the abrupt 
strain path changes that is observed at the final stage of the expansion process.  

Note: The evolution of back-stress components for reverse loading and cross loading are included in Appendix K. 

 
Figure 48: Comparison between predicted model response and experimental data for the 7.5% pre-strain for cross loading. 
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Figure 49: Comparison between the predicted model response and the experimental data for the 12.5% pre-strain for cross loading. 

 
Figure 50: Overall comparison between the experimental data and the model prediction for the 7.5% pre-strain. 

0

100

200

300

400

500

600

700

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

Ab
so

lu
te

 T
ru

e 
St

re
ss

 [M
Pa

]

Equivalent Plastic Strain [-]

Specimen 2_2 Specimen 4_1 Specimen 4_3 UT-1 UT-2

0

100

200

300

400

500

600

700

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

Ab
so

lu
te

 T
ru

e 
St

re
ss

 [M
Pa

]

Equivalent Plastic Strain [-]

Cross Loading Reverse Loading UT-1 Cross Loading UT-1 Reverse Loading



46 
 

 
Figure 51: Overall comparison between the experimental data and the model prediction for the 12.5% pre-strain. 

6.1.3 Conclusions 
The following conclusions can be drawn from the current works: 

 The test method can satisfactorily provide information of the hardening behavior of the pipe 
material for cross loading (non-proportional deformation) and reverse loading by taking into 
account the full wall thickness of the pipe. 

 The VM50 material exhibits cross hardening effect when subjected to cross loading. 
 The amount of pre-strain has an influence to the degree of cross hardening. Smaller pre-strain 

results in less overshoot with respect to the monotonic stress-strain curve compared to larger 
pre-strain. 

 The current model of combined isotropic-kinematic hardening model can only capture the 
response for a particular reversal strain. Different pre-strain requires different material 
parameter values. 

 The current model of the combined isotropic-kinematic hardening can only describe the 
Bauschinger effect but not the cross hardening effect. 
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7 CONCLUSIONS & RECOMMENDATIONS 

7.1 CONCLUSIONS 
In this report three concepts are presented to characterize the hardening behavior of VM50 
expandable pipe. Based on the assessment of technical and economic factors, Concept 1 was selected 
as a test method to characterize the material behavior of VM50 expandable pipe through actual 
experiments. From the current work, it can be concluded that: 

 A successful test method has been developed to characterize the hardening behavior of the 
expandable pipe under cyclic loading and non-proportional deformation based on Design 
Delivery 1. The test method has been validated by comparing the results with the external 
works performed at MIT. The differences between the external experimental works at MIT 
and the experiments performed at UT is up to 5%. 

 Based on Design Delivery 1, the VM50 expandable pipe exhibits significant Bauschinger effect 
under reverse loading. Currently, there is no generic material parameters of the combined 
isotropic-kinematic hardening model that can be fitted to describe the Bauschinger effect for 
all pre-strain cases. 

 Based on Design Delivery 1, the VM50 expandable pipe exhibits cross hardening effect under 
cross loading. The amount of pre-strain has an influence to the degree of overshoot. Smaller 
pre-strain results in less overshoot with respect to the monotonic stress-strain curve compared 
to larger pre-strain. 

 Based on Design Delivery 1, the unloading elastic modulus after the pre-strain is different 
from the initial elastic modulus. 

 The current material model of the combined isotropic-kinematic hardening can only describe 
the Bauschinger effect but not the cross hardening effect. The use of the existing combined 
isotropic-kinematic hardening leads to a drop of yield stress when subjected to cross loading. 
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7.2 RECOMMENDATIONS 
In order to improve the current testing method, the following points can be considered: 
 It is suggested that different geometry ratio (height and cross-section) and different type of 

lubrication are investigated to see their influence on barreling effect of the compression 
specimen for Design Delivery 1. This will also demonstrate whether the repeatability of the 
compression test can be further improved. 

 For Design Delivery 1, it is suggested that the surface roughness of the test specimen and the 
compression plates be improved by polishing. This might help reducing the friction between 
contact and minimize possible barreling effect. 

 It is suggested that an improved fitting approach that includes both the 7.5% and the 12.5% 
pre-strain data is investigated for calibrating the material parameters of the combined 
isotropic-kinematic hardening model. This might provide material parameters that can better 
describe both test data. 

The following items should be considered for future development of material model: 

 In terms of finding the material model that can describe the Bauschinger effect and the cross 
hardening effect, a more advanced material model is required than a combined isotropic-
kinematic hardening model. As a start, the Teodosiu model [8], [21] which is available on 
DieKa (Twente University in-house FEA software) can be investigated. Another material 
model that is worth investing is the Homogenous Anisotropic Hardening (HAH) [22]. This 
model requires less material parameters for fitting compared to 13 parameters for Teodosiu 
model. In addition, this material model is much covered in the literature compared to 
Teodosiu model. 

 Based on the observation of differences between the elastic loading modulus and the elastic 
unloading modulus, the assumption of a single value for the description of the Young’s 
modulus is not accurate. In order to improve the prediction of springback after the expansion 
process and the collapse strength, a model that can also describe the change of elastic modulus 
for loading and unloading behavior should be investigated. This might be improved using the 
chord modulus approach [19], the two-yield-surface plasticity [20] or the anelastic theory [18]. 
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APPENDICES 

A SOCIAL & ENVIRONMENTAL IMPACT 

 
Figure 52: Total primary energy by source based on Shell's Global Supply Model [23]. 

The growth of global population brings a new challenge in meeting the energy demand. It is forecasted 
that in 2100, the world population will reach 10 billion [23]. By estimating an average of 100 gigajoules 
of energy per person, a total of approximately 1000 exajoules of energy is required per year. In order 
to meet this ever increasing energy demand, it is important to invest in safe and responsible sources 
of energy. Based on the model of supply energy predicted by Shell, oil and gas will remain amongst 
the main sources of energy for the next couple of years as seen in Figure 52. In spite of this, the 
renewable energy such as solar will play a crucial role and it is forecasted that it will be the main source 
of energy by 2100. 
 
Before the renewable technology arrives to its mature stage, it is vital to ensure that the current 
exploration and production of oil and gas is performed responsibly to reduce the environmental 
footprint. From the environmental and sustainable point of view, the MOD technology can reduce 
the consumption of drilling fluid, rock cuttings disposal, cement volume and pipe tonnage by almost 
50% [24]. This significant reduction on the environmental impact illustrates the proactive steps that 
can be achieved using advanced technology in meeting the energy demand with less damaging effects 
to the environment. 
 
The MOD technology has a huge potential in reducing the environmental footprint. However, there 
are still uncertainties on the reliability performance of expandable pipe which is the main backbone of 
MOD technology. One of the uncertainties is the post-expansion performance of the pipe and mainly 
the collapse strength of the pipe. In this project, the proposed artefacts can be seen as an added value 
to predict the material behavior of expandable pipe. These information can be utilized for 
improvement of material model implemented in FEA, which eventually help the well engineers to 
understand the alteration of mechanical properties during the expansion process and the post-
expansion properties. These will lead to better prediction in determining a safe and reliable 
performance envelop of expandable pipe. 
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B PIPE DEFORMATION PATH 
The deformation path during the expansion process for expansion under tension mode and fixed 
mode. In tension mode as shown in Figure 53, there will be shortening of the pipe after the expansion 
process. In fixed-fixed mode (see Figure 54), there will neither shortening nor elongation after the 
expansion process. However, this is compensated by larger degree of thinning. 

 
Figure 53: Strain path for expansion process under tension mode. 

