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Summary

Stringent carbon emission targets and consumer demands for highly fuel effi-
cient and safe vehicles are driving most of the innovations in the automotive
industry. In the present era, the prime technological goal of the automotive
industry is to design and manufacture commercially viable lightweight vehicles
while maintaining the structural performance of the vehicles at the same time.
Development of Advanced High Strength Steels (AHSS) is an important step
forward in this context. AHSS have replaced the classical steels in most of
the structural components in a modern car. However, formability of AHSS is
proving to be the bottleneck to increasing the number of components made by
AHSS. The formability of AHSS is limited due to damage development during
the deformation process. Damage development during the forming process
renders the classical failure prediction techniques ineffective, which poses dif-
ficulties in designing the forming process. It is therefore important to develop
efficient numerical tools for failure predictions which take damage development
into account. Damage development is anisotropic by nature and shall be con-
sidered anisotropic for accurate failure predictions. The aim of this research is
to develop an efficient anisotropic damage model to simulate complex failure
mechanisms and accurately predict failure in advanced materials and forming
processes.
The research started with the numerical formulation and implementation of
Lemaitre’s anisotropic damage model in the in-house implicit finite element
code DiekA. It was found that the standard Lemaitre damage model was not
suitable for AHSS forming applications unless modifications are made. Ini-
tially, two major modifications were made in the standard Lemaitre anisotropic
damage model i.e. a different damage evolution was defined in compressive
stress state and the influence of strain rate on damage development was taken
into account. The damage model parameters for DP600 (a specific type of
Dual Phase AHSS) steel were determined from low cyclic fatigue and ten-
sile tests. It was observed in the tensile tests that the material had different
damage characteristics in the rolling and transverse direction of the sheet.
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This result triggered the necessity to classify anisotropy in damage into two
categories; Load Induced Anisotropic Damage (LIAD) and Material Induced
Anisotropic Damage (MIAD). An experimental study of MIAD was carried
out on tensile test specimens. The tensile specimens were studied using a
scanning electron microscope and damage behavior in the rolling and trans-
verse direction was characterized for DP600. Finally, the anisotropic damage
model was phenomenologically modified to account for MIAD. The model was
named as ML (Modified Lemaitre’s) anisotropic damage model.
ML anisotropic damage model is implemented in the in-house implicit fi-
nite element code DiekA and the implicit commercial finite element code
MSC.MARC. The model gives quadratic convergence in the global equilib-
rium iteration. Since ML anisotropic damage model is a local damage model,
it has an in-built pathological mesh dependence. Viscoplasticity is used to
regularize this mesh dependence. A detailed numerical study was performed
to check the effectiveness of viscoplastic regularization.
Tensile test simulations were performed using the ML anisotropic damage
model. The simulation results were in good comparison with the experimental
results. The MIAD behavior of DP600 in the tensile tests was also predicted
in the tensile test simulations. Few validation cases were performed on the
ML anisotropic damage model. All validation experiments were carried out
with DP600 and the same damage and plastic model parameters were used
in all simulations. First the model behavior under different stress states was
checked, using the butterfly specimen. The damage distributions obtained at
different triaxialities in the experiments were qualitatively well predicted in
the simulations. Two sheet metal forming applications, a cylindrical cup deep
drawing test and the cross-die drawing test were used for validation. Due to
the presence of MIAD in DP600, the material had a preferred failure orien-
tation in the cylindrical cup drawing process, which was accurately predicted
using the ML anisotropic damage model. The failure location, critical punch
depth, punch-force displacement and strain distributions were predicted accu-
rately (qualitatively and quantitatively) by the ML anisotropic damage model
in the cross-die drawing test. The anisotropic damage model predicted the
crack orientation in the cross-die test much more accurately compared to the
isotropic damage model.
In short, the main output of this research is the ML anisotropic damage model,
which is a sound numerical tool for forming applications in which damage plays
an important role.
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Chapter 1

Introduction

1.1 Background

The global fuel crisis and increasing public safety concerns are driving the
automotive industry to design high strength and low weight automobiles. The
development of Advanced High Strength Steels (AHSS) is a big step forward
in achieving this goal. Dual Phase (DP) steels are an important category
of AHSS. DP steels are used in many automotive body-in-white structural
components such as A and B pillar reinforcements, longitudinal members and
cross sections, safety critical and crash structure parts. DP steels are also
used in other industrial sectors such as precision tubes, train seats and Liquid
Petroleum Gas (LPG) cylinders. DP steels have a higher strength in compar-
ison to the traditional forming steels and thus give a high strength to weight
ratio. One important characteristic of DP steels is the enhanced post localiza-
tion strain at high strain rates [66]. Due to the increase in post localization
strain, these steels absorb much more energy under crash. This characteristic
makes DP steels very suitable for safety applications. However, the utiliza-
tion of DP steels in automobiles requires a transformation of the raw material
(sheet) into the final product through a manufacturing process. Sheet metal
forming is the most widely used manufacturing process in the automotive in-
dustry. From a metal forming point of view, ductility of the material is the
most important characteristic. Many sheet metal parts, which were first man-
ufactured from traditional forming steels, are now being manufactured from
DP steels [130]. Figure 1.1 shows the ductility-strength relationship for major
categories of steels. Although the ductility of DP steel is higher than classical
high strength steels, it is lower than that of classical deep drawing steels that it
has to replace. The comparatively low ductility of DP steels poses challenges
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Figure 1.1: Strength-Elongation relationships for low strength, conventional HSS and
AHSS steels [67].

in full utilization of these kind of steels in automobile structural components.

The low ductility of DP steels is attributed to damage development [113, 114].
Damage in a material usually refers to the presence of micro defects in the
material. During damage evolution, micro defects initiate, grow and interact
with each other. Damage not only weakens the material but also reduces the
ductility by formation of mesocracks due to interacting micro defects. The
microstructure of DP steels has martensitic phase islands (grains) embedded
in a soft ferritic matrix. The ferrite phase contributes towards the ductility
whereas the martensite phase enhances the strength. When the material is
plastically deformed, the different deformation behavior of these phases gives
rise to voids and cracks within the martensite phase or at the interfaces of
both phases [58, 142, 144]. It is a known fact that plastic deformation in-
duces damage in DP steels and other AHSS. Therefore damage development
in these steels shall be studied and incorporated in the simulations for accurate
failure predictions in forming processes and for determination of the product
properties after forming. In this research, a pre-production research grade
DP600 steel was used. Extensive studies on damage development have been
carried out on the same grade and batch of DP600 [58, 89, 141, 142, 143, 144].
However, anisotropic damage in this material was never considered before.
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1.2 Numerical modeling of damage

Numerical modeling is commonly used these days to simulate complex physical
phenomena. The advancement of numerical modeling has drastically decreased
the capital and time investment required for development of prototypes. How-
ever, the effectiveness of numerical models depends upon how accurately the
material behavior is defined. It is very clear that damage plays an important
role in limiting the formability of DP steels. Therefore, damage material mod-
els should be used for failure prediction and to determine the forming limit
curve (FLC) for these advanced materials [21].
In general, damage is anisotropic by nature. In ductile metals, damage leads to
crack initiation. A crack is certainly anisotropic, which supports the statement
that damage is anisotropic. However, most researchers assume damage to be
isotropic, which makes the formulation and implementation of the numerical
model comparatively simple. However, this assumption limits the applicability
of the model and can produce inaccurate (in some cases misleading) results.
For correct and accurate results, damage shall be considered as anisotropic,
especially if the results are used to determine the crack propagation direction.
Anisotropic damage models can also be a useful tool for optimizing forming
process parameters and for accurate determination of the strength of the form-
ing products.
Anisotropy in damage can be categorized based on the cause which induces the
anisotropy; the loading state and the material microstructure. According to
the Load Induced Anisotropic Damage (LIAD) model, damage will be higher
in one direction (compared to the other two orthogonal directions) if the mate-
rial is deformed in mainly this direction, irrespective of the microstructure of
the material. According to the Material Induced Anisotropic Damage (MIAD)
model, the material will have different damage characteristics for different ori-
entations in the sheet if there is an anisotropy in shape or distribution of the
particles responsible for damage (hard second phase particles, inclusions or
impurities).

1.3 Objective of this thesis

With the rapidly growing advancement in material design, the assumption of
isotropic damage may not suffice anymore. The goal of this thesis is to de-
velop an efficient anisotropic damage model to simulate complex failure mecha-
nisms and accurately predict failure in advanced materials and processes. This
anisotropic damage model shall be implemented in commercial and research



4

finite element codes. The model shall be validated with industrial applications
for an advanced engineering material.

1.4 Outline

Chapter 2 of this thesis gives the literature review on damage modeling. This
chapter starts with the basic phenomenon of ductile damage followed by math-
ematical models and techniques used by different researchers to describe dif-
ferent phases of ductile damage at the micro scale. Afterwards, the continuum
approach of damage modeling is presented. The four most popular research
areas in this field, namely, continuum damage mechanics, Gurson model and
its extensions, the fabric tensor concept and the two-scale models are pre-
sented.
The LIAD part of the Modified Lemaitre’s (ML) anisotropic damage model
is described in Chapter 3. First the standard Lemaitre’s anisotropic damage
model is presented followed by the modifications made for damage develop-
ment under compression state and influence of strain rate on damage. The
complete mathematical treatment and numerical implementation of the ML
anisotropic damage model is presented. The results of parametric studies with
single element tests are presented at the end of this chapter.
Local damage models are known to have pathological mesh dependency. Chap-
ter 4 deals with the viscoplastic regularization of the ML anisotropic damage
model. The Consistency viscoplastic model is used with two different types
of strain rate hardening models to regularize the mesh dependence. Two nu-
merical case studies are performed to check the effectiveness of viscoplastic
regularization.
The MIAD part of ML anisotropic damage model is discussed in Chapter 5.
The first part of this chapter shows experimental evidence of the MIAD phe-
nomenon in DP600 steel. The experimental analysis is carried out using tensile
tests, optical strain measurement system (ARAMIS) and scanning electron mi-
croscopy. The damage mechanism in DP600 steel is studied in detail, which
proves the anisotropic nature of damage in DP600 steel. The modification
needed to incorporate MIAD in the ML anisotropic damage model is pre-
sented, followed by results of tensile test simulations showing the effectiveness
of the MIAD model.
Chapter 6 discusses the validation and application of ML anisotropic damage
model. The chapter begins with the determination of the model parameters for
DP600 steel. The ML anisotropic damage model is first validated for different
triaxialities with the butterfly specimens using the twente biaxial tester.
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The ML anisotropic damage model is then validated with a cylindrical cup
drawing process followed by a cross-die drawing process.
Chapter 7 concludes the thesis, with a summary of the conclusions and rec-
ommendations for future research.
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Chapter 2

A Review on Continuum
Damage Modeling

The aim of this PhD research is to develop an anisotropic damage model, in a
continuum framework, which is suitable for numerical simulations of forming
processes of metals. A literature review is carried out to get a notion about
the different schools of thought working on continuum modeling of damage.
Section 2.1 will describe the three basic mechanisms of ductile damage along
with an overview of the modeling techniques used to model each individual
mechanism. In Section 2.2, different schools of thought on continuum damage
modeling will be discussed. This section will focus mainly on the basic mod-
eling approach rather than discussing the variants. The Continuum Damage
Mechanics (CDM) approach will be discussed extensively as this approach will
be used to develop the anisotropic damage model in this research. The chapter
will end with discussions and conclusions.

2.1 Mechanisms of ductile damage

Ductile damage is a process in which voids, either already existing within the
material or nucleated during deformation, grow until they coalesce to form
a mesocrack. The existence of distributed microscopic voids, cavities, or mi-
crocracks is referred to as material damage. The process of void nucleation,
growth and coalescence, which initiates the macro cracks and causes progres-
sive material degradation through strength and stiffness reduction, is called
damage evolution. Figure 2.1 shows all three modes of ductile damage i.e.
void nucleation, Figure 2.1(a), void growth, Figure 2.1(b) and void coales-
cence, Figure 2.1(c). It is difficult to distinguish between the three stages of
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damage because all three modes of damage can occur simultaneously during
plastic deformation. Generally, damage begins with void nucleation. Void co-
alescence is the last stage of damage after which a mesocrack is initiated and
the material fails. For simplicity, the mechanism and modeling efforts for each
mode of damage will be discussed separately.

(a) Nucleation. (b) Growth.

(c) Coalescence.

Figure 2.1: SEM images of deformed DP600 tensile test specimens, showing different
ductile damage mechanisms.

