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1
Introduction

1.1 Interfaces at the nanoscale

For any material around us, the interaction between individual atoms is re-
sponsible for the behaviour of that material. Even though the length-scales
involved in the atomic interaction are only several nanometers, the manifes-
tations can be observed at macroscopic scales. In the context of this thesis,
we focus on capillarity. The microscopic origin of capillarity is due to ab-
sent atomic interactions near an interface compared to the interactions in
the bulk, as sketched in Fig. 1.1(a). However, the effects of capillarity have
been described long before the existence of atoms was even known [1, 2],
which shows that using macroscopic continuum concepts we can describe
the world around us very well [3, 4]. There are limits, of course: the contin-
uum description cannot hold at arbitrary scales as at some point the discrete,
atomistic nature of the materials becomes noticeable. Experimentally, we are
able to access increasingly small length-scales in solid and fluid matter [5, 6],
and a natural question one can ask is: When does the continuum model fail
and when should we account for the atomic nature of the involved material?

A recent example is the discovery of surface nanobubbles [7–9]. Sur-
face nanobubbles are bubbles of height ⇠ 10 nm and are found on vari-
ous solid-water interfaces. Surface nanobubbles possess some unexpected

1



2 CHAPTER 1. INTRODUCTION

characteristics and non-continuum, microscopic descriptions are explored
in order to explain some of these properties. Some theories, for example,
invoke line tension which is a capillary effect that starts to play a role at
the nanoscale [10–13] and is notoriously difficult to measure [14–17]. Only
recently, experimental methods have allowed for a direct measurement of
line tension and confirm that it is indeed an effect that only starts to play a
role at the nanoscale [18]. Another current ‘hot’ research topic is the field of
elastocapillarity, where the effects on a partially wetted, elastic solid due to
the presence of the liquid are explored. Although original research on the
elastic response to capillary forces dates back to the 1960’s [19, 20], recent
developments in experimental techniques have re-established interest [21–
24]. It turns out that a full understanding of the elastic response to capillary
forces is elusive, with varying interpretations. Understanding the involved
microscopics is the way to obtain a consistent macroscopic description of
elastocapillarity. Another field, electrowetting, involves altering the wetting
properties of a liquid by applying an electric field. Although macroscopic
theory can be used to describe the general behaviour of electrowetting it fails
on some crucial points [25]. Therefore, also here, a study at the microscopic
level reveals answers that the macroscopic description could not [26]. As a
final example we briefly discuss slip at solid-fluid interfaces. Experiments
reveal that for all materials there exists some finite slip, i.e. the fluid ‘slides’
over the surface which becomes important when the outer flow-dimensions
are comparable to the slip length such as in micro- and nanofluidic devices
[27]. The study of slip inherently involves nanoscopic length-scales, cer-
tainly so for atomically smooth surfaces such that also here a microscopic
approach (for example using molecular dynamics simulations) has proven
very effective [28, 29].

From the examples above we clearly see that nanoscopic insights into
physical phenomena are crucial to characterize the full behaviour of a sys-
tem. Molecular dynamics turns out to be an extremely valuable tool to gain
those microscopic insights as it directly accesses the relevant length scales.
To illustrate this, we return to the example of surface tension at a liquid-
vapour interface, which originates at the nanoscale and is therefore naturally
accessible by molecular dynamics. In Fig. 1.1(b) a snapshot of a molecular
dynamics simulation of a straight liquid-vapour interface is shown for a
“simple” (mono-atomic) liquid. The two phases can clearly be distinguished
due to the large difference in number density of atoms, Fig. 1.1(c). Even so,
the thermodynamic pressures in the bulk of both phases are equal as the
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Figure 1.1: Liquid-vapour interface. (a) Schematic depiction of the microscopic
origin of surface tension. Atoms near the interface miss a portion of their interac-
tions compared to bulk atoms which leads to a surface energy. (b) Snapshot from
molecular dynamics of a Lennard-Jones liquid in contact with its own vapour. (c)
Time-averaged density profile r⇤ = (r(z)� rV)/(rL � rV) of the molecular dynam-
ics simulation from (b), with r(z) the local density, rV the bulk vapour density, and
rL the bulk liquid density. r⇤ = 0 corresponds to the vapour density and r⇤ = 1 to
the liquid density. Note that there exists a smooth transition over a a few molecular
diameters between the two bulk densities. (d) Stress anisotropy around the inter-
face from (b). In the bulk phases, the stress is isotropic, but near the interface there
is a strong tensile stress parallel to the interface which corresponds to the surface
tension. Stresses are given in units of e/d3, with e the molecular interaction energy
and d the molecular size.

system is in equilibrium. To evaluate this pressure we can take a thermo-
dynamic approach by calculating the time-averaged stress-tensor s̄(z), Fig.
1.1(d). We then find that, although isotropic and constant in the bulk, the
elements of s̄ tangential to the interfaces (x,y) deviate around the interface
[30]. This is a direct effect of the broken symmetry induced by the pres-
ence of the interface [Fig. 1.1(d)], and the integral over this ‘excess’ stress
(compared to the bulk value) is the surface tension:

U =
Z

[s̄xx(z)� s̄zz(z)]dz . (1.1)

Note that for this geometry sxx(z) = syy(z) and can therefore be interchanged.
Equation (1.1) is known as the Kirkwood-Buff integral, and shows that in the
case of a liquid-fluid interface the surface free energy per unit area repre-
sents an actual stress parallel to the interface, and that both are equal [31].
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Molecular dynamics, therefore, confirm that the origin of surface tension is
microscopic and it recovers the well-known macroscopic manifestations of
surface tension, such as stress, surface energy and pressure.

Since many chapters in this thesis contain molecular dynamics results
we briefly discuss this simulation technique. The basic idea of molecular
dynamics is to numerically solve Newton’s equations of motion for an N-
body system where the particles (atoms or molecules) interact with each
other with some defined potential. Throughout this thesis, for two particles
at distance r from each other, we use the Lennard-Jones potential

fLJ(r) = 4e

"

✓

d
r

◆12
�
✓

d
r

◆6
#

(1.2)

to model the short range repulsion due to finite size (⇠ r�12) and the long-
ranged van der Waals attraction (⇠ �r�6) of atoms. e (unit energy) then
sets the strength of the interaction and d (unit length) the atom size. Al-
though such “simple” fluids do not represent a real-world material such as
water, we can use it since we are not interested in studying specific material
properties but rather to gain some completely generic microscopic insights
in fluids. If, a priori, it is unknown whether continuum models are valid at
the scales that are investigated molecular dynamics can be used as it mod-
els the materials at the atomic scale. A good example is a moving contact
line: hydrodynamically the shear stress diverges near the contact line (as the
liquid layer height goes to zero). Therefore, in order for the contact line to
be able to move one needs to invoke slip or some other way to regularize
the diverging stress. This is of course not required in molecular dynamics,
where this divergence does not exist in the same way as it does not exist
for a physical system: there is a limiting small scale set by the atomic size.
In this sense, molecular dynamics can be thought of as an experiment: the
collective (microscopic) behaviour of the atoms manifests in macroscopic be-
haviour which can be tested against predictions. In the following sections
we discuss surface nanobubbles and elastocapillarity. In both cases we have
used molecular dynamics to study the microscopic characteristics and how
they are related to the available macroscopic descriptions.

1.2 Surface nanobubbles

Surface nanobubbles are flat bubbles (gas side contact angle ⇠ 20�) and can
be observed by atomic force microscopy on water-solid interfaces [7, 8, 32].



1.2. SURFACE NANOBUBBLES 5

Typically, the lateral size of nanobubbles ranges from 10 nm – 1 µm and their
height is several tens of nanometers. The lifetime of macroscopic bulk bub-
bles is well understood but, as explained below, when applying this estimate
to surface nanobubbles one finds that nanobubbles should exist for no more
than a millisecond, whereas they are experimentally found to live for hours
to even days [33, 34]. This discrepancy of over eight orders of magnitude
is undoubtedly the biggest mystery about surface nanobubbles. Apart from
the fundamental questions, there are many practical reasons why surface
nanobubbles are of interest. Say, for example, that one would like to create
nanobubbles to facilitate drag reduction in microfluidic devices [35]. To do
so in a reproducible and efficient way it is necessary to obtain a deep under-
standing of nanobubbles. Conversely, some industrial processes, for exam-
ple lithographic systems in the semiconductor industry, are hindered by the
presence of surface nanobubbles. In this case a deep insight in nanobubbles
may provide a clean, fast and efficient way to dispose them [36].

Although many aspects of surface nanobubbles are unpredicted and un-
explained (such as their low gas-side contact angles [37], their ‘superstabil-
ity’ [38], their micropancake ‘cousins’ [39], and their apparent resilience to
Ostwald-ripening) the most surprising feature is their lifetime of hours up
to days. All free bubbles dissolve (as long as the surrounding liquid is not
supersaturated) because there exists a positive feedback due to the Laplace
pressure:

DpL =
2g

R
, (1.3)

with R the bubble radius. For a nanobubble therefore, with R = 100 nm this
would imply an excess pressure of about one to two atmospheres, which
increases even more as the bubble shrinks. This, in turn, causes a higher
concentration of dissolved gas in the vicinity of the bubble wall owing to
Henry’s law, and the diffusive flux of gas away from the bubble will increase
in strength increasing the rate of bubble reduction. To obtain an estimate
for the bubble lifetime, we should therefore look at the diffusive transport
of gas away from the bubble. The diffusion equation reads, in spherical
coordinates:

∂c
∂t

=
D
r2

∂

∂r

✓

r2 ∂

∂r
c
◆

, (1.4)

where c is the dissolved gas concentration and D the diffusion constant.
From dimensional analysis we then get the following dependence of the
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lifetime on the initial size R0 and D:

t ⇠ R2
0

D
. (1.5)

In the case of nanobubbles, the spherical symmetry is of course lost but the
scaling behaviour should still hold and we find lifetimes of order 10�5 –
10�3 s.

This large discrepancy with the experimental findings have sparked nu-
merous hypotheses to explain the long lifetimes. They can broadly be di-
vided into two categories: static equilibrium and dynamic equilibrium. In
the case of static equilibrium the outflux of gas from the bubble is partly
or completely suppressed [40]. The responsible mechanism is unclear; a re-
duction in the surface tension (due to contaminants) alone cannot account
for several orders of magnitude of lifetime increase. A complete coverage of
the bubble-liquid interface by contaminate surfactants would block the gas
flow through the interface completely but it is unknown why such an effect
would only occur for nanobubbles. Furthermore, systematic studies where
the contaminant level was controlled did not reveal any effect of contami-
nant concentration on nanobubbles [41].

Another theory for the stability of nanobubbles claims that the gas out-
flux is compensated by a gas inflow back into the bubbles [10, 42]. Hence,
when in- and outflux of gas balance a dynamic equilibrium is reached and
the bubble does not grow or shrink any more. To date, there is no direct ex-
perimental evidence that such a recirculation exists and, more importantly,
it is unknown what would drive this flow.

1.3 Elastocapillarity

In the case of a liquid partially wetting a solid we are used to think about
how the liquid is affected by the solid, and we describe only the final shape
of the droplet: usually a spherical cap with Young’s contact angle qY. How-
ever, it is clear that the liquid also affects the solid: Capillary forces attempt
to deform the solid while the solid resists due to elasticity, hence the name
elastocapillarity [19–24, 43, 44]. The typical length-scale of deformation is
therefore naturally

Dhec ⇠ g

E
, (1.6)

with E the elastic modulus and g the surface free energy of the liquid. In
the case of a stiff solid this effect is not very pronounced: for water on
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Figure 1.3: Elastocapillary deformation of an elastic solid due to a sessile drop.
(a) Molecular dynamics result of an elastic solid in contact with a Lennard-Jones
liquid. In SI-units, at temperature T = 300K and taking d = 0.34 nm the elastic
modulus of the solid would be E = 11 GPa and the surface tension of the liquid
g = 3.1 · 10�2 J/m2. The contact lines are located at x ⇡ ±35d, clearly showing
how the solid gets pulled upwards due to the contact line. In the center of the drop
|x|< 35d the solid is pushed downwards due to the Laplace pressure of the liquid in
the droplet. Note the small length-scales: d is the diameter of a liquid atom [defined
in Eq. (1.2)]. Time-averaging was used to filter the noise due to thermal fluctuations.
(b) Experimental result of a sessile droplet (g = 4.9 · 10�2 J/m2) in contact with a
silicone elastomer (E = 25 kPa). Although the length-scales are completely different
compared to the molecular dynamics case, a similar shape is observed. Image
adapted from [21].

steel the solid gets deformed by fractions of an Angstrom. In molecular
dynamics such small deformations can be measured after sufficient temporal
averaging [Fig. 1.3(a)]. For soft solids such as elastomers or gels, for which
the elastic modulus can be as low as 10 kPa, the deformation will be up to
tens of microns. This can indeed be measured experimentally [21, 22, 24], as
shown in Fig. 1.3(b). Here, a very intuitive shape of the solid is recovered:
a depression in the center due to the Laplace pressure of the liquid, and a
ridge at the contact line where surface tension pulls on the solid.

So how does one characterize this elastocapillary behaviour? In this the-
sis we show using theoretical approaches (both microscopic and thermody-
namic) and molecular dynamics that the elastic properties of a solid play
a crucial role in elastocapillarity, which means that, once more, the micro-
scopic physics of the interface needs to be considered. A key property that
has been completely overlooked in the field of elastocapillarity is that, in
general, one cannot equate the surface free energy (g) to the surface stress
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(U) at the interface. This result contrasts what we found in Sect. 1.1 , where
we saw that in the case of two fluids (so no elasticity) surface stress and sur-
face energy are equal. In fact, it is important to note that the Kirkwood-Buff
integral (1.1) does not compute the surface energy, but rather the surface
stress. The distinction between surface energy and surface stress must be
made in the case where one of the phases is an elastic solid. The surface
stress U can, however, be related to the surface energy g in the following
way [45]:

U = g +
dg

d#
, (1.7)

with # the (elastic) strain parallel to the interface. This relation is known
as the Shuttleworth equation, and it recovers that for fluid-fluid interfaces
U = g, since there is no strain dependence of the surface energy due to the
lack of elasticity.

Before we discuss the consequences of Eq. (1.7) we derive it below which
helps to understand the physical meaning of this relation. To do this, we
consider the solid block shown in Fig. 1.4. Cutting this block in half adds
2gA0 to its interfacial energy as shown in the figure. Then, to compress the
two halfs requires work W0 to overcome the bulk elasticity. In addition, the
surface stress of the newly created interface has to be overcome requiring
an additional amount of work 2UdA. The total additional energy in the
material due to these actions is therefore:

WI = 2gA0 + 2UdA + W0 . (1.8)

The next step is to repeat the above procedure, but this time we apply the
compression first which requires work W0 as there is not yet (newly created)
interfacial area along which a surface stress acts. Due to this, the side areas
of the block have changed by dA, and the surface free energy will have
changed to g + dg. Therefore, due to this compression the surface energy
that is now associated with a cut in the yz-plane is 2[g + (dg/d#)d#][A0 +
dA].

WII = 2 (g + dg) (A0 + dA) + W0 . (1.9)

Both procedures lead to the same end state so WI = WII . Using (d#/dA) =
1/A0 this can then be rewritten as the Shuttleworth equation (1.7).

An important consequence of the general inequality g 6= U is that Young’s
law, which depends on the surface energies, is by itself not sufficient to fully
describe an elastocapillary problem since the mechanical equilibrium in the
solid is determined by the surface stress. For example, when we compare a
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Figure 1.4: Derivation of the Shuttleworth relation. Image adapted from [46].

droplet or a bubble on a surface at qY = 90�, the elastic response in the solid
is found to be completely different in both cases. This proves that surface en-
ergies (which are equal in both cases) do not fully determine elastocapillary
behaviour.

1.4 Guide through this thesis

This thesis is divided into two parts: Chapters 2-5 deal with nanobubbles,
and chapters 6–10 describe studies on the microscopic origins of capillarity
phenomena in a more general fashion.

Chapter 2 contains a study, using molecular dynamics, of the formation,
contact angle and stability of surface nanobubbles. By simulating supersat-
urated liquid mixtures in contact with a solid, we investigate under which
conditions surface nanobubbles can form. The nanobubbles that are created
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in this way can then be compared against their real-life counterparts, and
it turns out that a high gas-solid affinity can result in the low (gas side)
contact-angles that are observed in experiments. Finally, we look into the
lifetimes of the simulated nanobubbles and at the details of gas transport
across the liquid-gas interface.

In chapter 3 we use molecular dynamics to study bulk nanobubbles. In
the case of bulk nanobubbles there is no wall such that the bubbles are
spherical, and an isolated bubble would dissolve according to the Epstein-
Plesset model [33]. In this case however, we place the nanobubble in a bubble
cloud, to study how the presence of neighbouring bubbles affect the lifetime.

Then, in chapter 4 we describe a novel nanobubble model, using solely
macroscopic concepts such as diffusion and some geometric properties of
nanobubble shrinkage to explain the long lifetimes of surface nanobubbles.

Finally, in chapter 5 we study the growth of surface nanobubbles that
are subjected to an ultrasonic acoustic field [47]. We combine experimental,
numerical and analytical approaches to gain a quantitative understanding
of rectified diffusion for nanobubbles.

In the second part of the thesis we address microscopic aspects of cap-
illarity in a more general context. In chapter 6 we reconcile the thermo-
dynamic, mechanical and microscopic descriptions of capillarity and wet-
ting, by posing some general questions that anyone who studies capillarity
faces. By connecting these descriptions we develop a consistent framework
to tackle capillarity problems at the microscopic scale.

Then, in chapter 7 we use this microscopic description to study the origin
of line tension. Using molecular dynamics, we directly measure this line
tension just as done in previous experiments, namely, by measuring the
contact angle as a function of drop size, and find consistent results.

Chapters 8 and 9 deal with elastocapillarity: The interaction between a
liquid and a solid that is partially wetted by this liquid. As already men-
tioned, the solid is affected (deformed) by the presence the liquid. In chapter
8 we provide a thermodynamic description of the stress exerted on the solid
by the liquid. Then, in chapter 9 we tackle this problem from the microscopic
perspective using density functional theory in the sharp kink approximation.
Using this method, we find that the Poisson ratio of the solid n is the key
parameter that determines the surface stress behaviour. For example, in the
case n = 1/2 (incompressible solid) we recover U = g, as in the liquid-fluid
case.

The final chapter contains a brief study about spreading. As a droplet
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is brought into contact with a solid a singular point with infinite interfacial
curvature is created which causes rapid contact line motion. We measured
this contact line motion both in experiments and in molecular dynamics
simulations and find an excellent agreement with scaling laws, where the
contact line radius of the droplet increases with the square root of time.
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2
Formation of surface nanobubbles and
universality of their contact angles: A

molecular dynamics approach ⇤

We study surface nanobubbles using molecular dynamics simulations of ternary
(gas, liquid, solid) systems of Lennard-Jones fluids. They form for a sufficiently low
gas solubility in the liquid, i.e., for a large relative gas concentration. For a strong
enough gas-solid attraction, the surface nanobubble is sitting on a gas layer, which
forms in between the liquid and the solid. This gas layer is the reason for the uni-
versality of the contact angle, which we calculate from the microscopic parameters.
Under the present equilibrium conditions the nanobubbles dissolve within less of a
microsecond, consistent with the view that the experimentally found nanobubbles
are stabilized by a nonequilibrium mechanism.

2.1 Introduction

When liquid comes into contact with a solid, nanoscopic gaseous bubbles
can form at the interface: surface nanobubbles [1–3]. These bubbles were dis-
covered about 15 years ago, after Parker et al. predicted their existence to ex-

⇤Published as: J.H. Weijs, J.H. Snoeijer, and D. Lohse, Phys. Rev. Lett. 108, 104501 (2012).
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18 CHAPTER 2. MD ON SURFACE NANOBUBBLES

plain the long-ranged attraction between hydrophobic surfaces in water [4].
Many atomic force microscopy (AFM) and spectroscopy measurements have
since then confirmed the existence of spherical cap-shaped, gaseous bubbles
at the liquid-solid interface.

Various open questions remain about surface nanobubbles, and in this
chapter we will address three crucial ones: (i) How do surface nanobubbles
form? This question is difficult to answer by experimental means, since the
formation process is too fast to be observed by AFM. (ii) A second question
regards the contact angle of surface nanobubbles which is found to disagree
with Young’s law: all recorded nanobubbles have a much lower gas-side
contact angle than expected, and seem to be universal within 20 degrees.
(iii) Finally, AFM showed that surface nanobubbles can be stable for hours
or even days, whereas the pressure inside these bubbles due to their small
radius of curvature (Rc ⇠ 100 nm) would be several atmospheres due to the
Laplace pressure: Dp = 2g/Rc, with g the liquid-vapour surface tension.
A simple calculation then shows that surface nanobubbles should dissolve
within microseconds, which is 9 to 10 orders of magnitudes off with respect
to the experimental data.

In this chapter, we use molecular dynamics (MD) simulations to study
surface nanobubbles in simple fluids. Using MD simulations, we are able
to answer questions (i) and (ii), and provide important information with
respect to question (iii). MD simulations are well-suited for nanobubbles,
because the temporal resolution is of order fs, and since all atom’s motions
are resolved, the spatial resolution is intrinsically high enough to resolve
nanobubbles. This atomistic model allows us to study microscopic details
that are inaccessible by experimental means and standard continuum me-
chanics. Figure 2.1 shows how surface nanobubbles form in a typical sim-
ulation of a liquid containing gas. The gas will homogeneously nucleate to
form a bubble, which subsequently attaches to the wall. We will analyze the
nucleation process in detail and quantify how the contact angle of the bub-
ble changes upon varying gas solubility. The enhanced gas concentration
(“gas-enrichment layer”) at the solid-liquid interface, which is strongest at
hydrophobic substrates, will turn out to play a key role to account for the
universality of the contact angle.
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Figure 2.1: (a) Initial conditions: a liquid layer (blue) is placed on top of a solid sub-
strate (bottom, red). Gas is dissolved inside the liquid layer (green). (b) Simulation
(elg/ell = 0.58, slg/sll = 1.32) after about 0.1 ns: nucleation occurs. (c) t = 10 ns: a
surface nanobubble has formed. (d) Parameter space where the solubility of the gas
was tuned through the parameters elg/ell and slg/sll . As the gas becomes increas-
ingly soluble [going up, left in Fig. 2.1(c)] a sudden transition takes place where
no nanobubbles nucleate. The gas then remains in a dissolved state and partially
escapes to the gas-phase above the liquid layer until equilibrium is reached.

2.2 Numerical setup

The studies in this chapter are performed using simple fluids, which contain
no molecules but rather separate atoms that interact with each other through
the Lennard-Jones (LJ12-6) potential:

U = 4eij

"

✓

sij

r

◆12
�
✓

sij

r

◆6
#

. (2.1)

Here, eij and sij are the interaction strength and range between particles
i and j, respectively. All simulations were performed using the Gromacs

software package and were done at constant temperature, volume, and num-
ber of particles (T, V, and N constant). The augmented Berendsen thermo-
stat described in ref. [5] was used in all simulations. We verified that this
thermostat yields the same result as the Nosé-Hoover thermostat. In all
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simulations three types of particles were used: fluid I, fluid II, and solid
particles. The fluid particles (I & II) behave like ordinary particles in a MD-
simulation and thus move around the system. Contrarily, the solid parti-
cles are constrained to their initial position throughout time and constitute
the immobile substrate. The interaction parameters of the fluids are cho-
sen such that at the temperature considered (T = 300 K) fluid I is in the
liquid state and fluid II in the gas state, and they will be referred to by
these states throughout the rest of the chapter. These interaction parameters
are: (sss,sll ,sgg) = (0.34,0.34,0.50) nm, (ess,ell ,egg) = (1.2,1.2,0.4)kBT, with
kB Boltzmann’s constant. For cross interactions we use: sij = (sii + sjj)/2,
and (esl ,esg,elg) = (0.8,0.8,0.7)kBT, unless otherwise stated in the text. The
cut-off length of the potential function was set at rc = 5s = 1.7nm.

The time step for the simulations is dt = t/400 ⇡ 2 fs, where t is a
characteristic timescale of atomic motion t = sll

p
m/ell , with m the mass

of the liquid and gas particles (20 amu). The initial conditions are shown in
Fig. 2.1a: on top of the substrate we place a layer of liquid with dissolved
gas. Periodic boundary conditions are present in all directions (x, y, z);
the resulting nanobubbles are approximately 20-30 nm wide, and 10-20 nm
high, depending on the contact angle. The formation and behavior of the
bubbles was found to be independent of simulation box-size, which was set
at 40x40x5.5 nm3.

2.3 Bubble nucleation

What determines whether nanobubbles form? We address this question by
varying the relative interaction strength and the relative interaction size. We
then explore the parameter space to see under what conditions nanobubbles
form. The result is shown in Fig. 2.1d. Decreasing elg/ell (going down in
Fig. 2.1d) results in a lower solubility of gas in the liquid, and since the abso-
lute concentration of gas is kept constant this means that the liquid becomes
more and more supersaturated. Eventually, homogeneous nucleation occurs
and a nanobubble forms in the bulk liquid phase, which finally attaches to
the surface. Increasing slg/sll [going right in Fig. 2.1(d)] leads to the same
effect: due to the increased size of the gas atoms it becomes energetically less
favorable to remain dissolved in the liquid phase. Eventually, when the gas
molecules are large enough nanobubbles form due to the supersaturation of
gas in the liquid. From this, we can conclude that a local supersaturation of
gas inside the liquid is a possible mechanism to generate surface nanobub-
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Figure 2.2: The effect of an enhanced gas-solid interaction strength. As the in-
teraction strength esg/ell is increased, the adsorbed gas density (rsl

g , blue squares)
increases as well until a saturation limit. As the adsorbed gas density increases, the
gas-side contact angle q lowers (cosq indicated by red triangles). The red solid line
is a fit to the mean-field expression (2.2) taking into account the screening of the
adsorbed gas (see text).

bles. These results are consistent with the experimental findings in ref. [6],
where it was reported that nanobubble formation strongly depends on the
(relative) gas concentration in the liquid. Although the concentration re-
quired to spontaneously form nanobubbles is far greater than the saturation
concentration, we point out that during deposition of liquid on a substrate
gas can be trapped leading to very high local transient concentrations which
would not be reflected in measurements of the global gas concentration in
the liquid. In fact, numerous experimental papers have pointed out that the
method of deposition is of great importance for achieving surface nanobub-
bles [7]. We have to note, however, that other mechanisms not considered
here can also induce the formation of nanobubbles (e.g. heterogeneous nu-
cleation, bulk desorption of gas from micropancakes [6, 8]). The nanobub-
bles produced in our simulations are found to be reproducible and, at the
very least, can be studied regarding their shape and stability.
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2.4 Universal contact angle

Now that we can simulate nanobubbles, we focus on the universal contact
angle of surface nanobubbles found in experiments [9–11]. For this we use
similar initial conditions as in Fig. 2.1a, with a region in the liquid with
a very high gas concentration, providing us with control over where the
nanobubbles form, and how much gas they contain (about 1,000 atoms). We
measure the gas-side contact angle† at varying values of the solid-gas in-
teractions esg. As can be seen in Fig. 2.2 (triangles), we observe that the
gas-side contact angle of the nanobubble decreases (i.e. the nanobubble be-
comes flatter), as the solid-gas interaction is increased. This trend saturates
around esg/ell ⇡ 1, where the gas-solid attraction matched the liquid-liquid
attraction ‡. The observed saturation contact angle (75

�) is close to the con-
tact angle of nanobubbles that is found in experiments (60

�). On the same
figure we show the evolution of the 2D number density of gas concentra-
tion at the wall inside the liquid phase, rsl

g . Remarkably, this concentration
exhibits a trend that is very similar to that of the contact angle. Stronger
solid-gas interactions lead to a planar area of high gas concentration at the
solid-liquid interface, which is called a gas-enrichment layer and which has
been observed to exist in both simple liquids as well as real liquids [13–15].
In experiments high-density gas adsorbates (micropancakes) have also been
observed [6, 8]. Figure 2.2 shows that the adsorbate density increases with
esg, until it finally saturates to a 2D number density of rsl

g = 0.7 atoms per
nm2 in the first gas layer above the substrate.

The increase of the gas density near the wall is indeed the origin of the
flattening of the nanobubbles. Namely, the presence of the gas weakens the
attractive interaction between solid and liquid molecules: The liquid does
not “feel” a solid half-space anymore, but there is now a dense gas-layer that
effectively renders the wall more hydrophobic. This effect can be quantified
using the approximate equation for the contact angle [16–18],

cosqg = 1 � 2
rsesl
rlell

, (2.2)

which can be obtained from a mean-field argument. This expression con-
tains only the solid and liquid densities rs, rl , and the solid-liquid and

†Similarly as done in chapter 7 for nanodroplets.
‡A realistic value for the energy between gaseous argon and individual carbon atoms in

graphene is: eAr � C = 0.2 kbT. For the energies between the oxygens of two water molecules:
eOl � Ol = 0.26 kbT [12].
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liquid-liquid interactions esl , ell . The vapor phase has a negligible contri-
bution (rv is small compared to rl and rs) and the solid-solid interaction is
irrelevant since the solid is nondeformable. In the case of a dense adsorbate,
the attraction esl is reduced to an effective interaction ẽsl , with ẽsl < esl . In
addition, the adsorbate density is lower than the original solid density, due
to the large size of the gas atoms, and gives an ‘effective’ density r̃s < rs.
According to (2.2), both effects lead to a lower gas-side contact angle. The
solid line in Fig. 2.2 shows the predicted contact angle by this expression, as-
suming an average interaction strength: ẽsl = (esl + elg)/2. Here the effective

density is estimated by r̃s = (1� rsl
g

rsat
g
)rs + rg, as a phenomenological descrip-

tion for the screening of the solid as the adsorbate layer density grows. Note
that the influence of the vapor phase is neglected, as was the case in the
model without the presence of a gas adsorbate. The model quantitatively
explains the observations in MD simulations, in particular, the saturation of
the contact angle occurs exactly when a complete layer of gas adsorbate is
formed. It therefore provides a very natural explanation for the observed
universal contact angles in experiments. [9–11, 19]

2.5 Stability

Another aspect of nanobubbles that can now be studied is their stability. Are
Lennard-Jones nanobubbles stable? After formation of the nanobubble, we
use a shape tracker to follow the dynamics of the nanobubble. The shape
tracker locates a nanobubble by performing a circular fit through the liquid-
vapour interface of the curved bubble wall. Different quantities can then be
computed, such as the radius of curvature, the contact angle, the amount of
gas inside a nanobubble, and the angular dependence of gas flux through
the bubble wall. A good indicator for nanobubble stability is the gas content
inside the bubble: when the amount of gas remains constant the bubble is
considered stable. The gas contents of nanobubbles on different substrates as
a function of time are plotted in Fig. 2.3a. We see that none of the nanobub-
bles are stable; they dissolve on a timescale (µs) much shorter than that
observed in experiments (days), see also the inset in Fig. 2.3. However, this
fast decay is in agreement with simple macroscopic diffusion calculations.
Furthermore, we find that the contact angle of the nanobubbles does not
change significantly throughout the dissolution process.

Although the nanobubbles are not stable, some interesting events oc-



24 CHAPTER 2. MD ON SURFACE NANOBUBBLES

n
g
as

time (ns)0 200
0

1200

Collapse

0 20 40 60 80

900

1000

1100

1200

time (ns)

n
g
as

0

Start-up Dissolution

!
eq

 = 93º

!
eq

 = 70º

!
eq

 = 80º

Figure 2.3: Number of gas molecules ngas inside the nanobubble as a function
of time for nanobubbles on different substrates with different equilibrium contact
angles. Initially, the fluid is supersaturated and a bubble quickly forms within
a few ns. Shortly after the bubble has formed, the liquid is still supersaturated
causing gas to enter the bubble (“Start-up"). After about 20 ns the gas in the liq-
uid achieves the equilibrium concentration, and the nanobubbles start to dissolve
(“Dissolution"). The dissolution rate of the nanobubbles is independent of the con-
tact angle. The inset shows the full dissolution of the qeq = 93� bubble after 0.2 µs.

cur near the contact line. When studying the time-averaged local flux as
a function of angular position f (Fig. 2.4b) we see that the flux is highest
near the contact line, indicating that the substrate plays an important role
in nanobubble stability. This strong localized flux near the contact line is
heavily influenced by the presence and strength of the gas-enrichment layer,
which is a plane at the solid-liquid interface in which gas atoms can move
relatively easily due to a liquid depletion layer that exists at the same posi-
tion. The influx indicates that there may exist a condition where a dynamic
equilibrium is achieved, i.e., the diffusive outflux is balanced by the influx
at the contact line, explaining why in nonequilibrium surface nanobubbles
can be dynamically stable [20] (and bulk nanobubbles cannot). A coarse
exploration of the parameters esl and esg has been performed in this study,
but under the present equilibrium conditions a stable nanobubble was not
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Figure 2.4: Local flux of gas through the liquid-vapour interface of a nanobubble
attached to a substrate. The gray line indicates the time-averaged local gas flow
direction and strength. The gas flow is directed outwards everywhere (iii), except
for a small region near the contact line [(i) and (ii)] where in a very small region
a strong in- and outflux are observed, indicating that there exists a recirculation
current. The net effect of this recirculation current is found to be of the same order
as the diffusive outflux.

achieved.
Of course, there are many more parameters that need to be explored,

such as the initial radius of the bubble: it is possible that nanobubbles be-
low a certain critical size are unstable. Also, Lennard-Jones fluids might not
contain the necessary properties to form stable nanobubbles, such as elec-
trostatic effects. Most importantly, for the dynamic equilibrium theory to be
true, some driving force must exist to sustain the circulation of gas. This
means that the equilibrium simulations in this study need to be adapted
to contain such a driving force. Such non-equilibrium effects include the
presence of a thermal gradient (which are likely to be present in experimen-
tal setups as well) or the formation of gas at the substrate (which has been
studied using electrolysis [21–23]).

2.6 Outlook

In conclusion, we have generated and analysed the formation and stabil-
ity of surface nanobubbles in simple fluids. We found that in heavily gas-
supersaturated liquids nanobubbles nucleate spontaneously which can then
migrate towards the surface. In experiments, when water is deposited on
the substrate, it is possible that some gas becomes trapped near the solid-
liquid interface leading to the required supersaturation. Other formation
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mechanisms that cannot be accessed by MD simulations can however not
be excluded, further work is required on this question. The universal con-
tact angles that surface nanobubbles exhibit in experiments can be explained
by a dense layer of gas at the solid-liquid interface, which has been shown
to exist for real liquids, that effectively alters the substrate chemistry. Al-
though the Lennard-Jones nanobubbles are unstable, some interesting local
gas flows are present near the contact line. These gas flows are caused by
the symmetry breaking due to the solid substrate, and hint towards a dy-
namic equilibrium condition where the diffusive outflux is compensated by
an influx near the contact line. Since an energy input is required to sus-
tain a circulatory gas flow as suggested in the dynamic equilibrium theory
by Brenner and Lohse [20], it is likely that stable nanobubbles can only oc-
cur in non-equilibrium systems. Simulations of non-equilibrium systems,
and of systems containing realistic fluids must be performed to address the
question regarding the long lifetime of surface nanobubbles.
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3
Diffusive shielding stabilizes bulk nanobubble

clusters ⇤

Using molecular dynamics, we study the nucleation and stability of bulk nanobub-
ble clusters. We study the formation, growth, and final size of bulk nanobubbles. We
find that, as long as the bubble-bubble interspacing is small enough, bulk nanobub-
bles are stable against dissolution. Simple diffusion calculations provide an excellent
match with the simulation results, giving insight into the reason for the stability:
nanobubbles in a cluster of bulk nanobubbles “protect” each other from diffusion by
a shielding effect.

3.1 Introduction

Gas bubbles are ubiquitous in nature, industry and daily life. They are found
in streams of water, manufacturing processes of many types of materials,
and, of course, when we enjoy a carbonated drink. Even though gas bubbles
are commonly present in many of the liquids we deal with on a daily basis,
bubbles are, in fact, usually unstable against dissolution in the medium that
surrounds them [1]. The dissolution rate increases as the bubble becomes

⇤Published as: J.H. Weijs, J.R.T. Seddon, and D. Lohse, “Diffusive shielding stabilizes bulk
nanobubble clusters”, Chem. Phys. Chem 13, 2197–2204 (2012).
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smaller because of the increased (Laplace) pressure Dp = 2g/R inside the
bubble, where g is the interfacial tension of the bubble wall and R the bubble
radius. The consequence is that nanoscopic bubbles cannot survive for more
than a few microseconds.

In contrast to this expectation, surprisingly, experiments by Ohgaki et
al. [2] have shown that stable bulk nanobubbles do exist, although there is
some discussion on whether these are actually nanobubbles rather than im-
purities [3, 4]. In these experiments the bubbles were observed to be packed
closely together (the distance between neighbouring bubbles was measured
to be less than 10R), suggesting that a shielding mechanism between bub-
bles may act to keep the bubbles from dissolving. In addition to this direct
observation of bulk nanobubbles, their presence has also been indirectly
measured in experiments, using dynamic laser light scattering [5, 6]. Al-
though this technique cannot distinguish between nanobubbles and liquid
density variations in the liquid caused by other sources (such as large or-
ganic molecules), the observed fluctuations disappear after degassing the
liquid, indicating that the observed objects are indeed bulk nanobubbles.

In addition to these experiments, there are many publications where the
presence of surface nanobubbles are observed at liquid-solid interfaces. Gen-
erally, these surface nanobubbles are detected by Atomic Force Microscopy
(AFM), and they can survive for days [7–9]. Similar to bulk nanobubbles,
surface nanobubbles should dissolve within microseconds, in contrast to the
AFM observations [7, 8, 10–19]. Various stabilization mechanisms have been
proposed [7–9, 20, 21], and many of them invoke the direct bubble-wall in-
teraction. This in particular holds for the dynamic equilibrium theory pro-
moted by some of us [9, 21, 22]. This stabilization mechanisms is therefore
not applicable to bulk nanobubbles: the symmetry breaking caused by the
presence of the substrate in the case of surface nanobubbles does not exist
for bulk nanobubbles.

