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Samenvatting

Het gebruik van numerieke simulaties is essentieel voor het bepalen van de prestaties
en structurele integriteit van mechanismen en robots. Er worden steeds hogere eisen
gesteld aan de specificaties van deze apparaten en dus ook aan de nauwkeurigheid
van de numerieke simulaties. Door het gebruik van complexere modellen kan de
simulatie nauwkeurigheid verhoogd worden. Echter, heeft dit tot gevolg dat de
rekentijd van de simulaties langer wordt. Het toepassen van model reductie
technieken op de onderliggende modellen kan een uitkomst bieden om de rekentijd te
verkorten, terwijl de beoogde nauwkeurigheid behouden blijft. In dit proefschrift
wordt onderzocht hoe model reductie technieken toegepast kunnen worden voor het
reduceren van flexibele multibody modellen. Het startpunt is een numerieke aanpak
die gebaseerd is op niet-lineaire eindige elementen, zoals het balk en scharnier
element. Mechanismen die bestaan uit balk-achtige onderdelen kunnen met deze
methode goed gesimuleerd worden. Echter, als de onderdelen niet balk-achtig zijn,
of als het mechanisme uit erg veel onderdelen bestaat, kan het multibody model
dusdanig complex worden waardoor de benodigde rekentijd onacceptabel wordt.
Daarom zijn er twee verschillende types van model reductie onderzocht. Het
eerste type, genaamd component model reductie, kan toegepast worden om op
een efficiënte en nauwkeurige manier complex gevormde flexibele onderdelen te
modelleren. Het tweede type, genaamd systeem model reductie, probeert vervolgens
de complexiteit van het hele niet-lineaire multibody model te reduceren. Beide types
van model reductie worden gedemonstreerd aan de hand van het modelleren van een
grote-slag elastisch precisie mechanisme met twee vrijheidsgraden.

Voor het eerste type is een zogenaamde ‘two-node non-linear superelement’
ontwikkeld zodat onderdelen van arbitraire vorm met twee interface oppervlakken
naar andere onderdelen, efficiënt opgenomen kunnen worden in een multibody
model. Er wordt aangenomen dat de vervormingen van het superelement klein
blijven ten opzichte van een meedraaiend assenstelsel. Met deze aanname kunnen
de dynamische eigenschappen van het superelement bepaald worden met behulp
van een gereduceerd lineair eindig elementen model. De belangrijkste bijdrage van
de voorgestelde methode is het gebruik van ‘deformable-interface modes’ die de

v



vi SAMENVATTING

vervorming van de interface oppervlakken van het superelement beschrijven.
Dit maakt het mogelijk om superelementen elastisch met elkaar te verbinden.
Hiermee kan een onderdeel ook gemodelleerd worden met een combinatie van
meerdere superelementen. Grote vervormingen van het onderdeel kunnen op
deze manier nauwkeurig beschreven worden, zolang de vervormingen van de
individuele superelementen klein blijven ten opzichte van hun meedraaiende
assenstelsels. Absolute coördinaten worden gebruikt om de posities en oriëntaties
van de interface oppervlakken van een superelement te beschrijven. Hierdoor kunnen
de superelementen eenvoudig met elkaar verbonden worden om een nauwkeurig
model te creeëren van een compleet mechanisme. Het grote-slag elastisch precisie
mechanisme is op deze manier gemodelleerd. Dit model bleek nauwkeurig en een
stuk minder complex te zijn ten opzichte van een model verkregen met klassieke
eindig elementen. Echter, waren de rekentijden van de simulaties nog te lang om
bijvoorbeeld snel gesloten lus simulaties uit te kunnen voeren.

Daarom is een systeem model reductie methode ontwikkeld, zodat elastische
mechanismen die een grote slag ondergaan toch efficiënt gesimuleerd kunnen
worden. Voor een nauwkeurig model van dit soort mechanismen is het belangrijk
dat geometrische niet-lineariteiten goed meegenomen worden, aangezien de stijfheid-
seigenschappen aanzienlijk kunnen veranderen bij grote vervormingen. Om grote
vervormingen nauwkeurig te kunnen modelleren zijn er veel eindige elementen nodig,
zodat de vervormingen van de elementen zelf klein kunnen blijven. Het gebruik
van meer elementen verhoogt, behalve het aantal vrijheidsgraden, ook de hoogste
eigenfrequentie van het model. Deze verkleint op zijn beurt de toelaatbare grote van
de tijdstappen van expliciete tijdsintegratoren. Om grotere tijdstappen en daarmee
snellere simulaties mogelijk te kunnen maken, probeert de voorgestelde systeem
model reductie methode ongewenste eigenmodes met hoge eigenfrequenties te
onderdrukken. Dit terwijl de geometrische niet-lineariteiten en gewenste eigenmodes
behouden blijven in het gereduceerde model. De onderdrukking van de ongewenste
eigenmodes wordt gerealiseerd door relaties aan te brengen tussen de vrijheidsgraden
van het model. Deze relaties kunnen zowel lineair als niet-lineaire zijn. De niet-
lineaire variant is gebruikt om het model van het grote-slag elastisch precisie
mechanisme te reduceren. Het is aangetoond dat deze methode correct de gewenste
eigenmodes behoudt, terwijl de benodigde rekentijd van de simulaties significant
verminderd.



Summary

Numerical simulations are essential to determine the characteristics, performance and
structural integrity of mechanisms and robots. With increasingly higher demands
on the specifications of such devices, the demands on the accuracy of the numerical
models increases as well. Increasing the complexity of the models, inherently increases
the computational time of the simulations. Model reduction techniques can offer a
reduction of the simulation time, while maintaining sufficient accuracy. In this work,
the modelling of flexible multibody systems is considered. The starting point is a
numerical approach based on non-linear finite elements such as beams, trusses and
hinges. In particular the spatial beam element has proven to offer a numerical efficient
analysis of mechanisms that consist of beam-like components. However, for systems
with complex-shaped parts, or for systems composed of a rather large number of
beams, the dimensionality of the model increases. Hence, two types of model reduction
techniques are investigated for the efficient and accurate modelling of such flexible
multibody systems. The first type deals with the efficient and accurate modelling of
individual components that may be flexible and have a complex geometry. This is
referred to as component model reduction. The second type attempts to reduce a
complete non-linear multibody system and can therefore be referred to as a system
model reduction approach. Both methods are demonstrated by modelling a large-
stroke two degree of freedom compliant positioning mechanism.

For the first type, a non-linear two-node superelement is proposed for efficient
modelling of arbitrary-shaped flexible members with two interfaces in a flexible
multibody model. The formulation is based on a small rotation and displacement
hypothesis in a local co-rotational frame. Component mode substructuring methods
can then be used to determine the dynamical properties of the superelement from
a linear finite element model. The key contribution is the inclusion of so-called
deformable-interface modes to model the deformability of the interface surfaces.
This allows for an elastic connection to other superelements. With this capability, a
component can be modelled with a number of superelements and its dynamical
properties can be accurately analysed even for large deflections provided that the
deformations remain small with respect to the co-rotational frames. Unlike more
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conventional approaches that define the reduced model in terms of absolute and
relative coordinates, the presented superelement approach uses only absolute
coordinates. This allows for an easy assembly of superelements to create an
accurate model of a mechanism or robot. For the compliant two degree of freedom
mechanism, the obtained model is accurate and substantially reduced in size
compared to a classical finite element model. However, the model is still too
complex to obtain fast simulation times to perform for example closed-loop time
response simulations.

Therefore, a system model reduction method is proposed for efficient time-
integration of compliant mechanism models that undergo large deflections. Of
particular importance for the modelling of this class of mechanisms is the accurate
description of geometric non-linearities, as stiffness characteristics can change
significantly during deflection. The modelling of large deflections requires a
sufficient number of finite elements to ensure that deformations remain small in a
co-rotational context. Increasing the number of elements, increases, besides the
number of degrees of freedom, also the largest eigenfrequency in the model. This
reduces the allowable step size, in particular for explicit time-integrator methods.
The proposed reduction method aims to suppress the high frequency vibrational
modes which are not important for the desired simulation results, while retaining
the geometric non-linearities in the reduced model. For this purpose constraint
relations that inhibit the motion of unwanted higher vibrational modes are added
between the independent generalized coordinates that define the configuration of
the model. These constraint relations can be linear or non-linear. The non-linear
variant, which is referred to as the interpolated basis method, is used to reduce the
model of the two degree of freedom compliant mechanism. It is demonstrated that
the method yields a reduced model that correctly preserves the vibrational modes of
interest, while yielding a significant increase in the computational efficiency for the
time-integration of the equations of motion.



Nomenclature

Notation

x A scalar x

x A vector x

X A matrix X

δ• Virtual variations of • or pertubations of •

•p or •q Scalar, vector or matrix quantity at the p or q side of a finite element

•r Average Euler parameters or rotation matrix of the p and q side

•T Transpose of •

•−1 Inverse of •

•(k) Quantity of the kth element

•(0) Subset of coordinates of • that are prescribed to be fixed

•(m) Subset of coordinates of • that are associated with the degrees of
freedom of the model

•(i) Quantity associated with the ith node of the linear FE model, or a
collection of matrices

•x, •y or •z The x, y or z component of •

•0 Initial state or value of •

•̇ First time derivative of •

•̈ Second time derivative of •

•,x Derivative of • to x (Jacobian matrx)

•,xx Second derivative of • to x (Hessian matrix)

•,xxx Denotes multiplication over the last dimension of •,xx, i.e. •i,jk xk

•T,xxx Denotes multiplication over the first dimension of •,xx, i.e. •i,jk xi

•,xxx Third derivative of • to x

ix



x NOMENCLATURE

•̄ Kinematic quantity related to the reference frame of the linear
superelement

Abbreviations

AMI Adaptive modal integration

DAE Differential algebraic equation

FBM Fixed basis method

FE Finite element

GMP Global modal parametrization

IBM Interpolated basis method

MSI Modal subspace interpolation

ODE Ordinary differential equation

SVD Singular value decomposition

Vector functions

D Deformation vector function

E Geometric transfer function, related to deformation coordinates

F Geometric transfer function, related to nodal coordinates

G Constraint vector function

P Path coordinates vector function

Q The gross reference motion

V The interpolated modal subspace

Vectors Latin

e Unit vector of a coordinate system

el Unit vector describing the direction of the element axis

f Force vector

h Velocity dependent inertia forces

n Unit vector of the inertial coordinate system, or unit normal

q Vector of independent generalized coordinates

r Cartesian position vector

s, s Vector of configuration coordinates, or the configuration coordinate

ū Nodal displacements of a linear FE model
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v Velocity vector

vi The ith eigenvector

x Vector of nodal coordinates

z Vector of reduced coordinates

Vectors Greek

ε Vector of deformation coordinates

η Vector of modal coordinates

η̄ Generalized coordinates of the linear superelement

η̄d Coordinates associated with deformable-interface modes

η̄f Coordinates associated with fixed-interface normal modes

λ Euler parameters

µ̄ Boundary coordinates of the linear superelement

σ Vector of stress resultants

ϕ̄ Rotation vector of the linear superelement

ω Angular velocity vector

Matrices Latin

0 The zero matrix

A Diagonal matrix relating deformation coordinates

B Superelement velocity transformation matrix

B1, B2 or B3 Three different superelement velocity transformation matrices

Cq Velocity sensitivity matrix in terms of independent generalized
coordinates

Cz Velocity sensitivity matrix in terms of reduced coordinates

D Element damping matrix

Dq Damping matrix in terms of independent generalized coordinates

Dz Damping matrix in terms of reduced coordinates

Gq Geometric stiffness matrix in terms of independent generalized
coordinates

Gz Geometric stiffness matrix in terms of reduced coordinates

I The identity matrix

Kq Structural stiffness matrix in terms of independent generalized
coordinates



xii NOMENCLATURE

Kz Structural stiffness matrix in terms of reduced coordinates

K̄FEM Finite element model stiffness matrix

M Element mass matrix

Mx Complete assembled mass matrix

Mq Mass matrix in terms of independent generalized coordinates

Mz Mass matrix in terms of reduced coordinates

M̄ Linear superelement mass matrix

M̄FEM Finite element model mass matrix

Nq Dynamic stiffness matrix in terms of independent generalized
coordinates

Nz Dynamic stiffness matrix in terms of reduced coordinates

R A rotation matrix

S Element stiffness matrix

S̄ Linear superelement stiffness matrix

V Matrix containing the constraint modes, projection matrix or a
matrix containing eigenvectors

Ve Matrix containing a subset of constraint modes spanning the
subspace associated with purely elastic deformations

W Matrix containing fixed-interface and deformable-interface modes,
or a dummy matrix to compute the FBM and IBM

Wd Matrix containing deformable-interface (warping) modes

Wf Matrix containing fixed-interface normal modes

Matrices Greek

Λ, Λ̄ A 3× 4 matrix with Euler parameters
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Chapter 1

Introduction

Model reduction for flexible multibody systems is the overall topic of this thesis. In this
chapter, the essence of model reduction is explained. Furthermore, a brief introduction is
given on flexible multibody systems and on the application of model reduction methods for
such systems. The research objectives of this thesis are discussed next, followed by the thesis
outline.

1.1 Background

Numerical simulations are essential in the design phases of mechanisms and
robots in order to determine their characteristics, performance and structural
integrity before the actual fabrication of a costly prototype. To decrease the
computational time of simulations, more powerful computers can be used. Following
Moore’s law [53], the number of transistors in integrated circuits, and with it the
computational power of computers, has roughly doubled every two years over the
last five decades. However, this trend does not result in a dramatic reduction of the
computational time of simulations as there is also a tendency to use this increase in
computational power for the development of more complex models that can provide
results of increased accuracy. This again creates a demand for more computational
power in order to reduce the computational time of these models. Figure 1.1
graphically depicts this vicious cycle. Though, for any given hardware setup and
model complexity, shorter simulation times can be obtained by the application of
model reduction tecniques.

The essence of model reduction is to only preserve the physical phenomena and
quantities of interest from a model of high complexity, such that a much simpler
model can be obtained which can (hopefully) be solved in a more efficient manner.
The challenge of model reduction is how to obtain a reduced model that preserves
the essential features from a model of higher complexity. There are many different
ways of reducing the complexity of a model. Depending on the type of problem
and the field of research, different model reduction methods are available. Most
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Demand for increased
computational power

Development of more

complex models

Numerical simulations
require longer

computational time

Figure 1.1: Increasing the computational power of computers, results
in the development of more complex models, which in turn increases the
computational time of the numerical simulations and again creates a demand
for more powerful computers.

of the established methods are applied to linear time-invariant systems. Modal
truncation is probably the best-known reduction method for this type of system.
Here, the model is first transformed to an equivalent modal description and
subsequently the contributions of vibrational modes with high resonance frequencies
are disregarded. In structural engineering, other well-known methods are the
Guyan–Irons reduction method [31], which preserves the static behaviour of a
structure, and the Craig–Bampton substructuring method [23], which combines
aspects of both modal truncation and the Guyan–Irons reduction method. In control
engineering, reduction methods that preserve the time-response, the input-output
behaviour or the dominant characteristics of transfer functions are often used.
Examples are proper orthogonal decomposition [44], balanced truncation [52], and
the application of the Lanczos [47] and Arnoldi [6] algorithms to construct Krylov
subspaces to reduce the model.

Only a few of the reduction methods presented in literature are mentioned above.
There are many more reduction methods each with their own advantages and disad-
vantages. Though, common to most of these methods is the assumption that the un-
derlying model considered for reduction, is linear.

The equations that describe the dynamics of mechanisms and robots are highly
non-linear. This is because the overall geometry of mechanisms can change signifi-
cantly during operation due to the large rotations and translations of components.
This thesis focuses on a class of mechanisms known as compliant mechanisms.
To create mobility in such mechanisms, the elastic deflections of typically wire-
and sheet-flexures are utilized. This research is particularly concerned with the
modelling of large-stroke compliant mechanisms because of their potential in high
precision engineering. Such mechanisms do not suffer from friction or backlash, and
have a low hysteresis, allowing high-precision and repeatability. For large-stroke
applications, the deflection of the sheet-flexures can be significant (up to ±20
degrees). Two examples of large-stroke compliant mechanisms are shown in Fig. 1.2:
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(a) Compliant straight-guidance

Complex-shaped flexible components

x
y

(b) Two degree of freedom large-stroke position-
ing mechanism

Figure 1.2: Examples of compliant mechanisms.

a compliant straight-guidance, and a two degree of freedom large-stroke positioning
mechanism. Here, the mention of ‘degree of freedom’ in relation with a mechanism,
refers to the intended mobility of that mechanism.

Flexible multibody modelling approaches are well-suited to describe these
mechanisms. In a flexible multibody system, a mechanism is described by a
collection of bodies that may or may not be rigid. They can be interconnected by
joints, actuators, springs or dampers. Each body can make arbitrary large rigid
body motions corresponding to the constraints imposed by the mechanical joints.
Depending on the formulation, the bodies may exhibit small or large elastic
deformations. In the case a body is only exhibiting small elastic deformations, linear
stiffness models, such as those obtained from a classical finite element (FE) analysis,
may be used to describe the deformations and to compute the stresses. With the
FE method, accurate models of components of arbitrary shape can be obtained.
The previously mentioned linear reduction methods may be employed to obtain a
reduced description of the component. This is referred to as component model
reduction.

The challenge of component model reduction is to include the reduced linear
model in the non-linear environment of the flexible multibody system. The most
intuitive method to achieve this is the floating frame of reference approach [62].
Here, attached to, or floating near each body is a reference frame whose position
and orientation describes the mean rigid body motion in a fixed coordinate system.
Absolute coordinates define the position and orientation of the reference frame,
whereas relative coordinates are used to describe the small elastic deformations of
the body with respect to the reference frame. The objective of component model
reduction is then to reduce the number of relative coordinates that are necessary to
describe the elastic deformations. A drawback of the floating frame of reference
method is that additional non-linear algebraic constraint equations are required to
relate the absolute and relative coordinates of interconnecting bodies. Furthermore,
the formulation leads to a highly non-linear inertia matrix that exhibits a strong
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coupling between the reference motion and the deformation [61]. This non-linear
inertia matrix can not be obtained completely from the linear reduced model.
Instead, it has to be obtained by finite elements embedded in the multibody
program for the modelling of a complex-shaped component.

A potential alternative for the inclusion of reduced linear models in a multibody
system, is the generalized strain approach introduced by Besseling [9] and further
developed by Jonker and Meijaard [38, 43, 50]. In this approach, a multibody sys-
tem is modelled as an assembly of non-linear finite elements such as beams, trusses
and hinges. For each element a fixed number of deformations modes are defined
with respect to a co-rotational frame attached to the element. The deformation
modes are characterized by deformation coordinates, so-called generalized strains,
which are expressed as analytical functions of the nodal coordinates defined in a
global inertial reference system. These functions allow for a fully non-linear
representation of the rigid body motion and the use of absolute nodal coordinates
allows for a straightforward interconnection of the elements. Furthermore, large
deflection problems can be solved accurately provided that the element size is chosen
sufficiently small such that the element deformations remain small as well. As
a consequence, the application of linear stiffness models for the computation of
the stresses is valid and this offers an opportunity for the inclusion of component
reduced linear models.

Further model reduction can be obtained with the aid of system model reduction
techniques. The aim of system model reduction is to obtain a non-linear reduced
description of the entire flexible multibody model. Global modal parametrization
(GMP) [18] and adaptive modal integration (AMI) [1] are examples of system model
reduction methods applied to flexible multibody models. In these methods, the
motion of the mechanism is separated in a non-linear nominal rigid body motion
and a configuration dependent elastic deformation part. The elastic deformations
are described by low frequency vibrational modes and are assumed to remain small
with respect to the rigid body motion. This makes these methods less suited for
the reduction of compliant mechanism models that undergo large deflections and
therefore have no rigid body motion, such as those shown in Fig. 1.2. Nevertheless,
the concept of considering only the low frequency vibrational modes also appears
promising for the reduction of compliant mechanisms, provided that the large-stroke
compliant motion can be described and the configuration dependency of the
vibrational modes can be accounted for.

1.2 Research objectives

The main objectives of this thesis can be formulated as follows:

1. The implementation of a component model reduction method for multibody sys-

tem analysis of compliant mechanisms using the generalized strain approach.

2. The development of system model reduction methods applied to flexible multibody

systems for fast and accurate simulations of compliant mechanisms.
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The two degree of freedom large-stroke compliant positioning mechanism shown in
Fig. 1.2(b), is used as an ultimate test case for the developed methods. Therefore, for
the first objective, the efficient modelling of the complex-shaped flexible components
shown in Fig. 1.2(b) and the correct modelling of the sheet flexures, are of particular
concern. These components can be characterized by two interface surfaces, resulting
in the development of a so-called non-linear two-node superelement.

With the superelement description of the first objective, an accurate model of the
compliant mechanism of Fig. 1.2(b) can be developed. However, due to the large
number of elements required to model such a mechanism, the computational time of
numerical simulations is unacceptable. Therefore, a suitable system model reduction
method needs to be developed and applied.

1.3 Outline

The thesis consists of two parts. The first part, consisting of Chapters 2, 3 and 4,
deals with component model reduction. Chapters 5, 6 and 7 make up the second part,
where the system model reduction methods are presented and applied.

Chapters 2, 3, 5 and 6 are written as journal paper contributions. This results in
some overlap between Chapters 2 and 3, and between Chapters 5 and 6. However,
this has the advantage that each of these chapters can be read independently from
the other chapters.

In Chapter 2, the implementation of the two-node non-linear superelement is
investigated. It is assumed that the two interface surfaces which are used to connect
the superelement to neighbouring elements, remain rigid.

In Chapter 3 the superelement method is extended with deformable-interface
modes to model local deformations of the interface surfaces. This allows for
a compliant connection to other superelements. It is discussed how a proper
compliant interconnection of superelements should be obtained. In particular, the
computation of modes that model the warping of the cross-section due to a twist of
the component, are discussed.

Chapter 4 discusses the design of the two degree of freedom large-stroke compliant
positioning mechanism of Fig. 1.2(b). With the aid of superelements, a complete
multibody model of the mechanism is developed. A comparison is made between
eigenfrequency results obtained with the developed model and those of a classical
non-linear FE analysis.

In Chapter 5 a system model reduction method based on constraining the
degrees of freedom of a planar flexible multibody model, is developed. Linear
constraints, determined with a singular value decomposition (SVD) analysis, are
applied to the degrees of freedom in such a way that high frequency vibrational
modes are suppressed.

In Chapter 6, the method of Chapter 5 is extended to handle spatial mechanisms.
The application of both linear and non-linear constraints are considered, yielding a
fixed basis method and an interpolated basis method, respectively.
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In Chapter 7, the interpolated basis method of Chapter 6 is further developed so
that it can be applied to reduce the model obtained in Chapter 4 of the compliant
positioning mechanism shown in Fig. 1.2(b). With the reduced model, eigenfrequency
results are computed along a prescribed path and compared to those of the unreduced
model of Chapter 4. To conclude, a closed-loop time-response simulation of the
reduced model is performed.

Conclusions are presented in Chapter 8, followed by some recommendations for
further research.



Part I

Component model reduction:
superelements





2
Chapter 2

A non-linear two-node superelement
for use in flexible multibody systems

Abstract A non-linear two-node superelement is proposed for the modelling of flexible
complex-shaped members for use in multibody simulations. Assuming that the elastic
deformations with respect to a co-rotational reference frame remain small, substructuring
methods may be used to obtain reduced mass and stiffness matrices from a linear finite
element model. These matrices are used in the derivation of potential and kinetic energy
expressions of the non-linear two-node superelement. By evaluating Lagrange’s equations,
expressions for the internal and external forces acting on the superelement can be obtained.
The inertia forces of the superelement are derived in terms of absolute nodal velocities
and accelerations, which greatly simplifies the dynamic formulation. Three examples are
included. The first two examples are used to validate the method by comparing the results
with those obtained from non-linear beam element solutions. We consider a benchmark
simulation of the spin-up motion of a flexible beam with uniform cross-section and a similar
simulation in which the beam is simultaneously excited in the out-of-plane direction. Results
from both examples show good agreement with simulation results obtained using non-linear
finite beam elements. In a third example, the method is applied to an unbalanced rotating
shaft, illustrating the potential of the proposed methodology for a more complex geometry.

2.1 Introduction

In flexible multibody systems, the non-linear flexible beam element is a popular
tool for modelling flexible members with uniform cross-section because of accurate
proven results for small and large deflections and because of its numerical effi-
ciency. Due to these advantages they are included in many multibody modelling
approaches. A variety of well established non-linear beam element formalisms can
be found in literature [28, 62]. In general, the derivations of the mass and stiffness

Published in: Multibody System Dynamics (S.E. Boer, R.G.K.M. Aarts, J.P. Meijaard, D.M.
Brouwer, J.B. Jonker)
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matrices of a beam element are based on the elastic line concept, where the elastic
line is described using polynomial expressions. This allows accurate modelling of
slender components with a uniform cross-section. However, it is less suited for
the modelling of complex-shaped flexible members where the cross-sectional
properties are varying significantly over the length of the component. Nevertheless,
the kinematic description of a non-linear beam element presented in [38] offers an
opportunity to develop an efficient modelling approach of such components by
combining this description with substructuring methods for the determination of the
mass and stiffness properties, instead of using the elastic line concept.

The development of substructuring methods for the model reduction of lin-
ear finite element (FE) models has its origins in the 1960s with the works of
Hurty [36, 37] and Craig and Bampton [23]. A substructure is obtained by pro-
jecting the dynamics of a linear FE model onto a lower dimensional subspace
spanned by so-called component modes. The component modes may be a collection
of different kinds of modes such as rigid body, normal and constraint modes.
The constraint modes are similar to the modes identifiable in the Guyan–Irons
reduction method [31]. In general, substructuring techniques differ in the types
of modes used in the component mode reduction basis. A detailed overview
of the now-available substructure methods and their differences can be found
in [24, 46, 58]. Substructure methods are often employed for describing elastic
deformations in multibody systems as the physical meaning of the nodal coordinates
on the boundaries or interface surfaces are retained. This allows easy interfacing
with other components. An alternative approach to the use of substructure
methods is presented by Lehner and Eberhard [48, 49]. Here Krylov-subspace based
projection methods are used to obtain an input–output model that preserves the
dynamical properties in a predefined frequency range.

The analysis and simulation of mechanisms with complex-shaped components
that undergo large rigid body motions and small elastic deformations is un-
avoidably costly in terms of computational time when using classical non-linear
FE approaches. Therefore, several research groups have adopted substructuring
methods in their multibody code to attain better performance while retaining a
good numerical accuracy. To include substructures in a multibody environment, the
floating frame of reference approach is often employed [4, 45, 48, 49, 59, 60, 71,
72, 73]. Here the rigid body motion of the component is described by absolute
coordinates which define the position and orientation of the floating frame. The
small elastic deformations, described by relative coordinates, are superimposed onto
the rigid body motion. Shabana et al. [4, 59, 60] propose the use of substructure
shape functions or shape vectors for the modelling of the elastic deformations. The
approach using shape vectors is based on a lumped mass technique similar to the
method presented by Haug et al. [71, 72, 73]. In the case of substructure shape
functions, the more accurate consistent mass formulation can be used. However, the
determination of such shape functions requires using finite elements embedded in
the multibody program for the modelling of the complex-shaped component. In the
approach developed by Cardona et al. [19, 20, 21], a substructure can directly be
included in a multibody analysis regardless of the FE software that is used to create
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the substructure. The only inputs are the reduced mass and stiffness matrices of
the substructure. The formulation is based on an approximation of the kinetic
energy in terms of absolute nodal velocities expressed in a co-rotational frame.
Bauchau and Rodriguez [8] used this approach for their formulation of modal based
elements, where any type of modal basis can be chosen. Common to these methods
is that substructure models with an arbitrary number of interface surfaces for the
connection to other components can be considered.

The focus of this paper is to develop an efficient modelling approach allowing ar-
bitrary rigid body motion and small elastic deformations of complex-shaped flexible
members that can be characterized by two interface surfaces. Such components are
quite common in robotics and high precision mechanisms [27], e.g. robot arms
or complex-shaped flexible members. For accurate dynamic simulations, correct
inclusion of their physical properties in a multibody model is paramount. To
achieve this, we adopt the kinematic model of a non-linear beam element proposed
in [38]. By combining this kinematic model with a substructure method for the
determination of the mass and stiffness properties, a so-called non-linear two-node
superelement is obtained.

In the kinematic model of the non-linear beam element, absolute nodal position
and orientation coordinates, in the form of Euler parameters, are used to describe
the configuration of the element in an inertial reference frame. For describing the
elastic deformations, the concept of specifying independent deformations modes is
employed [38]. The independent deformations modes are defined in a co-rotational
frame, which allows the use of linear stiffness models for the computation of the
stresses, provided that the elastic deformations remain small. This formulation
appears to be very advantageous when dealing with the modelling of flexible
multibody systems that may consist of elastic and rigid components [43]. The
condition of rigidity can directly be accounted for by prescribing the associated
deformations to be zero. For example, this allows for a direct suppression of the high
frequency elongation mode of the element. Furthermore, element interconnectivity
can be realized by elements sharing their absolute nodal coordinates circumventing
the need to add additional algebraic constraints to the equations of motion. The
non-linear two-node superelement inherits these properties by using the kinematic
model of this non-linear beam element.

The substructure mass and stiffness matrices are obtained by applying the
constraint modes of the Craig–Bampton method to a linear FE model created with
commercially available FE software. The resulting substructure will be referred to
as a linear two-node superelement. The potential and kinetic energy expressions of
the linear two-node superelement are used as a basis for the determination of the
potential and kinetic energy expressions of the non-linear two-node superelement.
From the potential and kinetic energy expressions, the equivalent mass and stiffness
matrices of the non-linear two-node superelement are determined. Subsequently,
by evaluating Lagrange’s equations, the internal and external forces acting on
the non-linear superelement are derived. Specific care has to be taken for the
determination of the kinetic energy of the non-linear two-node superelement. This
requires expressing the absolute nodal velocities in a co-rotational frame similar to
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the approach of Cardona [21]. The transformation of the absolute nodal velocities
can be achieved in different ways and influences the accuracy of the kinetic energy
estimation.

The derivation is based on the assumption of infinitesimal elastic deformations in
a co-rotational frame, though accurate results can still be obtained for small elastic
deformations. The interfaces surfaces to which other components can be attached
are considered to be rigid. Furthermore, it is assumed that the constraint modes are
sufficient for describing the lower vibrational modes in dynamic analysis. This is
often the case for the first vibrational bending modes of flexible members. Increased
accuracy in dynamic analysis can be realized by including the fixed-interface
normal modes of the Craig–Bampton method. However, the focus of this paper
is on determining a suitable approach for the estimation of the kinetic energy
which is dependent on the transformation of the absolute nodal velocities that
are directly linked with the constraint modes. Therefore, other modes like the
fixed-interface normal modes, which are non-essential to the transformation of the
absolute nodal velocities, are not considered. With these assumptions, slender
complex-shaped flexible members can be adequately modelled, as well as a variety of
other components where two rigid interface surfaces can be defined.

The contents of this paper are organized as follows. In Section 2.2 the linear
two-node superelement is derived and expressions for its potential and kinetic
energy are given. Section 2.3 establishes the formulation of the non-linear two-node
superelement. The method is validated in Section 2.4, where two spinning beam
examples and an unbalanced rotating shaft example are presented.

2.2 Linear two-node superelement

2.2.1 Boundary coordinates and constraint modes

Fig. 2.1 shows a linear FE model of a flexible complex-shaped component, which is
obtainable with FE software such as Ansys®. In order to construct a linear two-node
superelement, boundary nodes p and q are introduced at either side of the component.
In the initial undeformed configuration, the location of the coordinate system, with
base vectors ēx, ēy and ēz, is specified to coincide with node p with its x-axis pointing
toward node q. The orientation of the coordinate system around the x-axis can be
chosen arbitrarily.1

Finite element models of complex-shaped components are commonly created using
solid elements which have only translational degrees of freedom. To be able to load a
single boundary node by both forces and moments, both translational and rotational
coordinates are required in the superelement formalism. To achieve this for a FE
model with only translational degrees of freedom, the nodes on the interface surfaces
are rigidly attached to the boundary nodes, see Fig. 2.1. The displacement and
orientation of the boundary nodes then prescribe the displacements of the nodes on

1Subsequently, the overbar will denote a kinematic quantity related to the coordinates system
[ēx, ēy , ēz].
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Figure 2.1: Finite element model of a flexible complex-shaped component.

the interface surfaces. The boundary node displacements and rotations are collected
in the vector of boundary coordinates µ̄,

µ̄ =
{

ūpT, ϕ̄pT, ūqT, ϕ̄qT
}T

, (2.1)

where ūp, ϕ̄p, ūq and ϕ̄q are the nodal displacement and rotation vectors of boundary
nodes p and q, respectively.