2.1.1 Void nucleation

Void nucleation is the beginning of damage in the material. If this phenomenon
can be suppressed or delayed, then ductility of the material can be enhanced
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considerably. The mechanism of void nucleation depends upon the tempera-
ture at which deformation takes place. At elevated temperatures for e.g. in
case of creep or superplastic forming, void nucleation occurs by intersection
of slip bands with the grain boundaries [45]. High temperature deformation
is not the scope of this research, therefore only void nucleation at low tem-
peratures will be discussed in this section. At low temperatures i.e. less than
one-third of the melting point, void nucleation is driven by inhomogeneous
deformation of material due to second phase particles [45, 49]. Second phase
particles are generally harder compared to the matrix material. The difference
in the stiffness induces inhomogeneous deformation, which results in second
phase particle cracking or interface debonding. In single phase materials, the
non-metallic inclusions (impurities) act as nucleation sites. The lower the
amount of inclusions (impurities) the higher the ductility will be. Interstitial
Free (IF) steels are good examples of ductile materials where damage is not
very important due to a very low amount of impurities.
There is a threshold of plastic strain (or stress) at which a void is nucleated
for a particular system of matrix material and second phase particles. There
are many factors that influence the threshold for void nucleation and trig-
ger a dominant mode of void nucleation i.e. second phase particle cracking
or interface debonding. Some important factors are strength, shape, size and
orientation of second phase particles and matrix-particle interface strength
[45, 49]. A good experimental study on change of void nucleation mode from
interface debonding to particle cracking is given in [6].
The basic assumption in modeling second phase particle cracking or interface
debonding is that the second phase particles deform elastically while the ma-
trix material undergoes plastic deformation [45]. Generally the two modes of
void nucleation i.e. second phase particle cracking or interface debonding are
modeled independently. Most of the models found in the literature have been
developed for interface debonding. Initially the interface debonding models
were based on work hardening which defines a critical stress and energy for
debonding, taking into account the stress state [1, 2, 18]. There were models
which, on the contrary, define the strain as the void initiation criterion [140].
After the pioneering work of Needleman [107], cohesive zone technique was
largely used to model the interface debonding. The cohesive zone model uses
a traction separation law, for a given alloy system, which defines when inter-
face debonding will occur.
Less work was done on second phase particle cracking. Initially the surface
energy criterion was used as a threshold for particle cracking [52]. Afterwards,
Shabrov [131] applied the interface debonding model from Needleman [107] on
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cracking, by adjusting some parameters of the model.

2.1.2 Void growth

Void growth is one of the most extensively studied damage mechanisms in
continuum mechanics. McClintock is the pioneer in modeling void growth in
a continuum context [98, 99]. McClintock obtained equations for growth of
prismatic voids, with circular and elliptical cross sections under axisymmet-
ric stress, for rigid non-hardening and linear hardening materials (hardening
exponent n = 1). The equations were based on the stress triaxiality. The equa-
tions for moderately hardening materials (hardening exponent 0 ≤ n ≤ 1) were
formed by interpolating between the two extremes [98, 99]. McClintock also
developed equations for the growth of non rotational holes in shear bands, in
which he relates void growth and triaxiality [100, 101]. Although it was shown
by experiments that the equations formed by McClintock underestimate the
void growth, the same experiments also proved the importance of stress triax-
iality on void growth [123].
Rice and Tracey [127] analyzed void growth for a spherical void in a rigid-
perfectly plastic material. The growth rate was given as a function of imposed
strain rate and was exponentially dependent on the triaxiality. The work was
extended for cylindrical voids in hardening material [152]. A void-void in-
teraction was also included in this study in an approximate manner. It was
concluded that keeping the stress state constant, void growth decelerates as
hardening increases whereas keeping stress state and hardening constant, void
growth accelerates with the amount of strain.
The initial void shape, and its evolution during the course of deformation, is an
important parameter in void growth. Different void growth models are based
on different initial void shape. The famous Gurson Model [53] (Section 2.2.2)
assumes a spherical void whereas Gologanu-Leblond-Devaux (G-L-D) model
[47, 48] is an extension of Gurson’s model to spheroidal voids. There are
void growth models which also evolve the void shape during growth [39]. Lee
and Mear [81] carried out a comprehensive study on the growth of spheroidal
voids, with different aspect ratio i.e. ranging from penny shaped voids to infi-
nite cylindrical voids. The study was focused on creep and thus concentrated
on the dependence of macroscopic strain rate on the void aspect ratio, but the
results of these studies triggered researchers to include void shape effects in
other disciplines of continuum mechanics. One remarkable conclusion which
was deduced from this study was that the effect of void shape on void growth
was dependent upon triaxiality and hardening of the material. At a different
set of triaxiality and hardening parameter, the same void shape (aspect ratio)
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will have a totally different effect. More literature on the influence of void
shape on void growth can be found in [20, 62, 106, 118, 126, 138].
Void and particle clustering can also have an influence on void growth. It
was shown that clustering of particles affects void growth and also induces
anisotropy in void shape, but this effect is prominent in dense particle distri-
bution only [146]. It was found that when multiple voids are present within a
dense ductile material, the void growth rate is greater than for a single void
(with the same initial void volume) in the material [61]. A micro-mechanical
model was developed for anisotropic damage with three damage parameters i.e.
porosity, void aspect ratio and void distribution [44]. The evolution equations
for all three variables were given. This model was focused on creep (power-law
materials) and did not accurately predict the porosity for low triaxialities and
the void shape for high triaxialities. Other studies regarding void distribution
effects can be found in [10, 62, 106, 118].
The void size also affects the void growth. Fleck-Hutchinson phenomenological
strain gradient plasticity theory [42] was employed to capture the size effects
on void growth [63, 91]. It was found that if the void size is less than a critical
radius then the growth is negligible, which is in agreement with the work of
Tvergaard [155]. The critical equivalent radius is insensitive to initial void
shape and the triaxiality. The critical equivalent radius was found approxi-
mately equal to the intrinsic material length scale, associated with the stretch
gradient, so it can be assumed to be a material parameter. It was noticed
that void size does affect the void shape evolution, but the extent of influence
strongly depends upon the triaxiality.
It was also determined that voids nucleated at larger inclusions tend to grow
faster [34]. Some researchers [43, 125] showed that void growth rate increases
with increase in matrix strength. It was also found that locking of void growth
can occur due to entrapped inclusions [135]. Straining mode [90, 92] also has
some influence on void growth. The studies on these effects are, however,
limited.

2.1.3 Void coalescence

Void coalescence is the final stage in the damage mode of ductile materials.
There can be two modes of void coalescence; void impingement mechanism
and void sheet mechanism. Void impingement is a natural way of coalescence
in which two neighboring voids keep growing until they combine to form a
larger void. Void sheet mechanism is a process in which localization of plas-
tic deformation occurs at the micro scale in the inter-void ligament between
neighboring voids. This localization can occur as a result of nucleation of
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secondary microvoids, but there are few studies which show that inter-void
localization can also occur without the need of secondary microvoids [45].
It is evident from experiments that coalescence is a very rapid process which
occurs over a very small interval of macroscopic strain. This limitation makes
it very difficult to carry out micro-structural studies which are required to
model the real physical phenomenon. Therefore researchers mainly focused
on modeling void coalescence in a phenomenological way. The most famous
model for void coalescence was given by Needleman and Tvergaard [154]. This
model formed the basis of most phenomenological models proposed thereafter.
The model contains a critical void volume fraction at which the coalescence
starts. After this point damage growth accelerates until the failure void vol-
ume fraction is achieved in the material. The critical void volume fraction
was assumed to be a material parameter and was determined by fitting the
model to the experiments. Recently it was determined that critical void vol-
ume fraction is not a material parameter but rather a field quantity [173].
Thomason [148, 149] gave a plastic limit load criterion for ductile fracture of
solids containing microvoids. It was shown that a destabilizing transforma-
tion from an incompressible plastic to a dilatational-plastic response, in a body
containing microvoids, coincides with the condition of plastic limit-load failure
of the inter-void matrix. Recently the value of critical void volume fraction
was based on this criterion [118, 173]. The inclusion of this criterion made the
phenomenological model of Needleman and Tvergaard [154], to some extent,
physical based.
There are also void coalescence models which are based on the underlying
physics. Thomason [147, 150, 151] carried out an extensive research in the
micro mechanics of coalescence, especially void sheet mechanism. It was es-
tablished that microvoid coalescence is the result of the plastic limit load
failure (internal microscopic necking) of inter-void matrix, which occurs when
the inter-void matrix can no longer support the equilibrium loads that are
being applied by the plastic stress and strain rate field. It was shown that
coalescence is not predominantly due to dilatational plastic void growth (as is
the case of the phenomenological model of Needleman and Tvergaard [154])
but coalescence can also take place at strains just beyond the nucleation strain.
Different models for internal microscopic necking were developed in this re-
search which takes into account non-uniform void sizes and spacing. Benzerga
proposed a micro mechanical model for void coalescence which accounts for
the anisotropy of void shape and void distribution. The model includes micro
structural parameters such as ligament size, void aspect ratio, and void spacing
ratio [12]. This model can also be used to accurately predict the acceleration
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factor and the so-called critical volume fraction in the phenomenological model
of Needleman and Tvergaard [154]. Fabregue and Pardoen gave the extension
of Thomason model for coalescence for materials containing secondary voids
[40]. The void sheet mechanism was further divided into two categories; inter-
nal necking and shear localization between primary voids. It was found that
coalescence by shear localization is observed in high strength-low strain hard-
ening aluminum alloys and steels, whereas internal necking is favored when
the strain hardening is higher.

2.2 Damage modeling: Continuum approach

The incorporation of damage mechanics in failure analysis started in the late
fifties of the twentieth century. The inclusion of the phenomenon of dam-
age in continuum mechanics originated in 1958 when Kachanov [70] intro-
duced a scalar variable to represent material damage. Kachanov also intro-
duced the concept of effective stress. This concept is based on considering
a fictitious undamaged configuration of a body and comparing it with the
actual damaged configuration. He originally formulated his theory using sim-
ple uniaxial tension. Following Kachanov’s work, researchers applied contin-
uum damage mechanics to their own fields of expertise, like brittle materials
[37, 76, 77, 79, 165] and ductile materials [15, 17, 25, 71, 83, 84, 105, 128]. In
the last two decades, continuum damage mechanics has been applied exten-
sively to plasticity [15, 17, 27, 94, 128, 160, 161, 164].
In 1977, Gurson [53] developed a yield function for porous ductile materials
using void volume fraction as a measure of damage. The evolution of void
volume fraction was based only on void growth in the basic Gurson model. A
few years later, the Gurson model was modified by Tvergaard and Needleman
[154], to take into account void nucleation and coalescence. The combined
Gurson Tvergaard Needleman (GTN) model formed the basis for most ductile
fracture (damage) models onwards.
Unlike ductile damage, brittle damage mainly consists of microcracks. A new
damage modeling methodology was introduced by Oda [116] in 1982 to account
for the anisotropy in microcracks and discontinuities in geological materials.
The main ingredient of this method is the fabric tensor. The fabric tensor is
obtained from the distribution of microcrack (defect) orientations. Therefore
this method can be termed as a purely physical method of damage modeling
in brittle materials. Later on the crack density distribution was also used in
the void nucleation evolution term for ductile materials [54, 55, 56].
Another method of modeling damage is multiscale modeling. In multiscale
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modeling, the constitutive behavior of the material, at the macro scale, is de-
termined by carrying out a finite element analysis at each integration point,
on a representative microstructure. The representative microstructure is gen-
erally called a Representative Volume Element (RVE). Along with the mi-
crostructure, the RVE can also contain defects, such as voids or cracks. The
microscopic field variables in the RVE are homogenized to get the macroscopic
variables at that specific integration point. Although this technique of dam-
age modeling is almost 20 years old, it only started to grasp the attention of
researchers recently [46, 74] due to the tremendous enhancement in computa-
tional power of computers, parallel processing and homogenization techniques.
To summarize, damage modeling can be classified into four approaches:

1. Continuum Damage Mechanics (CDM) approach i.e. effective variable
concept.

2. Ductile damage modeling i.e. GTN model and its extensions.

3. Defect density distribution models i.e. fabric tensor concept.

4. Two-scale models i.e. RVE approach.

All four approaches will be discussed in the Sections 2.2.1 to 2.2.4, respectively.
The advancements in CDM models will be discussed in detail, whereas the
advancement in the other three areas will be described briefly.