On the other hand, different stabilization mechanisms may exist that
could account for stable bulk nanobubbles. Such a mechanism will be dis-
cussed in this chapter: when a bulk nanobubble is surrounded by more
nanobubbles, the diffusive outflux is ‘shielded’: a locally high concentration
of dissolved gas in the water suppresses the diffusive outflux from the bub-
ble. For this to happen a cluster of bubbles must exist where the spacing
between bubbles is not too large. Indeed, the bulk nanobubbles reported by
Ohgaki et al. [2] have a distance of 10R or less.

Previously, some molecular dynamics (MD) simulations studies were
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Figure 3.1: A cluster of nanobubbles on a rectangular grid. The dotted lines indicate
the unit cell, which is rectangular and has sides with length l: the distance between
two neighbouring bubbles.

performed on nanobubbles, where it was found that surface tension plays
a role for bubbles larger than 1 nm [23]. In an earlier study it was found
that gas concentration is a crucial parameter for the formation of surface
nanobubbles [24]. To our knowledge no systemetic study of the stability of
bulk nanobubbles has been performed using MD.

In this chapter, we will discuss MD simulations of binary mixtures of
simple (Lennard-Jones) fluids. One of the fluids is under the imposed con-
ditions (T = 300K, p = 105 Pa) in the liquid state, the other in the gaseous
state. The simulations will be carried out in a simulation domain of which
one dimension is very small (`⇥ `⇥ d,d ⌧ `), such that the simulations are
quasi-2D, see also Fig. 3.1. For a full 3D case, the results will only differ
quantitatively, but qualitatively they will be the same. Periodic boundary
conditions are applied in all directions, such that we only have to simulate
one single nanobubble which is then mirrored. This infinite repetition of
nanobubbles then represents an infinite (periodic) nanobubble cluster ( see
Fig. 3.1) in a closed system. The closed system means that the total amount
of gas is conserved. In this chapter, we explore two box sizes: `= 15 nm and
` = 30 nm, with d = 3.64 nm in both cases. Due to the periodic boundary
conditions the distance between neighbouring bubbles is `.

The chapter is organized as follows: In section 3.2 the numerical details
of the simulations will be outlined, such as the parameters and algorithms
used, as well as the initial conditions. Next, in section 3.3, the results of
the MD-simulations will be presented and discussed, and in section 3.4 we
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will compare these results (particularly the equilibrium radius Req of bulk
nanobubbles) with continuum predictions. Finally, in section 3.5 we will
discuss the stability of the entire cluster (as opposed to just single bubbles
inside the cluster).

3.2 Numerical details

3.2.1 Molecular Dynamics

To simulate a cluster of bulk nanobubbles, we use Molecular Dynamics (MD)
simulations of simple fluids. The atoms in the simple fluids interact with
each other through the Lennard-Jones potential:

ULJ(r) = 4eij

"

✓

sij

r

◆12
�
✓

sij

r

◆6
#

. (3.1)

Here, eij is the interaction strength between atom species i and j, and sij
the interaction radius between atoms species i and j. In our simulations
we use two atom types: the first is in the liquid state under the conditions
considered (p = 105 Pa, T = 300K) and the second in the gas state. The in-
teractions are defined as follows: (ell ,egg,elg) = (3,1,pellegg = 1.73) kJ/mol,
(sll ,sgg,slg) = (0.34,0.5, (sll + sgg)/2 = 0.42) nm. The simulations are car-
ried out in the NPT-ensemble (constant number of particles, pressure, and
temperature). A Berendsen pressure scaling algorithm was applied, and the
temperature was kept constant using the thermostat described in ref. [25].

3.2.2 Initial conditions

We use two different atom start-position configurations, which are shown in
Fig. 3.2. The first configuration consists of a preformed bubble at a prede-
fined radius R0 containing gas (333 atoms) and vapour. Outside the bubble
the simulation box is completely filled with liquid, and the remainder of
the gas is uniformly dissolved throughout the liquid. For the second con-
figuration, the simulation box is completely filled with liquid with the gas
uniformly dissolved in this liquid (so no pre-existing bubble). In this config-
uration, a nanobubble will occur if the concentration of gas in the liquid is
high enough such that the energy barrier for homogeneous nucleation can be
overcome. Since the pressure is maintained constant throughout the simula-
tion, the box-size is allowed to vary to accommodate this. In practice, we find
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Figure 3.2: The two types of initial conditions for the simulations. a) A preformed
bubble containing 333 gas-atoms surrounded by liquid. If there are more gas atoms
in the system (Ng > 333) they are uniformly dissolved throughout the liquid. b) All
(Ng) gas atoms are uniformly dissolved throughout the liquid, so there is no pre-
formed bubble. If the concentration of gas is high enough, homogeneous nucleation
will occur forming a nanobubble.

that the box dimensions never vary more than 10% from their initial values.
The initial velocities for all atoms are sampled from a Maxwell-Boltzmann
distribution at 300K.

3.3 Results from the MD simulations

A total of 8 different bubbles have been simulated (see Table 3.1) which
started with a pre-existing bubble in the initial conditions (Fig. 3.2a). Of
those configurations 5 additional simulations were performed using the ini-
tial conditions without a pre-existing bubble (Fig. 3.2b), to see whether the
initial conditions affect the final result. The boundary of the bubble is de-
fined at r⇤ = 0.5, where:

r⇤(~r) =
r(~r)� rv

rl � rv
. (3.2)

Here, rv is the bulk number density of the gas/vapour phase inside the
bubble and rl the number density in the bulk liquid. This boundary is then
fitted with a circle giving R(t). Some snapshots of a selection of simulations
are shown in Fig. 3.3. R(t) against time is plotted in Fig. 3.4 where we see
that some bubbles are stable, while others are not.

As one would intuitively expect, the bubbles that are closest together
(` = 15nm, configurations I-IV) are stable, whereas some bubbles that are
spaced further apart (` = 30nm) are not. The stable bubbles benefit from
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their nearest neighbours, as they ‘shield’ the diffusive outflux that would
normally lead to dissolution within microseconds. To confirm that these
bubbles are truly stable, we extended one simulation (configuration III) until
t = 0.8 µs, where we found that after t = 3 ns the radius R remained perfectly
constant (see inset Fig. 3.4).

The bubbles that are spaced farther from each other (` = 30nm, config-
urations V-VIII) are not always stable. The configurations with the least
amount of gas (configurations V and VI) dissolve within 70 ns, whereas
configurations VII and VIII - which contain more gas - are stable.

What happens when the initial conditions are changed from a pre-existing
bubble (Fig. 3.2a) to uniformly dissolved gas in bulk liquid (Fig. 3.2b)? If a
bubble forms, there is no reason why it shouldn’t grow to the same equilib-
rium size as the corresponding bubbles with different initial conditions. In
fig. 3.5 we show the results of some simulations with the alternative initial
conditions (I-b, III-b, V-b, VII-b, and VIII-b) compared to the data of the sim-
ilar bubbles with the original initial conditions (I, III, V, VII, and VIII). We
see that when nanobubbles form, they indeed grow towards the same equi-
librium size which they also achieve when starting with a finite size bubble.
The reason that for these initial conditions in some cases no bubbles form is
that the gas concentration f in the liquid is not large enough to overcome
the nucleation barrier.

3.4 Continuum description

In this section, we will use continuum fluid mechanics to explain and predict
the behavior of nanobubble clusters. In particular, we will address their
stability and calculate their equilibrium size. We will however first address
the subject of homogeneous nucleation, which is relevant for the simulations
where there was no pre-existing bubble in the initial conditions.

3.4.1 Nucleation theory

In the case where there is no pre-existing bubble in the initial conditions
(Fig. 3.2b), we are dealing with homogeneous nucleation, since there are
no seeds (such as contamination) available to start heterogeneous nucle-
ation [26]. In the case of homogeneous nucleation, the change in free energy
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Figure 3.4: Results from the simulations with initial condition type a (Fig. 3.2). All
bubbles in the small box (`= 15nm) are stable (I-IV), whereas the simulations in the
large box (` = 30nm) and with little gas initially dissolved in the liquid (V,VI) are
unstable. When a sufficient amount of gas is initially dissolved in the liquid (VII,
VIII) the bubbles are stable even in the large box. The inset shows the extended
simulation of configuration III, to verify that the bubble is indeed stable at long
timescales.

of the system when a bubble of radius R forms is:

DG =
4
3

pR3Gv + 4pR2g . (3.3)

Here, DG is the energy gain or loss for the system to form a bubble of
radius R. Gv is the (volumetric) energy associated with a unit volume of gas
and is a negative number, hence it promotes nucleation. The liquid-vapour
surface tension g is always positive and therefore acts agains nucleation. For
small R, the surface energy term usually dominates, but when the bubble
reaches a critical radius R⇤ = �2g/Gv then dG/dR|R>R⇤ < 0, meaning that
the bubble will grow. In our case, we start out with a bubble of zero radius,
but due to thermal fluctuations small bubbles appear randomly throughout
the system. By increasing the gas concentration in the liquid, the magnitude
of Gv increases as it becomes more and more favourable for the system to
have gas atoms in the gas phase than in the dissolved state. This decreases
the value of R⇤, until it is small enough that the spontaneously forming tiny
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Figure 3.5: Bubble radius evolution as a function of time comparing similar systems
with different initial conditions. When bubbles nucleate, they grow towards the
same equilibrium size independent of initial conditions. Although a stable bubble
exists for configurations VII and VIII, the bubbles in configurations VII-b and VIII-b
do not reach this state as the bubbles do not nucleate. Naturally, nucleation also
does not occur for the configuration where no stable bubble can exist (V, V-b).

bubbles are already large enough (R > R⇤) to overcome the surface energy
penalty and grow. The growth stops when equilibrium between the gas and
liquid phase is achieved [Eq. (3.5)].

3.4.2 Growth dynamics

The stage between nucleation of a gas bubble and it reaching its final size
is governed by diffusive bubble growth. The relation between R and t for
diffusive bubble growth is well known, namely a square root power law [27,
28],

R(t) ⇠ (Dt)
1
2 , (3.4)

where D is the diffusion constant of the gas in the liquid. In Fig. 3.6 we
show the growth of bubble VIII on a log-log scale. The curve is shifted in
time such that R(t = 0) = 0. A power law behaviour with exponent 0.56

is observed. This is very close to the expected exponent of 1
2 , suggesting

that the growth of the gas bubbles in the simulation is indeed limited by
diffusion. The power law of Eq. (3.4) is derived assuming that the magnitude
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Slope =
 0.56

Figure 3.6: Bubble radius as a function of time during growth. The data shown
represents bubble VIII, as it grows towards its equilibrium size and has been shifted
such that R(t = 0) = 0. At intermediate times an exponent of 0.56 is observed,
consistent with diffusive bubble growth. In the final stage the availability of gas is
too low to sustain the growth rate, and the bubble settles at its equilibrium radius.

of the Laplace pressure is small compared to atmospheric pressure. This
condition is not fulfilled in particular for the tiny bubbles in the beginning,
which presumably accounts for the observed deviation from Eq. (3.4). Also,
the final stage of bubble growth (t & 10 ns) exhibits a different behaviour
with time, which is caused by the closed nature of the simulation system
and thus the limited amount of gas available. In this stage the available
gas in the system is depleted, and the bubble assumes its (final) equilibrium
radius.

3.4.3 Equilibrium radius

Finally, the bubble reaches its equilibrium radius. When a bubble with ra-
dius R exists inside an infinite body of liquid, the concentration of dissolved
gas just outside the bubble (r = R) is given by Henry’s law:

p
f
= kH . (3.5)

Here, p is the partial pressure of a specific gas in the gas phase, f the gas
concentration of that specific gas inside the liquid, and kH is Henry’s con-
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stant. In this work we will use the (dimensionless) mole fraction of the gas
and liquid as the concentration f. The total pressure in a (2D) bubble is
given by:

pb = pl +
g

R
, (3.6)

where pl is the pressure in the surrounding liquid, which is usually negligi-
ble in the case of nanobubbles. From this relation, we can see that surface
tension is a strong driving force for dissolution, especially as the bubble
radius R becomes small.

kH is Henry’s constant and depends on the type of liquid and the type
of gas involved. kH is temperature-dependent, but in this work we will
consider a system with a fixed temperature. In separate measurements (in
a system consisting of a liquid phase in equilibrium with a gas phase at
p = 1 atm) we found that kH ⇠ 109 Pa for the Lennard-Jones fluids considered
in this work.

A gas concentration gradient induces a diffusive mass flux J according
to Fick’s law:

J = �D~rf . (3.7)

In the case of a cluster of bubbles, there is a limited amount of liquid present
between neighbouring bubbles. Since the amount is limited (and small if the
bubbles are sufficiently close to each other) the concentration is noticeably
affected by the gas flow out of the bubbles. Eventually, as more and more
gas enters this space, the gas concentration at the mid-point between these
bubbles will reach the gas concentration at R as prescribed by Henry’s law
[Eq. (3.5)]. When this has happened, there is no concentration gradient any
more (the concentration is equal everywhere) and no diffusive gas flow ex-
ists: The bubbles are stable.

Using Henry’s law we can predict the equilibrium size of these nanobub-
bles. For this, we have to express the concentration of the gas in the liquid
as a function of the bubble radius R. First, we know that the amount of gas
in the liquid is simply given by:

nl
g(R) = Ng � nb

g(R) , (3.8)

where nl
g is the number of gas molecules dissolved in the liquid, Ng the total

number of gas atoms in the system, and nb
g the amount of gas molecules

inside the bubble. The amount of gas inside the bubble can be related to the
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size of the bubble, using the Laplace pressure and the ideal gas law:

nb
g(R) =

2pgRd
kBT

. (3.9)

Here, kB is Boltzmann’s constant, T the temperature of the system. To ob-
tain this relation, we assumed that the Laplace pressure difference is much
greater than the ambient pressure, which is a valid assumption for nanobub-
bles exposed to atmospheric ambient pressure. Henry’s law [Eq. (3.5)] dic-
tates the equilibrium condition, so by combining Eqs. (3.8) and (3.9) we can
now solve for the equilibrium bubble radius Req:

Req =
kBTNg

4pgd

 

1 ±
s

1 � 4
pg2dNl

kBTkH N2
g

!

. (3.10)

Since the equation is quadratic we get two solutions, of which we cannot say
a priori which one is valid, because both are positive and finite.

3.4.4 Comparison with simulations

We can now compare the simulation results to the model [Eq. (3.10)].
From Eq. (3.10) it is clear that for a physical solution to exist the number

of gas atoms Ng must be larger than:

N⇤
g :=

s

4pg2dNl
kBTkH

. (3.11)

Hence, N⇤
g is a critical amount of gas atoms: When fewer gas atoms are

present in the system the bubble will completely dissolve.
In Fig. 3.7 this critical gas content as a function of Nl , which is pro-

portional to the system size is shown. In the figure the two system sizes
considered in this study are annotated. From the figure it is clearly that for
larger systems (hence, larger nanobubble seperations and higher Nl) the re-
quired amount of gas increases. Intuitively, one would expect that the ratio
N⇤

g /Nl is constant, but from Eq. (3.11) and Fig. 3.7 we can see that this is
not the case. Instead, the minimum number of gas molecules scales with the
square root of the amount of liquid present, meaning that it scales linearly
with the interbubble distance `.

The predicted equilibrium radius [Eq. (3.10)] as a function of gas con-
tent for the small systems (` = 15nm) and the large systems (` = 30 nm)
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Figure 3.7: Critical number of gas atoms N⇤
g against Nl . The critical number of

gas atoms is the amount of gas atoms required to prevent full dissolution of a
nanobubble. As the system is larger (hence larger separation distance between
nanobubbles) more gas is required to sustain a stable nanobubble.

are shown in Fig. 3.8(a). The measured equilibrium radii are also depicted,
and show excellent agreement with the model. For configurations V and
VI (large systems), the model correctly predicts that there is no stable bub-
ble size, hence they fully dissolve. For configurations VII-b and VIII-b the
model predicts that an equilibrium radius does exist, however in these cases
there are no bubbles since the nucleation barrier is too high, which is not
accounted for in the model. By nondimensionalizing the equilibrium radius
Req with `, and rescaling Ng with N⇤

g we can collapse the data on a single
curve, independent of system size, see Fig. 3.8(b).

For Ng � N⇤
g , Eq. (3.10) can be expanded as:

Req =
kBTNg

4pgd
⇥
2

41 ±
s

1 �
✓N⇤

g

Ng

◆2
3

5 =

kBTNg

4pgd
⇥

8

>

>

<

>

>

:

2 +O
✓

hN⇤
g

Ng

i2
◆

1
2

⇣N⇤
g

Ng

⌘2
+O

✓

hN⇤
g

Ng

i4
◆ . (3.12)

These asymptotic solutions are plotted in Fig. 3.8b as the black dashed lines.
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Figure 3.8: (a) Equilibrium radii Req as measured in the simulations (symbols) and
predicted by the model (lines) as a function of Ng. The black data correspond
to the small system (` = 15nm), whereas the gray data correspond to the large
system (`= 30nm). The model nicely predicts the equilibrium size in both systems,
but of course does not account for the configurations where no bubble nucleation
occurs (V-b, VII-b, and VIII-b). To obtain the theoretical curves, a value of kH =
1.5 · 109 Pa was used as a fit parameter. Independent measurements have shown
kH ⇠ 109 Pa. (b) Collapse of the nondimensionalized equilibrium radii. All data
points nicely follow the master curve. The simulations where no nucleation occurs
are not included in this plot, to emphasize the good prediction of both Req and N⇤

g
by the model. The dashed lines indicate the expansion when Ng � N⇤

g , Eq. (3.12).

The first solution of Eq. (3.12) represents the limit where all gas atoms are
contained within the bubble. This can also be seen by comparing this result
with Eq. (3.9). It is apparent from Fig. 3.8 that almost all bubbles are very
close to this limit i.e. there is virtually no gas dissolved inside the liquids in
the simulations.

3.5 Nanobubble cluster stability

Finally, we will discuss the stability of the entire cluster of nanobubbles. Al-
though it is now clear that bubbles that are surrounded by mirror images can
indeed be in equilibrium, this does not mean that the entire cluster is sta-
ble. There are two obvious threats to this stability: (i) the Brownian motion
of bubbles can cause neighboring bubbles to collide, leading to coalescence
and coarsening of bubbles within the cluster and (ii) when neighboring bub-
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bles are not exactly equally sized, smaller bubbles would drain into larger
bubbles via diffusion (similar to Ostwald ripening).

First, we address the possibility of bubbles colliding. Since the distance
between neighbouring bubbles is at best ten times as large as the bubble
radius, Brownian motion of nanobubbles can indeed lead to collisions (see
Fig. 3.3, where the nanobubbles are shown to move around). An obvious
way to prevent this from happening is to make sure that the bubbles repel
each other. This repulsion could be electrostatic (e.g. by using an ionic
surfactant, or by the intrinsic negative charge of air bubbles in water [29–
31]), which is sufficiently long-ranged. Adding salt to the solution, which
leads to screening of the electrostatic fields around the nanobubbles, would
then reduce the stability of bulk nanobubble clusters which has indeed been
observed in experiments [5].

The second issue (Ostwald ripening) is harder to prevent, and we expect
that in time coarsening would indeed occur. Of course, the larger bubbles
that are formed in this way are still able to provide some shielding, but
the polydispersity of bubble sizes will make a theoretical analysis difficult.
Therefore, at this point, we do not have an explanation for the measured
stability by Ohgaki et al. [2] where Ostwald ripening apparently has been
suppressed.

3.6 Conclusions

In conclusion, we have shown that bulk nanobubble clusters can indeed
be stable under specific conditions. First, the individual bubbles are sur-
rounded by similar nanobubbles. The distance between these bubbles must
be small enough, such that the bubbles can succeed in saturating the liquid
between the bubbles with gas, before the bubbles are completely drained.
When a cluster of stable bubbles exist, and the system is closed (so no gas
can escape) the bubbles will in principle live forever, as long as bubbles can-
not merge and Ostwald ripening is somehow prevented. The merging of
bubbles can be prevented by ionic surfactants. Ostwald ripening is harder to
prevent in theory, but experimental results showing that nanobubble cluster
can indeed be stable for longer times indicate that there exists a mechanism
that can prevent Ostwald ripening from occuring [2, 5, 6].
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4
Why surface nanobubbles live for hours⇤

We present a theoretical model for the experimentally found but counter-intuitive
exceptionally long lifetime of surface nanobubbles. We can explain why, under
normal experimental conditions, surface nanobubbles are stable for many hours or
even up to days rather than the expected microseconds. The limited gas diffusion
through the water in the far field, the cooperative effect of nanobubble clusters, and
the pinned contact line of the nanobubbles lead to the slow dissolution rate.

4.1 Introduction

Since their first prediction and discovery almost 20 years ago [1], intense re-
search on surface nanobubbles has raised many questions about this intrigu-
ing and important phenomenon which has great potential for various appli-
cations [2–5]. Surface nanobubbles have now been widely reported on vari-
ous surfaces in contact with water employing various detection mechanisms
like atomic force microscopy (AFM) and most recently also through direct
optical visualization [6, 7]. With all these different methods they are found
to behave differently than regular macroscopic bubbles. Surface nanobub-
bles behave peculiarly in several ways: their contact angle is always much

⇤Published as: J.H. Weijs and D. Lohse, “Why surface nanobubbles live for hours”, Phys.
Rev. Lett. 110, 054501 (2013).
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lower than expected from Young’s law [8, 9]; they are stable against violent
decompression [10]; and in particular they are stable for much longer than
expected: For such small bubbles one would expect a lifetime of order µs,
due to the high Laplace pressure inside the bubbles that drives the gas into
the liquid. On this last question many explanations were proposed, ranging
from contamination that shields or limits the diffusive outflux of gas [11]
to a dynamic equilibrium situation where lost gas is replenished [12, 13].
However, both theories are refuted by experimental evidence: the addition
of surfactants does not influence the behaviour of nanobubbles [14], and the
circulatory gas flow required for the dynamic equilibrium theory is not mea-
sured in all experiments so it cannot be the stabilization mechanism [7, 13].
In addition, a large problem with the dynamic equilibrium theory is that it
requires some form of driving to satisfy the second law of thermodynamics,
and its origin is unclear. In molecular dynamics, some local inflow near the
contact line was indeed observed, but its strength was too weak to explain
the stability of surface nanobubbles, see chapter 2.

A different approach is therefore required, and in this chapter we pro-
vide an alternative explanation for the long lifetimes of surface nanobubbles.
The theory relies only on classical, well-known, and proven continuum con-
cepts such as diffusion and Henry’s law. Furthermore, the theory only uses
confirmed nanobubble properties, namely the pinned contact line [15, 16]
of nanobubbles and the fact that nanobubbles exist in relatively high cover-
age fractions at the liquid-solid interface [17, 18]. No fitting or uncontrolled
assumptions are required to obtain lifetimes that are consistent with exper-
imental findings. The pinned contact line of surface nanobubbles has, until
now, received little attention but it turns out to be crucial for long nanobub-
ble lifetimes. The origin of the pinned contact lines is beyond the scope
of this work and here we will only address the lifetime question of surface
nanobubbles, which has been puzzling the community ever since the first
discovery of surface nanobubbles [1].

This chapter is organized as follows. First, the theory is explained and
the relevant equations are derived. Next, we solve the equations numerically
and analytically. We vary several parameters to demonstrate the robustness
of the long lifetimes of surface nanobubbles in varying experimental condi-
tions. In addition, we apply the theory to the case of electrolytically gener-
ated nanobubbles and find that here also it is consistent with experimental
results. We conclude with predictions from the theory that can straightfor-
wardly be tested in experiments.
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gas !ow

ambient air

Figure 4.1: Sketch of a liquid layer of thickness ` in contact with a solid (left). The
top of the liquid is exposed to atmospheric conditions. At the solid-liquid interface
nanobubbles are present with typical internal contact angle q, height h, and radius
of curvature R. They are not drawn to scale. The arrows indicate the gas flow
direction. On the right a further enlargement of one nanobubble is shown.

4.2 Theory

We consider an infinitely large plate in contact with a liquid layer with thick-
ness ` (Fig. 4.1). The liquid layer is in contact with the atmosphere at z = `
and the solid-liquid interface is located at z = 0. The solid-liquid interface
is covered with nanobubbles with a number density (per area) of r, hence
the (average) spacing between neighbouring nanobubbles is hdbubi ⇡ 1p

r . In
experimental studies nanobubbles are always recovered in high coverage
densities [17–20]. Assuming quasi-steady diffusion, any variation of the
dissolved gas concentration f in the horizontal (x,y) direction due to non-
uniform gas outflux decays as exp(�pz/dbub). Hence we can assume that
for ` > 5 hdbubi the diffusion of gas through the liquid layer is governed by
the one-dimensional diffusion equation:

∂f

∂t
= D

∂2f

∂z2 , z 2 [0,`] , (4.1)

with D the diffusion constant of the gas in the ambient liquid and f the
(number) concentration of gas in the liquid. The characteristic time scale
for diffusion through the water layer is `2/D ⇠ 105s, which is similar to the
lifetimes obtained in experiments. The vast difference (µs vs. days) com-
pared to previous estimates originates in using ` as the relevant length scale
instead of the bubble radius R, i.e. we use the far-field length scale. Using
R as the length scale is justified for a (free) bubble in an infinite medium.
However, in the case of nanobubbles it is important to realize that gas has
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not left the system until it is released into the atmosphere and hence ` is the
relevant length scale as this is the distance the gas has to travel through the
liquid from the bubble toward the atmosphere. This is also apparent in a
thought experiment where we do not allow gas to leave the liquid into the
atmosphere, for example by putting the liquid drop in a closed container.
Because the liquid is supersaturated with some gas that has left the bubble,
and which cannot escape, an equilibrium is reached (described by Henry’s
law discussed later in this work) and the bubbles do not dissolve as is the
case with the bulk nanobubbles discussed in chapter 3. When opening the
container this excess dissolved gas can be released into the ambient air, al-
lowing the bubble to lose gas into the liquid. This “traffic jam effect” plays
a crucial role in the long nanobubble lifetimes.

We will now fully describe the boundary conditions for the above differ-
ential equation (4.1). They are given by Henry’s law, which relates the gas
concentration in the liquid to the gas pressure outside the liquid near the
interfaces:

f(z = 0, t) =
pbub(R(N(t)))

kH
and f(z = `, t) =

patm

kH
. (4.2)

Here, kH is Henry’s constant, pbub the pressure inside the nanobubbles and
patm the atmospheric pressure. R(t) is the radius of curvature of the nanobub-
bles, which depends on time because the bubbles get flatter as they drain.
In the case of a pinned contact line, the radius of curvature is related to the
(internal) contact angle q(t) by R(t) = Rb

sinq(t) , where Rb is the base radius
(cf. Fig. 4.1) which is constant due to the pinned contact line. The (relative)
pressure inside the bubbles pbub(t) is the Laplace pressure

pbub(t) = patm +
2g

R
= patm +

2g

Rb
sinq(t) , (4.3)

where g is the liquid-vapour surface tension. For q < 90�, which is the case
for surface nanobubbles, the internal pressure thus decreases as q decreases.
This effect provides a negative feedback in the dissolution process, prolong-
ing the lifetime of the nanobubbles. In this work we do not consider the ef-
fects of electrostatic effects on the internal pressure of surface nanobubbles,
as electrostatic effects act to reduce the internal pressure and are therefore
not a driving force but rather a stabilizing force. It is therefore possible that
the derived lifetimes in this work (hours, days) are an underestimation of
real lifetimes.
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The (single) nanobubble gas content N(t) decreases due to the diffusive
flux of gas at z = 0, which is the location at which gas is transferred from
the nanobubbles (z = 0�) to the liquid (z = 0+). The diffusive flux is given
by Fick’s law J = �D(∂f/∂z), thus

dN
dt

= � J
r
=

D
r

∂f(z, t)
∂z

�

�

�

�

z=0
. (4.4)

The factor r arises to convert the molecular flux per unit area of the substrate
to the molecular flux per single surface nanobubble. Eq. (4.4) immediately
shows how a low nanobubble coverage (r ⇡ 0) corresponds to small global
flux, J = �rdN/dt.

To evaluate the boundary condition at z = 0 (Eq. (4.2)), we need to re-
late the number of atoms inside a nanobubble (Eq. (4.4)) to the geometrical
shape of the bubble. To calculate the geometrical properties of a nanobubble
containing N atoms of gas, we use the ideal gas law p(q)V(q) = NkBT using
the expression for the volume of a spherical cap V(q) = p

3 (Rb/sinq)3 · (2 �
3cosq + cos3 q). Here, kB is Boltzmann’s constant, T the temperature (as-
sumed to be constant at 300K), and q the gas-side (internal) contact angle of
the nanobubbles. This implicit equation can be solved numerically for q(N).
We can then calculate the radius of curvature of the nanobubbles R, which
gives us the internal bubble pressure [Eq. (4.3)]. Using this pressure, the
boundary condition at z = 0 (Eq. (4.2)) can be evaluated, which closes our
model. In the next section, we will solve these model equations numerically.

4.3 Numerical evaluation

Due to the nontrivial boundary condition at z = 0 (Eq. (4.2)) we first solve
the diffusion eq. (4.1) numerically. The simulations were done for different
initial conditions. Because the real initial conditions are unknown, we choose
the two extremes between which we expect the real initial conditions. The
first type of initial conditions consists of a linear concentration profile, which
allows the system to begin transporting gas from the bubbles immediately
(t = 0),

f(z, t = 0) =
pbub(R0)� patm

kH

⇣

1 � z
`

⌘

+
patm

kH
. (4.5)

Here, R0 indicates the initial radius of curvature of the nanobubbles. We
choose R0 such that it is equivalent to an initial contact angle q0 = 40� for
given base radius Rb.
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Figure 4.2: Results of the calculations using the initial conditions from Eq. (4.5) and
parameters described in the text. (a): Snapshots of the concentration profile at 1

hour intervals. Because the bubbles are pinned, the radius of the curvature increases
as the bubble drains, lowering the concentration at the bubble side (z = 0). (b):
Evolution of the nanobubble gas content (black curve) and the radius of curvature
of the liquid-gas interface R (red curve) as a function of time.

The second type of initial conditions assumes that the nanobubble forma-
tion procedure (ethanol-water exchange or replacing cold water with warm
water [20]) supersaturates and mixes the water such that the concentration
is uniform and equal to the concentration near the nanobubbles:

f(x, t = 0) =
pbub(R0)

kH
. (4.6)

The real initial concentration profile will most likely be something between
(4.5) and (4.6): the ethanol-water exchange uniformly supersaturates the
water but it takes the nanobubbles some time to form so some gas already
drains into the atmosphere. As we will see, both initial concentration profiles
produce long-living nanobubbles.

4.4 Results

How long does a nanobubble survive according to this description? Us-
ing typical parameters that apply to experiments on surface nanobubbles [8]
(r̃ = 4 · 1012 m�2, ` = 10�2 m, g = 0.072 N/m, D = 10�9 m2/s, kH = 2.6 ·
10�19 Pa·m, and T = 300 K) and the initial condition (4.5) we obtain the
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results shown in Fig. 4.2. Fig. 4.2(a) shows hourly snapshots of the concen-
tration profile f(z). From these curves it is apparent that the transport of
gas away from the bubble is limited by the diffusion rate of the gas through
water far away from the bubble. This leads to an almost flat (zero-slope)
concentration profile near the bubble through which the diffusive gas flux is
very small. Fig. 4.2(b) (red curve) shows the radius of curvature of the spher-
ical cap R as a function of time. This radius of curvature increases (due to
the pinned contact line) which lowers the internal gas pressure [Eq. (4.3)],
enhancing the lifetime of the nanobubbles. Finally, Fig. 4.2(b) (black curve)
shows the amount of particles contained inside an individual nanobubble
through time. Here we see that a typical nanobubble that starts out with
over 100,000 atoms and ends up with just over 500 atoms after 36 hours.

As a criterion for bubble dissolution we choose a critical bubble height
of h⇤ = 1 nm, after which it may no longer be appropriate to use continuum
physics, and also effects such as the disjoining pressure start to dominate
the pressure inside the bubble rather than solely the Laplace pressure. From
molecular dynamics it is known that continuum models (e.g. Navier-Stokes,
diffusion equation, Henry’s law) are valid down to the nanometer scale,
see also chapters 2 and 3. Using the same criterion we find that the above
bubble is stable for 36 hours, which is 10 orders of magnitude longer than
previously thought and in agreement with experimental findings and the
expected timescale `2/D.

4.5 Analytic solution

The concentration profiles in Fig. 4.2 suggest that the boundary condition
at z = 0 is of Neumann type, ∂f/∂z|z=0 = 0. Taking the time derivative of
the boundary condition at z = 0 [Eq. (4.2)] and substituting Eq. (4.4) into the
result we obtain

∂f

∂z

�

�

�

�

z=0
=

r

D df
dN

∂f

∂t

�

�

�

�

z=0
. (4.7)

Filling in representative values for the quantities we find that the concentra-
tion gradient at z = 0 is over 5 orders of magnitude smaller than the typ-
ical global concentration gradient (⇡ f̂/`), with f̂ = f � fatm. This means
that the boundary condition for the gradient at z = 0 can indeed be con-
sidered to be approximately zero. For zero gradient the analytic solution is
f̂(z, t) ⇠ S•

n=1 exp(�n2p2Dt/(4`2)) · cos(npz/(2`)). We only take into ac-
count the first mode (n = 1), which has the smallest time constant and there-
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fore remains after any initial effects due to arbitrary initial conditions have
declined. A remarkable feature of this result is that f̂(z, t) only depends on
D and `, and is completely independent of r and g. Of course, r must be
high enough to be able to consider the system as one-dimensional. Similarly,
the fraction r/(Ddf/dN) must be low enough such that the local gradient
at z = 0 [Eq. (4.7)] is small compared to the global gradient.

4.6 Varying initial conditions

How does the initial concentration profile affect the lifetime of the nanobub-
bles? During the ethanol-water exchange procedure that is most commonly
used to generate nanobubbles experimentally, ethanol is flushed away with
clean water. It is therefore likely that the initial gas concentration profile
is uniform in z, due to mixing. We redid the same calculations as before,
using an uniform initial concentration profile, and the results are plotted in
Fig. 4.3. We observe very similar concentration profiles as before, except for
small times where the influence of the initial conditions is still felt. As can
be observed in Fig. 4.3 (b), it takes 2-3 hours before the bubbles “feel” the in-
fluence of the ambient air and start to dissolve. This means that during these
first hours, the bubbles barely shrink as the (global) concentration gradient
near the bubbles is close to zero.

4.7 Robustness of the results

How robust are the nanobubble lifetimes against variations in the experi-
mental system? By changing g and ` in the numerical calculation, we verify
the result from the analytical solution to the diffusion equation for which it
holds that the diffusion profile evolution only depends on D and `.

First, we look at the surface tension g. Most often an ethanol-water ex-
change procedure is applied to form nanobubbles. This method introduces
contamination into the system which lowers the surface tension. It is there-
fore important to understand the influence of g on the nanobubble lifetime.
We find that surface tension does not play any role in the dissolution time of
nanobubbles. This result remains counter-intuitive as surface tension is the
driving force for nanobubble dissolution. Indeed, a higher surface tension
increases the Laplace pressure [Eq. (4.3)], thus increasing the driving that
leads to dissolution. However, it also increases the gas content inside the
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Figure 4.3: Numerical results for the initial conditions (4.6). (a): Hourly snapshots
of the concentration profile. Due to the initial conditions, some gas that is initially
dissolved in the liquid first has to drain to the atmosphere until a concentration
gradient exists near the bubble. As compared to the linear profile case (Fig. 4.2) the
bubbles gain an additional few hours of lifetime because of this. (b): Evolution of
the nanobubble gas content and the radius of curvature of the surface nanobubbles.

bubbles. This denser reservoir requires a larger flux to drain in the same
time. Both effects scale linearly with g; hence, they cancel.

In previous studies, the liquid height ` has never been considered as
a parameter that affects nanobubble lifetimes. Based on the analytical so-
lution presented before we expect that t ⇠ `2/D, which is indeed exactly
recovered from the numerical calculations. This indicates that the liquid cell
size (and geometry) is very important to the lifetime of nanobubbles: the
amount of liquid the gas has to travel through determines the timescale of
the nanobubble lifetime. ` is easy to vary, we suggest performing corre-
sponding experiments to test our prediction.

4.8 Electrolysis

How do nanobubbles behave according to this description when gas is gen-
erated at the solid-liquid interface (e.g. by electrolysis [15, 21])? A rough
estimate based on the values cited in ref. [15] gives a constant influx of order
⇠ 105 molecules per bubble per second. For an equilibrium to exist (the bub-
bles neither grow or shrink) the diffusive flux away from the bubble must
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then be equal to this influx due to electrolysis, hence D
r f̂(z = 0)/`= 105 s�1.

This corresponds to a nanobubble contact angle of q = 49�, and nanobubble
content N = 2 · 105. Interestingly, this means that the bubble contents are
refreshed every two seconds. This only highlights the fact that nanobubbles
are not static: without driving (such as electrolysis) they dissolve whereas
with driving the gas atoms inside the bubble are replaced every couple of
seconds.