 
Figure 54: Strain path for expansion process under fixed-fixed boundary condition. 
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C MATERIAL MODEL PARAMETERS 
 

Table 7: Parameters for material model UT-1. 
Parameter Values 
E 190000 MPa 
ν 0.33 

𝜎𝜎|𝑜𝑜 427.0647 MPa 

𝑄𝑄∞1 290.76 MPa 

𝑏𝑏1 22.384 

𝑄𝑄∞2 -298.2321 MPa 

𝑏𝑏2 132.9435 

C1 40197 MPa 

ϒ1 236.3406 

C2  828.4965 MPa 

ϒ2 1.2849 
 
Table 8: Parameters for material model UT-2. 
Parameter Values 
E 190000 MPa 
ν 0.33 

𝜎𝜎|𝑜𝑜 403.0851 MPa 

𝑄𝑄∞1 216.0382 MPa 

𝑏𝑏1 29.7523 

𝑄𝑄∞2 -303.2958 MPa 

𝑏𝑏2 140.2671 

C1 50711 MPa 

ϒ1 225.5511 

C2 551.9362 MPa 

ϒ2 0.5110 

 
Table 9: Parameters for MIT-1 model using combined Ludwik-Voce 
isotropic hardening. 
Parameter Values 
E 190000 MPa 
ν 0.33 

𝜎𝜎|𝑜𝑜 191.78 MPa 
β 0.5506 

A 538.8 MPa 
k 121.97 MPa 

𝑄𝑄∞ 290.76 MPa 
b 22.384 

n 0.08711 
C1 469 MPa 

ϒ1 0.338 

C2 25 MPa 

ϒ2 11.38 
 

Table 10: Parameters for MIT-2 model with Voce isotropic hardening. 
Parameter Values 
E 190000 MPa 
ν 0.33 

𝜎𝜎|𝑜𝑜 10.13 MPa 
b 42.47 

𝑄𝑄∞ 331.6 MPa 
C1 46620 MPa 

ϒ1 278.1 

C2 752.4 MPa 

ϒ2 3.503 
 

Table 11: Parameters for material model UT-MIT. 
Parameter Values 
E 190000 MPa 
ν 0.33 

𝜎𝜎|𝑜𝑜 393.0546 MPa 

𝑄𝑄∞1 211.1693 MPa 

𝑏𝑏1 17.7741 

𝑄𝑄∞2 -202.6128 MPa 

𝑏𝑏2 202.4351 

C1 46111.3717 MPa 

ϒ1 286.0264 

C2 452.5427 MPa 

ϒ2 0.5021 
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Table 12: Parameters for material model UT-7. 
Parameter Values 
E 190000 MPa 
ν 0.33 

𝜎𝜎|𝑜𝑜 401.0205 MPa 

𝑄𝑄∞1 156.4491 MPa 

𝑏𝑏1 55.4770 

𝑄𝑄∞2 -215.2713 MPa 

𝑏𝑏2 230.9995 

C1 49659 MPa 

ϒ1 379.0129 

C2 1119 MPa 

ϒ2 0.5286 
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D HARDNESS MEASUREMENT 
Procedure: The hardness of unexpanded and expanded VM50 was measured along the wall thickness. 
11 points were selected along the wall thickness for the measurement.   

Results: 

 
Figure 55: Micro hardness measurement for expanded and unexpanded VM50 pipe. 

The average hardness of unexpanded pipe and expanded pipe was found to be around 175 Hv and 
195 Hv respectively. The average value for the expanded pipe is quite similar to what have been 
reported in previous Shell report (see Figure 56), which is 195 Hv. However, the average value for 
unexpanded pipe is higher compared to the previous reported value of 156 Hv. The increase of 
hardness for expanded pipe can be attributed to the work hardening during the expansion process. 
Before the expansion process, the general trend shows lower value at the inner section and higher 
value at the outer section. The variation is quite large with the largest difference up to 12%. After the 
expansion process, the inner section appears to have higher value of hardness in comparison to the 
middle section and the outer section. The average hardness in the middle section seems to indicate a 
lower value. This might also indicate that the middle section has a lower yielding compared to the 
inner section and the outer section of the pipe. 

 
Figure 56: Previous measurements from Shell [25].  
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E PARAMETRIC STUDY FOR FULL THICKNESS SPECIMEN 

 
Figure 57: The stress distribution using the static simulation in SolidWorks using the linear elastic material. Scenario-12 (left figure) shows a slightly higher 

stress at fillet-1 region compared to scenario-18 (right figure). 

 

 
Figure 58: Comparison of the equivalent plastic strain distribution (top figure) and the von Mises stress distribution (bottom figure) in ABAQUS for 

Scenario-12 (left figure) and Scenario-18 (right figure). 
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Table 13: The maximum stress on the specimen obtained from SolidWorks simulation using the linear elastic material. 

Design Study 1                       
Scenarios/Iterations: 18                     
Parameter 
Constraint or Goal Format Unit 

Scenario 
1 

Scenario 
2 

Scenario 
3 

Scenario 
4 

Scenario 
5 

Scenario 
6 

Scenario 
7 

Scenario 
8 

Scenario 
9 

Fillet_2   mm 1 3 5 7 9 10 1 3 5 

Fillet_1   mm 5 5 5 5 5 5 10 10 10 

Max. Stress1 
Monitor 
Only  Pa 3.98E+10 2.51E+10 2.08E+10 1.82E+10 1.66E+10 1.62E+10 3.78E+10 2.37E+10 1.98E+10 

  
Parameter 
Constraint or Goal Format Unit 

Scenario 
10 

Scenario 
11 

Scenario 
12 

Scenario 
13 

Scenario 
14 

Scenario 
15 

Scenario 
16 

Scenario 
17 Scenario 18 

Fillet_2   mm 7 9 10 1 3 5 7 9 10 

Fillet_1   mm 10 10 10 15 15 15 15 15 15 

Max. Stress1 
Monitor 
Only  Pa 1.75E+10 1.63E+10 1.60E+10 3.66E+10 2.32E+10 1.94E+10 1.72E+10 1.62E+10 1.59E+10 
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F FEASIBILITY TEST: CONCEPT 1 

Feasibility Test Procedure 
In this feasibility test, the test specimens were machined from an unexpanded VM50 pipe using a 
CNC milling machine. The dimensions of the test specimen can be found in Appendix I. The 
specimens were subjected to tensile load up to an engineering strain of 8-12%. The deformation on 
the specimen was measured using a contact extensometer. The extensometer has a minimum gage 
length of 10 mm. All tensile experiments were carried out at a displacement rate of 3 mm/min. 

For the compression tests, brick-shaped specimens having a height of approximately 10 mm was 
machined out of the elongated specimen. Two sets of compression test were performed on the brick 
specimen. The first test was compression in the opposite direction as it was initially elongated (reverse 
loading). The second test was compression in the thickness direction (cross loading). The deformation 
was measured using a laser speckle extensometer. All compression tests were carried out at a 
displacement rate of 0.2 mm/min. 

In order to check the uniformity of the deformation after the pre-strain, the height variations along 
the gage section of the full wall thickness specimen were analyzed using a confocal microscope. This 
was also done on the brick-shaped specimen after the compression test.   

Feasibility Test Results 
The stress-strain curve obtained from the tensile test is shown in Figure 59. It can be seen here that 
the value of Young’s Modulus is 148 GPa which is significantly lower compared to the expected value 
of 190-210 GPa. This might be attributed to the clamping of the specimen. Two different types of 
clamp were used during the test and one of the clamp does not show full contact with the specimen 
as shown in Figure 61. Due to the poor clamping, there is a tendency that the specimen might be 
slightly bended during the test. 

 
Figure 59: Stress-strain curve of pre-strain tensile loading. 
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Figure 60: Stress-strain curves for cross loading and reverse loading. 

 
Figure 61: The specimen on the left indicates a good contact with the machine clamp. This can be identified from the dotted marks that appeared on the 

clamped region. The specimen on the right shows visible contact on the sides of clamped area with minimum contact at the middle. 