2.2.1 Continuum damage mechanics models

Continuum Damage Mechanics (CDM) is a constitutive theory that describes
the progressive loss of material integrity due to nucleation, propagation and
coalescence of microcracks, microvoids and similar defects. The nucleation,
growth and coalescence of voids will change the microstructure of the material.
At the macro scale, a degraded material stiffness would be observed due to
damage development. The simplest version of a CDM model can be defined by
scaling the initial stiffness tensor to obtain the damaged (degraded) stiffness
tensor, using a scalar (damage) parameter.

˜̄E = (1−D)Ē (2.1)

A more general isotropic damage model may define two scalar damage param-
eters associated with two elastic constants i.e. the shear modulus and the bulk
modulus. Let us consider a bar loaded under uniaxial stress state to under-
stand the basic concept of CDM. Figure 2.2 shows the bar which comprises two
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phases. When a force is applied on the bar then the second phase particles
break or debond from the matrix material to generate voids. Figure 2.2(a)
shows the (real) damaged material with discontinuities due to voids. The ac-
tual area A which takes up the load is lower than the cross sectional area A0

by an amount Ad i.e. the void area. The effective Cauchy stress, taken up by
the intact area within the cross section, will be

σ̃ =
F

A
=

F

A0 −Ad
⇒ F = σ̃ (A0 −Ad) (2.2)

If the damaged area is a fraction D of the total cross sectional area then
Equation (2.2) can be written as

F = (1−D)σ̃A0 (2.3)

where D represents the amount of (isotropic) damage in the material given
by:

D =
Ad

A0
(2.4)

The idea of CDM is to replace the real damaged discontinuous material with
a fictitious undamaged but continuous material, as shown in Figure 2.2(b).
Since the amount of damage in this configuration is assumed to be zero, the
total cross sectional area will take up all the load.

σ =
F

A0
⇒ F = σA0 (2.5)

where σ is the nominal Cauchy stress. The relation between the nominal and
effective Cauchy stress can easily be determined by comparing Equation (2.3)
with Equation (2.5)

σ = (1−D) σ̃ (2.6)

Since the condition 0 ≤ D ≤ 1 holds for a real material, σ ≤ σ̃ also holds.
Equation (2.6) gives an example of mapping an effective variable (from the
damaged configuration) to a nominal variable (to the undamaged configu-
ration) using isotropic damage. A more general form of Equation (2.6) for
isotropic damage is:

x = (1−D) x̃ isotropic damage (2.7)

x̃ and x represents second order effective and nominal variables respectively.
A detailed tensorial formulation of the effective configuration concept is given
by Menzel et al. [104].
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(a) Real damaged material configuration.

(b) Fictitious undamaged material configuration.

Figure 2.2: Schematic of a dual phase material under uniaxial loading condition.

An elasto-plastic constitutive law is valid for the undamaged material using
the effective variables. The damage variable evolves using a damage poten-
tial, during the course of deformation. The damage variable is then used to
map the effective variables to the nominal variables. To link the two con-
figurations, at least one of the variables from the damaged and undamaged
configuration shall be kept equivalent (it is assumed that this variable will not
be altered by damage). This is called the equivalence principle in CDM. There
are already some proposed hypotheses for the equivalence principle; principle
of stress equivalence [134], principle of strain equivalence [83, 84, 85, 87, 88]
and principle of energy equivalence [23, 25, 26, 55, 56].
If an initially isotropic material is subjected to a general loading that leads to
the damage, stiffness degradation is usually faster in the directions that expe-
rience larger stretching. Consequently, anisotropy is induced in the material.
To account for the induced anisotropy due to damage, a tensorial represen-
tation of damage variable is inevitable. If the damage variable is based on
the degradation of the stiffness tensor, the most general form of anisotropic
damage can be described by an eighth order damage tensor [172]. It was
also shown by Yun-bing [172] that the order of damage tensor is restricted to
eighth, fourth, second or zeroth order tensors. To re-write a mapping function
for anisotropic damage analogous to Equation (2.6) and to assure symmetry
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of the stress tensor, a fourth order damage tensor will be required

σ =
(
I4 − D̄

)
: σ̃ (2.8)

Where D̄ represents the fourth order damage tensor and I4 represents the
fourth order unity tensor. Experimental identification of damage characterized
by eighth or fourth order tensors and especially formulation of reasonable
evolution laws for the components of such tensors are extremely difficult. To
overcome these difficulties most (successful) anisotropic damage models use
a symmetric second order damage tensor definition [25, 55, 87]. However, to
cope with the issue of non-symmetric stress tensor, the mapping function in
Equation (2.8) is modified to obtain a symmetric stress tensor.

σ = M̄ (D) : σ̃ (2.9)

Where D represents the second order damage tensor for anisotropic damage
and M̄ represents a fourth order mapping operator which is a function of the
damage variable D. The fourth order operator M̄ is defined such that the
symmetry of the stress tensors are assured. A second order damage tensor
formulation is limited to orthotropic behavior and cannot describe completely
general anisotropy. Still, this formulation is sufficiently rich and workable from
the practical point of view. Since this research focuses on anisotropic damage
modeling, only anisotropic damage will be dealt with in the following sections.
Principle of stress equivalence: The principle of stress equivalence [134]
states that the nominal stress in the damaged material configuration under the
applied strain (elastic) is equivalent to the effective stress in the undamaged
material configuration under the effective strain (elastic). Mathematically it
can be written for anisotropic damage as:

σ̃ (ε̃e, 0) = σ (εe,D) (2.10)

ε̃e = M̄ (D) : εe (2.11)

The stress equivalence hypothesis did not succeed in gaining the attention of
many researchers because this assumption is far from reality.
Principle of strain equivalence: The principle of strain equivalence [80]
states that the nominal stress applied to the damaged material configuration
produces the same elastic strain as the effective stress applied to the undam-
aged material configuration. Mathematically it can be written for anisotropic
damage as:

ε̃e (σ̃, 0) = εe (σ,D) (2.12)

σ̃ = M̄ (D) : σ (2.13)
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This hypothesis was originated by Ladevèze [80]. The hypothesis, in its general
form for anisotropic damage, was thermodynamically inadmissible as indicated
by loss of major symmetry in the effective compliance and stiffness tensor
[86, 136]. A thermodynamically admissible, strain equivalent CDM model was
proposed by Lemaitre [88]. This model used a second order damage tensor
together with preservation of the symmetry of the damaged stiffness tensor.
The major modification was made in the nominal stress to effective stress
transformation i.e. Equation (2.13). The transformation of the volumetric
and deviatoric part of the effective stress was defined separately:

σ̃dev =
(
(I2 −D)−

1
2 · σdev · (I2 −D)−

1
2

)dev
(2.14)

σ̃H =
σH

1− η tr(D)
3

(2.15)

where (.)dev and (.)H stand for the deviatoric and hydrostatic parts of a tensor,
tr(.) denotes the trace of a tensor, I2 is the second order unity tensor and η
is a hydrostatic sensitivity parameter. The value of η is approximately equal
to 3 for most materials, especially steel [87]. With the modification made in
the nominal stress to effective stress transformation i.e. Equation (2.14) and
Equation (2.15), the construction of the fourth order mapping (damage effect)
tensor M̄ is complicated.
After the modification made by Lemaitre, the principle of strain equivalence
gained popularity among the researchers working on CDM by the name of
Lemaitre’s damage model [15, 109, 110, 112, 145]. The isotropic version of
Lemaitre’s damage model (see Appendix B) has been implemented in many
commercial softwares as a standard material model. The main reason for the
popularity of this model is its simplicity and comparatively low number of
damage parameters i.e. only four damage parameters.
Principle of energy equivalence: The principle of elastic energy equiv-
alence [32] states that the density of elastic energy stored in the damaged
material configuration subjected to the nominal strain is equal to the density
of elastic energy stored in the undamaged material configuration subjected to
the effective strain. Mathematically it can be written for anisotropic damage
as:

W (ε) =
1

2
ε̃e : ˜̄E : ε̃e =

1

2
εe : Ē : εe (2.16)

Where W is the density of elastic energy. There are other versions of the prin-
ciple of energy equivalence as well; principle of complementary elastic energy
equivalence [133] and principle of total energy equivalence [24, 54]. In the
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principle of (complementary) elastic energy equivalence, the nominal stress
and strain have their effective counterparts in the undamaged material config-
uration. It is sufficient to construct only one transformation (either stress or
strain) between the nominal and effective values, and the other transformation
follows from duality.

σ̃ = M̄ (D) : σ (2.17)

ε̃e = M̄
−T

(D) : εe (2.18)

It can be shown from Equation (2.17) or Equation (2.18) and using the corre-
sponding hypothesis i.e. complementary elastic energy or elastic energy equiv-
alence, respectively, that irrespective of the definition of M̄, the damaged
stiffness and damaged compliance tensors will always remain symmetric. The
damage potential defined in the principle of energy equivalence [23, 25, 26]
takes the second order damage energy release rate into account. This makes
the formulation and implementation of this model tedious.

2.2.2 Ductile damage models

Gurson [53] gave a model for the flow surface taking into account the damage
of material (void volume fraction). The flow surface has been developed based
on a single spherical void in a unit cell. The increase in void volume fraction
accounts for the growth only. The Gurson flow surface is given by

f =
σ2eq
σ2f

+ 2fv cosh

(
−3σH

2σf

)
−
(
1 + f2v

)
= 0 (2.19)

Where σeq, σ
H and σf are the equivalent, hydrostatic and flow stress respec-

tively and fv is the void volume fraction. The evolution equation for fv is
defined as follows:

ḟv = (1− fv) tr (ε̇
p) (2.20)

One of the main limitations of the Gurson model is that the nucleation and
coalescence of voids are not considered. Tvergaard and Needleman [154] in-
cluded the nucleation and coalescence terms in the evolution of the void vol-
ume fraction. Three model constants were introduced in the flow surface
(Equation (2.19)) to improve the model for three dimensional finite element
problems.

f =
σ2eq
σ2f

+ 2q1f
∗
v cosh

(
−3q2σ

H

2σf

)
−
(
1 + q3f

∗2
v

)
= 0 (2.21)
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Where q1, q2 and q3 are the model constants and f∗v is a modified void volume
fraction given by

f∗v = fv for fv ≤ fvc

f∗v = fvc +
(1/q1)− fvc
fvf − fvc

(fv − fvc) for fv > fvc (2.22)

Where fvf is the void volume fraction at final failure and fvc is the critical
void volume fraction at which coalescence occurs. In this equation, (1/q1)−fvc

fvf−fvc
is the acceleration factor to simulate coalescence. The nucleation term was
included in the evolution equation for void volume fraction:

ḟv = ḟnucv + ḟgrv with fv (t0) = fv0 (2.23)

The void volume evolution for growth is the same as given in Equation (2.20).
The nucleation rate can be found by two methods ’strain controlled’ or ’stress
controlled’. The strain controlled nucleation rate is given by:

ḟnucv = AGTNε̇
p
eq (2.24)

The stress controlled nucleation rate is given by:

ḟnucv = BGTN

(
σ̇f + σ̇H

)
(2.25)

AGTN and BGTN are based on the normal distribution of the nucleation stress
and nucleation strain respectively, as proposed by Needleman and Chu [30].
One of the biggest issues of the GTN model is that no damage development is
predicted in shear because the triaxiality is almost zero. Recently, Tvergaard
[153] gave a solution to this problem. The void collapse to microcracks was
considered in this work. These microcracks subsequently rotate and elongate
in the shear field.
Many improvements were made to the GTN model. Zhang [173] showed that
fvc is not a material parameter and depends upon the initial void volume
fraction fv0. It was shown that there exists a problem of non-uniqueness in the
model. To overcome this problem Zhang [173] modified the coalescence term
based on the Thomason plastic limit load criterion [148, 149]. The coalescence
criterion was further enhanced later [20, 118].
Plastic anisotropy was included in the GTN model by many researchers [19,
20, 118]. Different initial void shapes and evolution of the void shape was also
considered by many researchers [20, 47, 48].
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2.2.3 Defect density distribution-based damage models