4.9 Conclusion

We have modelled the gas flow from nanobubbles through the liquid to
the atmosphere to study the lifetime of surface nanobubbles. We find that
nanobubbles are not stable, but dissolve by diffusion. However, due to their
pinned contact lines and because the gas has to diffuse toward the atmo-
sphere, they dissolve on a much longer time scale than free bubbles in an
infinite liquid. This last point (diffusion through a relatively thick layer of
liquid) explains why previous molecular dynamics results could not recover
long nanobubble lifetimes: the system size in molecular dynamics is lim-
ited to several tens of nanometers, resulting in lifetimes of order 100 ns,
consistent with our findings in chapter 2. Using the correct length scales
(` ⇠ 1 � 10 mm), we find that surface nanobubbles can easily survive in ex-
cess of a day, an increase of 10 orders of magnitudes as compared to previous
estimates of µs. The results from the experiment where electrolysis is used
corroborate the results in this Letter: a nonzero current is measured mean-
ing that gas is continuously formed at the substrate. We find that the gas
flux induced by this current leads to nanobubbles with q = 46�, consistent
with the experimental results of ref. [15].
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5
Ultrasonically induced growth of surface
nanobubbles: Experiment, numerics, and

theory ⇤

In a recent study by Brotchie and Zhang [1] it was found that, when subjected
to an acoustic field, surface nanobubbles can grow. It was postulated that this
growth occurred due to rectified diffusion, similarly as with bulk (spherical) bub-
bles in an acoustic field. In this chapter, we review these experiments and provide
a model (based on the diffusive model discussed in chapter 4) with which the effect
of an acoustic field on surface nanobubbles, namely growth by rectified diffusion, is
studied. Using the method of seperation of timescales, we recover a criterium for
nanobubble growth due to rectified diffusion which we qualitatively compare to the
experimental results. We establish a detailed phase diagram revealing how the bub-
ble growth or shrinkage depends on the bubble size and driving parameters such as
the amplitude of the acoustic signal.

⇤Manuscript in preparation: “Ultrasonically induced growth of surface nanobubbles: Ex-
periment, numerics, and theory”, J.H. Weijs, X.H. Zhang, K. van der Weelde, and D. Lohse.
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5.1 Introduction

Various recent studies have revealed the existence of nanoscale gas bubbles
on liquid-solid interfaces. These objects, dubbed surface nanobubbles [2], typ-
ically have heights of ⇠ 10nm and diameters of 2Rb ⇡ 100nm. As pointed
out in reference [3], they are of potentially great technological importance,
since they result in fluid slip on hydrophobic surfaces, thus reducing the
drag in micro- and nanofluidics applications. The evidence in their favor is
meanwhile considerable; for recent reviews see e.g. references [4–6]. While
in the first decade after the discovery of surface nanobubbles [7] this evi-
dence mainly came from atomic force microscopy (AFM) – a method which
had been suspected to generate these nanobubbles – in the last years vari-
ous other nonintrusive methods –from infrared spectroscopy [8, 9] to quartz
crystal microbalance studies [10] to direct optical visualisation through op-
tical interference-enhanced reflection microscopy [11] to total internal re-
flection fluorescence microscopy [12] to neutron [13, 14] and x-ray reflectiv-
ity [15]– have proven that these surface nanobubbles exist and can survive
for days.

The key question is: why? Given their small size and their corresponding
large Laplace pressure, one would expect a lifetime of only microseconds.
Various theories have been suggested to account for the long stability of
surface nanobubbles. Ducker [16] suggested that the origin lies in a coat-
ing of the bubbles with contaminants which would block the diffusive gas
exchange. However, Das et al. [17] argued that this effect would not be
sufficient to account for the experimentally observed lifetimes. Brenner and
Lohse [18] and later Seddon et al. [19] suggested that the nanobubbles would
survive due to a dynamic equilibrium, with the diffusive gas outflux being
compensated by an influx close the contact line. However, neither experi-
ments [12, 20] nor MD simulations [21] could provide evidence for such a
flux. Finally, in chapter 4 and also in refs. [22, 23] it was suggested that the
contact line pinning plays a prominent role in the stabilisation of the surface
nanobubbles, reducing the Laplace pressure during dissolution and account-
ing for lifetimes up to tens of hours, as the relevant length scale would not
be the bubble size, but the distance to the outside world (chapter 4), i.e.,
the thickness of the droplet or pool in which the nanobubbles live. How-
ever, there is also evidence against this hypothesis, at least in salty water:
Berkelaar et al. [24] found that in a drying salt droplet, nanobubbles survive
up to the very end of the drying process, i.e., when the liquid layer is so
thin that according to the diffusive model in chapter 4 one would expect fast
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dissolution.
In view of this puzzling situation, the field is in need of controlled ex-

periments for situations which are also theoretically or numerically accessi-
ble. An important control mechanism for gas bubbles with diffusive gas ex-
change with their environment is an acoustic field, defined by its amplitude
pac and its frequency f . It is well known that acoustically driving free gas
bubbles can lead to their growth by rectified diffusion [25, 26]: Compressed
bubbles lose gas due to their overpressure, but during the expansion phase
for strong enough acoustic driving this loss can be compensated by a gas in-
flux through the then larger bubble surface, leading to a net bubble growth.
This effect could quantitatively be studied in the context of single bubble
sonoluminescence (see e.g. refs. [27, 28]), leading to quantitative agreement
between theory and experiment [29].

Recently, Brotchie and Zhang [1] showed that also surface nanobubbles
can grow by rectified diffusion. The aim of this study is to perform a numer-
ical and theoretical analysis of acoustically driven surface nanobubbles, next
to further analysis of the experimental data obtained in ref. [1] (provided in
section 5.2). By doing so, we want to sharpen the modelling tools for surface
nanobubbles, to eventually better understand their long lifetime also in the
case without acoustic driving.

We will use a one-dimensional model, similar to that one developed in
chapter 4, but now with an acoustic field included. This model is developed
in section 5.3. In section 5.4 we numerically solve the model, and in sec-
tion 5.5 we use the method of seperation of timescales (between the acoustic
driving period and bubble growth timescale) to formulate a criterium for
nanobubble growth. Finally, the results are compared to the experimental
data.

5.2 Experimental observations

The setup for producing and imaging nanobubbles is shown in figure 5.1.
This setup allows us to image the same nanobubbles before and after the
application of ultrasound. The substrate, freshly cleaved highly oriented
pyrolytic graphite (HOPG), was fixed onto the inside surface of the bottom
of a closed fluid cell by epoxy. The outer surface of the cell bottom was glued
firmly onto a piezoceromic ultrasound transducer (Undatim Ultrasonics, 515

kHz). The top half of the cell was sealed by a flexible membrane, through
which the AFM tip holder was mounted. There were two ports on the side
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Figure 5.1: (a) Sketch of the nanobubble setup. The nanobubbles are created in a
closed AFM liquid cell on a sample that is attached to a piezoceramic ultrasound
transducer. (b) Close-up of a single nanobubble with (fixed) base radius Rb and
variable radius of curvature R(t).
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Figure 5.2: Tapping mode AFM height images of a collection of nanobubbles before
(a) and after (b) having been exposed to a sound field for 40 s. Some bubbles have
been marked as a guide to the eye: solid circles indicate growing nanobubbles,
dashed circles indicate shrinking or disappearing nanobubbles. The arrows indicate
the location where a new nanobubble is formed, possibly out of a merger of several
smaller nanobubbles.

body of the fluid cell as the inlet and outlet of solvents.
Surface nanobubbles were produced by an established method, called

solvent exchange process. In this process, ethanol is first introduced into
the fluid cell, and then thoroughly rinsed by water. The nanobubbles in this
work were produced and imaged in a 100 mM n-propanol solution. The
ethanol used in the experiments was double distilled. Water was purified by
a Milli-Q unit and stored at 4�C overnight to be saturated with air. Before
use, it was slowly warmed up to 37�C, leading to gas supersaturation.

Nanobubbles were imaged by tapping mode AFM (MFP-3D, Asylum
Research, Santa Barbara, CA). The cantilever (NP, Bruker) with a normal
spring constant of 0.32 N/m was cleaned by UV/ozone irradiation for 15-20

min before use. The location of the AFM tip on the substrate was recorded
by a CCD camera and the cleavage steps on HOPG that were visible optically
could be used as the reference to assist the relocation of the AFM tip in the
later measurements after the sonication.

Once the AFM images of nanobubbles were obtained in water, the AFM
tip was withdrawn at least 100 µm from the substrate and the ultrasound was
applied to the system. The ultrasound was terminated after 25-60 s, imme-
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Figure 5.3: Absolute volume change of a selection of the bubbles from Fig. 5.2.
The influence of the ultrasound is quite pronounced: typical nanobubble volumes
are 10�3 µm3, so the relative volume changes are 10-50%. Note that some bubbles
shrink, as also observed in Fig. 5.2.

diately upon the formation of micrometer-sized bubbles that arose through
cavitation, regardless of the presence or absence of surface nanobubbles. The
ultrasonic intensity transmitted to the fluid cell was estimated calorimetri-
cally to be 2.2 W and could lead to a temperature increase of about 4 K. The
system was allowed to cool down to the temperature as before the sonica-
tion, and then the AFM tip was brought close to the substrate and relocated
to the same imaging area as before the sonication. The images of the same
nanobubbles were taken by using the same imaging parameters (e.g. set
point, drive frequency and drive amplitude).

5.3 Mathematical formulation of the problem

We set out to calculate the time evolution of the gas concentration field c
which denotes the number concentration ([c] = #/m3). We assume, to make
the analysis tractable, that diffusion mainly takes place in the z-direction
(normal to the solid-liquid interface), similarly as done in chapter 4 where it



5.3. MATHEMATICAL FORMULATION OF THE PROBLEM 67

was found that this is a valid assumption due to the large nanobubble den-
sity on the surface. Furthermore, we apply the flat bubble approximation
(as in ref. [18]), meaning that during bubble oscillations no liquid is dis-
placed and only the liquid-gas interfacial area Abub(t) changes. Thus, c(z, t)
is assumed to obey the one-dimensional diffusion equation:

∂c
∂t

= D
∂2c
∂z2 . (5.1)

The bubble at the bottom of the container (z = 0) undergoes oscillations due
to the driving pressure signal. In the far field (z ! •) the concentration of
dissolved gas is taken to have the constant value c•. So we have:

c(z = 0, t) =
pbub(t)

kH
=

1
kH

✓

pamb + pac sinwt +
2g

R(t)

◆

, (5.2)

c(z ! •, t) = c•, (5.3)

with pac and w the amplitude and driving frequency of the acoustic signal,
respectively, and R(t) the radius of curvature of the bubble surface; pamb is
the ambient pressure in the undisturbed liquid. Usually this will be equal
to atmospheric pressure but in a liquid cell with a closed lid it may also be
different.

Since we apply a periodic pressure signal pac sin(wt) the pressure in the
bubble pbub(t) will vary in a periodic fashion. In the above equation we have
assumed that it does so without any time delay. The pressure pbub(t) also
depends on the radius of curvature, via the Laplace term 2g/R(t), where g
is the surface tension. Also R(t) will vary periodically.

The radius of curvature depends, among other things, on the number
N(t) of gas molecules in the bubble which changes according to:

dN
dt

= DAbub(t)
∂c
∂z

�

�

�

�

z=0
. (5.4)

The exact dependence of the bubble shape on the pressure in the ambient
liquid is described in the next section.

The first step is to nondimensionalize above equations. We rescale all
distances in the problem with the base radius Rb of the bubble, so (denoting
dimensionless variables by a tilde) z̃ = z/Rb, Ã = A/R2

b, etc. The time is
made dimensionless via t̃ = wt and the concentration via c̃ = c/c•. With
these choices [which also fix the dimensionless form of all other quantities
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in the system e.g. p̃ = pc•kH, and provides the proper way to rescale N:
Ñ = N/(R3

bc•)] we find that Eqs. (5.1) and (5.4) take the form:

∂c̃
∂t̃

= e
∂2c̃
∂z̃2 , (5.5)

dÑ
dt̃

= eÃ(t̃)
∂c̃
∂z̃

�

�

�

�

z̃=0
(5.6)

with e = 1/Pe ⌧ 1, where Pe = wR2
b/D is the Péclet number. In a typical ex-

periment (with w = 2p f = 3 · 106rad · s�1, Rb = 10�7m and D = 2 · 10�9m2/s)
the value of the small parameter is e = 0.06. The boundary conditions (5.2)
and (3) in dimensionless form are:

c̃(z̃ = 0, t̃) = p̃amb + p̃ac sin t̃ + p̃L(t̃),
c̃(z̃ ! •, t̃) = 1, (5.7)

where p̃L denotes the non-dimensionalized Laplace pressure.

5.4 Numerical evaluation

In this section we solve the diffusion equation (5.1) with boundary condi-
tions (5.2) numerically. We will find that, under favourable conditions, the
nanobubbles indeed grow under the influence of an ultrasonic field, as in the
experiments. By looking at the obtained concentration profiles c(z, t) we can
identify important properties which we will use when deriving an analytic
solution in section 5.5.

5.4.1 Numerical procedure and nanobubble geometry

To numerically evaluate the diffusion equation (5.1) we define a non-uniform
grid in z, such that the large gradients in c near z = 0 (due to the fast bubble
oscillations) are captured while allowing to evaluate large system sizes by
using a coarser grid far away from the bubble, where the concentration pro-
file is much smoother. The partial differential equation (5.1) is discretized on
this grid to a system of initial value ordinary differential equations, which
are then solved using an explicit, variable time step, Runge-Kutta (Dormand-
Price method) scheme. The timestep is chosen such that during each driving
cycle, the equations are resolved at least six times, and at all timesteps the
boundary condition at z = 0 is explicitly calculated. It is at this boundary
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(z = 0) where the effects of the ultrasound enters the equations, as the shape
and internal pressure of the bubbles are directly affected by the ultrasound
signal. Equation (5.4) is solved in parallel and is affected by the local den-
sity gradient ∂c/∂z at z = 0 and also couples back through the boundary
condition at z = 0, equation (5.2).

Finally, to close the problem we require a relation between the pressure in
the liquid (which is typically the atmospheric pressure plus the (ultrasonic)
driving pressure) and the shape of the bubble at given N(t) and g. For the
gas, we assume the van der Waals equation of state pbub · (V � Nb) = NkBT
to hold, where pbub is the absolute pressure inside the bubble, V the volume
of the bubble, N the number of atoms inside the bubble, b the excluded
volume due to the finite size of the atoms, kB Boltzmann’s constant, and
T the temperature (constant at 300K). The equation describes an ideal gas,
with a correction bN to the volume to account for the fact that a bubble
cannot be compressed to zero volume due to the finite size of the atoms.
The bubble shape is described by a spherical cap, and we assume that the
nanobubbles are pinned, i.e. their contact lines do not move, but the contact
angle q is allowed to vary. Previously, in chapter 4, we showed that the life-
time of pinned nanobubbles is the same as those observed in experiments.
Furthermore, the pinned contact line explains many other special features
of nanobubbles such as their low contact angles (compared to Young’s law),
their resilience to Ostwald ripening, and their ‘superstability’ against tensile
stress shocks [30]. Additionally, there is experimental evidence that the con-
tact line of nanobubbles is not round [31] and that the dimensions of grow-
ing and shrinking nanobubbles vary mostly in height alone, rather than both
height and width as would be the case for unpinned bubbles. Furthermore,
recent optical measurements of a meniscus retracting over surface nanobub-
bles clearly show pinning effects: the meniscus becomes curved as it moves
over a nanobubble [32].

5.4.2 Numerical results

In figure 5.4 the nanobubble content N(t) is shown as a function of time
for two cases. Figure 5.4(a) shows the gas content of a nanobubble in an
acoustic field. In this case, the acoustic driving is insufficient to let the
nanobubble grow and it shrinks. In figure 5.4(b), with the same acoustic
driving (pac = 1.5 atm) but a larger bubble (Rb = 1 µm) we see that the bubble
grows due to rectified diffusion. It is therefore clear that in order to achieve
growth by rectified diffusion, certain conditions have to be fulfilled and it
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Figure 5.4: Nanobubble content N as a function of time t for a nanobubble with
the following parameters: pac = 1.5 atm, g = 0.05 J/m2, c• = patm/kH , and q0 = 10�.
(a) Small bubble, Rb = 100 nm. Although there is some mass-gain due to rectified
diffusion, this is not enough to balance the diffuse outflux under these particular
conditions, so the bubble shrinks. The inset shows some details where clearly the
seperation between the fast timescale (oscillations due to the driving signal) and
the slow timescale (net shrinkage of the bubble) can be seen. (b) Large bubble,
Rb = 1 µm. In this case, the driving pressure of the acoustic signal is strong enough
to overcome diffusive outflux by rectified diffusion and the bubble grows.

is the primary goal of this chapter to form a detailed phase diagram for
nanobubble growth by rectified diffusion.

In figure 5.5 the concentration profile is shown at different times for the
case of a bubble that grows by rectified diffusion. The inset shows a zoom
around z = 0 where the oscillatory behaviour of the bubble is clearly visible
for z < d, with d ⇠ p

D/w. Outside this region (z > d) a much smoother
profile is recovered as all high frequency oscillations caused by the rapidly
expanding and shrinking bubble are damped out. It will turn out that
the shape of this smooth profile determines whether nanobubbles grow or
shrink.

5.5 Analytical derivation of the bubble growth rate

Separation of time-scales

To solve the set of equations (5.5) with boundary conditions (5.7) analyti-
cally, we make use of the fact that there are two distinct timescales in this
problem: (i) the fast timescale t̃ of the pressure oscillations and (ii) the slow
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Figure 5.5: Concentration profiles of dissolved gas calculated numerically using
the method described in section 5.4, in the case of a growing bubble. The dashed
line represents the initial condition, where a small (approx. 0.4µm) region of liquid
above the nanobubble is supersaturated with gas. The solid lines give the concen-
tration profiles with an interval of 250 driving cycles. Already before the first 250

cycles, the concentration profile assumes a shape which it preserved throughout the
simulation: a smooth decay towards c = c• for large z, and at a very small scale
(z < 0.2 µm) some nontrivial shape due to the oscillating bubble. Note that this
oscillatory part of the concentration profile changes shape at the driving rate, but
this cannot be seen in this plot due to the stroboscopic effect: all profiles shown are
such that (t mod 2p/w) = 0. In order to simulate an infinite liquid, the numerical
domain of z extends beyond that shown in the plot here.
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diffusive timescale T = et̃ on which the bubble grows or shrinks. We em-
ploy a method similar to that used by Fyrillas and Szeri [27] and split the
concentration profile into a fast, oscillatory part c̃osc(z̃, t̃) and a slow, smooth
part c̃sm(z̃, t̃) such that c̃ = c̃osc + c̃sm. The main idea in ref. [27] is to reformu-
late the problem such that the net gain or loss of the bubble only manifests
itself in the smooth part of the solution and, consequently, the gain or loss
in the oscillatory part over one period is zero. To achieve this, we need a
non-linear time variable t defined as follows:

t(t̃) ⌘
Z t̃

0
Ã2(t̃0)dt̃0 (5.8)

We use the ˆ symbol throughout to indicate a nondimensional variable which
depends on t instead of t̃. We also split the boundary conditions into an
oscillatory and a smooth part:

ĉ(z̃ = 0,t) = h p̂bub(t)it + [ p̂bub(t)� h p̂bub(t)it] , (5.9)
ĉ(z̃ ! •,t) = 1 + 0 . (5.10)

where h·it denotes the (weighed) temporal average over one oscillation pe-
riod Tac = 2p/w:

h f (t̃)it =

R Tac
0 f (t̃)Ã2(t̃)dt̃
R Tac

0 Ã2(t̃)dt̃
(5.11)

Oscillatory part

We first deal with the oscillatory part of the problem. The problem is now
posed as follows:

∂c̃osc

∂t̃
= e ∂2 c̃osc

∂z̃2 , (5.12)

dÑosc

dt̃
= eÃ(t̃) ∂c̃osc

∂z̃

�

�

�

z̃=0
, (5.13)

with the boundary conditions as indicated in (5.9) and (5.10). By replac-
ing the spatial coordinate z̃ by the rescaled coordinate s = Ã(t̃)z̃ (such that
∂c̃/∂z̃ = Ã∂c̃/∂s and ∂2c̃/∂z2 = Ã2∂2c̃/∂s2) the above two equations are re-
cast into a form that contains Ã2(t̃) on the right hand side of both equa-
tions. Transferring this time-dependent factor to the time derivative, with
Ã2(t̃)dt̃ = dt [which explains our choice for the non-linear time t introduced
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in Eq. (5.8)] we get for the diffusion and mass gain equations for ĉosc(s,t)
and N̂(s,t):

∂ĉosc

∂t
= e ∂2 ĉosc

∂s2 , (5.14)

dN̂
dt

= e ∂ĉosc
∂s

�

�

�

s=0
. (5.15)

We see how the spatial and temporal transformations described above have
resulted into a set of equations without any dependence on the varying
bubble area Ã. From this, it can be inferred that the net mass gain over a
complete oscillation period must necessarily be zero. This becomes explicit
by deriving the full solution of the oscillatory problem, which we derive
below.

First, we decompose the boundary condition into a Fourier series:

ĉosc(s = 0,t) = p̂bub(t)� h p̂bub(t)it

= Â•
m=0 [am coswmt + bm sinwmt], (5.16)

with

wm = 2mp
t(Tac)

= 2mp
R Tac

0 Ã2(t̃)dt̃
. (5.17)

Note that a0 = 0, since it corresponds to the mean value, which is zero:

hĉosc(s = 0,t)it = h p̂bub(t̃)it � hh p̂bub(t)itit = 0. (5.18)

We can now solve the oscillatory problem for each Fourier mode m � 1 to
get:

ĉosc(s,t) = Â•
m=1

⇣

exp
h

��wm
2
�

1
2 s
i

⇥ (5.19)
n

am cos
⇣

ewmt � �wm
2
�

1
2 s
⌘

+ bm sin
⇣

ewmt � �wm
2
�

1
2 s
⌘o⌘

.

The bubble growth over a single cycle associated with the oscillatory part of
the problem is therefore identically zero:

R t(Tac)
0

dN̂
dt0 dt =

R t(Tac)
0 eR3

bc•
∂ĉ
∂s

�

�

�

s=0
dt =

eR3
bc•
R t(Tac)

0 Â•
m=1

�wm
2
�

1
2 [am (sin (ewmt)� cos (ewmt))

+bm (sin (ewmt)� cos (ewmt))]dt = 0 (5.20)

This is a the desired result: by scaling the time and space variables with the
fluctuating area of the bubble, we have managed to move the entire mass
flux towards the smooth solution.



74 CHAPTER 5. RECTIFIED DIFFUSION

Smooth part

The next step is to solve the smooth concentration profile. In this step we
will also need the ‘regular’ time average:

h f (z̃, t̃)it̃ ⌘
1

Tac

Z Tac

0
f (z̃, t̃)dt̃ (5.21)

and we define the slow, non-dimensional timescale

T ⌘ et̃ =
tD
R2

b
. (5.22)

It is instructive to compare the two timescales. The fast time t̃ was non-
dimensionalized with the driving frequency w. The events at this timescale
affect the concentration profile only in a small region near the bubble, see
Eq. (5.19). The slow timescale T represents slow diffusive effects. To achieve
adequate separation between the timescales, which is required to split the
oscillatory and smooth parts, e = 1/Pe must be sufficiently small, as evi-
denced by the definition of T (5.22). We recall the equation to solve:

∂c̃sm

∂t̃
= e

∂2c̃sm

∂z̃2 , (5.23)

and expand c̃sm(z̃, t̃) as follows:

c̃sm(z̃, t̃) = c̃0
sm(z̃, t̃,T ) + ec̃1

sm(z̃, t̃,T ) +O �e2� . (5.24)

With ∂/∂t̃ ! ∂/∂t̃ + e∂/∂T †. Eq. (5.23) then becomes:

∂

∂t̃

⇣

c̃0
sm + ec̃1

sm +O(e2)
⌘

+e
∂

∂T
⇣

c̃0
sm + ec̃1

sm +O(e2)
⌘

= e
∂2

∂z̃2

⇣

c̃0
sm + ec̃1

sm +O(e2)
⌘

. (5.25)

To leading order (e0) this simply yields:

∂c̃0
sm

∂t̃
= 0, (5.26)

†As described in ref. [33]. In this description ∂/∂t̃ is taken at constant T and ∂/∂T is
taken with all quantities that depend on the fast time-scale t̃ averaged over one complete
driving period.
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which tells us that c̃0
sm does not depend on the fast time variable t̃:

c̃0
sm(z̃, t̃,T ) = c̃0

sm(z̃,T ) . (5.27)

The dependence of c̃0
sm on the slow time variable T and z̃ will follow from

the next order equation (e1), which reads:

∂c̃1
sm

∂t̃
+

∂c̃0
sm

∂T =
∂2c̃0

sm
∂z̃2 . (5.28)

To exclude divergence of the expansion (secular behavior) we impose that
⌦

∂c̃1
sm/∂t̃

↵

t̃ = 0, which means that the above equation reduces to an equation
for c̃0

sm(z̃,T ) alone:

∂c̃0
sm

∂T =
∂2c̃0

sm
∂z̃2 (5.29)

where both sides are averaged over one driving cycle. This averaging does
not have to be written explicitly, since these terms are independent of t̃ any-
way (they do not change on the fast timescale). The corresponding boundary
conditions are:

c̃0
sm(z̃ = 0,T ) = h p̂bub(t)it (T ), (5.30)

c̃0
sm(z̃ ! •,T ) = 1. (5.31)

The above problem is a diffusion equation with a time-dependent boundary
condition at z̃ = 0: h p̂bubit (T ).

The full solution for this problem is [34]:

c̃0
sm(z̃,T ) = 1 +

Z T

0

 

z̃(h p̂bubit (T 0)� 1)
p

4p(T � T 0)3
exp



� z̃2

4(T � T 0)

�

!

dT 0 (5.32)

An approximate solution, assuming for the moment hpbubit to be constant,
then gives:

c̃(0,0)
sm (z̃,T ) = 1 + (h p̂bubit � 1) · Erfc

✓

z̃
2
pT

◆

, (5.33)

where Erfc(·) is the complimentary errorfunction 1�Erf(·). In figure 5.6 the
same concentration profiles are plotted as those from the growing bubble in
figure 5.5, nondimensionalized according to eq. (5.33). From this we clearly
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Figure 5.6: Nondimensionalized concentration profiles (based on equation (5.33)).
The plot shows the same data as that in figure 5.5, which clearly collapses onto the
approximated curve (5.33) (indicated by the red line). The small deviations (mainly
at intermediate z̃/

p
4T ) arise due to the fact that hpbubit is not completely constant

in time. It shows, therefore, that the value of hpbubit indeed varies slowly, and a
small error is to be expected due to this assumption.
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see that the approximate smooth solution (5.33) desbribes the numerical re-
sults very well: all profiles collapse on the predicted curve, indicated by the
red line. The small deviations at intermediate z̃/

p
4T are caused by the

time-dependence of hpbubit, which we have ignored in(eq. (5.33).
To evaluate the bubble growth rate we fully evaluate eq. (5.32). Simply

taking the derivative with respect to z̃ will result in singular behaviour of
the gradient at z̃ = 0, so a different approach is required. In order to do
so, we first recognize that eq. (5.32) is a convolution, which is commutative,
and we can exchange T 0 and (T � T 0). Naturally, this also follows from a
substitution of variables. Doing so, and integrating by parts then gives:

c̃0
sm(z̃,T ) = 1 + erf

✓

z̃
2
pT 0

◆

· (h p̂bubit (T � T 0)� 1)
�

�

�

�

T 0=T

T 0=0
�

Z T

0
erf
✓

z̃
2
pT 0

◆

d
dT 0 (h p̂bubit (T � T 0)� 1)dT 0 =

2 + erf


z̃
2
pT

�

(h p̂bubit (0)� 1)� h p̂bubit (T )�
Z T

0
erf
✓

z̃
2
pT 0

◆

d
dT 0 (h p̂bubit (T � T 0)� 1)dT 0 , (5.34)

where we recognize the approximate solution (5.33).
The next step is to derive how the mass gain or loss rate depends on this

solution. First, we take the regular time-average over one cycle at both sides
of Eq. (5.14):

⌧

∂Ñ
∂t

�

t̃
= e

✓⌧

∂c̃0
osc

∂s

�

�

�

�

s=0

�

t̃
+

⌧

∂c̃0
sm

∂s

�

�

�

�

s=0

�

t̃

◆

. (5.35)

We know from the analysis of the oscillatory part of the solution that the
term containing c̃osc does not contribute, and we get after transforming dt
to dt̃ and s to z̃:

⌧

1
Ã2(t̃,T )

dÑ
dT

�

t̃
=

⌧

1
Ã(t̃,T )

∂c̃0
sm

∂z̃

�

�

�

�

z̃=0

�

t̃
. (5.36)

Since both partial derivatives in this expression depend on the slow time-
scale only they are constant over a single cycle and can be taken outside the
h·it̃. We obtain:

dÑ
dT =

⌦

Ã�1(t̃,T )
↵

t̃
⌦

Ã�2(t̃,T )
↵

t̃

∂c̃0
sm

∂z̃

�

�

�

�

z̃=0
. (5.37)
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The derivative of c̃0
sm with respect to z̃ at z̃ = 0 is:

∂c̃0
sm

∂z̃

�

�

�

�

z̃=0
=

h p̂bubit (T = 0)� 1p
pT �

Z T

0

d
dT 0 (h p̂bubit (T � T 0)� 1)p

pT 0 dT 0 .

(5.38)
The above integro-differential equation set (5.37), (5.38) is our desired result,
which characterizes whether bubbles grow or shrink on the long timescale.
Still, equations (5.37), (5.38) must be solved numerically, but this numerical
integration is much less expensive than the brute-force integration of the
diffusion equation.

5.6 Phase space

Static behaviour

From the previous section, specifically equations (5.29), (5.30), and (5.31), it
is evident that bubbles grow by rectified diffusion when:

h p̂bubit < 1 . (5.39)

Note that the saturation concentration c• enters through the nondimension-
alization of the pressure. The dependence of h p̂bubit on Rb and pac is shown
in Fig. 5.7, which because of (5.39) represents a phase diagram where we can
differentiate between shrinking, growing, and cavitating bubbles for bubbles
with q = 20�, at fixed N. The striped region indicates acoustic driving pres-
sures that are so high that at some point during the driving cycle the bubbles
will cavitate. The coloured iso-density lines indicate the parameter-range
for which growth by rectified diffusion can occur, depending on the far-field
concentration c•, parametrized by:

h ⌘ c•kH

patm
. (5.40)

We see that even in undersaturated solutions (h < 1), growth can occur for
large enough (Rb & 1.5µm) bubbles and strong enough acoustic driving.

It is instructive to look at some limiting behaviour. First, we see that
when pac = 0 some bubbles grow. This can only occur in solutions that are
supersaturated relative to the bubble pressure: c• � 2g/(RkH) as there is
no acoustic driving, and these are indeed the recovered values. For Rb ! •
the iso-lines corresponding to h  1 therefore never reach the bottom of
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Figure 5.7: Isodensity contours of h p̂bubit for nanobubbles with equilibrium
(pliq = patm) contact angle q0 = 20� of various sizes Rb and at different acoustic
driving pressures pac in a liquid with surface tension g = 0.03 J/m2. Comparing
the isolines of h p̂bubit against the equivalent pressure of the far-field concentration
c•kH then results in a stability phase diagram. Here, the region above a specific
line denotes the area of growth by rectified diffusion at a specific initial dissolved
gas concentration (characterized by h = c•kH/patm). The striped region indicates
the parameters at which, at some time during one acoustic cycle, the surrounding
pressure pliq becomes so low that the bubble experiences unbounded growth (cavi-
tation). This region is therefore the upper limit for the acoustic pressure amplitude
pac. Therefore, for given bubble size Rb, the iso-line corresponding to the far-field
gas concentration c• indicates the minimal required driving amplitude pac. For a
nanobubble for which Rb = 1µm at mild supersaturation, say: h = 1.2, we therefore
recover growth when patm < pac < 1.5patm.



80 CHAPTER 5. RECTIFIED DIFFUSION

the phase diagram when g > 0. For small bubbles Rb ! 0 the required
supersaturation at finite acoustic driving pressures diverges. This can be
explained by the extremely high curvatures of the liquid-gas interface for
such nanobubbles.

Dynamic behaviour

The analyses above were performed at constant N, and provide great insight
in the required driving pressures and supersaturation to achieve bubble
growth through rectified diffusion. In reality, pac is held fixed while N varies
as bubbles grow or shrink. The corresponding phase diagram is shown in
Fig. 5.8(a). Here, we see that at an acoustic driving pressure of pac = 1.5patm,
various stable and unstable equilibria points exist at varying saturation lev-
els h and bubble sizes Rb. Suppose, for example, a very wide bubble with
Rb = 800 nm in a solution that is only slightly supersaturated: h = 1.1. In
Fig. 5.8(a) several starting contact angles q0(0) are selected. When the bubble
is flat enough (q0 . 27�), the bubble grows or shrinks towards a stable equi-
librium at ⇠ 6�. Bubbles for which q0 & 27� experience unbounded growth
until they reach the cavitation regime. In Fig. 5.8(b) the numerically calcu-
lated result of Eqs. (5.37) and (5.38) are shown for these starting point, con-
firming the behaviour expected from the phase diagram. Using this phase
diagram, therefore, we can predict the asymptotic behaviour in time of any
surface (nano)bubble. The nondimensional time T = 6 · 104 in Fig. 5.8(b)
corresponds to real-time t = 38.4 s.

We can now compare the full numerics from section 5.4, specifically fig-
ure 5.4 where h = 1, with the phase diagram in figure 5.8. We see that the
results agree qualitatively. The smaller of the two bubbles (Rb = 100 nm, fig-
ure 5.4(a)) indeed shrinks as also predicted in the phase diagram. The larger
of the two bubbles (Rb = 1 µm, figure 5.4(b)) was found to grow. Indeed,
we find in the phase diagram that for h = 1 at q = 10� we should expect
unbounded growth until the bubble cavitates. This cavitation regime is not
reached in the full numerics because of the limited time-range accessible
using this method.

Comparison with experiments

In this section, we compare the results discussed above with the experimen-
tal results from section 5.2. We note that, due to approximations (e.g. the 1D
flat bubble-approximation) and unknown parameters in the experiment (e.g.
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Figure 5.8: Phase diagram for bubble growth/shrinkage at fixed driving pressure
pac/patm = 1.5. Each line indicates the boundary between growth (right) and shrink-
age (left) at given saturation level h of nanobubbles of different lateral sizes Rb and
(equilibrium) contact angles q0. Note that q0 is a monotonically increasing function
with N, i.e. the contact angle of growing bubbles always increases. The red arrows
indicate the behaviour in time for a bubble with a lateral size of Rb = 0.8 µm in a
slightly supersaturated solution (h = 1.1). For q0 . 6� the bubble grows towards
an equilibrium size. For 6� . q0 . 27� the bubble shrinks towards the same equi-
librium size. If the bubble is larger, q0 & 27� the bubble experiences unbounded
growth and ends up in the cavitation regime. If the same bubble were placed in
a solution where h = 1.2 the bubble would always experience unbounded growth
whereas if it were placed in a solution where h = 1 the bubble would shrink until it
has disappeared.
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Figure 5.9: Threshold values at which growth by rectified diffusion can occur. (a)
At given footprint radius Rb, bubbles can only grow when h > h⇤. Smaller bubbles
require higher gas concentrations. (b) Similarly, smaller bubbles also require higher
acoustic driving pressures.

supersaturation level and distribution, acoustic pressure) we cannot expect
quantitative agreement. Therefore, we discuss the quantitative similarities
between the model and the experiments.

First, we check whether growth by rectified diffusion can realistically be
expected in the experimental situation from sect 5.2. For example: What
amount of supersaturation is required to be able to induce growth by rec-
tified diffusion for nanobubbles of a certain size? We evaluate h p̂bubit at
the cavitation threshold (dashed line in Fig. 5.7), which indicates the left-
side boundary in the phase-diagram, and gives the minimum value of h,
denoted h⇤, for which growth by rectified diffusion can occur. The result is
shown in Fig. 5.9(a). The dependence of critical supersaturation h⇤, where
we see that, when the acoustic driving is maximal (tuned just below the
strength where cavitation would occur) larger bubbles (Rb & 1.5µm) do not
require a supersaturated liquid. For surface nanobubbles with Rb ⇡ 100 nm,
a supersaturation of approximately 60% is required at an acoustic driving
pressure of pac ⇡ 1.5 atm. Although the exact amount of supersaturation
in the experiments is unknown, a value of 60% is not unrealistic at all as
the air-equilibrated solvent was heated prior to the experiments. Further-
more, the ethanol-water exchange process used to generate nanobubbles also
leads to supersaturation. We can also check whether the required driving
pressure pac is close to the approximate pac = 1.5patm in the experiments.
The required driving pressure to sustain growth at the saturation level h⇤ is
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shown in Fig. 5.9(b). We see that in order to sustain growth for the smaller
nanobubbles, an increasingly higher driving pressure is required. This is to
be expected because the Laplace pressure becomes stronger as the bubble is
smaller. For the experimental value, we see that a bubble with Rb ⇡ 80 nm
can be sustained. Although this is on the large side for surface nanobubbles,
the order of magnitude is correct which is all that can be expected given the
approximations and unknowns.

5.7 Conclusion

We have theoretically shown and quantified that the nanobubble growth
found in the experiments discussed in section 5.2 and in ref. [1] can in-
deed be caused by rectified diffusion. At the given experimental conditions,
nanobubbles with footprint sizes of order 10-100 nm indeed grow, given that
the acoustic driving is strong enough. We have provided a detailed phase
diagram that shows that bubbles can either shrink, experience unbounded
growth or grow/shrink towards an equilibrium radius, depending on the
driving parameters. Future work should be focused on a geometrically more
accurate description of the nanobubbles: Particularly the effect of neighbor-
ing nanobubbles. In the case of driving, we have seen that complex con-
centration profiles develop around the nanobubbles (cf. Fig. 5.5) which may
affect nearby nanobubbles. Additionally, it was found that some nanobub-
bles move across the substrate during the application of ultrasound. This is
a particularly interesting effect, from which we can learn whether, and how
strongly, nanobubbles are pinned. A more elaborate discussion on this can
be found in chapter 11 of this thesis.
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6
Why is surface tension a force parallel to the

interface? ⇤

A paperclip can float on water. Drops of mercury refuse to spread on a surface. These
capillary phenomena are macroscopic manifestations of molecular interactions, and
can be explained in terms of surface tension. For students, the concept of surface
tension is quite challenging since the microscopic intuition is often in conflict with
the common macroscopic interpretations. In this chapter we address a number of
conceptual questions that are often encountered when teaching capillarity. By an-
swering these questions we provide a perspective that reconciles the macroscopic
viewpoints, from thermodynamics or fluid mechanics, and the microscopic perspec-
tive from statistical physics.