The feasibility test results for reverse loading and cross loading are shown in Figure 60. In Figure 60, 
it can be seen that there is a significant Bauschinger effect. For cross loading, the behavior changes 
with less reduction of yield stress. However, the feasibility test should be interpreted carefully. Since 
there was no lubricant placed in between the specimen, it is expected that there will be some end-
effect at the contact interface of compression plates and specimen which can cause the strain to be no 
longer uniform. In addition, the area of the brick-shaped specimen was not measured properly after 
it had been machined. Therefore, the stress-strain curve should not be used as a reference to represent 
the material behavior. Rather the stress-strain curve should serve as an indicator for the feasibility of 
this test concept. 

The height profile at the gage section after the tensile test is shown in Figure 62. A uniform section 
that does not vary for a length of approximately 14 mm was observed. Hence, it can be safely assumed 
that there is a section having a length of up to 14 mm at the middle of the gage section that experienced 
uniform deformation. 
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The results of height profile after the compression test are shown in Figure 64. Based on the naked 
eye observation, the specimen does not show apparent barreling effect (see Figure 63) but upon closer 
inspection using a confocal microscope, it is noticed that there is a slight variation of the height profile 
which account up to 80 μm (see Figure 64). The barreling effect is due to the friction effect between 
the compression plates and the specimen’s surfaces. In order to reduce the friction effect, a small 
amount of lubrication should be placed between the compression plates and the specimen. 

 
Figure 62: The variation of height along the gage length section on both sides of the full wall thickness specimen. 

 
Figure 63: The shape of the brick specimen after compression. 
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Figure 64: The height profile measured using a confocal microscope on each side of brick specimen. The effect of barreling is noticeable with a variation up to 

50-80 μm. 

Conclusions & Recommendations 
A successful conceptual design and feasibility test have been demonstrated that enables the 
investigation of material behavior under non-proportional deformation. Further works should focus 
on the following points: 

• Minimize barreling effect and check the uniformity of strain distribution. This can be achieved 
by applying suitable lubrication and looking at the height profile prior and after the 
compression test. 

• Modify the dimension of the full wall thickness specimen to accommodate longer gage section 
and larger clamping area. This will allow more brick-shaped specimens to be machined from 
a single tensile specimen. 

• Replicate the test according to the studies previously performed at MIT (tensile strain up to 
7.5% and 12.5%) using the same expandable pipe batch. 

The above points will be addressed in Design Delivery 1. 
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G ANALYTICAL APPROXIMATIONS FOR CRUCIFIX SPECIMEN 
In this document, the derivation for analytical solutions of the normal stress component, 𝜎𝜎𝑦𝑦′ and the 
shear stress component, 𝜏𝜏𝑦𝑦′𝑥𝑥′ is provided. 

 
Figure 65: Stress components after 450 transformation. 

 
Figure 66: Simplified free body diagram of forces that acting at 45O plane. 

The stress components can be approximated using the following relations: 

 𝜎𝜎𝑦𝑦′ =
𝐹𝐹𝑦𝑦′
𝐴𝐴𝑃𝑃

=
𝐴𝐴𝜎𝜎𝑦𝑦 cos𝜃𝜃

𝐴𝐴𝑃𝑃
=
𝐹𝐹𝑉𝑉 cos𝜃𝜃
𝐴𝐴𝑃𝑃

       

 

(10) 

 𝜏𝜏𝑦𝑦′𝑥𝑥′ =
𝐹𝐹𝑥𝑥′𝑦𝑦′
𝐴𝐴𝑃𝑃

=
𝐴𝐴𝜎𝜎𝑦𝑦 sin𝜃𝜃

𝐴𝐴𝑃𝑃
=
𝐹𝐹𝑉𝑉 sin𝜃𝜃
𝐴𝐴𝑃𝑃

    

 

(11) 

where,  

𝐴𝐴𝑝𝑝 is the shear deformation area 

𝐹𝐹𝑦𝑦′ is the normal force component after 
transformation 

𝐹𝐹𝑥𝑥′𝑦𝑦′ is the shear force component after 
transformation 

𝐹𝐹𝑣𝑣 is the normal force component at original 
coordinate system 

𝜎𝜎𝑦𝑦′ is the normal stress component after 
transformation 

𝜏𝜏𝑦𝑦′𝑥𝑥′ is the shear stress component after 
transformation 

θ is the angle measured from horizontal axis 
450 

In order to verify the accuracy of the approximations, FEA simulations were conducted using 
isotropic hardening model on a quarter of crucifix geometry. The simulations were performed by 

𝜎𝜎𝑦𝑦′ 

𝜎𝜎𝑦𝑦′ 

𝜏𝜏𝑦𝑦′𝑥𝑥′  
𝜎𝜎𝑥𝑥′ 

𝜎𝜎𝑥𝑥′ 
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applying displacement boundary condition through a reference point. By doing so, the reaction force 
at the reference point could be obtained. The values of the reaction force were then substituted into 
equation (10) and (11) respectively. However, based on equation (11) the normal stress, 𝜎𝜎𝑦𝑦′  is 
calculated based on original cross-sectional area. For this reason, the true stress component calculated 
based on current cross-sectional area is introduced as defined in equation (12) where 𝜀𝜀𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 is the true 
strain. The approximated stress values are then plotted with the stress results obtained from FEA for 
comparison as shown in Figure 67, Figure 68 and Figure 69. 

 𝜎𝜎𝑦𝑦′_𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝜎𝜎𝑦𝑦′ × exp(𝜀𝜀𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡) (12) 

Currently, the other normal stress component, 𝜎𝜎𝑥𝑥′ is approximated to be −0.125𝜎𝜎𝑦𝑦′. This relation 
can be derived from equation (18) in Appendix M. However, this approximation is not valid as shown 
in Figure 69. 

 
Figure 67: Comparison between the approximated normal stress, σy’  with the FEA results. 

 
Figure 68: Comparison between the  approximated shear stress, τy’x’  with the FEA results. 
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Figure 69: Comparison between the approximated normal stress, σx’ with FEA results. 

Based on the results from Figure 67 and Figure 68, it can be seen that the current method of 
approximation provides sufficient accuracy. In order to improve the approximation for the normal 
stress component, 𝜎𝜎𝑦𝑦′ it is suggested that the values obtained from equation (11) is converted to true 
stress using equation (12). 

The deficiency of the current analytical approximations is in predicting the other normal stress 
component, 𝜎𝜎𝑥𝑥′ . The sudden drop of the stress value follows by the increase of the stress value 
suggests that the current approximation is not valid. The behavior that is seen from the FEA results 
suggests a more complex relationship and it is doubtful whether there exists a simple approximation 
solution. 
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H FEASIBILITY TEST: CONCEPT 2 

Feasibility Test Procedure 
In order to investigate the practicalities of the cyclic biaxial test concept using the crucifix specimen, 
feasibility tests were performed. Two specimen designs namely specimen A and specimen B, were 
evaluated (see Figure 70). Specimen A has a circular hole pattern whereas specimen B has a square 
hole pattern. The material used in this feasibility test is a mild steel and the specimens were laser cut 
from a 2 mm thick sheet metal. 

 
Figure 70: The specimen designs for the cyclic biaxial test. Specimen A is shown on the left while specimen B is shown on the right. 

The test was performed on a standard uniaxial tensile machine, which has a load rating of 100 kN. 
The deformation on the surface of the crucifix was measured using a Digital Image Correlation (DIC) 
system, ARAMIS. The ARAMIS consists of 2 cameras and a built-in software that computes the 
deformation field. In this test, a single camera is used for 2D measurement. Prior to the test, a random 
speckle pattern was created on the crucifix specimen. The ARAMIS software recognizes the surface 
of the measuring object that is characterized by the speckle pattern. The working principle of ARAMIS 
is to track the surface pattern while it is being deformed. This is achieved by taking digital images of 
the surface at various stages of deformation. Prior to the actual test, the ARAMIS camera was 
calibrated using the calibration panel provided by the manufacturer to establish the precise position 
of camera relative to the specimen. 