The defect density distribution-based damage models evolved mainly to ac-
count for anisotropic damage in brittle materials [116]. The basic concept
is to link the damage variable to the defect (microcrack) density distribu-
tion. The crack densities are experimentally measured in planes at different
inclinations. If the crack pattern in a representative volume element is such
that cracks are uniformly distributed in all planes, regardless of their ori-
entation, a scalar damage variable becomes a natural choice. If cracks are
non-uniformly distributed over differently oriented planes, the damage dis-
tribution is anisotropic. The measured crack densities shall be represented
by a rosette histogram which is subsequently approximated by a distribution
function defined on a unit sphere and centered in a material point [93]. This
distribution function can be expanded into a series of spherical functions con-
taining dyadic products of unit vectors and the Kronecker delta tensor. This
distribution can be approximated by a single even order tensor of these dyadic
products, which is commonly known as the fabric tensor. The higher the order
of truncation (order of fabric tensor) the more accurate the damage predic-
tions will be. A second order approximation (fabric tensor) would lead to a
second order damage tensor. This would be a good approximation for metals,
but for geological materials like rocks a fourth or sixth order approximation
(fabric tensor) would be required [78].
Although this method was developed for brittle materials it was also used (par-
tially) in modeling void nucleation of ductile materials [54, 55, 56]. Hammi
et al. [54] represented a physically motivated damage model with separate
evolution terms for void nucleation, growth and coalescence. The void nucle-
ation and coalescence were treated as anisotropic phenomena whereas the void
growth was assumed isotropic. The evolution of void nucleation was based on
the micro cavity surface density distribution of second phase inclusions. A
second order approximation of the density distribution was selected because
the model was used for aluminum alloy (metal).
The biggest advantage of using fabric tensors is that it includes the physics
of damage in the model. The biggest drawback of using this method is the
cumbersome determination of crack densities at numerous plane orientations.
To simplify the task, several approximations like shape of cracks, order of
anisotropy etc. have to be introduced. Another approximation comes into
play when homogenization is carried out. Homogenization is required to trans-
late the effective properties of the representative volume element to a single
integration point in the finite element continuum model [78].
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2.2.4 Two-scale models

The two-scale model is also known as macro-micro model or FEM2 model. The
material is assumed to be homogeneous at the macro scale. Every material
point at the macro scale represents an RVE. The RVE is the micro scale model
which includes the matrix material, secondary phases, voids, grain boundaries
etc. The RVE represents the microstructure of the material at that point.
Figure 2.3 shows a schematic of a micro-macro scale model. The loads and
boundary conditions are applied on the continuum model i.e. at macro scale.
The constitutive behavior of the material at point ’P’ is determined not by a
constitutive law but by carrying out a finite element simulation on the RVE
at this point.
There are two key issues in a two-scale model; how to determine the bound-

Figure 2.3: Schematic of a two-scale model.

ary conditions on the RVE (translation from macro to micro) and how to
homogenize the stress and strain field in the RVE (translation from micro to
macro). If the microscopic length scale of the RVE is much larger than the
molecular dimensions, a continuum approach can be applied to every individ-
ual constituent in the RVE. At the same time, the RVE must be much smaller
than the characteristic length of the macro model to apply periodic boundary
conditions to the RVE [74]. The definition of the principle of separation of
scales is one of the most important aspects of the two-scale models. Once the
stress, strain and stiffness fields are obtained from the finite element simula-
tion of the RVE, it has to be homogenized to get a single stress and strain
value and a consistent stiffness matrix at the continuum material point. The
simplest homogenization schemes are the Voigt and the Reuss estimates where
isostrain and isostress conditions among the phases are assumed, respectively.
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The Voigt scheme gives an upper bound for the stress response whereas the
Reuss scheme gives a lower bound for the stress response [122]. The trends
and challenges in the field of homogenization can be found in [46].
Applying two-scale models to problems involving localization is not trivial.
Also, periodic boundary conditions can have serious consequences when local-
ization in the RVE occurs. An advanced macro-micro model and methodology
to apply boundary conditions was recently developed [31] to tackle localization
problems.

2.3 Discussions and conclusions

The process of ductile damage can be divided into three basic mechanisms;
void nucleation, void growth and void coalescence. Researchers succeeded in
modeling each mechanism individually at the micro scale. On the other hand,
different approaches are used to model damage at the macro scale. Each of
these approaches has some advantages and disadvantages.
The CDM approach has the biggest advantage of simplicity. The damage
parameter identification does not require a large amount of micrographies.
Simple mechanical tests would suffice for parameter identification. Further-
more, this approach is more general and can cover a wide variety of materials
with slight modifications. The disadvantage of this approach is that these
models are semi-phenomenological i.e. the physics of damage is not taken into
account completely.
The ductile damage models take into account the three ductile damage mecha-
nisms, which is more close to the underlying physics of damage. Nevertheless,
there are a few issues with these models. Although the models are based on
the physics of damage, the parameter identification for these models is based
on fitting of mechanical tests. This renders the ductile damage models semi-
phenomenological. There is also an issue of non-uniqueness of the damage
parameters [173]. Another important issue is the generality of these models.
Since the damage variable is defined as the void volume fraction, defining
anisotropy in damage is also problematic. The issues of thermodynamic con-
sistency and damage development under shear loading are also present in these
models.
The defect density distribution-based damage models are developed for brit-
tle materials where damage mainly consists of microcracks rather than voids.
This technique was also used for ductile materials but only for anisotropy in
the void nucleation term [54, 55, 56]. The advantage of this technique is that it
is based directly on the measurement of damage development in the material.
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The drawback with this technique is that a large amount of micrographical
experiments are required.
A two-scale model is the best method to model damage in a physical way.
The biggest challenge faced by this technique is applicability to industrial
processes. Carrying out a micro mechanical finite element simulation at each
integration point to determine the stress strain response at the macro level
renders this technique far too expensive for industrial applications.
As mentioned in the beginning of this chapter, the aim of this PhD research
is to develop an anisotropic damage model which is applicable for forming
processes in metals (ductile materials). The CDM approach turns out to be
the best methodology to serve this purpose. Based on simplicity, the principle
of strain equivalence was chosen as the starting point in this research.



Chapter 3

Load Induced Anisotropic
Damage

This chapter is based on the article: M. S. Niazi, H. H. Wisselink, T. Mein-
ders, and J. Huétink. Failure predictions for DP steel cross-die test using
anisotropic damage. International Journal of Damage Mechanics, 21(5), 713-
754, 2012

3.1 Introduction

In the last two decades, Continuum Damage Mechanics (CDM) has been ap-
plied extensively in the field of plasticity [27, 94, 160, 161, 164]. The basic
concept of CDM is given in Section 2.2.1. Damage is defined as an internal
state variable in the irreversible thermodynamic framework. The evolution
of damage in material will dissipate energy. Any damage evolution law can
be defined as long as this condition is met. Recently a comparative study on
different damage variables was carried out by Voyiadjis [163]. The isotropic
(scalar) definition of damage is the most simple to implement and thus has
been widely used by researchers. Researchers have already realized that dam-
age evolution is anisotropic in general [26, 77, 82]. To introduce anisotropy
in damage one must define a tensorial damage variable. The order of the
damage tensor shall be selected based on a compromise between the degree of
anisotropy that is to be captured and the complexity involved in measurement
of damage components, verification of the model and application for practical
purpose. There is a restriction to selecting the damage tensors as an even-
ordered tensor [77, 172]. For ductile metals, the damage evolution is driven
by second order plastic strain tensor and selection of a second order damage
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(a) Schematic showing LIAD. (b) SEM image showing oblong voids in fracture
surface of DP600.

Figure 3.1: Load Induced Anisotropic Damage (LIAD).

tensor is sufficient. As the scope of this research is limited to ductile metals,
a second order damage tensor is therefore selected in the work at hand.
Anisotropy in damage can be classified into two categories; Material Induced
Anisotropy in Damage (MIAD) and Load Induced Anisotropy in Damage
(LIAD). MIAD is related to the anisotropy in distribution and shape of sec-
ond phase particles or impurities and is governed by void/crack nucleation, see
Chapter 5. LIAD is related to the loading direction of the material. Generally,
damage grows faster in the direction of maximum principal stress irrespective
of the anisotropy in the second phase particles and/or microstructure. As an
example, the schematic in Figure 3.1(a) shows how the stress state induces
anisotropy in void growth. Figure 3.1(b) shows a SEM image with oblong
voids, having its major axis in the direction perpendicular to the loading. It
shall be noted that in Figure 3.1(b), the face normal to the loading contains
the largest void area fraction and thus the highest damage (according to the
definition in Equation (2.4)) is in the direction of loading. Most of the available
anisotropic continuum damage models account for LIAD only, as the damage
parameters used in the damage evolution law are direction independent. The
CDM model developed in this chapter will also account for LIAD only. In
Chapter 5, the model will be modified to account for MIAD.
Researchers have developed continuum anisotropic damage models by con-
sidering the underlying physics at the micro level [54, 56, 77, 162]. Although
these models are physically based, they have some disadvantages. In gen-
eral a large number of complex micrographic experiments, a well-equipped
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laboratory and skilled personnel are necessary to find the required damage
parameters of the physically based damage model. The applicability of such
models is restricted to materials in which damage comprises mainly of cracks
instead of voids. An alternative option is to use a semi-phenomenological ap-
proach i.e. to determine the damage model parameters based on macro scale
experiments and not considering the actual damage phenomenon i.e. void nu-
cleation, growth and coalescence or microcrack density distribution. Simple
mechanical tests are sufficient to determine the parameters in these semi-
phenomenological models [87]. However, the physics of damage at the micro
level is not accounted for in these semi-phenomenological models and therefore
some physical effects cannot be captured by these models. For example, in
cast A356 aluminum alloy the void nucleation rate increases with the decrease
in temperature, but the coalescence rate decreases with decrease in tempera-
ture [54]. This effect cannot be simulated using these semi-phenomenological
models (described by a single damage variable) because in such models the
nucleation, growth and coalescence of voids do not evolve separately. De-
spite their, to some extent, compromise in accuracy, semi-phenomenological
damage models are more widely used than physically based models due to
their simplicity. Some well known semi-phenomenological anisotropic damage
models were developed by Murakami, Chow and Lemaitre. Murakami [105]
introduced anisotropic damage in the framework of large deformations. The
hypothesis of elastic strain energy equivalence was utilized by Chow for the
implementation of anisotropic damage [23, 25, 50, 51, 165]. The use of the en-
ergy equivalence principle requires the definition of effective strain along with
the effective stress. On the other hand, Lemaitre opted for the hypothesis
of strain equivalence [87] which requires only the definition of effective stress.
This makes the formulation simpler, see Section 2.2.1 for further details. The
Lemaitre’s isotropic damage model has already been implemented in many
commercial finite element softwares like MSC.MARC, LS DYNA, ABAQUS
etc. Since 2001, Lemaitre’s anisotropic damage model has gained popularity in
the field of CDM. Recently, Lemaitre’s anisotropic damage model coupled with
a necking criterion, was implemented by Teixeira et al. [145] for prediction of
the FLC. In the research at hand Lemaitre’s anisotropic damage model is used
as the basic ingredient for modeling damage due to its simplicity compared
to the other available anisotropic damage models. In the following sections,
a brief description of Modified Lemaitre’s (ML) anisotropic damage model
and the changes made in the damage evolution law are given. This will be
followed by the implementation of the damage model in an in-house implicit
finite element code.
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3.2 Modified Lemaitre’s anisotropic damage model

Lemaitre’s isotropic and anisotropic damage models [87] were both used as
starting points in this research. Since the focus of this research is on anisotropy
of damage, only the Lemaitre’s anisotropic damage model will be discussed in
detail. Nevertheless, a brief description of the isotropic damage model is given
in Appendix B.

3.2.1 Standard Lemaitre’s damage model

Thermodynamics is the basic ingredient of a continuum damage model. A
good description of irreversible thermodynamics for damage models can be
found in [171]. A short description on the thermodynamics used in Lemaitre’s
damage model is given here. A partial Legendre transform of the Helmholtz
free energy ψ was performed to get the Gibbs specific free enthalpy ψ∗. This is
done to select stress as an independent variable, as it will be more convenient
while dealing with the state law of elasticity [87]. The Gibbs specific free
enthalpy ψ∗ is given by

ψ∗ = ψ∗
e +

1

ρ
σijε

p
ij − ψp − ψT (3.1)

where ψp and ψT are the plastic hardening and thermal contribution to the
Helmholtz free energy respectively. The Legendre transformation is carried out
on the total Helmholtz free energy and the elastic part of the Helmholtz free
energy to obtain the total and elastic Gibbs specific free enthalpy respectively.