By means of the constraint modes of the Craig–Bampton component mode
method [23], the nodal displacements ū of the linear FE model can be expressed in
terms of the boundary coordinates µ̄,

ū = V µ̄, (2.2)

where V is the matrix of constraint modes. A constraint mode is defined as the
static deformation of a component generated by applying a unit displacement on a
boundary coordinate while fixing all other boundary coordinates [24]. The resulting
set of constraint modes spans the static response of the component to loads applied
on the boundary nodes. Note that a correct static response is only obtained if the
interface surfaces can be considered rigid. The two-node superelement has a total
of twelve constraint modes, three rotational and three translational modes at either
side, see Fig. 2.2.

2.2.2 Potential energy

It should be noted that the constraint modes implicitly contain all six rigid body
modes. For example, V1 + V7 results in a rigid body translation in the x-direction.
With similar linear combinations of the constraint modes, all rigid body movements
can be described. However, for the determination of the potential energy only the
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ūp
z ϕ̄p

x ϕ̄p
y

ϕ̄p
z

ūq
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Figure 2.2: The twelve constraint modes of a FE model of a beam, as they
appear column-wise in the matrix V with associated boundary coordinates.

contributions of the elastic deformations are needed. A 6-D subspace of the constraint
mode matrix V spans the space associated with purely elastic deformations. The
choice of base vectors for this subspace is not unique. A possible choice consists
of the constraint modes belonging to the elongation V7, torsion V10, and the four
bending modes V5, V11 and V6, V12. The vector of elastic nodal displacements, ūe,
of the linear FE model can then be expressed as

ūe = Veµ̄e, (2.3a)

where
Ve =

[

V7, V10, V5, V11, V6, V12

]

(2.3b)

and
µ̄e =

{

ūq
x, ϕ̄q

x, ϕ̄p
y, ϕ̄q

y, ϕ̄p
z , ϕ̄q

z

}T
. (2.3c)

Here Ve is the matrix containing the deformation modes with associated deformation
boundary coordinates µ̄e.

With Eq. (2.3a) the potential energy, P , of the superelement can be expressed in
terms of the elastic boundary coordinates µ̄e,

P =
1

2
ūT
e K̄FEMūe =

1

2
µ̄T

e V
T
e K̄FEMVeµ̄e. (2.4)

where K̄FEM is the stiffness matrix of the linear FE model. From Eq. (2.4), we can
define the 6× 6 reduced stiffness matrix S̄ as

S̄ = V T
e K̄FEMVe. (2.5)

2.2.3 Kinetic energy

To determine the expression for the kinetic energy, Eq. (2.2) is differentiated with
respect to time, yielding

˙̄u = V ˙̄µ = V v̄ (2.6a)
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where
v̄ =

{

v̄pT, ω̄pT, v̄qT, ω̄qT
}T

. (2.6b)

Here v̄ is the vector of absolute boundary velocities containing the boundary node
translational velocities, v̄p and v̄q, and angular velocities, ω̄p and ω̄q, of nodes p and
q, respectively. Their components are expressed along the base vectors ēx, ēy and ēz .
The kinetic energy, T , can be expressed as

T =
1

2
˙̄uTM̄FEM

˙̄u =
1

2
v̄TV TM̄FEMV v̄, (2.7)

where M̄FEM is the mass matrix of the linear FE model. From Eq. (2.7), we can define
the 12× 12 reduced mass matrix M̄ as

M̄ = V TM̄FEMV . (2.8)

2.3 Non-linear two-node superelement

The linear two-node superelement cannot be used to describe large rigid body
rotations due to the linear approximation of rotations in its kinematic model. To
obtain a non-linear two-node superelement capable of large rigid body rotations and
small local deformations, a kinematic model is required that correctly describes the
element’s configuration in 3-D space when undergoing large rigid body rotations.
The first part of this section describes the kinematic model that is used for this
purpose. Then in the second and third part, using the expressions of the potential
and kinetic energy of the linear two-node superelement, we derive expressions for the
potential and kinetic energy of the non-linear two-node superelement. Its dynamic
relations can then be derived using Lagrange’s equations.

2.3.1 Nodal coordinates and deformation modes

Identical to the non-linear beam element introduced in [38], the configuration of the
non-linear two-node superelement is defined by the position vectors rp and rq and the
orientation of the orthonormal triads,

[

epx, epy, epz
]

and
[

eqx, eqy, eqz
]

rigidly attached
to the nodes p and q, see Fig. 2.3. In the initial undeflected state, the triads coincide
with the initial orientation described by the rotation matrix R0. In a deflected state,
the orientation of the triads can be computed from the rotation matrices Rp and Rq ,
which describe the orientation of nodes p and q with respect to the initial orientation,

[

epx, epy, epz
]

= RpR0

[

nx, ny , nz

]

,
[

eqx, eqy, eqz
]

= RqR0

[

nx, ny, nz

]

.
(2.9)

Here nx, ny and nz are the unit vectors of the inertial reference frame. The initial
orientation R0 is used such that in the assembly of the finite elements the rotation
coordinates that parametrize rotation matrices Rp and Rq can be shared by multiple
elements. The parametrization of rotations can be accomplished in several ways, such
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Figure 2.3: The configuration of the non-linear two-node superelement
expressed in the inertial reference frame.

as by modified Euler angles, Euler parameters, Rodrigues parameters or the Cartesian
rotation vector [28]. In this paper we use Euler parameters for the parametrization
of rotations to avoid singularity problems associated with Euler angles and to avoid
the use of trigonometric functions. Instead, the components of a rotation matrix R,
parametrized with Euler parameters, are computationally efficient quadratic algebraic
expressions [38].

We now have as nodal coordinates of the non-linear two-node superelement two
sets of Cartesian coordinates, rp and rq, describing the nodal positions in the inertial
coordinate system and two sets of Euler parameters, λp and λq, representing the
orientation of the triads

[

epx, epy, epz
]

and
[

eqx, eqy, eqz
]

at nodes p and q. The vector
x of nodal coordinates can then be written as

x =
{

rpT, λpT, rqT, λqT
}T

. (2.10)

Note that the parametrization of rotations is redundant due to the constraint λTλ =
1, imposed on the Euler parameters of Eq. (2.10). This results in a total of twelve
independent nodal coordinates.

The time derivatives of Eq. (2.10) are

ẋ =
{

ṙpT, λ̇pT, ṙqT, λ̇qT
}T

. (2.11)

The 14 × 1 vector ẋ can be related with the 12× 1 absolute nodal velocity vector v
by

v =
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where vp and vq are the absolute nodal translational velocities and ωp and ωq are
the absolute nodal angular velocities respectively defined by

ωp = 2Λpλ̇p and ωq = 2Λqλ̇q. (2.13)

Here the matrices Λp and Λq are defined by the Euler parameters λp and λq and are
of the following form:

Λ =





−λ1 λ0 −λ3 λ2

−λ2 λ3 λ0 −λ1

−λ3 −λ2 λ1 λ0



 . (2.14)

with λ0, λ1, λ2 and λ3 being the four Euler parameters of a vector λ.

To determine the elastic deformations of the non-linear two-node superelement
from the configuration given by the nodal coordinate vector x, we employ the con-
cept of specifying independent deformation modes from the non-linear beam element
model [38, 43]. As the superelement has twelve independent nodal coordinates and
six rigid body modes, six independent deformation modes, specified by a set of
deformation coordinates, ε, can be expressed as analytical functions of the nodal
coordinate vector x and the reference length l0 [43],

ε = D (x) , (2.15a)

where

ε1 = l − l0,

ε2 = l0
(

epz · e
q
y − epy · e

q
z

)

/2,

ε3 = −l0 el · e
p
z,

ε4 = l0 el · e
q
z,

ε5 = l0 el · e
p
y,

ε6 = −l0 el · e
q
y,

(2.15b)

with

l = ‖rq − rp‖ and el = (rq − rp) /l. (2.15c)

Here epy, e
p
z, e

q
y and eqz are defined by Eq. (2.9). The deformation coordinates represent

a set of deformation modes, where the first deformation coordinate ε1, describes the
elongation of the element, the second one, ε2, describes the torsion, and the remaining
coordinates are associated with the bending deformations. The deformation modes are
visualized in Fig. 2.4. The definitions of the deformation coordinates are invariant
under arbitrary rigid body motion of the superelement. We note that the method
outlined here is not particularly restricted to the set of deformation coordinates given
above. Other descriptions that describe six independent deformation modes in terms
of the absolute nodal coordinates could be used as well.
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Figure 2.4: Graphical representation of the deformation modes with
deformation coordinates ε1 through ε6.

2.3.2 Potential energy

Relating deformation coordinates

With an expression for the potential energy of the non-linear two-node superelement,
the internal forces acting on the superelement can be determined. The potential
energy can be expressed in terms of the deformation coordinates ε,

P =
1

2
εTSε. (2.16)

Here S is the 6×6 equivalent stiffness matrix of the non-linear two-node superelement.
An expression for S can be obtained by relating Eq. (2.16) with the potential

energy of the linear two-node superelement given by Eq. (2.4). This requires relating
the deformation coordinates ε with the deformation boundary coordinates µ̄e. From
Fig. 2.2 and Fig. 2.4, it can be verified that when considering infinitesimal elastic
deformations, this relation is given by

µ̄e = Aε, (2.17a)

where

A = diag

([

1,
1

l0
, −

1

l0
,

1

l0
, −

1

l0
,

1

l0

])

. (2.17b)

The matrix A is diagonal due to the choice of base vectors in Eq. (2.3).

Equivalent stiffness matrix

Substituting Eqs. (2.17a) and (2.5) in Eq. (2.4) and equating the result with Eq. (2.16)
yields

P =
1

2
εTATS̄Aε =

1

2
εTSε. (2.18)
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From Eq. (2.18) the 6× 6 equivalent stiffness matrix S can be identified as

S = ATS̄A. (2.19)

The stiffness matrix S remains constant during a simulation. Note that the stiffness
matrix S̄ of the linear two-node superelement (see Eq. 2.5) can directly be derived
from a FE model created with FE software such as Ansys.

2.3.3 Kinetic energy

Relating velocities

With an expression for the kinetic energy of the non-linear two-node superelement,
the external forces acting on the superelement can be determined. The kinetic energy
can be expressed in terms of the nodal coordinate time derivatives ẋ,

T =
1

2
ẋTMẋ, (2.20)

where M is the 14× 14 equivalent mass matrix of the non-linear two-node superele-
ment.

Similar to the approach used in Section 2.3.2, an expression for the equivalent
mass matrix can be obtained by relating the kinetic energy of Eq. (2.20) with the
kinetic energy of the linear two-node superelement given by Eq. (2.7). This requires
relating the time derivatives of the nodal coordinates, ẋ, with the absolute boundary
velocities v̄ whose components are expressed along the base vectors ēx, ēy and ēz ,
see Fig. 2.1. To determine this relation we will reintroduce the coordinate system
[ēx, ēy, ēz] from the linear superelement in Fig. 2.1 as the co-rotational frame of
the non-linear superelement. Furthermore, with Eq. (2.12), we already have the
transformation between the vector ẋ and the absolute nodal velocities v expressed in
the inertial reference frame. Then, by expressing the absolute nodal velocities v in
the co-rotational frame [ēx, ēy, ēz] we obtain the vector v̄.

We will investigate three approaches for expressing the absolute velocities in the
co-rotational frame. They are visualized in Fig. 2.5 for a deflected beam which has a
rolling support on the left and is clamped on the right. The first approach is a
transformation with a node-attached reference frame, see Fig. 2.5(a). Secondly,
a transformation with an average orientation reference frame is considered, see
Fig. 2.5(b). Thirdly, we investigate an approach inspired by the method proposed
by Cardona [21]. Here the angular velocities are expressed in the coordinate systems
attached to the superelement nodes while the translational velocities are expressed
in the average orientation reference frame, see Fig. 2.5(c). Each of the approaches
combined with Eq. (2.12) yields a 12 × 14 velocity transformation matrix Bi which
relates the vectors v̄ and ẋ,

v̄ = Biẋ, (2.21)

where the subscript i = 1, 2 or 3 denotes which velocity transformation matrix is
considered for the transformation of the velocities.



2

20 CHAPTER 2. A NON-LINEAR TWO-NODE SUPERELEMENT APPROACH

p q
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v

(a) Node-attached reference frame
RpR0 at node p, resulting in velocity
transformation matrix B1

p q

RrR0

v

(b) Average orientation reference
frame RrR0, resulting in velocity
transformation matrix B2

p q
RpR0 RrR0 RqR0

(vp, vq)ωp ωq

(c) Angular velocities expressed in the refer-
ence frames attached to the nodes, resulting
in velocity transformation matrix B3

Figure 2.5: A deflected beam with a rolling support on the left and clamped
on the right, showing the three considered options for transforming the nodal
velocity vector v.

Node-attached reference frame In the first approach, the reference frame is
attached to node p. Then we have for the orientation of the co-rotational frame in
the inertial reference frame

[

ēx, ēy, ēz
]

= RpR0

[

nx, ny, nz

]

. (2.22)

Expressing the nodal translational and angular velocities of vector v in this node-
attached reference frame gives















v̄p

ω̄p

v̄q

ω̄q















=









RT
0 R

pT

RT
0 R

pT

RT
0 R

pT

RT
0 R

pT























vp

ωp

vq

ωq















. (2.23)

By substituting Eq. (2.12) in Eq. (2.23), we obtain the 12×14 velocity transformation
matrix B1 relating the vectors v̄ and ẋ,

B1 =









RT
0 R

pT

2RT
0 R

pTΛp

RT
0 R

pT

2RT
0 R

pTΛq









. (2.24)

To investigate the suitability of Eq. (2.23) for the computation of the kinetic energy
in Eq. (2.7), we note that the kinetic energy is in fact dependent on the absolute
velocities of all nodes in the FE model. By substituting Eq. (2.23) in Eq. (2.6a) and
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considering infinitesimal elastic deformations, we can describe the absolute velocity
of the ith node of the FE model, ˙̄u(i), expressed in the node-attached reference frame,
as

˙̄u(i) =
[

V
(i)
1 , V

(i)
2 , V

(i)
3

]

RT
0 R

pTvp +
[

V
(i)
4 , V

(i)
5 , V

(i)
6

]

RT
0 R

pTωp

+
[

V
(i)
7 , V

(i)
8 , V

(i)
9

]

RT
0 R

pTvq +
[

V
(i)
10 , V

(i)
11 , V

(i)
12

]

RT
0 R

pTωq,

(2.25)

where V
(i)
n is the vector with the x, y and z contributions of the nth constraint mode

for the ith node of the FE model. In Appendix A it is shown that the expression in
Eq. (2.25) can be written as

˙̄u(i) = RT
0 R

pTvp +
(

RT
0 R

pTωp
)

× r̄
(i)
0 + ˙̄e(i), (2.26)

where r̄0 is the position vector of the nodes in the FE model in undeformed
configuration and ˙̄e describes the elastic deformation velocities with respect to the
node-attached reference frame.

This result can be compared with the exact non-linear solution obtained by the
floating frame of reference approach. Here we write for the nodal coordinates r of the
FE model,

r(i) = rp +RpR0

(

r̄
(i)
0 + ē(i)

)

, (2.27)

where ē describes the elastic deformations with respect to the orientation of the node-
attached reference frame. After differentiating with respect to time and expressing
the resulting absolute velocities in the node-attached reference frame, we obtain

˙̄u(i) = RT
0 R

pTṙ(i)

= RT
0 R

pTvp +
(

RT
0 R

pTωp
)

×
(

r̄
(i)
0 + ē(i)

)

+ ˙̄e(i).
(2.28)

By comparison with Eq. (2.26), it is clear that the effects of the elastic deformations
on the rigid body angular velocities are not included as we considered infinitesimal
elastic deformations. The contributions of this term are expected to remain small
for small elastic deformations. We note that due to the choice of reference frame
at node p, the resulting error is largest at node q. Also, it can be observed that in
the absence of elastic deformations, the exact rigid body solution is obtained with
Eq. (2.26).

Average orientation reference frame As a second approach, to minimize the
error and to give a more symmetric treatment of the velocities at nodes p and q, we
define a reference frame which is the average orientation of the triads

[

epx, epy, epz
]

and
[

eqx, eqy, eqz
]

at nodes p and q. The average orientation, Rr , with respect to the
initial orientation, R0, can be computed from the average set of Euler parameters λr

defined by

λr =
λp + λq

‖λp + λq‖
, (2.29)
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where the differences between λp and λq are assumed to be small. Using the average
orientation Rr, the orientation of the co-rotational frame in the inertial reference
frame is given by

[

ēx, ēy, ēz
]

= RrR0

[

nx, ny, nz

]

. (2.30)

Expressing the absolute velocities v in this frame and substituting Eq. (2.12) gives
for the 12× 14 velocity transformation matrix B2,

B2 =









RT
0 R

rT

2RT
0 R

rTΛp

RT
0 R

rT

2RT
0 R

rTΛq









. (2.31)

Average orientation and node-attached reference frames Finally, following
the approach of Cardona [21], the angular velocities, ωp and ωq, are respectively
expressed in the reference frames attached to nodes p and q given by Eq. (2.9), while
still using the average orientation reference frame of Eq. (2.30) to transform the
translational velocities. This results in the velocity transformation matrix B3,

B3 =









RT
0 R

rT

2RT
0 Λ̄

p

RT
0 R

rT

2RT
0 Λ̄

q









, (2.32)

where
Λ̄p = RpTΛp and Λ̄q = RqTΛq. (2.33)

Equivalent mass matrix

Substituting Eqs. (2.21) and (2.8) in Eq. (2.7) and equating the result with Eq. (2.20)
yields,

T =
1

2
ẋTBT

i M̄Bi ẋ =
1

2
ẋTMẋ with i = 1, 2 or 3, (2.34)

from which it can be observed that the 14× 14 equivalent mass matrix M is given by

M = BT
i M̄Bi . (2.35)

Here the mass matrixM is dependent on the orientation of the co-rotational reference
frame due to its dependency on the velocity transformation matrixBi. The matrix M̄

remains constant during simulation and can directly be determined from a linear FE
model, see Eq. (2.8).

2.3.4 Dynamics

We can determine the forces acting on the superelement by considering the principle
of virtual work. The virtual work done by external forces fext should be equal to the
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virtual work absorbed by the inertial forces fin and the generalized stress resultants σ,

δxTfext = −δxTfin + δεTσ, (2.36)

Using Lagrange’s equations, the virtual work absorbed by the inertial forces and
generalized stress resultants can also be expressed in terms of potential and kinetic
energy,

δxTfext = δxT

(

d

dt

(

∂T

∂ẋ

)

−
∂T

∂x
+

∂P

∂x

)T

. (2.37)

Substituting the potential and kinetic energy expressions of Eq. (2.18) and Eq. (2.34)
in Eq. (2.37) and evaluating the derivatives gives

δxTfext = δxT

(

Mẍ+

(

(

Ḃi −B∗

i

)T

M̄Bi +BT
i M̄Ḃi

)

ẋ

)

+ δεTSε, (2.38)

where B∗ is defined as

B∗ =
∂v̄

∂x
. (2.39)

Expressions for Ḃi and B∗

i are found in Appendices B and C, respectively. By com-
paring Eq. (2.36) with Eq. (2.38), the inertial forces and generalized stress resultants
are expressed as

fin = − (Mẍ+ h) , with h =

(

(

Ḃi −B∗

i

)T

M̄Bi +BT
i M̄Ḃi

)

ẋ, (2.40a)

σ = Sε, (2.40b)

where h contains the inertial forces that are quadratic with velocity.
To use the non-linear two-node superelement in flexible multibody models, the

expressions in Eq. (2.40) can be included in the system level equations of motion.
Note that in the assembly of elements, element interconnectivity can directly be
realized by letting elements share the absolute nodal coordinates of the vector x. An
implementation of these expressions is realized in the spacar software [39].

2.4 Numerical validation

In this section we consider two examples to validate the non-linear two-node
superelement by comparing simulation results with results obtained using non-linear
beam elements. An additional example is included to test the performance of the
non-linear two-node superelement for a more complex-shaped component. The
first example is a planar spinning beam benchmark, from which results are also
known in literature. The second example is a spinning beam attached to a universal
joint, where full three-dimensional motion is considered. The last example is an
unbalanced rotating shaft. This example demonstrates the effect of neglecting the
small elastic deformations on the simulation accuracy for the different velocity
transformation matrices.
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2.4.1 Spinning beam

The performance of the non-linear two-node superelement is demonstrated by
analysing the spin-up motion of a planar flexible beam with uniform cross-section
from [45], shown in Fig. 2.6(a). The aluminum beam has a length L = 8.0 m with a
rectangular cross-section of 0.03675 m by 0.001986 m. Its cross-sectional area A,
moment of inertia I, density ρ and Young’s modulus E are mentioned in the figure.
The beam is accelerated from rest to a constant angular velocity. The prescribed
spin-up motion is given by

e(t) =















Ω

T

[

1

2
t2 −

T 2

4π2

(

1− cos
2πt

T

)]

, 0 ≤ t ≤ T,

Ω

(

t−
1

2
T

)

, t > T.

(2.41)

The final angular velocity is Ω = 4 rad/s and the spin-up time is T = 15 s, see
Fig. 2.6(b).

To provide a reference for the superelement simulation results, the spinning
beam is modelled using four non-linear planar beam elements whose elongation
modes are suppressed, yielding a model with eight degrees of freedom and one
prescribed coordinate. Similarly, four non-linear two-node superelements are used
for the superelement models with their elongation modes suppressed. A single
superelement is based on a linear FE model of a beam created using a large number
of solid elements. The superelement models are referred to as Superelement Bi

where i denotes which velocity transformation matrix is used. Fig. 2.7 shows the tip
deflection ∆y′ as a function of time for the superelement models and the model with
non-linear beam elements. Only a small relative difference between the results of the
non-linear beam and superelement models can be observed. Identical results were
obtained for the superelement models with velocity transformation matrices B2 and
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Figure 2.6: Spinning beam model parameters taken from [45] (a) and angular
velocity profile (b).
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Figure 2.7: Tip response ∆y′ (a) and zoomed-in view (b) of the non-linear
beam element and superelement models.

Table 2.1: Comparison of maximum tip deflections.

Model Number of elements Max. deflection [m]

spacar, non-linear beam 4 0.5388
spacar, superelement B1 4 superelements 0.53751
spacar, superelement B2/3 4 superelements 0.53754
Wu and Haug [71] 4 substructures 0.556
idem 6 substructures 0.543

B3 from respectively Eq. (2.31) and Eq. (2.32). In fact, the velocity transformation
matrices B2 and B3 will always give identical results for planar simulations, as the
absolute angular velocity is in both cases expressed about the axis perpendicular to
the plane of motion. Some small differences are observed for the simulation with
velocity transformation matrix B1. Here the translational velocities are expressed
in the node-attached reference frame, which differs slightly from the average
orientation reference frame used by matrices B2 and B3.

In Tab. 2.1 the values of the maximum tip deflection, obtained by the non-linear
beam element and superelement models, are compared with existing results. It can
be concluded that they are quantitatively in good agreement.

2.4.2 Spinning beam with out-of-plane bending

In a second example we consider a spatial flexible beam which is connected by means
of a universal joint to a point O fixed in space, see Fig. 2.8. The beam has a length
L = 8.0 m with a rectangular cross-section of 0.02 m by 0.04 m. The material
properties are the same as in the first example. The universal joint is modelled by
two hinges with axes that initially coincide with the global y- and z-axes. The relative
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Figure 2.8: Spinning beam model parameters with out-of-plane excitation.
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Figure 2.9: Tip deflection ∆y′ of the non-linear beam element and the
superelement models.

rotation angles are denoted by e1 and e2, respectively, where e1(t) provides the spin-up
motion described by Eq. (2.41) and e2(t) represents an additional excitation

e2(t) = 0.01 sin (15t) . (2.42)

Similar to the previous example, four non-linear two-node superelements are
used for the superelement models and their results are compared with those
obtained with four non-linear beam elements. The elongation mode is suppressed for
the superelement and the non-linear beam models, yielding models with 20 degrees
of freedom and two prescribed coordinates.

Fig. 2.9 and Fig. 2.10 show the tip deflections ∆y′ and ∆z′ in the horizontal and
vertical directions as is depicted in Fig. 2.8. It can be observed that the results of the
superelement models are in good agreement with the non-linear beam element model.
The superelement model with velocity transformation matrix B3 performs slightly
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Figure 2.12: Comparison of the superelement models with the original
direction of the elements and reversed. The differences in y′-direction (a)
are computed with respect to the maximal tip deflection ∆y′

max = 0.5095 m.
The differences in z′-direction (b) are computed with respect to the maximal
tip deflection ∆z′max = 0.8991 m.
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better than the node attached and average reference frame approaches of matrices
B1 and B2, respectively. A similar result is observed by Cardona [21].

For this example, we investigate the effect of reversing the direction of the elements
on the simulation results, see Fig. 2.11. In Fig. 2.12 the differences are shown between
the results of the original superelement models and with the direction of the elements
reversed. It is clear that reversing the direction of the elements leads to a slightly
different dynamical response for the node-attached reference frame approach of matrix
B1. The small differences for the other two approaches can be attributed to numerical
errors in the integration of the equations of motion. As these two approaches are
less susceptible to the effect of reversing the direction of the elements, they can be
considered to be better suited for the transformation of the nodal absolute velocities
than the node-attached reference frame approach.

2.4.3 Unbalanced rotating shaft

For the third example, we investigate the effect of neglecting the small elastic
deformations in Eq. (2.26) on the simulation accuracy for the different velocity
transformation matrices. For this purpose we consider the unbalanced rotating shaft
shown in Fig. 2.13. It consists of a cylindrical component eccentrically connected to
two circular rods. The rods are connected to spherical joints which are supported by
a normal support at one side and a rolling support at the other side. The spherical
joints are modelled with three hinges in series whose axes are initially aligned with
the global x-, y- and z-axes. The shaft is accelerated around its axis from rest
to a constant angular velocity. The prescribed spin-up motion, e(t), is given by

x

y

z

lll

d1

d2

r

e(t)

(a) Model Dimensions

e t( )

∆ r
¬ 

(b) Deflected state, modelled using two su-
perelements (denoted by ¬ and )

Figure 2.13: Model of an unbalanced rotating component attached to
spherical joints at either end, supported by a rolling and a normal support. On
the left, dimensional parameters are given (a) and on the right the deflected
state due to rotation about the x-axis is shown (b).
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Table 2.2: Physical properties of the unbalanced rotating component.

Property Value

Diameter, d1 2.0 · 10−3 m
Diameter, d2 3.0 · 10−2 m
Length, l 7.5 · 10−2 m
Eccentric offset, r 1.1 · 10−2 m
Young’s modulus, E 2.1 · 1011 N/m2

Shear modulus, G 8.0 · 1010 N/m2

Density, ρ 7800 kg/m3

p

p

q

Interface surfaces rigidly attached

to their respective boundary nodes

Figure 2.14: Superelement model depicting the p and q boundary nodes and
their interface surfaces.

Eq. (2.41) with a final angular velocity of Ω = 25 rad/s and a spin-up time of
T = 15 s. Furthermore, the physical properties of the shaft are given in Tab. 2.2.

Centrifugal forces, generated by the mass unbalance and the rotating motion, cause
a deflection, ∆r, as is shown in Fig. 2.13(b). As the deflection increases, the centrifugal
forces will also increase, resulting in further deflection until an equilibrium is reached.
Two superelements are used in the model, each representing half of the unbalanced
rotating shaft. The boundary node locations are chosen such that the superelements
are collinearly aligned, see Fig. 2.13(b). The nodes on the interface surfaces are rigidly
connected to their respective p and q boundary nodes as is illustrated in Fig. 2.14.
The FE model that is used as a basis for the superelement consists of approximately
36000 prism-shaped solid elements (Ansys Solid186 element).

For each of the velocity transformation matrices B1, B2 or B3, we will investi-
gate the deflection ∆r as a function of time. As a reference, the final deflection is
determined by a static analysis. In this analysis, a force Fc(∆r) is applied at the
middle node in the global y-direction which is equal to the centrifugal force at
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T = 15 s. The centrifugal force is a function of the deflection ∆r,

Fc(∆r) = muΩ
2(r +∆r) = 0.4135 · 252(0.011 + ∆r), (2.43)

where mu corresponds to the mass of the cylinder with diameter d2 and Ω is the final
angular velocity. The final deflection is estimated iteratively by increasing ∆r until an
equilibrium is reached, resulting in a deflection of ∆r = 1.44 · 10−3 m corresponding
to the horizontal line in Fig. 2.15(a) and Fig. 2.16(a).

First, we model the shaft by attaching the q-nodes of the two superelements, see
Fig. 2.15(b). From the simulation results shown in Fig. 2.15(a), it can be observed
that the choice of reference frame for transforming the absolute nodal velocities and
estimating the kinetic energy has a large influence on the simulation results for this
example. We note that even though the three velocity transformation matrices
produce different results, the energy balance has been verified and remains zero
within the simulation error tolerances for all three cases, indicating that the energy
balance is in order. Yet correct simulation results are only obtained with the
velocity transformation matrix B3, while the use of matrices B1 and B2 yields large
steady state errors. The node-attached reference frame used in matrix B1 yields the
largest steady state error. It is mentioned in Section 2.3.3 that for the node-attached
reference frame, the error due to neglecting the small elastic deformations in the
computation of the kinetic energy is introduced at node q. The observed error
can then be explained by the fact that in this configuration most of the mass is
concentrated at the q nodes of the superelements. Then, by exchanging the location
of the p- and q-node, a significant smaller error should be realized. To test this, we
model the shaft as is shown in Fig. 2.16(b) where the locations of the p- and q-nodes
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Figure 2.15: The deflection due to centrifugal forces for the different velocity
transformation matrices (a), when connecting the superelements by their q
nodes (b).
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Figure 2.16: The deflection due to centrifugal forces for the different velocity
transformation matrices (a), when connecting the superelements by their p
nodes (b).

of the superelements are switched. From Fig. 2.16(a), it can be observed that correct
results are indeed obtained in this configuration for the velocity transformation
matrix B1. Exchanging the p- and q-nodes has no effect on the results obtained
with velocity transformation matrices B2 and B3. From these results we can
conclude that the velocity transformation matrix B3 appears to be the most robust
implementation considered for transforming the absolute nodal velocities.

2.5 Conclusions

In this paper a non-linear two-node superelement is proposed for the modelling of
complex-shaped flexible members for use in multibody model simulations. In the
approach, the kinematic model of a non-linear beam element is combined with a
substructure method. This leads to a simple set of dynamic equations which can be
easily implemented in flexible multibody software. The stiffness and mass matrix of
the non-linear two-node superelement are based directly on the stiffness and mass
matrix of a linear two-node superelement. This allows easy interfacing with existing
FE software. Also, the exact rigid body solution is obtained if elastic deformations
are not present.

Three approaches are considered for the transformation of the absolute nodal
velocities. From numerical examples it can be observed that the first approach,
a transformation with a node-attached reference frame, suffers from different
dynamical responses if the direction of the elements in the model are reversed. The
second approach, a transformation with an average orientation reference frame, is
not susceptible to reversing the direction of the elements. In the third considered
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approach, the angular velocities are expressed in the reference frames attached
to the superelement nodes, while the translational velocities are expressed in the
average orientation reference frame. For the considered numerical examples, this ap-
proach yields the smallest errors and appears to be the most robust implementation
for the transformation of the velocities.

In the present paper, only the constraint modes of the Craig–Bampton method
are used in the non-linear two-node superelement. The constraint modes correctly
preserve the static response to loads applied at the superelement nodes and are often
sufficient for describing the first vibrational bending modes in a dynamic analysis as is
demonstrated in the first and second example. Inclusion of the fixed-interface normal
modes of the Craig–Bampton method will yield increased accuracy to dynamic loads
and is considered in ongoing research.
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sociation Point-One, project MOV-ET PNE08006, by the Dutch Department of
Economic Affairs, Agriculture and Innovation.
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Chapter 3

A non-linear two-node superelement
with deformable-interface surfaces
for use in flexible multibody systems

Abstract A non-linear two-node superelement is proposed for efficient modelling of
arbitrary-shaped flexible members with two interfaces in a flexible multibody model. The
formulation is based on a small rotation and displacement hypothesis in a local co-rotational
frame. Component mode substructuring methods can then be used to determine the
dynamical properties of the superelement from a linear finite element model. The key
contribution of this paper is the inclusion of so-called deformable-interface modes to model
the deformability of the interface surfaces. This allows for an compliant connection to
other superelements. With this capability, a component can be modelled with a number
of superelements and its dynamical properties can be accurately analysed even for large
deflections provided that the deformations remain small with respect to the co-rotational
frame. Three examples demonstrate the applicability of the method. In the first example,
large deflections of a relative short sheet flexure are analysed. Next, the formulation is
used to obtain a dynamically reduced model of a complex-shaped component. In the third
example, the time-response of a compliant mechanism is considered that is composed of the
components of the first two examples. For all three examples, eigenfrequency results are in
good agreement with results obtained using a classical non-linear finite element method.