Two complete test cycles were performed by applying a displacement of 5 mm at a rate of 2.5 
mm/min. The first half cycle was achieved by elongating the vertical arm and unloading the specimen. 
In order to complete one cycle, the arm was rotated 90O and subsequently the ‘horizontal arm’ was 
displaced. This sequence of loading was repeated twice for each specimen. The specimen ends were 
marked to ensure consistent sequence of loading directions in order to avoid confusions of the 
specimen orientation. 

Feasibility Test Results 
Based on the results from ARAMIS, the deformation field at the region of interest is found to be 
reasonably uniform (see Figure 71). A large section at the region of interest remained uniform as 
shown in Figure 72. The largest variation occurs at the near surface of the region of interest and this 
variation can go up to 6%.  
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Figure 71: The uniformity of plastic deformation obtain from ARAMIS measurement. 

 
Figure 72: The variation of the equivalent plastic strain across a section length. The section length is created at the top right corner of the region of interest. 

For post-processing the ARAMIS data, a user-defined coordinate system was introduced. The new 
coordinate system is oriented at 45o from its original definition. The strain calculations were computed 
based on the specified coordinate system. In order to ensure consistent data analysis, the selected 
location for calculating the strain was kept constant throughout the entire cycle.   

In Figure 73 and Figure 74, the shear, 𝜏𝜏𝑥𝑥′𝑦𝑦′ − 𝛾𝛾𝑥𝑥′𝑦𝑦′  and the normal, 𝜎𝜎𝑦𝑦′ − 𝜀𝜀𝑦𝑦′ stress-strain curves are 
shown for specimen A. The details for calculating both stress components from the recorded forces 
are described in details in Appendix G. The stress-strain curves for specimen B are shown in Figure 
75 and Figure 76.  
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Figure 73: Comparison between the experimental results and the FEA simulation for the shear stress component for specimen A. 

 
Figure 74: Comparison between the experimental results and the FEA simulation for the normal, σy’ stress component for specimen A. 

When comparing the stress-strain curves from both specimen designs, it is noticed that the yielding 
occurs at shear stress of 200-220 MPa. From the cyclic shear stress-strain curves (see Figure 73 and 
Figure 75), it is noticed that there is no significant Bauschinger effect showed for the tested materials. 
It is clearly seen that after the strain reversal there is no significant distinction between the point of 
yielding in comparison to the stress value before the strain reversal. Based on this, an isotropic 
hardening model should be sufficient to represent the observed behavior. 

For the material model fitting purposes, a 3D model that represents a quarter of the actual model was 
created in ABAQUS. The ABAQUS built-in isotropic hardening model that employs Voce hardening 
law was utilized for fitting process by manually adjusting the parameters to match the test data. The 
outcomes from this manual fitting are shown by the dotted lines in Figure 73 to Figure 76. 
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Figure 75: Comparison between the experimental results and the FEA simulation for the shear stress component for specimen B. 

 
Figure 76: Comparison between the experimental results and the FEA simulation for the σy’ stress component for specimen B. 

The implemented material model shows a good agreement with the experimental results. For both 
specimen designs, the behavior of the shear stress-strain curve can be captured quite accurately. This 
is expected since the fitting was performed based on the shear component data. For specimen A, the 
experimental results indicate a slightly stiffer behavior compared to what is predicted by the model. 
For the normal stress-strain curve, 𝜎𝜎𝑦𝑦′ − 𝜀𝜀𝑦𝑦′  an apparent observation is that the model under-
estimates the strain level reached at the final loading stage. 

Although the current approximation shown in Appendix G is not able to predict the stress component 
𝜎𝜎𝑦𝑦′ accurately, the strain component 𝜀𝜀𝑥𝑥′ can still be measured using the ARAMIS. From the ARAMIS, 
it can be seen that there is a sizeable strain in the x’-direction (see Figure 77). At each cycle where load 
is applied, the strain value decreases followed by a constant value that represents the elastic unloading. 
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For the assumption of constant volume deformation to be valid, the following relation applies 𝜀𝜀𝑥𝑥 +
𝜀𝜀𝑦𝑦 + 𝜀𝜀𝑧𝑧 = 0. By knowing the first two strain components, the effect of thickness reduction can be 
computed. The effect of thickness reduction calculated based on the experimental data is around 8%. 
With an original thickness of 2 mm, the final thickness at the region of interest is around 1.84 mm. In 
Table 14, the calculated value of thickness reduction from the experiment and the FEA are compared. 
Interestingly, the amount of thickness reduction that is calculated from the experiment is similar to 
the result obtained from the FEA simulation. 

Table 14: Comparison of the thickness reduction between the experimental results and the FEA simulation. 
 Experiment FEA Simulation 

Specimen A 8.9 % 9.0 % 
Specimen B 7.8 % 8.9 % 

 

 
Figure 77: The strain component, εx’ measured from ARAMIS as function of stage number for specimen A. 

By plotting the strain component 𝜀𝜀𝑦𝑦′  against 𝛾𝛾𝑥𝑥′𝑦𝑦′ , the loading direction in strain space can be 
illustrated as shown in Figure 78. For the sequence of loading that is performed in this testing 
procedure, it can be seen that that the normal strain, 𝜀𝜀𝑦𝑦′ keeps increasing while the shear deformation 
provides a cyclic behavior. Hence, a non-proportional deformation can be achieved from this test 
concept. 

 
Figure 78: Comparison between the shear strain and the normal strain for specimen B. 
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Conclusions & Recommendations 
The main limitation in this study is the prediction of the normal stress, 𝜎𝜎𝑥𝑥′. Currently, no suitable 
correlation has been found to accurately describe the behavior that is demonstrated from the FEA as 
presented in Appendix G. Since 𝜎𝜎𝑥𝑥′ cannot be measured directly from the test setup, validating the 
appropriate approximation remains challenging. 

The current feasibility test uses a flat sheet metal instead of expandable pipe material. Hence, a special 
technique needs to be devised in order to conduct the test on a pipe specimen by taking into account 
the overall pipe thickness. The expandable pipe has an outer diameter of 244.5 mm with a thickness 
of 11.05 mm. Since the current pipe does not come in flat geometry, the pipe needs to undergo pre-
straining to make it flat before the test can be conducted. Therefore, the amount of pre-straining that 
will be applied should also be taken into account in the overall analysis. 

From this feasibility work, it has been demonstrated that both specimen geometries are capable of 
investigating the cyclic behavior under biaxial stress state. This test method shows the capability of 
performing non-continuous cyclic test up to 15% shear strain. In addition, the current analytical 
solutions provide reasonable results for approximating two out of the three stress components. 
Finally, an isotropic material model provides good fit to describe the material behavior in this 
feasibility study. 
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I TECHNICAL DRAWINGS 

Specimen for Feasibility Test 
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Specimen for Design Delivery 1 
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J DATA POST-PROCESSING 

 
Figure 79: The stress-strain curve of raw data and after applying decimate function. 

This section compares the raw data and the post-process data for calculating the Kock-Mecking plot. 
For the post-process data, the raw data were first filtered using a smooth function. Due to large number 
of data points, some of the data points are being removed using decimate function on MATLAB. The 
decimate function reduces the original sampling rate of a sequence to a lower rate while making sure 
the shape of the stress-strain curve is retained as shown in Figure 79. The original number of data 
points was 2257 before it was reduced to 209 data points. 
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K BACK-STRESS EVOLUTION PLOTS 
There are two classical descriptions for the evolution of back-stress, namely Ziegler and Prager [13], 
[14]. The Ziegler model is the default kinematic hardening law implemented in ABAQUS. The Prager 
model is implemented in MATLAB using the formulation provided by Geijselaers [26]. The MATLAB 
scripts are provided in Appendix N. In Figure 80 and Figure 81, the evolution of the back-stress 
components under reverse loading and cross loading for both hardening laws are presented. Here, the 
material parameters are for the Prager formulation are the same as UT-2 except for the C parameter 
value, CPrager = 2/3 * CUT-2. It is important to keep in mind that the deviatoric components are plotted 
in Figure 80 for the Prager model. In Figure 81, the plotted back-stress components for the Ziegler 
model are not the deviatoric components. If the back-stress components in Figure 81 are plotted as 
the deviatoric components (see Figure 82), the plots will be the same as shown in Figure 80. 