ψ∗ = supε

[
1

ρ
σijεij − ψ

]
(3.2)

ψ∗
e = supεe

[
1

ρ
σijε

e
ij − ψe

]
(3.3)

Several assumptions are made to simplify the implementation of the model.
The process is assumed to be isothermal (ψT = 0), a small strain formulation
with an additive split of the strain tensor is taken, elasticity is assumed to be
isotropic and only isotropic hardening will be considered.
An equivalence principle is required to map the state variables from a damaged
material configuration to an undamaged fictitious material configuration. For
this work the most simple hypothesis i.e. the hypothesis of strain equivalence
(Section 2.2.1) has been adopted. The elastic potential based on the hypothesis
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of strain equivalence for anisotropic damage is defined by Lemaitre [87]

ψ∗
e =

1

ρ

[
1 + ν

2E
Hijσ

dev
jk Hklσ

dev
li +

3(1− 2ν)

2E

(
σH
)2

1− ηDH

]
(3.4)

where η is the hydrostatic sensitivity parameter, DH is hydrostatic damage
derived from the second order damage tensor D and H is the second order
damage effect tensor defined as a function of D.

H = (I2 −D)−
1
2 (3.5)

Equation (3.4) represents the standard Gibbs elastic state potential written
in the deviatoric and hydrostatic parts with the stress replaced by the effec-
tive stress for anisotropic damage (Equation (3.13)). In this thermodynamic
model, εij is the observable state variable with σij as the associated variable,
εpij , r and Dij are the internal state variables with −σij , R and −Yij as the
associated variables respectively. r represents the independent isotropic hard-
ening variable and R represents the isotropic hardening stress variable. Y
is the second order damage energy release rate. The evolution law for the
observable state variable is defined using the state law i.e. using the state
potential ψ∗, whereas the evolution laws for the internal state variables are
defined by a dissipation potential F . The state law is given by

ε̇eij = ρ
∂ψ∗

e

∂σij
=

1 + ν

E
Hikσ

dev
kl Hlj +

1− 2ν

E

σH

1− ηDH
δij (3.6)

Where δij are the components of Kronecker delta. The dissipation potential
is defined by

F = F (σ, R,Y) (3.7)

The total dissipation potential F can be decoupled and written as the sum of
the plastic and damage dissipation potentials

F = f + FD (3.8)

where f is the plastic dissipation potential and FD is the damage dissipation
potential.
The second law of thermodynamics written in the Clausius-Duhem equation
is given as follows:

σij ε̇
p
ij −Rṙ + YijḊij ≥ 0 (3.9)

Equation (3.9) states that the sum of the plastic dissipation σij ε̇
p
ij power and

damage dissipation YijḊij power minus the stored energy density Rṙ shall be
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positive (or zero). The Clausius-Duhem equation (Equation (3.9)) is satisfied
if the dissipation potentials are selected as a convex function of the associated
variables.
The dissipation potential for damage FD proposed by Lemaitre [87] is:

FD =

(
Ȳ

S

)s

Yij

∣∣∣∣dεpdr

∣∣∣∣
ij

(3.10)

Where |..| applied to a tensor means the absolute value in terms of the principal
components. Ȳ is the effective damage energy release rate given by Lemaitre
[87] as

Ȳ =
1

2
Eijklε

e
klε

e
ij =

1

2
σ̃ijε

e
ij (3.11)

Equation (3.11) can also be written as

Ȳ =
σ̃2eqR̃v

2E
(3.12)

where σ̃eq is the effective equivalent stress, based on the effective Cauchy stress
given by

σ̃ =
(
H · σdev ·H

)dev
+

σH

1− ηDH
I2 (3.13)

and R̃v is a triaxiality factor derived from Equation (3.11) using the Von Mises
equivalent stress. R̃v is given as follows:

R̃v =
2

3
(1 + ν) + 3(1− 2ν)

(
σ̃H

σ̃eq

)2

(3.14)

The plastic potential f is given by

f = σ̃eq − σf (3.15)

Where the flow stress is defined by σf = σf0 + R. The evolution laws for the
internal variables are defined using the normality rule. Using Equation (3.8):

ε̇pij = −λ̇ ∂F

∂(−σij)
= λ̇

∂f

∂σij
(3.16)

Using Equations (3.8) and (3.15):

ṙ = −λ̇∂F
∂R

= λ̇ (3.17)
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Using Equations (3.8) and (3.10):

Ḋij = −λ̇ ∂F

∂(−Yij)
= λ̇

∂FD

∂Yij
= λ̇

(
Ȳ

S

)s ∣∣∣∣dεpdr

∣∣∣∣
ij

= λ̇

(
Ȳ

S

)s ∣∣∣∣ ε̇pṙ
∣∣∣∣
ij

(3.18)

Equation (3.18) is further simplified using Equations (3.16) and (3.17):

Ḋij =

(
Ȳ

S

)s ∣∣∣∣λ̇∂f∂σ
∣∣∣∣
ij

since λ̇ ≥ 0 (3.19)

Equation (3.19) is valid when the damage threshold is reached i.e. εpeq > εpD.
The term εpeq represents the accumulated plastic strain in a scalar form. The
evolution of εpeq, used in this research is based on the plastic work given by

ε̇peq =
σ : ε̇p

σeq
(3.20)

A mesocrack is initiated when damage reaches a critical value i.e. DI ≥ Dc.
Where DI represents the principal damage values of the damage tensor. The
initiation of a mesocrack is assumed to be the point of failure.
The damage parameters used in this model are S, s, εpD, η and Dc. The hy-
drostatic sensitivity parameter η has been measured by Lemaitre for many
materials. It was found to be in the range of 2 to 3 for most of the steels. In
this work the value of η is taken equal to 3, which is in accordance with the
fast identification method given by Lemaitre [87]. The other four parameters
can be determined from a uniaxial test and a low cycle fatigue test using the
fast identification method (for further details see Section 6.1.2).
Equations (3.1) to (3.4) give the state potentials used in this model. Equa-
tions (3.7), (3.8), (3.10) and (3.15) give the dissipation potentials used in this
model. Equations (3.16) to (3.19) are the evolution equations for the internal
state variables.

Nominal stress to effective stress mapping function

An important aspect of this model is the definition of the effective stress
(Equation (3.13)). Generally the effective stress for anisotropic damage is
defined by

σ̃ = M̄(D) : σ (3.21)

M̄ is the fourth order damage effect tensor which is a function of damage and
is defined by

M̄ =
(
I4 − D̄

)−1
(3.22)
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D̄ is a fourth order damage tensor. Working with a fourth order damage tensor
is not trivial because of the difficulty in measurement of damage components,
verification of the model and application for practical purpose. Therefore
usually a second order damage tensor and damage effect tensor is defined.
This modifies Equation (3.21) into

σ̃ = (I2 −D)−1 · σ (3.23)

In general Equation (3.23) will not yield a symmetric effective stress ten-
sor. Therefore symmetrization of σ̃ is required. Different methods are used
by researchers to symmetrize the effective stress. Lemaitre defined the sym-
metrization of the effective stress by splitting it into the deviatoric and hydro-
static part, as mentioned in Equation (3.13). This definition complicates the
formulation to some extent, therefore it is convenient to derive a fourth order
operator M̄ as a function of second order damage tensor from Equation (3.13).

M̄(D) = H⊗H− 1

3

[
H2 ⊗ I2 + I2 ⊗H2

]
+

1

9

(
trH2

)
I2 ⊗ I2+

1

3(1− ηDH)
I2 ⊗ I2 (3.24)

Here ⊗ presents a special tensor product given by

(H⊗H)ijkl = HikHjl (3.25)

Equations (3.21) and (3.13) are exactly equivalent when Equation (3.24) is
used as the fourth order damage effect tensor. The complete derivation of
Equation (3.24) and Equation (3.25) can be found in Appendix D.

Validity of Clausius-Duhem equation

To satisfy the second law of thermodynamics (Equation (3.9)), it must be
shown that the energy dissipated due to damage is positive or zero.

YijḊij ≥ 0 or Y : Ḋ ≥ 0 (3.26)

The damage dissipation potential has been selected such that the damage evo-
lution becomes a function of the absolute principal values of the plastic strain
rate tensor, Equation (3.19). Therefore Ḋ remains always positive definite.
To satisfy Equation (3.26), Y shall also be positive definite. Since Y is an
associated variable to damage, it can be determined using the elastic state
potential of Equation (3.1).

Yij = ρ
∂ψ∗

e

∂Dij
(3.27)
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Using Equation (3.4) and Equations (C.7), (C.8) and (C.12) of Appendix C
and transforming into tensorial form one obtains

Y =
1 + ν

E

(
σdev ·H · σdev

)
: [I4 ·H+H · I4]−1 :

[
H2 · I4 ·H2

]
+

η (1− 2ν)
(
σH
)2

2E (1− ηDH)2
I2 (3.28)

The expression derived in Equation (3.28) gives a positive definite tensor if and
only if H is positive definite. The definition of H given in Equation (3.5) shows
that H will be positive definite for all allowed cases (0 ≤ DI ≤ 1). Therefore
the selection of the state potential and damage dissipation potential satisfies
the second law of thermodynamics.

3.2.2 Modifications

In metals, damage is mainly due to voids. Voids have negligible growth under
significant negative hydrostatic stresses. Only nucleation of voids can occur
under negative triaxiality. For shear and low negative triaxialities, voids can
grow to some extent [33, 103]. Therefore the difference of damage evolu-
tion for metals under tension and compression needs to be incorporated in the
Lemaitre’s anisotropic damage model. A parameter uf is included in the model
which describes the different damage evolution under tension and compression
in a phenomenological manner. For negative triaxialities, the parameter S in
Equation (3.19) is modified to Sc using the relation

Sc = S × uf (3.29)

Where the parameter uf is defined as a function of triaxiality in Equation (3.30).
This function for uf is a phenomenological method to incorporate the mate-
rial’s damage behavior under compression.

uf =

uf0
(
e
− σH

σeq − 1

)
+ 1 if σH < 0

1 if σH ≥ 0

(3.30)

Where uf0 is a material parameter which can be fitted to experiments. Fig-
ure 3.2 shows the normalized damage increment obtained from Equation (3.19)
for a proportional case at a given strain increment and equivalent stress level
as a function of the triaxiality. The plots are made for different values of
the parameter uf0. Selecting uf0 = 0 gives the same damage evolution under
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Figure 3.2: The effect of the parameter uf0 on the damage increment.

tension and compression. Increasing the value of uf0 diminishes the damage
evolution under compression. The parameter uf0 can be determined using a
compression test. In this work, the value of uf0 is taken high enough to pro-
duce negligible damage under negative triaxialities. This is a good assumption
for ductile metals.
Recently Dube et al. [38] used a rate dependent damage behavior to model
concrete under impact loading. Damage development can also be rate depen-
dent in ductile materials. The Dual Phase (DP) grades of steel are proven
to be very useful in crash applications. These materials show enhanced post-
localization strains for higher strain rates [66]. Huh [66] explains the increase
in post-localization strain in terms of void volume growth and interaction.
Higher strain rates shift the thermodynamics of the deformation process from
isothermal to adiabatic. Due to accumulation of heat at higher strain rates, the
temperature of the material increases. This increases the ductility of the ma-
terial and thus allows the voids to grow larger by delaying the void coalescence
process. Huh supported this hypothesis by showing micrographs of fracture
surfaces at different strain rates. This shows that for DP steels damage de-
pends upon the strain rate. The phenomena of increased void volumes and
suppression of void coalescence leads to the initiation of a mesocrack at higher
void volumes. Considering the basic definition of damage, the mesocrack will
be initiated at higher damage values for high strain rates. Recently Besson
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[14] has shown that using Lemaitre’s damage model in combination with a
strain rate dependent hardening model will increase the damage rate, which
is in contradiction to the behavior of DP600. It is therefore necessary to make
the Lemaitre’s damage model dependent upon strain rate. To avoid thermo-
mechanical coupled simulations, damage is defined as a function of strain rate
with an isothermal process assumption. To incorporate the delayed mesoc-
rack initiation, the critical damage value Dc defined in Section 3.2.1 shall be
made a function of strain rate. The parameter s in the damage evolution
law, Equation (3.19), governs the shape of damage evolution. For most ma-
terials, especially steel, this value is larger than 2. This gives an exponential
rise in damage near to failure. Physically, the exponential rise in damage is
attributed to the coalescence of voids. If void coalescence is postponed under
higher strain rates then the value of s shall also be made a function of strain
rate. The dependence of s on strain rate has to be taken such that the damage
evolution changes from an exponential rise at lower strain rates to a linear rise
at higher strain rates to postpone the void coalescence.
As mentioned in Section 3.2.1, there are four damage parameters which have
to be determined i.e. S, s, εpD and Dc. To account for the changes mentioned
above, the parameter identification will be done on a very slow tensile test to
make sure that strain rate does not affect the damage evolution. The values of
Dc and s determined from this test will be termed as reference values Dc0 and
s0. The engineering strain rate of the tensile test will be taken as the reference
strain rate ε̇r0. The material parameters Dc and s are defined as a function of
the strain rate ε̇peq and reference values Dc0 and s0. These functions are given
in Equation (3.31) and Equation (3.32), respectively.