6.1 Basic concepts and problems

Capillarity is one of the most interesting subjects to teach in condensed mat-
ter physics, as its detailed understanding involves three otherwise separated
domains: macroscopic thermodynamics [1–3], fluid mechanics and statistical
physics [4]. The microscopic origin of surface tension lies in the intermolec-

⇤Published as: A. Marchand, J. H. Weijs, J. H. Snoeijer, and B. Andreotti, “Why is surface
tension a force parallel to the interface?”, Am. J. Phys. 79, 999 2011
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ular interactions and thermal effects [5, 6], while macroscopically it can be
seen as a force acting along the interface or an energy per unit surface. In the
present article we discuss the link between these three aspects of capillarity,
on the basis of simple academic examples. We first discuss the standard
problems faced by students – and many researchers – in the understanding
of surface tension. We will see that the difficulty of understanding surface
tension forces is often caused by the improper or incomplete definition of a
system on which the forces act. We bring up four basic questions, such as the
one raised in the title, which are answered in the rest of the article. Contrary
to many textbooks on the subject, this provides a picture that reconciles the
microscopic, thermodynamic and mechanical aspects of capillarity.

6.1.1 The interface

Thermodynamic point of view

Following the pioneering work of Gibbs [7], we introduce surface tension
as the excess free energy due to the presence of an interface between bulk
phases. Let us consider a molecule in the vicinity of an interface, for ex-
ample near a liquid-vapor interface. The environment of this molecule is
manifestly different from the molecules in the bulk. This is usually repre-
sented schematically by drawing the attractive bonds around molecules, as
shown in Fig. 6.1. One clearly sees from this picture that approximately half
of the bonds are missing for a molecule at the interface, leading to an in-
crease of the free energy. One thus defines the surface tension from the free
energy F per unit area:

gLV =

✓

∂F
∂A

◆

T,V,n
, (6.1)

for a system of volume V containing n molecules at temperature T. Hence,
gLV is the energy needed to increase the interfacial area by one unit. Its
dimension is [gLV] = M.T�2 (mass per time squared) and it is usually ex-
pressed in N/m (force per unit length) or J/m2 (energy per unit area).

It is instructive to estimate the magnitude of surface tension, which must
be of the order of the bond energy e divided by the cross section area s2 of
a molecule – s is a fraction of nanometer. For oils, interaction through van
der Waals interactions leads to e ⇠ kBT ' 1

40 eV and thus gLV ⇠ 0.02 N/m.
For water, hydrogen bonds lead to a higher value gLV ⇠ 0.072 N/m. For
mercury, the high energy bonds (e ⇠ 1 eV) lead to a high surface tension
gLV ⇠ 0.5 N/m.
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Figure 6.1: Sketch showing the ‘missing’ intermolecular bonds close to the liquid-
vapor interface. This gives rise to an increase in free energy per unit area, i.e. the
surface tension.

Figure 6.2: Sketch showing surface tension as a force per unit length exerted by one
subsystem on the other. The system on which the forces act is the dotted region.
The force is parallel to the interface and perpendicular to the dividing line.

Mechanical point of view

In fluid mechanics, the surface tension is not defined in terms of a surface
energy but rather as a force per unit length. In the bulk of a fluid at rest,
two sub-parts of a fluid exert a repulsive interaction on one another, which
is called the pressure. If the surface separating these two subsystems crosses
the liquid-vapor interface, an additional force needs to be taken into account:
surface tension. As shown in Fig. 6.2, the surface tension is a force tangent to
the surface and normal to the contour separating the two subsystems. The
total force is proportional to the width of the contour, which we will call W
throughout the paper. Contrarily to pressure, surface tension is an attractive
force.

The link between mechanics and thermodynamics is provided by the vir-
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tual work principle. If one moves a contour of width W by a length dl, the
area of the interface of the subsystem considered increases by Wdl. Con-
sequently, the free energy is increased by gLVWdl. The free energy should
equal the work done by the surface tension force, which means that this
force must be parallel to the interface, normal to the contour and have a
magnitude gLVW. Per unit length, the tension force is thus gLV.

On the other hand, the link between mechanics and statistical physics is
much less obvious for students. One clearly sees in Fig. 6.1 that the molecule
at the interface is submitted to a net force (which would be represented by
the sum of the vectors) along the direction perpendicular to the interface.
However, we just argued from the mechanical point of view, that the force is
parallel to the interface. This leads to the first key question of this article:
• Q1: Why is surface tension a force parallel to the interface while it is so obvious
that it must be perpendicular to it?

6.1.2 The contact line

Thermodynamic point of view

A standard experimental method for determining the liquid-vapor surface
tension is to measure the force required to pull a metallic plate (usually
made of platinum) out of a liquid bath. This force is related to the liquid-
vapor surface tension gLV, as is usually explained by the diagram of Fig. 6.3a.
Imagine that the plate is moved vertically by a distance dl. The area of the
liquid-vapor interface does not change by this motion, so the corresponding
interfacial energy is unaffected. However, the motion does lead to a decrease
of the immersed solid-liquid interface area, by W dl, while the solid-vapor
interface increases by the same amount. In other words, part of the wetted
surface is exchanged for dry surface. This leads to a variation of the free
energy dF = (gSV � gSL)W dl, where gSV and gSL are the solid-vapor and
solid-liquid surface tensions respectively. This energy is provided by the
work done by the experimentalist, due to the force required to displace the
plate by dl. Hence, this force must be equal to (gSV � gSL)W.

To relate this force to the value of the liquid-vapor surface tension gLV,
one has to invoke Young’s law for the contact angle q. When the three
interfaces (between solid, liquid and vapor) join at the contact line, the liquid
makes contact with the substrate at an angle q given by[8]:

gLV cosq = gSV � gSL. (6.2)
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Figure 6.3: (a) Experimental method to determine the liquid-vapor surface tension.
The force per unit length needed to pull a plate from a bath of liquid is equal to
gLV cosq, where q is the equilibrium contact angle. (b) A classical way to interpret
Young’s law as a force balance of surface tensions. Question 2: Why is there no
force balance in the normal direction? Question 3: Why do we draw a single sur-
face tension force in the left panel (gLV) while there are three in the right panel
(gLV,gSV,gSL)?

With this, the force exerted on the plate can be expressed as W gLV cosq, and
can thus be used to design a tensiometer.

Mechanical point of view

From the mechanical point of view, we can interpret this force as the surface
tension acting parallel to the liquid-vapor interface. By symmetry, the total
force exerted on the solid is vertical (the horizontal components add up
to zero). Projecting the surface tension force on the vertical direction and
multiplying by the length W of the contact line, one indeed gets W gLV cosq.

By a similar argument one usually interprets Young’s law for the con-
tact angle as the balance of forces at the contact line (Fig. 6.3b). By pro-
jection along the direction parallel to the solid substrate, one obtains gSL +
gLV cosq = gSV, which is the same as equation (6.2). This force interpretation
is a common source of confusion for students:
• Q2: From Fig. 6.2b, there seems to be an unbalanced force component in the ver-
tical direction gLV sinq. What force is missing to achieve equilibrium?
• Q3: Why does one draw a single force acting on the contact line in the case of the
plate (Fig. 6.3a), while for Young’s law we need to balance all three forces (Fig. 6.3b)?

Actually, when measuring a surface tension using the plate technique,
one often uses a platinum plate to be sure that the liquid completely wets
the solid. In that case, however, gSV � gSL > gLV and Young’s law does not
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apply! Then, the thermodynamic and mechanical approaches give conflict-
ing answers:
• Q4: In the situation of complete wetting, is the force on the plate given by gLV or
by gSV � gSL?

6.1.3 Answers

Before addressing these points in detail, we start with a short overview of
the answers to the questions raised above. We emphasize that the thermo-
dynamic result (i.e. from the virtual work principle) always gives the correct
total force. If one wants to know the local force distribution, which cannot be
extracted from thermodynamics, it is imperative that the system on which
the forces act is properly defined. Confusion regarding the forces is often
caused by an improper or incomplete definition of such a system.
• A1: The schematic of Fig. 6.1 represents only the attractive intermolecular forces.
The real force balance requires both repulsive and attractive interactions between
liquid molecules.

To answer the questions related to the contact line it is crucial to specify
the system of molecules on which the forces are acting:
• A2: In Young’s law, the system on which the forces act is a corner of liquid
bounded by the contact line. gLV is indeed the force exerted on this system inside the
liquid-vapor interface, but the forces exerted by the solid on the corner are incomplete
in Fig. 6.3b. An extra vertical force on the liquid, caused by the attraction of the
solid, exactly balances the upward force gsinq.
• A3: To obtain the force on the plate, the system to consider is the solid plate. In
this case, the force exerted by the liquid on the solid is in fact equal to gLV cosq per
unit length.
• A4: The correct vertical force on the plate is W gLV cosq. In the case of complete
wetting (q = 0), the virtual work principle can be applied, but only when taking
into account the prewetting film.

6.2 Microscopic interpretation of capillarity

6.2.1 The liquid state

To address the origin of capillarity, we first have to understand how a liquid
phase and a vapor phase can coexist. This goes back to the work of van
der Waals who derived an equation of state for fluids that can account for a
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Figure 6.4: Lennard-Jones intermolecular potential f. The interaction is strongly
repulsive for intermolecular distances r < s, where s reflects the ‘hard-core’ of the
molecules. At large distances the molecules are attracted to one another. The gray
arrow points to the presence of thermal fluctuations, which, in a liquid, lead to
substantial variations of the intermolecular distance.

liquid-gas phase transition[5, 9]:

P =
kT

v � b
� a

v2 . (6.3)

Here P is the pressure, v the volume per molecule, and T the tempera-
ture. This equation of state corrects the ideal gas law to incorporate the
effect of intermolecular forces. The constant b introduces repulsion between
molecules as an excluded volume effect: the pressure diverges when the to-
tal volume per molecule reaches a minimal size b. In this limit the molecules
are densely packed and constitute a liquid phase. In this phase, the volume
per molecule no longer depends on pressure, which means that the liquid
phase is incompressible. Ultimately, this effect comes from the repulsion
of the electron clouds of the molecules, due to Pauli exclusion principle in
quantum mechanics. The constant a represents the long-range attraction be-
tween molecules which finds its origin in the dipole-dipole interaction (van
der Waals attraction).

Van der Waals’s equation of state (6.3) explains how a low density gas
phase can coexist with a high density liquid phase. This coexistence requires
the pressures to be identical on both sides of the interface, despite the strik-
ing difference in density. In a gas, where v = vg is large, most of the energy
is of kinetic origin (a/v2

g ⌧ P): the pressure is P ' kT/vg. In the liquid
phase the volume per unit molecule is almost in the incompressible limit:
v = vl ⇡ b. This strong repulsive effect (kT/(vl � b)� P), however, is coun-
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terbalanced by the presence of attractions (a/v2
l � P) so that, for the same

temperature, the pressure in the liquid phase can be in equilibrium with the
pressure in the gas phase. This gives rise to a stable liquid-vapor interface.

How can a liquid at the same time be repulsive and attractive? A single
pair of atoms can of course only attract or repel each other, depending on
the distance separating their two nuclei. This interaction is shown schemati-
cally in Fig. 6.4. The steep potential reflects the short-range repulsion, while
the negative tail of the potential represents the long-range attraction. This
means that the balance of attractive and repulsive interactions in (6.3) only
has a statistical meaning: some particles are in an attractive state while oth-
ers are in a repulsive state. This property of ‘simultaneous’ repulsion and
attraction is what makes a liquid very different from a solid: in an elastic
solid, molecules in the same region are either all compressed (if the solid is
submitted to an external compression), or all attracted to each other (if the
solid is submitted to an external tension).

The difference between a solid and a liquid can be traced back to the
importance of thermal fluctuations, i.e. the kinetic energy of the molecules.
In the solid phase, these fluctuations are relatively small with respect to the
potential energy, i.e. kBT ⌧ e, where e is the energy scale for the intermolec-
ular forces. As a consequence the system only explores a small region of the
potential. Hence the solid is either in the compressed or in the tensile state.
On the other hand, the liquid phase is characterized by large fluctuations,
for which kBT ⇠ e. A broad range of the potential is therefore sampled by
molecules in the same region of space (Fig. 6.4). Finally, the case kBT � e
corresponds to a gas phase of weakly interacting particles that is dominated
by kinetic energy.

6.2.2 The liquid-vapor interface: Question 1

The force of surface tension

Let us now consider the liquid-vapor interface in more detail. Figure 6.5a
shows a snapshot of the interface obtained in Molecular Dynamics simula-
tions of molecules that interact through a Lennard-Jones potential [10, 11].
The corresponding time-averaged density profile is plotted in Fig. 6.5b. The
transition from the high density liquid to the low density gas takes place in
a very narrow region that is a few molecules wide. In order to determine
the capillary forces we need to divide the system along the direction nor-
mal to the interface into two subsystems (see Fig. 6.5a). One considers the



6.2. MICROSCOPIC INTERPRETATION OF CAPILLARITY 95

0 0.5 1

-10

-5

0

5

10

15
-0.25 0 0.25 0.5

-15

Figure 6.5: The liquid-vapor interface. The vertical axis is in units of the molecular
scale s. (a) Snapshot of Lennard-Jones simulation of a liquid-vapor interface. (b)
Time-averaged normalized density profile r⇤(z) across the interface. (c) Tangential
force per unit area exerted by the left part on the right part of the system. Techni-
cally speaking, the plot shows the difference P = pNN � pTT between the normal
and tangential components of the stress tensor.

force per unit area, called the stress, exerted by the left subsystem on the
right subsystem as a function of the vertical position z. This stress can be
decomposed into two contributions: the pressure P, which we recall to be
the same in the vapor and the liquid bulk, plus an extra stress P(z) acting
along the direction parallel to the interface, plotted in Fig. 6.5c. The profile
of this stress anisotropy shows that there is a force localized at the interface,
acting in the direction parallel to the interface. This force spreads over a
few molecular scales, which is also the typical thickness of the density jump
across the interface. The integrated contribution of this force is indeed equal
to gLV per unit length, the surface tension. This shows that surface tension
really is a mechanical force.

Having seen that in our simulations there is a parallel force localized at
the interface, let us turn to Question 1. Why is the tension force parallel
and not normal to the interface? First, we note that Fig. 6.1 only depicts the
attraction between molecules. A more complete picture also incorporates
the repulsive forces in the internal pressure, as sketched as dashed arrows
in Fig. 6.6. Away from the surface there is perfect force balance due to the
symmetry around the molecule. Near the interface, however, the up-down
symmetry is broken. To restore the force balance in the vertical direction,
the upward repulsive arrow (dashed) has to balance with the downward at-
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Figure 6.6: Sketch showing repulsive (dashed black arrows) and attractive (gray
arrows) forces in the bulk and at the surface.

tractive arrow (solid). In the direction parallel to the interface the symmetry
is still intact, thus automatically ensuring a force balance parallel to the in-
terface. This means that along the direction parallel to the interface, there is
no reason why the attractive forces should have the same magnitude as the
repulsive forces. As described above, we find that in practice, the attractive
forces are stronger, which indeed give rise to a positive surface tension force.

Separate roles of attraction and repulsion

However, we still need to explain why these intermolecular forces give rise
to such a strong tension along the surface. This question was previously
addressed by Berry[6], who noted the separate roles of attraction and re-
pulsion. The key observation is that, to a good approximation, the repul-
sive contribution to the pressure is isotropic while attraction is strongly
anisotropic. This is because the repulsion is very short ranged due to the
hard core of the molecules, and can therefore be thought of as a “contact
force". As such, repulsion is not very sensitive to the changes in molecular
structure near the interface and is equally strong in all directions. By con-
trast, the long-range nature of the attractive forces make them very suscep-
tible for the molecular structure. This is the origin of the observed pressure
anisotropy near the interface that generates the surface tension force.

To see how this works out in detail it is useful to divide the liquid into
two subsystems using control surfaces parallel to the liquid-vapor interface,
as shown in Fig. 6.7a. The force exerted on the dotted subsystem by the
rest of the liquid results from the superposition of attractive (vertical gray



6.2. MICROSCOPIC INTERPRETATION OF CAPILLARITY 97

arrows) and repulsive (dashed black arrows) interactions (Fig. 6.7a). As the
subsystem is at equilibrium, these attractive and repulsive components must
balance each other. The magnitude of the attractive force increases with the
size of attracting region – this is because the density increases as one moves
from the vapor towards the liquid phase. The magnitude of the attraction
saturates to the bulk value when the control surface is a few molecular sizes
from the interface. We then divide the liquid into two subsystems using a
control surface perpendicular to the liquid vapor interface (Fig. 6.7b). One
can now use that the repulsive short-range forces are isotropic. This means
that the magnitude of repulsion (dashed black arrows) exerted by the left
side on the subsystem (dotted region) increases with depth in a way analo-
gous to that in Fig. 6.7a. By contrast, the strength of attraction has a much
weaker dependence on depth – for the sake of simplicity we draw it at a
constant magnitude that equals the attraction in the bulk. As a result, there
indeed is a net attraction of the subsystem by the rest of the liquid (dark
gray arrow in Fig. 6.7c).

6.2.3 The liquid-solid interface

Forces near the liquid-solid interface

We now consider the liquid-solid interface (see Fig. 6.8). Here, two effects
superimpose. First, due to the presence of the solid, there is a lack of liquid
in the lower half-space (hatched region in Fig. 6.8). This missing liquid
induces an anisotropy of the attractive liquid-liquid force in the same way
as it does in the case of the liquid-vapor interface. Therefore, as in Fig. 6.7c,
the left hand side of the liquid exerts a net attractive force gLV per unit
length on the right hand side subsystem. The second effect is due to the
liquid-solid interaction. In the same way as with the liquid-vapor interface,
we divide the liquid into two subsystems using a control surface parallel to
the interface, as shown in Fig. 6.8a. The attraction by the solid (gray arrow)
decreases with the distance and is perfectly balanced by a short range liquid-
liquid repulsive force (dashed arrows). Now, we divide the liquid into two
subsystems using a control surface perpendicular to the liquid solid interface
(Fig. 6.8b). Assuming once more that the liquid-liquid repulsion is isotropic,
the left part of the liquid exerts a net repulsive force on the right subsystem
(dotted region). This force is induced by the influence of the solid and,
perhaps surprisingly, it is not equal to gSL. Instead, it has been shown[11]
that this force is equal to gSV + gLV � gSL, and this will be motivated in more
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Figure 6.7: Forces exerted on a subsystem of liquid (dotted region) by the rest of the
liquid (gray region without dots) (a) The subsystem considered is the lower part of
the liquid and is separated from the interfacial zone by a line parallel to the liquid-
vapor interface. The subsystem (dotted region) is submitted to an attractive force
(gray arrows) and a repulsive force (dashed black arrows) exerted by the rest of the
liquid (gray region without dots). They must balance each other. (b) The liquid is
now divided along a line perpendicular to the interface. The subsystem considered
(dotted region on the right) is submitted to an attractive force (gray arrows) and
to a repulsive force (dashed arrows) exerted by the rest of the liquid (gray region
without dots).As the repulsive force is isotropic, it has the same magnitude as in
(a) and therefore decays close to the surface. On the contrary, the attractive force is
nearly constant and remains almost unchanged close to the surface. (c) This leads
to a net attractive force from one side on the other.

detail below.
To combine these two effects, we subtract the unbalanced attractive force

due to the absent liquid (gLV) from the repulsive force due to the solid (gSV +
gLV � gSL) to find the net repulsive force between the subsystems: gSV � gSL.

Solid-liquid interaction and the surface tensions

Let us motivate why the strength of the solid-liquid interaction does not cou-
ple directly to the solid-liquid surface tension gSL, but to the combination
gSV + gLV � gSL[1]. Note that this feature will also be crucial for understand-
ing the wetting phenomena discussed in the following section.

The solid-liquid surface tension represents the free energy needed to
create a solid-liquid interface. To make such an interface, one first has to
“break" a bulk solid and a bulk liquid into two separate parts, and then
join these solid and liquid parts together. This breaking of liquid is de-
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Figure 6.8: Forces exerted by the solid (dashed line) on a subsystem of liquid (dot-
ted region). On these schematics, the attractive liquid-liquid interactions already
treated in Fig. 6.7, are not considered. (a) The liquid subsystem is semi-infinite. It is
delimited by a line parallel to the liquid-solid interface, at different distances above
it. The subsystem (dotted region) is submitted to an attractive force (gray arrows)
exerted by the solid and to a repulsive force (dashed arrows) exerted by the rest
of the liquid (gray region without dots). As the subsystem is in equilibrium, they
must balance each other. (b) The liquid is now divided along a line perpendicular
to the interface. Only the horizontal force components are shown. The solid exerts
no horizontal attraction. As the repulsive interactions are isotropic, this results into
an horizontal repulsive force exerted by one side on the other.

picted schematically in Fig. 6.9a (it works similarly for the solid). The cor-
responding energy is the “work of adhesion" ALL due to liquid-liquid at-
tractions (ASS for the solid). This gives rise to a surface tension 2gLV = ALL
(2gSV = ASS), since the liquid (solid) is connected to a vacuum at this in-
termediate stage. When joining the solid-vacuum and liquid-vacuum inter-
faces, the attractive solid-liquid interaction will reduce the surface energy
by the solid-liquid work of adhesion ASL (Fig. 6.9b). Hence, the resulting
solid-liquid surface tension becomes

gSL = gSV + gLV � ASL. (6.4)

From this one finds that, indeed, the strength of the solid-liquid adhesion
reads

ASL = gSV + gLV � gSL = gLV(1 + cosq). (6.5)

In the last step we used Young’s law for the equilibrium contact angle. As
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Figure 6.9: Relation between adhesion work and surface tensions. (a) To split a
liquid volume into two semi-infinite volume, one has to create two liquid-vacuum
interfaces. It costs an energy ALL = 2gLV. (b) To create a solid-liquid interface one
first needs to create a liquid-vacuum and solid-vacuum interface, which costs an
energy gSV + gLV. Joining the liquid-vacuum and solid-vacuum interfaces yields an
energy reduction ASL = gSV + gLV � gSL due to the solid-liquid attraction.

a consequence, the capillary forces induced by solid-liquid attractions will
have a magnitude ASL = gLV(1 + cosq) and not gSL.

6.3 Microscopic interpretation of wetting

The question of the force balance is even more intricate in the vicinity of
the contact line, where the liquid-vapor interface meets a solid. It is crucial
to note that the contact line itself does not represent any material: it is a mathe-
matical line that marks the separation between wetted and dry parts of the
solid. The question “What is the force on the contact line?" is thus ill-posed,
since there are no molecules on which such a force would act. As a matter
of fact, only a material system (a collection of matter) can be submitted to
a force. Therefore, care should be taken to properly define the systems that
play a role near the contact line: the liquid near the contact line and the
solid underneath it. In the following sections we will show how a careful
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Figure 6.10: Solid and liquid forces acting on a liquid subsystem (dotted regions)
near the contact line. (a) Sketch of a wedge of liquid near the contact line with
the three forces exerted on the system. (b) Each of the three corners of this system
must be treated differently. The upper right corner is at the liquid vapor interface.
Following Fig. 6.7, the rest of the liquid exert a net attractive force parallel to the
interface equal to gLV per unit length. The lower right corner is at the liquid solid
interface. Following Figs. 6.7 and 6.8, the rest of the liquid exerts a repulsive force
gSV � gSL. The liquid near the solid-liquid interface is attracted by the solid, this
force is balanced everywhere by repulsion at the solid-liquid interface, except in the
vicinity of the contact line.

consideration of all the forces on the appropriate material systems will lead
to proper force balances, consistent with the thermodynamic predictions.

All results and sketches provided in this section, some of which may ap-
pear counterintuitive, are backed up by a Density Functional Theory model
for microscopic interactions [12, 13] and molecular dynamics simulations,
see e.g. chapter 7.

6.3.1 Force on a liquid corner: Question 2

Let us consider the forces on the wedge-shaped liquid corner in the vicinity
of the contact line, as shown in Fig. 6.10. Choosing this subsystem, we will
now explain Young’s force construction from Fig. 6.3b and answer Question
2: What happens to the force balance normal to the solid-liquid interface?
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There are two types of forces acting on the liquid molecules inside the
subsystem: interactions with the solid and interactions with other liquid
molecules outside the subsystem. We first consider the solid-on-liquid forces.
One can immediately see that, since the solid spans an infinite half space,
every liquid molecule experiences a resultant force that is oriented purely
normal to the solid-liquid interface: the left-right symmetry of the solid en-
sures that there is no force component parallel to the interface. Far from the
contact line at the solid-liquid interface, this attractive force is balanced by a
repulsive force, as discussed in Fig. 6.8. However, since the repulsive force
is continuous and zero outside the droplet, the repulsive force must decay
close to the contact line. This means that there is an unbalanced attractive
force that is strongly localized in the vicinity of the contact line. It has been
shown[14] that this force per unit length is equal to gLV sinq. The existence
of this force has recently been challenged[15, 16]. To show that this force
indeed must exist to achieve equilibrium, we consider the droplet shown in
Fig. 6.11. Choosing the drop as the system, and recognizing that the force in
the interior of the droplet at the liquid-solid interface (small arrows) is due
to the Laplace pressure 2gLVk (with k the curvature 1/R), the attractive force
at the contact line must be exactly gLV sinq to achieve a force balance[17–21].
This provides the answer to Question 2: the downward solid-on-liquid force
is not drawn in Fig. 6.3b. This missing force has often been interpreted as a
reaction from the solid [2], whose existence is demonstrated experimentally
by the elastic deformation of soft solids below the contact line[20–23]. Here,
we clarify the molecular origin of this normal force [14].

To finalize the force construction near the contact line we return to the
wedge shown in Fig. 6.10b. Since the solid can only exert a normal force
on the liquid, all parallel force components drawn in Young’s construction
are purely due to the liquid molecules outside the corner. The force drawn
along the liquid-vapor interface can be understood directly from the tension
gLV inside the liquid-vapor interface (cf. the discussion of Fig. 6.7). A similar
force arises at the solid-liquid interface (Fig. 6.8), which, however, is repul-
sive and has a magnitude gSV � gSL, as explained in the previous section.
Including these forces gives a perfect force balance on the liquid corner, as
seen in Fig. 6.10a. In fact, one can easily verify that even the resultant torque
(or force moment) is zero for this force construction. As such, it provides a
more physical alternative to the classical picture of Young’s law.



6.3. MICROSCOPIC INTERPRETATION OF WETTING 103

Figure 6.11: Forces acting on a system, in this case a liquid drop (dotted area).
The system is in equilibrium so the sum of all (external) forces must be zero. Due
to Laplace pressure, there is a repulsive force exerted by the solid on the liquid
across the liquid-solid interface (upward black arrows). In the vicinity of the contact
line, repulsion and attraction of the liquid by the solid do not balance each other.
Therefore, the solid attracts the liquid with a vertical force equal to gLV sinq per
unit length (downward dark gray arrows).

6.3.2 Liquid-on-Solid force: Question 3

The measurement of surface tension in Fig. 6.3a directly relies on the force
exerted by the liquid on the solid plate. Again, we emphasize the importance
of a proper definition of “the system” on which the forces act, and in this
case this is the solid on which the liquid rests. The situation is thus very
different from the forces on the liquid corner, which are in equilibrium and
experiences a zero resultant force. This difference between systems provides
the key to Question 3. In Fig. 6.3a, the total force exerted by the liquid on
the solid is represented by the resultant ~gLV, while Fig. 6.3b represents the
balance of the forces acting on the liquid wedge.

Forces near the contact line

Once again, we turn to the microscopic description of the forces in the vicin-
ity of the contact line. It turns out that the normal component of the force
exerted on the solid is equal to gLV sinq, consistent with the macroscopic pic-
ture of a tension along the liquid-vapor interface. However, the parallel com-
ponent of the liquid-on-solid force does not have the expected magnitude
gLV cosq, but gLV + gSV � gSL = gLV (1 + cosq). This can be understood as
follows. Fig. 6.12a illustrates that the tangential force component originates
from the long-range attraction between solid and liquid molecules. In the
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Figure 6.12: Forces acting on the solid subsystem (hatched areas) by the liquid
(gray areas) near the contact line. (a) Distribution of forces acting on the solid near
the contact line. Due to the attraction of the liquid, the solid is attracted towards
the liquid (solid gray arrows). The absence of liquid on the left part of the contact
line ensures the tangential force is always towards the liquid, even for q > 90�. The
repulsion (dotted arrows) arises from the contact force at the solid-liquid interface.
Far from the contact line, repulsion and attraction balance each other. (b) Resultant
force acting on the solid near the contact line. The net normal force is gLV sinq, and
the parallel force gLV + gSV � gSL = gLV(1 + cosq).

previous section we already demonstrated the strength of this solid-liquid
adhesion to be ASL = gLV (1+ cosq). Hence, there is no reason why the total
force on the solid should be gLV cosq. Indeed, the DFT calculation confirms
a tangential liquid-on-solid force of magnitude ASL = gLV (1 + cosq)[14].

The physics of this surprising result is nicely illustrated by Fig. 6.12.
The macroscopic intuition that the resultant surface tension force is pulling
along the liquid-vapor interface would predict a force to the left whenever
the contact angle q > 90�. However, it is clear from the sketch of the attractive
forces that the sum of all parallel components must be oriented towards the
liquid (right side in the figure). This stems from the asymmetry between the
amount of liquid attracting the solid molecules on both sides of the contact
line: there are always more liquid molecules on the right side of the contact
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Figure 6.13: Forces acting on a solid at the solid-liquid interface. (a) Without
liquid, there is neither repulsion nor attraction. (b) When liquid is present there is
repulsion and attraction. However, the repulsion is not completely balanced in this
curved interface, as there is more liquid than in a plane geometry. (c) The resulting
force per unit surface is gLVk where k is the curvature of the liquid (positive in
this case), equivalently to the Laplace pressure. It only shows a dependency on the
liquid-liquid interactions as it is only the absence of liquid that is relevant to the
curvature.

line in this figure. This is consistent with a parallel force gLV (1 + cosq), but
not with a force gLV cosq (which changes sign at 90�). Note that when con-
sidering the force exerted by the solid on the liquid, this asymmetry does not
occur since the solid is left-right symmetric, therefore there is no tangential
component. This once more illustrates that a detailed force interpretation
crucially relies on the definition of the system.

Global force balance: curvature of solid-liquid interface

To solve this apparent discrepancy with the thermodynamic result one has
to consider all the forces exerted by the liquid on the solid, i.e. not just the
forces near the contact line. The key point is that the submerged solid bod-
ies cannot be flat everywhere and must have curved pieces of liquid-solid
interface. If the interface separating the solid from the liquid is flat, the
net normal force is locally zero as repulsion balances attraction (far away
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from the contact line). However, when this interface is curved, a repulsive
force inside the liquid is enhanced due to the curvature of the solid-liquid
interface, in a way similar to the Laplace pressure. As shown in Fig. 6.13,
the presence of a curved half-space of liquid acts on the solid, and creates
an unbalanced liquid-on-solid force gLVk per unit area. Here k is the local
curvature (inverse radius of curvature) of the solid. Interestingly, DFT calcu-
lations [14] show that the resultant pressure couples only to gLV and not to
gSL. As we show below, this is exactly what is needed to restore consistency
between microscopic and thermodynamic forces.

An excellent demonstration of this effect is the long debated case of a
‘floating-pin’ under zero-gravity, as shown in Fig 6.14. Whereas a floating
pin in a system with gravity leaves a visible depression in the liquid-vapor
interface near the contact line (cf. Fig. 6.14e), the zero-gravity condition en-
sures that the interface has a constant curvature, i.e. it is straight every-
where. This means that the vertical position depends on the equilibrium
contact-angle alone, and not on the density ratio of the involved materials.
As discussed in Fig. 6.12, the liquid-on-solid force near the contact line is not
oriented along the liquid-vapor interface, but points towards the interior of
the liquid. This creates a resultant downward force that has to be compen-
sated to restore equilibrium. Additionally, the curvature of the solid-liquid
interface creates a normal force distributed over the whole immersed surface
of the solid of magnitude gLVk per unit surface (cf. Fig. 6.14a). Integrating
over the curvature of the submerged surface from one contact line to the
other then gives the resultant of the Laplace pressure:

gLV

Z 2

1
k~ndS = gLV(~t2 +~t1) , (6.6)

where~t1 and~t2 are the unit vectors tangential to the pin, pointing upwards.
Therefore, the resultant is orientated upwards and is equal to 2gLV sinq per
unit depth (see Fig. 6.14b). It balances exactly the downward forces induced
close to the contact lines (Fig. 6.12b), hence the pin is in equilibrium. Impor-
tantly, this result is independent of the shape of the body (see Fig. 6.14d).

The same principle applies to the partially wetted plate of Fig. 6.3a: the
force exerted by the fluid on the plate results from two contributions, as
shown schematically in Fig. 6.15c. First, there is the vertical force compo-
nent (per unit length) due to the vicinity of the contact line: g(1 + cosq) (cf.
Fig. 6.12). Second, there are submerged surfaces of the plate where a local-
ized curvature exists at the corners. This curvature induces a Laplace force
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Figure 6.14: Capillary forces on immersed objects. (a) Schematic of a pin floating
at the surface of a liquid under partial wetting conditions and in zero-gravity. The
downward thin gray arrows are the forces exerted by the liquid on the pin located
in the vicinity of the contact line. The small light gray arrows show the Laplace
pressure gLV k acting on the solid, due to the curvature k of the solid-liquid inter-
face. (b) q denotes the contact angle and~t1 and~t2 are two unit vectors tangential to
the pin, pointing upwards, at the two contact lines. (c) The thick gray arrows show
the resultants of the capillary forces detailed in (a), which apply on each half of
the pin. They reduce to forces tangential to the liquid-vapor interface at the contact
lines. Note that this schematic does not show the distribution of capillary forces.
(d) Distribution of the capillary forces in the case of an irregular shape. Since the
integral over the curvature is equal to the sum of the two tangential vectors at the
contact lines, the resultant is independent of the shape of the body. It is thus the
same as in (c). (e) Pin floating at the surface of a liquid under gravity. The upward
thick gray arrows are the resultants of capillary forces. They balance the effect of
gravity (corrected by the Archimedes force), shown as the downward black arrow.
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on the pin (see Fig. 6.14d) which results into a net upward force gLV per unit
length of contact line which means the total force (per unit length of contact
line) on the plate is gLV cosq, in agreement with the thermodynamic result.

6.3.3 Complete wetting: Question 4

In the case of complete wetting, Young’s law for the contact angle is no
longer applicable. Instead, the apparent contact angle q vanishes because
the three surface tensions do not balance each other:

gSV � gSL > gLV . (6.7)

Physically, there is no real contact line in this configuration (Fig. 6.15b), but
there is a meniscus where the liquid-vapor interface approaches the solid.
Beyond the meniscus, there exists a mesoscopic liquid film called a pre-
wetting film, which covers the solid completely (Fig. 6.15d). The existence
of an apparent contact line is only due to the effect of gravity: on a flat
surface, the liquid would simply spread. The interface between the liquid
and vapor phases consequently presents two regions. In the lower region,
the meniscus can be described by the balance between the Laplace pressure
and the gravity potential

gLVk = rgz , (6.8)

where z is the height above the bath (thus, no additional constant needed)
and k the curvature of the interface. Introducing the capillary length `g =
p

gLV/rg this equation can be written as: `2
gk = z. In the upper region, there

is the pre-wetting film whose thickness h(z) is determined by the balance be-
tween the gravity potential and the disjoining pressure P(h). The disjoining
pressure is by definition the potential energy per unit volume at the surface
of a liquid layer of thickness h, therefore the balance reads[1]:

P(h) = rgz . (6.9)

As the pre-wetting film is very flat, the contribution of Laplace pressure can
be neglected (k = 0) in this regime. The disjoining pressure scales as:

P(h) ' (gSV � gSL � gLV)s2

h3 ,

for films where h � s, where s is a length on the order of the molecular size.
The disjoining pressure vanishes in the limit case gSV = gSL +gLV, which can
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Figure 6.15: (a-b) Force per unit length of the contact line needed to keep a plate
in equilibrium in a bath in partial (a) and complete wetting (b). (c) Partial wetting.
The vertical force at the contact line, equal to gLV(1 + cosq), is balanced by the
Laplace pressure induced by the curvature of the plate. Note that any plate shape
would lead to the same resultant force as the integral of the curvature over the
surface reduces to the local tangents at the contact line (see Fig. 6.14d). (d) Complete
wetting case. Due to the mesoscopic pre-wetting film, of which the thickness is
exaggerated in the picture, there is no contact line, thus there is no force located near
the apparent macroscopic contact line. The forces are related only to the Laplace
pressure: the curvature of the solid gives a zero resultant force, as it is completely
immersed in the liquid, and the curvature of the liquid is acting on the solid only
in the pre-wetting zone — as it is compensated by gravity in the meniscus. The
resultant force per unit length is then equal to gLV.
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be interpreted as the situation for which the interaction is the same with the
liquid and with the solid. Then, one indeed does not expect any influence
of the thickness h on the energy.