3.1 Introduction

Non-linear flexible beam elements provide an effective approach to structural
modelling of flexible multibody systems that consist of interconnected rigid and
deformable components. A variety of well established non-linear beam element
formalisms can be found in the literature [28, 43, 62]. The derivation of the beam

Submitted for publication in: Multibody System Dynamics (S.E. Boer, R.G.K.M. Aarts, J.P.
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33



3

34 CHAPTER 3. SUPERELEMENTS WITH DEFORMABLE-INTERFACE SURFACES

element is based on assumptions that limit its applicability to the modelling of
slender components with uniform cross-section. However, in many applications,
flexible members can be identified whose geometry does not comply with these
assumptions. Examples are compliant cross-hinges with sheet flexures that have a
large height to length ratio, i.e. short sheet flexures [68], or flexible components
where the cross-sectional shape varies along the length [27]. For the modelling of
mechanisms containing such components, it would be highly advantageous to have a
beam-like element which is not restricted to the modelling of slender components
with uniform cross-section.

In other words, there is a need for a so-called two-node superelement capable
of modelling arbitrary-shaped flexible members with two interfaces whose numerical
efficiency is close to that of a ‘standard’ beam element. An application for such
superelements is the modelling of relatively short sheet flexures for which, in contrast
to slender beams, correct modelling of the boundary effects is necessary. Particularly,
the boundary effect due to a torsional load is of importance. From Saint-Venant’s
solution of the torsional problem of uniform beams, we know that a beam with non-
circular cross-section will exhibit an out-of-plane deformation of the cross-section
when twisted [66]. This so-called warping of the cross-section is described by the angle
of twist per unit length and a warping function which depends on the cross-sectional
shape. For short sheet flexures, the angle of twist per unit length will be relatively high
compared with slender beams, resulting in significant warping of the cross-sections
when twisted. If this warping is constrained due to clamping, the torsional stiffness
will increase considerably. This effect is not predicted by classical beam theory. To
account for this effect, several authors including Simo and Vu-Quoc [64], Gruttman
et al. [30], Hsiao and Lin [35], Chen et al. [22] and Gonçalves et al. [29], modelled the
warping of the cross-section with an extra degree of freedom which can be suppressed
to model rigid clamping. It is however not trivial to determine the correct warping
function for arbitrary cross-sectional shapes. Furthermore, the methods referred to
in this paragraph are restricted to beams with a uniform cross-section and are not
suited to describe components with varying cross-sectional shapes.

In a classical non-linear finite element (FE) analysis it is straightforward to
analyse the dynamic behaviour of an arbitrary-shaped flexible member. However,
it is in terms of computational time unavoidably costly to simulate mechanisms
containing flexible components of arbitrary shape using such classical non-linear FE
methods. Therefore, several authors including Shabana and Agrawal [4, 60], Yoo
and Haug [72, 73] and Cardona and Géradin [19, 20, 21], adopted substructuring
techniques in their multibody codes to allow efficient simulation of arbitrary-shaped
components undergoing large rigid body motions and small elastic deformations.
Such a substructure is obtained from projecting the dynamical properties of a linear
FE model onto a lower-dimensional subspace spanned by so-called component
modes. With substructuring methods it is possible to retain the physical meaning
of nodes of the original FE model. These nodes can then be used to allow easy
interfacing with other components. However, this can result in a large number
of degrees of freedom of the substructure if all the nodes on the interface surface
are retained. A common practice is to rigidly connect the nodes on the interface
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surfaces such that a single node can describe the positions and orientations of all the
nodes on an interface surface.

In [12] (Chapter 2) this method is applied to realize a non-linear two-node
superelement for the modelling of complex-shaped flexible beams undergoing large
rigid body motions and small elastic deformations. Absolute nodal position and
orientation coordinates are used to describe the configuration of the superelement in
an inertial reference frame. For describing the elastic deformations independent of
the rigid body motion, the concept of specifying independent deformation modes is
adopted from a non-linear beam element description [38]. The deformation modes
are defined in a co-rotational frame, which allows the use of linear stiffness models
for the computation of the stress resultants if the elastic deformations remain small.
The superelement mass and stiffness properties are determined from a linear FE
model representing the complex-shaped component. The method yields analytically
exact models for rigid components and provides accurate results when modelling
flexible components exhibiting small elastic deformations. However, in either case,
the two interface surfaces are considered to be rigid. This can cause artificial
stiffening if the interface should instead behave compliant, e.g. for the modelling of
torsional out-of-plane warping of the cross-section.

In this paper we extend the non-linear two-node superelement description in
order to obtain a more accurate description for arbitrary-shaped flexible members
and to account for deformations at the interface surfaces. This is accomplished
by including so-called deformable-interface modes and fixed-interface normal
modes from the Craig–Bamption method [23, 24]. The inclusion of the fixed-
interface normal modes can increase the accuracy of the dynamic analysis. This
is especially useful for the modelling of arbitrary-shaped components that only
exhibit small deflections. With the addition of the deformable-interface modes,
the deformability of the interface surfaces can be modelled. This is useful for the
modelling of components that undergo large deflections where a single superelement
is not sufficient to capture the geometrically non-linear behaviour. Then, the
component should be discretized in a sufficient number of superelements such that
the deformations of the individual superelements remain small allowing the use
of linear stiffness models. Instead of having rigid interface surfaces between the
superelements, they can be modelled deformable by using the deformable-interface
modes. Although with this approach different elastic boundary effects can be
modelled, we will specifically address the modelling of warping of the interface
surfaces due to torsional rotations using these deformable-interface modes.

The contents of this paper are organized as follows. Following the approach
described in [12], in Section 3.2, the derivation of a linear two-node superelement
with deformable-interface modes and fixed-interface normal modes is described.
Expressions are given for the potential and kinetic energy and the equivalent
stiffness and mass matrices are derived. Then in Section 3.3, the derivation of
the non-linear two-node superelement is presented and expressions are derived
for its stiffness and mass matrices. Furthermore, by using Lagrange’s equations,
expressions for the stress resultants and the inertial forces are derived. In Section 3.4
it is explained how a proper connection between superelements with deformable-
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interface surfaces is realized. The approach is demonstrated in Section 3.5 using
three examples inspired by a large-stroke compliant mechanism [27]. The first
example will illustrate the use of deformable-interface modes for the modelling of
large deflections of a short sheet flexure. In the second example the modelling of
a component with varying cross-sectional geometry is considered. This example
illustrates the use of fixed-interface normal modes for components exhibiting
small deflections. In the third example, a mechanism is considered in which the
components of the first two examples are combined and a time-response simulation
is performed.

3.2 Linear two-node superelement

Component mode methods, such as the Craig–Bamption method [23, 24], can provide
a reduced order description for the nodal displacements of a linear FE model by the use
of component modes. In the first part of this section, we will introduce this description
for the linear two-node superelement, as well as the concept of boundary nodes and
interface surfaces. Then, we will explain the specific component modes considered
for the linear two-node superelement. Subsequently, expressions are derived for the
potential and kinetic energy, from which the reduced stiffness and mass matrix are
obtained.

3.2.1 Coordinates and components modes

Boundary nodes, interface surfaces and nodal displacements

Figure 3.1 shows a linear FE model of a flexible complex-shaped component, which
can be obtained by using FE software such as Ansys®. In order to construct a
linear two-node superelement, boundary nodes p and q are introduced at either side

x

y

z

ēx

ēy

ēz

Boundary
node p

Boundary
node q

Interface surface p

Interface
surface q

Figure 3.1: Finite element model of a flexible complex-shaped component.
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of the component. Furthermore, we introduce at these locations interface surfaces p
and q. The interface surfaces describe the region of contact to other components. In
the initial undeformed configuration, the location of the coordinate system, with
base vectors ēx, ēy and ēz, is specified to coincide with node p with its x-axis
pointing towards node q. The orientation of the Y-axis can be chosen arbitrarily
in the plane perpendicular to the x-axis, which defines the coordinate system
[ēx, ēy, ēz]. Subsequently, an overbar denotes a kinematic quantity related to the
coordinates system [ēx, ēy, ēz].

By using the concept of component modes such as is defined in the Craig–Bampton
method, we can write the nodal displacements ū of the linear FE model in this
coordinate system as

ū = V µ̄+Wη̄. (3.1)

Here the matrix V represents the so-called constraint modes of the Craig–Bampton
method with associated boundary coordinates µ̄. Furthermore, the matrix W can
contain other types of component modes with associated generalized coordinates η̄.
Specifically, for the linear two-node superelement we write for these modes

W = [Wd, Wf ] , (3.2)

where we refer to Wd as deformable-interface modes describing the deformability
of the interface surfaces and Wf represents the fixed-interface normal modes of
the Craig–Bampton method describing the internal flexibility of the component
with fixed interface surfaces. In the subsequent sections the constraint modes,
deformable-interface modes and the fixed-interface normal modes are explained in
detail.

Constraint modes

Finite element models of complex-shaped components are commonly created using
solid elements which only have translational degrees of freedom. To be able to apply
both forces and moments to a single boundary node, both translational and rotational
coordinates are required in the superelement formalism. To achieve this for a FE
model with only translational degrees of freedom, the nodes on the interface surfaces
can be considered to be rigidly attached to the boundary nodes. The displacement and
orientation of the boundary nodes then prescribe the displacement and orientation of
the interface surfaces. The boundary node displacements and rotations are collected
in the vector of boundary coordinates µ̄,

µ̄ =
{

ūpT, ϕ̄pT, ūqT, ϕ̄qT
}T

, (3.3)

where ūp, ϕ̄p, ūq and ϕ̄q are the nodal displacement and rotation vectors of boundary
nodes p and q respectively. This set of coordinates are related to the constraint modes
of the Craig–Bampton method. A constraint mode is defined as the static deformation
of a component generated by applying a unit displacement on a boundary coordinate
while fixing all other boundary coordinates [24]. The resulting set of constraint modes
spans the static response of the component to loads applied on the boundary nodes.
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Figure 3.2: The twelve constraint modes of a FE model of a beam, as they
appear column-wise in the matrix V with associated boundary coordinates.

The two-node superelement has a total of twelve constraint modes, three rotational
and three translational modes at either side, see Fig. 3.2.

Deformable-interface modes

To account for deformations at the interface surfaces, additional flexibility can be
added to the superelement by considering so-called deformable-interface modes. This
class of modes encompasses any type of mode that describes the deformation of the
interface surfaces.

In particular, we will focus on a type of deformable-interface mode referred to as
a warping mode. The warping modes are for example of importance for the correct
modelling of relatively short compliant sheet flexures and tubes with open cross-
sections. We define a warping mode by the out-of-plane warping deformations of
an interface surface due to twist of a flexible component, while the other interface
surface is fixed. Two warping modes can be computed for a superelement, i.e. one
warping mode on each side. From Saint-Venant’s solution of the torsional problem of
uniform beams with non-circular cross-section, we know that the deformations of a
twisted flexible component may be considered as a rotation of the cross-section and
an out-of-plane warping of the cross-section [66]. Therefore, to compute a warping
mode for a non-uniform component, we assume that the nodal displacements at the
interface surface due to twist consists of a rotational part and an out-of-plane warping
part. The warping mode corresponds to the deformations of the out-of-plane warping
part. These deformations can be computed by determining the nodal displacement
differences between a FE analysis where an interface surface is rigidly rotated in
the torsional direction and a FE analysis where, during this torsional rotation, the
interface surface remains free to deform in the out-of-plane direction.

As an example for the computation of a warping mode we consider the FE model
shown in Fig. 3.3(a). Here we compute a warping mode at the q-side of the component
while fixing the p-side. The interface surface and the surface unit normal, n̄q, are
defined at the q-side of the component. The torsion mode with the rigid interface
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Figure 3.3: The warping mode of a linear FE model of a component with
a height over length ratio of two (a), computed by determining the difference
between a torsion mode with a rigid and a deformable interface surface (b).

surface shown in Fig. 3.3(b) can be computed by prescribing the nodal displacements
ūq(i) of the ith node of interface surface q according to

ūq(i) = n̄q ×
(

r̄q(i) − r̄q
)

, (3.4)

where r̄q and r̄q(i) are respectively the position vectors of boundary node q and the ith

node of interface surface q, see Fig. 3.3(a). For the computation of the other torsion
mode of Fig. 3.3(b), the same nodal displacements as in Eq. (3.4) are used with the
modification that nodal displacements in the n̄q direction are not prescribed.

The warping mode W
q
d is then obtained by determining the difference between

the two torsion modes. In a similar manner the p-side warping mode W
p
d is com-

puted while fixing the q-side. Both warping modes are collected in the matrix Wd of
Eq. (3.2),

Wd = [W p
d , W

q
d ] . (3.5)
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Fixed-interface normal modes

With the inclusion of the fixed-interface normal modes, the dynamical model of
the linear two-node superelement is refined. This is especially beneficial when the
constraint modes are not sufficient for describing the vibrational modes of interest
of the component. The normal modes can be obtained from the solution of the
generalized eigenvalue problem with the interface surfaces held fixed, see [24]. To
reduce the number of modal coordinates, a truncated set of eigenvectors is used and
stored in the matrix Wf of Eq. (3.2).

3.2.2 Potential energy

With Eq. (3.1), the potential energy of the linear two-node superelement can be
expressed in terms of the reduced set of coordinates µ̄ and η̄. Note that the constraint
modes implicitly contain all six rigid body modes. For example, V1 + V7 results in
a rigid body translation in the x-direction. With similar linear combinations of the
constraint modes, all rigid body movements can be described. Obviously, the rigid
body modes do not contribute to the elastic potential energy of the component and
only the contributions of the elastic deformations are of interest. A 6-D subspace of the
constraint mode matrix V spans the space associated with purely elastic deformations.
The choice of base vectors for this subspace is not unique. A possible choice consists
of the constraint modes belonging to the elongation V7, torsion V10, and the four
bending modes V5, V11 and V6, V12. The vector of elastic nodal displacements, ūe,
of the linear FE model can then be expressed in terms of this subset of constraint
modes and the matrix W containing the deformable and fixed-interface modes,

ūe = [Ve W ]

{

µ̄e

η̄

}

(3.6a)

where
Ve =

[

V7, V10, V5, V11, V6, V12

]

(3.6b)

and
µ̄e =

{

ūq
x, ϕ̄q

x, ϕ̄p
y, ϕ̄q

y, ϕ̄p
z , ϕ̄q

z

}T
. (3.6c)

Here Ve is the matrix containing the deformation modes with associated deformation
boundary coordinates µ̄e.

With Eq. (3.6a) the potential energy P of the superelement can be expressed in
terms of the coordinate vectors µ̄e and η̄,

P =
1

2
ūT
e K̄FEMūe =

1

2

{

µ̄T
e η̄T

}

[

V T
e

WT

]

K̄FEM [Ve W ]

{

µ̄e

η̄

}

. (3.7)

where K̄FEM is the stiffness matrix of the linear FE model. From Eq. (3.7), we can
define the reduced stiffness matrix S̄ as

S̄ =

[

V T
e

WT

]

K̄FEM [Ve W ] . (3.8)

It should be noted that the modes collected in the matrix [Ve W ] have to be linearly
independent to obtain a stiffness matrix S̄ of full rank.
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3.2.3 Kinetic energy

To determine the expression for the kinetic energy, Eq. (3.1) is differentiated with
respect to time, yielding

˙̄u = [V W ]

{

v̄
˙̄η

}

with v̄ = ˙̄µ, (3.9a)

and
v̄ =

{

v̄pT, ω̄pT, v̄qT, ω̄qT
}T

. (3.9b)

Here v̄ is the vector of boundary velocities containing the boundary node translational
velocities v̄p and v̄q, and angular velocities ω̄p and ω̄q, of nodes p and q respectively.
Their components are expressed along the base vectors ēx, ēy and ēz . Furthermore,
˙̄η are the time derivatives of the vector η̄ from Eq. (3.1). Using Eq. (3.9a) the kinetic
energy T can be expressed as

T =
1

2
˙̄uTM̄FEM

˙̄u =
1

2

{

v̄T ˙̄ηT
}

[

V T

WT

]

M̄FEM [V W ]

{

v̄
˙̄η

}

. (3.10)

where M̄FEM is the mass matrix of the linear FE model. From Eq. (3.10), we can
define the reduced mass matrix M̄ to be

M̄ =

[

V T

WT

]

M̄FEM [V W ] . (3.11)

Here, the modes collected in the matrix [V W ] have to be linearly independent to
obtain a mass matrix M̄ of full rank.

3.3 Non-linear two-node superelement

In order to develop a non-linear two-node superelement capable of describing large
rigid body rotations and small deformations, a kinematic model is required that
correctly describes the element’s configuration in 3-D space when undergoing
large rigid body rotations. The first part of this section describes the kinematic
model that is used for this purpose. Then in the second and third part, using the
expressions for the potential and kinetic energy of the linear two-node superelement,
we derive expressions for the potential and kinetic energy of the non-linear two-node
superelement. Its dynamic relations can then be derived with the aid of Lagrange’s
equations.

3.3.1 Coordinates and modes

The definition of the nodal coordinates of the non-linear superelement and the
specification of a related set of deformation coordinates are in accordance with
the non-linear beam element introduced in [38]. The global configuration of the
non-linear superelement is defined by the position vectors rp and rq and the
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Figure 3.4: The global configuration of the non-linear two-node superelement
expressed in the inertial reference frame.

orientation of the orthonormal triads
[

epx, epy, epz
]

and
[

eqx, eqy, eqz
]

rigidly attached
to the interface surfaces at nodes p and q, see Fig. 3.4. In the initial undeflected
state, the triads coincide with the initial orientation described by the rotation
matrix R0. In a deflected state, the orientation of the triads can be computed from
the rotation matrices Rp and Rq which describe the orientation of nodes p and q
with respect to the initial orientation,

[

epx, epy, epz
]

= RpR0

[

nx, ny, nz

]

,
[

eqx, eqy, eqz
]

= RqR0

[

nx, ny, nz

]

.
(3.12)

Here nx, ny and nz are the unit vectors of the inertial reference frame. The initial
orientation R0 is used such that in the assembly of the finite elements the rotation
coordinates that parametrize rotation matrices Rp and Rq can be shared by multiple
elements. The parametrization of rotations can be accomplished in several ways, such
as by modified Euler angles, Euler parameters, Rodrigues parameters or the Cartesian
rotation vector [28]. In this paper we use Euler parameters for the parametrization
of rotations to avoid singularity problems associated with Euler angles and to avoid
the use of trigonometric functions. Instead, the components of a rotation matrix R,
parametrized with Euler parameters, are computationally efficient quadratic algebraic
expressions [38].

With this parametrization the nodal coordinates of the non-linear two-node
superelement are two sets of Cartesian coordinates rp and rq, describing the nodal
positions in the inertial coordinate system and two sets of Euler parameters, λp

and λq, representing the orientation of the triads
[

epx, epy, epz
]

and
[

eqx, eqy, eqz
]

at
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nodes p and q. The vector x of nodal coordinates can then be written as

x =
{

rpT, λpT, rqT, λqT
}T

. (3.13)

Note that the parametrization of rotations is redundant due to the constraint λTλ =
1, imposed on the Euler parameters of Eq. (3.13). This results in a total of twelve
independent nodal coordinates.

The configuration defined by the nodal coordinate vector x also includes the
rigid body orientation and position of the superelement. These rigid body modes
should be removed to determine the elastic deformations. To achieve this we employ
the concept of specifying independent deformation modes from the non-linear
beam element model [38, 43]. As the superelement has twelve independent nodal
coordinates and six rigid body modes, we can define six independent deformation
modes. The set of associated deformation coordinates ε can be expressed as
analytical functions of the nodal coordinate vector x and the reference length l0 [43],

ε = D (x) , (3.14a)

where
ε1 = l − l0,

ε2 = l0
(

epz · e
q
y − epy · e

q
z

)

/2,

ε3 = −l0 el · e
p
z,

ε4 = l0 el · e
q
z,

ε5 = l0 el · e
p
y,

ε6 = −l0 el · e
q
y,

(3.14b)

with
l = ‖rq − rp‖ and el = (rq − rp) /l. (3.14c)

Here epy, epz , eqy and eqz are defined by Eq. (3.12). The deformation coordinates
represent a set of deformation modes, where the first deformation coordinate, ε1,
describes the elongation of the element, the second coordinate, ε2, describes the
torsion, and the remaining coordinates are associated with the bending deforma-
tions. The deformation modes are visualized in Fig. 3.5. The definitions of the
deformation coordinates are invariant under arbitrary rigid body motion of the
superelement. We note that the method outlined here is not particularly restricted
to the set of deformation coordinates given above. Other descriptions that describe
six independent deformation modes in terms of the absolute nodal coordinates could
be used as well.

These six deformation modes are however not adequate for modelling the
deformation of the interface surfaces and may not be sufficient for modelling the
vibrational modes of interest of a component. By reintroducing the coordinate
system [ēx, ēy, ēz] from the linear superelement in Fig. 3.1 as the co-rotational
frame of the non-linear superelement, we can define an additional set of generalized
coordinates η̄ that are independent of the deformation coordinates ε,

η̄ =
{

η̄
pT
d , η̄

qT
d , η̄T

f

}T

, (3.15)
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Figure 3.5: Graphical representation of the deformation modes with
deformation coordinates ε1 through ε6.

where η̄
p
d and η̄

q
d are the coordinates associated with the deformable-interface modes

of Section 3.2.1 at respectively the p and q-side and η̄f are the coordinates associated
with the fixed-interface normal modes discussed in Section 3.2.1.

To summarize, the configuration of the non-linear two-node superelement is
defined by the nodal coordinates x and the generalized coordinates η̄ of Eqs. (3.13)
and (3.15), respectively. Furthermore, the elastic deformations are described by the
deformation modes with associated deformation coordinates ε of Eq. (3.14) and the
deformable-interface and fixed-interface normal modes with associated generalized
coordinates η̄.

3.3.2 Potential energy

Relating deformation coordinates

With an expression for the potential energy, the internal forces acting on the
superelement can be determined. The potential energy can be expressed in terms of
the deformation coordinates ε and the set of generalized coordinates η̄ of Eqs. (3.14)
and (3.15) respectively,

P =
1

2

{

εT η̄T
}

S

{

ε

η̄

}

. (3.16)

Here S is the stiffness matrix of the non-linear two-node superelement.
An expression for S can be obtained by relating Eq. (3.16) with the potential

energy of the linear superelement given by Eq. (3.7). Note that the generalized
coordinates η̄ of Eq. (3.15) are identical to those of Eq. (3.7). Then, by determining
the relation between the deformation coordinates ε and the deformation boundary
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coordinates µ̄e, an expression for S can be derived. For infinitesimal elastic
deformations the deformation coordinates ε of Eq. (3.14b) may be approximated by
the linearized deformations with respect to the co-rotational frame [ēx, ēy, ēz] [43],

ε1 = ūq
x,

ε2 = l0 ϕ̄q
x,

ε3 = −l0 ϕ̄p
y,

ε4 = l0 ϕ̄q
y ,

ε5 = −l0 ϕ̄p
z ,

ε6 = l0 ϕ̄q
z .

(3.17)

From a comparison with Eq. (3.6c) it can be observed that,

µ̄e = Aε, (3.18a)

where

A = diag

([

1,
1

l0
, −

1

l0
,

1

l0
, −

1

l0
,

1

l0

])

. (3.18b)

This can also be verified visually by comparing the deformation modes in Fig. 3.2 and
Fig. 3.5.

Equivalent stiffness matrix

Substituting Eqs. (3.18a) and (3.8) in Eq. (3.7) and equating the result with Eq. (3.16)
yields,

P =
1

2

{

εT η̄T
}

[

A

I

]T

S̄

[

A

I

]{

ε

η̄

}

=
1

2

{

εT η̄T
}

S

{

ε

η̄

}

. (3.19)

From Eq. (3.19) the equivalent stiffness matrix S can be identified as

S =

[

A

I

]T

S̄

[

A

I

]

. (3.20)

The stiffness matrix S is symmetric and remains constant during a simulation. Note
that the stiffness matrix S can directly be derived from a FE model created with a
FE software package such as Ansys.

3.3.3 Kinetic energy

Relating velocities

With an expression for the kinetic energy of the non-linear superelement the inertial
forces acting on the superelement can be determined. The kinetic energy is expressed
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in terms of the nodal coordinate time derivatives ẋ and the time derivatives of the
set of generalized coordinates ˙̄η,

T =
1

2

{

ẋT ˙̄ηT
}

M

{

ẋ
˙̄η

}

. (3.21)

where M is the mass matrix of the non-linear superelement and

ẋ =
{

ṙpT, λ̇pT, ṙqT, λ̇qT
}T

. (3.22)

Similar to the approach used in Section 3.3.2, an expression for the mass matrix
can be obtained by relating the kinetic energy of Eq. (3.21) with the kinetic energy of
the linear superelement given by Eq. (3.10). Here we observe in both kinetic energy
expressions the same set of velocities ˙̄η. Relating the kinetic energies then requires
relating the time derivatives of the nodal coordinates ẋ with the boundary velocities v̄,
whose components are expressed along the base vectors ēx, ēy and ēz (see Fig. 3.1).

Using Euler parameter identities and Eq. (3.22), the 14 × 1 vector ẋ can be
expressed in terms of the 12 × 1 vector v of absolute nodal velocities expressed in
the inertial reference frame, as

v =















vp

ωp

vq

ωq















=









I

2Λp

I

2Λq























ṙp

λ̇p

ṙq

λ̇q















, (3.23)

where vp and vq are the absolute nodal translational velocities and ωp and ωq are
the absolute nodal angular velocities respectively defined by

ωp = 2Λpλ̇p and ωq = 2Λqλ̇q. (3.24)

Here the matrices Λp and Λq are defined by the Euler parameters λp and λq and are
of the following form:

Λ =





−λ1 λ0 −λ3 λ2

−λ2 λ3 λ0 −λ1

−λ3 −λ2 λ1 λ0



 , (3.25)

with λ0, λ1, λ2 and λ3 being the four Euler parameters of a vector λ.
In [12] (Chapter 2) it is shown by a comparison with the floating frame of

reference approach [62] that the velocity vector v̄, when assuming infinitesimal
elastic deformations, can be obtained by expressing the components of the absolute
nodal velocities v along the axes of the co-rotational frame [ēx, ēy, ēz]. This
transformations requires an expression for the co-rotational frame in the inertial
reference frame. For infinitesimal elastic deformations, either one of the orthonormal
triads

[

epx, epy, epz
]

and
[

eqx, eqy, eqz
]

of Eq. (3.12) can define the co-rotational
frame. However, in [12] we proposed an approach inspired by Cardona [21] that
produces more accurate and robust results for small elastic deformations while
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being exact when elastic deformations are absent. Here, the components of the
angular velocities are expressed along the axes of their respective orthonormal triads
[

epx, epy, epz
]

and
[

eqx, eqy, eqz
]

, while the translational velocities are expressed in an
average orientation reference frame. The average orientation reference frame can be
computed from the average set of Euler parameters λr defined by

λr =
λp + λq

‖λp + λq‖
, (3.26)

where the differences between λp and λq are assumed to be small. The Euler
parameters λr represents the rotation matrix Rr which describes the average
orientation with respect to the initial orientation R0 of Eq. (3.12). The relation
between the velocity vectors v and v̄ is then given by

v̄ =









RT
0 R

rT

RT
0 R

pT

RT
0 R

rT

RT
0 R

qT









v. (3.27)

Substituting Eq. (3.23) in (3.27) then gives for the relation between the nodal
coordinate time derivatives ẋ and the velocity vector v̄,

v̄ = Bẋ, (3.28)

where

B =









RT
0 R

rT

2RT
0 R

pTΛp

RT
0 R

rT

2RT
0 R

qTΛq









. (3.29)

Equivalent mass matrix

Substituting Eqs. (3.28) and (3.11) in (3.10) and equating the result with Eq. (3.21)
yields

T =
1

2

{

ẋT ˙̄ηT
}

[

B

I

]T

M̄

[

B

I

]{

ẋ
˙̄η

}

=
1

2

{

ẋT ˙̄ηT
}

M

{

ẋ
˙̄η

}

.

(3.30)
from which it can be observed that the equivalent mass matrix M is given by

M =

[

B

I

]T

M̄

[

B

I

]

=

[

BTM̄µµB BTM̄µη

M̄ηµB M̄ηη

]

, (3.31)

where the subscripts µ and η indicate the parts of the mass matrix M̄ associated
with the boundary coordinates µ̄ and the generalized coordinates η̄. The velocity
transformation matrixB is dependent on the superelement configuration described by
the nodal coordinates x and as a consequence, the mass matrixM is also configuration
dependent. The matrix M̄ remains constant during simulation and can directly be
determined from a linear FE model, see Eq. (3.11).
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3.3.4 Dynamics

We can determine the forces acting on the superelement by considering the principle
of virtual work. The virtual work done by external forces fext should be equal to the
virtual work of the inertial forces fin and the stress resultants σ,

{

δx
δη̄

}T

fext = −

{

δx
δη̄

}T

fin +

{

δε
δη̄

}T

σ, (3.32)

With the aid of Lagrange’s equations, the virtual work of the inertial forces and stress
resultants can also be expressed in terms of potential and kinetic energy,

{

δx
δη̄

}T

fext =

{

δx
δη̄

}T
(

d

dt

(

∂T

∂
(

ẋ, ˙̄η
)

)

−
∂T

∂ (x, η̄)
+

∂P

∂ (x, η̄)

)T

. (3.33)

Substituting the potential and kinetic energy expressions of Eqs. (3.19) and (3.30) in
Eq. (3.33) and evaluating the derivatives gives

{

δx
δη̄

}T

fext =

{

δx
δη̄

}T(

M

{

ẍ
¨̄η

}

+ h

)

+

{

δε
δη̄

}T

S

{

ε

η̄

}

, (3.34a)

where the vector h contains the inertial forces that are quadratic with velocity,

h =

[
(

Ḃ −B∗

)T

M̄µµB +BTM̄µµḂ
(

Ḃ −B∗

)T

M̄µη

M̄ηµḂ 0

]

{

ẋ
˙̄η

}

. (3.34b)

Here the matrix B∗ is defined as

B∗ =
∂v̄

∂x
. (3.35)

For expressions for Ḃ and B∗ see Appendices B and C. By comparing Eq. (3.32)
with Eq. (3.34a), the inertial forces and generalized stress resultants are expressed as

fin = −

(

M

{

ẍ
¨̄η

}

+ h

)

and σ = S

{

ε

η̄

}

. (3.36)

In order to use the non-linear superelement in flexible multibody models, the
expressions in Eq. (3.36) can be included in the equations of motion of the entire
multibody system1. An implementation of these expressions is realized in a
C++ version of the spacar flexible multibody software [39]. This program can
make computations for mechanical systems with interconnected rigid and flexible
elements. Specifically, the motion can be simulated for given initial conditions, the
equations of motion can be linearized about an arbitrary state of motion, stationary
solutions can be determined, and with the linearized equations, eigenfrequencies and
corresponding vibrational modes can be determined.

1See Appendix D for the equations of motion of a multibody system with superelements.
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3.4 Superelements with deformable-interface modes

In this section we will address the connection between superelements with deformable-
interface modes.

3.4.1 Assembly of superelements

Element connectivity can be realized by letting elements share their nodal coordi-
nates. In a similar manner, the coordinates η̄

p
d and η̄

q
d of Eq. (3.15) can be

shared as well. Though, care has to be taken when connecting superelements with
deformable-interface modes. For a proper connection, it should be verified that the
interface deformations of a deformable-interface mode are exactly the same for
the connecting superelements. In other words, the deformable-interface modes
should be compatible. In Fig. 3.6(a) this is exemplified for two interconnected
superelements representing a tube with an open cross-section clamped at one end
and subjected to a torsional rotation at the other end. Here, the warping modes of
the superelements are compatible resulting in a correct connection. This is however
not always the case for warping modes computed with the approach described
in Section 3.2.1, which can be observed in Fig. 3.6(b) where two interconnected
superelements with different shear moduli yield a separation of the interface
surfaces when subjected to a torsional rotation. Because the warping modes are
computed with FE analyses, the geometry and material properties will play a role
in determining the warping deformations of the interface surfaces. Compatibility
of the warping modes can therefore only be guaranteed for superelements that
have identical material properties and whose geometries are mirror symmetric with
respect to their shared interface surface.

Superelements

Torsional
rotation

(a) Compatible warping modes

Torsional
rotation

Separation of
interface surfaces

(b) Incompatible warping modes due to a
different shearing modulus for each superele-
ment

Figure 3.6: Torsion of a tube with open cross-section modelled by two
superelements with compatible (a) and incompatible warping modes (b).
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3.4.2 Determining compatible warping modes

When the geometries are not mirror symmetric or if the material properties are
different, an alternative strategy has to be followed for obtaining compatible warping
modes.

Consider the tube shown in Fig. 3.7(a) which consists of two sections, A and B.
Each section should be modelled by a superelement and their shared interface should
be able to deform for a torsional twist of the tube. The steps that may be followed
to obtain the compatible warping modes are presented below:

1. Generate a FE model that consists of sections A and B and rigidly prescribe
a torsional rotation to one end of the tube while clamping the other end and
compute the resulting deformations, see Fig. 3.7(a).

2. Determine from this FE analysis the nodal displacements on the interface
between sections A and B and collect them in the 3n × 1 vector ūinterface,
where n corresponds to the number of nodes on the interface.

3. Remove the interface surface rigid body motion from the vector ūinterface. Let
the rigid body motion of the interface surface be represented by the 3n × 6
matrix Ur whose columns are normalized and correspond to the x, y and z
translations and rotations of the interface surface, then

ūd
interface = ūinterface −UrU

T
r ūinterface, (3.37)

where ūd
interface are the interface deformations absent rigid body motion of the

interface surface.