 
Figure 80: The evolution of deviatoric back-stress components obtains from Prager formulation. The top diagram shows the evolution under reverse loading 

and the bottom diagram shows the evolution under cross loading. 
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Figure 81: The evolution of back-stress components obtains from Ziegler formulation. The top diagram shows the evolution under reverse loading and the 

bottom diagram shows the evolution under cross loading. 
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Figure 82: The evolution of deviatoric back-stress components obtains from Ziegler formulation. The top diagram shows the evolution under reverse loading 

and the bottom diagram shows the evolution under cross loading. 

  

-300

-200

-100

0

100

200

300

400

500

600

700

0 0.05 0.1 0.15 0.2 0.25 0.3

Tr
ue

 S
tr

es
s 

[M
Pa

]

Equivalent Plastic Strain [-]

Alpha11 Alpha22 Alpha33 YIELDS MISES

-300

-200

-100

0

100

200

300

400

500

600

700

0 0.05 0.1 0.15 0.2 0.25 0.3

Tr
ue

 S
tr

es
s 

[M
Pa

]

Equivalent Plastic Strain [-]

Alpha11 Alpha22 Alpha33 YIELDS MISES



 

77 
 

L SMALL SCALE CRUCIFIX SPECIMEN 

Test Procedure 
In this test method, the bias due to the machining of a specimen from the middle section of the pipe 
wall thickness is assumed to be negligible. This assumption allows for the specimen to be machined 
from the mid-section of the pipe wall thickness. The small scale crucifix specimens were machined 
from an unexpanded 9-5/8” VM50 pipe. Although the specimens were machined from an 
unexpanded VM50, it is important to highlight that the pipe came from a different batch as the MIT 
tests and the full thickness specimen in Design Delivery 1. The dimensions of the small scale specimen 
are shown in Figure 83. A virtual test using FEA was performed prior to the test to check the validity 
of previous analytical assumptions for small a scale crucifix specimen. 

All tests were performed on a Zwick Z100 machine, which  has a load rating of 100 kN. The 
deformation at the region of interest was measured using a DIC system, ARAMIS. Prior to the actual 
measurement, the system was calibrated according to the procedure specified by the manufacturer. 
Based on the outcomes of applying a vertical rigid body displacement of 2 mm, a facet size of 11 and 
a facet step size of 9 would provide an accurate displacement measurement. In this test, a single 
complete cycle was performed by applying a displacement of 2 mm. All tensile tests were carried out 
at a displacement rate of 2 mm/min. 

 

     
Figure 83: The dimensions of the small scale crucifix (top), the location where the specimen is taken from the unexpanded VM50 pipe (bottom left) and the 

final machined specimen with random speckle pattern (bottom right). 
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Review of Analytical Stress Approximations 
A virtual test using FEA was performed on a small scale crucifix to check for the effect of scaling 
down on the uniformity of strain distribution and the correctness of the analytical approximations 
provided in Appendix G. A quarter of the actual geometry was created and the combined isotropic-
kinematic hardening material model, UT-2 was used in this simulation. The loadings were prescribed 
through displacement driven boundary conditions at a reference point. By doing so, the reaction force 
at the reference point could be obtained for the stress approximation. A quadratic brick element with 
reduced integration, C3D20R was chosen for the analysis. For the post-processing, the stress and the 
strain components are calculated by averaging the values requested from the integration points of the 
selected elements (at 45O section) after they underwent transformation of coordinate system. The new 
x’-axis and y’-axis are defined at 45O anti-clockwise with respect to the original definition. The values 
obtained from the stress approximation and the FEA simulation were compared. Based on Figure 84,  
it appears that the shear strain distribution remains uniform near the region of interest. 

 
Figure 84: The distribution of the shear strain along the region of interest predicted in FEA. 

The comparison results for the stress components are shown in Figure 85, Figure 86 and Figure 87. 
As can be seen from these plots, the approximations are valid for two out of the three stress 
components. The approximation for the normal stress component, 𝜎𝜎𝑥𝑥′  does not show good 
agreement with the FEA result. 
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Figure 85: Comparison between the approximated normal stress, σy’ with the FEA results using the combined isotropic-kinematic hardening model. 

 
Figure 86: Comparison between the approximated shear stress, τy’x’ with the FEA results using the combined isotropic-kinematic hardening model. 

 
Figure 87: Comparison between the approximated normal stress, σx’ with the FEA results using the combined isotropic-kinematic hardening model. 

Experimental Results 
For the post-processing, a new coordinate system was established that allows the transformation of 
stress and strain states at 45o anti-clockwise. The uniformity of deformation measured by ARAMIS at 
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the region of interest is shown in Figure 88. As can be seen, the measured deformation is reasonably 
uniform with the largest difference corresponds to the end-effect. The shear stress-strain curve is 
shown in Figure 89. As can be seen in Figure 89, the yield plateau and the Bauschinger effect are 
noticeable. The calculation of the shear modulus indicates a value in the range of 55-60 GPa, which is 
slightly lowered than the expected theoretical value for a steel, which is in the range of 70-90 GPa. 
The result of normal stress-strain component, 𝜎𝜎𝑦𝑦′ − 𝜀𝜀𝑦𝑦′ is shown in Figure 90. Based on the analytical 
assumption, the magnitude of the normal stress component is the same as the shear stress component. 
The only difference is the value of the measured strain component. 

                 
Figure 88: The uniformity of the shear deformation obtain from ARAMIS measurement. The variation of the shear term, εx’y’ across a section length is shown 
on the right plot. The section length is created at the top right corner of the region of interest. Note: Here the shear term is expressed as εx’y’ and ϒx’y’=2εx’y’. 

 
Figure 89: The shear component of the stress-strain curve.  
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Figure 90: The normal component of the stress-strain curve. 

Validation of Material Model 
In order to predict the response from the FEA simulation, a quarter of the actual geometry was 
created. For the post-processing, the stress and the strain components are calculated by averaging the 
values requested from the integration points of the selected elements (at 45O section) after they 
underwent transformation of coordinate system. Here, the response of the existing combined 
isotropic-kinematic hardening model, UT-2 is compared with the test data. 

The response of the FEA simulation using the UT-2 material model is shown in Figure 91 and Figure 
92. As can be seen in Figure 91, the existing material model of UT-2 can predict the initial curve 
response of shear component very well. Nevertheless, it can be seen that the Bauschinger effect 
observed from the testing is more prevalent then what is predicted from UT-2 model. Further 
comparison on the normal component reveals a poor agreement with the testing results. The UT-2 
model predicts that the second loading occurs much earlier at the normal strain value, 𝜀𝜀𝑦𝑦′ of 0.032 
compared to the testing observation that takes place at the normal strain value of 0.042. 

A new combined isotropic-kinematic hardening model namely UT-7 was fitted to the shear stress-
strain data in order to improve the prediction of FEA. The new material parameters was obtained 
using the calibration technique employed previously by MIT [2] and Van der Wilk [3]. The equivalent 
Von Mises stress and the equivalent plastic strain were calculated from the obtained test data. Based 
on the analytical assumption, the equivalent von Mises stress under biaxial stress states can be 
calculated. The detail calculation is provided in Appendix M. These data serve as an input for the 
optimization procedure. The results of the new model are shown in Figure 91 and Figure 92. The UT-
7 provides a good agreement with the experimental results for the shear components. This model can 
describe the behavior of the Bauschinger effect very well. However, the model slightly over-predicts 
the initial response of normal stress component, 𝜎𝜎𝑦𝑦′ by showing a higher value of hardening, likewise 
it predicts the second loading occurs at a lower normal strain value.  
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The strain path predicted from both models (UT-2 and UT-7) and the test results are shown in Figure 
93. Here, the shear strain component provides the cyclic behavior and the normal strain component, 
𝜀𝜀𝑦𝑦′ is the by-product. 