Equating gravity and disjoining pressure (eq. 6.9), we obtain the thick-
ness profile in the pre-wetting region:

h(z) '


(gSV � gSL � gLV)s2

rgz

�1/3

In the vicinity of the apparent contact line, where the two zones must match,
the thickness is thus of order l1/3

g s2/3. As lg is millimetric and s nanometric,
h is mesoscopic (h ' 100 nm). From the microscopic point of view, the solid
is then completely surrounded by a semi-infinite layer of liquid (h � s).
Therefore, the only forces acting on a solid in complete wetting are normal
contact forces, such as Laplace pressures. There are no contact line forces
such as those described in Fig. 6.12b.

The forces exerted by the liquid on the solid are then related, as pre-
viously, to the curvature of the liquid-solid interface but also, inside the
pre-wetting film, to the curvature of the liquid-vapor interface (Fig 6.15d).
Integrated over the whole submerged solid, the curvature of the solid gives
a zero resultant force, whereas the curvature of the liquid is only integrated
where the pre-wetting film exists. As a result, the resultant force is vertical
and has an amplitude gLV per unit length of the apparent contact line.

This result is indeed consistent with the thermodynamic perspective.
Since the solid is covered by a liquid layer much thicker than the molec-
ular size the surface tension above the apparent contact line is not gSV but
gSL + gLV: the plate is always completely submerged. In essence, this means
that the plate never leaves the liquid bath when the plate is pulled upwards.
When moving, there is no change of the solid-vapor interfacial area (it re-
mains zero) or of the solid-liquid interfacial area (which is simply the total
area of the plate). The only change occurs at the liquid-vapor interfacial
area, which is increased, and the required pulling strength is thus gLV per
unit length of the apparent contact line.
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6.4 Conclusion

6.4.1 Summary

In this article we have raised simple questions about capillarity that many
students face. By studying the interfaces from a microscopic perspective, we
were able to provide answers to these questions, and also reconcile thermo-
dynamics and statistical physics.

We have provided a mechanical perspective about why there exists an
attractive force parallel to interfaces: surface tension. The absence of liquid
creates an attractive anisotropic force within a few molecular lengths from
the interface whereas the repulsion remains isotropic and scales with the
local density of the fluid. The attractive anisotropy leads to a strong localized
stress parallel to the interface called surface tension. This occurs at liquid-
solid interfaces as well, where there is also a half-space of liquid missing.

The problems when constructing force pictures in capillarity often arise
from the improper definition of a system on which the forces act. Consider-
ing a corner of liquid near the contact line as a system, we have proposed
here an alternative to Young’s construction (Fig. 6.3b). The analysis allows to
locate and understand the different forces, in particular the attractive force
exerted by the solid. This new force constructions leads to a perfect mechan-
ical equilibrium: vectorial force balance and torque balance.

When looking at the force that is exerted by the liquid on the solid near
the contact line we find that, surprisingly, this force is not gLV cosq, but
gLV(1 + cosq). Moreover, a normal stress is exerted in all the regions of
any curved solid-liquid interface: the liquid pulls the solid when the latter
is convex. This force is equivalent to the usual Laplace pressure. One has
to take both these forces into account, to obtain the net force from the ther-
modynamic result. The advantage of this microscopic force description is
that it provides a simple answer to an academic problem which has become
controversial in the last decade: the floating pin paradox [15, 16, 24].

The drawings and several relations presented in this chapter are based
on results obtained using the Density Functional Theory in the sharp-kink
approximation[14], which allows to make quantitative predictions of the
force distributions in the liquid and in the solid. .
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6.4.2 Teaching perspective

We realize that the detailed picture of microscopic forces is not necessarily
the most accessible for teaching purposes. In particular when introducing
the basic concepts of capillarity, it is much simpler to work from the thermo-
dynamic perspective: energy minimization naturally yields the equilibrium
conditions, while the resultant forces can be computed from the virtual work
principle. Nevertheless, our analysis provides a number of insights that are
useful when teaching capillarity:

• To determine “capillary forces" it is crucial to explicitly specify the
system (= collection of matter) to which the forces are applied.

• The surface tensions gSL and gSV do not pull on the solid.

• The global force exerted on the solid by the liquid can be computed by
adding the contributions of (Laplace) pressure inside the liquid and a
localized tension force gLV parallel to the liquid-vapor interface. While
this gives the correct answer, it does not reflect the true microscopic
distribution of liquid-on-solid forces.

• By contrast, the resultant force on the liquid near the contact line does
involve the three surface tensions gLV,gSL and gSV.

• The classical construction of Fig. 6.3b to explain Young’s law does not
accurately represent the force balance. A complete picture is provided
in Fig. 6.10a.

We hope in particular that the force construction of Fig. 6.10a will find its
way to the classroom to explain Young’s law (6.2). It is conceptually simple,
it clarifies the “system" to which forces are applied, and represents a perfect
mechanical equilibrium. Namely, besides a balance of normal and tangential
components, the forces also exert a zero torque.

Finally, we note that the virtual work principle yields the correct resul-
tant force on a solid, but that it cannot recover the true microscopic force
distribution. The knowledge of such a force distribution is crucial when one
wants to take into account how a solid is elastically deformed by the con-
tact line [17–19]. Even though these deformations can be as small as a few
nanometers, these can be measured due to the advent of modern experimen-
tal techniques [20–23]. This experimental access renews the fundamental
interest in the microscopic details of capillarity [14].



REFERENCES 113

References

[1] P.-G. de Gennes, Wetting - Statics and Dynamics, Rev. Mod. Phys. 57, 827

(1985).

[2] P.-G. de Gennes, F. Brochard-Wyart, and D. Quéré, Capillarity and Wet-
ting Phenomena (Springer, New York, 2004).

[3] D. Bonn, J. Eggers, J. Indekeu, J. Meunier, and E. Rolley, Wetting and
spreading, Rev. Mod. Phys. 81, 739 (2009).

[4] J. Kirkwood and F. Buff, The Statistical Mechanical Theory of Surface Ten-
sion, J. Chem. Phys. 17, 338 (1949).

[5] J. S. Rowlinson and B. Widom, Molecular Theory of Capillarity (Dover
publications, Mineola, NY, 1982).

[6] M. Berry, The Molecular mechanism of surface tension, Physics Educations
6, 79 (1971).

[7] J. W. Gibbs, The Collected Works of J. Willard Gibbs (Yale University Press,
London, 1957), p. 288.

[8] T. Young, An Essay on the Cohesion of Fluids, Philos. Trans. 95, 65 (1805).

[9] J.-P. Hansen and I. R. McDonald, Theory of Simple Liquids (Academic
Press, Waltham, MA, 2006).

[10] J. Indekeu, Line Tension near the Wetting Transition - Results from an Inter-
face Displacement Model, Physica A 183, 439 (1992).

[11] M. Nijmeijer, C. Bruin, A. Bakker, and J. Van Leeuwen, Wetting and
drying of an inert wall by a fluid in a molecular-dynamics simulation, Phys.
Rev. A 42, 6052 (1990).

[12] C. Bauer and S. Dietrich, Quantitative study of laterally inhomogeneous
wetting films, Eur. Phys. J. B 10, 767 (1999).

[13] T. Getta and S. Dietrich, Line tension between fluid phases and a substrate,
Phys. Rev. E 57, 655 (1998).

[14] S. Das, A. Marchand, B. Andreotti, and J. H. Snoeijer, Elastic deformation
due to tangential capillary forces, Phys. Fluids 23, 072006 (2011).



114 REFERENCES

[15] R. Finn, The contact angle in capillarity, Phys. Fluids 18, 047102 (2006).

[16] R. Finn, Comments related to my paper “The contact angle in capillarity”,
Phys. Fluids 20, 107104 (2008).

[17] A. Rusanov, Theory of wetting of elastically deformed bodies. 1. Deformation
with a finite contact angle, Coll J. USSR 37, 614 (1975).

[18] A. Carre, J. Gastel, and M. Shanahan, Viscoelastic effects in the spreading
of liquids, Nature 379, 432 (1996).

[19] L. R. White, The contact angle on an elastic substrate. 1. The role of disjoining
pressure in the surface mechanics, Journal of Colloid and Interface Science
258, 82 (2003).

[20] R. Pericet-Camara, G. K. Auernhammer, K. Koynov, S. Lorenzoni, R.
Raiteri, and E. Bonaccurso, Solid-supported thin elastomer films deformed
by microdrops, Soft Matter 5, 3611 (2009).

[21] R. Pericet-Cámara, A. Best, H.-J. Butt, and E. Bonaccurso, Effect of Cap-
illary Pressure and Surface Tension on the Deformation of Elastic Surfaces
by Sessile Liquid Microdrops: An Experimental Investigation, Langmuir 24,
10565 (2008).

[22] Y. Wang, B. Bhushan, and X. Zhao, Nanoindents produced by nanobubbles
on ultrathin polystyrene films in water, Nanotechnology 20, 045301 (2009).

[23] Y.-S. Yu and Y.-P. Zhao, Elastic deformation of soft membrane with finite
thickness induced by a sessile liquid droplet, Journal of Colloid and Interface
Science 339, 489 (2009).

[24] I. Lunati, Young’s law and the effects of interfacial energy on the pressure at
the solid-fluid interface, Phys. Fluids 19, 118105 (2007).



7
Origin of line tension for a Lennard-Jones

nanodroplet ⇤ †

The existence and origin of line tension has remained controversial in literature. To
address this issue we compute the shape of Lennard-Jones nanodrops using molecular
dynamics and compare them to density functional theory in the approximation of
the sharp kink interface. We show that the deviation from Young’s law is very
small and would correspond to a typical line tension length scale (defined as line
tension divided by surface tension) similar to the molecular size and decreasing with
Young’s angle. We propose an alternative interpretation based on the geometry of
the interface at the molecular scale.

7.1 Introduction

The development of microfluidics in the last decade has renewed the inter-
est for a thermodynamical concept introduced by Gibbs in his pioneering
article: line tension [1]. By analogy with surface tension, which is by defi-

⇤Published as: J.H. Weijs, A. Marchand, B. Andreotti, D. Lohse, and J.H. Snoeijer, “Origin
of line tension for a Lennard-Jones nanodroplet.”, Phys. Fluids 23, 022001 (2011).

†The MD simulations in this chapter are part of the present thesis. The DFT work was
done by Antonin Marchand.
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nition the excess free energy per unit surface of an interface separating two
phases, line tension is the excess free energy per unit length of a contact line
where three distinct phases coexist. The variation of a system free energy F
therefore presents three contributions, a bulk contribution when the volume
V is varied, a surface contribution when any interface area Si is varied and
a line contribution when the contact line length L is varied:

dF = PdV + Â
i

gidSi + tdL . (7.1)

Here, we use a summation to indicate that one has to take all interfaces
into account (liquid-solid, liquid-vapour, and solid-vapour). The stability of
deformable surfaces, such as a liquid-vapor or liquid-liquid interface, neces-
sarily requires a positive surface tension. Although the shape of the contact
line is deformable as well, the line tension cannot be inferred from a stabil-
ity argument [2]. In addition, there are conceptual problems defining line
tension properly [3, 4].

The simplest system in which a line tension effect may be observed is a
liquid drop on a solid substrate, in partial wetting conditions. Consider a
drop whose shape is a spherical cap characterised by its contact line radius
R – seen from the top – and its contact angle q. The drop volume is V =
1
3 pR̃3 �2 � 3cosq + cos3 q

�

, the liquid-vapour area SLV = 2pR̃2(1� cosq), the
solid-liquid area SSL = pR2 and the contact line length L = 2pR. Here we
defined R̃ as the radius of curvature of the spherical cap: R̃ = R/sinq, see
also Fig. 7.1. When minimizing the free energy with respect to q at constant
volume (PdV = 0), one gets [5]:

cosq =
gSV � gSL

g
� t/g

R
= cosqY � t/g

R
, (7.2)

where qY is the Young contact angle and gSL, gSV , g the solid-liquid, solid-
vapour, and liquid-vapour surface tension, respectively. Note that (7.2) only
holds for spherical cap-shaped droplets – the contact line of a cylinder-
shaped drop has zero curvature, which means that the contact angle q is
unaffected by line tension and independent of drop size. In this derivation,
we did not take any interface curvature effects into account (such as Tolman-
corrections on g), if these become comparable in magnitude to line tension
the measured t from eq. 7.2 cannot be considered ‘pure’ line tension, but
rather an apparent line tension [3, 4]. From (7.2) one can see that when t is
positive, drops will present a larger contact angle than Young’s angle.



7.1. INTRODUCTION 117

Figure 7.1: Schematic of two drops of same size, one cylindrical cap shaped (left)
and the other spherical cap shaped (right). For small volumes, the contact angle q
for the spherical cap is affected by line tension, while q is constant for the cylindrical
cap.

Theoretical predictions on the strength of line tension are based on cal-
culating the free energy (per unit length) associated with the contact line,
using statistical mechanics (e.g. using density functional theory [6, 7]) or
a model based on interface displacement [8, 9]. These analyses predict the
value of line tension to be in the range 10�12 to 10�10 J/m. Of particular
interest is the behaviour near the wetting transition (q ! 0), for which t can
vanish or diverge depending on the details of the interaction [10–13].

A large amount of experimental work has been done to determine the
magnitude of line tension. The most direct way is to measure the contact
angle as a function of contact line curvature, and thus droplet size [14–18].
Using the modified Young-equation from (7.2) t can then be calculated. Due
to the small length scales involved for the measurement of t, the observed
values for t vary greatly in magnitude: both negative and positive values as
low as 10�11 J/m and as high as 10�5 J/m have been reported. The reason for
the huge variation is that determining the contact angle is notoriously diffi-
cult due to contact angle hysteresis caused by surface inhomogeneities [19].
The slightest amount of surface inhomogeneities can cause a severe overes-
timation of t. Indeed, contaminated surfaces can even lead to an apparent
change of sign of t [20, 21]. Historically, droplets were used to measure line
tension. Recent developments on surface nanobubbles allowed to detect a
similar size dependence of the contact-angle of the nanobubbles [22–25]. Be-
cause of the difficulty of exact contact angle measurements at the required
scale (1-100 nm), alternative methods have been developed, for example by
calculating the effective potential near the contact line by measuring the de-
viation of the liquid surface from a wedge shape [26, 27]. For reviews on



118 CHAPTER 7. LINE TENSION

experimental methods and results see refs. [11, 16].
In this chapter we adopt the usual experimental method to determine

the line tension, by measuring q against 1/R, in a theoretical setting. We
will perform this measurement for different equilibrium contact angles qY,
to study the dependence of the line tension length (`) on qY. The tension
length is defined as:

` ⌘ � t

g
. (7.3)

Since we always find negative values of t for the Lennard-Jones drops stud-
ied in this chapter, the minus sign is added to ensure that the tension length
is always positive.

We perform these measurements for both 3D (spherical cap-shaped) and
2D (cylindrical-shaped) droplets, to compare similar sized droplets with and
without contact line curvature. In the first part of this chapter, we investi-
gate line tension by means of molecular dynamics simulations of a Lennard-
Jones droplet, which has the added advantage that no assumptions have to
be made as is required for most analytical approaches. In this sense, these
simulations are like an experiment, but with unprecedented accuracy and
without surface inhomogeneity. Since the expected tension length is of the
order of the molecular size, the problem also has the right scale for molecu-
lar dynamics. Line tension has been observed in molecular dynamics studies
before [28, 29], but a systematic study has to our knowledge not been carried
out. In the second part of the chapter, we analyse the existence and origin of
line tension using the density functional theory (DFT) in the approximation
of the sharp kink interface. Finally, we will calculate the line tension using
a geometric interpretation based on missing bonds in a wedge-shaped inter-
face. We show that the deviation from Young’s law is very small and would
correspond to a line tension of a fraction of the molecular size.

7.2 Nanodrops from Molecular Dynamics

7.2.1 Numerical setup

We perform Molecular Dynamics (MD) simulations on nanodrops, using the
Gromacs software package [30]. We simulate binary systems in which two
types of particles exist: fluid particles that can move around either in the
gas or liquid phase, and solid particles which are frozen on an fcc lattice
and constitute the solid substrate,Fig. 7.3(a). The simulations are done in the
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Figure 7.2: Interaction potentials f(r) for the Lennard-Jones particles (7.4) (solid
line) and the potential r(1)r(2)gr(r)f(r) used for the DFT-calculations (7.17)
(dashed). Note that the DFT potential is regularized to account for vanishing gr(r)
when r ! 0.

NVT-ensemble, where the temperature is held at 300K using a thermostat,
which is below the critical point for a Lennard-Jones fluid with the inter-
action strengths used. All particle interactions are defined by the Lennard-
Jones (LJ) potential:

fLJ
ij (r) = 4eij

"

✓

sij

r

◆12
�
✓

sij

r

◆6
#

, (7.4)

see also Fig. 7.2. Here, eij is the interaction strength between particles i and
j and sij the characteristic size of the molecules. This size is chosen the same
for all interactions, sij = s. The potential function is truncated at a relatively
large radius (rc = 5s) where fLJ is practically zero. The timestep is chosen at
dt = s

p
m/ell/200, with m the mass of the particles. The fluid particles are

initially positioned on an fcc-lattice near the substrate, but are free to move
around and relax towards an equilibrium droplet shape (Fig. 7.3). Periodic
boundary conditions are present in all directions. To study the effect of line
tension we consider two different systems. In the "3D" case the dimensions
of the system are chosen large enough to ensure that the droplet does not
interact with itself, resulting in an isolated droplet with the shape of a spher-
ical cap. In the "2D" case the system size in the x-direction (parallel to the
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substrate) is only 15s leading to an infinitely long cylindrical-cap shaped
droplet. The small length is required to suppress the Rayleigh-instability,
which is only effective at wavelengths l > 2pR. Now, as there is no contact
line curvature, line tension has no effect.

The wettability of the substrate (and thus, the equilibrium contact angle)
is tuned through the parameter ratio eLS/eLL, where the subscript indicator
S denotes the solid (fixed) particles and L the liquid particles. A higher value
for eLS/eLL results in a large attraction of fluid particles to the substrate, and
thus a more wetting substrate. A range of contact angles can be explored
in this way, as shown in table I. The obtained contact angles and compare
well to those found in previous studies [31, 32]. Depending on the size of
the droplet, the effect of layering inside the liquid (Fig. 7.3) limits the range
where reliable contact angle measurements can be performed. In practice,
this limits the analysis to contact angles larger than approximately 70�.

7.2.2 Cylindrical vs spherical caps

Fig. 7.3(a) shows the shape of two nano-drops (qY = 65�) with similar radii R
(as seen from the top), but with a different geometry. The cylindrical droplet
on the left is formed in the quasi-2D system (several periods shown). The
spherical cap shaped droplet on the right is simulated in a fully 3D system.
Fig. 7.3(b) shows the isodensity contours from the same droplets. One ob-
serves that these cross-sectional shapes are already very similar, indicating
that line tension is indeed a weak effect, even for such nanodrops. We will
now perform careful and precise contact angle measurements in order to
quantify line tension.

7.2.3 Measurement of contact angle

To perform precise contact angle measurements we first compute the density
field by averaging over time and over space (translational or rotational sym-
metry). During this averaging, we compensate for any center of mass motion
of the droplet parallel to the substrate by moving the droplet such that the
center of mass is stationary throughout the averaging procedure. When the
droplet has reached its equilibrium state (Fig. 7.3), the density profiles are
calculated by time-averaging over 1,000,000-10,000,000 time steps until the
density field has converged. Using real world parameters for Argon as the
fluid this would correspond to 2 - 20 nanoseconds. This leads to droplet
shapes as shown in the bottom row of Fig. 7.3. The part of the droplet that
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2D 3D

Figure 7.3: (a) Snapshots from Molecular Dynamics simulations of a 2D, cylindrical
cap-shaped droplet (left), and a 3D, spherical cap-shaped droplet (right). The light
spheres represent the immobilized solid particles, forming the substrate to which
the droplet attaches. The darker spheres represent the mobile fluid particles. The
lines are a guide to the eye. Several periods of the 2D droplet are shown (periodic
boundary conditions), causing the same particle to be printed multiple times. These
drops were simulated using identical interaction parameters ( eSL

eLL
= 2

3 ) qY ⇡ 65�),
and differ in shape only because of the difference in the periodic boundary condi-
tions. (b) Isodensity contours measured using statistical averaging from the droplets
shown in the top row. The contact angle and overall shape of the two drops is almost
identical, requiring a precise measurement to observe the effect of line tension.
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is close to the substrate is subject to layering [32]: the density oscillates as a
function of height. To avoid interference from this effect, we ignore this part
of the droplet when determining the contact angle: we perform a circular fit
through the top part of the spherical cap, and extrapolate towards the sub-
strate (which is defined to be s/2 above the top row of substrate atoms) to
find q and R. Fig. 7.4(a) shows these fits through some isodensity contours
(r⇤ = 0.3,0.5,0.7).

This leads, however, to a new problem: which isodensity should one
choose? As can readily be seen from Fig. 7.4(a) it turns out that the width of
the interface cannot be neglected, and choosing different isodensity contours
results in different values for the q and R. To overcome this problem, we use
the data from the cylindrical droplets to determine which isodensity contour
to use. From a macroscopic perspective, the cylindrical caps are not affected
by line tension (q = qY). It turns out that this property is obeyed by the Gibbs
dividing surface at r⇤ = 0.5, where r⇤ is a parametrized version of the local
density given by:

r⇤(~r) =
r(~r)� rV

rL � rV
. (7.5)

Here, rL and rV are the bulk densities of the liquid and vapour phase, re-
spectively. We note that although line tension does not affect cylindrical
droplets, other curvature effects (such as the Tolman-correction on g and the
effect of the increased Laplace-pressure on gsl) do play a role. The baseline
established by this methodology is therefore not based on ‘pure’ line tension,
but rather an apparent line tension in which all these effects are combined.
This is in line with previous experimental work, where this distinction could
also not be made.

To improve statistics, we have also used the remaining isodensity con-
tours. This can be done since the density profile across the interface is accu-
rately fitted by (Fig. 7.4(b)):

r⇤ =
1
2

✓

1 + tanh
✓

R0 � r
w

◆◆

, (7.6)

where R0 is the point where the density is halfway between the liquid value
and the vapour value (r⇤ = 0.5). w is a fit parameter that defines the width
of the liquid-vapour transition. Since the circular fits are concentric (they
share a common center point, C in Fig. 7.4(a)) we can easily transform any
isodensity contour to the reference contour. For this, we calculate the radial
distance from the contour towards the reference contour using (7.6). The
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result of this transformation for the spherical droplet from Fig. 7.3 is shown
in Fig. 7.4(c), where we see that the contour shapes indeed collapse and can
now all be used to determine the contact angle. The spread of these values
for different r⇤ are used to determine the error of the measurements.

7.2.4 Results: tension length

0 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16
-0.62

-0.60

-0.58

-0.56

-0.54

Figure 7.5: cosq vs sR�1 for cylindrical (open symbols) and spherical (filled sym-
bols) drops for cosqY =�0.60 (⇡ 127�). The dashed lines are linear fits through the
data points, and the solid lines are the solutions obtained using DFT described in
section 7.3. The top two (red) lines represent the 3D-data, whereas the bottom two
(green) lines the 2D-data. The diamond at 1/R = 0 indicates Young’s law, calculated
independently by determining the surface tensions of the three interfaces: g, gSL,
gSV . The difference between the slopes of the 2D and 3D fits quantifies the tension
length `. Note that for this particular equilibrium contact angle, MD and DFT agree
quantitatively on the tension length.

Figure 7.5 shows the relation between the contact angle defined as de-
scribed above and the drop radius for different sized droplets. Young’s an-
gle qY was independently calculated from independent measurements of the
surface tensions [33] of planar interfaces, under the same simulation condi-
tions as the droplet simulations. This is shown as the diamond symbol at
1/R = 0. One can observe that the contact angle does not present any vari-
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Figure 7.6: Tension length ` vs qY for spherical drops. Square symbols are the
molecular dynamics results, triangle symbols are the results from the self-consistent
Density Functional Theory model discussed in section 7.3.1. These data points were
acquired by measuring the contact angle for different drop sizes, meaning they rep-
resent an ‘apparent’ line tension. The solid and dashed lines also result from DFT,
assuming a wedge-shaped geometry near the contact line: eqs. (7.25), (7.26), (7.27).
For the self-consistent DFT data the characteristic lengths are determined analyti-
cally: zLL = zLS = ps/4. The resulting curve is the solid line. The characteristic
lengths for the MD data are acquired by fitting: zLL = 3.5s, zLS = 0, represented by
the dashed line.

eLS/eLL qY qDFT ` (s)
0.33 129 ± 1.0� 109� 0.36 ± 0.02
0.40 117 ± 1.2� 102� 0.82 ± 0.03
0.47 106 ± 1.3� 94� 0.99 ± 0.09
0.53 95 ± 1.8� 86� 1.39 ± 0.20
0.60 84 ± 1.5� 78� 2.01 ± 0.18
0.67 74 ± 1.8� 71� 3.34 ± 0.32

Table 7.1: MD results as shown in Fig. 7.6. The ratio eLS/eLL was varied to obtain
the tension length ` for different equilibrium contact angles qY. qDFT is the contact
angle resulting from the interaction ratio according to the DFT-model described in
Sect. 7.3.
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ation with drop size in the cylindrical cap case, which is consistent with the
macroscopic picture. By contrast, the spherical drops exhibit a decreasing
contact angle for small radii (large R�1), which according to (7.2) is consis-
tent with a negative line tension t. A negative value of t means that the
contact line has the tendency to expand – a larger contact line length leads
to a decrease in q under the constant volume constraint. The solid line cor-
responds to the density functional theory in the sharp kink approximation
that will be discussed below.

The difference between the slopes of the 2D- and 3D-fits in Fig. 7.5
(dashed lines) is equal to the tension length, ` ⌘ �t/g, which is defined
to be positive for negative values of t (see (7.3)). For this equilibrium con-
tact angle (qY = 127�) we find ` = 0.36s. Now, by varying the interaction
ratio eLS/eLL we measure ` for varying qY. The result is shown in table 7.1
and in Fig. 7.6 by the square symbols. Whatever qY, the tension length turns
out to be positive (so t is always negative) and very small – of the order of
the atomic size s. The tension length recovered from the MD simulations
is a decreasing function of qY, indicating that the effect is stronger when
the wedge formed by the liquid in the vicinity of the contact line is sharp.
The other curves in Fig. 7.6 result from DFT, and will be discussed in the
following sections.

7.3 Origin of line tension effect

In this section we study line tension in the framework of Density Functional
Theory using the sharp kink approximation. Once more, the strategy is to
determine the equilibrium shapes of 2D and 3D drops and to compare their
contact angles. Starting from the basic equations of DFT we first motivate
the form of the free energy functional in Sec. 7.3.1. Some of the assumptions
are directly tested using Molecular Dynamics simulations. We then derive
the equilibrium condition for the capillary pressure (Sec. 7.3.2) and describe
the numerical scheme that was used to solve the equilibrium shapes of the
drops (Sec. 7.3.3). The numerical results are presented and interpreted in
detail in Secs. 7.3.4 and 7.3.5.

7.3.1 Density Functional Theory in the sharp kink approximation

The primary idea of Density Functional Theory (DFT) is to express the grand
potential W = U � TS � µN = F � µN as a functional of the particle density
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r and to perform a functional minimisation for a given µ and T. For an ideal
gas, the free energy functional is known explicitly

Fid[r] = kT
Z

r
⇥

ln(rL3)� 1
⇤

d~r , (7.7)

but this is not the case for general liquids. Let us denote f(~r1,~r2) or f(r)
as the additive pair potential between particles at ~r1 and ~r2 with distance
r = |~r2 �~r1|. From a grand canonical averaging, one can show (see e.g. refs.
[34, 35])

dW
df(~r1,~r2)

=
1
2

r(2)(~r1,~r2) =
1
2

r(~r1)r(~r2)g(~r1,~r2) , (7.8)

where r(2) is the two-body density distribution function and g the pair cor-
relation function. This relation can be used to construct the free energy for
non-ideal systems. Introducing a coupling parameter l in front of the inter-
action, the free energy can be constructed by integration as:

F[r] = Fid[r] +

1
2

Z 1

0
dl
Z

d~r1

Z

d~r2r(~r1)r(~r2)gl(~r1,~r2)f(|~r2 �~r1|) .

(7.9)

Here gl is the pair correlation function in a system of same geometry and
same volume, for which the interaction is lf(r).

Although exact, this expression cannot be used as it is, as gl is not
known. For a practical approximation of the energy functional, one can
separate the thermodynamic non-ideality in contributions due to attractive
and repulsive components of the intermolecular potential. As the repul-
sive forces have a very short range, their effect is mainly local. Using the
Local Density Approximation, the repulsive contribution can be estimated
from the Helmoltz energy density fr(r) in a uniform system of density r at
temperature T, composed of purely repulsive molecules. The attractive Van
der Waals interactions, fatt, can then be treated as a perturbation, assuming
that the pair correlation function remains mostly that of the purely repulsive
reference system, gr(~r1,~r2). The free energy then reads:

F[r] =
Z

fr(r)d~r +

1
2

Z

d~r1

Z

d~r2r(~r1)r(~r2)gr(~r1,~r2)fatt(|~r2 �~r1|) .

(7.10)
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Figure 7.7: Schematic representation of the integration variables and domains from
(7.11). Both the liquid-solid (left) and the liquid-liquid (right) interactions are inte-
grated over their respective volumes (the liquid cap L and the solid substrate S) to
obtain the total free energy F.

To end up with a numerically tractable scheme, we make a final approx-
imation that the density profile across the interface is mostly independent of
the geometry. Defining the position of the interface e.g. by the iso-density
r⇤ = 1/2, the integrals in (7.10) can be approximated by assuming that the
density is uniform in both phases [6].This so-called ‘sharp kink approxi-
mation’ neglects the thickness of the diffuse interface. Thermal effects are
implicitly taken into account, since fr, gr and the liquid density depend on
temperature. In this approximation, the free energy becomes an explicit
functional of the shape of liquid, solid, and vapor domains. Since the vapor
density is neglible with respect to that of the solid and liquid, we find

F = fr(rL)
Z

L
d~r + fr(rS)

Z

S
d~r

+
1
2

r2
L

Z

L
d~r1

Z

L
d~r2gr(|~r2 �~r1|)fLL(|~r2 �~r1|)

+ rLrS

Z

L
d~r1

Z

S
d~r2gr(|~r2 �~r1|)fLS(|~r2 �~r1|) ,

(7.11)

where L and S are the liquid and solid domains respectively, see also
Fig. 7.7. fLL and fLS denote the attractive parts of the respective interactions.
The drop shapes are found by minimizing this free energy with respect to
the shape of the liquid domain L.

Before proceeding, it is instructive to discuss the approximations un-
derlying (7.11) in the light of the Molecular Dynamics simulations of the
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Lennard-Jones droplets. First, the assumption that the pair-correlation func-
tion is homogeneous in space ignores the layering near the solid wall (cf.
Fig. 7.3). This can induce significant corrections to the estimated free energy.
Second, the Local Density Approximation of the short-range repulsive forces
gives rise to isotropic repulsive interactions, while the attractive interactions
will become anisotropic in the vicinity of an interface. If this is indeed the
case, the surface tension (and line tension) effects mostly result from the at-
tractive component of the interaction. We test the validity of this hypothesis
in the Molecular Dynamics simulations by measuring the anisotropy of the
stress tensor in the vicinity of the liquid-vapour interface. We define a cu-
mulative stress-tensor saa(R⇤) that incorporates only the interactions with a
bond length smaller than R⇤:

¯̄saa(R⇤) = Â
i

miva
i va

i � Â
j 6=i

Â
|rij|<R⇤

f a
ij r

a
ij . (7.12)

The true stress in the system is recovered when R⇤ = •, for which all in-
teractions are taken into account. Here, mi, vi are the mass and velocity of
particle i, respectively, and fij and rij are the force and displacement vector
between particles i and j. With this, we quantify the anisotropy from the
difference between the stress components tangential (T) and normal (N) to
the interface, as

A(R⇤) =
¯̄sTT(R⇤)� ¯̄sNN(R⇤)
¯̄sTT(•) + ¯̄sNN(•)

. (7.13)

Figure 7.8 shows the anisotropy A as a function of R⇤. The dashed line in-
dicates the transition from the repulsive (r < 21/6s) to the attractive domain
(r > 21/6s). The figure clearly shows that the majority of the anisotropy in
the liquid-vapour interface is due to the attractive interaction, while the re-
pulsive interaction accounts for about 20% of the anisotropy. This indeed
justifies a local density approximation for the repulsion, although one can
expect quantitative differences with Molecular Dynamics.

7.3.2 Capillary pressure

The equilibrium shape of liquid drops can be obtained by minimizing the
free energy F at constant volume V. This can be done by variation of (7.11)
with respect to the drop shape L under the constraint of constant volume.
The resulting equilibrium condition is a constant potential energy density
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Figure 7.8: Stress anisotropy A for bond lengths smaller than R⇤, see (7.13). The
measurement was done in a slab of height s/3 within the liquid-vapour interface
in a molecular dynamics simulation. The dashed line indicates the minimum of the
Lennard-Jones potential at R⇤ = 21/6s and marks the separation between the attrac-
tive and repulsive bonds. The majority of the anisotropy comes from attraction.

P along the free surface [6, 36, 37]. This potential can be interpreted as the
capillary pressure and can be decomposed into a liquid-liquid and a solid-
liquid contribution, as P = PLL + PLS. The former can be written as

PLL (~r) = �P�
LL + rL

Z

L
d~r0gr(|~r0 �~r|)fLL(|~r0 �~r|) , (7.14)

where we subtracted P�
LL, the interaction due to a semi-infinite volume of

liquid. The solid-liquid contribution follows from the interaction due to the
semi-infinite volume of solid

PLS (~r) = rS

Z

S
d~r0gr(|~r0 �~r|)fLS(|~r0 �~r|) . (7.15)

The equilibrium condition is thus that

P (~r⇤) = PLL (~r⇤) + PLS (~r⇤) = constant, (7.16)
where~r⇤ denotes an arbitrary position at the liquid-vapor interface.

Note that the capillary pressure P depends on the shape of the liquid,
through the domain of integrations, and thus reflects the effect of the inter-
face geometry on the free energy. It implicitly contains the Laplace pressure,
which is the capillary pressure associated to a macroscopic curvature of the
interface, and the disjoining pressure, which is the capillary pressure in the
case of a microscopic film.
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7.3.3 Shape relaxation

We compute droplet shapes for a pair interaction consistent with the long-
range van der Waals interaction used in the Molecular Dynamics simulations
(see Fig. 7.2):

rirjgr(r)fij(r) =
�cij

(s2 + r2)3 , (7.17)

where cij represents the strength of the interaction between molecule i and
j. Comparing to the van der Waals interaction of (7.4), one finds cij =
4rirjs

6eij. For mathematical convenience we have chosen a simple regular-
ization around r = s, which represents the effective size of the short-range
repulsion. Let us note that the potential of equation (17) does not lead to
the formation of a precursor film. Namely, the corresponding energy per
unit surface for a flat film is a monotonic function of the thickness h, with
a prefactor depending on the spreading parameter. For partial wetting, the
system tends to zero thickness rather than to a precursor film of finite thick-
ness. We have tested that other similar choices like g(r) = 0 for r < s and
g(r) = 1 for r > s leads to quantitatively similar results (see ref. [37]). The
surface tensions corresponding to (7.17) can be computed as

g = pcll/8s2 , (7.18)

and
g + gsv � gsl = pcls/4s2 . (7.19)

By choosing identical functional forms for both interactions, one simply
has [34]

cosqY = cosqDFT ⌘ 2
cls
cll

� 1. (7.20)

Similar to the Molecular Dynamics simulations, we compute the equi-
librium shapes of nanodrops in both the 2D configuration (cylindrical caps)
and 3D configuration (spherical caps). The drop shapes are parameterized
by r(a) as shown in Fig. 7.9 – polar coordinates are used to allow contact
angles larger than p/2. We numerically determine the equilibrium shape of
the drop by an iterative algorithm that tends to a constant P(a) along the
interface. The initial shape is taken as a spherical cap with qY according to
(7.20). This is shown in Fig. 7.9 by dashed lines. The corresponding potential
P(a) is uniform except within a few molecular scales from the contact line,
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Figure 7.9: Typical result of the DFT model in the sharp kink approximation. (a)
Surface potentials of an axisymmetric drop with qY = 127�, a measured angle q =
116� and radius R ⇡ 2s. a = 0 at the contact line. The dashed line (top) represents
P̃ll , the bottom line represents Psl , and the lines in the middle indicate the sum
of the two. Here, the dashed and solid lines indicate the potential energy density
of the droplet in its initial shape, and its equilibrium (final) shape, respectively. (b)
Initial and final drop profiles shown by the dashed and solid lines, respectively. The
initial profile is a spherical cap shaped drop with q = qY = 127�.

where the influence of the solid plays a role. We iteratively construct drop
shapes rt(a) according to rt+1(a) = rt(a) + lt(pt(a)� hptia), while keeping
the volume constant. Here, pt(a) is the capillary pressure at angle a during
iteration t.

⌦

pt↵

a is the space-averaged potential at the interface during iter-
ation t. The parameter lt is selected such that the variance of the potential
is minimised at each step. After a few hundred steps, the shape converges
and yields P(a) that indeed is constant within numerical precision. Note
that for the potential studied here, no precursor film is formed.

The shape r(a) and the capillary pressure P(a) of a small drop are plot-
ted as solid lines in Fig. 7.9. Away from the contact line the drop is a spheri-
cal cap, but a significant deviation can be observed near the contact line. The
drop has spread with respect to the initial shape, resulting into a lower con-
tact angle than qY. Once more, this is consistent with a negative value of the
line tension t. Far from the contact line, the capillary pressure is dominated
by the Pll term. The corresponding value is simply the expected Laplace
pressure 2g/R̃, where R̃ is the radius of curvature the drop.