4. Obtain from a FE analysis of section A the warping mode W
q(A)
d by clamping

the nodes at the p-side of section A and applying the interface deforma-
tions ūd

interface to the nodes at the q-side, see Fig. 3.7(b).

5. Obtain in a similar manner the warping mode W
p(B)
d from a FE model of

section B, by applying the interface deformations ūd
interface to the nodes at

the p-side while clamping the q-side, see Fig. 3.7(b).

The removal of the rigid body motion from the vector ūinterface in step 3 is necessary
to ensure that the warping modes computed in steps 4 and 5 are independent of the
constraint modes. The computed warping modes in steps 4 and 5 are compatible
as they describe the same deformations ūd

interface at the shared interface surface.
Furthermore, with these warping modes it is ensured that a correct static response
of the interface surface is obtained for torsional rotations of the tube.

Note that this method can also be used to obtain other types of compatible
deformable-interface modes attuned to a different displacement pattern prescribed
in step 1. For example, by prescribing, instead of the torsional rotation, a rigid
translation of the interface surface along the element axis in step 1, a deformable-
interface mode is obtained that models the transverse contraction at the interface
due to elongation. Though, for additional deformable-interface modes, it should be
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Section A
Section B

Nodes on surface
rigidly interconnected

Clamped surface

Prescribed
torsional rotation

Nodal displacements ūinterface at the
interface between sections A and B

(a) FE model of a tube with open-cross-section consisting of two sections, A and B

Compatible warping

mode W
q(A)
d

Compatible warping

mode W
p(B)
d

Nodal displacements ūd
interface prescribed

on interface surfacesInterface surface
clamped

Interface surface
clamped

p

p

q

q

(b) Computation of compatible warping modes for sections A and B

Figure 3.7: Computation of compatible warping modes by obtaining interface
nodal displacements from a FE model (a) and prescribing these to the interface
surfaces of the separate sections (b).

verified that they are linearly independent to obtain full rank mass and stiffness
matrices for the superelement (see Sections 3.2.2 and 3.2.3).

3.5 Numerical examples

Figure 3.8 shows a complex-shaped flexible component attached to a compliant
cross-hinge consisting of sheet flexures. This assembly is part of a large-stroke
compliant mechanism [27]. We will use a simplified model of this assembly to
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Complex-shaped
flexible component

Compliant cross-hinge
consisting of sheet flexures

Figure 3.8: Images of a complex-shaped flexible component attached to a
compliant cross-hinge consisting of sheet flexures. The component and flexures
are part of a large-stroke compliant mechanism [27].

demonstrate the performance of the non-linear two-node superelement. Three
separate examples are considered to test different aspects of the superelement. In
the first example, constraint and warping modes are combined for the modelling of
large deflections of a short sheet flexure. Next, a complex-shaped flexible component
which only exhibits small deflections is modelled by a single superelement with
additional fixed-interface normal modes. For the third example, a time-response
simulation is performed of the motion of the complex-shaped component of the
second example connected to the fixed world by a compliant cross-hinge consisting
of short sheet flexures. For all examples, we compute eigenfrequencies in different
equilibrium configurations and compare the results with those obtained using the
FE software Ansys. Stress stiffening effects are included for the computation of the
eigenfrequencies [40]2.

3.5.1 Large deflections of a compliant flexure

Consider the flexure shown in Fig. 3.9. On one side it is clamped to the fixed world,
whereas on the other side a nodal mass m is attached to the flexure using an L-shaped
rigid link with dimensions in the x and y-direction of respectively 0.25 m and 0.1 m.
Both ends of the flexure are considered to be rigid over the full height of the flexure,
i.e. warping is constrained. The height h, length l, and thickness t are denoted in
the figure as are its physical properties corresponding to steel with density ρ, Young’s
modulus E and shear modulus G. At the connection of the flexure with the rigid link,
a moment M is applied such that the flexure is deflected over an angle ϕ.

In this example we consider four models for computing the first four eigenfre-
quencies and vibrational modes as functions of the deflection angle ϕ. The first
two models are superelement models. The first superelement model only includes
constraint modes whereas for the second superelement model also warping modes
are considered. These models will respectively be referred to by the labels SE-C and

2See Appendix E for the determination of the mass and stiffness matrices that are used to
compute the eigenfrequencies.
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ρ = 7800 kg/m3

E = 2.1 · 1011 N/m2

G = 8 · 1010 N/m2

t = 3 · 10−4 m

h = 0.04 m

l = 0.04 m

m = 0.01 kg

Figure 3.9: Parameters of the flexure model with a nodal mass attached to
it.

SE-CW. The third model consists of spacar non-linear beam elements [43] and will
be abbreviated as NLB-spacar. Lastly, as reference, we performed a non-linear
large deflection analysis using the FE software Ansys and we will refer to the results
of this model as FE-Ansys. Each of the models is investigated in 40 equilibrium
configurations obtained by applying a moment of ±0.4 Nm to the flexure with
increments of 0.02 Nm yielding a total deflection of ϕ = ±40 degrees.

For the modelling of large deflections using beams or superelements, it is required
that the element deformations remain relatively small such that linear stiffness models
are valid. Therefore, the flexure needs to be discretized with a sufficient number of
elements along its length to produce correct large deflection results. We used a total of
four beam elements and four superelements for the non-linear beam and superelement
models respectively. For the NLB-spacar and SE-C model this leads to models with
24 degrees of freedom. The SE-CW model has three additional degrees of freedom to
model the warping of the flexure. The warping at the ends of the flexure is suppressed
to model the clamping and the rigid connection to the rigid link. The superelements
are obtained from a FE model of a quarter of the flexure consisting of 1600, 20-node
solid elements (Ansys Solid 186 elements) in cubic configuration with four elements
across the thickness of the flexure. For the FE Ansys model, 6400, 20-node solid
elements are used with four elements across the thickness of the flexure. Furthermore,
to realize a rigid connection of the rigid link to the flexure, the nodes over the full
height at the end of the flexure are rigidly interconnected using Ansys multipoint
constraint elements.

The first four eigenfrequencies of the four models are shown in Fig. 3.10 as
functions of the deflection angle ϕ. All four models are in good agreement for the
first and third eigenfrequencies. Though, large differences for the second and fourth
eigenfrequencies are observed for the NLB-spacar and the SE-C model. The second
vibrational mode is a torsion mode and the fourth vibrational mode can also be
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(a) The first and second eigenfrequencies, ω1 and ω2, as a function of the deflection angle
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(b) The third and fourth eigenfrequencies, ω3 and ω4, as a function of the deflection angle

Figure 3.10: The first two eigenfrequencies (a) and the third and fourth
eigenfrequencies (b) as a function of the deflection angle for the four considered
models.

considered a torsion mode for positive deflections, see Fig. 3.11(a). The ends of the
flexure would like to warp under a torsional rotation as is discussed in Section 3.2.1.
This is especially the case for short flexures such as the one considered in this
example. By clamping the flexure at one end and rigidly attaching it to the rigid
link on the other end, the warping is suppressed on both sides of the flexure yielding
a significant increase of the torsional stiffness. This effect is not modelled by the
NLB-spacar model resulting in the much lower second and fourth eigenfrequency.
For the SE-C model, each superelement is generated using rigid interfaces and
therefore automatically suppresses the warping at both ends of each superelement.
As we have used four superelements in the SE-C model, this means that the warping
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(a) Fourth vibrational mode for positive
deflections

(b) Fourth vibrational mode for negative
deflections

Figure 3.11: The fourth vibrational mode of the flexure for positive
deflections (a) and for negative deflections (b).

is suppressed correctly at both sides of the flexure but also at a quarter, a half and
three quarter lengths of the flexure, explaining the much higher second and fourth
eigenfrequencies. From Fig. 3.11(b), we observe that for negative deflections the
fourth vibrational mode does not correspond to a torsional mode but is instead
a bending mode. For the negative deflections, the torsional mode has a higher
frequency than the bending mode and they start to veer with each other around 2
degrees deflection. The bending mode is predicted well by the SE-C model yielding
the correct results of the fourth eigenfrequency for negative deflections. The
NLB-spacar model also predicts this mode, but as its sixth vibrational mode (not
shown in the figure).

Correct results are obtained for the SE-CW model over the full range of motion.
From this we can conclude that the warping effect is correctly modelled within the
flexure, while constrained at the ends of the flexure. It is clear that the inclusion
of warping modes is of importance for the correct modelling of short flexures using
superelements.

3.5.2 Modelling of a complex-shaped flexible component
exhibiting small deflections

For the modelling of a complex-shaped flexible component exhibiting only small
deflections, a single superelement with additional fixed-interface normal modes can
suffice. In this example we demonstrate this for the flexible component shown in
Fig. 3.12.

The flexible component is attached to a nodal mass m by a rigid link and it is
clamped on its other side. All the dimensions of the component and its physical
properties are shown in the figure. We will model this component using a two-node
superelement and rigidly attach it to the nodal mass. The first six eigenfrequencies
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Figure 3.12: Parameters of a flexible component attached to a nodal mass.

Table 3.1: The first six eigenfrequencies for the FE Ansys model and the
superelement models with constraint (SE-C) and additionally one, two and six
fixed-interface normal modes (SE-CF1, SE-CF2 and SE-CF6).

FE Ansys [Hz] SE-C [Hz] SE-CF1 [Hz] SE-CF2 [Hz] SE-CF6 [Hz]

Mode 1 41.4 41.4 41.4 41.4 41.4
Mode 2 199.4 199.5 199.5 199.5 199.4
Mode 3 389.2 395.3 395.3 395.3 389.5
Mode 4 438.6 - 438.6 438.6 438.6
Mode 5 948.8 - - 949.7 949.6
Mode 6 1080.4 1132.5 1132.6 1139.0 1128.5

will be compared with those obtained from an Ansys FE modal analysis. For this
analysis we modelled the interface surfaces rigidly as is shown in the figure.

It is investigated how the eigenfrequencies are influenced by including fixed-
interface normal modes to the superelement model. In Tab. 3.1 the eigenfrequency
results are shown for the FE analysis and superelement models with varying number
of fixed-interface normal modes. Here the labels SE-C, SE-CF1, SE-CF2 and SE-
CF6 respectively refer to superelement models with only constraint and additionally
one, two, or six fixed-interface normal modes. It can be observed that for a
superelement with just constraint modes (SE-C), the first three eigenfrequencies are
already predicted accurately. Though for predicting the fourth and fifth mode, two
additional fixed-interface normal modes are necessary as is observed for the SE-CF1
and SE-CF2 models. Increasing the number of fixed-interface normal modes to six
yields only a marginal increase in accuracy compared with the FE analysis.
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3.5.3 Time-response of a complex-shaped flexible component
attached to a compliant cross-hinge

In Fig. 3.13, an illustration is presented of a simplified model of the compliant
mechanism shown in Fig. 3.8. The numbers in the figure correspond to node
numbers whose coordinates are given in Tab. 3.2. The short sheet flexure considered
in the first example is placed between nodes 1 and 2 and between nodes 3 and
4. Each flexure is modelled by four superelements that include warping modes
corresponding to the SE-CW model of the first example. Nodes 1 and 3 are
clamped to the fixed world and the warping modes of the superelements are
suppressed at nodes 1, 2, 3 and 4. The complex-shaped flexible component of the
second example is placed between nodes 5 and 6. This component is modelled
by a single superelement with six fixed-interface normal modes corresponding to
the SE-CF6 model of the second example. Similar to the previous examples, a
nodal mass m of 0.01 kg is attached to the mechanism by a massless rigid beam
between nodes 6 and 7. Furthermore, rigid beams are used to connect nodes 2
and 5, as well as nodes 4 and 5. The complete model has 60 degrees of freedom.

x

y
z

¬
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Figure 3.13: Compliant mechanism model consisting of two short sheet
flexures and a complex-shaped flexible component. The circled numbers are
node numbers of the model.

Table 3.2: The x, y and z coordinates of nodes 1 through 7.

x-coordinate [m] y-coordinate [m] z-coordinate [m]

Node ¬ 0.02 0.02 -0.02
Node  0.02 -0.02 -0.02
Node ® 0 0 0.02
Node ¯ 0.04 0 0.02
Node ° 0.04 0 0
Node ± 0.29 0 0
Node ² 0.29 -0.1 0
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Figure 3.14: The first two eigenfrequencies ω1 and ω2 (a) and eigenfrequen-
cies ω3 through ω6 (b) as functions of the deflection angle ϕ of the superelement
model compared with results obtained using Ansys.

For the material properties of the flexures and the complex-shaped component see
Fig. 3.9 and Fig. 3.12 respectively. A gravity field g of 9.81 m/s2 is acting in the
negative z-direction for this example and a moment M is applied to actuate the
mechanism over a deflection angle ϕ.

Before performing the time-response simulation, we will validate the model by
comparing the eigenfrequencies in 61 equilibrium positions with results obtained from
a non-linear large deflection analysis using the FE software Ansys. We will omit
the effects of gravity for this analysis. The equilibrium positions are determined by
incrementing the moment M by 0.02 Nm up to ±0.6 Nm. In Fig. 3.14 the first six
eigenfrequencies are shown as functions of the deflection angle ϕ, up to ϕ = ±30
degrees. It can be concluded that the superelement model corresponds very well with
the Ansys results.

To actuate the model for the time-response simulation, the moment M is
prescribed as a function of time

M(t) =











Mmax

2

(

1− cos

(

2πt

T

))

, 0 ≤ t ≤ T,

0, t > T,

(3.38)

where the setup-time T is 0.1 s and Mmax is 0.5 Nm, see Fig. 3.15(a). Two time-
response simulations are performed where the effects of gravity are included. The
time-response simulations differ with respect to their initial conditions. The first
time-response simulation starts from the original undeflected configuration, whereas
the second time-response simulation starts in an adjusted equilibrium configuration
that accounts for gravity. For the time-integration of the equations of motion we use
the Shampine–Gordon integrator [63], which is an explicit variable step-size integrator.
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Figure 3.15: The moment M(t) (a) and the resulting deflection angle ϕ (b)
as functions of time.
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Figure 3.16: The z-displacement of node number 7 as a function of time
for the simulations starting from the original configuration and the gravity
adjusted equilibrium configuration.

Table 3.3: The static z-displacement of node number 7 at ϕ = 0, ϕ = −30
and ϕ = 30 degrees deflection.

z-displacement at z-displacement at z-displacement at
ϕ = 0 degrees [m] ϕ = −30 degrees [m] ϕ = 30 degrees [m]

FE-Ansys −1.54 · 10−4
−5.30 · 10−4

−3.70 · 10−4

SE model −1.47 · 10−4 −5.06 · 10−4 −3.32 · 10−4
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In Fig. 3.15(b) the deflection angle ϕ is shown as a function of time. It is clear
from this figure that the mechanism is undergoing a significant deflection of ϕ = ±30
degrees. In Fig. 3.16 the z-displacement of node number 7 is shown as a function of
time. Due to the effects of gravity, an immediate oscillation of the z-displacement
is observed for the simulation starting from the original undeformed configuration.
This oscillation occurs with a frequency of about 40 Hz which corresponds to the
second eigenfrequency of the model, see Fig. 3.14(a). It can be observed that the
z-displacement is correctly oscillating around the results of the simulation starting
from the gravity adjusted configuration. For the second time-response simulation,
a periodic difference in z-displacement at e.g. around 0.12 and 0.26 seconds, can be
observed. This is caused by the non-symmetrical layout of the mechanism. In Tab. 3.3
the same trend can be observed for the Ansys FE model where we determined the
static deflection due to gravity at ϕ = 0, ϕ = 30 and ϕ = −30 degrees deflection. The
results of the superelement model agree qualitatively well with the Ansys results.

3.6 Conclusions

A non-linear two-node superelement has been developed that is capable of modelling
large rigid body motions and small elastic deformations of arbitrary-shaped flexible
members with two interface surfaces. Absolute nodal coordinates are used to
describe the configuration of the superelement with respect to an inertial reference
frame. Furthermore, the formulation is based on a small rotation and displacement
hypothesis in a local co-rotational frame. This allows for the application of reduc-
tion techniques, such as substructuring methods, for determining the equivalent
mass and stiffness properties of the superelement from a linear finite element
model. The reduced model is obtained by describing the nodal displacements with
constraint, fixed-interface normal and deformable-interface modes. With the
proposed deformable-interface modes, the deformations of the interface surfaces can
be modelled. This allows for a compliant connection of superelements, provided that
the elements at either side of the interface share compatible deformable-interface
modes.

The use of deformable-interface modes in a large deflection analysis is demon-
strated by considering a numerical example of a relative short compliant sheet
flexure. For correct modelling of large deflections, a sufficient number of superele-
ments have to be used such that the deformations of each individual superelement
remain small with respect to a local co-rotational frame. The use of linear stiffness
models for the computation of the stress resultants then remains valid. For this
example, the correct modelling of the out-of-plane warping of the cross-section due
to twist is of vital importance. A specific deformable-interface mode, referred to
as a warping mode, is used for this purpose. It is demonstrated that due to the
inclusion of the warping modes, correct dynamical results are obtained even for
large deflections.

For the modelling of complex-shaped components that only exhibit small
deflections, the fixed-interface normal modes of the Craig–Bampton method are
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used. It is demonstrated that only a few fixed-interface normal modes are required
to accurately model the first few vibrational modes of a complex-shaped component.

In a third example, a compliant mechanism is considered which contains compo-
nents of the first two examples. The vibrational modes of the superelement model
are in good agreement over the full range of motion compared with results obtained
using a classical non-linear finite element method. A time-response simulation
of this mechanism is also provided. All the components of this mechanism are
modelled with superelements, demonstrating the applicability of the approach.
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Chapter 4

Modelling a large-stroke compliant
mechanism with superelements

In this chapter, the superelement approach described in Chapters 2 and 3 is applied for the
modelling of a two degree of freedom large-stroke compliant positioning mechanism. After
first describing the background of the mechanism and its design, a spacar model consisting
of non-linear beam and superelements is presented. Next, in order to verify the accuracy of
this model, a FE model is developed using the commercially available FE software package
Ansys. The chapter concludes with a comparison of the two models by an evaluation of
eigenfrequencies along a prescribed path of the end-effector.

4.1 Large-stroke compliant mechanism

4.1.1 Background

There is a growing demand from industry for high precision positioning mechanisms
which can be used in confined vacuum environments of e.g. lithography machines or
electron microscopes. Conventional solutions, like stages based on roller bearings,
suffer from hysteresis and wear and can contaminate the vacuum due to evaporation
of lubricants. For an alternative solution, the use of compliant mechanisms that
utilize the deflection of sheet and wire flexures to guide the motion, should be
considered. Such mechanisms do not contaminate the vacuum, do not suffer from
friction or backlash and have a low hysteresis [32, 65], allowing high-precision and
repeatability. However, compliant mechanisms are traditionally only used for
small-stroke applications, because flexures inherently lose stiffness in supporting
directions when deflected (see Section 3.5.1). The stiffness in the support directions
should ideally be as high as possible such that the resonance frequencies of unwanted
vibrational modes are high, whereas the stiffness in the actuation directions should
be as low as possible to allow for easy actuation of the mechanism.

63
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Figure 4.1: Photo of the two degree of freedom large-stroke compliant
positioning mechanism.

The compliant mechanism shown in Fig. 4.1 is an attempt to obtain a design
that combines these aspects of a high support stiffness and low actuation stiffness
over a large-stroke planar motion. The mechanism is designed by Hoitzing [34] and
Folkersma [27]. A lumped compliance approach [65] is used to achieve a large ratio
of support over actuation stiffness [68]. This results in a design consisting of eleven
compliant cross-hinges interconnected by stiff members. A cross-hinge consists of
several sheet flexures that are arranged in such a way that the hinge has a low
rotational stiffness, whereas all the other directions are designed to be stiff. The
cross-hinges can undergo a significant deflection of ±20 degrees to realize a relatively
large-stroke planar motion of the end-effector. The location of the cross-hinges
and the lengths of the members are chosen such that the occupied space of the
mechanism during operation is minimized for a certain work-space area.

To guarantee deterministic behaviour with the many assembled parts, the
mechanism is designed to be exactly constrained [10, 16, 32, 65]. This means that
no over- or underconstraints should be present in the design such that the system
is kinematically and statically determinate. Exact constraint design, as opposed
to elastic averaging, does not require tight tolerances on flatness, parallelism and
squareness, and it allows for temperature fluctuations without excessive stresses
in the structure. For compliant mechanisms that are not designed to be exactly
constraint, overconstraining and miss-alignment can lead to load stiffening [7] and
bifurcation [51]. Load stiffening negatively affects the actuation stiffness of the
mechanism, whereas bifurcation can cause unstable behaviour and a sudden
decrease in support stiffness. Furthermore, if underconstraints are present in the
design, internal vibrational modes at relatively low frequencies can occur which can
influence the closed-loop stability and precision of the mechanism.

To achieve an exact constraint design, local flexibilities are added to the members
that are interconnecting the cross-hinges. Furthermore, the members are designed
to be lightweight, which, in combination with the local flexibilities, gives a complex
shape to their geometry.



4

4.1. LARGE-STROKE COMPLIANT MECHANISM 65

The mechanism has been built and eigenfrequency measurements are documented
in [27, 70]. Large differences between measurements and preliminary model results
are observed, which are for the most part attributed to manufacturing and alignment
errors, and damaged sheet flexures. Therefore, these experimental results are not
repeated in this chapter.

4.1.2 Mechanism details

In Fig. 4.2 a drawing of the two degree of freedom large-stroke compliant positioning
mechanism [27] is shown. Here, the complex-shaped flexible members that are
interconnecting the cross-hinges are named: UpperArmX1, LowerArmX1, Upper-

ArmX2, LowerArmX2, UpperArmY, LowerArmY and CrossBar. The motion of the
mechanism is shown in Fig. 4.3, where the mechanism is simplified as a planar
parallel kinematic mechanism with planar hinges interconnected by rigid members.
Two parallelograms can be identified consisting of UpperArmX1, UpperArmX2

and CrossBar, and LowerArmX1, LowerArmX2, CrossBar and the end-effector,
respectively. These two parallelograms constrain the rotation of the end-effector
about the z-axis while allowing translations in the x- and y-directions, respectively,
hence the two degrees of freedom. The actuation is realized by two linear motors
whose actuator coils are attached at locations above and below UpperArmX1 and
UpperArmY. The arm consisting of UpperArmY and LowerArmY allows both
actuators to be placed at the base of the mechanism, avoiding the need to add the

UpperArmX1
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LowerArmX1

End-effector
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LowerArmY

Encoder

Magnet yokes

y-Actuator coils

x-Actuator coils

Encoder

Magnet yokes

x
y

z

Figure 4.2: CAD drawing of the two degree of freedom large-stroke compliant
positioning mechanism.
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Figure 4.3: Schematic representation of the two degree of freedom large-
stroke compliant positioning mechanism, illustrating the planar x-directional
motion (a) and the y-directional motion (b)

full weight of a magnet yoke to the moving mass. Instead, the magnet yokes can
be attached to the support frame. Furthermore, two linear encoders are attached
to UpperArmY and LowerArmY for co-located feedback control. The size of the
complete mechanism is 540× 585× 87 mm with a workspace area of 100× 100 mm.

4.1.3 Exact constraint design

The compliant mechanism has been extensively analysed for over- and undercon-
straints in [17, 27], using the SVD approach proposed in [3]. Assuming that each
cross-hinge only releases one rotation and that the interconnecting members are
rigid, then each kinematic loop adds three overconstraints. The overconstraints are
related to the direction perpendicular to the plane of motion. As the mechanisms
has three such kinematic loops, two loops in the parallelograms and a third
by the addition of the actuator arm UpperArmY-LowerArmY, it is nine times
overconstrained. To release these overconstraints, the lower arms LowerArmX1,
LowerArmX2 and LowerArmY are designed to be compliant in the torsional and
out-of-plane bending direction. Figure 4.4 shows that the torsion release is obtained
by a T-profile shape and the bending release is implemented as a notch-hinge. As
such, six of the overconstraints are released. The three remaining overconstraints are
released in the CrossBar, see Fig. 4.5. Here the notch-hinges release the out-of-plane
bending directions at either side of the CrossBar, whereas the wire and the sheet
flexures allow for a torsional rotation of the component. Note that the CrossBar is
now free to twist about its longitudinal axis, resulting in an internal vibration mode.
However, from a FE analysis it is determined that the corresponding eigenfrequency
is sufficiently high and should not disturb the dynamics of the end-effector or
destabilize the control systems [17].
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Figure 4.4: Illustration of LowerArmX1, showing the location of the bending
and torsion releases.
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Figure 4.5: Illustration of CrossBar attached to UpperArmX1 and Upper-
ArmX2, showing the location of the bending and torsion releases.

4.2 Spacar mechanism model

The complete spacar model of the compliant mechanism is shown in Fig. 4.6.
It consists of 235 beam elements and 23 superelements. The assembly of these
elements yields a model with 1584 nodal coordinates1 and 1822 deformation
coordinates2. Furthermore, the model has a total of 688 degrees of freedom. The

1The set of nodal coordinates consist of Cartesian coordinates, Euler parameters and warping
coordinates associated with the superelement warping modes.

2The set of deformation coordinates are associated with the element deformation modes and the
warping modes of the superelements.
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Figure 4.6: spacar model of the two degree of freedom compliant mecha-
nism.
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Rigid beam element

Rigid connections to the
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Figure 4.7: The end-effector modelled by a rigid superelement and a rigid
beam element.
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complex-shaped flexible members are modelled with superelements while the
compliant cross-hinges are modelled using both beam and superelements. The
end-effector is considered to be rigid and modelled by a rigid superelement and a
massless rigid beam element which are interconnecting the end-effector cross-hinges
as is shown in Fig. 4.7. The end-effector inertia properties are included by the rigid
superelement.

In the following subsections, the superelement modelling of the complex-shaped
flexible members and the cross-hinge assemblies are discussed.

4.2.1 Complex-shaped flexible members

In Fig. 4.8 the FE model that is used for generating a superelement of UpperArmX1

is shown. It consists of 32316 20-node solid elements (Ansys solid186). The body of
the material is made of aluminum, whereas the flexure attachment parts are made of
steel. The aluminum body is a thin-walled box with a wall thickness of 1 mm. Steel
screws are used to fix the flexure attachment parts to the aluminum body. The weight
of the screws is taken into account by adding nodal point masses at their centres of
mass. The FE model of UpperArmX1 is identical to UpperArmX2, except that for

Aluminum body

Rigid surface

Steel part with nodal masses

Rigid link with nodal mass

Nodal masses representing the

actuator coils and encoder

Boundary node q

rigidly connected to

the interface surfaces

Steel flexure attachment partsInterface surfaces
at the locations where
the flexures are attached

Boundary node p rigidly

connected to the interface surfaces

Figure 4.8: Finite element model of UpperArmX1, consisting of an alu-
minum body with steel flexure attachment parts and nodal point masses for
representing the weight of the screws, the actuator coils and the encoder. For
the generation of a superelement, boundary nodes are defined at either side of
the component and are rigidly connected to the interface surfaces.
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Table 4.1: Number of solid elements used in the superelement FE models
and the superelement lengths.

Component name Number of solid elements Length [mm]

UpperArmX1 32316 330.8
UpperArmX2 32316 330.8
UpperArmY 22702 240.9
LowerArmX1 9893 232.1
LowerArmX2 9893 232.1
LowerArmY 11887 267.4
CrossBar 5736 153.9
End-effector (rigid) 13476 153.9

the former the weight of the x-actuator coils and the encoder should be included.
For this purpose, the actuator-coils and encoder are modelled with point masses.
Furthermore, point masses are placed at the mass centres of the components that are
used to attach the actuator-coils and the encoder to the aluminum body. Rigid links
are employed to connect these point masses to the FE model.

In a similar way, the FE models for the other complex-shaped flexible members
are obtained. Table 4.1 shows on overview of the number of solid elements used in
each of these models. Here, the UpperArmY model includes the weight of an encoder
and the y-actuator coils. Furthermore, the CrossBar is modelled using the physical
properties of steel as it does not contain any aluminum parts.

To generate the superelements, interface surfaces and boundary node locations
need to be defined. The interface surfaces correspond to the areas where the flexures
of the cross-hinges are attached to the component. This is illustrated for UpperArmX1

in Fig. 4.8. The nodes on the interface surfaces at either side of UpperArmX1 are
rigidly attached to their boundary nodes. The boundary node locations are chosen
to be approximately at the average location of the interface surfaces. The distance
between the boundary nodes corresponds to the length of the superelement, which
are listed in Tab. 4.1.

The superelements of the complex-shaped flexible members are generated using
only the constraint modes.

4.2.2 Cross-hinge assemblies

Two types of cross-hinges are used in the compliant mechanism. Attached to the
CrossBar are cross-hinges consisting of a wire and a sheet flexure, whereas the other
cross-hinges are assemblies of five sheet flexures. The modelling of the individual wire
and sheet flexures is explained first. Then, the cross-hinge assemblies of the two types
of cross-hinges are discussed.

Wire and sheet modelling

All the wire and sheet flexures of the cross-hinges are made of steel and can undergo
significant deflection of ±20 degrees during the motion of the mechanism. The wire
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flexures are thin and slender components. Therefore, beam elements are well suited
to model these components. Each wire flexure is modelled using three beam elements,
such that the large deflections are modelled correctly.

The sheet flexures are modelled using three beam elements or superelements. Both
ends of the sheet flexures are considered to be rigidly clamped to the complex-shaped
flexible members. Most of the sheet flexures in the model are slender, i.e. their height
to length ratio is relatively small. Then, beam elements can be used to model the sheet
flexures. If the height to length ratio is large, then the warping of the cross-section
needs to be modelled and suppressed at both ends of the sheet flexure to correctly
model the rigid clamping as is demonstrated in Section 3.5.1. This is achieved by
using superelements with additional warping modes.

Cross-hinges attached to the crossBar

In Fig. 4.9 the spacar model is shown of the subassembly where the CrossBar is
attached to the cross-hinges that consist of wire and sheet flexures (see Fig. 4.5). In
Tab. 4.2 the dimensions of the wire and sheet flexures are given. The wire flexures are
modelled with beam elements as is previously mentioned. Superelements are used to
model the sheet flexures due to their relatively large height to length ratio (0.7). Rigid
beam elements are used to interconnect the wire and sheet flexures and to facilitate
the connection with the CrossBar. Rigid beams are also employed to connect this
subassembly with the boundary nodes of UpperArmX1 and UpperArmX2 as is shown
in Fig. 4.10.

Rigid beam elements

Boundary nodes of the CrossBar

Superelements

Beam elements

CrossBar superelement model

Figure 4.9: spacar model of the CrossBar attached to the wire-sheet flexure
hinges.
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Rigid beam connecting the

CrossBar assembly to UpperArmX1

Rigid beam connecting the
CrossBar assembly to UpperArmX2

UpperArmX1

UpperArmX2

CrossBar

Figure 4.10: Rigid connection between the CrossBar and UpperArmX1 and
between the CrossBar and UpperArmX2.

Table 4.2: Flexure dimensions of the wire-sheet flexure hinge.

Dimensions [mm]

Sheet flexure length 20
Sheet flexure height 14
Sheet flexure thickness 0.3
Wire flexure length 20
Wire flexure diameter 0.4

Cross-hinge composed of five sheet flexures

Figure 4.6 shows the locations of the different types of cross-hinges composed of five
sheet flexures which are referred to as: base cross-hinge, elbow arm x cross-hinge,
elbow arm y cross-hinge and end-effector cross-hinge, respectively. In Fig. 4.11, the
spacar model of a base cross-hinge is depicted and in Tab. 4.3 an overview of the
flexure dimensions for the different cross-hinges is given. For the base and end-effector
cross-hinges, the main flexure, the two outer flexures and the two cross flexures, are all
modelled with three beam elements. Three superelements are used to model the main
flexures of the elbow cross-hinges due to their relatively large height to length ratio. At
either side of the cross-hinge, the flexures are interconnected with rigid beam elements
to the attachment nodes of the cross-hinge subassembly, see Fig. 4.11. In turn, the
complex-shaped flexible members are attached to the cross-hinge assemblies by use
of these attachment nodes, yielding the complete spacar model of the compliant
mechanism3.

3See Appendix D for the equations of motion of a multibody system with superelements.
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Figure 4.11: spacar model of one of the base cross-hinges.

Table 4.3: Flexure dimensions of the cross-hinges.

Cross-hinge locations
Base Elbow arm-x Elbow arm-y End-effector

Flexure length [mm] 50 40 40 35
Flexure thickness [mm] 0.5 0.4 0.4 0.3
Main flexure height [mm] 33 38 43 14
Outer flexure height [mm] 10 8 10 4
Cross flexure height [mm] 15 7 10 3

4.3 Ansys mechanism model

The complex-shaped flexible members in the FE model are modelled with 20-node
solid elements. The meshes of the complex-shaped flexible members are identical to
the meshes of the superelements of the spacar model in Section 4.2, including the
nodal point masses for modelling the screws, actuator coils and encoders. The wire
and sheet flexures are modelled with beam elements (Ansys beam188) and 8-node
shell elements (Ansys shell281), respectively, in order to reduce the size of the FE
model without losing accuracy.