In Figure 94, the results from tensile test from Design Delivery 1 and MIT are shown together with 
the equivalent von Mises stress calculated from this test method. As shown here, the equivalent stress 
response under monotonic loading is closely matching the response of MIT. 

In this test method, a different behavior of Bauschinger effect is observed compared to the uniaxial 
tension-compression cycle observed in Design Delivery 1 and from the external testing at MIT. Here, 
the Bauschinger effect is more noticeable. However, the current results should be interpreted carefully 
since the results are based on a single set test. Therefore, the test should be repeated to ensure 
consistent outcomes using the material from the same pipe batch that is reserved for the material 
testing. 

The current findings also indicate that the current material models (UT-2, UT-7) cannot provide an 
accurate prediction of test results. Currently, the models under-predict the normal strain component 
𝜀𝜀𝑦𝑦′. It is difficult to draw a solid conclusion if this is due to the deficiency of the combined isotropic-
kinematic hardening model or the artefact from the test. In order to get well-grounded explanations, 
the tests should be repeated. 

  
Figure 91: The fitting response for the shear stress-strain component. 
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Figure 92: The fitting response for the normal stress-strain component. 

 
Figure 93: The evolution of the strain path. 
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Figure 94: Comparison of the equivalent von Mises stress for different test methods. 

Conclusions 
From this work, the following conclusions can be drawn: 

• Small scale crucifix does provide information on Bauschinger effect under biaxial stress state. 
In spite of this, more testing needs to be performed to verify the results. 

• The Bauschinger effect observed from this test method is more prevalent compared to the 
uniaxial cyclic test. 

The current model of combined isotropic-kinematic hardening, UT-7 does not provide good 
agreement with the experimental data for at least one of the stress-strain component. 
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M CALCULATION OF EQUIVALENT STRESS AND PLASTIC STRAIN FOR CRUCIFIX 
The details in calculating the equivalent stress value under biaxial stress state are provided below. Here, 
the stress tensors can be separated into two components. One component is a hydrostatic stress that 
acts to change the volume of the material only and the deviatoric stress that acts to change the shape 
only. 
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𝑆𝑆𝑎𝑎𝑏𝑏𝑡𝑡𝑜𝑜𝑜𝑜𝑜𝑜𝑎𝑎𝑜𝑜𝑒𝑒 (16) 𝑜𝑜𝑜𝑜𝑜𝑜𝐹𝐹 (17), 
 

𝜎𝜎𝑥𝑥 = −
1
8
𝜎𝜎𝑦𝑦 

 
(18) 

𝑆𝑆𝑎𝑎𝑏𝑏𝑡𝑡𝑜𝑜𝑜𝑜𝑜𝑜𝑎𝑎𝑜𝑜𝑒𝑒 (18) 𝑜𝑜𝑜𝑜𝑜𝑜𝐹𝐹 𝐶𝐶𝑒𝑒𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜𝐹𝐹𝐹𝐹𝑜𝑜𝑐𝑐 𝑡𝑡𝑜𝑜𝐹𝐹𝑒𝑒𝑡𝑡𝑡𝑡 𝑐𝑐𝐹𝐹𝐹𝐹𝑐𝑐𝐹𝐹𝑜𝑜𝑒𝑒𝑜𝑜𝑜𝑜 𝑺𝑺, 
 

𝑺𝑺 =

⎣
⎢
⎢
⎢
⎢
⎡−

5
12

𝜎𝜎𝑦𝑦 𝜎𝜎𝑦𝑦 0

𝜎𝜎𝑦𝑦
17
24

𝜎𝜎𝑦𝑦 0

0 0 −
7

24
𝜎𝜎𝑦𝑦⎦
⎥
⎥
⎥
⎥
⎤

 (19) 
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𝑊𝑊𝑒𝑒 𝑘𝑘𝑜𝑜𝐹𝐹𝑤𝑤 𝑜𝑜ℎ𝑜𝑜𝑜𝑜 𝜎𝜎𝑣𝑣𝑣𝑣2 = 3
2
𝑺𝑺:𝑺𝑺, 

 
𝜎𝜎𝑣𝑣𝑣𝑣 = 2.0349𝜎𝜎𝑦𝑦 (20) 

𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑒𝑒𝑒𝑒𝑐𝑐𝑒𝑒𝐹𝐹𝑜𝑜𝐹𝐹𝑒𝑒𝑜𝑜𝑜𝑜,  𝜎𝜎𝑦𝑦 = 200 𝑀𝑀𝑀𝑀𝑜𝑜, 
 

∴ 𝜎𝜎𝑣𝑣𝑣𝑣 = 406 𝑀𝑀𝑀𝑀𝑜𝑜 (21) 

 

The details for calculating the equivalent plastic strain under biaxial stress state are provided below: 

𝑇𝑇ℎ𝑒𝑒 𝑒𝑒𝑒𝑒𝑎𝑎𝑜𝑜𝑑𝑑𝑜𝑜𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜 𝑐𝑐𝑒𝑒𝑜𝑜𝑡𝑡𝑜𝑜𝑜𝑜𝑐𝑐 𝑡𝑡𝑜𝑜𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜 𝑎𝑎𝑜𝑜𝐶𝐶𝑒𝑒𝐹𝐹 𝑏𝑏𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒 𝑡𝑡𝑜𝑜𝐹𝐹𝑒𝑒𝑡𝑡𝑡𝑡 𝑡𝑡𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒 𝑐𝑐𝑜𝑜𝑜𝑜 𝑏𝑏𝑒𝑒 𝑐𝑐𝑜𝑜𝑒𝑒𝑐𝑐𝑎𝑎𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝐶𝐶 𝑜𝑜𝑡𝑡, 

 
 

𝜀𝜀𝑡𝑡𝑒𝑒 =
2
3
�3�𝑒𝑒𝑥𝑥𝑥𝑥2 + 𝑒𝑒𝑦𝑦𝑦𝑦2 + 𝑒𝑒𝑧𝑧𝑧𝑧2 �

2
+

3�𝛾𝛾𝑥𝑥𝑦𝑦2 + 𝛾𝛾𝑦𝑦𝑧𝑧2 + 𝛾𝛾𝑧𝑧𝑥𝑥2 �
4

, (22) 

𝑤𝑤ℎ𝑒𝑒𝐹𝐹𝑒𝑒, 
 𝑒𝑒𝑥𝑥𝑥𝑥 =

2
3
𝜀𝜀𝑥𝑥𝑥𝑥 −

1
3
𝜀𝜀𝑦𝑦𝑦𝑦 −

1
3
𝜀𝜀𝑧𝑧𝑧𝑧 

𝑒𝑒𝑦𝑦𝑦𝑦 = −
1
3
𝜀𝜀𝑥𝑥𝑥𝑥 +

2
3
𝜀𝜀𝑦𝑦𝑦𝑦 −

1
3
𝜀𝜀𝑧𝑧𝑧𝑧 

𝑒𝑒𝑧𝑧𝑧𝑧 = −
1
3
𝜀𝜀𝑥𝑥𝑥𝑥 −

1
3
𝜀𝜀𝑦𝑦𝑦𝑦 +

2
3
𝜀𝜀𝑧𝑧𝑧𝑧 

(23) 

 

 
Figure 95: The relation between the normal strain components, 𝜀𝜀𝑥𝑥′and 𝜀𝜀𝑦𝑦′obtained from the small scale crucifix experiment (refer to Appendix L). 
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N MATLAB SCRIPTS 

Optimization Scripts for Combined Isotropic-Kinematic Hardening Model 

function two_term_Chaboche_Lemaitre_two_Voce() 
 
global sigma0_i Q1_i b1_i Q2_i b2_i gamma1_i C1_i gamma2_i C2_i... 
    exp_peeq1 exp_peeq2 exp_peeq exp_stress 
 