7.3.4 Results

In Fig. 7.10 we compare the contact angles of 3D drops (squares) and 2D
drops (triangles), as a function of inverse drop radius 1/R. In both cases
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Figure 7.10: Cosine of the equilibrium contact angle against 1/R, for 2D drops
(triangles) and 3D drops (squares). The corresponding Young’s angle is qY = 65�.
The slope of the curve near 1/R = 0 can be attributed to line tension for the 3D
drops, while it is zero for 2D drops. Note that both curves exhibit a significant
1/R2 contribution for smaller drop sizes. This contribution was not recovered from
the molecular dynamics simulations, since the radius of the droplets was not small
enough: R > 7s. Smaller droplets would not allow for spherical cap fitting because
the droplet size becomes similar to the particle size.

the interactions were identical, corresponding to qY = 65�. For large drops
there is indeed a difference that can be attributed to line tension: the slope at
1/R ! 0 is finite for 3D drops while it vanishes in the 2D case. Interestingly,
however, there remains a 1/R2 contribution for both types of drops. The
two data sets are accurately fitted by parabola, with equal prefactors for the
quadratic term. This suggests that the effect of line tension in (7.2) can be
seen as the leading order contribution of an expansion in s/R, and is only
valid for relatively large drops. In particular, (7.2) must break down when
cosq ⇡ 1. This is illustrated by Fig. 7.11 showing a saturation of the contact
angle to q ⇡ 0 for very small drops. This effect is of course most pronounced
for drops that already have a small Young’s angle qY. For such small drops,
the range over which one observes a 1/R behaviour is very small and the
main size effect is to induce a wetting transition.

We are now in the position to make a comparison of the DFT model
with the molecular dynamics simulations presented in Sec. 7.2. The solid
line in Fig. 7.5 represents the contact angles for 3D drops of varying sizes
as obtained from the numerical DFT calculation. We took the same Young’s
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Figure 7.11: Cosine of the equilibrium contact angle against 1/R, for a 3D drop
qY = 28� as shown in the insets for two different sizes R. At sufficiently small
radius we observe a saturation of cos(q) = 1, approaching a perfectly wetting drop
(top inset).

angle as obtained in the molecular dynamics simulations, i.e. qY = 127�. The
trends of DFT and molecular dynamics are very similar, clearly showing a
decrease in contact angle for decreasing drop radius. For both cases line
tension is thus negative and has a similar magnitude in units of s.

Finally, we determined the tension length ` from the slope near 1/R ! 0,
for a broad range of qY. The results are reported as triangles in Fig. 7.6. The
value of ` vanishes both for 0 and 180� and presents a maximum around
90�. Beside the sign and the order of magnitude, the behaviour is thus
qualitatively different from the molecular dynamics results. This difference
is most pronounced at small qY (Fig. 7.6).

7.3.5 Geometric interpretation of line tension

Within our DFT model, the dependence of ` on contact angle qY can be
accurately described from a geometric argument (solid line in Fig. 7.6). We
separate the free energy (7.11) in volumic, surfacic and linear contributions,
as F = PV + Âi giSi + tL. By assuming the liquid domain to be wedge-
shaped, it is indeed possible to explicitly separate the domains of integration
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Figure 7.12: Integration domains of the free energy (7.11) that contribute to line
tension due to liquid-liquid interactions tLL (left) and solid-liquid interactions tLS
(right). Assuming the contact line region to be perfectly wedge-shaped the total
free energy F minus the volumic and surfacic contributions results in a residual
energy, which can be attributed to line tension. We show in the Appendix how
the line tension contribution can be isolated from the liquid-liquid and solid-liquid
interactions. Then, by calculating the free energy associated with these integration
domains (Eq. (7.21)) one directly finds the line tension due to liquid-liquid interac-
tions and solid-liquid interactions: eqs. (7.25), (7.26), and (7.27).

in (7.11) in bulk, surface, and line contributions:

F = PV + Â
i

giSi

+
1
2

r2
L

Z

L0
1

d~r1

Z

L0
2

d~r2gr(|~r2 �~r1|)fLL(|~r2 �~r1|)

+ rLrS

Z

L0
d~r1

Z

S 0
d~r2gr(|~r2 �~r1|)fLS(|~r2 �~r1|) .

(7.21)

Here the integration domains L0
1, L0

2, L0, and S 0 are those represented in
Fig. 7.12 and the Appendix. Note that such a decomposition is uniquely
defined in the sharp-kink approximation, while this is no longer the case for
inhomogeneous density profiles.

From (7.21) one sees directly that line tension has two contributions, due
to liquid-liquid interactions tLL , and due to liquid-solid interactions tLS.
These can be computed as follows. The integration domains L0

1, L0
2, L0, and

S 0 are bordered by straight lines passing through the contact line so that
they do not present a characteristic scale. Therefore, both tLL and tLS can
be written as products of a characteristic length (that does not depend on
q), and a function of q (that does not depend on the potentials fLL and fLS).
It turns out that the lengths can be expressed in terms of the liquid-liquid
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and solid-liquid disjoining pressures Pdisj
LL (h) and Pdisj

LS (h). The disjoining
pressure is the energy per unit liquid volume at a distance h from a flat semi-
infinite zone of liquid or solid (see the integration domain S 0 in Fig. 7.12).
The surface tensions, already computed in (7.18,7.19), can be expressed as
the integrals of these quantities:

Z

Pdisj
LL (h)dh = 2g (7.22)

Z

Pdisj
LS (h)dh = g + gsv � gsl = g (1 + cosqY) (7.23)

The characteristic lengths zLL and zLS that appear in the calculation of the
line tension turn out to be the first moment of the disjoining pressure:

zLL =

R

z Pdisj
LL (z)dz

R

Pdisj
LL (z)dz

and zLS =

R

z Pdisj
LS (z)dz

R

Pdisj
LS (z)dz

(7.24)

Following the interpretation of surface tension as a force per unit length, zLL
and zLS are the “moment arms” of these forces. Within our DFT model, the
liquid-liquid and solid-liquid potentials have the same shape so that these
two lengths are equal, zLS = zLL = ps/4.

The line tension tLS follows as:

tLS = zLSg
(1 + cosqY)

tanq
. (7.25)

This contribution is positive for 0 < q < p/2 and changes sign at q = p/2.
The prefactor (1 + cosqY) is not of geometric origin, but stems from the
strength of the liquid-solid interaction cLS. A similar result for tLS was pre-
viously obtained in ref. [38], but this work omitted the contribution due
to liquid-liquid interactions, tLL, which is crucial to describe our numerical
DFT results. The contribution due to liquid-liquid interactions is negative
for all angles. In the limit of small angles, tLL diverges as

tLL ⌘ �zLL g
2

tanq
. (7.26)

As the angle q tends to p, tLL vanishes as

tLL = � 2
3p

zLL g (p � q)2 (7.27)

In between, we have determined the ratio tLL/zLL by numerical integration.
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Adding the two contributions tLL and tLS, we obtain the solid line in
Fig. 7.6, which indeed closely follows the full numerical simulations ob-
tained from the spherical cap measurements. Note that both tLL and tLS
scale as 1/q for small angles, but the diverging contributions balance ex-
actly. This is a consequence of having identical values for the moment arms,
i.e. zLL = zLS, resulting in a vanishing line tension for small q. Of course,
this will not be the case in general, where we expect one of the contributions
to dominate.

7.4 Discussion

We theoretically investigated the effect of line tension by studying the con-
tact angles of Lennard-Jones droplets of varying sizes. The equilibrium
shapes of nanodrops were determined using two methods: Molecular Dy-
namics (MD) and Density Functional Theory (DFT). For 3D drops we found
a size-dependent contact angle consistent with (7.2), while the contact an-
gle was nearly constant for 2D drops. DFT in the employed approximation
does not fully reproduce the MD simulations, but it does capture the main
physics. In particular, DFT gives the correct (negative) sign and order of
magnitude of t, and also captures the dependence on wettability for large
contact angles. Obiously, the exact numerical values resulting from the DFT
calculation depend on our specific choice of the potential (7.17). Note how-
ever, that both the recovered trend and the orders of magnitude for ` are a
general result, independent of the specific choice of the potential. The only
exception is the limit of the wetting transition, q ! 0, which is known to
depend on details of the interaction [8, 12, 13].

In addition, we identified a simple geometric interpretation of line ten-
sion. Molecules inside a liquid wedge interact with a larger number of sur-
rounding molecules than estimated from surface tension, which is based on
an infinite half space of liquid. Hence the negative sign of line tension. The
wedge shape of the liquid is indeed a good approximation of the liquid
geometry for large contact angles and yields a very accurate prediction for
t in the DFT case. This is remarkable, since these DFT-measurements did
not discriminate between line tension and other curvature effects, suggest-
ing that line tension is the dominant mechanism for the size dependence of
the contact angle. Once more, the behavior for small contact angles is sen-
sitive to details of the interaction: it depends on the “moment arm" of the
surface tensions, characterized by the length scales zLL and zLS. We specu-
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late that the layering effect near the substrate in MD substantially reduces
the moment arm zLS for the liquid-solid interaction. This would explain the
discrepancy with DFT. Indeed, the MD data can be described by the wedge-
approximation of tLL by fitting the moment arms to zLL = 3.5s and zLS = 0.
It would be interesting to further investigate this matter.

Although we were able to observe the variation of contact angle with
drop size, the effect is only noticeable for very small, nano-scale drops. Tak-
ing s = 0.34 nm and g = 0.017 J/m2, our results correspond to line tension in
the range t = 10�12 � 10�11 J/m (depending on the wettability). This is con-
sistent with theoretical predictions as well as with recent experiments [26].
Note, however, that much larger experimental values for t have also been
reported [16–18]. Resolving this issue is particularly important for surface
nanobubbles [22, 25, 39, 40], typically 100nm wide, whose stability was sug-
gested to rely on an effective line tension [41].
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Appendix

Geometric interpretation of line tension

Figure 7.13 shows by illustration how the free energy associated with the
liquid-liquid interactions of a wedge-shaped liquid interface sitting on a
solid can be decomposed in its bulk, surface and contact line contributions.
FLL shows the total free energy of the liquid-liquid interactions, which is
the interaction of the liquid in the wedge with itself. For clarity, we sepa-
rated the two domains in the first row spatially, but in reality they of course
overlap since they are the same volume of liquid. First, we decompose the
integral domain in the bulk energy contribution (wedge shape ⌦ infinite
volume): Fbulk. The surplus that has to be subtracted is shown in the top
right of Fig. 7.13, because one has to compensate for the areas where no
liquid is present. From this surplus we extract the surface contributions.
Note that the liquid wedge has two surfaces: the liquid-vapour interface
and the liquid-solid interface, which are both represented by integration of
the wedge (dotted area) with an infinite half-space, resulting in the total sur-
face energy term. The third row shows what remains and is by definition
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Figure 7.13: Integration domain for the liquid-liquid interaction energy decom-
posed in the bulk, surface, and line components. The dotted and striped regions
represent the domains of integration for the variables d~r1 and d~r2, respectively, in
the liquid-liquid term of (7.21). The remainder after subtracting the bulk energy
(Fbulk) and surface energy (Fsurface) is the free energy associated with liquid-liquid
line tension (tLL). Note that the two line-tension contributions shown here can be
combined into the integration domains shown in Fig. 7.12.

(Eq. (7.1)) the line tension. These integration domains can be simplified and
merged into the one shown in Fig. 7.12 (left).

To compute tLS we follow a similar route. Fig. 7.14 (left) shows the
integration domain for FLS for a liquid wedge (dotted) in contact with a
solid (striped). The right two panels directly give the decomposition into
the surfacic component (solid half-space ⌦ liquid half-space, over the solid-
liquid interface), and the remainder which is the line tension component
(tLS). There is no bulk energy term since we are dealing with two separate
(and spatially separated) phases.
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Figure 7.14: Integration domain for the liquid-solid interaction energy (left). This
integration domain can be decomposed in the corresponding surface energy contri-
bution (Fsurface) and the free energy associated with liquid-solid line tension (tLS).
The dotted region represents the integration variable d~r1 in the liquid-solid term of
(7.21) and the double striped region the integration variable d~r2 in the same equa-
tion.
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8
Elastocapillarity at the nanoscale: on the

coupling between elasticity and surface energy
in soft solids ⇤

The capillary forces exerted by liquid drops and bubbles on a soft solid are directly
measured using molecular dynamics simulations. The force on the solid by the liquid
near the contact line is not oriented along the liquid vapor interface nor perpendic-
ular to the solid surface, as usually assumed, but points towards the liquid. It is
shown that the elastic deformations induced by this force can only be explained if,
contrary to an incompressible liquid, the surface stress is different from the surface
energy. Using thermodynamic variations we show that the the surface stress and
the surface energy can both be determined accurately by measuring the deformation
of a slender body plunged in a liquid. The results obtained from molecular dynamics
fully confirm those recently obtained experimentally [Marchand et al. Phys. Rev.
Lett. 108, 094301 (2012)] for an elastomeric wire.

⇤Published as: J.H. Weijs, B. Andreotti, and J.H. Snoeijer, “Elasto-capillarity at the
nanoscale: on the coupling between elasticity and surface energy in soft solids”, Soft Matter
9, 8494 (2013).
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8.1 Introduction

As largely demonstrated in the last two decades, elasticity plays an impor-
tant role in surface physics. Phenomena such as surface reconstruction [1, 2],
surface segregation [3], surface adsorption [4], elastic instabilities [5], self
assembly [6, 7], and nanostructuration [8] of crystalline solids are directly
induced by surface stresses. In parallel, and almost without any connection,
the elastic deformations of sheets and rods [9–16] as well as gels and elas-
tomers induced by capillary forces have been evidenced and investigated
[17–33]. It has remained unclear to what extent it is important to distinguish
surface tension from surface stress for these elastocapillary phenomena.

The definition and properties of surface stresses can be derived from
thermodynamics, atomistic models and mechanics. These approaches are
complementary and should in principle be consistent with one another. The
simplest situation is an interface between a condensed phase and its vapor.
Let us consider an extensive quantity, the density of which varies across the
interface over the scale of a few molecular sizes. At a macroscopic scale, the
density can be seen as homogeneous on both sides of the interface. How-
ever, the extensive quantity then presents an interfacial excess. For instance,
the free energy presents an interfacial excess called the “surface energy",
denoted g. Dividing now the total volume of the condensed phase and its
vapor into two subsystems with a dividing plane normal to the interface, the
mechanical force between the two subsystems also presents an excess quan-
tity called the “surface stress", which throughout the paper we refer to as
U. This is a force per unit length acting parallel to the interface, originating
from molecular interactions.

In the very particular situation where the condensed phase is an incom-
pressible liquid, it can be shown from the virtual work principle that the
surface stress and the surface energy are strictly equal, i.e. U = g. The sur-
face stress and surface energy are then unified into a single name “surface
tension", and it is common to address capillary problems using either the
thermodynamic, or the mechanical route [34, 35]. In a solid, by contrast, the
surface energy a priori depends on the strain in the bulk and yields an ad-
ditional elastic contribution to the surface stress [5, 36]. More precisely, the
difference between the surface stress and the surface energy is the derivative
of the surface energy with respect to the strain. This result is known as the
Shuttleworth equation [5, 36],
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Uij = gij +
∂gij

∂e
, (8.1)

where e is the bulk strain parallel to the interface. The subscripts refer to
the phases i and j on both sides of the interface. Indeed, the Shuttleworth
equation also applies when the interface separates two condensed phases
composed of different molecules. This is highly relevant for wetting phe-
nomena, for which one naturally deals with liquid-solid interfaces. Such
interfaces present an excess free energy gSL that, according to (8.1), is differ-
ent from the surface stress USL. Once again, the surface stress is the excess
force parallel to the interface and can be measured at the edge of any control
volume that includes the interface. Importantly, the force USL is exerted on
a subsystem composed two types of molecules, solid and liquid. From a
molecular perspective, USL is the resultant of all types of molecular forces:
solid-liquid, solid-solid and liquid-liquid interactions.

The aim of this paper is to explore the difference between surface energy
and surface stress in the case of soft solids that are partially wetted by a
liquid. A paradigmatic example of this effect consists of a drop (or bubble)
on a deformable solid [17, 18, 22–24, 28–33], as shown in Fig. 8.1. This
problem has recently been explored experimentally and theoretically, with
contradicting interpretations emerging from microscopic and macroscopic
descriptions [24, 27–30, 32, 33, 37]. Indeed, we expect a particularly strong
manifestation of the difference between surface energy and surface stress
near a three-phase contact line. On the one hand, the liquid-vapor interface
is characterized by a surface tension, i.e. gLV = ULV , and Young’s law for the
equilibrium contact angle

gLV cosq = gSV � gSL (8.2)

only involves the surface energies. On the other hand, the mechanical equi-
librium of the solid involves the surface stresses USV 6= gSV and USL 6= gSL.

In this work, we reveal the connection between elastocapillary interac-
tions at the nanoscale and the thermodynamic concepts of surface energy
and surface stress. In Section 8.2, we perform Molecular Dynamics simula-
tions of drops and bubbles on soft substrates, for which we can accurately
determine the elastic deformations and the liquid-on-solid forces. We find
that the deformation below a drop is markedly different from the defor-
mation below a bubble (Fig. 8.1): we measure a tangential force oriented to-
wards the liquid side, even for contact angles of q = 90� for which gSV = gSL.
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Figure 8.1: Molecular dynamics simulations of a drop (a) and a bubble (b) on a
deformable substrate, both with contact angle q = 90�, hence gSL = gSV . (a) Drop
on a soft substrate. Top: Snapshot, blue particles are liquid atoms, red particles
are solid atoms. Bottom: Local displacement (red arrows) of the solid due to the
presence of the liquid drop (shown by liquid isodensity contours). (b) Bubble on
a soft substrate. Top: Snapshot, red and blue particles are the same as in (a), cyan
particles are gas atoms. Bottom: Local displacement (red arrows) of the solid due
to the presence of the bubble (shown by liquid isodensity contours). Note that the
tangential displacement near the contact line is different between both situations:
in the drop case the solid is pulled inwards whereas in the bubble case the solid is
pulled outwards.

Can one explain this tangential force by invoking surface stresses? In Sec-
tion 8.3 we therefore develop a purely thermodynamic view, in the case of a
plate partially immersed in a liquid, and compare this directly to Molecular
Dynamics simulations. Finally, we conclude in Section 8.4 by relating the
tangential forces to the difference between surface energies and stresses.
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8.2 Drops and bubbles

8.2.1 Molecular Dynamics

The aim of this paper is to investigate the basic mechanisms controlling elas-
tocapillary interactions in model situations. We have therefore performed
Molecular Dynamics simulations using simple interactions for both the liq-
uid and the soft solid, in a quasi-2D geometry. The simulations have been
performed using the Gromacs software package [38]. The liquid consists of
a Lennard-Jones fluid whose pair interaction potential is given by:

fij(r) = 4eij

"

✓dij

r

◆12

�
✓dij

r

◆6
#

. (8.3)

Here, eij and dij are the interaction strength and range between particle types
i and j, respectively. The potential is cut off at 5dLL, where dLL is the liquid
atom size. The simulations are performed in the NVT-ensemble (constant
number of particles N, constant volume V, and constant temperature T us-
ing the thermostat described in [39]). The solid consists of atoms placed
on a cubic lattice of 25 layers, with harmonic springs connecting each atom
to its neighbour and next-nearest neighbour. The lattice spacing a = 0.8dLL,
while all spring constants are taken equal with k = 38.5 · eLL/d2

LL. There
are no Lennard-Jones solid-solid interactions, hence the solid atoms only in-
teract with each other through the harmonic springs. The solid (S) interacts
with the liquid (L) through Lennard-Jones interactions. By varying the solid-
liquid interaction, we explore drops of different equilibrium contact angles
as in chapter 7. In the simulations for a gas bubble, we added gas atoms (G)
that also interact according to a Lennard-Jones potential. The addition of gas
atoms in the bubble case is required to prevent the bubble from collapsing
immediately, as would be the case for a vapour bubble. The Lennard-Jones
interaction parameters are given in Table 8.1. In the following paragraph we
define the relevant dimensionless numbers.

From a macroscopic view, the elastocapillary deformations arise from a
balance between surface tension g and the elastic modulus E (for simplicity
of notation we use g for the liquid-vapor surface tension gLV). The ratio of
these parameters g/E gives the elastocapillary length, which sets the scale
of the elastic deformations. Our quasi-two-dimensional simulations have
plane-strain conditions, in which case the relevant elastic modulus reads
E = Ẽ/(1 � n2), where Ẽ is the Young’s modulus and n the Poisson ratio.
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In terms of lattice parameters in our simulations, we find E = 15k/(8a). To
quantify the relative softness of the substrate, one can compare the elastocap-
illary length to the (liquid) atomic size dLL, which gives the dimensionless
quantity g/(EdLL). Whenever this quantity is small, the deformations are
weak and one should recover the contact angles according to Young’s law
[37]. Here we measure the liquid-vapour surface tension g in a separate
system using a Kirkwood-Buff integral over the stress-anisotropy near the
interfaces g =

R

(pN � pT(z))dz where, pN is the (constant) thermodynamic
pressure in the system, and pT the tangential (relative to the interface) com-
ponent of the stress-tensor which deviates from pN near the liquid-vapour
interface [40–42]. We find, using the method outlined in [41] to determine
the local pressure that g = 0.78 eLL/d2

LL. In this work, therefore, the param-
eter g/(EdLL) = 8.6 · 10�3 is indeed small, meaning that all elastic displace-
ments are much smaller than atomic size (small elastic strains), and allows
the use of linear elasticity theory. The typical length scale of thermal fluc-
tuations in the solid,

p
kBT/k, compared to the elastocapillary deformation

described before provides another dimensionless quantity g
p

k
E
p

kBT = 0.18. The
smallness of this parameter shows that the thermal fluctuations in the sys-
tem are much larger than the deformation due to capillary forces. Still, as
we will show, the displacement field can be measured very accurately in
the simulations after averaging over time. Finally, we note that in SI-units,
the chosen material properties correspond to real materials at T = 300K,
E = 11 GPa, and g = 3.1 · 10�2 J/m2. Surface tension coefficients of sim-
ple liquids typically lie between 0.02 J/m2 (ethanol) and 0.07 J/m2 (water).
Young’s modulus of crystalline solids is typically around E = 100 GPa while
it can be much lower for elastomers (between 10�2 and 10�1 GPa for rubber)
and gels (down to 1 kPa) whose elasticity is entropic.

The small strains in the solid (smaller than thermal fluctuations) are mea-
sured by calculating the time-averaged displacements (relative to the center
of mass of the droplet or bubble) of the solid atoms compared to a base state,
obtained from a simulation of the same solid in vacuum. As we are inter-
ested in the influence of the liquid on the solid, this procedure allows us to
exclude effects associated with the presence of a solid-vacuum interface. The
contact angle of the droplet and of the bubble are measured by determining
the time-averaged density field of the liquid and the position of the Gibbs
interface. We refer the reader to our previous work [42] for technical details.
The circular fit to this liquid-vapor/gas interface is extrapolated to the solid,
which provides the contact angle.
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Interaction pair i, j eij
kBT (T = 300K) d/nm

LL 1.2 0.34

SL varied 0.34

SS 0 0

GG 0.4 0.5
SG 0.004 0.34

LG 0.7 0.42

Table 8.1: Lennard-Jones Interaction parameters for the MD-simulations for Liquid,
Solid and Gas atoms. With these values, the liquid-vapour surface tension is g =
3.1 · 10�2 J/m2.

8.2.2 Elastocapillary deformations

To illustrate that surface energy is not sufficient to characterize elastocapil-
lary deformations, we first consider a case where gSV = gSL, such that the
contact angle of the liquid is close to 90�. The contact angle can be ad-
justed by tuning only the Lennard-Jones interaction eSL, while keeping the
liquid parameters (eLL, sLL, sSL) fixed. This way, the liquid properties are
unchanged except for the interaction with the solid. Note that, in general,
the surface stresses will be different from the surface energies, and thus
USV 6= USL.

Figure 8.1 shows the elastic deformation in the solid below a liquid drop
(panel a), and below a bubble filled with gas (panel b). Since q = 90�, the
shape of the liquid-vapor interface, characterized by the iso-density pro-
files, is very similar in both cases. By contrast, the elastic deformations are
markedly different, as can be seen from the vector field (red arrows): while
below the drop one observes a tangential displacement towards the center
of the drop, the displacements below the bubble are oriented outwards. This
surprising outcome has important consequences. The drop and the bubble
are perfectly symmetric from the point of view of the surface energies, since
gSV = gSL in this case. Yet, this symmetry is not reflected in the surface
displacements: the deformations are not invariant under an inversion of the
phases. Instead, the solid is always pulled towards the liquid side of the
contact line (not only for the case q = 90�). Therefore, an elastocapillary
description based on constant surface energies (i.e. on surface tensions) is
not sufficient to describe the elastic deformations below a drop or below a
bubble.
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8.2.3 Capillary traction and contact line force
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Figure 8.2: Capillary traction: the liquid on solid forces per unit area of the substrate
measured in molecular dynamics of a droplet on a substrate (q = 82�). (a) Normal
component of the force per area by the liquid on the solid, sn. The two peaks
correspond to the contact lines, where the solid gets pulled up. The region between
the peaks corresponds to the liquid-solid interface, where the solid gets pushed
down due to the Laplace pressure. (b) Tangential component of the force per area
by the liquid on the solid, st. There is only a force near the contact lines, and the
force is directed towards the interior of the droplet. (c) Normal component of the
total force by the liquid on the solid due to the contact line at varying q. The solid
line corresponds to sinq. (d) Tangential component of the total force by the liquid
on the solid due to the contact line at varying q. The solid line corresponds to
1 + cosq. The low values for small contact angles q < 40� are likely due to finite
size effects in the simulations.

Before turning to a fully thermodynamic description of elastocapillary
deformations in Sec. 8.3, we first quantify the capillary liquid on solid forces
at the nanoscale. Note that for a complete description of the bulk deforma-
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tions one requires both liquid on solid forces and any solid on solid forces
that are present in the surface layer. However, since the asymmetry is caused
by the liquid on solid forces we first quantify the liquid on solid forces only.
The common feature of the deformation below the drop and the bubble is
that, below the contact line, the tangential deformations are oriented towards
the side of the liquid phase (Fig. 8.1). This is consistent with the predic-
tions of the Density Functional Theory in the sharp interface approximation
[29, 35], which is based on a microscopic description of the interactions. The
mechanism for this asymmetry is that the long-ranged attraction by the liq-
uid molecules creates a resultant force on the solid that is biased towards the
liquid: the solid is more strongly attracted by the phase of highest density.
This resultant force ultimately determines the elastic deformations, and is
responsible for breaking the symmetry between drops and bubbles in Fig.
8.1.

In Molecular Dynamics, we can of course directly quantify this effect
by measuring the time-averaged forces that all liquid molecules exert on
the solid molecules. Since we wish to reveal the capillary traction (force per
area) that the liquid induces on the solid, we integrate over the vertical depth
of the solid. In practice, the direct liquid-solid interaction only acts in the
superficial layers of the solid, due to the short range of Lennard-Jones (van
der Waals) interactions (⇠ r�6). The resulting capillary traction below a drop
is shown in Fig. 8.2. First, the curve in Fig. 8.2a shows the normal traction,
sn, of the liquid on the solid in the case q = 82�. As expected, we observe
a large traction that is localized near the two contact lines: this corresponds
to the “pulling” action of the contact line. The width of the peak is a few
molecular sizes and reflects the width of the liquid-vapor interface. At the
center of the drop one observes a slightly negative traction, corresponding to
the Laplace pressure in the bulk of the drop. As the drop is in equilibrium,
this Laplace pressure perfectly balances the upward stress at the contact line:
the total liquid-on-solid normal force is zero. Using macroscopic thermody-
namics we can estimate the normal force exerted by the liquid on the solid
in the vicinity of the contact line. For drop sizes that are much larger than
the width of the peak in sn (which coincides with the thickness of the liquid-
vapour interface), we can separate the capillarity forces into a contribution
per unit area, P = g/R, and a perfectly localized force per unit contact line
fn. Using that the width of the drop 2Rsinq and that the total force vanishes,
one predicts that the strength of the force on the solid near the contact line
should be fn = gsinq (per unit contact line). We can test this macroscopic
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prediction in our simulations. First, we determine the liquid-vapor surface
tension g from an independent calibration, as described in Sec. 8.2.1. Then,
we integrate the normal stress over the peak located around the contact line,
yielding the total normal force per unit contact line fn. The result for dif-
ferent contact angles q is shown in Fig. 8.2c. The results of MD simulations
are consistent with a contact line force in the normal direction fn = gsinq,
shown in solid line.

Similarly, we can determine the tangential capillary traction on the solid,
denoted st. The result is shown in Fig. 8.2b. We find a positive traction
at the contact line located on the left (i.e. pointing towards the right), and
a negative traction at the contact line located on the right (i.e. pointing
towards the left). Indeed, we identify an effective liquid-on-solid force that
is oriented towards the interior of the drop, i.e. into the liquid phase. This
tangential force is the reason why the elastic displacements point towards
the interior of the drop. Again, we quantify the total force exerted on the
solid near the contact line from the integral of the peaks, ft. The resulting
tangential force per unit contact line is shown in Fig. 8.2d, as a function of the
contact angle. We observe a nonzero inward tangential force for all angles.
This can be understood from the left-right symmetry breaking below the
contact line: the solid atoms are attracted much more strongly by the high-
density liquid phase than by the low-density vapor phase. As the strength
of the solid-liquid interaction is directly quantified by the work of adhesion,
g + gSV � gSL, one expects below a liquid/vapour/solid triple line [35],†:

ft = g + gSV � gSL = g (1 + cosq) . (8.4)

This equation is shown as the solid line in Fig. 8.2d: it indeed captures
the features of the tangential force, which is always positive, i.e. oriented
towards the liquid side, and nicely describes the magnitude and trend with
the contact angle. This also explains the difference between the deformations
below a drop and a bubble.

In conclusion, our simulations clearly demonstrate the existence of a tan-
gential capillary force exerted on the region of the solid below the contact
line. This force has a strong influence on the elastic deformation below a
drop or bubble. This effect is usually ignored in the literature on elastocap-
illarity [17, 18, 22, 28, 30, 32], likely due to the fact that in the case of an

†In case the vapor is replaced by a second, immiscible liquid, there will be second “work
of adhesion” contribution. This yields another tangential force on the solid that is biased
toward the second liquid, and weakens the asymmetry.
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incompressible liquid (or solid) this tangential force is exactly balanced by
solid on solid forces and therefore is not transmitted to the bulk. However,
in general for n 6= 1/2, this is not the case and the tangential force (which
is always pointed towards the liquid phase, see Fig. 8.2d) needs to be taken
into account when considering the elastic deformation.

8.3 Partially immersed solid

From the preceding section is it clear that the elastic deformation below a
contact line results from the detailed interactions (capillary and elastic) at
the nanoscale. We will now address the problem in a macroscopic frame-
work, where we relate the elastic displacements to purely thermodynamic
concepts. In particular, the goal is to express the microscopic interactions
discussed in section 8.2 directly in terms of the excess quantities gij and Uij.
For this, we consider an long elastic plate that is partially immersed in a
liquid – see Fig. 8.3. This geometry was studied before experimentally using
a thin elastomeric wire [43]. The experiment revealed that the elastic strain
in the “wet” part of the solid was very different from the strain in the “dry”
part. Here we analyze this geometry using the thermodynamic concepts of
surface stress and then compare it directly to Molecular Dynamics.

The central result of this section is that the vertical strain above the con-
tact line, #̃+, couples to the surface energies, while the strain below the con-
tact line, #̃�, is determined by the surface stresses:

WE
2

#̃+ = gSV � gSL (8.5)

WE
2

#̃� = USV � USL . (8.6)

Here W is the width of a two-dimensional elastic plate, E is the elastic mod-
ulus, while the reference state for the strain is the completely dry solid. By
determining the strain inside the plate, one thus directly measures the dif-
ference between surface energies and surface stresses. This method will be
applied in our Molecular Dynamics simulations.

8.3.1 Thermodynamics: strain above and below meniscus

To derive (8.5) and (8.6), we consider the free energy of an elastic plate that is
partially submerged in a liquid bath with the contact line at z = 0 (Fig. 8.3).
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Figure 8.3: Partially immersed plate of width W, held at equilibrium by an external
force Fext. (a) The plate is partially wetted, with the contact line located at z = 0.
There is a homogeneous strain above and below the contact line: #+ and #�, respec-
tively. (b) Zoom around the contact line. Near the contact line exists a transition
region of the strain from #+ to #�. The transition occurs over a length ⇠ W.

We will assume that the elastocapillary length g/E is much smaller than the
plate width W, which in turn is much smaller than the total plate length L:

g

E
⌧ W ⌧ L . (8.7)

The first assumption allows one to consider the solid-liquid and solid-vapor
interfaces to be flat with respect to other scales in the problem, as can be seen
from the zoom near the contact line in Fig. 8.3b. The second assumption
implies that, apart from the region directly below the contact line of width
W, the strain is homogeneous and characterized by a constant value for
e = duz/dz, where uz is the vertical displacement field. We denote the strains
above and below the contact line as e+ and e� respectively; the contribution
to the energy of the region directly below the contact line is sub-dominant by
a factor W/L. Outside the contact line region the strains can be considered
small, since e± ⇠ g/EW ⌧ 1. Under these assumptions, we arrive at the
following free energy functional of the system (per unit length):
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F = 2
Z zcl

a
dz
h

g
�

1 + h02
�1/2

+ gSL

i

+ 2
Z b

zcl

dz gSV

+W
Z zcl

a0

dz
1
2

Ee2� + W
Z b0

zcl

dz
1
2

Ee2
+. (8.8)

Here a and b denoted the bottom and top positions of the plate, but note that
the elastic energy should be taken over a domain of fixed length L0 = b0 � a0,
with reference positions a0 and b0 [44]. We allow for variations of the shape
of the liquid-vapor interface h(z), the position of the contact line zcl , the top
and bottom positions of the plate b and a, and the elastic strains e±. The
equilibrium conditions follow from

dF = Fextdb, (8.9)

which equates the change in energy to the work done by the external force.
Note that the positions b and a are linked by the constraint

b � a = L0 +
Z b0

a0

dz e. (8.10)

First, we derive the equilibrium conditions for the liquid, by considering
variations of the liquid-vapor interface dh(z), with db = de+ = de� = 0. From
geometry near the contact line, this implies a variation of the contact line
position according to dh(zcl) = �h0(zcl)dzcl . One thus obtains

1
2

dF = 0 =

dzcl
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�
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#

zcl

�
Z

dz
gh00

(1 + h02)3/2 dh. (8.11)

The integral expresses the Laplace pressure condition for the liquid-vapor
interface. The terms ⇠ e2± arise from the fact that a variation of zcl does not
affect the contact line zone, but just gives an exchange of the elastic ener-
gies of the dry and wet parts respectively (similar to the exchange of surface
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energies gSL � gSV). Collecting the terms from the boundary condition, us-
ing dh(zcl) =�h0(zcl)dzcl , one finds the condition for the equilibrium contact
angle

cosq =
gSV � gSL

g
+

1
2

EW
g

�

e2
+ � e2�

�

=
gSV � gSL

g
+O

⇣ g

EW

⌘

. (8.12)

where we replaced cosq = 1/(1 + h02)1/2. This shows that for g/EW ⌧ 1
one recovers Young’s law for the liquid contact angle with respect to the
undeformed solid.

Next, we explore the elastic degrees of freedom of the plate. For con-
venience, we now choose the contact line position as the reference altitude:
zcl = 0. Using Eq. (8.8), one writes the free energy Fp of the plate and its
interfaces with the liquid and the vapor:

Fp = 2bgSV(e+) � 2agSL(e�) +
1
2

WE
�

b0e2
+ � a0e2�

�

. (8.13)

Here we made explicit the strain dependence of surface energies, which is
necessary for solid interfaces. Due to the relations

b = b0 (1 + e+) , a = a0 (1 + e�) , a0 = b0 � L0, (8.14)

there are only three independent variables. We choose here to parametrize
the problem using b0, e+ and e�. From this we can write the total variation:

1
2

dFp = db0
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gSL +
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∂e
+

EW
2

e�
�

, (8.15)

where, after the variation, we replaced b = b0 and a = a0 owing to the small-
ness of the strains. For the same reason, we also anticipate that the terms of
order EWe2± can be neglected in the following steps.

The variation of the plate energy must be balanced with the work done
by the external force
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dFp = Fextdb = Fextdb0 + Fextb0de+. (8.16)

Combining (8.15) and (8.16), gives the three equilibrium conditions. The
variation of b0 gives the familiar expression for the external force needed to
hold the plate, i.e.

Fext = 2 (gSV � gSL) . (8.17)

Using this expression, we find that the strains must follow

EW#+ = �2
∂gSV

∂#
� 2gSL (8.18)

EW#� = �2
∂gSL

∂#
� 2gSL . (8.19)

The reference state for the strain, #0, will be the plate in contact with the
vapour only. This reference can be derived in a similar way by minimizing
the free energy of a plate in vapour (i.e. replacing gSL by gSV in either of the
above equations):

EW#0 = �2
∂gSV

∂#
� 2gSV . (8.20)

The final step is to subtract the reference state from (8.18) and (8.19), and
substitute the Shuttleworth equation Uij =

∂gij
∂# + gij:

#̃+ ⌘ #+ � #0 =
2

EW
(gsv � gsl)

#̃� ⌘ #� � #0 =
2

EW
(Usv � Usl) .

Indeed, this is the result anticipated in (8.5) and (8.6). In conclusion, the
immersion of a slender body allows one to determine accurately both surface
energies and surface stresses [43].