The connection between the solid, shell and beam elements requires some atten-
tion as the solid elements only have translational degrees of freedom, whereas the
shell and beam elements have both translational and rotational degrees of freedom.
Two different approaches are considered to properly connect these elements. In the
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UpperArmX1

Rigid connections

between rigid

interface surfaces

Shell elements

(a) Interface surfaces rigidly in-
terconnected

UpperArmX1

Shell elements on
solid elements

Shell elements

(b) Massless shell elements
overlaid on solid elements

Figure 4.12: Two approaches for interconnecting shell and solid elements.

first approach, the interface surfaces of the complex-shaped flexible members are
rigidly interconnected by multipoint constraint elements (Ansys mpc184), which is
consistent with the spacar model. This is illustrated in Fig. 4.12(a) for connecting
the shell elements of the base cross-hinge flexures with the solid elements of the
UpperArmX1 model. A more realistic connection can be obtained by overlaying
massless shell elements on the solid elements to which the flexures are attached. The
shell elements of the flexures are then connected to the massless shell elements,
see Fig. 4.12(a). This allows for an elastic connection between the shell and solid
elements. The two models are respectively referred to by FE Ansys rigid connection

and FE Ansys shell connection.

The complete FE model of the compliant mechanism consists of 138219 20-
node solid elements, 6232 8-node shell elements (Ansys shell281) and 6 beam
elements (Ansys beam188). The model has approximately 1.5 million degrees of
freedom.

4.4 Comparison of eigenfrequencies

To evaluate the accuracy of the spacar model, eigenfrequency results up to 200 Hz
are obtained along a prescribed path of the end-effector and are compared to those
obtained with theAnsysmodels. In Fig. 4.13 the prescribed path of the end-effector is
shown, where the coordinate s is the distance travelled along the path in the indicated
direction. The first section of the path is defined by a third order vector polynomial,

P1(ξ) = (ξ − 2ξ2 + ξ3)

[

r
0

]

+ (3ξ2 − 2ξ3)

[

r
0

]

+ (ξ3 − ξ2)

[

0
r

]

, (4.1a)
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Figure 4.13: Prescribed path of the end-effector.

whereas the second part is a circular motion described by,

P2(ξ) =

[

r cos(2πξ)

r sin(2πξ)

]

, (4.1b)

with
0 ≤ ξ ≤ 1, (4.1c)

for both parts of the path. Here, the vector functions P1 and P2 describe the x- and
y-coordinates of the path with the radius r = 0.05 m.

For the spacar and Ansys models, eigenfrequency results are obtained in 50
equilibrium configurations along the path. For the spacar model, the eigenfrequen-
cies are computed by solving the generalized eigenvalue problem,

(

K(i)
q +G(i)

q − ω
(i)2
j M (i)

q

)

v
(i)
j = 0 with j = 1, 2, . . . , k, (4.2)

where Kq and Gq are the structural and geometric stiffness matrices, Mq is the
mass matrix and vj and ωj correspond to the jth eigenvector and eigenfrequency,
respectively. Furthermore, k are the number of degrees of freedom of the model.
The matrices Kq, Gq and Mq are obtained by linearizing the equations of motion
in the ith configuration along the path, see Appendix E. The geometric stiffness
matrix Gq describes stress-stiffening effects and only has a small influence on the first
two eigenfrequencies and negligible influence on the higher eigenfrequencies, in this
case. For the Ansys models, stress-stiffening effects are also included.

It took approximately two hours of computation to obtain the eigenfrequency
results along the path for the spacarmodel with 688 degrees of freedom on a 2.20 GHz
computer with 8 GB of memory. In contrast for theAnsysmodels with approximately
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1.5 million degrees of freedom, results were obtained after two days of computing on
a faster 3.40 GHz computer with 32 GB of memory.

In Fig. 4.14 the first two eigenfrequencies as functions of the distance travelled
along the path are shown. The corresponding vibrational modes are the actuator
modes of the mechanism, which are illustrated in Fig. 4.15 for the initial configuration.
The first two eigenfrequencies remain fairly constant along the path. Furthermore, it
can be observed that the first two eigenfrequencies of the three models are quite close
together.

FE Ansys shell connection
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spacar model
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Figure 4.14: The first two eigenfrequencies ω1 and ω2 of the two degree of
freedom large-stroke compliant mechanism as functions of the distance along
the path. The vertical dashed lines correspond to the locations marked in
Fig. 4.13.

(a) First vibrational mode (b) Second vibrational mode

Figure 4.15: The first two vibrational modes of the two degree of freedom
large-stroke compliant mechanism in the undeflected configuration.
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Figure 4.16: Eigenfrequencies ω3 through ω8 of the two degree of freedom
large-stroke compliant mechanism as functions of the distance along the path.
The vertical dashed lines correspond to the locations marked in Fig. 4.13.

Rotation of the CrossBar

(a) Third vibrational mode (b) Fourth vibrational mode

Figure 4.17: The third and fourth vibrational modes of the two degree of
freedom large-stroke compliant mechanism in the undeflected configuration.

Figure 4.16 shows the third up to the eighth eigenfrequencies as functions of the
path distance. Here, the third eigenfrequency corresponds to the internal vibrational
mode of the CrossBar, as is shown in Fig. 4.17(a). Furthermore, the fourth
eigenfrequency corresponds to the first out-of-plane mode shown in Fig. 4.17(b).
It can be observed that initially the eigenfrequencies are quickly declining as the
mechanism is deflected. This decline is caused by the loss of stiffness in the
supporting directions of the flexures when they are deflected. The results of the
spacar model and the Ansys model with the rigid connections are very close
together. Up to the sixth eigenfrequency, all three models produce similar results,
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although the spacar model and the Ansys model with the rigid connections
produce slightly higher eigenfrequencies than the Ansys model with the more
realistic shell connections. This effect is more pronounced for the seventh and eighth
eigenfrequencies.

4.5 Conclusions

A spacar model of a two degree of freedom large-stroke compliant mechanism has
been developed. The mechanism consists of eleven cross-hinges interconnected by
seven complex-shaped flexible members and an end-effector. The cross-hinges are
modelled with beam elements and superelements. Furthermore, the complex-shaped
flexible members are modelled with superelements, as is the end-effector which is
considered to be rigid.

To verify the validity of the spacar model, eigenfrequency results are computed
along a prescribed path and are compared to results obtained with two Ansys

models. One of the Ansys models includes, similar to the spacar model, rigid
connections between the cross-hinges and the complex-shaped flexible members.
The eigenfrequency results of the spacar model and this Ansys model are very
close together over the full range of motion. The results obtained with the other,
more realistic, Ansys model are in good agreement with the spacar model up to
the sixth eigenfrequency. The seventh and eighth eigenfrequencies are slightly higher
for the spacar model.

The accuracy of the spacar model could be further improved if the rigid
connections between the cross-hinges and the complex-shaped flexible members
are modelled deformable. This can be achieved by replacing the beam elements
in the cross-hinges with superelements having deformable-interface modes that
correctly model the deformability at the interconnections between the superelement
models. Nevertheless, for purposes such as closed-loop time-response simulations,
the developed spacar model is considered to be sufficiently accurate.

The spacar model has 688 degrees of freedom which is significantly less than the
1.5 million degrees of freedom of the Ansysmodels. This allows results to be obtained
within hours for the spacar model, instead of days for the Ansys models. However,
the spacar model is still too complex for reasonably fast time-response simulations.
This requires further model reduction of the spacar model as will be discussed in
the following chapters.
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Chapter 5

Model reduction for efficient
time-integration of planar flexible

multibody models

Abstract A reduction method is proposed for efficient time-integration of (planar)
compliant mechanism models that undergo large deflections. Models for this class of
mechanisms have to include an accurate description of geometric non-linearities, as
stiffness characteristics can change significantly during deflection. A finite element
based flexible multibody approach is used to analyse compliant mechanisms in terms of
independent generalized coordinates. Geometric transfer functions are applied to express the
configuration and deformed state in terms of these independent coordinates. The modelling
of large deflections requires using a sufficient number of finite elements to ensure that
deformations remain small in a co-rotational context. Increasing the number of elements,
increases, besides the number of degrees of freedom, the largest eigenfrequency in the model.
This reduces the allowable step size in explicit time-integrator methods. For the proposed
reduction method, we aim to suppress the unwanted high frequency modes to increase the
allowable step size. This is accomplished by first choosing, where possible, coordinates
that remain small during simulation as independent coordinates. Such coordinates are
well suited to be reduced using linear projection methods such as modal projection for
suppressing the high frequency modes. The configuration and deformed state of the
mechanism is subsequently determined with the geometric transfer functions. Consequently,
a significant increase in the allowable step size is realized, while retaining the geometric
non-linear effects that are contained in the geometric transfer functions. The effectiveness
of the method is demonstrated by two planar examples: a compliant straight guidance that
undergoes large deflections and a flexible manipulator.

Published in: International Journal of Non-Linear Mechanics (S.E. Boer, D. ten Hoopen,
R.G.K.M. Aarts, W.B.J. Hakvoort, J.B. Jonker)
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5.1 Introduction

Compliant mechanisms equipped with flexure based hinges are often utilized in high
precision manipulator devices for their deterministic static and dynamic behaviour.
The analysis for design and control of compliant mechanisms undergoing large
deflections, relies on computational efficient models that are capable of capturing
the relevant dynamic and compliant characteristics over the full range of motion.
These models should offer a sound inclusion of geometric non-linear effects.

In [2] we discuss a modelling approach for the analysis and simulation of
multibody systems with flexible components where a multibody system is modelled
as the assembly of non-linear finite elements. For each element a fixed number of
deformation modes are defined with associated deformation coordinates that are
invariant for arbitrary rigid body motion. Typical flexible members of compliant
mechanisms are wire and sheets flexures. These flexures may be considered as
one-dimensional structures which can be correctly modelled by flexible beam
elements. Though, a rather large number of flexible beam elements may be needed
to obtain a model that correctly captures the geometric non-linear effects for large
deformations. Consequently, high frequency modes are introduced in the model that
greatly deteriorate the computational efficiency, in particular if explicit integrators
are used for the time-integration of the non-linear equations of motion.

For linear mechanical systems, these higher frequency modes can be removed
by using model reduction techniques that project the dynamics onto a lower
dimensional subspace while preserving the dominant dynamical behaviour. Research
on model reduction techniques applied to non-linear flexible multibody systems can
be separated into two categories: component and system level model reduction.
System level model reduction generally has a large impact on the computational
time of simulations, whereas component level reduction techniques are employed for
the efficient modelling of complex-shaped components [11, 21, 48, 59]. The adaptive
modal integration (AMI) method introduced by Aarts and Jonker [1] and the global
modal parameterization (GMP) method introduced by Brüls et al. [18] are examples
of system level model reduction techniques. Both methods separate the motion
of the mechanism in a non-linear nominal rigid body motion and a configuration
dependent elastic motion part. The AMI method is applied to a set of non-linear
equations of motion expressed as ordinary differential equations (ODE) for a set
of independent coordinates, as in [2]. By using locally linearized models, a set of
linear time-varying ODE’s is obtained for the elastic motion. With modal reduction
techniques, the order of these equations is reduced. The GMP method is applied to
a general set of differential algebraic equations (DAE). By combining linearized
models with the constraint equations and applying modal reduction techniques, also
a cheaper to solve set of ODE’s is obtained for the elastic motion. Both methods in
their current approach assume that the elastic deformations remain small with
respect to the rigid body motion, making them less suited to reduce models
describing compliant mechanisms that undergo large deflections.

For this reason, we aim to reduce the non-linear equations of motion of a
multibody system with flexible components expressed as ODE’s for a set of
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independent coordinates [2]. This approach has been implemented in the spacar

software [39]. Geometric transfer functions are used to express the configuration
and deformation state of the mechanism as explicit functions of these independent
coordinates. In the proposed reduction method, the number of independent
coordinates is reduced by imposing linear relations between them. To that end
independent coordinates are selected which remain small during simulation and are
therefore suitable to be reduced using linear projection methods. The reduction of
independent coordinates effectively suppresses the excitation of high frequency
modes while the dominant geometric non-linear effects are retained in the geometric
transfer functions. This makes the approach suitable for reduction of compliant
mechanisms undergoing large deflections.

The effectiveness of the method is demonstrated with two planar examples: a
compliant straight guidance that undergoes large deflections and a flexible manipu-
lator. The applicability of the reduction method is shown for these classes of planar
mechanisms, whereas spatial systems are addressed elsewhere [13] (Chapter 6).

5.2 Finite element modelling

A brief introduction is given on the finite element representation used to model the
compliant mechanism and flexible manipulator considered in this paper. Then, using
the concept of geometric transfer functions, we derive the equations of motion in terms
of independent generalized coordinates. Finally, the linearized equations of motion
are presented which are used for modal analyses in Section 5.3.

5.2.1 Finite element representation

In the presented finite element method, a compliant mechanism or a flexible
manipulator is modelled as an assembly of finite elements interconnected by joint
elements which can be hinge elements or a subassembly of flexible beam elements
that represent a flexible joint. The location of each element is described relative
to a fixed inertial coordinate system by a set of nodal coordinates x(k), valid for
large displacements and rotations. Some coordinates are Cartesian coordinates of
the end nodes, while others describe the orientation of orthogonal base vectors or
triads, rigidly attached to the element nodes. The superscript k indicates that a
specific element k is considered. With respect to some reference configuration of the
element, the instantaneous values of the nodal coordinates represent a fixed number
of deformation modes for the element. The deformation modes are specified by a
set of deformation coordinates ε(k) that are invariant for arbitrary motion of the
element as a rigid body. Hence, the number of deformation coordinates is equal to
the number of nodal coordinates minus the number of degrees of freedom of the
element as a rigid body. The components of the vector of deformation coordinates
ε(k) can be expressed as analytical functions of the vector of nodal coordinates x(k).
In this way we can define for each element k a vector function

ε(k) = D
(k)
(

x(k)
)

. (5.1)
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As a first example, the deformation functions D
(k)
i of the planar beam element

are presented. As nodal coordinates we have four Cartesian coordinates (xp, yp),
(xq, yq) describing the nodal positions of the beam element in the inertial reference
frame and two rotation angles ϕp and ϕq that describe the orientations of the nodes
with respect to the initial undeformed orientation of the element given by the angle
β0. Hence the vector of nodal coordinates is then

x
(k)
beam =









rp

ϕp

rq

ϕq









=
[

xp yp ϕp | xq yq ϕq
]T

. (5.2)

The number of degrees of freedom of the element as a rigid body is three, which gives

rise to three deformation coordinates. The first deformation coordinate ε
(k)
1 represents

the elongation of the element

ε
(k)
1 = D

(k)
1 (x

(k)
beam)

= l(k) − l
(k)
0 +

1

30l
(k)
0

(

2(ε
(k)
2 )2 + ε

(k)
2 ε

(k)
3 + 2(ε

(k)
3 )2

)

,
(5.3a)

where l(k) = ‖rq − rp‖ and l
(k)
0 is the reference length of the element. In addition

two deformation coordinates ε
(k)
2 and ε

(k)
3 , associated with the bending deformation

of the beam element, can be defined [41]:

ε
(k)
2 = D

(k)
2 (x

(k)
beam)

=
l
(k)
0

l(k)
((xq − xp) sin (ϕp + β0)

− (yq − yp) cos (ϕp + β0)) ,

(5.3b)

ε
(k)
3 = D

(k)
3 (x

(k)
beam)

= −
l
(k)
0

l(k)
((xq − xp) sin (ϕq + β0)

− (yq − yp) cos (ϕq + β0)) .

(5.3c)

Note that in the expression for the elongation ε
(k)
1 second order geometric terms are

included representing additional shortening of the beam axis caused by bending [67].
The deformation coordinates in Eq. (5.3) posses the proper invariance with respect
to rigid body motions of the beam element.

The second example is the planar hinge element which can be used to describe
the relative angle between two beam elements. The vector of nodal coordinates is

x
(k)
hinge = [ϕp, ϕq]

T
, (5.4)

where p and q are the nodes at both sides of the hinge. There is a single deformation

coordinate, which is the relative rotation angle ε
(k)
1 defined as

ε
(k)
1 = D

(k)
1 (x

(k)
hinge) = ϕq − ϕp. (5.5)
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For a description of deformation functions of spatial beam and hinge elements the
reader is referred to [12, 38, 41].

5.2.2 Equations of motion

A compliant mechanism or flexible manipulator can be built up with finite elements
by letting them have nodal points in common. The assemblage of finite elements is
realized by defining a vector x of nodal coordinates for the entire mechanism. The
deformation functions of the elements can be described in terms of the components
of the vector x yielding the non-linear vector function

ε = D (x) , (5.6)

which represents the basic equations for the kinematic analysis. Kinematic constraints
can be introduced by putting conditions on the nodal coordinates x as well as by
imposing conditions on the deformation coordinates ε which are all assumed to be
holonomic. For instance, rigidity of the elements can be enforced by imposing zero
conditions on the subset of deformation coordinates associated with these elements,
denoted by ε(0) = D

(0)(x) = 0.
An important notion in the kinematic and dynamic analysis of mechanisms

is that of degrees of freedom. The number of kinematic degrees of freedom is
the smallest number of coordinates that describe, together with the kinematic
constraints, the configuration of the mechanism. We call them independent
generalized coordinates which are denoted by the superscript (m) and can be
relative deformation coordinates, denoted by ε(m), or absolute nodal coordinates,
denoted by x(m). In this paper we choose to use only the deformation coordinates
as independent generalized coordinates. The objective of kinematic analysis is then
to solve Eq. (5.6) for the vector of independent generalized coordinates q = ε(m).
The solution is expressed by means of geometric transfer functions F and E as

x = F(q), ε = E(q). (5.7)

The nodal velocities ẋ and accelerations ẍ can be computed from (5.7) as

ẋ =
∂F

∂q
q̇ = F,qq̇. (5.8a)

ẍ =

(

∂2F

∂q2
q̇

)

q̇ +
∂F

∂q
q̈ = (F,qqq̇) q̇ +F,qq̈. (5.8b)

Here the subscript notation “,q” is used to denote partial differentiation with respect
to the vector of independent coordinates q.1 The geometric transfer functions F

and E and their derivatives are determined numerically in an iterative way [38].
The inertia properties of the concentrated and distributed mass of the elements

are described with the aid of configuration dependent lumped and consistent mass

1The notation (F,qq q̇) q̇ and other similar expressions denote multiplication over the last
dimension, i.e. Fi,jk q̇j q̇k.



5

86 CHAPTER 5. MODEL REDUCTION FOR PLANAR MULTIBODY MODELS

matrices [38]. Let Mx(x) be the global mass matrix, obtained by assembling the
lumped and consistent element mass matrices, and let f(x, ẋ, t) be the vector of
external nodal forces, including gravitational forces and the velocity dependent inertia
forces. The loading state of each element is described by a vector of stress resultants.
They are collected in the assembled vector σ which is dual to the vector of deformation
coordinates ε. According to the principle of virtual work we obtain for the equations
of motion of the mechanism

δxT(f −Mxẍ) = δεTσ, (5.9)

for all virtual variations δx and δε which satisfy the instantaneous kinematic
constraints

δx = F,qδq, δε = E ,qδq. (5.10)

Substituting Eqs. (5.8) and (5.10) in Eq. (5.9) gives

δqTMqq̈ = δqT
(

F
T

,q (f −Mx (F,qqq̇) q̇)− E
T
,qσ
)

, (5.11)

with

Mq = F
T

,q MxF,q. (5.12)

Since the components of the vector δq are independent, we obtain the equations of
motion

Mqq̈ = F
T

,q (f −Mx (F,qqq̇) q̇)− E
T
,qσ. (5.13)

5.2.3 Linearized equations of motion in a reference configuration

Given the non-linear equations of motion (5.13), consider now small perturbations
around some reference configuration specified by a set of degrees of freedom and its
first and second time derivatives (q0, q̇0, q̈0) such that the actual variables are of the
form

q = q0 + δq, q̇ = q̇0 + δq̇, q̈ = q̈0 + δq̈, (5.14)

where the prefix δ denotes a perturbation and should not be confused with the virtual
variation operator in Eq. (5.9). Expanding the equations of motion (5.13) in their
Taylor series expansion and disregarding second and higher order terms yields the
linearized equations of motion [42],

Mqδq̈ + [Cq +Dq] δq̇ + [Kq +Nq +Gq] δq = F
T

,q δf − E
T
,qδσa. (5.15)

Here Cq is the velocity sensitivity matrix, Dq is the damping matrix, Kq is the
structural stiffness matrix and Nq and Gq are the dynamic stiffness and geometric
stiffness matrices, respectively. Furthermore, δf and δσa represent time-varying
perturbations of nodal forces and torques and internal driving forces and torques
applied to the multibody system. For the special case when the system is at rest in
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an equilibrium configuration (q̇0 = 0, q̈0 = 0, δf = 0, δσa = 0), we can evaluate
these matrices as follows2,

Cq = 0, Nq = 0, (5.16a)

Dq = E
T
,qDE ,q, Kq = E

T
,qSE ,q, (5.16b)

Gq = −F
T

,qqf + E
T
,qqσ, (5.16c)

where S,D are the stiffness and damping matrices obtained by assembling the element
stiffness and damping matrices. For expressions of the matrices in Eqs. (5.16) when
the system is not at rest, the reader is referred to [42] or Appendix E.

5.3 Reduction of degrees of freedom

The equations of motion given by Eq. (5.13), need to be time-integrated to obtain
the time response of the compliant mechanism or flexible manipulator. If high
frequency modes are present in the model, explicit time-integrators require small
time-steps to provide a stable solution, which reduces their computational efficiency.
We will exemplify the cause of these high frequency modes and propose an approach
to suppress them.

5.3.1 Motivation and approach

In Fig. 5.1, two examples are shown to illustrate the cause of the unwanted higher
frequencies. In Fig. 5.1(a) a simply supported beam is considered where we would
like to accurately model the illustrated high frequency bending mode. This requires a
minimum of four elements as is shown. However, the model will now also include the
generally much higher frequencies of unwanted elongation modes like the one shown
in the figure. All elongation modes can be suppressed by prescribing all elongation
deformations to be zero, but this is a too strong constraint if e.g. the first elongation
mode should be included in the model and only the higher modes should be eliminated.
In the second example of Fig. 5.1(b) a clamped beam is considered that undergoes
large deflection. For an accurate representation that captures the geometric non-linear
behaviour, one element is not enough as the small deformation assumption would be
violated. Therefore, more elements are necessary to ensure small deformations in a
co-rotational context, which again introduces high frequency modes.

In both cases, the computational efficiency can be significantly increased if these
unwanted high frequency modes are suppressed. For this purpose, constraint relations
between the degrees of freedom of the model can be applied. In the case of the
simply supported beam, the elongation mode can be suppressed by e.g. relating the
elongations of the separate beam elements. In general, the constraint relations can be
non-linear, i.e. configuration dependent. In this paper we investigate configuration
independent linear constraint relations of the form

q = V z with dim(q) > dim(z), (5.17)

2The notation FT
,qqf denotes multiplication over the first dimension of F,qq, i.e. Fi,jkfi.
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High frequency bending mode

High frequency elongation mode

(a) Simply supported beam (b) Clamped beam

Figure 5.1: Examples of models that require multiple finite elements for
accurate results: describing high frequency modes of a simply supported beam
(a) and large deflections of a clamped beam (b).

where the columns of the projection matrix V span the allowable motion space with
an associated reduced set of coordinates z. Note that these linear constraints are only
applied to the set of deformation coordinates contained in q and that the configuration
and deformed state of the mechanism are subsequently determined with the non-linear
geometric transfer functions of Eq. (5.7).

We can write Eq. (5.11) in terms of the reduced set of coordinates z, by
determining the virtual variations, and the first and second time derivative of
Eq. (5.17) and substituting the resulting expressions, yielding

δzTMzz̈ = δzT
[

F,qV
]T(

f −Mx (F,qqV ż)V ż
)

− δzT
[

E ,qV
]T

σ, (5.18a)

with

Mz =
[

F,qV
]T

Mx

[

F,qV
]

. (5.18b)

The components of δz are independent and therefore we can write for the reduced
equations of motion

Mzz̈ =
[

F,qV
]T(

f −Mx (F,qqV ż)V ż
)

−
[

E ,qV
]T

σ. (5.19)

This leaves the determination of the projection matrix V . In this paper we propose
two approaches: a projection method using a modal basis, and a method where
we determine the modeshapes in a variety of configurations after which the dominant
contributions are obtained from an analysis using singular value decomposition (SVD).

5.3.2 Modal basis

For determining a modal basis to suppress the unwanted higher frequency modes, we
first partition Eq. (5.17) as follows

{

ql
qs

}

=

[

Vl

Vs

]{

zl
zs

}

, (5.20)
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where the subscript l denotes coordinates that can undergo large rotations such as
the relative angle of a hinge, and the subscript s denotes coordinates that remain
small during simulation such as the deformation coordinates of the beam element.
The reason for this partitioning is that usually these deformation coordinates show
quite distinct behaviour in relation to a modal analysis. The large rotations in ql
typically result in highly non-linear behaviour that cannot be adequately described
by a reduced set of coordinates using a linear projection. Therefore, it is assumed
that there is no coupling between the two type of coordinates and modal reduction is
only applied to the qs part. More specifically, the submatrix Vl is chosen to be the
identity matrix such that ql = zl. The submatrix Vs is determined by prescribing
ql = 0 after which the eigenfrequencies and eigenvectors are obtained by solving the
eigenvalue problem

(

[Kqss +Gqss]− ω2
iMqss

)

vi = 0, (5.21)

in the initial configuration for a subset of the linearized equations of motion (5.15).
Here the subscript s indicates the part of the system matrices associated with qs
and ωi is the ith eigenfrequency with corresponding eigenvector vi that is normalized
and collected in the ith column of the submatrix Vs. Model order reduction is achieved
by omitting the eigenvectors corresponding to unwanted high frequency vibrational
modes in Vs.

This last step is however not trivial for non-linear systems, where in general the
vibrational modes are configuration dependent. This is especially evident in compliant
mechanisms that undergo large deflections. To cope with this non-linear behaviour,
some of the higher frequency vibrational modes can be kept in Vs. Though, choosing
which modes to keep is not a trivial task.

5.3.3 SVD-modal basis

A more systematic approach to determine a projection base that is adequate in the
operating range of the mechanism is outlined by the following procedure:

1. In the working range of the mechanism, we determine the linearized equations
of motion (5.15) in n equidistant reference configurations and obtain for each

reference configuration a normalized modal basis, V
(i)
s . The superscript i refers

to the ith reference configuration with i = 1, 2, . . . , n.

2. In reference configuration i, we retain the first r modes in V
(i)
s that should be

accurately described.

3. The modes are weighted by their eigenfrequencies as follows,

U (i)
s = V (i)

s W (i), (5.22a)

with

W (i) =







ω−a
1

. . .

ω−a
r






, (5.22b)
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where U
(i)
s is the weighted set of r modes for the ith configuration and a is the

weight parameter that scales the weighting. E.g. for a = 0 there is no weighting
and for a = 1 the weight on the modes reduces linearly with the eigenfrequency.
In fact, this parameter can take any real value and is discussed in somewhat
more detail in the next section.

4. Concatenate the matrices U
(i)
s with i = 1, 2, . . . , n and form

Qs =
[

U (1)
s ,U (2)

s , . . . ,U (n)
s

]

. (5.23)

5. Perform an SVD of the matrix Qs and retain the left singular vectors3 with
large corresponding singular values to form the projection matrix Vs for the
reduction of coordinates as in Eq. (5.20).

In the first step, the equilibrium reference configurations are chosen to be obtained
equidistantly along the direction of motion. This is to ensure that no configuration
bias is introduced in the SVD analysis of step 5. Also, to avoid bias, only normalized
eigenvectors, or alternatively eigenvectors with the same length, are used in this step.

The weighting by the parameter a in the third step can be used to give higher
priority to the lower frequency vibrational modes in the SVD analysis.

5.4 Examples

Two planar examples are used to demonstrate the proposed approach. A compliant
straight guidance example is included to show its effectiveness on the model reduction
for compliant mechanisms that undergo large deflections. And as a second example,
a flexible manipulator is considered to demonstrate the applicability of the reduction
procedure to a more general class of mechanisms. In both examples the equations
of motion are numerically integrated with matlab’s ode45 integrator, which is an
explicit fourth order variable step-size integrator [25].

5.4.1 Compliant straight guidance

Consider the compliant straight guidance in Fig. 5.2, which consists of two flexures
each modelled with five flexible planar beam elements connected by a rigid in-
termediate body. Each beam element in the flexures allows for two bending
deformations, resulting in a model with 17 degrees of freedom that all remain small
in a co-rotational context. The physical properties and dimensions are given in
Tab. 5.1. The model is excited by a force as function of time

f(t) =







Fmax

2
(1− cos (20πt)) , 0 s ≤ t ≤ 0.1 s,

0, t > 0.1 s,
(5.24)

3The SVD of a matrix A is given by: A = UΣV T, where Σ is a diagonal matrix of singular
values and U and V are the matrices with the left and right singular vectors, respectively.
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Figure 5.2: Two-dimensional straight guidance model. Both flexures are
clamped at the bottom end.

Table 5.1: Physical properties and dimensions of the two-dimensional straight
guidance model.

Property Flexures ¬  Rigid beam ®

Length, l 0.2 m 0.2 m
Cross-sectional area, A 30 · 10−6 m2 9 · 10−4 m2

Cross-sectional area
moment of inertia, I 2.5 · 10−12 m4 6.75 · 10−8 m4

Young’s Modulus, E 2.1 · 1011 N/m2

Density, ρ 7600 kg/m3 7600 kg/m3

where the maximal applied force is Fmax = 100 N.

We simulate the time response of the unreduced non-linear model and compute the
eigenfrequencies as a function of the x-displacement of the rigid intermediate body.
This simulation will serve as a benchmark for the reduced models. In Fig. 5.3(a), the
time response of the x-displacement of the rigid intermediate body is shown. Here the
region between the dashed lines indicates the full range of motion of the compliant
mechanism.

For the reduced models, we would like to retain the time response of the compliant
straight guidance and the second and third eigenfrequencies over the full range of
motion. Four reduced models are considered. First, by using the modal basis as
discussed in Section 5.3.2, a reduced model is created with three time invariant modal
modes determined in the initial configuration and is labelled as “MODAL-3”. We
also consider a reduced model with five time invariant modal modes, labelled as
“MODAL-5”. The other two reduced models are obtained by using the SVD-modal
basis approach of Section 5.3.3. Here we applied an SVD analysis to a set of modes
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Figure 5.3: Time response of the x-displacement of the rigid intermediate
body of the unreduced model (a) and the relative time response errors of
the reduced models computed with respect to the maximal deflection of
0.0833 m (b).
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Figure 5.4: Singular values scaled with the sum of all singular values, for
an SVD analysis using ten configurations of the straight guidance with no
weighting (a) and with weighting (b).

consisting of the first three modes in ten equidistant reference configurations over
the full range of motion. The distinction between the two SVD-modal models is in
the weighting parameter of the vibrational modes for the SVD analysis, where we
consider a case with no weighting (a = 0) and a case of linear weighting with the
eigenfrequencies (a = 1). The resulting singular values of both SVD analyses are
shown in Fig. 5.4. The singular values are scaled with the sum of all singular values
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Figure 5.5: Second (ω2) and third (ω3) eigenfrequencies of the straight
guidance as a function of the full range of motion: comparison of the unreduced
and reduced models.

such that the relative contribution of each singular vector is immediately clear. We
retain singular vectors with a contribution greater than 1%. For both weighting cases
it appears that five modes are necessary to capture the second and third vibrational
modes over the full range of motion. These models are labelled “SVDm-5-a0” and
“SVDm-5-a1”, respectively, to indicate the number of modes and the weighting. It
should be noted that the 1% criterion is used for this example, yet it is not meant to
be a general rule.

Fig. 5.3(b) shows the relative differences between the unreduced and the reduced
models of the time response in x-direction of the rigid intermediate body. All four
reduced models show good agreement with the unreduced model. The SVD-modal
models show better performance than the modal models. For the SVD-modal models,
it is clear that by giving higher priority to the lower frequency vibrational modes by
setting the weighting parameter a = 1, the time response error is reduced most. Note
that increasing the parameter a too much can give undesirable results for the second
and third vibrational modes as all the emphasis in the SVD analysis will be on the
first vibrational mode.

In Fig. 5.5 the second and third eigenfrequencies of the unreduced and reduced
models are shown. They are computed over the full range of motion as is indicated
by the region between the dashed lines of Fig. 5.3(a). The MODAL-3 model is
able to correctly capture the second and third eigenfrequencies up to a deflection
of approximately 0.055 m. After that, due to mode veering of previously higher
frequency modes, it is not able to correctly describe the second vibrational mode
anymore. This is the reason why the SVD analysis for the SVD-modal models
suggested five modes to be used as a reduction basis. From the results of the
MODAL-5, SVDm5-a0 and SVDm5-a1 reduced models, it can be concluded that
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this indeed gives accurate results over the full range of motion. We note that the
SVD-modal models are outperforming the MODAL-5 model as they take into
account the configuration dependency of the eigenvectors over the full range of
motion. Also, we note that a slightly more accurate model is obtained when the
eigenvectors are weighted by their eigenfrequencies in the SVD analysis. These
results show that the geometric non-linear effects are correctly preserved in the
reduced models.