Dc = max

[
Dc0,min

[
Dc0

{
ln

(
1

2
+

ε̇peq
2ε̇r0

)
+ 1

}
, 1

]]
(3.31)

s = min

[
s0, s0

{
ln

(
ε̇r0s0 + ε̇peq
ε̇r0 (1 + s0)

)
+ 1

}− 1
s0

]
(3.32)

The functions defined in Equation (3.31) and Equation (3.32) are selected in
such a way that the change in post-localization behavior of DP600, with the
change in strain rate levels, can be simulated. It shall be noted that the func-
tions defined in Equations (3.31) and (3.32) are specifically for DP600. In
DP600 the post-localization strain increases with increasing strain rate. This
is not a typical behavior for other steels (metals). Figure 3.3 shows the influ-
ence of the strain rate ε̇peq on the damage parameters Dc and s.
Another modification is made in Equation (3.19) in terms of the damage
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Figure 3.3: The effect of strain rate on the damage parameters Dc and s with reference
values ε̇r0 = 0.001, Dc0 = 0.3 and s0 = 2.3.

threshold. Instead of using εpeq as the damage initiation threshold, the major
plastic strain εpI is used. The validity of Equation (3.19) starts when εpI > εpD.
This modification was carried out for two reasons: to avoid damage initiation
for compressive strains and to base the damage initiation purely on strains
instead of the plastic work.

3.3 Implementation of modified Lemaitre’s
anisotropic damage model

The implementation of a material model in a finite element code is carried
out through a stress (state variables) update routine. For a given strain in-
crement, the new stress and damage state is found in a coupled manner. The
evolution Equations (3.16) to (3.19) are implicit and cannot be solved analyt-
ically. Therefore an iterative numerical scheme is required to update the state
variables incrementally. In this implementation a Euler Backward numerical
scheme is used. The first step in developing the iterative numerical scheme is
to transform the differential equations into difference equations.
The total strain increment can be written as the sum of the incremental elastic
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strain and incremental plastic strain.

∆ε = ∆εe +∆εp (3.33)

The effective stress can be written in the difference form as:

∆σ̃ = Ē : ∆εe ⇒ ∆εe = Ē
−1

: ∆σ̃ (3.34)

Where Ē is the fourth order isotropic elasticity tensor. Using Equation (3.16),
the incremental plastic strain can be written as:

∆εp = ∆λ
∂f

∂σ
(3.35)

Substituting Equation (3.35) and Equation (3.34) into Equation (3.33) gives

∆ε = Ē
−1

: ∆σ̃ +∆λ
∂f

∂σ
(3.36)

Equation (3.19) is used to write the equation for the damage increment

∆Dij =

(
Ȳ

Sc

)s ∣∣∣∣∆λ( ∂f∂σ
)∣∣∣∣

ij

(3.37)

In the forthcoming equations, subscripts and superscripts are used to denote
the step and iteration number. The subscript n represents the increment
number. The derivative or function with a subscript n+ 1 indicates that the
derivative or function is evaluated at the end of the step. The superscript i
denotes the iteration number within the step n. The symbols without any
subscript or superscript are constant throughout the step. RRi

... gives the
residual in the iterative equation in the increment.
Employing the iterative Euler Backward scheme on Equations 3.36 and 3.37
and on the yield function gives:

RRi
σ̃ = ∆εn − Ē

−1
: ∆σ̃i

n −∆λin

(
∂f

∂σ

)i

n+1

(3.38)

RRi
D = ∆Di

n −
(
Ȳ

Sc

)s
∣∣∣∣∣∆λin

(
∂f

∂σ

)i

n+1

∣∣∣∣∣ (3.39)

RRi
λ = −f in+1 (3.40)

It can be observed from Equations (3.38) to (3.40), that the iteration is done on
three independent variables i.e. effective stress, damage and plastic multiplier.
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This requires an update of these independent variables every iteration:

∆σ̃i+1
n = ∆σ̃i

n + δσ̃i
n (3.41)

∆Di+1
n = ∆Di

n + δDi
n (3.42)

∆λi+1
n = ∆λin + δλin (3.43)

where δ(.)in represents the iterative increment in the independent variable (.)
in the ith iteration during the increment step n. Applying the Taylor series
expansion on Equations (3.38) to (3.40) and writing in a combined form gives:

RRi+1
... = RRi

... +

(
∂RR...

∂σ̃

)i

n

: δσ̃in +

(
∂RR...

∂D

)i

n

: δDi
n+

(
∂RR...

∂λ

)i

n

δλin +H.O.T = 0 (3.44)

After linearization and writing Equation (3.44) in matrix form yields

 RRi
σ̃

RRi
D

RRi
λ

 = −

 MM

 δσ̃i
n

δDi
n

δλin

 (3.45)

where MM is given as:

MM =


∂RRσ̃
∂σ̃

∂RRσ̃
∂D

∂RRσ̃
∂λ

∂RRD
∂σ̃

∂RRD
∂D

∂RRD
∂λ

∂RRλ
∂σ̃

∂RRλ
∂D

∂RRλ
∂λ

 (3.46)
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where

(
∂RRσ̃

∂σ̃

)i

n

= −

(
Ē

−1
+∆λin

(
∂2f

∂σ̃∂σ

)i

n+1

)
(3.47)

(
∂RRσ̃

∂D

)i

n

= −∆λin

(
∂2f

∂D∂σ

)i

n+1

(3.48)(
∂RRσ̃

∂λ

)i

n

= −
(
∂f

∂σ

)i

n+1

(3.49)(
∂RRD

∂σ̃

)i

n

= −

(
s

Sc

(
Ȳ

Sc

)s−1
(∣∣∣∣∣∆λin

(
∂f

∂σ

)i

n+1

∣∣∣∣∣⊗ ∂Ȳ

∂σ̃

)

+∆λin

(
Ȳ

Sc

)s

 ∆λin

(
∂f
∂σ

)i
n+1∣∣∣∣∆λin ( ∂f

∂σ

)i
n+1

∣∣∣∣
 :

(
∂2f

∂σ̃∂σ

)i

n+1

)
(3.50)

(
∂RRD

∂D

)i

n

= −

(
∆λin

(
Ȳ

Sc

)s

 ∆λin

(
∂f
∂σ

)i
n+1∣∣∣∣∆λin ( ∂f

∂σ

)i
n+1

∣∣∣∣
 :

(
∂2f

∂D∂σ

)i

n+1

− I4

)

(3.51)(
∂RRD

∂λ

)i

n

= −
(
Ȳ

Sc

)s
∣∣∣∣∣
(
∂f

∂σ

)i

n+1

∣∣∣∣∣ (3.52)

(
∂RRλ

∂σ̃

)i

n

= −

((
∂f

∂σ̃

)i

n+1

)T

(3.53)(
∂RRλ

∂D

)i

n

= −
(
∂f

∂D

)i

n+1

(3.54)(
∂RRλ

∂λ

)i

n

= −
(
∂f

∂λ

)i

n+1

(3.55)

For implementation in the code, MM is written in Voigt vector formulation
i.e. fourth order symmetric tensors are written in 6x6 matrix form and second
order symmetric tensors are written in 6x1 vectors. Equation (3.50) contains
the derivative of effective damage energy release with respect to the effec-
tive stress. This derivative can be found by substituting Equation (3.14) in
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Equation (3.12) and differentiating with respect to the effective stress.

∂Ȳ

∂σ̃
=

1 + ν

3E

∂

∂σ̃
σ̃2eq +

3(1− 2ν)
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)2
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∂σ̃eq
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E
σ̃H

∂σ̃H

∂σ̃

=
2(1 + ν)

3E
σ̃eq
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σ̃H

∂

∂σ̃

(
1

3
I2 : σ̃

)
=

2(1 + ν)σ̃eq
3E

∂f

∂σ̃
+

(1− 2ν)σ̃H

E
I2

(3.56)

For a given strain increment, initially the residuals are calculated using Equa-
tions (3.38) to (3.40). If any of the residuals is greater in magnitude than the
corresponding convergence criteria then the state variables will be updated us-
ing Equations (3.41), (3.42), (3.43) and (3.46). The residuals will be checked
for convergence again using the updated variables. This iteration will be car-
ried out until the solution converges.
The Euler backward return mapping implementation was tested for conver-
gence. A global quadratic convergence was obtained, which indicates the cor-
rectness of the implementation.
As can be seen from Equation (3.47) to Equation (3.56), six partial derivatives
of the plastic dissipation potential f (Equation (3.15)) are required in order

to solve Equation (3.45) i.e. ∂f
∂σ̃ ,

∂f
∂σ ,

∂f
∂λ ,

∂f
∂D , ∂2f

∂σ̃∂σ ,
∂2f

∂D∂σ . The derivatives of
f will be determined for the Hill ’48 yield criterion in the next section.

3.3.1 Partial differentiation of plastic dissipation potential

The plastic dissipation potential f reads:

f =
√

σ̃ : P̄ : σ̃ − σf(ε
p
eq, ε̇

p
eq) (3.57)

Where P̄ is the Hill parameter fourth order tensor and σf is the plastic strain
and plastic strain rate dependent flow stress given by

σf = σf0 +R(εpeq, ε̇
p
eq) (3.58)

The partial derivatives of f are given as follows.
The dissipation potential is based on the fictitious undamaged material, there-
fore

∂f

∂D
= 0 (3.59)
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The partial derivative of f with respect to the effective stress is given by:

∂f

∂σ̃
=

P̄ : σ̃√
σ̃ : P̄ : σ̃

(3.60)

In CDM models (Section 2.2.1), the volume is assumed to be conserved in both
material configurations i.e. damaged and undamaged configurations. This
assumption is not true when damage consists of voids, but the basic idea of
CDM models is to account for the influence of damage on the strength of
material irrespective of the form of damage (voids or cracks). Considering
volume conservation, the nominal normal to the yield surface can be defined
by taking the deviatoric component only.

∂f

∂σ
=

(
H · ∂f

∂σ̃
·H
)dev

= Q̄ :
∂f

∂σ̃
(3.61)

Where Q̄ is a fourth order tensor given by

Q̄ = H⊗H− 1

3
I2 ⊗H2 (3.62)

Here ⊗ presents a special tensor product given by Equation (3.25). The de-
tailed derivation of Equation (3.62) and Equation (3.25) can be found in Ap-
pendix D.
The partial derivative of f with respect to the plastic multiplier is obtained
using the definition of equivalent plastic strain based on work hardening and
the nominal equivalent stress σeq =

√
σ : P̄ : σ:

∂f

∂λ
=

(
∂f

∂σf

)(
∂σf
∂εpeq

)(
∂εpeq
∂λ

)
= −

σ : ∂f
∂σ√

σ : P̄ : σ

(
∂σf
∂εpeq

)
(3.63)

Differentiating Equation (3.61) with respect to the effective stress will give

∂2f

∂σ̃∂σ
= Q̄ :

∂2f

∂σ̃2 = Q̄ :

[
P̄− ∂f

∂σ̃ ⊗ ∂f
∂σ̃

σ̃eq

]
(3.64)

Differentiating Equation (3.61) with respect to the damage gives:

∂2f

∂D∂σ
=
∂
(
Q̄ : ∂f

∂σ̃

)
∂D

=
∂
(
H⊗H : ∂f
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3

(
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)
: ∂f
∂σ̃

)
∂D

(3.65)
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Using Equations (A.42) and (A.45)

∂2f

∂D∂σ
=
∂
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(H · I4 ·H) : ∂f

∂σ̃ − 1
3I2
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∂σ̃
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∂D

(3.66)

Using the tensor identity Equation (A.41) and interchanging the order in the
scalar product
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)
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(3.67)

Using Equations (A.61) and (A.62) in combination with Equations (A.46)

and (A.47), using the symmetry of H and ∂f
∂σ̃ and knowing that ∂2f

∂H∂σ̃ and
∂2f

∂D∂σ̃ = 0, Equation (3.68) can be obtained from Equation (3.67)

∂2f

∂D∂σ
=

[
I2⊗H · ∂f

∂σ̃
+H · ∂f

∂σ̃
⊗I2

]
:
∂H

∂D
− 1

3
I2 ⊗

∂f

∂σ̃
:
∂H2

∂D
(3.68)

where
∂H

∂D
= [I2⊗H+H⊗I2]

−1 :
[
H2⊗H2

]
(3.69)

The derivative of H2 with respect to D is determined as

∂H2

∂D
= H2⊗H2 (3.70)

The detailed derivation of Equation (3.69) and Equation (3.70) can be found
in Appendix C.