8.3.2 Molecular Dynamics

We now test this method in a MD simulation of an immersed plate. Fig-
ure 8.4 shows a snapshot of the simulation, where the solid plate is partially
immersed into a liquid reservoir. The material of the plate is the same as
that used in the previous drop and bubble simulation, except that it is stiffer:
kp = 10k, such that Ep = 110 GPa whereas the liquid surface tension is un-
changed: g = 3.1 · 10�2 J/m2. The container that holds the liquid consists
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Figure 8.4: Snapshot from an MD-simulation of a plate (W/a = 26 atoms wide) par-
tially submerged in a liquid bath. The liquid-solid interaction energy eSL was cho-
sen such that q = 90�. Comparing the time-averaged z-position of the solid atoms
to the time-averaged position of the reference system (plate in vacuum), allows for
the local displacement uz(z) to be measured.

of the same material as the plate, except that the container is not allowed
to deform by fixing the atoms to their initial positions. To avoid a curved
liquid meniscus, and hence a difference in pressure on the wetted and dry
regions of the plate, we consider again q = 90�. In this case gSV = gSL and
according to (8.5) we expect #̃+ = 0. Before each simulation we equilibrated
the solid in a vacuum to have a well-defined reference state.

Figure 8.5 shows an example of the vertical elastic displacement, uz(z),
that is induced after immersion of the plate. The slope of this curve directly
gives the strain #̃ = duz/dz. Indeed, we observe very different strains above
and below the contact line, which allows for a determination of #̃+ and #̃�.
In this example the top part of the plate is hardly deformed, as expected
from (8.5) for this situation where gSV = gSL. By contrast, the lower part of
the plate displays a negative strain, #̃� < 0, corresponding to a compression
of the bottom part of the wire. Using (8.6), this reveals a difference in surface
stresses, USV 6= USL, despite the equality of surface energies.
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Figure 8.5: MD measurement of the relative displacement ũz(z) for plate width
W = 8.8dLL. The derivative of this slope gives the strain #̃(z). The contact line is
located at z = 0, where a clear jump in #̃(z) is observed (from #̃� to #̃+, see also
Figs. 8.3 and 8.4.) This signifies an imbalance in surface stresses (USL 6= USV) even
though gSL = gSV for q = 90�.

To quantify the difference USV � USL, we repeated the simulations with
plates of various widths W. The resulting #̃+ and #̃� are plotted as a func-
tion of 1/W (Fig.8.6). Above the contact line we indeed find a vanishing
strain #̃+ for all plate thicknesses, within the error bars of the simulation.
Below the contact line we observe a nearly linear dependence on 1/W, as
predicted by (8.6). This confirms that our system is large enough to apply
thermodynamics and continuum elasticity. The slope of the curve is mea-
sured at d#̃�

d(1/W) = �(1.4 ± 0.3) · 10�3 dLL. This slope can be related to the
surface stress via Eq. (8.6) and we find, for this specific solid and liquid pair:

USV � USL � (gSV � gSL) = USV � USL = �(0.81 ± 0.17) g . (8.21)

This surface stress difference is clearly not a negligible effect: it is of the
same order as the liquid-vapor surface tension.

8.4 Conclusions

We have shown from thermodynamic considerations that the elastic defor-
mation of a partially wetted solid crucially depends on the difference be-
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Figure 8.6: MD measurements of the vertical strains #̃+ (circles) and #̃� (squares)
as functions of the inverse plate width dLL/W. Within error, there exists no strain
above the contact line (#+). This is expected for q = 90�. Below the contact line,
however, the solid is compressed due to an imbalance of the surfaces stresses at the
contact line (USL 6= USV). The slope of this curve quantifies the magnitude of this
imbalance, Eq. (8.6).

Figure 8.7: Stresses acting on the circular control volume around the contact line.
Note that for solids generally USX 6= gSX , hence there exists an imbalance of the
interfacial stresses in both the normal and tangential directions. This imbalance is
counteracted by elastic stresses in the solid, along the thick gray dashed line.
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tween surface stress and surface energy. This result is confirmed using
Molecular Dynamics simulations, revealing how deformations emerge from
interactions at the nanoscale. To complete the picture of elastocapillary in-
teractions, we finally give a purely mechanical interpretation of our findings.

Describing the partially immersed wire of Fig. 8.3 using continuum elas-
ticity, a discontinuity of strain implies a discontinuity of stress across the
contact line, in the direction parallel to the solid interface. This means that
the contact line region must exert a tangential force f el

t on the bulk elastic
material [43]. The magnitude of the tangential force experienced by bulk
elasticity is proportional to e+ � e�, and therefore reads

f el
t = (USL � USV)� (gSL � gSV) . (8.22)

This residual force accounts for all interactions that are transmitted across
the surface layers to the bulk elastic, including the solid-solid interactions. It
is therefore important to distinguish f el

t from ft measured in Fig. 8.2: while
the latter only included the liquid-on-solid forces, the surface stress captures
the total excess surface force and includes all superficial interactions.

Figure 8.7 shows how the residual force f el
t arises due to the imbalance of

surface stresses in the vicinity of the contact line. When discussing the forces
near the contact line, it is absolutely critical to explicitly specify the material
system to which the forces are applied: a different choice of control volume
will lead to different forces [35, 43]. Here we consider a macroscopic control
volume that includes the three-phase contact line, as indicated by the dotted
circle. As this includes the three interfaces, one can directly represents the
surface stresses USV , USL and U = g as indicated by the solid arrows. Inter-
estingly, the equilibrium contact angle does not involve the surface stresses of
the solid, but rather the surface energies gSL and gSV . This is not inconsistent
with Fig. 8.7, because Young’s law represents an equilibrium (a minimal free
energy from the thermodynamic perspective and a balance of forces from the
mechanical point of view) inside the liquid only, and thus requires a differ-
ent control volume that does not include the solid [35]. As a consequence,
the surface stresses in Fig. 8.7 do not balance in the direction parallel to
the solid, but yields a nonzero tangential force f el

t = gcosq + USL � USV , in
agreement with (8.22). Similarly, the surface stresses yield a resultant normal
force

f el
n = gsinq. (8.23)

To restore mechanical equilibrium inside the control volume, both f el
n and
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Figure 8.8: Stresses acting on the circular control volume around the contact line,
in case of strong solid deformation (g/Ea � 1). The liquid equilibrates at an angle
qL that is a function of the solid angle qS and the surface energies gSL,gSV . Since
for solids generally USX 6= gSX , the liquid equilibration does not coincide with a
balance of the interfacial stresses. This imbalance is counteracted by elastic stresses
in the solid, along the thick gray dashed line.

f el
t must be balanced by elastic stresses that are exerted along the along the

grey dashed circular section in Fig. 8.7. The tangential component vanishes
only when the surface energies and surface stresses are equal.

A similar observation can be made for very soft solids, for which the
solid deforms into a “cusp" shape with a solid angle qS < p [28, 30, 37]. The
cusp develops when g/EdLL � 1 [37], and thus corresponds to cases much
softer than in our Molecular Dynamics. Figure 8.8 shows the surface stresses
near the contact line on such a strongly deformed solid. For given value of
qS, the equilibration of the liquid angle qL involves only the surface energies
gSL,gSV and not the stresses USL,USV . In general, the liquid equilibrium will
therefore not coincide with the balance of surface stresses on the circular
control volume in Fig. 8.8 [37]: Residual elastic stress will arise whenever
surface energies differ from surface stresses.

The key parameter for wetting of soft materials is thus the difference
between surface energies and surface stresses, as in equation (8.22). Exper-
imentally, the strain discontinuity across the contact line for the partially
immersed wire gives direct access to this difference. The recently suggested
method to determine the surface stress from contact angles assumes a perfect
balance of surface stresses [30], and therefore incorrectly assumes that elastic
stress can be ignored for the balance that determines the contact angle. This
method, therefore, applies only when there is no difference between sur-
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face energies and stresses. Theoretically, we can now put upper and lower
bounds on the tangential force. Clearly, the simulations in Fig. 8.1 show
that the tangential force originates from the breaking of left/right symmetry
near the contact line, biased towards the side of the high-density liquid. The
maximum possible residual force f el

t should therefore be the liquid-on-solid
force g + gSV � gSL. This maximum arises whenever the solid-solid interac-
tions in the surface layer do not counteract this effect and the full tangential
force is transmitted to the bulk substrate. This was referred to as the “vec-
torial force transmission model” in previous work [37]. Another extreme
limit corresponds to the “normal force transmission model", for which the
surface layers completely screen out any tangential stress. This is the case,
for example, when the substrate is another liquid (i.e. an oil drop floating
on liquid). A liquid can of course not sustain any shear, which means that
the symmetry-breaking of interactions is counteracted by self-interactions
inside the liquid substrate. This once more agrees with (8.22), since for
liquid-liquid interfaces Uij = gij. Hence, we conclude

0  f el
t  g + gSV � gSL, (8.24)

or equivalently

gSL � gSV  USL � USV  g. (8.25)

Future work should be dedicated to determining how the difference between
U and g exactly depend on the material dimensionless parameters: the solid
Poission ratio the ratio of the elastocapillary length to the atomic size and
the ratio of the elastocapillary length to the thermal length. The results from
our Molecular Dynamics are very close to the upper bound: the surface
stress difference was found slightly smaller than the liquid-vapor surface
tension g. A similar conclusion can be drawn from the experimental results
reported in [43], where an elastomeric wire that was partially immersed in
a liquid. The symbol G used in this previous work can now be identified
with USL � USV , which was found identical to g within experimental uncer-
tainty [43]. To further explore the difference between surface energy and
surface stress, it would be interesting to directly measure the tangential dis-
placements inside soft substrates, e.g. using confocal microscopy [30], and
compare the deformation below a drop and a bubble.
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9
Capillarity of soft amorphous solids: a
microscopic model for surface stress ⇤

The elastic deformation of a soft solid induced by capillary forces crucially relies on
the excess stress inside the solid-liquid interface. While for a liquid-liquid interface
this “surface stress” is strictly identical to the “surface free energy”, the thermo-
dynamic Shuttleworth equation implies that this is no longer the case when one of
the phases is elastic. Here we develop a microscopic model that incorporates en-
thalpic interactions and entropic elasticity, based on which we explicitly compute
the surface stress and surface free energy. It is found that the compressibility of the
interfacial region, through the Poisson ratio rather than by the Young’s modulus,
determines the difference between surface stress and surface energy. We highlight
the consequence of this finding by discussing recent experiments on partially wetted
soft substrates.

9.1 Introduction

In the last decades, surface effects in solid state physics have been widely
investigated from the applied and fundamental point of view. An appropri-
ate thermodynamic framework has been developed to describe the interplay

⇤Manuscript in preparation

171



172 CHAPTER 9. A MICROSCOPIC MODEL FOR SURFACE STRESS

between elasticity and surface effects in crystalline solids [1–8]. An essential
result is that the concept of surface tension cannot be applied without any
caution to a solid condensed phase. This description is usually, however, not
considered in the soft matter community, which has focused on problems of
adhesion, elastocapillarity of slender bodies, deformation of an elastomer by
a liquid drop, etc. [9–33]

As already pointed out in chapter 8 a correct treatment of elastocapil-
larity requires to distinguish between two excess interfacial quantities: the
surface energy and the surface stress. Using a thermodynamical approach
to derive the relation between surface energy and surface stress yields the
well-known Shuttleworth-relation [34]:

UAB =
dg

d#
+ g . (9.1)

with # the elastic strain parallel to the interface. From this relation it is im-
mediately clear that for incompressible liquids, and only for such systems,
the surface energy and surface stress are equal and are usually called “sur-
face tension”. The aim of this chapter is to adapt this framework previously
proposed for crystalline solids, to the case of elastomers and gels: We will
extend the concept of surface stress to the case of two condensed phases in
contact. Specifically, we will propose a microscopic model for these macro-
scopic excess quantities, in the case of soft elastic amorphous solids, based
on the density functional theory in the sharp interface approximation. We
will show that the compressibility of the superficial layer, quantified by the
Poisson ratio n, is the key characteristic of elastomers for elasto-capillary
effects. The central result will be that

USL =
n

1 � n
gSL +

1 � 2n

1 � n
(gSV + gLV) . (9.2)

If the surface layer is perfectly incompressible, i.e. n = 1/2, this gives a strict
equality between surface energy and surface stress: USL = gSL, as for liquid
interfaces. The other extreme limit is that the stress directions perfectly
decouple, i.e. n = 0, for which USL = gSV + gLV .

In Sect. 9.2 we derive a microscopic model to describe fluid and solid
behaviour, which we use to derive USL in Sect. 9.3. The consequence of
this result [Eq. (9.2)] will be discussed in detail in the discussion of Sect. 9.4,
where we compare our findings to recent experiments and numerical results.
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9.2 Microscopic model

9.2.1 Microscopic and macroscopic stress in a condensed phase

We wish to define a model to compute the mechanical stresses that arise in
the vicinity of a fluid-fluid or fluid-solid interface. These surface or capillary
forces originate from molecular interactions, and predicting their strength
thus calls for an approach that incorporates such microscopic interactions.
Before developing this in detail, let us first consider the purely macroscopic
viewpoint and define a macroscopic (or thermodynamic) stress tensor S. In
absence of external fields, mechanical equilibrium condition is

~r · S̄ = 0. (9.3)

For a planar interface with a normal in the z-direction, this thus implies
that the normal stress Szz is constant and identical in both phases (assuming
homogeneity in the x,y-directions). When the interface is curved, the macro-
scopic description requires a discontinuity of normal stress as a boundary
condition at the interface, to account for the microscopic interactions in the
surface layers. For a fluid-fluid interface, this can be expressed as the differ-
ence in thermodynamic pressure, DP = gk, where g is the surface tension
and k twice the mean curvature.

This macroscopic result can be contrasted with a purely microscopic ap-
proach that explicitly includes the molecular interactions. Microscopically,
the interfacial region will be continuous, but one should still recover as a
result that the bulk stress far away from a curved interface is different in
the two phases. For fluid-fluid interfaces, such a microscopic framework
has been developed based on Density Functional Theory using the so-called
sharp-kink approximation. As will be further outlined in the next subsec-
tion, the key assumption of this theory is that the molecular interactions can
be split in a long-range attractive part and a short-ranged repulsive inter-
action. The attraction is described by a (mean-field) potential f, while the
repulsion is a contact stress described a microscopic stress tensor s. The
mechanical equilibrium equation then reads

~r · s̄ � ~rf = 0. (9.4)

The sharp-kink approximation assumes that the interface between the two
phases is perfectly sharp, but that the interaction potential is long-ranged
and extends across the interface – most notably, the potential varies only
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near the interface and ~rf directly accounts for interfacial stresses. Since
capillary effects are already included in this description, the boundary con-
dition is now that normal stress szz is continuous across the interface. This
model is very close to the original work by Laplace [35], who postulated an
internal pressure to balance the strong attractive forces between molecules.
For incompressible liquids near a straight interface, we will derive the fol-
lowing connection between macroscopic and microscopic stress:

Sij = sij � (f + c)dij . (9.5)

One should bear in mind that even under atmospheric conditions, the repul-
sive stress sij is orders of magnitude larger than Sij, as it balances the strong
attractive interaction f. An estimate for the repulsive pressure is obtained
by g/a, where a is the scale of the repulsion (a few Angstroms) and thus
pr ⇠ 108 N/m2, as already estimated by Laplace [35].

The description above is valid for fluids. Below, we will generalize this
formulation to account for elastic solids of which the elastic properties arise
from entropic effects. In other words, the description focuses on solids such
as gels and elastomers, which are polymer solutions in which there is no
connected structure based on enthalpic (chemical) elastic effects. The goal is
to derive an expression for the surface stress [Eq. (9.2)] from the microscopic
interactions at various interfaces.

9.2.2 Density functional theory in the sharp interface approxima-
tion for liquids

We consider a simple model of liquid based on a pair potential j. The
key idea of the Density Functional Theory is to express the grand potential
W = U � TS � µN = F � µN as a functional of the particle density r and to
perform a functional minimisation for given values of the chemical potential
µ and of the temperature T. The free energy F is not known explicitly and
needs to be built by integration, starting from the free energy of a known
state. For a perturbation theory, one may choose hard spheres or the same
system with only a repulsive potential, and then treat the van der Waals
attraction as a corrective effect.

In the sharp interface approximation[36–38], one uses a standard van-
der-Waals expansion of the free energy around the hard-sphere reference
system (whose pair potential is denoted jHS(r)), computed in the local den-
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sity approximation.

F[r] =
Z

fHS(r(~r))d~r (9.6)

+
1
2

Z 1

0
dl
Z

d~r1

Z

d~r2r(~r1)r(~r2)gl(~r1,~r2)j(|~r2 �~r1|)

where gl is the pair correlation function in a system of same geometry and
same volume, for which the interaction is jl(r) = jHS(r) + l[j(r)� jHS(r)]
above the sphere radius. One can use, for instance, a low density approxi-
mation for gl:

gl(r) = exp(�jl(r)/kT) (9.7)

We now apply the Gibbs interface idealization and assume that the density
is homogeneous on both sides of the interface. We furthermore extend the
description to several phases and introduce fab(~r) the effective potential
associated to the influence of phase a on phase b, at~r:

fab(~r) = rarb

Z

Va

d~r0jab(|~r �~r0|)gr,ab(|~r �~r0|) . (9.8)

Note that in general fab 6= fba, unless the domains of a and b have an iden-
tical shape. Altogether, we get contribution to the free energy associated to
the phase a as:

Fa =
Z

Va



pr +
1
2

fLL(~r) + fSL(~r)
�

d~r (9.9)

The long-range attractive interaction between liquid and solid molecules
gives rise to a potential fSL i.e. an energy per unit volume. The short-
range repulsive interactions are assumed to lead to an isotropic stress i.e. to
a contact pressure pr [39].

Minimising the free energy, we obtain the (microscopic) equilibrium con-
dition inside the liquid,

r (pr + fLL + fSL) = 0 (9.10)

so that the total potential pr + fLL + fSL must be homogeneous [36, 37]. This
is the same result as recovered in Eq. (9.5), as for liquids s̄ = �pr, and the
macroscopic stress S̄ is also homogeneous in the liquid phase. For liquids,
therefore, s̄ = �pr.
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In this work, we work with planar interfaces only and therefore, for fu-
ture reference, we define the potential f in phase a due to the presence of a
semi-infinite phase b at distance h from an interface as:

Pab(z) =
Z •

�•

Z •

�•

Z •

h
fab(|r|)dzdydx , (9.11)

Note that, altough in general fab 6= fba the equivalence Pab = Pba does hold,
since in that case the phases a and b are similarly shaped (both are infinite
halfspaces). Within this formalism we can readily compute the adhesion
energies and hence the surface free energies. As the surface tensions are
defined for flat interfaces between two semi-infinite phases, these energies
can be expressed in terms of integrals over P and one finds [29]:

AAB = �
Z •

0
PAB(z)dz = gA + gB � gAB (9.12)

AAA = �
Z •

0
PAA(z)dz = 2gA (9.13)

ABB = �
Z •

0
PBB(z)dz = 2gB. (9.14)

9.2.3 DFT description extended to solids

The next step is to extend the density functional description to describe soft
solids such as elastomers or gels. The elastic properties in such solids are
of entropic origin and their structure is close to that of a liquid. There-
fore, we hypothesize that these solids can be described using the Density
Functional Theory in the sharp interface approximation, by replacing the
repulsive pressure pr by an elastic stress tensor s̄. Just like the liquid in the
previous section, this solid is assumed to be submitted to the long-range
attractive potentials fLS and fSS, which are not included in the stress tensor
s̄. We therefore get a very similar expression as in the liquid case:

~r · s̄ � ~r(fSS + fSL) = 0 , (9.15)

as anticipated in Eq. (9.4).
The next step is to find expressions for the elements of ~S and ~s, which

are generally not isotropic in the elastic case. In fact, it is here where the
description of the solid differs from the liquid discussed in the previous
section. In order to find the rheology, we split both stresses into an elastic
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part, and a reference part that is associated with some reference systen:

S̄ = S̄ref + S̄el, (9.16)
s̄ = s̄ref + s̄el . (9.17)

S̄ref and s̄ref are the stresses in a reference state, which here we take as a
semi-infinite solid in contact with vacuum (i.e. a solid-vacuum interface).
For S̄el and s̄ref we apply Hooke’s law. From here on we write the expres-
sions from Hooke’s law using the thermodynamic stress Sel

ij only, but the
same holds for the microscopic stress sel

ij . Hooke’s law relates the compo-
nents of the stress S̄el to the elastic strain #̄:

S̄el
ij =

E
1 + n



#̄ ij +
n

1 � 2n
#̄ lldij

�

(9.18)

or equivalently:

#̄ ij =
1 + n

E
Sel

ij �
n

E
Sel

kkdij (9.19)

where
#̄ ij =

1
2
�

∂iuj + ∂jui
�

, (9.20)

with ui is the displacement vector, and E the Young’s modulus. We consider
plane strain conditions (#xx = #yy = 0, with the z-direction normal to the
interface), and therefore find:

S̄el
xx =

n

1 � n
S̄el

zz. (9.21)

As explained above, the same expression holds for sel
ij , so:

s̄el
xx =

n

1 � n
s̄el

zz. (9.22)

This relation between the xx and zz components of the stress-tensor is key
to the inequality between gSL and USL. Note that the stress-tensor for an
incompressible solid (n = 1/2) is isotropic (sel

xx = sel
zz) and we would recover

liquid behaviour: gSL = USL
The explicit forms of S̄ref and s̄ref are not known in advance, but the

relation between the two can be inferred from a force balance in the bulk
which will become clear below.
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Figure 9.1: Schematic of a liquid and solid interface. (a) A liquid-vapour interface
at z = 0, where the vapour above the liquid (and thus the liquid itself as well)
is at pressure P. Due to the low density of the vapour phase, this pressure P
consists entirely of short-ranged repulsive (kinetic) stress such that pr = P. Since pr
is continuous at the interface this can be used as a boundary condition for Eq. (9.10).
(b) A solid-vacuum interface, which serves as the reference system without elastic
stresses (S̄el = s̄el = 0). Similarly as in the liquid, this system fixes the value of
sref

zz = �P = 0 at z = 0, providing the boundary condition for Eq. (9.15).

9.2.4 Equilibrium conditions at planar interfaces

We now consider the equilibrium near a planar interface, as sketched in
Fig. 9.3. We start with the liquid. First, we note that the macroscopic equi-
librium condition for a fluid reads:

Sij = �Pdij everywhere, (9.23)

where P is the thermodynamic pressure. In the liquid case we found that,
cf. Eq. (9.10):

pr + fLL + fSL = cnst . (9.24)

The unknown constant is set by both equilibrium conditions – Eqs. (9.23)
and (9.24) – at the liquid-vapour (or equivalently for a liquid-liquid) inter-
face, Fig. 9.1(a), with the vapour phase at pressure P. At the liquid-vapour
interface [z = 0, cf. Fig 9.1(a)] the local potential due to liquid-liquid inter-
actions reads fLL = PLL(0) and due to the absence of any solid fSL = 0. The
vapour phase above the liquid is of such low density that only the repulsive
contribution applies, and therefore we find in the vapour pr = P. Further-
more, the stress tensor must be continuous at z = 0, which implies pr = P at
z = 0. This allows us to compute the integration constant in Eq. (9.24), and
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we obtain
pr + fLL + fSL = P + PLL(0) , (9.25)

everywhere within the liquid.
We now have an explicit relation between the thermodynamic pressure

P (or stress S̄) and the microscopic contributions to the pressure pr and f.
Later, in order to calculate the surface stress, we will require the local value
of the repulsive pressure, which is simply:

pr = P + PLL(0)� fLL � fSL . (9.26)

In planar geometries, we recover that in the liquid phase fLL = 2PLL(0)�
PLL(z) [Fig. 9.2(a)] where the 2PLL(0)-term represents the attractive inter-
actions due to the surrounding liquid in the bulk, and the PLL(z)-term the
missing interactions (compared to the bulk) due to the presence of an inter-
face at distance z. We then find, for the liquid:

pr = P � PLL(0) + PLL(z)� fSL , (9.27)

which is, in the bulk of the liquid where PLL(z ! •) = 0 and fSL = 0:

pbulk
r = P � PLL(0) . (9.28)

Finally, we derive the microscopic equilibrium equation the elastic solid.
We first have to define a reference state for which the elastic stress s̄ref is
zero by definition which we choose to be the state where the solid is in
contact with a vacuum. We follow the same path as in the liquid case, with
the distinction that in the solid case the stress tensor is not isotropic. At
the solid-vacuum interface [z = 0, cf. Fig. 9.1(b)] we find sref

zz = 0, because a
vacuum represents P = 0. We use this boundary condition to determine the
integration constant in Eq. (9.15), and find that:

sref
zz = PSS(0)� PSS(z), (9.29)

where we used that fSS anywhere in the solid phase at distance z from the
interface is given by 2PSS(0) � PSS(z), cf. Fig. 9.2(a). Furthermore, since
r · S̄ = 0 and Szz(z = 0) = 0 we find:

Sref
zz = 0 . (9.30)

In order to calculate the excess stress in sect. 9.3 we require a relation be-
tween Sref

xx and sref
xx . Posing that the excess stress in the bulk is zero (which

is the definition of any excess quantity), we find that in the bulk:

sref,bulk
xx = Sref

xx + PSS(0) . (9.31)
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Figure 9.2: Schematics on the construction of the integration domains required
to evaluate the potential on the edge of the control volume (Fig. 9.3) due to the
absence of a semi-halfspace of material a at distance h. (a) The potential at the
indicated point in the condensed phase (at distance h from the vacuum interface)
is constructed by subtracting the potential due to a semi-infinite volume of the
condensed phase at distance h [Paa(h)] from the potential of a complete, infinite
volume of the condensed phase [2Paa(0)]. (b) To evaluate the potential at the edge
of the control volume as indicated in Fig. 9.3, we only take into account the potential
due to material outside this control volume, which is a quarter-space, thus only half
of the result from (a). Finally, one obtains Paa(0)� Paa(h)/2.

Which is the solid analogue of (9.28) for the liquid. Although the bulk value
of s̄ref

xx is now known, we did not yet account for the presence of the vacuum,
which is felt at small distances from an interface. Analogous to the liquid in
Eq. (9.27) this will give:

sref
xx = Sref

xx + PSS(0)� PSS(z) . (9.32)

Note that the addition of the term �PSS(z) does not invalidate the stress-
value we recovered in the bulk, Eq. (9.31), as for large z this term becomes
zero. We also anticipate that we do not require an explicit expression for
Sref

xx , as it will cancel out when we compute the excess stress as described in
the next section.

9.3 Excess quantities and surface stress

In this section we describe how to derive the surface stress at an interface,
by calculating the total excess stress at such an interface. Introducing the
coordinate z normal to the interface the interfacial excess quantity of an
extensive measure M is defined as

MAB = SAB

Z

h

m(z)� mAq(z)� mBq(�z)
i

dz , (9.33)
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with m(z) the corresponding intensive quantity and q the Heaviside step-
function. The total excess M is therefore the (integrated) difference between
the bulk values of mA and mB and the true value of m(z) that varies con-
tinuously in the vicinity of the interface. Throughout the analysis we will
use superscripts to denote the bulk value of a given phase. Thermodynamic
quantities such as mass density, entropy or energy exhibit an interfacial ex-
cess. For example, the surface free energy gAB can be evaluated from the
microscopic interactions using the classical relations (9.12-9.14).

In this section we calculate the surface stress UAB, which is depicted
schematically in Fig. 9.3. The surface stress is defined as the intregrated
excess stress, and has the dimension force per unit length, or equivalently
energy per unit area. While for liquid-vapor or liquid-liquid interfaces the
surface stress UAB is identical to the surface free energy gAB (following from
the virtual work principle), this is not the case when one of the phases is a
solid. In this section we provide explicit expressions for UAB, starting from
the definition

Fx = UAB +
Z •

0
dzSA

xx +
Z 0

�•
dzSB

xx, (9.34)

where SA
ij and SB

ij are thermodynamic bulk stresses; note that these thermo-
dynamics stresses implicitly contain all microscopic interactions (short- and
long-ranged), so that for the liquid one simply recovers the thermodynamic
pressure Sij = �Pdij. Fx is the total force per unit length acting on the con-
trol volume AB, left of the dashed line in Fig. 9.3, projected parallel to the
interface. This force is exerted by the volume indicated A0B0, right of the
dashed line in Fig. 9.3. By computing this force Fx explicitly from the mi-
croscopic models described in the previous section, we will obtain explicit
expressions for UAB for all combinations of liquid/vapour, liquid/liquid,
and solid/liquid interfaces.

9.3.1 Force calculation

The interactions in the DFT models consist of a short-ranged contact stress
sij, and long-ranged potential interactions fab. The total mechanical force
on the control volume therefore reads
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Figure 9.3: Schematic of a planar interface between two semi-infinite phases A and
B. Near the interface an excess stress develops and the total (integrated) excess
stress is defined as the surface stress UAB. Note that, by definition, the excess stress
is zero in the bulk (far away from the interface). To evaluate the surface stress
associated with this interface UAB we define a control surface perpendicular to the
AB-interface, across which the excess stress on the control volume (left) due to
contact forces and long-range forces originating from outside the control volume is
integrated.

Fx =
Z •

0
dz (sxx � fA0A � fB0A)

+
Z 0

�•
dz (sxx � fB0B � fA0B) , (9.35)

where we integrated the the long-ranged forces per unit volume, �∂fab/∂x,
up to the dashed line in Fig. 9.3. The terms fA0A represents the potential
induced by volume A0 (outside the control volume) on the part of the same
phase that lies within the control volume. Note the subtle difference with
fAA appearing in the equilibrium for pr which is the potential energy due to
the entire volume. Combined with the definition (9.34), we find the surface
stress:
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UAB =
Z •

0
dz
⇣

sxx � fA0A � SA
xx

⌘

+
Z 0

�•
dz
⇣

sxx � fB0B � SB
xx

⌘

�
Z •

0
dz fB0A �

Z 0

�•
dz fA0B. (9.36)

As the long-ranged potentials fab follow from volume integrals [see
Eq. (9.8)], their contribution is completely independent of the rheology of
the materials and can be readily evaluated. In addition, all the energies can
be expressed directly in terms of Pab, for which phase a is a flat semi-infinite
space, owing to the symmetry of the domains in Fig. 9.3. Let us first exploit
this connection for the “cross terms” B0A and A0B. From the geometry one
can see that fB0A = 1

2 PBA, due to a missing quadrant of phase B. Since by
symmetry fA0B = 1

2 PAB = 1
2 PBA, the last two terms in (9.36) combine to an

integral over PAB and according to (9.12) this yields the adhesion energy
AAB = gA + gB � gAB. The terms A0A and B0B are slightly more difficult to
interpret, as can be seen from Fig. 9.2. As explained in detail in the caption
of the figure, one finds fA0A = 1

2 (2PAA(0)� PAA(z)).
Using the above expressions for the potentials, we can split the surface

stress (9.36) into three contributions:

UAB = UA
AB + UB

AB + (gA + gB � gAB) , (9.37)

where

UA
AB =

Z •

0
dz
✓

sxx � PAA(0) +
1
2

PAA(z)� SA
xx

◆

, (9.38a)

UB
AB =

Z 0

�•
dz
✓

sxx � PBB(0) +
1
2

PBB(�z)� SB
xx

◆

=
Z •

0
dz
✓

sxx � PBB(0) +
1
2

PBB(z)� SB
xx

◆

. (9.38b)

The last contribution of (9.37) is the work of adhesion; it is completely in-
dependent of the rheological properties of phases A and B. By contrast,
the direct interactions UA

AB and UB
AB involve the stress sxx, which has to be

solved from the rheology as will be described below.
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9.3.2 The liquid/vapor interface: ULV = gLV

From the thermodynamic relation by Shuttleworth it follows that for incom-
pressible liquids there is a strict equality between surface energy and surface
stress [34, 40]. Hence, one usually does not distinguish between the two con-
cepts, and simply use the nomenclature of surface tension. As a consistency
check for the formalism that is developed in this paper, we first verify explic-
itly that this equality is recovered for a liquid/vapor interface, i.e. ULV = gLV
and a liquid/liquid interface, i.e. UAB = gAB with A, B liquids. Then, we
will study the particular case of a liquid in contact with an elastic solid, for
which we will see that in general USL 6= gSL.

Let us therefore consider phase A to be vacuum and phase B to be a
liquid. The thermodynamic stress inside the liquid is isotropic, i.e. SB

xx =
�P. For a true vacuum the thermodynamic pressure is strictly zero, but in
real physical systems the liquid will equilibrate at a small nonzero vapor
pressure. For such a liquid/vapor interface, the surface energies become
gA = 0, gB = gLV and gAB = gLV . As a consequence of the vacuum, the work
of adhesion gA + gB � gAB = 0, and also UA

AB = 0. Hence, the total surface
stress ULV only receives a contribution from liquid-liquid interactions, ULV =
UL

LV , as defined in (9.38).
The integral (9.38b) involves sxx, which from Eqs. (9.24, 9.27) can be

written

sxx = �pr = �P � PLL(0) + fLL

= �P + PLL(0)� PLL(�z). (9.39)

Inserting this in (9.38b), one finds a simplified expression

UV
LV = �1

2

Z 0

�•
dzPLL(�z) = �1

2

Z •

0
dzPLL(z). (9.40)

According to (9.13), the last integral can indeed be identified with the surface
energy gLV . This completes the demonstration that the mechanical excess
stress at the liquid/vapor interface, defined in Fig. 9.3 and computed from
the DFT model, is strictly equal to the surface energy: ULV = gLV .

9.3.3 The liquid/liquid interface: UAB = gAB

We now consider an interface between two immiscible liquids A and B, so
again the stress tensor will be isotropic SA

xx = SB
xx =�P. Retracing the steps
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of the analyis for the liquid/vapor interface, the main difference is that the
equilibrium equation for the repulsive pressure pr now has a contribution
fAB = PAB. Hence, one finds in phase A:

sxx = �pr = �P + PAA(0)� PAA(z) + PAB(z), (9.41)

while in phase B

sxx = �pr = �P + PBB(0)� PBB(z) + PAB(�z). (9.42)

Note that this result is equivalent to Eq. (9.27), with the solid phase replaced
by the other liquid. This gives for the integrals (9.38)

UA
AB = gA � (gA + gB � gAB) = gAB � gB,

UB
AB = gB � (gA + gB � gAB) = gAB � gA.

Adding the work of adhesion, one indeed obtains that the surface stress is
equal to the surface energy:

UAB = UA
AB + UB

AB + gA + gB � gAB = gAB. (9.43)

9.3.4 The solid/liquid interface

Finally, we discuss the solid-liquid interface. As before, we evaluate the
terms in the integral (9.38) seperately. The elastic properties of the solid
enter through US

LS, whereas UL
LS is the same as that in the liquid/liquid case,

UL
LS = gSL � gSV . (9.44)

To obtain sxx in the equation for US
LS [Eq. (9.38b)] we use once more that

the normal stress szz is continuous across the liquid-solid inteface. At the
liquid side we know that szz(z = 0) = �pr = �P + PSL(0), which allows us
to determine the integration constant in Eq. (9.15) and we obtain, for the
solid:

szz(z) = �P + PSS(0) + PSL(z)� PSS(z) , (9.45)

To obtain the elastic response due to the presence of the liquid, we subtract
the reference stress (solid in contact with vacuum, Eq. (9.29)) and obtain:

sel
zz(z) = PSL(z)� P . (9.46)
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This is indeed the expression one would expect, as it signifies the addition of
the liquid interactions PSL(z) at pressure P to the system that was defined
as the reference case in Sect. 9.2.3. Then, via Hooke’s law under plane strain
conditions in the x- and y-directions we get (Eq. (9.22)):

sel
xx(z) =

n

1 � n
(PSL(z)� P) (9.47)

and thus, following Eqs. (9.17) and (9.32):

sxx(z) = Sref
xx + PSS(0)� PSS(z) +

n

1 � n
(PSL(z)� P). (9.48)

The final step before we can evaluate US
SL is to determine SS

xx by applying
Hooke’s law on Sel

zz = �P:

SS
xx = Sref

xx � n

1 � n
P . (9.49)

We can now evaluate US
SL, Eq. (9.38b), and find:

US
LS =

Z 0

�•

✓

�PSS(z)
2

+
n

1 � n
PSL(z)

◆

dz

= gSV � n

1 � n
(gSV + gLV � gSL) , (9.50)

and we obtain for the total surface stress:

USL =
n

1 � n
gSL +

1 � 2n

1 � n
(gSV + gLV)

which is the central result of this paper, Eq. (9.2).

9.4 Discussion

The Shuttleworth equation (9.1) provides a thermodynamic reason that one
needs to distinghuish between the surface stress U, i.e. the excess force per
unit length in the interface, and the surface free energy g. By computing
the elastic- and enthalpic interactions from a microscopic model, we have
for the first time derived an explicit relation between U and g. We find that,
in general, the surface stress of a solid interface is indeed different from the
surface energy of the same interface, as is quantified by Eq. (9.2). It turns
out that the difference between surface stress and surface energy depends
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Figure 9.4: Dependence of the transmitted tangential stress on n: Eq. (9.52). For n =
0 the full stress on the solid induced by the presence of the contact line is transmitted
to the solid bulk, where it is countered by elastic effects. For incompressible solids,
and liquids, n = 1/2. In this case, not tangential stress is transmitted. This must
necessarily hold for liquids, which can offer no elastic resistance to any transmitted
tangential stress.

on the compressibility of the phases through Poisson’s ratio n. The relation
recovers that for incompressible solids (n = 1/2) the surface stress is equal to
the surface energy, in line with the fact that for incompressible liquids g = U.
Also, the model predicts an equality gSV = USV for a solid-vapor interface
of arbitrary value of n [consider (9.2) with L = V and gVV = 0].