%Seed values of the hardening parameters 
sigma0_i=375; 
sigma0_i=375; 
Q1_i=200; 
b1_i=20; 
Q2_i=-250; 
b2_i=175; 
gamma1_i=250; 
C1_i=50000; 
gamma2_i=5; 
C2_i=1000; 
 
figure(1) 
data=csvread('crucifix.csv',0,0); 
exp_peeq=data(:,1); 
exp_stress=data(:,2); 
plot(exp_peeq,exp_stress,'k.','Markersize',10.0); 
hold on 
set(gcf,'color','w'); 
axis square 
xlabel('Equivalent plastic strain [-]','fontsize',15) 
ylabel('Absolute true stress [MPa]','fontsize',15) 
axis([0 1.1*max(exp_peeq) 0 1.1*max(exp_stress)]) 
ax1=gca; 
set(ax1,'XTick',[0:0.1:1.0],'fontsize',15) 
set(ax1,'YTick',[0:100:1000],'fontsize',15) 
box on 
 
%Equivalent plastic strain at loading reversal 
% exp_peeq1=0.08; 
% exp_peeq2=0.164; 
% exp_peeq1=0.1139;     %specimen 2 
% exp_peeq2=0.1625;     %specimen 2 
% exp_peeq1=0.069;      %specimen 1 
% exp_peeq2=0.119;      %specimen 1 
exp_peeq1=0.06268;      %crucifix 
exp_peeq2=0.131;        %crucifix 
 
 
x0=[1 1 1 1 1 1 1 1 1]; 
lb=0.1*x0; 
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ub=10.0*x0; 
 
% fminsearchbnd 
options = optimset('Display','iter','TolFun',1e-7, 'TolX',1e-
7,'MaxIter',2000,'MaxFunEvals',2000); 
[x,fval,exitflag,output] = fminsearchbnd(@objf, x0, lb, ub, options) 
 
sigma0=x(1)*sigma0_i 
Q1=x(2)*Q1_i 
b1=x(3)*b1_i 
Q2=x(4)*Q2_i 
b2=x(5)*b2_i 
gamma1=x(6)*gamma1_i 
C1=x(7)*C1_i 
gamma2=x(8)*gamma2_i 
C2=x(9)*C2_i 
 
C1_to_gamma1=C1/gamma1 
C2_to_gamma2=C2/gamma2 
 
peeq1=0:0.001:exp_peeq1; 
stress1=sigma0+Q1*(1-exp(-b1*peeq1))+Q2*(1-exp(-b2*peeq1))+... 
               C1/gamma1*(1-exp(-gamma1*peeq1))+... 
               C2/gamma2*(1-exp(-gamma2*peeq1)); 
peeq2=exp_peeq1:0.001:exp_peeq2; 
stress2=sigma0+Q1*(1-exp(-b1*peeq2))+Q2*(1-exp(-b2*peeq2))-... 
               C1/gamma1*((2*exp(gamma1*exp_peeq1)-1)*... 
               exp(-gamma1*peeq2)-1)-... 
               C2/gamma2*((2*exp(gamma2*exp_peeq1)-1)*... 
               exp(-gamma2*peeq2)-1); 
 
plot(peeq1,stress1,'r-',peeq2,stress2,'r-','Linewidth',2.0) 
 
saveas(1,'two-term_Chaboche_Voce.tif','tif') 
end 
 
function error=objf(x) 
 
global sigma0_i Q1_i b1_i Q2_i b2_i gamma1_i C1_i gamma2_i C2_i... 
       exp_peeq1 exp_peeq exp_stress 
 
 
sigma0=x(1)*sigma0_i; 
Q1=x(2)*Q1_i; 
b1=x(3)*b1_i; 
Q2=x(4)*Q2_i; 
b2=x(5)*b2_i; 
gamma1=x(6)*gamma1_i; 
C1=x(7)*C1_i; 
gamma2=x(8)*gamma2_i; 
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C2=x(9)*C2_i;  
 
for i=1:length(exp_peeq) 
    if exp_peeq(i)<exp_peeq1 
        stress(i)=sigma0+Q1*(1-exp(-b1*exp_peeq(i)))+... 
                         Q2*(1-exp(-b2*exp_peeq(i)))+... 
                         C1/gamma1*(1-exp(-gamma1*exp_peeq(i)))+... 
                         C2/gamma2*(1-exp(-gamma2*exp_peeq(i))); 
    else 
        stress(i)=sigma0+Q1*(1-exp(-b1*exp_peeq(i)))+... 
                         Q2*(1-exp(-b2*exp_peeq(i)))-... 
                         C1/gamma1*((2*exp(gamma1*exp_peeq1)-1)*... 
                         exp(-gamma1*exp_peeq(i))-1)-... 
                         C2/gamma2*((2*exp(gamma2*exp_peeq1)-1)*... 
                         exp(-gamma2*exp_peeq(i))-1); 
 
    end 
end 
 
error=sum(abs((stress'-exp_stress)./exp_stress))/length(exp_peeq); 
 
end 

 

Matlab Scripts for Prager’s Kinematic Hardening Rule 

clear all 
'----alles klaar-----------------' 
I4 = eye(6); 
Iv4 = [ones(3,3)/3, zeros(3); zeros(3,6)];    Id4 = I4 - Iv4; 
H4  = [eye(3), zeros(3); zeros(3), eye(3)/2]; Hd4 = H4 - Iv4; 
J4  = [eye(3), zeros(3); zeros(3), eye(3)*2]; Jd4 = J4 - Iv4; 
I2  = [1;1;1;0;0;0]; 
stepfile = fopen('stepfile2.m','w'); 
tic 
 
 
nstep=100; 
%  dep=0.072*[1;0]/nstep; %amount of PEEQ at reversal 
dep=0.117*[1;0]/nstep; %amount of PEEQ at reversal 
fase = 1 
%ind1 = [1,2]; %[4,5]; ind1 = [1,4,5,6]; 
%ind1 = [4,5]; 
ind1 = [1,5];   %cyclic tension 
I=zeros(1,6); 
I(ind1)=ones(1,length(ind1)); 
ind0=find(~I); 
l1 = length(ind1); 
l0 = length(ind0); 
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ind2 = [2,5];   %cyclic compression 
I=zeros(1,6); 
I(ind2)=ones(1,length(ind2)); 
iind0=find(~I); 
ll1 = length(ind2); 
ll0 = length(iind0); 
 
%beginwaarden 
epq=0; 
sig = zeros(6,1); 
alfa = zeros(6,2); 
eps = zeros(6,1); 
%plotwaarden 
%  =zeros(nstep,1);sigm=zeros(nstep,1);Etp=zeros(nstep,1); 
%stappen 
teller_cum = 0; 
for i=1:nstep 
    fprintf(1,'%s %i %s \n','------ STEP ',i,' ----------------'); 
    fprintf(stepfile,'\n\n %s %i %s ',... 
        '------ STEP ',i,' ----------------'); 
    depq = 0; 
    dsig = zeros(6,1); 
    deps = zeros(6,1); 
    ddeps = zeros(6,1); 
    sig0 = sig; 
    %   ep(ind1,1)=ep(ind1,1)+dep; 
    conv = 1; 
    deps(ind0) = zeros(l0,1); 
    deps(ind1) = dep; 
    teller = 0; 
    while conv > 0.001 && teller < 5 
        teller = teller + 1 
        [dsig,depq,dalfa,D,F] =... 
            stress_increment_kin2(deps,sig,epq,alfa)%,fase); 
%         [dsig,depq,D] =... 
%             stress_increment_iso(deps,sig,epq,1);dalfa = zeros(6,1); 
        ddeps(ind0) = -D(ind0,ind0)\(sig(ind0) + dsig(ind0)); 
        ddeps(ind1) = zeros(l1,1); 
        deps = deps + ddeps; 
        conv = norm(sig(ind0)+ dsig(ind0))/norm(sig+dsig) 
    end; 
    sig  = sig  + dsig; 
    eps  = eps  + deps; 
    epq  = epq  + depq; 
    alfa = alfa + dalfa; 
 
    p_sig(i,:)   = sig'; 
    dp_sig(i,:)  = dsig'; 
    p_epq(i)     = epq; 
    dp_epq(i)    = depq; 
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    p_eps(i,:)   = eps'; 
    dp_eps(i,:)  = deps';  
    p_alfa(i,:)  = (alfa(:,1)+alfa(:,2))'; 
    dp_alfa(i,:) = (dalfa(:,1)+dalfa(:,2))'; 
 
    teller_cum = teller_cum + teller; 
    fprintf(stepfile,'\n %s  %i %s  %16.6e ','Aantal iteraties',teller,' conv:',conv); 
end; 
dep=-dep; 
 