3.3.2 Stiffness matrix

The damage model is implemented in an in-house implicit finite element code
and therefore a consistent formulation for the material stiffness matrix is re-
quired. Differentiating Equation (3.21) with respect to the strain gives the
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material stiffness matrix.

K̄ =
∂σ

∂ε
=
∂
(
M̄

−1
: σ̃
)

∂ε
(3.71)

The expression of M̄
−1

is given by Lemaitre, [87] as follows:

M̄
−1

= H−1⊗H−1 − H−2 ⊗H−2

3 (1−DH)
+

1

3

(
1− ηDH

)
I2 ⊗ I2 (3.72)

Using Equation (3.72), the material stiffness matrix can be evaluated from
Equation (3.71). The final outcomes of the evaluation are given in Equa-
tions (3.73) to (3.75). The detailed derivations can be found in Appendix E.
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(3.73)

There are four derivatives ∂σ̃
∂ε ,

∂D
∂ε ,

∂H−1

∂ε and ∂H−2

∂ε involved in Equation (3.73).
The derivatives of functions of H are given as follows:

∂H−1

∂ε
= −

(
H−1⊗H−1

)
: [I2⊗H+H⊗I2]

−1 :
(
H2⊗H2

)
:
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and
∂H−2

∂ε
=
[
I2⊗H−1 +H−1⊗I2

]
:
∂H−1

∂ε
(3.75)

Equation (3.46) and (3.45) can be used to calculate the remaining two deriva-
tives i.e. ∂σ̃

∂ε and ∂D
∂ε as follows. The matrix MM (Equation (3.45)) is divided

into 9 blocks:

MM =

 M̄M11 M̄M12 MM13

M̄M21 M̄M22 MM23

MM31 MM32 MM33

 (3.76)
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Here M̄M11, M̄M12, M̄M21 and M̄M22 are fourth order tensors, MM13,
MM23 and MM31 are second order tensors, MM32 is a null second order
tensor (see Equation (3.59)) and MM33 is zeroth order tensor (scalar). These
blocks are related to the components of matrixMM given in Equations (3.47)
to (3.55). To develop a relation between the effective stress and strain incre-
ment, the residual for stress is taken as a small increment in strain δε, whereas
the residuals for damage and yield surface will be set to zero in Equation (3.46). δε

0
0

 =

 M̄M11 M̄M12 MM13

M̄M21 M̄M22 MM23

MM31 0 MM33

 δσ̃
δD
δλ

 (3.77)

Note that the tangent stiffness matrix is generally not symmetric. Where
δσ̃ is the incremental effective stress due to the incremental strain δε. The
relation between δσ̃ and δε, can be found by eliminating δD and δλ from
Equation (3.77).

δσ̃

δε
=

(
M̄M11 + M̄M12 :

[
M̄M

−1
22 :

(
MM23 ⊗MM31

MM33
− M̄M21

)]

− MM13 ⊗MM31

MM33

)−1

(3.78)

Similarly, the relation between δD and δε can also be found from Equa-
tion (3.77) by eliminating ’δσ̃’ and ’δλ’.

δD

δε
=

[
M̄M

−1
22 :

(
MM23 ⊗MM31

MM33
− M̄M21

)]
:
δσ̃

δε
(3.79)

3.3.3 Co-rotational framework

In this work, Lemaitre’s anisotropic damage model is intended to be used for
sheet metal forming which involves large deformations. However, the dam-
age model formulation is based on small strain formulation. A small strain
formulation can be used for large plastic deformations if it is implemented in
a co-rotational framework [11]. The co-rotational framework defines a local
coordinate system for each element. In sheet metal forming simulations, it is
common practice to keep the element’s local coordinate system always aligned
with the rolling direction of the material. Therefore it is also known as the
material axis. The rotation of the local coordinate system is calculated in each
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deformation increment and the total rotation tensor (from global to local) is
updated. The stress update is always carried out in the material axis (local
coordinate system). The detailed formulation for a co-rotational framework
can be found in [11].

3.3.4 Rotation of coordinate system

The damage evolution law, defined in Equation (3.37), involves the principal
plastic strain rate components. Since the damage update is coupled with the
stress update (see Equation (3.46)) and the damage evolution involves abso-
lute values of plastic strain rate tensor (see Equation (3.19)), it is convenient
to carry out the complete update procedure in the principal plastic strain rate
coordinate system. Therefore the local coordinate system has to be rotated
to the principal plastic strain rate coordinate system. According to Equa-
tion (3.37), the principal damage rate direction coincides with the principal
plastic strain rate direction. The principal plastic strain rate direction will
be the same as the total strain rate direction if the elastic strains are very
small. If the strain path changes, then the principal strain rate (or damage
rate) direction rotates and thus the principal direction of total damage tensor
also rotates.
The rotation of coordinate system is based on the formulation given in [28, 29].
If the local coordinate system is defined by the vectors x1, x2 and x3 whereas
the principal strain rate (or damage rate) coordinate system is defined by the
vectors xt1, x

t
2 and xt3, then the transformation of the local coordinate system

to the principal strain rate coordinate system is given by:

xtj = βjixi where j = 1, 2, 3 (3.80)

βji are the direction cosines of the xtj vector with respect to the xi vector. If
the second order tensor state variable in the element’s local coordinate system
is represented by A then the tensor operation for transformation of A to the
principal strain rate coordinate system (At) is given by

At = (β · I4 · β) : A = R̄ot : A (3.81)

Note that the property of second order rotation tensors R−1 = RT does not
hold for the fourth order operator R̄ot. To rotate the variables back to the
local coordinates an inverse of R̄ot shall be used.
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3.4 Testing of modified Lemaitre’s anisotropic dam-
age model

The Modified Lemaitre’s (ML) anisotropic damage model was implemented
in the in-house implicit finite element code DiekA. Single element simula-
tions were performed on the ML damage anisotropic model to observe the
influence of various parameters on the outcome of the model. According to
Equation (3.19), damage evolution depends upon the damage parameters (S
and s), the plastic strain increment and the stress state. Damage evolution
rate is directly proportional to the plastic strain rate. Strain rate dependency
in damage was not considered for this study which implies that s = s0 and
Dc = Dc0. A linear strain hardening model (Equation (4.1)) is used in all
simulations.

σf = 300 + 50εpeq MPa (3.82)

The Young’s modulus and Poisson’s ratio were selected as E =200GPa and
ν = 0.3. The damage parameters used in these simulations are given in Ta-
ble 3.1 unless stated otherwise. The parameters S and s are varied in Sec-
tion 3.4.1 whereas the parameter uf0 is varied in Section 3.4.2. All the material
parameters are arbitrarily selected in this study.

Table 3.1: Material data to study the influence of S and s.

Parameter Description Value

εpD Damage threshold 0.1
s Damage curvature controller 1.0
η Hydrostatic sensitivity parameter 3.0
S Damage rate controller 1.0MPa
Dc Critical damage value 0.5
ε̇r0 Reference strain rate 0.001 /s
uf0 Unilateral factor 0.0

3.4.1 Influence of damage parameters

The influence of the damage parameters (S and s) was studied by performing
simulations in the in-house FEA code DiekA, using a single plane strain four
node element. The boundary conditions applied on the element are shown in
Figure 3.4. In the first set of simulations the parameter s was varied. Figure 3.5
shows the influence of s on the material behavior after the damage threshold is
reached. Figure 3.5(a) shows the maximum principal damage evolution. The
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Figure 3.4: Single element model to study the influence of damage parameters.

evolution is linear for the value s = 0. The evolution is a concave curve for
positive values of s whereas it is convex for negative values of s. Figure 3.5(a)
shows that the parameter s mainly determines the curvature of the damage
evolution curve. The higher the value of s, the larger the curvature will be,
which will consequently decrease the damage evolution rate. For s = 0, the
stress strain curve drops linearly after damage, see Figure 3.5(b). For negative
values of s, the stress strain curve drops sharply after damage but stops at a
certain stress level depending upon the critical damage value. In reality the
material would have fractured at this point. Since these results are performed
without any fracture criteria and the damage gets saturated, the material
starts to harden again from here onwards. For positive values of s, the stress
strain curve drops slowly in the beginning but drops sharply at failure.
The positive and negative values of s can be related to two different types
of damage phenomena i.e. ductile damage and brittle damage respectively. In
ductile damage, voids are initiated at the nucleation strain (damage threshold).
These voids grow on further straining, leading to the phenomenon of void
coalescence, which is a very rapid process. Therefore the damage evolution
rate is low in the beginning and higher at the end in a ductile damage process.
On the other hand, brittle damage mainly consists of microcracks which do
not grow. The number of microcracks generated per strain increment depends
upon the number of available unbroken second phase particles. Initially there
are large numbers of unbroken second phase particles available, therefore the
damage rate is high in the initial stages. As damage grows, the available
unbroken second phase particles decrease and consequently the damage rate
decreases.
In a second set of simulations, the parameter S was varied. It is obvious from
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(a) Evolution of maximum principal damage value as a function of s.

(b) True stress strain curves for different values of s.

Figure 3.5: Influence of the parameter s.
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(a) Evolution of maximum principal damage value as a function of S.

(b) True stress strain curves for different values of S.

Figure 3.6: Influence of the parameter S.
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Equation (3.19) that the parameter S cannot be zero or negative. Figure 3.6
shows the effect of S on the post-damage material behavior. Figure 3.6(a)
shows the damage evolution rate for different values of S. As expected from
Equation (3.19), a lower value of S gives a higher damage evolution rate and
vice versa. The corresponding influence of S can be observed on the stress
strain curves in Figure 3.6(b).

3.4.2 Influence of stress state

The importance of the influence of stress triaxiality on void growth was men-
tioned in Section 2.1.2. In this section, the behavior of the ML anisotropic
damage model will be studied under different stress states. The stress state
can be identified by invariants of the stress tensor. The yield surface for
J2-plasticity, which is used in this work, is only dependent upon the second
invariant of the (deviatoric) stress tensor. However, damage development in
the ML anisotropic damage model has an explicit dependence upon the tri-
axiality (ratio related to the first and second invariant of the stress tensor)
through the triaxiality factor R̃v.

η̄ =
I1
J2

(3.83)

where η̄ represents the triaxiality, I1 represents the first invariant of the stress
tensor and J2 represents the second invariant of the deviatoric stress tensor.
The third invariant of the stress tensor is commonly expressed as the Lode
angle parameter defined as follows:

θ̄ = 1− 2

π
arccos

[(
J3
J2

)3
]

(3.84)

where θ̄ represents the Lode angle parameter and J3 represents the third in-
variant of the deviatoric stress tensor. The detailed descriptions of triaxiality
and Lode angle parameter are given by Bai [7]. It is worth mentioning here
that the direction of a unique stress state is defined by both the triaxiality
parameter η̄ and Lode angle parameter θ̄ whereas the magnitude is defined by
J2.
It is not easy to obtain a unique stress state by prescribing displacements as
boundary conditions. The best method is to apply either edge or surface loads,
depending upon the element type used. In this study a hexahedral element
with eight nodes and eight integration points was used. As shown in Figure 3.7,
surface loads were applied on the three faces of the element. By adjusting the
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Figure 3.7: Single element model to study the influence of stress state.

ratios of the surface loads, a unique stress state (triaxiality and Lode angle
parameter) can be obtained. Table 3.2 shows the triaxiality and Lode angle
parameter for a few common loading conditions. The surface loads can be
positive as well as negative. It is clear from Figure 3.2 that the parameter uf0
influences the damage evolution for negative triaxialities. Therefore two sets
of simulations were performed for this study. The first set of simulations was
performed with uf0 = 0, which gives the same damage behavior under tension
and compression. The second set of simulations was performed with uf0 = 2,
which decreases the damage evolution rate under negative triaxialities.