In our previous work [40] we have shown that the difference between
surface stress and surface energy is crucial for understanding the elastic
deformation of partially wetted deformable surfaces. In particular, it was
demonstrated that the contact line region transmits a residual tangential
force to the substrate, which has to be balanced by bulk elasticity. The mag-
nitude of this tangential force can be expressed as

f el
t = (USL � USV)� (gSL � gSV) . (9.51)

With (9.2) this becomes:

f el
t =

1 � 2n

1 � n
g(1 + cosq) . (9.52)

The key feature of this result is that a finite tangential force is transmit-
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ted whenever the Poisson ratio n 6= 1/2, see Fig. 9.4. The influence of such
a tangential force is usually not taken into account when describing elasto-
capillary deformations [9–28, 30–33, 41] . One might argue that for most
experiments this is a valid assumption: soft rubbers and gels are essentially
incompressible, in which case our model recovers f el

t = 0. Intriguingly, how-
ever, recent experiments on a soft elastomeric wires clearly demonstrate that
a tangential force is transmitted across the surface, and give rise to a sig-
nificant tangential bulk strain [42]. This strongly suggests that, while the
bulk material clearly has n ⇡ 1/2, the interfacial layers of soft elastomers do
exhibit a substantial degree of compressibility. This would explain why a
tangential stress is transmitted in the vicinity of the contact line, even for in-
compressible bulk materials. A final consequence of such a tangential force
is that the contact angles on very soft surfaces do not follow Neumann’s law
[43]. This provides a strong limitation on the recently proposed method to
determine surface stresses from contact angle measurements [44]. Our work
clearly shows that a more detailed microscopic description of the interfacial
chemistry, combined with further experimental characterizations, are neces-
sary to fully resolve the physics of elastocapillarity.
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10
Initial spreading of low-viscosity drops on

partially wetting surfaces ⇤ †

Liquid drops start spreading directly after brought into contact with a partial wet-
ting substrate. Although this phenomenon involves a three-phase contact line, the
spreading motion is very fast. We study the initial spreading dynamics of low-
viscosity drops, using two complementary methods: Molecular Dynamics simula-
tions and high-speed imaging. We access previously unexplored length- and time-
scales, and provide a detailed picture on how the initial contact between the liquid
drop and the solid is established. Both methods unambiguously point towards a
spreading regime that is independent of wettability, with the contact radius growing
as the square root of time.

10.1 Introduction

How fast can a liquid drop spread over a surface? This basic question is
relevant for applications ranging from printing and coating, to agricultural

⇤Published as: K.G. Winkels, J.H. Weijs, A. Eddi, and J.H. Snoeijer, “Initial spreading of
low-viscosity drops on partially wetting surfaces”, Phys. Rev. E 85, 055301(R) (2012).

†The numerical simulations in this chapter are part of the present thesis. The experimental
work was done by K.G. Winkels and A. Eddi.
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applications [1–5]. In the final stage of drop spreading the dynamics are
governed by Tanner’s law, which relates the radius of the wetted area with
time as r ⇠ t1/10 [6, 7]. This extremely slow dynamics emerges from a bal-
ance between surface tension and viscous forces close to the contact line [3].
Much less is known about the early stages of spreading, just after a spherical
drop is brought into contact with a substrate at vanishing approach velocity.
In contrast to Tanner’s law, this dynamics is very fast [8–12]: capillary en-
ergy suddenly becomes available when the drop touches the solid, and this
energy is concentrated into a singular point of contact. It has remained un-
clear whether or not the wetting conditions can influence such rapid inertial
flows [13–15].

The initial stages of drop spreading are strongly reminiscent of the co-
alescence of two spherical drops of liquid, which very rapidly merge after
contact is established [16–21]. For low-viscosity liquids such as water, it is
well-known that the contact area between the drops grows as r ⇠ t1/2 during
coalescence. This can be explained from the balance of the inertial pressure
inside the drop, ⇠ r(dr/dt)2, and the capillary pressure, ⇠ gR/r2. Here r is
the density, g the surface tension, and R the drop radius. Interestingly, an
identical scaling law was observed experimentally for water drops spreading
on a completely wetting surface [8]; apparently, the presence of a three-phase
contact line does not affect the pressure balance during the initial phase of
spreading. A rather different picture emerged, however, for drops spread-
ing on partially wetting surfaces [9–11]. The dynamics was found to depend
strongly on surface wettability, r ⇠ ta, with a non-universal exponent a that
varies with the equilibrium contact angle [9]. This raises a number of in-
triguing questions: How can the contact line, and the surface chemistry,
affect the “coalescence” of a drop with a surface? Are the initial stages of
spreading truly non-universal, or is there a hidden regime at smaller times?
How is contact established on a molecular scale?

In this chapter we reveal the initial spreading dynamics of low-viscosity
drops, using two complementary methods: Molecular Dynamics simula-
tions of Lennard-Jones nanodrops and high-speed imaging of experiments
on millimeter-sized water drops [Fig. 10.1]. We access previously unex-
plored length- and time-scales, and provide a detailed picture on how the
initial contact between the liquid drop and the solid is established. While
simulations and experiments describe different dynamical regimes, both
methods unambiguously point towards a universal spreading regime inde-
pendent of wettability, consistent with the inertia-capillary balance r ⇠ t1/2.
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Figure 10.1: Initial stages of drop spreading on partially wetting surfaces of varying
wettability. (a) Molecular Dynamics simulations of Lennard-Jones nanodrops (R =
30nm), and (b) Experiments of water drops (R = 0.5mm). The top panels show side
views of the liquid drop just after it has made contact with the partially wetting
substrate. Lower panels are bottom views at times (a) t = 10,35,400 ps, and (b)
t = 4,8,44 µs. The contact radius r(t) can be measured in time.

This contrasts the scenario proposed by [9]: At very early times after con-
tact, the spreading exponent is independent of wettability, for contact angles
ranging from complete wetting to very hydrophobic.

10.2 Molecular Dynamics simulations

The use of Molecular Dynamics simulations (MD) allows for studying the
initial contact between a liquid drop and a solid substrate down to molecu-
lar scale. To reveal the fundamental mechanism of contact and subsequent
spreading, we use a generic Lennard-Jones liquid. The advantage of the
molecular approach is that, unlike continuum modeling, no assumptions
on the moving contact line singularity [3] are needed. In MD, the wetting
characteristics are directly controlled by the solid-liquid interaction, which
determines the equilibrium contact angle qeq, see also chapter 7. The chal-
lenge, however, is to achieve sufficiently large drop sizes to recover a hy-
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drodynamic regime. We therefore study a quasi-two-dimensional geometry
rather than axisymmetric drops, in which the system size in the y-direction
is only 15 molecular sizes [cf. Fig. 10.1(b)]. Indeed, contact problems such
as coalescence are known to be essentially 2D phenomena and the same is
expected here [16, 22].

We perform simulations on binary systems, in which two types of par-
ticles exist: fluid particles that can move around either in the gas or liquid
phase, and solid particles which are frozen on an fcc-lattice and constitute
the solid substrate [23]. All particle interactions are defined by the Lennard-
Jones potential:

fij(r) = 4eij
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Here, eij is the interaction strength between particles i and j and sij the
characteristic size of the atoms. This size is the same for all interactions,
sij = s = 0.34 nm. The potential function is truncated at rc = 5s (1.7 nm)
where fij is practically zero. The mass of the atoms was set at 20 amu, and
a timestep of 1.75 fs was found to be sufficient to accurately model these
systems. The interaction strengths between the fluid atoms are ell = 1.2kBT,
with kB the Boltzmann constant and T the temperature. The simulations are
done in the NVT-ensemble, where the temperature is held at 300K using a
thermostat, which is below the critical point for a Lennard-Jones fluid with
the interaction strengths used. The fluid particles (amount: Nl = 304,192) are
initially positioned on an fcc-lattice (shaped with a cubic outline) far from
the substrate (Ns = 78,300), but are free to move around and relax towards
an equilibrium drop shape. Periodic boundary conditions are present in the
lateral directions. The dimensions of the quasi-2D system are 240 nm, 5.1 nm
and 120 nm in the x-, y- and z-directions respectively (Fig. 10.1). The depth
of the system is short enough to suppress the Rayleigh-Plateau instability
and leads to an infinitely long cylindrical-cap shaped drop.

The interaction strength between the solid and fluid defines the contact
angle [24]. We considered four different wettabilities (thus, four different
values of esl): esl = (0.3,0.4,0.8,1.2)kBT, giving qeq = (115�,100�,60�,0�) ±
10�. The liquid density was measured to be r = 664 kg/m3, and the surface
tension g was measured in a separate, planar system at g = 0.017 J/m2. The
viscosity of the liquid was measured in another separate system (Poiseuille-
geometry) to be h = 3.64 · 10�4 kg/(m·s).

The following procedure was used to bring the drop into contact with the
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Figure 10.2: Molecular Dynamics results. (a-d) “Bottom views" showing the
molecules within 0.5nm from the substrate just prior to and after initial contact
(t =�70 ps, �25 ps, �5 ps and 35 ps, respectively). (a) A small number of molecules
from the vapor phase is close to the substrate. (b,c) Some fluctuating patches of
higher density form. (d) A region of high liquid density nucleates at the substrate,
from which one can measure r(t). (e) Radius of wetted area as a function of time
for varying substrate wettabilities qeq. Once the contact is established, we observe a
power-law with exponent 1/2 for all values of qeq. Results are displayed in SI-units
on the right and top axis, and displayed in dimensionless form on the left and bot-
tom axis. Contact radius r is rescaled with the initial drop radius R, time is rescaled
with the inertial time scale tr =

p

rR3/g.
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substrate. First, the liquid is allowed to equilibrate far away (32 nm) from
the substrate. During this stage, the drop will assume its cylindrical shape
(R = 30 nm) and the liquid equilibrates with the vapour phase. Next, a body
force is briefly applied on the fluid atoms until the drop moves towards
the substrate. Just before the drop comes into contact with the substrate,
the center-of-mass velocity of the drop is subtracted from the atom veloci-
ties such that the drop now ’hovers’ above the substrate. Due to the close
proximity of the substrate (around 1 nm) the thermal fluctuations of the in-
terface lead to first contact between the drop and the substrate after which
the drop starts to spread. Using this method, the approach velocity of the
drop towards the substrate is zero and is not a parameter in this problem.

What happens during the initial contact? In these early stages one can-
not yet speak about a continuous liquid phase in contact with the solid.
Instead, one first encounters the discrete, molecular nature of the fluid. Fig-
ures 10.2(a-d) show snapshots of the molecules that are within 0.5 nm from
the substrate, represented as white dots. First a number of vapor molecules
is randomly distributed over the surface [Fig. 10.2(a)]. As time progresses,
more molecules come into contact and form fluctuating “patches” of high
liquid density at the substrate [Figs. 10.2(b,c)]. The boundaries of these
patches is extracted by computing the number density field of atoms near
the surface, and taking the iso-density contour half-way between the liquid
and vapor density. Eventually, the patch becomes sufficiently large to span
the entire depth of the quasi-2D simulation domain, from which we define
the time of contact [Fig. 2(d)]. The exact definition of t = 0 does not influence
our main conclusions below. From that moment, we track the boundaries
of this wetting patch, which are the moving contact lines. The contact lines
become sharper and are well-defined during the spreading, as can be seen
in Fig. 10.1(a). Note that while the average vapor density close to the surface
is slightly larger than in the bulk, the surface coverage is very low and does
not represent a precursor film.

The key result of our MD simulations is that, once the liquid drop has
established contact with the surface, the spreading follows a single power
law. Figure 10.2(e) shows the contact radius r versus time on surfaces with
varying wettability. For all contact angles qeq we observe a scaling consistent
with r ⇠ t1/2 (best-fit exponent: 0.48). It turns out that the contact angle of
the substrate qeq does have an influence on the spreading, but only through
the prefactor: the exponent is always very close to 1/2. The prefactor in-
creases as the contact angle decreases, such that drops spread faster on the
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more hydrophilic surfaces.
Despite the very small length- and time-scales in these simulations, the

spreading appears to be consistent with the hydrodynamic picture of inertia-
dominated coalescence [16, 18] The left axis and bottom axis in Fig. 10.2(e)
represent the data in dimensionless units, where lengths are scaled with the
initial drop radius R and time with the inertial scale tr =

p

rR3/g. In these
units, the data span a range similar to previous experiments on millimeter-
sized water drops [8, 9].
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Figure 10.3: Experimental measurements of contact radius r plotted as function of
time t for different substrate wettabilities. Results for three different equilibrium
contact angles are plotted: clean glass (qe ⇡ 0�; ), coated glass (qe = 65�; ),
teflon coated glass (qe = 115�; ). The curves represent averaged data of repeated
measurements (five or more for each qeq) per substrate for drops with radius R = 0.5
mm, showing the reproducibility of the experiments.

10.3 Experiments

To verify whether the spreading behavior observed in MD is also found ex-
perimentally, we carried out experiments in a previously unexplored regime.
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The required spatial and temporal resolution is achieved by high-speed
recording of drop spreading from below, using transparent substrates and
recording rates up to 600,000 frames/second. Typical images are shown in
Fig. 10.1b. The high-speed camera (Photron SA 1.1) is connected to a mi-
croscope (Zeiss Axiovert 25), which in combination with a 10X microscope
objective (Zeiss A-plan, 10X) and reflective illumination gives a maximum
resolving power of 2 µm/pixel. To capture a large period of the spreading
process, frame rates used are in the range of 10-600kfps. Quéré et al. [8] and
Bird et al. [9], have shown that data for different drop sizes collapse by iner-
tial rescaling. As here we focus on the influence of wettability, we consider
only one drop radius R = 0.5 ± 0.01 mm.

To investigate the effect of wettability on the spreading, we performed
experiments with water drops on three different substrates with different
equilibrium contact angle qeq: clean glass (almost perfectly wetting, qeq ⇡ 0�),
coated glass (qr = 55�; qa = 75�; qeq = 65�) and teflon coated glass (qr = 110�;
qa = 120�; qeq = 115�). In order to avoid any condensation effects prior to
spreading, the surrounding air is saturated with nitrogen gas. A thin needle
is fixed at height D = 1 ± 0.02 mm above the substrate, thereby setting the
initial radius R of the spreading drop (height D = 2R). With a syringe pump
set at a constant volume rate of 1µl/min a pendant drop is grown at the
needle tip, until it touches the substrate. This generates approach velocities
< 2 · 10�5 m/s, so that the outer gas dynamics has a negligible influence on
the contact process. The radius of contact r(t) is determined from images as
in Fig. 10.1b, using a custom-made edge-detection algorithm in Matlab that
finds the maximum image intensity slope in every frame.

Our experiments confirm a single power law during the initial stages of
contact. The measurements of the contact radius r(t) are shown in Fig. 10.3
on linear axes. One observes that the data fall onto three different curves,
corresponding to the three values of qeq. The curves separate about 0.1 ms
after contact, showing a dependence on wettability at later times. However,
the early-time dynamics are independent of wettability. This is revealed in
Fig. 10.4, which shows the same data on log-log scale. We find that our data
for different qeq perfectly collapse at early times (t/tr < 0.04), and display
an exponent close to 1/2 (best fit: 0.55). We reprinted the data by Bird et
al. [9] (crosses) for completeness, and find a perfect agreement with our
data at t/tr > 0.1, which is the range of accurate resolution in ref. [9]. The
upper/right axis represent SI-units, while for the lower/left axis we employ
the inertial scaling. Thus, the key point is that our measurements reveal a
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Figure 10.4: Experimental results. Contact radius r measured as a function of
time (top and right axis) for three different equilibrium contact angles: clean glass
(qe ⇡ 0�; ), coated glass (qe = 65�; ), and teflon coated glass (qe = 115�; ).
The data shown, is an average of at least 5 measurements. The error bars denote
the statistical error, which is larger than the measurement accuracy. On the left
and bottom axis the data is normalized by the drop radius R and inertial time
tr =

p

rR3/g respectively. A new regime is observed at earlier times, where the
spreading is independent of the equilibrium contact angle. The colored crosses are
reprinted data by Bird et al. [9] (corresponding with: qeq = 3�, ⇥; 43�, ⇥; and 117�,
⇥). The arrow indicates the smallest times that were accurately resolved in the
study by Bird et al.

regime where wettability has no effect on the spreading at early times, not
even in the prefactor.
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10.4 Discussion

We have shown that early stage spreading of low-viscosity drops on a par-
tially wetting substrate is independent of wettability. The wetted area is
found to grow as r ⇠ t1/2, for all considered wettabilities: we find no in-
fluence on the spreading exponent by the presence of a contact line. This
suggests that the mechanism of capillary wave generation, invoked to ex-
plain qeq-dependent spreading exponents [9], cannot be the dominant factor
at very early times. Still, such capillary waves could be relevant for explain-
ing the later stages of spreading in Fig. 10.4, where a departure from the 1/2

scaling is observed. However, this departure first arises when r/R & 0.2, in
which case self-similarity of the bridge connecting the liquid drop and the
substrate is lost, and scaling cannot be assumed a priori. It therefore remains
a challenge to explain the moment when the effect of qeq becomes apparent
in the experiments. There is, however, a subtle difference between the MD
simulations and the experiments regarding the prefactor of the spreading
law. For the experiments we observe a perfect collapse of the data on a
single curve at early times. By contrast, the MD curves do not collapse,
but the prefactor increases with decreasing qeq. We can point out at least
two possible origins for this difference. First, the time- and length-scales
of the two systems differ by orders of magnitude. In addition the simu-
lations and experiments are not dynamically similar. While the rescaled
results of Fig. 10.2 and 10.4 are very close, the Reynolds numbers defined as
Re = rr(dr/dt)/h are very different: it is order unity in MD and order 100 in
experiments. This suggests that the MD could be influenced by viscous ef-
fects, and it would be interesting to further investigate spreading for highly
viscous liquids [12, 21]. Another key difference is the importance of thermal
fluctuations at molecular scales. These are known to have a dramatic effect
on the dynamics of drop pinch-off [25, 26], and it would be interesting to
further explore their influence on spreading in the molecular simulations.

Finally, although wettability does not affect the initial rapid inertial flow
in drop spreading, other cases are known to be strongly influenced by sur-
face properties [13, 15, 27]. From a more general perspective, the combina-
tion of such inertial flows with a three-phase contact line therefore remains
a challenge.
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11
Summary and Outlook

11.1 Summary

In this thesis, we discussed several interfacial phenomena which can take
place when a solid is brought into contact with a liquid, some examples are
briefly discussed below. Surface nanobubbles can be formed, which do not
seem to behave like ordinary (larger) bubbles. In particular, the lifetimes of
surface nanobubbles are much longer than predicted. Also, due to capillary
forces the solid gets deformed due to the presence of the liquid. The elas-
tocapillary deformations can have a significant influence on the solid, and for
slender bodies it even results in (measurable) bulk deformations. Finally,
when a droplet is initially brought into contact with a solid, it will start to
spread until it reached the contact angle prescribed by Young’s law.

The first part of the thesis concerned surface nanobubbles. Because of
the small length-scales involved, and to test down to what scale continuum
modelling is applicable, we use molecular dynamics to study the forma-
tion and stability of surface nanobubbles in chapter 2. We found that in
a sufficiently supersaturated liquid (this supersaturation needs only to oc-
cur locally) nanobubbles spontaneously form. Due to Brownian motion, the
bubbles that form close enough to the liquid-solid surface attach to the solid
and become surface nanobubbles. In the simulations, for non-pinned bub-
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bles on atomically smooth surfaces we did not recover the long lifetimes
found in experiments: the nanobubbles dissolved in less than a microsec-
ond. However, we did recover that gas-adsorbates (“micropancakes”) are
able to change the equilibrium contact angle of the nanobubbles drastically,
and provide a model that describes this.

A natural extension of surface nanobubbles are bulk nanobubbles, i.e.
nanoscopic bubbles in the bulk liquid phase. We studied these bubbles in
a geometry where they are surrounded by other bulk nanobubbles at close
distance, using molecular dynamics. We found that, when sufficiently close
to each other, neighbouring bulk nanobubbles can shield the diffusive flux
that would drain a single bulk nanobubble in less than a microsecond. This
stability is theoretically explained, and using macroscopic arguments we
can predict, for given dissolved gas concentration in the liquid and bubble-
bubble distances whether these nanobubbles are stable and what their equi-
librium size is. The existence of densely packed clusters of bulk nanobubbles
is in agreement with experimental work by Ohgaki et al. [1].

Bulk nanobubbles are thus well understood. Realizing that the influence
of the solid must therefore be responsible for the unexplained behaviour of
surface nanobubbles, we revisit this subject and focus on the effects caused
by the presence of a contact line. In chapter 4 we provide an explanation
for the long lifetimes of surface nanobubbles. The hypothesis is based on
continuum arguments and invokes an important geometrical property of
surface nanobubbles: As these bubbles drain they get flatter due to a pinned
contact line, as evidenced in several experiments. This hypothesis is very
attractive as it explains, apart from the long lifetime, several other unusual
properties of surface nanobubbles. For example, the superstability of surface
nanobubbles (i.e., their resilience against brief and strong tensile stresses [2]
and strong heating [3]) is completely natural when the contact line of a
nanobubble is pinned. The contact angle of surface nanobubbles, that de-
viates from Young’s law, are of course also no surprise when nanobubbles
are pinned: Young’s law simply does not apply in such a case. The main ef-
fect of the pinned contact line is that the relevant length-scale of nanobubble
dissolution is not the bubble size, but rather the distance from the drop to
the free atmosphere which is several orders of magnitude larger. In closed
systems, which have been used in some of the nanobubble experiments, this
length can even be considered to be infinite and therefore the nanobubbles
would not dissolve at all.

Chapter 5 is the last chapter about surface nanobubbles. Here, we an-
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alyze the growth of nanobubbles in an acoustic field by rectified diffusion
by a one-dimensional diffusion model. By seperating the fast timescale as-
sociated with the acoustic frequency from the slow timescale at which the
bubble grows, we are able to make a detailed phase diagram in which the
growth conditions for nanobubbles are elucidated.

The second part of the thesis concerns more general aspects of capil-
larity, and is primarily focused on the relations between microscopics and
macroscopics of fluid-fluid and solid-fluid interfaces. Chapter 6 reconciles
microscopic, thermodynamic, and mechanical viewpoints on various aspects
of capillarity such as Young’s law, the floating pin paradox, and the force on
a solid due to the presence of a contact line. We revealed that many of
the inclarities (or even paradoxes) are caused by an improper definition of
the system on which forces act. For example: When considering the equi-
librium contact angle of a partially wetting liquid on a solid (Young’s law)
one needs to define a proper control volume that contains the liquid around
the contact line. This is usually overlooked, and many textbooks contain an
(over)simplified depiction of the involved forces. While the textbook exam-
ples work for the specific cases that they consider, they cannot be applied
in general and should therefore be considered more as mnemonic aid than
as a representation of the true physical forces. The chapter also contains the
basis for a technique applied in the following chapters (density functional
theory in the sharp kink approximation, or DFT) which is a continuum-like
description of microscopic interactions.

In chapter 7 we describe a clear manifestation of the finite range of mi-
croscopic interactions: Line tension. We studied the effect and origin of line
tension using molecular dynamics and DFT. We found that, for a Lennard-
Jones liquid, line tension is always negative (hence, promoting expansion of
the contact line length) and its magnitude is small: ⇠pN. The magnitude
of line tension depends on the contact angle of the liquid-solid pair, and
using both molecular dynamics and DFT we found that for larger contact
angles the two methods agree. For lower contact angles, the details of the
microscopic interactions become important, explaining why the molecular
dynamics and DFT results differ.

Then, in chapter 8 a thermodynamic approach was used to describe
how partially wetting liquids affect the solid with which they are in con-
tact. Specifically, we found that the surface stress U, rather than the surface
energy g determines the elastic deformation of an elastic solid due to capil-
lary forces. The result highlights that, in the case of liquid-solid interactions,
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one needs to account for the rheology of the solid. The general inequality
g 6= U also means that contact angle measurement of the cusp near the three-
phase line does not provide sufficient information to define the value of the
surface stress [4]. The strain-discontinuity across a contact line of a slender
body, however, does directly provide the difference USL � USV .

The relation between surface stress and surface energy is described in
chapter 9. Using DFT, we find that the the key parameter that determines
elastocapillary behaviour is the compressibilty (in the surface layer) of the
elastic solid: The Poission ratio n. We recovered that for liquid-liquid in-
terfaces (incompressible, n = 1/2) the surface energy and surface stress are
equal: g = U. This is necessarily true: If this were not the case a residual
tangential force would be transmitted to the liquid bulk phases, which can-
not be in equilibrium due to the absence of elasticity. In the case of an elastic
medium, however, this is possible and generally the case. Therefore, the
full relation between U and g is crucial when one is interested in the elastic
deformation of partially wetted deformable surfaces.

In chapter 10, we studied the early dynamics of a spreading droplet both
experimentally and using molecular dynamics. Both methods yielded con-
sistent results with a scaling argument that consists of a balance between
inertial and capillary forces. More precisely we concluded that, regardless
of wettability, the initial spreading radius r(t) of a liquid on a solid that
it partially wets always follows the power law r(t) ⇠ t1/2, where t is the
time after initial contact. These results contradict earlier findings by Bird et
al., where a wettability dependent exponent was found [5]. Comparing the
data, we found that the experimental resolution of the experiments by Bird et
al. was insufficient to recover the early spreading regime, such that it was
impossible to properly measure the exponent. The recovered universal be-
haviour is surprisingly robust: The molecular dynamics simulations reveal
that almost immediately after first contact the spreading dynamics follow
the aformentioned power law, even though the spreading radius is only a
few molecular diameters wide!

11.2 Outlook

To conclude this thesis, we now discuss some possible directions for future
work on the subjects of this thesis.

We start with surface nanobubbles. The explanation put forward in chap-
ter 4 certainly provides an attractive and elegant solution to many of the
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mysterious properties of surface nanobubbles, as discussed in the summary.
The explanation, however, also raises a new question: Why, and to what
extend are nanobubbles pinned? Certainly, some contact angle hysteresis is
to be expected anyhow, but for surface nanobubbles this effect appears to be
stronger than for macroscopic bubbles. The amount of pinning in the case
of surface nanobubbles must therefore be quantified by direct measurements
of the contact angle hysteresis.

A promising way to determine the mobility of surface nanobubbles was
discovered from the experimental data of nanobubble growth by rectified
diffusion (chapter 5). We found that, when an acoustic field was applied
to nanobubble for some time, some of the nanobubbles got displaced from
their initial positoin. Presumably, Bjerkness forces are responsible for these
moving nanobubbles, and since there seems to be no clear collective motion
towards a fixed (anti-)node position it is most likely that secondary Bjerk-
ness forces are at play. Further experiments to find the threshold acoustic
field pressure at which nanobubbles start to move can therefore be used to
quantify the pinning strength.

What remains is the question why nanobubbles are pinned, even on
smooth surfaces such as HOPG. Is the structure of the substrate altered due
to the presence of nanobubbles? Do nanobubbles form at preferential sites?
Detailed (dry) scans (for example using scanning tunnel microscopy or scan-
ning electron microscopy) of substrates on which nanobubbles were attached
can reveal chemical or topological heterogeneities at former nanobubbles
sites which would explain the pinning effect.

A final question regarding nanobubbles that has barely been investigated
is that nanobubbles seem to exist exclusively in water. It is unclear whether
this is truly the case, or that simply no one has looked in different solvents
or was able to form nanobubbles using the same techniques used for water.
It is perhaps more difficult to form surface nanobubbles in other solvents, a
way to bypass this problem would be to generate surface nanobubbles in the
usual way (i.e. ethanol-water exchange), verify that they have formed and
then slowly change the surrounding solvent in situ and see how nanobubbles
react. It is difficult to change only a single parameter in this way but if
nanobubbles persist during the solvent replacement, it is at least clear that
they are not unique to water.

We close with a description how the elastocapillary model from chap-
ters 8 and 9 can be used to describe the behaviour of multiple droplets on
an elastic substrate. Analogous to the well-known ‘Cheerios-effect’, where
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floating particles can attract or repel each other by capillary means, a sim-
ilar effect occurs due to the elastic deformation induced by a neighboring
droplet. It can be shown that, using an asymptotic expansion, that for large
distance L � R between drops of size R the normal component of the sur-
face stress results in a repulsive force. Meanwhile, the tangential component
of the surface stress yields a much strong attractive force. From this, it is
immediately clear how a correct understanding of surface stress (chapter 8)
and how elastocapillary forces are transmitted to the bulk (chapter 9) is cru-
cial to understanding whether two droplets on a soft, elastic medium are
attracted or repelled by each other.
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Samenvatting

Wanneer een vloeistof, bijvoorbeeld water, in contact wordt gebracht met
een vaste stof kunnen allerlei bijzondere verschijnselen plaatsvinden. En-
kele van deze verschijnselen worden in dit proefschrift besproken, zoals de
vorming van oppervlakte nanobellen en elastocapillaire vervormingen indien er
sprake is van een (zachte) elastische vaste stof. De (oppervlakte) nanobel-
len zijn bijzonder omdat ze zich niet lijken te gedragen als grotere bellen en
het is met name de levensduur van deze bellen die vele ordegroottes lan-
ger is dan verwacht. Elastocapillariteit is een benoeming voor het veld waar
wordt gekeken naar hoe een vaste stof wordt vervormd door de aanwezig-
heid van een vloeistof dat in contact is met deze vaste stof. In tegenstelling
tot nanobellen, die pas in de jaren 1990 zijn ontdekt, werd elastocapillariteit
al beschreven in de jaren 1960. Echter, elastocapillariteit wordt nog steeds
actief onderzocht en tot op de dag van vandaag bestaan er verschillende in-
terpretaties over hoe exact de wisselwerking tussen vloeistoffen en elastische
materialen verloopt.

Hoofdstukken 2–5 van dit proefschrift gaan over de oppervlakte nano-
bellen. Vanwege de twijfel over de geldigheid van continuum-modellen voor
het beschrijven van nanobellen, is veel werk gedaan met Molecular Dyna-
mics (moleculaire dynamica, MD) simulaties. In hoofdstuk 2 gebruiken we
MD-simulaties om de vorming en stabiliteit van nanobellen te bestuderen.
We beschrijven hoe nanobellen spontaan kunnen ontstaan in een vloeistof
die (lokaal) is oververzadigd met opgelost gas. Door Browniaanse bewegin-
gen kan zo’n bel vervolgens neerslaan op het substraat waardoor het een
oppervlakte nanobel wordt. Uit de simulaties bleek dat voor niet gepinde
nanobellen op atomair gladde oppervlaktes de bellen niet de bijzonder lange
levensduur hebben die in experimenten wordt waargenomen: De gesimu-
leerde nanobellen losten op in minder dan een microseconde. Echter, we
vonden wel een mogelijke verklaring voor de lage contacthoek van nanobel-
len: Wanneer een gas-adsorbaat vormt tussen de bel en het substraat in (ook
wel een micropancake genoemd, vanwege de platheid van zo’n adsorbaat)
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wordt de contacthoek sterk beïnvloed: De bel wordt platter. De platheid
van nanobellen is een verschijnsel dat ook in experimenten is waargenomen.
Om precies te zijn: De vorm (of platheid) van een bel kan precies worden
beredeneerd vanuit de betreffende oppervlaktespanningen tussen de vloei-
stof, damp en substraat (de wet van Young) maar uit experimenten blijkt dat
nanobellen altijd platter zijn.

In plaats van oppervlakte nanobellen hebben we ook zogenaamde bulk
nanobellen bestudeerd in hoofdstuk 3. Dit zijn bellen die niet zijn gehecht
aan een oppervlak maar die in een vrije oplossing zweven. Ook deze bellen
hebben we bestudeerd met MD-simulaties, waarbij de bellen werden om-
ringd door andere bulk nanobellen. Door de (nabije) aanwezigheid van deze
andere bellen wordt diffusie, waardoor zo’n bel normaal gesproken binnen
een microseconde zou oplossen, effectief onderdrukt. Met behulp van stan-
daard diffusiemodellen kunnen we dit verschijnsel kwantitatief verklaren.

Deze bulk nanobellen zijn dus goed te beschrijven met continuum mo-
dellen. Aangezien het grootste verschil met oppervlakte nanobellen de aan-
wezigheid van een substraat is (en dus, de aanwezigheid van een contactlijn)
bekijken we oppervlakte nanobellen nogmaals in hoofdstuk 4 waarin we fo-
cussen op deze contactlijn. Uit experimenten is gebleken dat de contactlijn
mogelijk (deels) gepind is, d.w.z. de contactlijn verplaatst niet als de bel
groeit of krimpt. In hoofdstuk 4 verklaren we met dit gegeven de lange
levensduur van nanobellen: Doordat nanobellen steeds platter worden als
ze oplossen (vanwege de gepinde contactlijn) lossen ze steeds langzamer op
omdat de Laplace-druk afneemt. Aan de hand van een diffusiemodel tonen
we aan dat nanobellen hierdoor vele uren en zelfs meer dan een dag kunnen
bestaan, zoals ook in experimenten is aangetoond. Het model verklaart ook
nog enkele andere eigenschappen van nanobellen zoals de platheid en het
feit dat ze bestand zijn tegen trekkrachten veroorzaakt door een negatieve
drukpuls en is daarom een zeer aantrekkelijke en waarschijnlijke verklaring
voor het afwijkende gedrag van nanobellen ten opzichte van reguliere bel-
len.

Hoofdstuk 5 is het laatste hoofdstuk over nanobellen. Hierin tonen we
theoretisch en numeriek aan dat wanneer bellen worden onderworpen aan
een akoestisch veld (ultrageluid) er een proces optreedt waardoor deze bel-
len kunnen gaan groeien: Rectified diffusion. Dit verschijnsel is al uitge-
breid beschreven voor sferische bellen, en in dit hoofdstuk passen we dit
toe op oppervlakte nanobellen. Aan de hand van deze analyse stellen we
een gedetailleerd fase-diagram op waaruit duidelijk wordt hoe verschillende
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parameters (zoals de oppervlakte spanning of de sterkte van het akoestische
signaal) bepalen wanneer bellen groeien door rectified diffusion.

Het tweede gedeelte (hoofdstukken 6–10) van deze thesis behandelt an-
dere capillaire verschijnselen. In hoofdstuk 6 worden de microscopische,
thermodynamische, en mechanische aspecten van enkele typische capillaire
verschijnselen behandeld zoals de wet van Young, de ‘floating pin’ paradox,
en de krachten op een vaste stof door de aanwezigheid van een contact-
lijn. Bij capillaire verschijnselen wordt vaak gewerkt vanuit een mechanisch
perspectief en veel onduidelijkheid wordt veroorzaakt wanneer niet op een
juiste manier een systeem wordt gedefinieerd waarop de krachten werken.
Een goed voorbeeld is de wet van Young, waarbij vaak een krachtenba-
lans tussen de vloeistof/vloeistof-, vaste stof/vloeistof-, en vloeistof/gas-
oppervlaktespanningen wordt gebruikt. In dit geval is het systeem niet dui-
delijk gedefinieerd, en in sommige gevallen is deze balans dan ook niet
geldig. Veel van de misverstanden, die soms zelfs als paradoxen worden
beschouwd, zijn daarom te verhelpen of uit te leggen door de krachten op
een correcte manier toe te passen.

In hoofdstuk 7 wordt line tension (lijnspanning) beschreven. Dit is een
verschijnsel dat optreedt door het eindige interactie-bereik tussen atomen,
waardoor de vrije energie in de buurt van een contactlijn afwijkt van de vrije
energie geassocieerd met de oppervlakte-energie. We gebruiken zowel MD
als Density Functional Theory (DFT) om de line tension te bepalen van een
druppel dat rust op een substraat. Het resultaat was dat, voor eenvoudige
(Lennard-Jones) vloeistoffen, line tension negatief is en klein; van de orde
picoNewton. De sterkte van de line tension hangt af van de contacthoek:
Voor hoge contacthoeken (hydrofoob substraat) volg uit beide methodes dat
de sterkte kleiner wordt. Voor kleine contacthoeken hangt de sterkte van de
line tension sterk af van de interactie-parameters tussen de vloeistof en het
substraat.

Hoofdstukken 8 en 9 gaan over elastocapillariteit. In hoofdstuk 8 herlei-
den we via een thermodynamische route hoe een elastisch materiaal wordt
beinvloed door de aanwezigheid van een contactlijn. De hoofdconclusie
is dat niet de oppervlakte-energie, maar de oppervlaktespanning bepaalt in
hoe een elastich materiaal vervormd door de aanwezigheid van de vloei-
stof. In problemen waar elasticiteit geen rol speelt (bijvoorbeeld wanneer
twee vloeistoffen in contact zijn) zijn oppervlakte-energie en oppervlakte-
spanning gelijkwaardig, maar het is al langer bekend sinds de jaren 1950

via Shuttleworth’s relatie (hoofdstuk 1) dat dat niet geldt in problemen waar



214 SAMENVATTING

elasticiteit een rol speelt. Het werk in dit hoofdstuk toont dus aan dat in
elastocapillaire problemen het belangrijk is om de twee te onderscheiden.
In hoofdstuk 9 gebruiken we vervolgens DFT om een relatie te verkrijgen
tussen oppervlakte spanning en oppervlakte-energie. Het blijkt dat de zgn.
Poisson-ratio (i.e. de compressibiliteit van de vaste stof) bepaalt hoe de twee
zijn gerelateerd. In de limiet waarin de vaste stof incompressibel is (ver-
gelijkbaar met een vloeistof) zijn de oppervlaktespanning en oppervlakte-
energie aan elkaar gelijk, maar in alle andere gevallen niet.

Als laatste, in hoofdstuk 10, bekijken we de gebeurtenissen vlak nadat
een druppel in contact is gebracht met een vaste stof aan de hand van MD-
simulaties en experimenten. Het belangrijkste resultaat is dat vrijwel direct
na contact, de druppel spreidt op een universele manier. Dit betekent dat,
zolang visceuze effecten niet domineren, de spreidingsradius r als een func-
tie van tijd t aan elkaar gerelateerd zijn via r(t) µ t1/2, waarbij het niet uit-
maakt welke vloeistof of wat voor substraat er gebruikt wordt. Dit spreekt
eerdere resultaten van Bird et. al. tegen, waarbij experimenteel een sprei-
dingswet werd gevonden die afhangt van de contacthoek. Wij tonen aan dat
het verschil veroorzaakt wordt door het beperkte tijdsbereik en de beperkte
tijdsresolutie in deze experimenten, en dat de spreidingswet wel degelijk
onafhankelijk is van contacthoek voor kleine t.
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