The number of function evaluations required by the explicit variable step-size
integrator for the MODAL-3, MODAL-5, SVDm-5-a0 and SVDm-5-a1 are respectively
697, 1213, 1411 and 1303. In contrast, the unreduced model required 46075 function
evaluations. This illustrates a high increase in computational efficiency for the reduced
models.

5.4.2 Flexible manipulator

Consider the two-link flexible manipulator shown in Fig. 5.6. This manipulator has
been introduced as a benchmark by Schiehlen and Leister [57] and has been quoted
in several papers. Some properties are given in Tab. 5.2. Different from the original
benchmark, we do not include gravity in this paper. Also, instead of prescribing the
joint angles with rheonomic constraints, we apply a stiff proportional controller with
a gain kp = 5 · 103 Nm/rad, in each of the joints. The reference for the controllers are
the joint angles φ1(t) and φ2(t) that are defined by third order functions of time

φ1(t) = −φ2(t) =























π/4(−1 + 72t3), 0 s ≤ t < 1/6 s,

π/4(−18t+ 108t2 − 144t3), 1/6 s ≤ t < 1/3 s,

π/4(−8 + 54t− 108t2 + 72t3), 1/3 s ≤ t < 1/2 s,

π/4, 1/2 s ≤ t.

(5.25)

φ1(t)

φ2(t)

¬



m1
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x

y

Figure 5.6: Planar two-link manipulator model.



5

5.4. EXAMPLES 95

Table 5.2: Physical properties and dimensions of the planar two-link
manipulator model (adapted from [57]).

Property Link ¬ Link 

Length, l 0.545 m 0.675 m
Joint mass, m 1.0 kg 3.0 kg
Cross-sectional area, A 9.0 · 10−4 m2 4.0 · 10−4 m2

Cross-sectional area
moment of inertia, I 1.69 · 10−8 m4 3.33 · 10−9 m4

Young’s Modulus, E 7.3 · 1010 N/m2 7.3 · 1010 N/m2

Density, ρ 2700 kg/m3 2700 kg/m3
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Figure 5.7: Motion of the manipulator tip during 0.7 s of simulation (a) and
the first (ω1) and second (ω2) eigenfrequencies as functions of time (b) for the
reduced and unreduced models.

The motion of this manipulator has been computed with a non-linear model
in which four flexible planar beam elements are used for each link. Each beam
allows two bending modes yielding a model with eighteen degrees of freedom
including the two large rotational degrees of freedom of the hinges. Next a reduced
model “MODAL-2” is created using two modal modes determined in the initial
configuration. Here the deformation coordinates in the beam elements are only
reduced as they belong to the category of coordinates qs from Eq. (5.20). The
degrees of freedom ql are both joint rotations that are not included in the modal
analysis as outlined in Section 5.3.2. From the results in Fig. 5.7 it is clear that
the reduced model with only four degrees of freedom is able to accurately predict
the tip response and the first and second eigenfrequencies. The computational
time is significantly reduced, as the reduced model required only 5113 function
evaluations for the simulation whereas the unreduced model required 345145
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function evaluations.
Note that we have not considered the SVD-modal approach in this example. It

is thought that in this case only a marginal increase in performance can be obtained
as the deflection of the links is already correctly captured using the first two modal
modes from the initial configuration. Furthermore, most of the non-linearity arises
from varying the hinge coordinates which are not reduced.

5.5 Conclusions

In this paper a reduction method is proposed for the efficient explicit time-integration
of flexible multibody models. For suppressing high frequency modes, linear constraint
relations are applied to the independent generalized coordinates that remain small
during simulation. Geometric non-linear effects are retained by the geometric transfer
functions that describe the configuration of the mechanism in terms of the independent
coordinates.

The approach is demonstrated by two planar examples: a compliant straight
guidance that undergoes large deflection and a flexible manipulator. In both exam-
ples it is observed that significant changes in eigenfrequencies during simulation
are correctly described by the reduced models. In the case of the compliant
straight guidance, mode veering of high frequency modes occurs for rather large
deflections. To maintain accuracy for these large deflections, an SVD-modal basis
is applied that is derived from an SVD analysis of normalized eigenmodes in a
variety of configurations. It is shown that by weighting the eigenmodes with their
eigenfrequencies in the SVD analysis, more accurate results are obtained than when
no weighting is applied. A significant increase in computational efficiency is
observed for the time-integration of the reduced equations of motion.

It should be noted that the reduction methods outlined in this paper appeared to
be adequate for the presented planar flexible multibody systems. For other classes of
systems like spatial compliant systems somewhat different approaches may be more
successful [12] (see Chapter 6).

Acknowledgements This research is financially supported by the Dutch associa-
tion Point-One, project MOV-ET PNE08006, of the Dutch Department of Economic
Affairs, Agriculture and Innovation.
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Chapter 6

Model reduction for efficient
time-integration of spatial flexible

multibody models

Abstract A reduction method is proposed for efficient time-integration of compliant
mechanism models that undergo large deflections. Of particular importance for the
modelling of this class of mechanisms is the accurate description of geometric non-
linearities, as stiffness characteristics can change significantly during deflection. A finite
element based flexible multibody approach is used to describe the compliant mechanism in
terms of independent generalized coordinates. The modelling of large deflections requires a
sufficient number of finite elements to ensure that deformations remain small in a
co-rotational context. Increasing the number of elements, increases, besides the number of
degrees of freedom, the largest eigenfrequency in the model. This reduces the allowable
step size for explicit time-integrator methods. The proposed reduction method aims to
suppress the high frequency vibrational modes which are not important for the desired
simulation results, while retaining the geometric non-linearities in the reduced model. For
this purpose we add constraint relations between the independent generalized coordinates.
These constraint relations can be linear or non-linear. Both cases are investigated in this
paper and are implemented as a fixed and an interpolated basis method, respectively. The
effectiveness of the two methods is demonstrated by a simulation of a compliant straight
guidance in a gravity field that undergoes large deflection. Both methods can yield accurate
results with a significant increase in computational efficiency.

6.1 Introduction

Compliant mechanisms with flexure based hinges are often utilized in high precision
manipulator devices for their deterministic static and dynamic behaviour. High
accuracies can be attained due to the absence of friction and low hysteresis. In
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this paper, we consider compliant mechanisms that undergo large deflections.
The analysis for design and control of such devices relies on computationally
efficient models that are capable of capturing the relevant dynamic and compliant
characteristics over the full range of motion. This requires the sound inclusion of
geometric non-linear effects.

In [2] we discuss a modelling approach for the analysis and simulation of
multibody systems with flexible components where an entire multibody system
is modelled as the assembly of non-linear finite elements. For each element a
fixed number of deformation modes are defined with associated deformation
coordinates that are invariant for arbitrary rigid body motion. Typical flexible
members of compliant mechanisms are wire and sheet flexures. An example of
such a mechanism, is the two degrees of freedom large-stroke compliant mechanism
presented by Folkersma et al. [27]. This mechanism contains eleven cross flexure
hinges, each containing five sheet flexures, to realize two translational in-plane
degrees of freedom. These sheet flexures may be considered as one-dimensional
structures which can be correctly modelled by flexible beam elements. One element
could be sufficient if only small deformations are considered. However, for large
deformations, an adequate number of flexible beam elements are required to
correctly capture the geometric non-linear effects. For the large-stroke compliant
mechanism of [27], typically four flexible beam elements are required for the
modelling of each sheet flexure in the eleven cross flexure hinges. Consequently,
high frequency modes are introduced in the model that greatly deteriorate the
computational efficiency of explicit integrators for the time-integration of the
non-linear equations of motion. Whereas, only the first few vibrational modes up
to a certain frequency are expected to be of interest for e.g. closed-loop control
simulations.

For linear mechanical systems, these higher frequency modes can be removed
by using model reduction techniques that project the dynamics onto a lower
dimensional subspace while preserving the dominant dynamical behaviour. Research
on model reduction techniques applied to non-linear flexible multibody systems can
be separated into two categories: component and system level model reduction.
Component level reduction techniques are employed to obtain reusable, efficient
models of complex-shaped components [11, 21, 48, 59], whereas system level model
reduction is used to improve the computational efficiency on a global level. The
adaptive modal integration (AMI) method introduced by Aarts and Jonker [1]
and the global modal parameterization (GMP) method introduced by Brüls et
al. [18] are examples of system level model reduction techniques. The GMP method
is further developed by Naets et al. [54, 55] for real-time applications. Both the
GMP and the AMI methods separate the motion of the mechanism in a non-linear
nominal rigid body motion and a configuration dependent elastic motion part. The
reduction is realized by reducing the number of the equations necessary to describe
the elastic motion. One of the main differences between the two methods lies in the
equations of motion they are applied to. The AMI method is applied to a set of
non-linear equations of motion expressed as ordinary differential equations (ODE)
for a set of independent coordinates, as in [2]. Whereas the GMP method is applied
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to a general set of differential algebraic equations (DAE), from which a cheaper to
solve set of ODE’s is obtained by combining the linearized models with the
constraint equations. Both methods in their current form assume that the elastic
deformations remain small with respect to the rigid body motion. Consequently,
they are less suited to reduce models describing compliant mechanisms that undergo
large deflections in which geometric non-linear stiffening effects play a dominant
role.

Therefore, we aim to reduce the non-linear equations of motion of a multibody
system with flexible components, such that the geometric non-linear effects and
the vibrational modes up to a certain frequency, are retained. For this purpose
we consider the modelling approach discussed in [2], where geometric transfer
functions are used to express the equations of motion as ODE’s for a set of
independent generalized coordinates. The geometric transfer functions describe
the configuration and deformation state of the mechanism as explicit functions of
the independent generalized coordinates. In the proposed reduction method, the
number of independent coordinates is reduced by imposing constraint relations
between them. This is different from the AMI and GMP methods, where reduced
linearized models are interpolated. We consider two types of constraint relation,
linear and non-linear, resulting in a fixed basis method and an interpolated basis

method, respectively.
In the fixed basis method, the reduction of coordinates is realized by projecting

the independent generalized coordinates onto a lower dimensional subspace.
For the interpolated basis method, non-linear constraint relations are formed by

writing the independent generalized coordinates as a superposition of the gross
reference motion and the vibrational modes of interest. The subspace spanned by
the vibrational modes of interest is interpolated over the trajectory of motion,
such that the configuration dependency of these modes is correctly described.
In [33] it is demonstrated that direct interpolation of the eigenvectors can yield
undesirable results due to mode-crossing and mode-veering phenomena [56].
Different interpolation strategies, based on mode-tracking algorithms, have been
proposed to cope with mode-crossing and mode-veering [5, 18]. As an alternative,
we propose a so-called modal subspace interpolation (MSI) algorithm. Here,
the base vectors of the modal subspaces are chosen such that they span the
configuration dependent subspace while they vary as little as possible with a
configuration change. This allows easy interpolation of the modal subspaces. In this
paper we consider one coordinate that describes the configuration change. Though,
an extension to multiple configuration coordinates is thought to be possible.

The contents of this paper are organized as follows. In Section 6.2 the finite
element representation used in this paper for the modelling of multibody models of
large-stroke compliant mechanisms is briefly explained. Then in Section 6.3, the
reduced equations of motion are derived and the fixed and interpolated basis method
are introduced. The effectiveness of the two methods is demonstrated in Section 6.4
by a simulation of a compliant straight guidance in a gravity field that undergoes
large deflections.
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6.2 Finite element modelling

In this section we summarize the most important aspects for this paper of the
modelling approach previously published in [38, 41]. Here, we will elaborate on
the specification of independent deformation modes of a non-linear flexible beam
element. Also, the concept of geometric transfer functions is explained, which
is used to derive the equations of motion in terms of independent generalized
coordinates.

6.2.1 Finite element representation

In the presented finite element method, a compliant mechanism is modelled as an
assembly of non-linear spatial finite beam elements [38]. The location of each beam
element is described relative to a fixed inertial coordinate system, [nx, ny, nz ], by
a set of nodal coordinates x(k), valid for large displacements and rotations. Here
the superscript k is added to show that a specific element k is considered. As nodal
coordinates we have two sets of Cartesian coordinates, rp and rq, describing the nodal
positions in the inertial coordinate system and two sets of Euler parameters, λp and
λq, representing the orientation of the triads

[

epx, epy, epz
]

and
[

eqx, eqy, eqz
]

rigidly

attached at nodes p and q, see Fig. 6.1. The vector x(k) of nodal coordinates can then
be written as

x(k) =
{

rpT, λpT, rqT, λqT
}T

. (6.1)

Note that the parametrization of rotations is redundant due to the constraint λTλ =
1, imposed on the Euler parameters of Eq. (6.1). This results in a total of twelve
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Figure 6.1: The configuration of the non-linear spatial beam element
expressed in the inertial reference frame [nx, ny, nz].



6

6.2. FINITE ELEMENT MODELLING 101

independent nodal coordinates.
With respect to some reference configuration of the element, the instantaneous

values of the nodal coordinates represent a fixed number of deformation modes for
the element. As the beam element has six degrees of freedom as a rigid body and
twelve independent nodal coordinates, six independent deformation modes, specified
by a set of deformation coordinates ε(k), can be expressed as analytical functions of

the vector of nodal coordinates x(k) and the reference length l
(k)
0 [41],

ε(k) = D
(k)
(

x(k)
)

, (6.2a)

where
ε
(k)
1 = l − l

(k)
0 ,

ε
(k)
2 = l

(k)
0

(

epz · e
q
y − epy · e

q
z

)

/2,

ε
(k)
3 = −l

(k)
0 el · e

p
z,

ε
(k)
4 = l

(k)
0 el · e

q
z,

ε
(k)
5 = l

(k)
0 el · e

p
y,

ε
(k)
6 = −l

(k)
0 el · e

q
y,

(6.2b)

with
l = ‖rq − rp‖ and el = (rq − rp) /l(k). (6.2c)

Here epy, epz , eqy and eqz correspond to the base vectors of the orthonormal triads
attached to the nodes of the element. The first deformation coordinate, ε1, describes
the elongation of the element, the second one, ε2, describes the torsion, and the
remaining coordinates are associated with the bending deformations. The deformation
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Figure 6.2: Graphical representation of the deformation modes with
deformation coordinates ε1 through ε6.



6

102 CHAPTER 6. MODEL REDUCTION FOR SPATIAL MULTIBODY MODELS

modes are visualized in Fig. 6.2. The definitions of the deformation coordinates are
invariant under arbitrary rigid body motion of the beam element.

The derivation of the element stiffness matrix is based on a discretization of the
elastic line of a three-dimensional Timoshenko beam model in a local co-rotational
frame. With this formulation, large deflection problems can be solved accurately
as long as the element size is chosen sufficiently small, such that the deformation
coordinates of Eq. (6.2b) remain small and linear relations can be used to compute
stress resultants [38].

6.2.2 Equations of motion

A compliant mechanism can be built up with finite elements by letting them have
nodal points in common. The assemblage of finite elements is realized by defining a
vector x of nodal coordinates for the entire mechanism. The deformation functions
of the elements can be described in terms of the components of the vector x yielding
the non-linear vector function

ε = D (x) (6.3)

which represents the basic equations for the kinematic analysis. Kinematic constraints
can be introduced by putting conditions on the nodal coordinates x as well as by
imposing conditions on the deformation coordinates ε which are all assumed to be
holonomic. For instance, rigidity of the elements can be enforced by imposing zero
conditions on the subset of deformation coordinates associated with these elements,
denoted by ε(0) = D

(0)(x) = 0.
An important notion in the kinematic and dynamic analysis of mechanisms is that

of degrees of freedom. The number of kinematic degrees of freedom is the smallest
number of coordinates that describe, together with the kinematic constraints, the
configuration of the mechanism. We call them independent generalized coordinates
which can be relative deformation coordinates, denoted by ε(m), or absolute nodal
coordinates, denoted by x(m). The objective of kinematic analysis is then to solve
Eq. (6.3) for the vector of independent generalized coordinates

q =

{

ε(m)

x(m)

}

. (6.4)

The solution is expressed by means of geometric transfer functions F and E as

x = F(q), ε = E(q). (6.5)

The nodal velocities ẋ and accelerations ẍ can be computed from (6.5) as

ẋ =
∂F

∂q
q̇ = F ,qq̇, (6.6a)

ẍ =

(

∂2F

∂q2
q̇

)

q̇ +
∂F

∂q
q̈ = (F ,qqq̇) q̇ +F ,qq̈, (6.6b)
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where the subscript notation ’, q’ is used to denote partial differentiation with respect
to the vector q and (F ,qqq̇) q̇ and other similar expressions denote multiplication
over the last dimension, i.e. Fi,jk q̇j q̇k. The geometric transfer functions F and E and
their derivatives are determined numerically in an iterative way [38].

The inertia properties of the concentrated and distributed mass of the elements
are described with the aid of lumped and consistent mass matrices [38]. Let Mx(x) be
the global mass matrix, obtained by assembling the lumped and consistent element
mass matrices, and let f(x, ẋ, t) be the vector of external nodal forces, including
gravitational forces and the velocity dependent inertia forces. Furthermore, let the
loading state of each element be described by a vector of stress resultants, collected in
the assembled vector σ. This vector is dual to the vector of deformation coordinates ε.
Then, according to the principle of virtual work we obtain for the equations of motion
of the mechanism

δxT(f −Mxẍ) = δεTσ (6.7)

for all virtual variations δx and δε which satisfy the instantaneous kinematic
constraints

δx = F ,qδq and δε = E ,qδq. (6.8)

Substituting Eqs. (6.6) and (6.8) in Eq. (6.7) gives

δqTMqq̈ = δqT
(

F
T
,q (f −Mx (F ,qqq̇) q̇)− E

T
,qσ
)

, (6.9)

with
Mq = F

T
,qMxF ,q. (6.10)

Since the components of the vector δq are independent, we obtain the equations of
motion

Mqq̈ = F
T
,q

(

f −Mx (F ,qqq̇) q̇
)

− E
T
,qσ, (6.11)

expressed as a set of non-linear second order ordinary differential equations.

6.3 Reduction of degrees of freedom

The equations of motion (6.11) need to be time-integrated to obtain the time response
of the compliant mechanism. Reducing the number of degrees of freedom by removing
high frequency vibrational modes, will result in faster simulation times. Specifically
explicit time-integrators benefit from the removal of high frequency vibrational modes
as larger time-steps can be taken while still providing a stable solution. We will
exemplify the cause of these high frequency modes and propose two approaches to
suppress them: a fixed basis method (FBM) and an interpolated basis method (IBM).

6.3.1 Motivation and approach

In Fig. 6.3, two examples are shown to illustrate the cause of higher frequency
vibrational modes which are not of interest to obtain the desired simulation
results. In Fig. 6.3(a), a simply supported beam is considered where we would like
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High frequency bending mode

High frequency elongation mode

(a) Simply supported beam (b) Clamped beam

Figure 6.3: Examples of models that require multiple finite elements for
accurate results: describing high frequency modes of a simply supported
beam (a) and large deflections of a clamped beam (b).

to accurately model the illustrated high frequency bending mode. This requires
a minimum of four elements as is shown. However, the model can now also be
excited in the elongation mode as is shown in the figure. This elongation mode
has in general a much higher eigenfrequency than the illustrated bending mode.
In the second example shown in Fig. 6.3(b), a clamped beam is considered that
undergoes large deflection. For an accurate representation that captures the
geometric non-linear behaviour, one element is not enough as the small deformation
assumption would be violated. Therefore, more elements are necessary to ensure
small deformations in a co-rotational context. This again introduces high frequency
vibrational modes.

In both cases the computational efficiency can be significantly increased if the
high frequency modes which are not of importance for obtaining the desired
simulation results, are suppressed. For this purpose constraint relations between the
degrees of freedom of the model can be applied. In the case of the simply supported
beam, the elongation mode can be suppressed by e.g. relating the elongations of the
separate beam elements. In general, the constraint relations can be non-linear, i.e.
configuration dependent,

q = G (z) with dim(q) > dim(z), (6.12)

where z are the reduced set of coordinates associated with the constraint relations.
We can write Eq. (6.9) in terms of the reduced set of coordinates z by determining

the virtual variations and the first and second time derivative of Eq. (6.12),

δq = G,zδz, (6.13a)

q̇ = G,zż, (6.13b)

q̈ = G,zz̈ + (G,zzż) ż. (6.13c)

Substituting the resulting expressions in Eq. (6.9), yields

δzTMzz̈ = δzT
[

F ,qG,z

]T(

f −Mx

(

(F ,qqG,zż)G,zż +F ,q (G,zzż) ż
))

−δzT
[

E ,qG,z

]T

σ,

(6.14a)
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with

Mz =
[

F ,qG,z

]T

Mx

[

F ,qG,z

]

. (6.14b)

The components of δz are now independent. Therefore, we obtain for the reduced
equations of motion

Mzz̈ =
[

F ,qG,z

]T(

f −Mx

(

(F ,qqG,zż)G,zż +F ,q (G,zzż) ż
))

−
[

E ,qG,z

]T

σ.

(6.15)
Next the FBM and the IBM are outlined which result in linear and non-linear con-
straint relations, respectively.

6.3.2 Fixed basis method (FBM)

Constraint relations and derivatives

For the fixed basis method we use a projection matrix V to project the vector of
independent generalized coordinates q onto a lower dimensional subspace, i.e. the
standard approach of model reduction by projection as it is commonly applied to linear
systems by means of e.g. modal or Krylov subspace based methods. In this paper,
the projection matrix is determined by truncating a set of eigenvectors, obtained from
a modal analysis of the mechanism, such that the higher frequency vibrational modes
are suppressed. With this projection matrix we can write the constraint relations of
Eq. (6.12) as

q = G (z) = q0 + V η with z = η. (6.16)

Here q0 corresponds to the initial conditions of the independent generalized
coordinates. For this method, the vector of reduced coordinates z consists solely of
the modal coordinates η associated with the truncated set of eigenvectors. The first
and second derivatives of G (z) are then

G,z = V and G,zz = 0, (6.17)

which can be used in Eq. (6.13) to evaluate the reduced equations of motion.

Choice of coordinates to reduce

In general, as is mentioned by Brüls et al. [18], the dimensionality of the subspace
should be rather high in order to capture geometric non-linear effects. In order to
obtain a lower dimensional subspace, we propose to reduce only coordinates that
remain small during simulation and are therefore suitable to be reduced with linear
projection methods. To that end, the independent generalized coordinates q should
be chosen accordingly. The relative deformation coordinates ε of Eq. (6.3) are a viable
candidate to be reduced in this way. These have to remain small for the non-linear
beam elements because of the small deformation assumption. Therefore, we propose
to use only these coordinates as independent generalized coordinates for this method.
Equation (6.4) then becomes

q = ε(m). (6.18)
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Note that in general, the relative deformation coordinates do not have to remain small
for some commonly used elements in a multibody model. For example, the hinge
element can have a large relative rotation. For models that contain such elements,
the method can be adapted such that e.g. large relative rotation coordinates are not
reduced as is demonstrated in [14] (see Section 5.3.2).

Choice of base vectors

The performance of the FBM depends highly on the choice of base vectors to form the
projection matrix V . The choice which modes to retain after a modal analysis is not
a trivial one. Particularly, the phenomena known as mode-crossing and mode-veering
can complicate the selection of modes. These phenomena occur when the dynamical
properties of a mechanism change with a change in configuration. This is often the
case for large-stroke compliant mechanisms whose stiffness properties in supporting
directions are highly configuration dependent.

Mode-crossing occurs when the eigenfrequencies of two different modes cross as the
configuration changes. Assuming that the eigenvectors are sorted according to their
eigenfrequencies for every considered configuration, any eigenvectors with crossing
eigenfrequencies will change order at a mode-crossing point.

Mode-veering occurs when the eigenfrequencies of two different modes approach
each other and then veer away without crossing as the configuration changes. The
eigenvectors of these two modes after the veering point will be swapped. During
veering, the two modes will continuously, but abruptly, transform from one into the
other by a rotation of the eigenvectors [15].

In both cases, when modes of interest are crossing or veering with other modes, the
crossing and veering modes need to be included in the projection matrix V to ensure
that the lower frequency dynamics over the full range of motion is correctly retained.
Also, the configuration dependency of eigenvectors further away from mode-veering
or crossing points needs to be taken into account when determining the projection
matrix V .

A systematic approach to determine a projection matrix that is capable of correctly
describing the first r eigenvectors in the operating range of the mechanism is outlined
by the following procedure:

1. In the operating range of the mechanism, determine in n equidistant equilibrium
reference configurations the linearized equations of motion [42].

2. Compute the matrix V (i) with i = 1, 2, . . . , n, by performing a modal analysis
of the linearized equations of motion at each equilibrium reference configuration
and retaining the first r normalized eigenvectors corresponding to the vibrational
modes of interest.

3. for j = 1, 2, . . . , r do

4. Form the matrix W (j) according to

W (j) =
[

V
(1)
j ,V

(2)
j , . . . ,V

(n)
j

]

(6.19)
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where W (j) is a matrix containing the jth normalized mode for all n ref-
erence configurations. This matrix has

rank(W (j)) ≥ 1, (6.20)

and this rank is guaranteed to be greater than one if the jth mode is
crossing or veering with other modes or if this mode is highly configuration
dependent.

5. Perform an SVD1 of the matrix W (j) to determine a set of base vectors
that can accurately describe the jth mode in all n reference configurations.

6. From the SVD analysis we retain the set of left singular vectors with large
corresponding singular values, yielding the matrix U (j).

7. end for

8. Concatenate the matrices U (j) with j = 1, 2, . . . , r and form

Q =
[

U (1),U (2), . . . ,U (r)
]

(6.21)

9. Finally, perform an SVD of the matrix Q to determine a set of base vectors
that can describe the modes of interest in all n reference configurations. The
projection matrix V of Eq. (6.16) is then obtained by retaining the singular
vectors with large corresponding singular values as in steps 5 and 6.

In the first step, the equilibrium reference configurations are chosen to be obtained
equidistantly to ensure that no configuration bias is introduced in the SVD analysis
of steps 5 and 6. Also, to avoid bias, only normalized eigenvectors, or alternatively
eigenvectors with the same length, should be computed in step 2.

The last step is used to remove any linear dependency of the vectors in the
matrix Q and to possibly obtain a smaller set of base vectors for the projection
matrix V . This step is particularly important when modes of interest are crossing or
veering as this can result in a strong linear dependency between the matrices U (j).

We note that an approach with one SVD analysis is also possible by directly
performing the SVD analysis on all modes of interest in all reference configurations [14]
(as is done in Section 5.3.3). However, by performing an SVD analysis on each mode
of interest separately, we find it is easier to determine which singular vectors to keep
in order to ensure that the first r modes of interest are correctly preserved over the
full range of motion.

Note that the procedure described in this section is not guaranteed to give a set
of base vectors in which no high frequency modes are present because

rank(V ) ≥ r, (6.22)

1The SVD of a matrix A is given by: A = UΣV T, where Σ is a diagonal matrix of singular
values and U and V are the matrices with the left and right singular vectors, respectively.
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due to the fact that the rank of the subspace required to describe each mode separately
is greater or equal to one, see Eq. (6.20). This makes it likely that the rank of V is
greater than r and thus some higher frequency modes are necessary to describe the
configuration dependency of the vibrational modes of interest.

6.3.3 Interpolated basis method (IBM)

For the realization of a reduction method that does not need additional vectors
to describe the configuration dependency of the vibrational modes of interest, an
interpolation strategy can be employed. For this purpose, the subspace spanned by
the reduced set of eigenvectors over the operating range of the mechanism can be
interpolated. We will refer to this method as the interpolated basis method.

Constraint relations and derivatives

To start, the independent generalized coordinates are written as

q = G (z) = Q (s) + V (s)η + q0 with z =

{

s

η

}

. (6.23)

Here, Q (s) represents the gross reference motion of the compliant mechanism with
respect to the initial conditions q0 and V (s) is the subspace spanned by a reduced
set of eigenvectors at a particular configuration described by the configuration
coordinates s. The configuration coordinates should be chosen such that they
adequately represent the gross reference motion. In this paper we restrict ourselves
to a single configuration coordinate s. This single configuration coordinate then
describes the main trajectory of motion in three dimensional space. The first and
second derivatives of G (z) to its reduced coordinates are

G,s = Q,s (s) + V ,s (s)η, (6.24a)

G,η = V (s) , (6.24b)

G,ss = Q,ss (s) + V ,ss (s)η, (6.24c)

G,sη = V ,s (s) , (6.24d)

G,ηη = 0. (6.24e)

Equation (6.24) can be used to construct G,z and G,zz, which are necessary in
Eq. (6.15).

Generation of interpolation data

Expressions for Q (s), V (s) and their derivatives are obtained by interpolation.
The interpolation data are generated by determining in n reference configurations
the difference between the independent generalized coordinates and the initial
conditions q0, yielding ∆q(i), and the first r orthonormalized eigenvectors V (i)

corresponding to the vibrational modes of interest at interpolation points s(i) along
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the main trajectory of motion. Here the superscript (i) denotes the ith reference
configuration.

The eigenvectors in the matrix V (i) are obtained from a modal analysis of the
linearized equations of motion. The modal analysis is performed while fixing the
configuration coordinate s for every reference configuration, such that the eigenvectors
contained in the matrix V (i) will have no components along the main trajectory of
motion2.

Interpolation of the reference configurations

An expression for Q (s) is obtained by interpolating ∆q(i) with i = 1, 2, . . . , n, along
the main trajectory of motion. For this interpolation we choose to use piecewise third
order polynomial splines through the interpolation points s(i). The interpolation
coefficients are chosen such that the first and second derivatives are continuous at the
interpolation points.

Interpolation of modal subspaces

Interpolating the eigenvectors V (i) with i = 1, 2, . . . , n, along the main trajectory
of motion is not guaranteed to give satisfactory results for V (s). In [18, 33] mode-
crossing and mode-veering are named as the cause for these interpolation difficulties
of eigenvectors. Interpolating over a mode-crossing or veering point will introduce
large gradients in V ,s (s) of Eq. (6.24) if the eigenvectors in V (i) are sorted according
to their eigenfrequencies. This results in large numerical errors or more often cause
the time-integration of the equations of motion to fail.

To cope with mode-crossing and veering, it is proposed in [5, 18] to use mode-
tracking algorithms based on the modal assurance criterion (MAC) [26]. This method
is very effective in locating and sorting modes that cross and it is able to track modes
that veer, provided that the spatial discretization is sufficiently dense. However, large
gradients in V ,s (s) can still be found for modes that veer, due to the swift rotation
of the eigenvectors. Nonetheless, the subspace spanned by these rotating eigenvectors
changes only a little. A better approach is then to determine base vectors that do not
change rapidly over mode-veering regions, as is suggested in [33]. To achieve this, we
propose a modal subspace interpolation (MSI) algorithm, outlined by the following
steps:

1. Orthonormalize the r retained eigenvectors in the n reference configurations,
resulting in V (i) for the ith reference configuration.

2. Set W (1) = V (1) to define the starting configuration.

3. for i = 1, 2, . . . , n− 1 do

2This is to ensure that the matrix G,z is of full rank as the first column of this matrix, Eq.(6.24a),
already describes the change of the configuration of the mechanism in the direction of motion.
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4. Compute Ŵ (i+1) by projecting the base vectors of W (i) onto the subspace
spanned by V (i+1),

Ŵ (i+1) = V (i+1)V (i+1)TW (i). (6.25)

5. Compute W (i+1) by normalizing the columns of Ŵ (i+1).

6. end for

7. Obtain W̄ (i) by mass normalizing the base vectors of W (i) with i = 1, 2, . . . , n.
For the jth vector at the ith configuration, this is

W̄
(i)
j =

W
(i)
j

W
(i)T
j M

(i)
q W

(i)
j

, (6.26)

where M
(i)
q is the linearized mass matrix at the ith configuration.

8. Obtain V(s) by interpolating the matrices W̄ (i) with i = 1, 2, . . . , n, along the
main trajectory of motion.

In steps 3 through 6 it is ensured that when the mechanisms is moving through
a veering region, the projected base vectors of W (i+1) change only a little with
respect to W (i). Still, W (i+1) represents the exact same subspace as V (i+1). This is
illustrated in Fig. 6.4 for a two dimensional subspace in R

3. Note that both veering
modes have to be present in the subspace for this to work effectively. The same
applies for a mode of interest that crosses other modes if no precautions are taken.
In this case, all modes that cross the mode of interest need to be retained. However,
the modes can be sorted with a MAC based mode-tracking method prior to the first
step of the algorithm. This makes it possible to include only the mode of interest
without having to add any of the crossing modes.

Configuration change

= V (i)

= W (i)

i = 1 i = 2 i = n− 1 i = n

Figure 6.4: Illustration of steps 3 through 6 of the MSI algorithm, for a
change of a two dimensional subspace in R

3, e.g. during mode-veering. The
projected base vectors W

(i+1) change only a little with respect to W
(i), but

span the same subspace as V
(i+1).
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Step 7 is not strictly necessary. However, we observed smoother varying base
vectors when their length is mass normalized. The gradients in V ,s (s) are then
smaller, which is beneficial for the time-integration of the equations of motion.