%%%COMPRESSION%%% 
 
%ind1 = [1,5]; I=zeros(1,6);I(ind1)=ones(1,length(ind1));ind0=find(~I); 
ind2 = [2,5]; I=zeros(1,6);I(ind2)=ones(1,length(ind2));iind0=find(~I); 
for i=nstep +1:3*nstep      %amount of PEEQ for compression 
% for i=nstep +1:2*nstep+2 
    fprintf(1,'%s %i %s \n','------ STEP ',i,' ----------------'); 
    fprintf(stepfile,'\n\n %s %i %s ',... 
        '------ STEP ',i,' ----------------'); 
    depq = 0; dsig = zeros(6,1); deps = zeros(6,1); ddeps = zeros(6,1); 
    sig0 = sig; 
    %   ep(ind1,1)=ep(ind1,1)+dep; 
    conv = 1; 
    deps(iind0) = zeros(l0,1); 
    deps(ind2) = dep; 
    teller = 0; 
    while conv > 0.001 && teller < 5 
        teller = teller + 1 
        [dsig,depq,dalfa,D,F] = stress_increment_kin2(deps,sig,epq,alfa); %,fase); 
%         [dsig,depq,D] = stress_increment_iso(deps,sig,epq,1);dalfa = zeros(6,1); 
        ddeps(iind0) = -D(iind0,iind0)\(sig(iind0) + dsig(iind0)); 
        ddeps(ind2) = zeros(l1,1); 
        deps = deps + ddeps; 
        conv = norm(sig(iind0)+ dsig(iind0))/norm(sig+dsig) %norm take out 
    end; 
    sig = sig + dsig; 
    eps = eps + deps; 
    epq = epq + depq; 
    alfa = alfa + dalfa; 
    p_sig(i,:) = sig'; 
    dp_sig(i,:) = dsig'; 
    p_epq(i) = epq; 
    dp_epq(i) = depq; 
    p_eps(i,:)  = eps'; 
    dp_eps(i,:) = deps'; 
    p_alfa(i,:)  = (alfa(:,1)+alfa(:,2))'; 
    dp_alfa(i,:) = (dalfa(:,1)+dalfa(:,2))'; 
    teller_cum = teller_cum + teller; 
 
    fprintf(stepfile,'\n %s  %i %s  %16.6e ','Aantal iteraties',teller,' conv:',conv); 
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end; 
 
'aantal stappen, aantal iteraties' 
[i,teller_cum] 
 
%%%matdata%%% 
 
% %VM50 UT-3 [Bert] 
% sigy0  =  427.7228; 
% K1     = 169.9808; 
% K2     = -255.4235; 
% n1     =   31.0857; 
% n2     =   158.9715; 
% sigy = sigy0 + K1*(1.-exp(-n1*p_epq)) + K2*(1.-exp(-n2*p_epq)); 
 
 
% %VM50 UT-4 [Bert] 
% sigy0  = 386.2100; 
% K1     = 247.0590; 
% K2     = -360.9263; 
% n1     =   35.1419; 
% n2     =   136.0468; 
% sigy = sigy0 + K1*(1.-exp(-n1*p_epq)) + K2*(1.-exp(-n2*p_epq)); 
 
 
%VM50 UT-6 
sigy0  = 403.0851; 
K1     = -303.2958; 
K2     = 216.0382; 
n1     =  140.2671; 
n2     =   29.7523; 
sigy = sigy0 + K1*(1.-exp(-n1*p_epq)) + K2*(1.-exp(-n2*p_epq)); 
 
 
%plot_resultsS 
p1=plot(p_epq, p_alfa(:,1),'blue',... 
    p_epq, p_alfa(:,2),'--',... 
    p_epq, p_alfa(:,3),'green',... 
    p_epq, abs(p_sig(:,1)),':',... 
    p_epq, abs(p_sig(:,2)),'*r',... 
    p_epq, sigy, 'magenta'); 
p1(2).LineWidth = 1; 
p1(4).LineWidth = 1.2; 
ylabel('True Stress (MPa)'); 
xlabel('PEEQ'); 
legend('Alpha11','Alpha22','Alpha33','S11','S22','Yields'); 
grid on; 
hold on; 
function [dsig,depq,dalfa,D,F] = stress_increment_kin2(deps,sig,epq,alfa) 
% Input: 
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% deps:  Strain increment 
% sig:   Stress tensor at start of step. 
% epq:   Equivalent plastic strain at start of step (SCALAR) 
% alfa:  Back Stress tensors at start of step. 
% Output: 
% deps:  Strain increment 
% dsig:  Stress tensor increment during step. 
% depq:  Equivalent plastic strain increment during step 
% dalfa: Back Stress tensor increments during step. 
I4 = eye(6); 
Iv4 = [ones(3,3)/3, zeros(3); zeros(3,6)]; 
Id4 = I4 - Iv4; 
H4  = [eye(3), zeros(3); zeros(3), eye(3)/2]; 
Hd4 = H4 - Iv4; 
J4  = [eye(3), zeros(3); zeros(3), eye(3)*2]; 
Jd4 = J4 - Iv4; 
[G,Cb,sigy,Et,h,c] = mat_data(epq); 
dsigh = 3*Cb*Iv4*deps; 
ds = 2*G*Hd4*deps; 
s = Id4*sig; 
st = s + ds; 
R = sqrt((3/2)*(st-alfa(:,1)-alfa(:,2))'*J4*(st-alfa(:,1)-alfa(:,2))); 
 
phi = R - sigy; 
dphi = (s-alfa(:,1)-alfa(:,2))'*deps; %if norm(s-alfa) < 0.01; dphi = 0.01; end 
if(phi > 0 && dphi > 0); 
    [depq,n,mu,theta,xi]=incdep(s,alfa,deps,epq); %depq = 1*depq 
    depsp = sqrt(3/2)*depq*Jd4*n;%[deps,depsp] 
    ds = 2*G*Hd4*(deps - depsp); % eqn (14) 
    dalfa = [(Hd4*depsp*h(1) - alfa(:,1)*depq*c(1))/(1 + c(1)*depq),... 
        (Hd4*depsp*h(2) - alfa(:,2)*depq*c(2))/(1 + c(2)*depq)];  %eqn (28) 
    Y = n*n'; 
    an1 = alfa(:,1)*n'; 
    an2 = alfa(:,2)*n'; 
    D = 3*Cb*Iv4 + 2*mu*Hd4 - 2*theta*Y - 2*(an1*xi(1)+an2*xi(2)); %material tangent 
eqn (38) 
    F = (1/3/Cb)*Iv4 + (1/2/mu)*Jd4 +... 
        (1/2/mu/(mu - theta - xi(1)*n'*J4*alfa(:,1) - xi(2)*n'*J4*alfa(:,2)))*... 
        J4*(theta*Y + xi(1)*an1 + xi(2)*an2)*J4; %inversion of material tangent (42) 
else 
    D =     3*Cb*Iv4 +     2*G*Hd4; 
    F = (1/3/Cb)*Iv4 + (1/2/G)*Jd4; 
    depq = 0; 
    dalfa = zeros(6,2); 
end; 
%incrementen: 
dsig = ds + dsigh; 
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