For the interpolation in step 8 we use piecewise third order polynomial splines
similar to the interpolation of the reference configurations to obtain Q (s).

6.4 Application example

As an application example to test the effectiveness of the FBM and the IBM, we
consider a spatial model of a large stroke compliant straight guidance in a gravity
field. The results are compared to simulation results of an unreduced model. For
the IBM, we also consider a case where a mode-tracking algorithm is implemented
instead of the MSI algorithm described in Section 6.3.3. For the time-integration of
the equations of motion we use an explicit variable step-size integrator, specifically
the Shampine-Gordon integrator [63].

6.4.1 Compliant straight guidance model

The compliant straight guidance shown in Fig. 6.5, consists of two flexures connected
by a rigid intermediate body. Each of the flexures are modelled with five non-linear

x
y

z

g
s

¬



®

f(t)

Figure 6.5: Spatial straight guidance model in a gravity field g, where the
flexures ¬ and  are modelled with 5 beam elements each and the intermediate
body ® is modelled as a rigid element. The maximal deflected state is shown
in a lighter colour.

Table 6.1: Spatial straight guidance model parameters.

Property Flexures ¬  Rigid beam ®

Length, l 0.2 m 0.2 m
Height, h 30 · 10−3 m 30 · 10−3 m
Width, w 1 · 10−3 m 30 · 10−3 m

Young’s Modulus, E 2.1 · 1011 N/m2

Density, ρ 7600 kg/m3 7600 kg/m3
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spatial beam elements. Each beam element in the flexures suppresses the elongation
mode but allows deformations of the other five deformation modes, see Fig. 6.2. This
results in a model with a total of 44 degrees of freedom. The physical properties
and dimensions of the flexures and the rigid intermediate body are given in Tab. 6.1.
The model contains no damping. Furthermore, gravity is included and is acting in
the negative z-direction, where g = 9.81 m/s2. The model is excited by a force as a
function of time

f(t) =







Fmax

2
(1− cos (20πt)) , 0 s ≤ t ≤ 0.1 s,

0, t > 0.1 s,
(6.27)

where the maximal applied force Fmax = 100 N. The resulting maximal deflection is
then 0.0834m, which is about 41.7% of the flexure lengths.

We determine in the initial configuration, the equilibrium configuration including
gravity. This configuration is used to obtain the initial conditions for the time-
response simulations of the unreduced and reduced models. We simulate the time
response of the unreduced model and compute the eigenfrequencies over the range of
motion of the straight guidance. This simulation will serve as a benchmark
for the reduced models. Of particular interest for the reduced models is the
displacement caused by gravity in the z-direction measured at the coordinate s.
Furthermore, we will investigate how well the reduced models are able to reproduce
the eigenfrequencies of the unreduced model over the full range of motion. We will
determine what is required for the reduced models to accurately represent the first
two eigenfrequencies and as a second case, the first four eigenfrequencies. The
second case is included because from a control perspective usually the first few
eigenmodes are of interest for e.g. stability analysis. All eigenfrequency data are
presented as a function of the x-displacement of the rigid intermediate body. These
are obtained for the time instances between the dashed lines of Fig. 6.6 where the
time response of the rigid intermediate body in x-direction is shown.
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Figure 6.6: Time response of the rigid intermediate body in x-direction.
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To determine the effect of the reduction on the computational efficiency, we will
compare the number of function evaluations the integrator requires to complete the
simulation for the different reduced models.

The considered reduced models for the FBM and IBM are obtained without gravity
to see if they are robust for small deviations from the main trajectory of motion.

6.4.2 Reduction with fixed basis method

For the reduction with the FBM, we choose the 44 independent generalized
coordinates to be a subset of the deformation mode coordinates of the beam
elements in the flexures. Specifically, a subset of the torsion and the bending related
coordinates of Eq. (6.2b) are chosen, as all elongation modes are suppressed.

Generating the reduced models

For the first case, where we aim to describe the first two eigenfrequencies over the
full range of motion, we consider two FBM reduced models. The first reduced
model is obtained by doing a modal analysis in the equilibrium configuration of the
compliant mechanism. The first two eigenvectors are used as base vectors for the
projection matrix of this reduced model, and it will be referred to as the MODAL-2
reduced model. The second reduced model is obtained by following the procedure in
Section 6.3.2, where we considered 300 linearized models evenly spaced in the range
of motion of the compliant mechanism.

In Fig. 6.7 the singular values, with respect to the sum of singular values of
all singular vectors, are shown for the first and second vibrational mode of the 300
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(a) SVD analysis of the first mode
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(b) SVD analysis of the second mode

Figure 6.7: Percentage of singular values with respect to the sum of singular
values, for the singular vectors obtained from an SVD of the first mode (a)
and of the second mode (b) for all considered configurations. The horizontal
line indicates 1% contribution of a singular vector.
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(a) SVD-7 model
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(b) SVD-13 model

Figure 6.8: Percentage of singular values with respect to the sum of singular
values, for the singular vectors considered for the SVD-7 reduced model (a)
and for the SVD-13 reduced model (b). The horizontal line indicates 1%
contribution of a singular vector.

linearized models. Singular vectors with a contribution greater than 1% are retained,
resulting in a collection of seven singular vectors. The 1% criterion showed good
results, but should by no means be taken for a rule. Following the procedure in
Section 6.3.2, the collection of seven singular vectors is subjected to another SVD,
yielding the results shown in Fig 6.8(a). In this case, all seven singular vectors are
required to describe the first and second vibrational mode over the full range of
motion, yielding an SVD-7 reduced model.

For the second case, where the first four eigenfrequencies are of interest over
the full range of motion, an SVD-13 reduced model with thirteen singular vectors is
considered. This model is obtained in the same way as the SVD-7 reduced model. For
the SVD-13 reduced model we retained four and five singular vectors from the SVD of
the third and fourth vibrational modes of the 300 considered linearized models. This
results in a collection of sixteen singular vectors by adding the seven singular vectors
of the first two vibrational modes. These are again subjected to an SVD to remove
any linear dependencies, yielding the results shown in Fig 6.8(b). From this result we
determined the thirteen singular vectors of the SVD-13 reduced model. Here we note
that the last three singular vectors have a smaller contribution than the first ten.
However, these singular vectors proved important for preserving the configuration
dependency of the third and fourth vibrational mode over the range of motion.

Simulation results

In Fig. 6.9 the first and second eigenfrequencies of the unreduced and the three reduced
models are shown as a function of the coordinate s which describes the x-displacement
of the rigid intermediate body. The first vibrational mode is a translational mode in
the x-direction, while the second vibrational mode corresponds to an out-of-plane
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Figure 6.9: First (a) and the second (b) eigenfrequencies of the compliant
straight guidance as a function of the x-displacement of the rigid intermediate
body: comparison of the unreduced and the FBM reduced models.

bending mode, i.e. deflection in the z-direction. The MODAL-2 model is able to
correctly predict the first eigenfrequency as the compliant mechanism is deflected, see
Fig. 6.9(a). The second eigenfrequency of the MODAL-2 model, shown in Fig. 6.9(b),
rises to 1100 Hz when the compliant mechanism is maximally deflected. Whereas,
due to geometric non-linearities, this eigenfrequency should drastically drop when
deflected. It is clear from these results that simply retaining the first two eigenvectors
obtained in the equilibrium configuration of the compliant mechanism is not sufficient
to obtain correct results over the full range of motion. In contrast, the SVD-7 and
SVD-13 models give very good results for the first and second eigenfrequencies.

The third and fourth eigenfrequencies of the unreduced model and the SVD-13
reduced model are shown in Fig. 6.10. The corresponding vibrational modes are
internal bending modes of the flexures. The SVD-13 reduced model is able to
accurately describe the third and the fourth eigenfrequencies over the full range of
motion, as is intended by the procedure described in Section 6.3.2.

In Fig. 6.11, the z-displacements of the rigid intermediate body measured at the
coordinate s, see Fig. 6.5, for the unreduced and reduced models are shown as a
function of time. For an accurate time-response in this direction it is important that
the second vibrational mode is correctly estimated as this is the first bending mode
in this direction. The MODAL-2 model is not able to correctly estimate this mode
over the full range of motion, resulting in the poor performance observed in Fig. 6.11.
The SVD-7 and SVD-13 reduced models again give very good results.

In Tab. 6.2 the number of function evaluations required by the integrator to
complete the simulation and the highest occurring eigenfrequencies are given for the
considered models. The unreduced model requires 1060595 function evaluations.
The reason for the unreduced model to require so many function evaluations is due
to the inclusion of gravity. Even though we start close to the equilibrium position by
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Figure 6.10: Third (ω3) and fourth (ω4) eigenfrequencies of the compliant
straight guidance as a function of the x-displacement of the rigid intermediate
body: comparison of the unreduced and the FBM reduced models.
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Figure 6.11: z-Displacement of the rigid intermediate body measured at
coordinate s as a function of time: comparison of the unreduced and the FBM
reduced models.

adjusting the initial conditions, some small deviations are enough to excite higher
vibrational modes in particular stiff modes in the z-direction. As no damping is
present in the example, they will remain excited for the duration of the simulation.
In contrast, an unreduced simulation without gravity only needs about 30000
function evaluations.

A reduction of the number of function evaluations is realized for all reduced
models. The MODAL-2 reduced model is the quickest, though gives incorrect
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Table 6.2: Function evaluations and highest occurring eigenfrequencies of
the unreduced and reduced models obtained with the fixed basis method.

Unreduced MODAL-2 SVD-7 SVD-13

Function evaluations [-] 1060595 1647 12246 87804
Highest occurring eigenfrequency [Hz] 193050 1097 7181 18076

results as previously mentioned. In the case of the SVD-7 reduced model, additional
modes are necessary with a maximum eigenfrequency of about 7200 Hz to be able to
describe the first two eigenfrequencies over the full range of motion. A similar effect
is observed for the SVD-13 reduced model. Here, modes with eigenfrequencies
up to 18000 Hz are required to be able to describe the first four eigenfrequencies.
The necessary inclusion of these high frequency modes, which are well outside the
frequency range of interest, is a considerable drawback of the method.

6.4.3 Reduction with interpolated basis method

We considered the use of both relative and absolute coordinates as the 44 indepen-
dent generalized coordinates for the reduction with the IBM. From a theoretical
point of view, both sets of coordinates should be valid to be reduced with the IBM.
However, when using relative coordinates we observed some numerical issues which
are most likely caused by a buildup of small errors that can result in a slightly
different configuration than the unreduced model. Hence, the results presented
here are obtained using absolute nodal coordinates for the independent generalized
coordinates.

Generating the reduced models

The reduced models are generated from 300 linearized models, evenly spaced in the
range of motion of the compliant mechanism. As is mentioned in Section 6.4.1, these
models are obtained in the absence of gravity to determine if the reduced models are
robust for small deviations from the main trajectory of motion.

To be able to accurately describe the first two eigenfrequencies over the full
range of motion, an interpolated two degrees of freedom model, MSI-2, is considered.
The first degree of freedom is associated with the gross reference motion, while
the second degree of freedom describes the out-of-plane bending mode previously
mentioned in Section 6.4.2. The MSI-2 model is obtained by interpolating the
reference configurations and the modal subspaces according to the MSI algorithm.
The use of the MSI algorithm is not strictly necessary for this case, as the first two
modes do not cross or veer with any other modes.

To obtain a reduced model capable of describing the first four eigenfrequencies
over the full range of motion, we note that five different vibration modes are veering
and crossing with the modes associated with the third and fourth eigenfrequencies.
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As all these modes need to be included in the modal subspace to describe these
eigenfrequencies over the full range of motion, we consider an MSI-7 reduced model
obtained with the MSI algorithm. Here, the first degree of freedom again describes the
gross reference motion, while the remaining degrees of freedom are associated with
the interpolated modal subspace. Additionally, we will consider a reduced model
where the interpolation of the modal subspace is realized by interpolating the six
eigenvectors at each interpolating point, after sorting the eigenvectors with a MAC
based mode-tracking algorithm as described in [18]. This model is referred to as the
MAC-7 reduced model.

Simulation results

The first and second eigenfrequencies of the unreduced and the reduced models
are shown in Fig. 6.12. From Fig. 6.12 it can be seen that the MSI-2 model is
able to accurately predict the first and second eigenfrequency. For the MAC-7
model, the first eigenfrequency has two deviating peaks near ±0.06m deflection.
This behaviour is caused by numerical inaccuracies due to large time derivatives
of the reduced coordinates as the model is transitioning through a mode-veering
region, see Fig. 6.13. In contrast, the MSI-7 reduced model is able to correctly
predict the first eigenfrequency. Good matches for the second eigenfrequency are
found for all the IBM reduced models.

In Fig. 6.13, the third and the fourth eigenfrequencies of the unreduced model
and of the MSI-7 and MAC-7 reduced models are shown. Both models give quite
good results for the prediction of these eigenfrequencies, though some slight
deviations can be observed. These deviations become less if the linearized models
from which the reference configurations and the modal subspaces are derived, are
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Figure 6.12: First (a) and the second (b) eigenfrequencies of the compliant
straight guidance as a function of the x-displacement of the rigid intermediate
body: comparison of the unreduced and the IBM reduced models.
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Figure 6.13: Third (ω3) and fourth (ω4) eigenfrequencies of the compliant
straight guidance as a function of the x-displacement of the rigid intermediate
body: comparison of the unreduced and the IBM reduced models.
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Figure 6.14: z-Displacement of the rigid intermediate body measured at
coordinate s as a function of time: comparison of the unreduced and the IBM
reduced models.

computed considering gravity. This is demonstrated by the results of the MSI-7g
reduced model, which is obtained considering gravity at each of the reference
configurations. Some small peaks of the fourth eigenfrequency as in Fig. 6.12(a), are
observed for the MAC-7 reduced model, although the effect is less pronounced than
for the first eigenfrequency.

From Fig. 6.14 it can be seen that all considered IBM reduced models are capable of
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predicting the z-displacement of the rigid intermediate body quite accurately. Though
the results obtained with the MSI-2 reduced model are slightly stiffer.

In Tab. 6.3 the number of function evaluations required by the integrator to
complete the simulation and the highest occurring eigenfrequencies are given for
the considered models. It is clear that a significant reduction in the number of
function evaluations can be realized for the interpolated basis method. The benefit
of using the MSI algorithm compared to a mode-tracking algorithm, with respect
to computational efficiency, is also evident. The MAC-7 reduced model requires
significantly more function evaluations near mode-veering regions than the MSI-7
reduced model, resulting in the observed difference in function evaluations.

Table 6.3: Function evaluations and highest occurring eigenfrequencies of the
unreduced and reduced models obtained with the interpolated basis method.

Unreduced MSI-2 MSI-7 MAC-7

Function evaluations [-] 1060595 626 947 1486
Highest occurring eigenfrequency [Hz] 193050 80 379 380

6.4.4 Comparison of the fixed and interpolated basis method

From the presented results, we can conclude that accurate results can be obtained
with both methods. We observe that more accurate reduced models of lower order
can be realized with the interpolated basis method than with the fixed basis method.
For example, the MSI-2 reduced model is able to predict the second eigenfrequency
accurately, while poor results are observed for the MODAL-2 reduced model. The
reduced models obtained with the interpolated basis method are also considerably
cheaper to solve than those obtained with the fixed basis method. On the other
hand, the fixed basis method is easier to implement as no second order derivatives are
required in its derivation, unlike the interpolated basis method. This effect will be
more pronounced if more than one configuration coordinate is considered to describe
the gross reference motion of a large-stroke compliant mechanism.

6.5 Conclusions

In this paper a reduction method is proposed for the efficient time-integration of
flexible multibody models. The approach is based on constraining the independent
generalized coordinates that define the configuration of the multibody model. Two
different implementations for constraining the independent generalized coordinates
are considered, a fixed basis method and an interpolated basis method.

For the fixed basis method, linear constraints are applied to independent
generalized coordinates that remain small during simulation. The projection of the
independent coordinates to a lower dimensional subspace effectively suppresses
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the excitation of high frequency modes, whereas geometric non-linear effects are
retained in the geometric transfer functions. We propose an SVD based procedure to
determine an adequate set of base vectors for the projection matrix. The obtained
set of base vectors are such that the vibrational modes of interest can accurately be
described in the operating range of the mechanism.

For the interpolated basis method, non-linear constraints are applied to the
independent generalized coordinates. The independent generalized coordinates are
described as a superposition of the gross reference motion and the vibrational modes
of interest. Here the gross reference motion is obtained by interpolating reference
configurations throughout the trajectory of motion. Furthermore, the subspace
spanned by the vibrational modes of interest is interpolated using a modal subspace
interpolation algorithm. The algorithm constructs base vectors that span the modal
subspace, which vary as little as possible with a change of configuration. This
allows accurate interpolation of the modal subspaces without having to resort to
mode-tracking algorithms to deal with mode-crossing and mode-veering phenomena.

The effectiveness of both methods is demonstrated by considering a flexible
multibody model of a compliant straight guidance that undergoes large deflection.
From simulation results of this example it is observed that accurate reduced models
can be obtained with both methods. The fixed basis method still requires the
inclusion of some high frequency modes to be able to describe the configuration
dependency of the vibrational modes of interest. This makes the fixed basis method
less computationally efficient than the interpolated basis method. An increase in
accuracy and computational efficiency for the interpolation basis method is observed
when using the modal subspace interpolation algorithm opposed to interpolating
eigenvectors sorted by a mode-tracking algorithm.
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tion Point-One, project MOV-ET PNE08006, of the Dutch Department of Economic
Affairs, Agriculture and Innovation. The authors acknowledge the contributions
of Derk ten Hoopen for the initial investigation of a variety of model reduction
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Chapter 7

Analysis and simulation of a
large-stroke compliant mechanism

The interpolated basis method (IBM) of the previous chapter is applied to obtain a reduced
model of the two degree of freedom large-stroke compliant positioning mechanism of Chapter 4.
In Chapter 6, the IBM is set up for systems where the configuration is described with only
one coordinate. To be able to apply this method to the two degree of freedom compliant
mechanism, the gross motion of the mechanism needs to be defined as a function of a single
parameter. This can be achieved by prescribing the desired path of the end-effector. It is
investigated how to obtain the proper base vectors for the IBM along this predetermined path.
Two different approaches are investigated. In the first approach, in accordance with the
theory of Chapter 6, eigenvectors are obtained by constraining the direction of the path, i.e.
the constrained eigenvectors. In the second approach, the use of unconstrained eigenvectors
is considered instead. Both approaches are applied to obtain reduced models of the compliant
mechanism. Subsequently, these models are evaluated in equilibrium positions along the path
and their eigenfrequencies are compared to those of the unreduced model. To conclude, a
closed-loop time-response simulation of the mechanism is performed.

7.1 Model reduction along a predetermined path

The fixed basis method (FBM) of Chapter 6 can be applied straightforwardly to
reduce models of compliant mechanisms with multiple degrees of freedom1. However,
unavoidably in the FBM, unwanted high frequency vibrational modes remain in the
reduced model. Therefore, the application of the IBM is preferred in most cases. The
IBM is designed such that a single coordinate defines the gross reference motion along
which the modal subspace and reference configurations are interpolated. For a single
degree of freedom compliant mechanism, it is straightforward to assign a coordinate

1In this context, in line with Chapter 1, the mention of ‘degree of freedom’ in relation to a
compliant mechanism refers to the intended mobility of that mechanism and should not be confused
with the number of degrees of freedom of the mechanism model.

123
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to describe the gross reference motion as it can only be actuated in one direction.
This is however not the case for a mechanism that has multiple degrees of freedom,
such as the two degree of freedom compliant mechanism of Chapter 4. To apply
the IBM to such a mechanism, a path needs to be defined that depends on a single
parameter and along which the reference configurations and the modal subspaces can
be interpolated. The reference configurations can be determined straightforwardly as
is described in Chapter 6, whereas the following subsections outline the determination
of the modal subspaces for the interpolation along this path.

7.1.1 Applying the IBM for mechanisms with multiple degrees of
freedom

For a proper IBM reduced model, the Jacobian matrix G,z of Eq. (6.13a) needs
to be full rank. This matrix relates the possible variations of the independent
generalized coordinates δq (the degrees of freedom of the model) with the variations
of the reduced set of coordinates δz. Hence, the columns of G,z represent the
subspace that defines in which directions the configuration of the mechanism is
allowed to change. Therefore, to be able to describe the first few vibrational modes
of interest of a compliant mechanism, the columns of the matrix G,z should describe
the subspace spanned by the corresponding eigenvectors.

For the IBM, this matrix can be represented with Eq. (6.24), as

G,z =
[

Q,s (s) + V ,s (s)η, V (s)
]

, (7.1)

where Q(s) represents the gross reference motion, V(s) is the interpolated modal
subspace with an associated set of modal coordinates η and s is the configuration
coordinate describing the position of the end-effector along a predetermined path.
Furthermore, the reduced coordinates z, defined in Eq. (6.23), consist of the
configuration coordinate s and the modal coordinates η.

For the special case when the mechanism is exactly following the reference motion,
i.e. η = 0, Eq. (7.1) simplifies to

G,z

∣

∣

η=0
=
[

Q,s (s) , V (s)
]

. (7.2)

Here Q,s(s) describes how the configuration of the mechanism is changing along
the path. For a properly designed single degree of freedom compliant mechanism,
the first vibrational mode should match the change of the configuration in the
direction of motion. In other words, Q,s(s) corresponds to the first vibrational
mode of a single degree of freedom compliant mechanism, whereas V(s) represents
the remaining vibrational modes of interest. Therefore, to obtain a matrix G,z with
full rank, the first eigenvector should not be included in the interpolated modal
subspace V (s). To achieve this, the coordinate s can be fixed in every reference
configuration when determining the eigenvectors for the computation of V(s), as is
suggested in Section 6.3.3. None of the resulting constrained eigenvectors then
describes the first vibrational mode of the mechanism as the motion tangential to
the path is constrained.
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However, for a mechanism that is designed to have m degrees of freedom, the
coordinate s that defines the path is not necessarily an actual coordinate of
the model and can therefore not straightforwardly be constrained to obtain the
constrained eigenvectors. Alternatively, the use of unconstrained eigenvectors can
be considered. For a single degree of freedom compliant mechanism, the first
unconstrained eigenvector can simply be omitted in the interpolation of the modal
subspace as it matches the gross reference motion. Applying the same strategy
for an m degree of freedom compliant mechanism is however inadequate. This is
because it is not guaranteed for such a mechanism that the first unconstrained
eigenvector describes the change of the configuration in the direction of the path.
Instead, a linear combination of the first m eigenvectors typically describes the
change of the configuration.

Procedures for a correct derivation of respectively the constrained and uncon-
strained eigenvectors, are explained in the following subsections.

7.1.2 Constrained eigenvectors

Let P(s) be the vector function defining the path of the end-effector of the mechanism
as a function of the coordinate s which represents the distance travelled along the path.
The number of coordinates that define the path has to be equal to the m degrees of
freedom of the mechanism. These path coordinates can be defined as a subset of
the absolute nodal coordinates x or relative coordinates ε of Eq.(6.3). However, for
determining the constrained eigenvectors, they must be chosen to be part of the set
of independent generalized coordinates q of Eq.(6.4). Then, the vector function P(s)
and its first derivative P ,s(s) yield

qp = P(s), (7.3a)

qp,s = P ,s(s), (7.3b)

where qp is an m × 1 vector of path coordinates and is a subset of the k × 1
vector q. Furthermore, qp,s is the m× 1 vector defining the direction of the path at
the location s and is a subset of the k × 1 vector q,s. The vector q,s is zero for
the independent generalized coordinates that are not associated with the path.
Computing the nullspace of qT

,s yields

P = Null(qT
,s), (7.4)

where the columns of the k × (k − 1) matrix P are independent and perpendicular
to q,s. In other words, the columns of P represent the subspace in which no motion
is allowed in the direction of the path.

Next, the linearized equations of motion in a configuration of the mechanism at rest
and in equilibrium (q̇ = 0, q̈ = 0) at the location s along the path, are determined (see
Appendix E). From Eq.(E.6) the mass matrix Mq, the structural stiffness matrix Kq

and the geometric stiffness matrix Gq are obtained. The constrained eigenvectors are
then determined by solving the generalized eigenvalue problem

PT
(

Kq +Gq − ω2
jMq

)

Pvj = 0 with j = 1, 2, . . . , k − 1 (7.5)
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where the (k − 1) × 1 vector vj corresponds to the jth constrained eigenvector with
eigenfrequency ωj. Collecting the first r eigenvectors of interest and pre-multiplying
them with the matrix P yields the k × r matrix V of constrained eigenvectors. By
repeating the process for the n discrete locations s(i) along the path, the set of ma-
trices V (i) with i = 1, 2, . . . , n, is obtained. Next, the matrices V (i) can be used in
the modal subspace interpolation (MSI) algorithm of Section 6.3.3 to compute V(s).

7.1.3 Unconstrained eigenvectors

Typically, for a compliant mechanism with m degrees of freedom, a linear combination
of the first m unconstrained eigenvectors should be able to describe the change of
the configuration at a location s in the direction of the path. As this motion is
already described by Q,s(s) of Eq.(7.2), this linear combination of modes should
be excluded from the interpolation of the modal subspace for obtaining V(s). Let
the vector ηp represent this linear combination and let the matrix Vp represent the
first m unconstrained eigenvectors associated with the mechanism motion, then the
vector Vpηp represents the motion in the direction of the path at a location s. The
problem of finding a suitable set of modes for use in the interpolation of the modal
subspace, then reduces to finding the set of m − 1 base vectors Vb from Vp that
are perpendicular to Vpηp. The solution, assuming that the eigenvectors in Vp are
orthonormal, is given by

Vb = Vp Null(ηT
p ), (7.6)

which can be verified by checking that V T
b (Vpηp) is the zero vector:

(

Vp Null(ηT
p )
)T

Vpηp = 0. (7.7)

The dimensionality of the matrix Vb is k × (m − 1) for a model with k independent
generalized coordinates q.

The matrix Vp required in Eq. (7.6) can be obtained from the k × r matrix of
unconstrained eigenvectors Vu:

Vu = [Vp, Va] , (7.8)

which is computed by performing a modal analysis on the linearized equations
of motion for a configuration of the mechanism at rest and in equilibrium at a
location s along the path, and subsequently retaining and orthonormalizing the
first r eigenvectors of interest. The k × (r − m) matrix Va contains additional
unconstrained eigenvectors of interest that should be included for the computation
of V(s). Appending the matrix Vb with Va, yields

V = [Vb, Va] . (7.9)

Here, the k × (r − 1) matrix V represents the modal subspace that is to be
interpolated along the path to obtain V(s). For the computation of Vb in Eq.(7.6),
the vector ηp still needs to be determined. This vector can be obtained from the
path derivative P ,s(s) of Eq.(7.3), which is demonstrated next.
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Unlike in the previous section, the coordinates of the path P(s) are not required
to be a subset of the k independent generalized coordinates q. Instead, the path
coordinates can be defined by a subset of the absolute nodal coordinates x or relative
deformation coordinates ε of Eq.(6.3). Let these subsets be represented by xp and εp,
then the vector function P(s) and its first derivative P ,s(s) yield

{

xp

εp

}

= P(s), (7.10a)

{

xp,s

εp,s

}

= P ,s(s), (7.10b)

where the m × 1 vector
{

xT
p,s, εTp,s

}T
defines the direction of the path at the

coordinate s. By using the first order geometric transfer functions F ,q and E ,q

given by Eq.(6.8), the direction of the path can also be described in terms of the
vector Vpηp,

{

xp,s

εp,s

}

=

[

Fp,q

Ep,q

]

Vpηp. (7.11)

Here, the matricesFp,q and Ep,q represent the rows ofF ,q and E ,q that are associated
with the path coordinates xp and εp, respectively. The m×m matrix

[

Fp,q

Ep,q

]

Vp

can be inverted to obtain the vector ηp.
The process should be repeated at n discrete locations s(i) along the path to

obtain, with Eq.(7.9), the set of matrices V (i) with i = 1, 2, . . . , n. The matrices V (i)

can then be used in the MSI algorithm of Section 6.3.3 to obtain the interpolated
modal subspace V(s).

7.2 Model reduction of the large-stroke compliant mechanism

In this section, the two degree of freedom large-stroke compliant positioning
mechanism of Chapter 4 is reduced with the IBM using both constrained and
unconstrained eigenvectors for the interpolation of the modal subspace. The eigen-
frequencies obtained with the reduced models are compared with the eigenfrequency
results of the unreduced spacar model determined in Section 4.4. Furthermore, a
closed-loop time-response simulation is performed.

7.2.1 Reduced models

To be able to perform a closed-loop time-response simulation, ‘actuators’ and
‘sensors’ need to be defined in the model. The actuators are modelled by adding two
hinge elements to the model. The hinge elements are placed between the fixed world
and UpperArmX1 and UpperArmY, respectively, see Fig. 7.1. Furthermore, the axes
of rotation of the hinges are in the global z-direction. By applying moments to the
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hinge elements, the model can be actuated in the x- and y-directions. The relative
rotation angles of the hinges are used as sensor outputs to realize co-located control.

The model with the hinge elements is reduced with the IBM by determining the
constrained and unconstrained eigenvectors in 100 equilibrium configurations along
the path P(s) of the end-effector which is depicted in Fig. 7.1 and defined by Eq.(4.1).
Here the coordinate s is defined to be the distance travelled along the path. The
resulting reduced models are referred to by IBM-c and IBM-u to indicate the use of
constrained and unconstrained eigenvectors, respectively. In correspondence with the
results presented in Chapter 4, the reduced models should preserve the vibrational
modes with eigenfrequencies up to 200 Hz. Therefore, the reduced models are designed
such that the first eight eigenvectors are retained by including seven constrained or
unconstrained eigenvectors in the interpolation of the modal subspace to obtain V(s).
This yields reduced models with 8 degrees of freedom instead of the 688 degrees of
freedom of the unreduced model of Chapter 4.
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Figure 7.1: Actuator hinge element locations and the path of the end-effector.



7

7.2. MODEL REDUCTION OF THE COMPLIANT MECHANISM 129

7.2.2 Comparison of eigenfrequencies

To determine the applicability of the reduced models, the first eight eigenfrequencies
in the equilibrium configurations along the path are compared with results obtained
with the unreduced model. The eigenfrequencies for the reduced models are
computed by solving the generalized eigenvalue problem of the combined structural
and geometric stiffness matrices Kz +Gz and mass matrix Mz of Eq.(F.7) derived
in Appendix F. Figures 7.2 and 7.3 show the first eight eigenfrequencies, computed
in the 100 equilibrium configurations along the path for the unreduced and the
reduced models. The first four eigenfrequencies are correctly predicted by both
reduced models. Some small differences between the reduced models can be
observed for the fifth and sixth eigenfrequencies, whereas significant differences can
be observed for the seventh and eighth eigenfrequencies. Here, the IBM-u reduced
model is predicting all eight eigenfrequencies in correspondence with the unreduced
model along the path, whereas deviating results are obtained for the IBM-c reduced
model. By using Eq. (7.5) for the computation of the constrained eigenvectors, the
mechanism is constrained such that the end-effector can not move in the direction of
the path. Adding such a constraint changes the dynamics of the model. Therefore,
it is not guaranteed with the combination of the seven constrained eigenvectors and
Q,s(s) of Eq. (7.2), that all the original eight unconstrained eigenvectors can be
recovered. Obviously, by adding more constrained eigenvectors, the IBM-c model
gains more freedom to correctly describe the simpler vibrational modes with lower
eigenfrequencies. This explains why the IBM-c model is capable of correctly
predicting the first five eigenfrequencies along the path, whereas increasingly larger
errors are observed for the higher eigenfrequencies.
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Figure 7.2: The first two eigenfrequencies ω1 and ω2 of the two degree of
freedom large-stroke compliant mechanism as functions of the distance along
the path for the unreduced and reduced models. The vertical dashed lines
correspond to the locations s1 through s4 shown in Fig. 7.1.
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Figure 7.3: Eigenfrequencies ω3 through ω8 of the two degree of freedom
large-stroke compliant mechanism as functions of the distance along the path
for the unreduced and reduced models. The vertical dashed lines correspond
to the locations s1 through s4 shown in Fig. 7.1.

7.2.3 Closed-loop time-response simulation

Controller parameters

Two proportional-derivative (PD) controllers with single inputs and outputs are used
to actuate the mechanism2. The controller outputs are then given by

Mx(t) = Kp
x(φ

ref
x (t)− φx(t)) +Kd

x(φ̇
ref
x (t)− φ̇x(t)), (7.12a)

My(t) = Kp
y (φ

ref
y (t)− φy(t)) +Kd

y (φ̇
ref
y (t)− φ̇y(t)), (7.12b)

where Mx and My are the actuator moments applied at the x- and y-hinge shown in
Fig. 7.1,Kp

x andKp
y are the proportional gains,Kd

x andKd
y are the derivative gains, φx

and φy are the current angular rotations, and φref
x and φref

y are the reference profiles
of the controllers of the x- and y-hinge, respectively. The implemented controller
parameters, and the resulting closed-loop frequencies and damping ratios of the first
two vibrational modes, are summarized in Tabs. 7.1 and 7.2. With these settings,
it should be possible to obtain reasonably fast response times with a quick decay of
oscillations.

Reference profiles

The IBM-u reduced model is employed for the closed-loop time-response simulation of
the compliant mechanism. The objective of the controllers is to realize a motion of the

2More sophisticated controllers are at the time of writing not yet supported by the C++
implementation of the spacar software.
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Table 7.1: Controller parameters.

Kp
x 5500 [Nm/rad]

Kp
y 2500 [Nm/rad]

Kd
x 40 [Nm s/rad]

Kd
y 17 [Nm s/rad]

Table 7.2: Closed-loop frequencies and damping ratios of the first two
vibrational modes.

Frequency [Hz] Damping ratio [-]

First vibrational mode 27.34 0.60
Second vibrational mode 31.74 0.70

end-effector along the path P(s) shown in Fig. 7.1. The motion must be completed
within 1.5 s while the end-effector is stopped for 0.05 s at five locations along the
path referred to by s1, s2, s3, s4 and s5. The corresponding distances travelled along
the path at these stop locations are given in Fig. 7.1.

To be able to use the controllers defined in Eq. 7.12 such that the end-effector
is moving along the desired trajectory, the reference profiles φref

x and φref
y need to

be determined as functions of time. To determine these reference profiles, a time-
response simulation of the IBM-u reduced model is performed where all the reduced
coordinates are prescribed such that the kinematics of the mechanism are completely
known in advance. For this reference simulation, the reduced coordinates η associated
with the interpolated modal subspace V(s) of Eq.(7.1) are prescribed to be zero,
while the coordinate s that defines the configuration of the mechanism along the
path is prescribed as a function of time. Figure 7.4(a) shows the time-profile of the
coordinate s. It can be seen that at the locations s1 through s5 the mechanism is
stopped for 0.05 s. A skew sine reference profile is used to move the end-effector from
one stop to the next in T = 0.25 s. The coordinate s and its derivatives are then

s(t) = (t− tstart)
∆s

T
−

∆s

2π
sin

(

2π(t− tstart
T

)

, (7.13a)

ṡ(t) =
∆s

T

(

1− cos

(

2π(t− tstart
T

))

, (7.13b)

s̈(t) =
2π∆s

T 2
sin

(

2π(t− tstart
T

)

, (7.13c)

where ∆s is the distance between the current and the next stop location and tstart
corresponds to the time at which the mechanism starts moving from the current stop
location to the next.

During a simulation of the motion of the end-effector along the path, the angular
rotations of the hinge elements and the position of the end-effector are recorded. This
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Figure 7.4: The configuration coordinate s prescribed as a function of
time (a), and the obtained reference profiles for the closed-loop time-response
simulation in terms of the angular rotation angles of the x- and y-hinge as
functions of time (b).

analysis can be performed relatively quick, as the kinematics are completely known
in advance. The equations of motions do not need to be time integrated for this
purely kinematic analysis. Figure 7.4(b) shows the obtained angular rotations φref

x

and φref
y as functions of time of the x-hinge and y-hinge, respectively. The recorded

end-effector location rref(t) as a function of time is







xref(t)
yref(t)
zref(t)







= rref(t), (7.14)

where xref , yref and zref are the x, y and z coordinates of the end-effector. These
locations are used as a reference to determine how much the end-effector is deviating
from the desired path during the closed-loop time-response simulation, which is
discussed next.

Simulation results

The closed-loop time-response simulation is performed by providing the reference
profiles φref

x (t) and φref
y (t) shown in Fig. 7.4(b) to the controllers of Eq.(7.12). The

effects of gravity are included by adding a gravity field g of 9.81 m/s2 to the model. For
the time-integration of the equations of motion, the Shampine–Gordon integrator [63]
is used. The model is simulated for 1.5 s and results are recorded for 1000 equidistant
time-steps.

The coordinates ree of the end-effector are recorded as a function of time and are



7

7.2. MODEL REDUCTION OF THE COMPLIANT MECHANISM 133

given by






xee(t)
yee(t)
zee(t)







= ree(t), (7.15)

where xee, yee and zee are the x, y and z coordinates of the end-effector. Figure 7.5(a)
shows the resulting position of the end-effector ree in x- and y-direction and that of
the desired path rref . The error of the end-effector in x- and y-direction is computed
by

xerror(t) = xref(t)− xee(t), (7.16a)

yerror(t) = yref(t)− yee(t), (7.16b)

and is shown in Fig.7.5(b). It can be observed that oscillations decay quickly when
the mechanism stops at the locations s1 through s5 at t = 0.3 s, t = 0.6 s, t =
0.9 s, t = 1.2 s and t = 1.5 s. At these locations, steady-state errors are remaining as
the controllers have no integral action.

Figure 7.6 shows the z-displacement of the end-effector as function of time. Two
simulation results are shown which differ with respect to their initial conditions.
The first simulation starts from the initial undeflected configuration such that the
mechanism is instantly excited in the out-of-plane direction by the gravitational
forces, whereas the second simulation starts in an adjusted equilibrium configuration
that accounts for gravity. The z-displacements obtained with the former and the
latter simulation are referred to by zeeundef and zeeeq, respectively. This distinction is
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Figure 7.5: The x and y coordinates of the end-effector trajectory r
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the desired path r
ref (a) and the errors of the end-effector location compared

to the desired path in the x- and y-directions (b).
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Figure 7.6: The z-displacement of the end-effector as function of time for the
simulation starting from the initial undeflected configuration yielding zeeundef ,
and the gravity adjusted equilibrium configuration yielding zeeeq.

omitted in Fig 7.5, as the effects of gravity only have minor influence on the results
in the x- and y-direction.

In the simulation that starts from the unadjusted initial configuration, the
excitation by the gravitational forces causes immediate oscillations of the end-
effector. The magnitude of the oscillation is slowly decaying as the corresponding
vibrational modes are lightly damped by the PD controllers. It can be observed that
the z-displacements zeeundef are correctly oscillating around the z-displacements zeeeq
of the simulation with the adjusted initial conditions. In both simulations, the
end-effector initially moves downwards while the mechanism moves away from its
initial configuration. During the next steps of the motion, the end-effector moves
slowly upwards and downwards. As each cross-hinge in the model is deflected during
this motion, its stiffness in the z-direction decreases with increasing deflection as is
demonstrated in Chapter 3. Due to this effect, the stiffness in the z-direction of the
complete mechanism is highly position dependent, which causes the upward and
downward motion of the end-effector observed in Fig. 7.6.

Next, the frequency content of the zeeundef motion is investigated. To obtain a
signal of oscillations zeeoscill with zero mean, the z-displacements zeeeq are subtracted
from zeeundef ,

zeeoscill(t) = zeeeq(t)− zeeundef(t). (7.17)

The single-sided amplitude spectrum of zeeoscill is shown in Fig. 7.7. High peaks can be
observed at approximately 65 Hz and 110 Hz. By comparison with the eigenfrequency
results of Fig. 7.3, it can be concluded that these peaks correspond to the third
and fourth vibrational modes in the initial and the deflected configuration of the
mechanism. Furthermore, it can be observed that there are no vibrational modes
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Figure 7.7: The single-sided amplitude spectrum of zeeoscill.

with frequencies above 180 Hz, which can be expected as no vibrational modes with
higher eigenfrequencies are present in the IBM-u reduced model as is shown in Fig. 7.3.

The simulation results presented in this section were acquired after approxi-
mately 1.5 hours of computation on a 2.20 GHz computer. The integrator required
a total of 8259 function evaluations of the model to obtain the time-response
simulation results. However, for an unreduced simulation, the number of function
evaluations could be in the order of millions, as is demonstrated for the compli-
ant straight guidance example of Chapter 6. Such a simulation would take an
unreasonably long time to complete.

7.3 Conclusions

The IBM of Chapter 6 is further developed to be able to reduce models of mecha-
nisms that are moving along a pre-determined path in a multi-dimensional space.
Particularly, it is explained how to obtain the proper base vectors along this path
for the interpolation of the modal subspace in the IBM. It is demonstrated that
both constrained and unconstrained eigenvectors can be used for this purpose. Both
methods are applied to reduce the spacar model of the two degree of freedom
large-stroke compliant positioning mechanism of Chapter 4, such that a closed-loop
time-response simulation can be performed.

The use of unconstrained eigenvectors shows better performance than the
use of constrained eigenvectors when comparing the eigenfrequencies of the two
reduced models along the path. By using the unconstrained eigenvectors, the
first n vibrational modes of interest are captured exactly, whereas the constrained
eigenvectors were less capable of representing the higher frequency vibrational
modes of interest. Furthermore, the use of the constrained eigenvectors is also less
versatile as their computation requires that the coordinates that define the path are
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part of the vector of independent generalized coordinates. This is not required
for the computation of the unconstrained eigenvectors. For these reasons, the use
of unconstrained eigenvectors is considered superior to the use of constrained
eigenvectors for the interpolation of the modal subspace.

The reduced model that uses the unconstrained eigenvectors is employed for
the closed-loop time-response simulation of the mechanism where the end-effector
moves along a pre-determined path. It is demonstrated that with this reduced
model, results can be obtained with relatively few (approximately 8000) function
evaluations. Though, due to the large number of elements in the model, each
function evaluation can still take some time, adding up to a total of 1.5 hours of
computation. Decreasing the computational time of each function evaluation could
be achieved by further reducing the number of elements in the model. For example,
each cross-hinge in the model could potentially be represented by a single element
or sub-system with non-linear stiffness properties and a concentrated mass. The
development and implementation of such a sub-system is far from trivial and
requires further research.
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Chapter 8

Conclusions and recommendations

8.1 Conclusions

The aim of this thesis is the development of model reduction techniques for flexible
multibody systems to realize fast and accurate simulations of large-stroke compliant
mechanisms. To that end, component and system model reduction methods are de-
veloped and applied.

In the following sections the main research objectives of Chapter 1 are restated
and the conclusions of this work are summarized.

8.1.1 Component model reduction

Objective: The implementation of a component model reduction method for

multibody system analysis of compliant mechanisms using the generalized strain

approach.

In Chapter 2, a non-linear two-node superelement is derived for use in flexible
multibody models based on the generalized strain approach. The superelement
is shown to be capable of modelling large rigid body motions and small elastic
deformations of arbitrary-shaped flexible members with two interface surfaces. The
superelement is obtained by combining the Craig–Bampton substructure method
with the kinematic model of a non-linear beam element, yielding a simple set of
dynamic equations which can easily be implemented in flexible multibody software.
This combination offers an exact representation of the superelement as a rigid body.
In the derivation it is assumed that the elastic deformations remain small with
respect to a co-rotational frame, allowing the mass and stiffness matrix of the
superelement to be based directly on those of a reduced linear finite element (FE)
model of the arbitrary-shaped flexible member. In this way, the superelement can
model arbitrary-shaped flexible members provided that the assumption of small
deformations is valid.

137
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Only the constraint modes of the Craig–Bampton method are considered in
Chapter 2 for the determination of the reduced linear FE model. These modes
preserve the static response to loads applied to the two nodes of the superelement.
Each node is rigidly interconnected with an interface surface, allowing no local
deformations of this surface. A further limitation is that the constraint modes
may not be sufficient for describing the vibrational modes of the flexible member
in a dynamic analysis. Therefore, in Chapter 3, the superelement is extended to
support an additional set of modes. These are the fixed-interface normal modes of
the Craig–Bampton method and so-called deformable-interface modes, respectively.

In the case the vibrational modes of the flexible member are inadequately
represented by just the constraint modes, the fixed-interface normal modes can be
added to improve the accuracy in a dynamic analysis. Furthermore, the requirement
of rigid interface surfaces is relaxed as local deformations of these surfaces can
be modelled with the deformable-interface modes. This allows for a compliant
interconnection of superelements.

The importance of such a compliant interconnection is illustrated with an
example where the large deflections of a sheet-flexure are considered. The sheet-
flexure has a rather large height to length ratio and as a consequence its cross-
section will significantly warp when the flexure is subjected to torsional loads. To
allow large deflections, multiple elements are needed to model a single sheet-flexure
such that the element deformations remain small with respect to a co-rotational
frame. However, if rigid interfaces are interconnecting these elements, then an
artificial stiff representation of the sheet-flexure is obtained. Instead, a specific
deformable-interface mode, referred to as a warping mode, is presented to model the
warping of the interface surfaces. Next, a number of interconnected superelements
can be used to model the sheet-flexure. It is shown that due to the inclusion of
the warping modes for a compliant interconnection of the superelements, accurate
dynamic results are obtained even when considering large deflections.

The practical application of superelements is further investigated in Chapter 4
where they are employed for the modelling of complex-shaped flexible members
and sheet-flexures of a two degree of freedom large-stroke compliant mechanism.
It is demonstrated that with the use of superelements, an accurate model of this
mechanism is obtained that has significantly less degrees of freedom than a model
obtained with a classical non-linear FE approach. Though, the model is still
too complex to yield acceptable simulation times for time-response simulations.
Therefore, further model reduction on system level is required.

8.1.2 System model reduction

Objective: The development of system model reduction methods applied to flexible

multibody systems for fast and accurate simulations of compliant mechanisms.

In Chapters 5, 6 and 7, a system model reduction method is developed based on
constraining independent generalized coordinates (i.e. the degrees of freedom) of a
multibody system, such that high frequency vibrational modes are suppressed.
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Explicit-time integrators specifically benefit from the removal of the high frequency
vibrational modes as larger time-steps can be taken while still providing correct
results.

In Chapter 5, linear constraint relations are investigated to suppress high frequency
vibrational modes of planar mechanism models. The method is referred to as the fixed
basis method (FBM), where the reduction of coordinates is realized by projecting
the independent generalized coordinates onto a lower dimensional subspace spanned
by a set of base vectors. As the model is non-linear, only coordinates that remain
small during simulation are chosen for this projection such that a minimal number of
base vectors are required to describe the configuration dependency of the vibrational
modes of interest. It is proposed to obtain these base vectors by performing a singular
value decomposition (SVD) analysis of the vibrational modes of interest throughout
the range of motion of the planar mechanism. The eigenvectors used in the SVD
analysis can be weighted such that more emphasis is given to the vibrational modes
with the lowest eigenfrequencies. The base vectors are chosen to correspond to the
singular vectors with large corresponding singular values as these vectors describe the
dominant contributions of the considered vibrational modes. It is shown that the
FBM can significantly decrease the computational time of numerical simulations of
planar mechanisms.

The FBM is further developed in Chapter 6 for the application to spatial compliant
mechanisms. The SVD approach presented in Chapter 5 appeared to be less effective
to obtain base vectors which are also capable of accurately describing more complex
varying mode shapes like the out-of-plane vibrational modes and their configuration
dependency. Therefore, a different SVD strategy is proposed in Chapter 6. In this
approach, it is first determined which singular vectors should be retained to describe
the configuration dependency of each vibrational mode separately using SVD analyses.
Subsequently, the singular vectors obtained from the SVD analyses are grouped and
subjected to an overall SVD analysis to remove any linear dependency in order to
obtain a minimal number of base vectors. It is shown that with this method, the
vibrational modes of interest can be accurately described over the full range of motion.
However, as multiple base vectors are still required to describe the configuration
dependency of each of the vibrational modes of interest, the inclusion of unwanted
high frequency vibrational modes in the reduced model is unavoidable.

Therefore, in Chapters 6, another method is developed that uses non-linear
constraint relations, yielding a so-called interpolated basis method (IBM). Here, the
independent generalized coordinates are described throughout the range of motion
by an interpolation of reference configurations and eigenvectors that represent the
vibrational modes of interest. The interpolation of these eigenvectors makes it
possible to take into account the configuration dependency of the vibrational
modes without having any unwanted high frequency modes in the reduced model.
However, a direct interpolation can lead to large derivatives of the interpolated
eigenvectors due to mode-crossing and mode-veering phenomena. This in turn
causes large time derivatives that deteriorate the accuracy of the integration of
the reduced equations of motion in a numerical simulation. Therefore, a so-called
modal subspace interpolation (MSI) algorithm is proposed where base vectors are
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determined that span the same modal subspace as the eigenvectors of interest, but
vary as little as possible with a change in the configuration. This is accomplished by
a successive projection of the base vectors onto the modal subspace of the next
configuration throughout the trajectory of motion. It is shown that this approach
allows for an accurate interpolation of the modal subspace without having to resort
to mode-tracking algorithms to deal with the mode-crossing and mode-veering
phenomena. Furthermore, it is demonstrated that an IBM reduced model is
numerically more efficient than an FBM reduced model.

Finally, in Chapter 7, some improvements are made to the IBM such that it can
successfully be applied for the reduction of the two degree of freedom large-stroke
compliant mechanism model developed in Chapter 4. It is shown that with the
IBM an impressive over-all-reduction of the model complexity can be obtained,
while maintaining accuracy along a pre-determined path of the end-effector of the
compliant mechanism. It is demonstrated that with this reduced model of the
compliant mechanism, a closed-loop time-response simulation can be performed with
reasonably fast simulation times.

8.2 Recommendations

In this thesis, reduction methods are developed for the efficient and accurate simula-
tion of compliant mechanisms. The applicability and performance of these methods
can be further improved by research on the following topics:� The development of superelements that are not restricted to a two-noded

formulation. This could significantly extend the modelling capabilities of the
proposed superelement approach. The main challenge in the development
of n-node superelements is to find a suitable description for the deformation
coordinates expressed in terms of the absolute nodal coordinates. Note that
for the inclusion in the generalized strain approach, the first and second order
derivatives of the deformation coordinates also need to be determined.� The investigation of non-linear sub-system reduction methods, where a single
sub-system represents an assembly of non-linear elements. This type of
reduction combines aspects of both component and system model reduction. A
multibody model can then be modelled with an assembly of sub-systems and
traditional elements. This is for instance useful for the efficient modelling of
the two degree of freedom compliant mechanisms where the cross-hinge models
could be replaced by computationally less expensive non-linear sub-systems.� Investigating the feasibility of an IBM with more than a single configuration
coordinate. This would allow the development of non-linear reduced models
that are not restricted to a pre-determined path. Though, due to the curse
of dimensionality, the number of required reference configurations inhibits a
straightforward implementation of such an approach.

During the realization of this work, a significant effort has been delivered in the
design and realization of the two degree of freedom large-stroke compliant mechanism.
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The design of this mechanism was a main motivation for the development of the model
reduction methods presented in this thesis. Further improvements on the design of
this mechanism can be made by:� Investigating the differences between the measurement and model results as

they are observed in [27, 70]. This could lead to an improved understanding
of the characteristics of compliant mechanisms and to the development of more
reliable models. Furthermore, design and manufacturing guidelines could be
determined such that the behaviour of the compliant mechanism is in closer
agreement with the developed models.� Improving the performance of the large-stroke compliant mechanism by
redesigning it with different types of cross-hinges such as the promising infinity
flexure [69]. The developed model reduction methods can be used for a
relatively quick evaluation of the performance.
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Transformation of velocities

In this appendix, the absolute velocities of the nodes of the FE model of a superelement, are
rewritten in terms of the floating frame of reference.

For infinitesimal elastic deformations, the absolute velocities of the ith node of the
FE model, ˙̄u(i), expressed in the reference frame attached to superelement node p,
can be written as
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where V
(i)
n is the vector with the x, y and z contributions of the nth constraint mode

for the ith node of the FE model.
Rigid body translations and infinitesimal rigid body rotations can be expressed as

linear combinations of the constraint modes,
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where r̄0 is the position vector of the nodes in the FE model in undeformed
configuration. Substituting in equation (A.1) for V1 through V6 the expressions of
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equation (A.2) gives
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Appendix B

Expressions for Ḃ

In this appendix the time derivatives of the velocity transformation matrices B1, B2 and B3

are given (see equation 2.38).

Time derivative of B1

Taking the time derivative of matrix B1 in equation (2.24) gives

Ḃ1 =









RT
0 Ṙ

pT

2RT
0
˙̄Λp

RT
0 Ṙ

pT

2RT
0 (Ṙ

pTΛq +RpTΛ̇q)









, (B.1)

where the time derivative of Rp can be computed by

Ṙp = 2Λ̇pΛ̄pT, (B.2)

where Λ̄p is defined in equation 2.33.

Time derivative of B2

Taking the time derivative of matrix B2 in equation (2.31) gives

Ḃ2 =









RT
0 Ṙ

rT

2RT
0 (Ṙ

rTΛp +RrTΛ̇p)

RT
0 Ṙ

rT

2RT
0 (Ṙ

rTΛq +RrTΛ̇q)









,

(B.3)
where the time derivative of Rr is

Ṙr = 2Λ̇rΛ̄rT. (B.4)
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Here the evaluation of equation (B.4) requires an expression for λ̇r. Taking the
derivative of λr in equation (2.29) gives

λ̇r =
∂λr

∂λp
λ̇p +

∂λr

∂λq
λ̇q. (B.5)

It can be shown that

∂λr

∂λp
=

∂λr

∂λq
=

I − λrλrT

‖λp + λq‖
=

ΛrTΛr

‖λp + λq‖
. (B.6)

Substituting equation (B.6) in equation (B.5) then gives

λ̇r =
ΛrTΛr

‖λp + λq‖

(

λ̇p + λ̇q
)

. (B.7)

Time derivative of B3

Taking the time derivative of matrix B3 in equation (2.32) gives

Ḃ3 =











RT
0 Ṙ

rT

2RT
0
˙̄Λp

RT
0 Ṙ

rT

2RT
0
˙̄Λq











. (B.8)
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Appendix C

Expressions for B∗

In this appendix expressions are given for B
∗

1 , B
∗

2 and B
∗

3 (see equation 2.38).

Expression for B∗

1

For B∗

1 we can write

B∗

1 =
∂v̄

∂x
=





























0
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0 0
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∂λp
0

∂ω̄q

∂λq





























, (C.1)

where
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∂Rp
lk
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j

ṙpl , (C.2a)

∂ω̄p
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∂λp
j

= −2 R0ki
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kj , (C.2b)

∂v̄qi
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j

= R0ki
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lk

∂λp
j

ṙql , (C.2c)
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i

∂λp
j

= 2 R0ki

∂Rp
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∂λp
j

Λq
lmλ̇q

m, (C.2d)

∂ω̄q
i

∂λq
j

= −2 R0ki R
p
lkΛ̇

q
lj . (C.2e)
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The derivative of a rotation matrix to its Euler parameters is,

∂R

∂λ1
= 2









λ0 −λ3 λ2

λ3 λ0 −λ1

−λ2 λ1 λ0









, (C.3a)
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which can be used to evaluate
∂Rp

∂λp
in equation (C.2).

Expression for B∗

2

For B∗

2 we can write
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where

∂v̄pi
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The tensor
∂Rr

lk

∂λp
j

can be expressed as

∂Rr
lk

∂λp
j

=
∂Rr

lk

∂λr
n

∂λr
n

∂λp
j

, (C.6)

and can be evaluated using equation (B.6) and equation (C.3).

Expression for B∗
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where
∂v̄p

∂λp
,
∂v̄p

∂λq
,
∂v̄q

∂λp
and

∂v̄q

∂λq
are the same expressions as given by equation (C.5).

Furthermore,
∂ω̄p

∂λp
and

∂ω̄q

∂λq
are given by

∂ω̄p

∂λp
= −2RT

0
˙̄Λp and

∂ω̄q

∂λq
= −2RT

0
˙̄Λq. (C.8)
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Appendix D

Equations of motion of a multibody
system containing superelements

In this appendix, the equations of motion as a set of non-linear second order ordinary
differential equations are derived for a system which contains superelements. These are the
equations that are solved in Chapters 3 and 4 to obtain the simulation results.

Following the approach described in [2], a mechanism can be built up with finite
elements, such as superelements, beam or hinge elements, by letting them have nodal
coordinates in common. Unlike these other types of elements, the superelements can
also share the generalized coordinates of Eq.(3.15). The assemblage of elements is
realized by defining a vector xn of nodal coordinates and a vector η̄, that contains
generalized coordinates of the superelements, for the entire system. The deformation
functions of the elements of Eq.(3.14a), can be assembled to express the deformation
coordinates εd of all elements in terms of the vector xn,

εd = D (xn) . (D.1)

For convenience, Eq.(D.1) is appended with the trivial relation η̄ = η̄ yielding

{

εd
η̄

}

=

{

D (xn)
η̄

}

. (D.2)

Next, the equations of motion are derived in terms of a minimal set of inde-
pendent generalized coordinates q. This vector can consists of a subset of nodal

coordinates x
(m)
n and deformation coordinates ε

(m)
d . The generalized coordinates η̄

are by definition independent and should be included in the vector q, yielding

q =











x
(m)
n

ε
(m)
d

η̄











. (D.3)
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The vector q represents the minimal number of coordinates required to describe,
together with any kinematic constraints, the configuration of the mechanism. Solving
Eq.(D.2) for the vector q then yields the geometric transfer functions F and E that
define the mechanism configuration,

x = F (q) , x =

{

xn

η̄

}

, (D.4a)

ε = E (q) , ε =

{

εd
η̄

}

. (D.4b)

Note that these equations still contain the trivial relation η̄ = η̄, whereas the
vectors xn and εd are computed numerically in an iterative way [38]. Here, the
vectors x and ε are introduced to be in line with their counterparts in Chapters 5
and 6. Taking the first and second time derivative of Eq.(D.4a) yields the system
velocities and accelerations:

ẋ = F ,qq̇, (D.5a)

ẍ = (F ,qqq̇) q̇ +F ,qq̈, (D.5b)

Let Mx (x) be the global mass matrix, obtained by assembling the mass
matrices, and let f (x, ẋ, t) be the vector of external nodal forces, including
gravitational forces and the velocity dependent inertia forces. Furthermore, let
the loading state of each element be described by a vector of stress resultants,
collected in the assembled vector σ which is dual to the vector ε of Eq.(D.4b).
Then, according to the principle of virtual work we obtain for the equations of
motion of the mechanism

δxT (f −Mxẍ) = δεTσ (D.6)

for all virtual variations δx and δε which satisfy the instantaneous kinematic
constraints

δx = F ,qδq and δε = E ,qδq. (D.7)

Substituting Eqs. (D.5) and (D.7) in Eq. (D.6) gives

δqTMqq̈ = δqT
(

F
T
,q (f −Mx (F ,qqq̇) q̇)− E

T
,qσ
)

, (D.8)

with
Mq = F

T
,qMxF ,q. (D.9)

Since the components of the vector δq are independent, we obtain the equations of
motion

Mqq̈ = F
T
,q

(

f −Mx (F ,qqq̇) q̇
)

− E
T
,qσ, (D.10)

expressed as a set of non-linear second order ordinary differential equations.
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Appendix E

Linearized equations of motion

In this appendix the linearized equations of motion are derived as they appear in [40]. The
mass and stiffness matrices derived here are used to compute the eigenfrequency results in
Chapters 3, 4, 5, 6 and 7.

Substituting Eq. (D.7) in Eq. (D.6) and dropping the virtual variations δq yields the
vector function g (q, q̇, q̈)

g = F
T
,q (Mxẍ− f) + E

T
,qσ = 0, (E.1)

which is an equivalent representation of the equations of motion (D.10). Here the
accelerations ẍ are given by Eq.(D.5b). Futhermore, the stress resultant vector σ,
which can include damping effects, is represented by

σ = Sε+Dε̇+ σ0, (E.2)

where S and D are the assembled stiffness and damping matrices, and σ0 is a vector
of initial stress resultants.

Consider now small perturbations around some reference configuration specified
by a set of degrees of freedom and its first and second time derivatives (q0, q̇0, q̈0)
such that the actual variables are of the form

q = q0 + δq, q̇ = q̇0 + δq̇, q̈ = q̈0 + δq̈, (E.3)

where the prefix δ denotes a perturbation and should not be confused with the
virtual variation operator. Expanding the equations of motion g in their Taylor
series expansion and disregarding second and higher order terms yields,

g,q̈δq̈ + g,q̇δq̇ + g,qδq = 0, (E.4a)
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with

g,q = Kq +Gq +Nq, (E.4b)

g,q̇ = Dq +Cq, (E.4c)

g,q̈ = Mq, (E.4d)

whereMq is the mass matrix, Dq is the damping matrix, Cq is the velocity sensitivity
matrix,Kq is the structural stiffness matrix andGq andNq are the geometric stiffness
and dynamic stiffness matrices, respectively. Expressions for these matrices are [38]:

Mq = F
T
,qMxF ,q, (E.5a)

Dq = E
T
,qDE ,q, (E.5b)

Cq = F
T
,q

(

(Mxẍ− f),ẋF ,q + 2MxF ,qqq̇
)

, (E.5c)

Kq = E
T
,qSE ,q, (E.5d)

Gq = F
T
,qq (Mxẍ− f) + E

T
,qqσ, (E.5e)

Nq = F
T
,q

(

(Mxẍ− f),xF ,q + (Mxẍ− f),ẋ F ,qqq̇+

+Mx ((F ,qqqq̇)q̇ +F ,qqq̈)
)

+ E
T
,qDE ,qqq̇.

(E.5f)

In the case the model is at rest and in equilibrium (q̇ = 0, q̈ = 0), Eq.(E.5)
simplifies to

Mq = F
T
,qMxF ,q, (E.6a)

Dq = E
T
,qDE ,q, (E.6b)

Cq = 0 (E.6c)

Kq = E
T
,qSE ,q, (E.6d)

Gq = −F
T
,qqf + E

T
,qqσ, (E.6e)

Nq = 0. (E.6f)
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Appendix F

Reduced linearized equations of
motion

In this appendix the reduced linearized equations of motion are derived. The reduced mass
and stiffness matrices derived here are used to compute the eigenfrequency results of the
reduced models of Chapters 5, 6 and 7.

Substituting Eqs. (6.8) and (6.13a) in Eq. (6.7) and dropping the virtual variations δz
yields the vector function g (z, ż, z̈)

g = (F ,qG,z)
T
(Mxẍ− f) + (E ,qG,z)

T
σ = 0, (F.1)

which is an equivalent representation of the equations of motion (6.15). Here, by
substituting Eqs.(6.13b) and (6.13c) in Eq.(6.6b), the accelerations ẍ are given by

ẍ = F ,q (G,zz̈ + (G,zzż)ż) + (F ,qqG,zż)G,zż. (F.2)

Furthermore, the stress resultants σ are given by Eq.(E.2).

Consider now small perturbations around some reference configuration specified
by a set of degrees of freedom and its first and second time derivatives (z0, ż0, z̈0)
such that the actual variables are of the form

z = z0 + δz, ż = ż0 + δż, z̈ = z̈0 + δz̈, (F.3)

where the prefix δ denotes a perturbation and should not be confused with the
virtual variation operator. Expanding the equations of motion g in their Taylor
series expansion and disregarding second and higher order terms yields,

g,z̈δz̈ + g,żδż + g,zδz = 0, (F.4a)
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with

g,z = Kz +Gz +Nz, (F.4b)

g,ż = Dz +Cz, (F.4c)

g,z̈ = Mz , (F.4d)

whereMz is the mass matrix,Dz is the damping matrix,Cz is the velocity sensitivity
matrix,Kz is the structural stiffness matrix andGz andNz are the geometric stiffness
and dynamic stiffness matrices in terms of the reduced coordinates z, respectively.
Expressions for these matrices are

Mz = G
T
,zMqG,z, (F.5a)

Dz = G
T
,zDqG,z, (F.5b)

Cz = G
T
,zCqG,z + 2 (F ,qG,z)

T
MxF ,q(G,zzż), (F.5c)

Kz = G
T
,zKqG,z, (F.5d)

Gz = G
T
,zGqG,z + G

T
,zz

(

F
T
,q (Mxẍ− f) + E

T
,qσ
)

, (F.5e)

Nz = G
T
,zNqG,z + (F ,qG,z)

T
(

(Mxẍ− f),ẋ F ,qG,zzż +

+Mx

(

2 (F ,qqq̇) (G,zzż) +F ,q (G,zzz̈ + (G,zzzż) ż)
))

+

+(E ,qG,z)
T
DE ,qG,zzż,

(F.5f)

where Mq, Dq, Cq, Kq, Gq and Nq are the matrices from Eq.(E.5). For the FBM
of Chapter 6 the matrices G,zz and G,zzz are zero whereas for the IBM of Chapter 6,
the matrix G,zzz can be constructed with

G,sss = Q,sss + V ,sssη, (F.6a)

G,ηss = G,sηs = G,ssη = V ,ss(s), (F.6b)

where all other terms are zero. Here, the terms Q,sss and V ,sss are constant for cubic
interpolation of the gross reference motion and the modal subspace, respectively.

In the case the reduced model is at rest and in equilibrium, Eq.(F.5) reduces to

Mz = G
T
,zMqG,z, (F.7a)

Dz = G
T
,zDqG,z, (F.7b)

Cz = 0 (F.7c)

Kz = G
T
,zKqG,z, (F.7d)

Gz = G
T
,zGqG,z + G

T
,zz

(

−F
T
,qf + E

T
,qσ
)

, (F.7e)

Nz = 0 (F.7f)
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[19] Cardona, A., Géradin, M.: Modelling of superelements in mechanism analysis,
Internatial Journal for Numerical Methods in Engineering, 32(8), 1565-1593
(1991).
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