Table 3.2: Identification of different stress states.
Stress state Triaxiality Lode angle parameter

Biaxial Compression -2/3 1.0
Uniaxial Compression -1/3 -1.0
Pure Shear 0.0 0.0
Uniaxial Tension 1/3 1.0

Plane Strain Tension
√
3/3 0.0

Biaxial Tension 2/3 -1.0
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Figure 3.8 shows the maximum principal damage evolution curves for uf0 = 0
and uf0 = 2. The curves plotted with the same color represent the pairs which
have the same Lode angle parameter but different triaxiality. It can be ob-
served that the damage threshold is different for each pair having the same
Lode angle. Damage begins later for uniaxial compression and biaxial ten-
sion, both having a Lode angle parameter −1.0. Similarly, damage initiation
in pure shear and plane strain tension condition (Lode angle parameter = 0)
is slightly delayed. This cannot be observed clearly from Figure 3.8 because
the difference is very small. The influence of Lode angle parameter on damage
evolution is not explicitly defined in the model. The difference in the dam-
age threshold appears due to the modification made in the threshold criteria
(validity of Equation (3.19) starts when εpI > εpD instead of εpeq > εpD), see
Section 3.2.2. Note that in Figure 3.8 the damage evolution is plotted against
εpeq.
It can be observed from Figure 3.8(a) that except for the difference in damage
threshold, biaxial compression and biaxial tension have the same damage evo-
lution curves. The same is true for uniaxial tension and uniaxial compression.
This is due to the fact that uf0 = 0. Neglecting the sign of the triaxiality,
damage evolution rate is highest in the biaxial condition and lowest in the
pure shear condition. In Figure 3.8(b), the maximum principal damage is
plotted for uf0 = 2. The damage evolutions do not change for positive triax-
ialities compared to uf0 = 0. For negative triaxialities the damage evolution
rate drops for decreasing triaxiality. The lowest damage rate can be observed
in the biaxial compression condition, which conforms to reality in the case of
ductile damage in metals.
In general, damage is not measured in experiments but failure is identified by a
failure strain instead of the critical damage. Figure 3.9 shows the failure strain
obtained from the simulations at critical damage as a function of the triaxial-
ity and Lode angle parameter. It can be observed that the influence of Lode
angle is almost negligible. However, triaxiality does have a large influence on
the failure strain. In Figure 3.9(a), the higher the absolute value of triaxial-
ity, the lower the failure strain and vice versa. In Figure 3.9(b), the negative
sign of triaxiality has an influence on damage evolution, therefore the highest
failure strain is for the lowest triaxiality. Figure 3.10 shows the failure strain
surface plot as a function of the two stress state parameters. These surfaces
are plotted by interpolation between the data points shown in Figure 3.9. The
failure strain surface obtained in Figure 3.10(a) is not a true representative
for ductile metals because the failure strains are low under compression. By
prescribing the value uf0 = 2, the failure strain surface becomes representative
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(a) uf0 = 0.

(b) uf0 = 2.

Figure 3.8: Evolution of maximum principal damage value as a function of stress state.
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(a) uf0 = 0.

(b) uf0 = 2.

Figure 3.9: Failure strain as a function of triaxiality and Lode angle parameter.
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(a) uf0 = 0.

(b) uf0 = 2.

Figure 3.10: Failure surfaces as a function of the stress state.
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for ductile metals as the failure strain is very high under compressive stress
states, see Figure 3.10(b). In both cases i.e. Figures 3.10(a) and 3.10(b), the
failure strain surface is almost independent of the Lode angle parameter.

3.5 Conclusions

An anisotropic damage model (ML anisotropic damage model) suitable for
forming applications was developed based on the Lemaitre’s anisotropic dam-
age model. Using the ML anisotropic damage model, different damage evolu-
tions can be defined for tension and compression stress states. Strain rate
sensitivity was also included in the damage evolution function of the ML
anisotropic damage model. The ML anisotropic damage model is implemented
in an in-house implicit finite element code DiekA and a commercial implicit fi-
nite element code MSC.MARC. The model behavior was tested for variation in
damage parameters and stress states. By making the parameter S a function
of triaxiality, damage development under compression becomes appropriate
for metal forming applications. The model is dependent upon triaxiality but
hardly sensitive to Lode angle parameter.
The ML anisotropic damage model given in this chapter accounts only for
load induced anisotropic damage. The implementation of material induced
anisotropic damage will be given in Chapter 5.



Chapter 4

Viscoplastic Regularization

This chapter is based on the article: M. S. Niazi, H. H. Wisselink and T.
Meinders. Viscoplastic regularization of local damage models: Revisited. Com-
putational Mechanics, In press DOI: 10.1007/s00466-012-0717-7, 2012

4.1 The pathological mesh dependence and its so-
lutions

The anisotropic damage model developed in Chapter 3 is a local damage
model. Local continuum damage models are strain softening models which
obey the principle of local action i.e. the constitutive behavior at a local point
does not depend upon any action/variables at a distance (neighboring points).
The problem with local behavior of a softening model is that as soon as a
material point starts to soften, it takes up most deformation which leads to
damage growth in that point, resulting in further softening. If damage models
are included in the constitutive behavior in a finite element analysis, then after
localization all the deformation accumulates in one element (or one row of ele-
ments). This makes the analysis mesh size dependent. An infinitely small mesh
would result in approximately no energy dissipation in the localization band
[39, 108, 119, 137, 168]. A sound mathematical description of this mesh depen-
dency can be found in [35]. This pathological mesh dependent phenomenon is
purely numerical and does not have any physical significance. In reality, duc-
tile damage consists of voids [89, 144] and/or cracks [139]. Therefore, damage
cannot continue to grow at a local material point only and damage spreads
over a finite length. This spread of damage cannot be simulated with a local
damage model for the reason mentioned above.
Failure prediction is one of the main reasons for the development of dam-
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age models. The pathological mesh dependence in damage models can result
in misleading predictions of failure strains, damage zones, crack propagation
etc. Capturing the correct scale of inhomogeneous deformation is also very
important for accurate failure predictions [102, 169]. Therefore to use local
damage models for failure predictions, either the damage model should be
made non-local [9, 20, 39, 119, 120, 121, 155] or the local damage models
must be regularized by some other technique. Non-local damage models may
have a strong non-locality or a weak non-locality depending upon the ‘consid-
ered’ area [68]. There are some advantages and disadvantages using non-local
damage models [35, 69, 120]. This chapter is, however, dedicated to the reg-
ularization of a local damage model with the help of strain rate hardening
(visco-plasticity) and therefore non-local damage models will not be discussed
any further.
The basic idea of viscoplastic regularization is that when the deformation rate
starts to increase in the softer element (the element with damage), the increase
in strain rate makes the element stiffer again. This phenomenon prohibits the
deformation to accumulate in one element and is called viscoplastic regular-
ization. Needleman [108], first showed with a simple one-dimensional case
study that rate dependency can remove the pathological mesh dependency in
strain softening boundary value problems by making the governing equations
well posed. He proved for both static and dynamic problems that a length
scale is implicitly incorporated in the governing equations which keeps it well
posed. However, he experienced numerical instability problems when the rate-
independent limit was approached. Dube et al. [38] used the rate dependency
for regularization. Their focus was mainly on brittle materials e.g. concrete.
They numerically verified the mesh objectivity for a one-dimensional dynamic
problem. Viscoplastic regularization was also used by Sluys et al. specifi-
cally for dynamic problems [137]. He determined an explicit expression for
the viscoplastic length scale for dynamic problems. Later, Wang studied the
interaction and dominance of the viscoplastic length scale and the imperfec-
tion length scale [169]. However, there is no explicit expression derived for the
viscoplastic length scale for static problems. Since there is not much litera-
ture available for viscoplastic regularization of static problems, this chapter is
dedicated to static problems, i.e. inertial effects are not considered. There is
a clear definition of a viscoplastic length scale in dynamic problems [170], but
for static problems the definition of a viscoplastic length scale is ambiguous.
Figure 4.1 shows the experimentally observed major strain evolution in a Eu-
ronorm tensile test specimen for 1mm thick dual phase steel sheet. The width
of the specimen is 12.5mm. Initially the strain localizes in a length scale of
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Figure 4.1: Major strain evolution during a standard (Euronorm) tensile test. Obtained
by optical strain measurement technique (ARAMIS).

the order of the specimen width. This is the start of the diffuse neck. Neg-
ligible amount of damage was observed in this specific material within the
uniform deformation regime [141]. As the deformation increases the diffuse
neck changes into a local neck, which is related to the width of the peak in
Figure 4.1. The local neck length scale is roughly of the order of the sheet
thickness. It is possible to determine the point of instability (the strain at
which local necking begins) in a numerical simulation with the use of the
acoustic tensor [22, 31]. By contrast, it is difficult to accurately identify the
point of instability in the experiments. A standard method (called Bragard
method) is given in ISO12004-2 [4] to determine the strain level at which lo-
calization begins in Nakazima and Marciniak tests. This strain is then used to
determine the Forming Limit Curve (FLC). However, a slight variation in the
standard procedure can give a significantly different FLC [41, 97]. Recently,
digital image correlation was used to measure the strain level at the start of
localization in Marciniak test using the strain history [166]. Apart from the
standard tests, determination of the point of onset of localization in a non-
standardized experiment still depends upon the judgement of the analyst.
In this work, two viscoplastic length scales are identified; a primary length
scale, which relates to the diffuse neck size and a secondary length scale which
relates to the local neck size. Figure 4.2 shows a schematic of the primary
and secondary length scales in the damage distribution along a spatial axis.
The spread of damage outside the primary length scale is almost zero i.e. no
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Figure 4.2: Schematic of two length scales in viscoplastic regularization of static prob-
lems.

damage occurs in the uniform deformation region. The secondary length scale
is related to the width of the peak of the damage distribution. The length
scales identified in this article are related to diffuse necking and local necking
and are based on the hardening/softening characteristics of the material. Re-
cently McVeigh [102] presented three different length scales for an adiabatic
shear band propagation. Two of these length scales are based on diffuse and
local necking whereas one is due to thermal conductance. Since the models
used in our study are isothermal, see Section 4.2, only two length scales are
considered.
Wang et al. compared the over-stress viscoplastic models (i.e. Perzyna and
Duvaut-Lions models) with the Consistency viscoplastic model [170]. The
over-stress models allow the stress state to be outside the yield surface. This
implies that the Kuhn-Tucker loading conditions cannot be applied in such
models. In the Consistency viscoplastic model the yield surface is made rate
dependent and thus the stress state remains on the yield surface and Kuhn-
Tucker loading conditions are satisfied. Wang et al. showed that the results
obtained from the Consistency viscoplastic model were as good as the results
from the over-stress models [170]. It was also shown that Perzyna and Con-
sistency viscoplastic models yield identical responses for progressive loading
and that the convergence behavior of the Consistency viscoplastic model is
better than that of the Perzyna model [57]. In this chapter the Consistency
viscoplastic model is used with strain rate dependent yield surfaces.
Two numerical tests for regularization are re-visited in this work. The first
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case is a simple one-dimensional shear test which was extensively used by
Wang and Sluys [137, 169, 170]. This example is interesting for regularization
studies because in this problem localization will occur only due to damage
development. The second case is a tensile test with significant diffuse necking
before failure. This example is also selected from the work of Wang and Sluys
[168]. They showed that viscoplasticity was not effective in this case, rather it
only delays the onset of localization. The conclusion from their work was the
motivation to re-visit this numerical test. In this chapter both cases are taken
as static problems. Section 4.3 is dedicated to the results obtained from these
case studies.

4.2 Material models

The aim of this study is to use viscoplastic regularization for ductile metals
in forming processes. Therefore the material models selected in this study are
compatible with ductile materials. A linear strain hardening model is selected
for the numerical study in this chapter.

σfL = σf0 + Cεpeq (4.1)

where σfL is the flow stress obtained from linear strain hardening. σf0 and
C are the initial flow stress and hardening slope for linear hardening model.
The strain softening / damage model also plays an important role in the
regularization effect. Actually it is the combination of hardening and softening
parameters that sets the viscoplastic length scale. Modified Lemaitre’s (ML)
anisotropic local damage model [112] given in Chapter 3 is used in this study.
Two entirely different types of strain rate hardening models are selected in
this study; the Power law model and the Krabiell-Dahl model. The details of
both models are given below.

4.2.1 Power law strain rate hardening model

The Power law is a phenomenologically based, isothermal, strain rate depen-
dent isotropic hardening model. In this model, the strain hardening part is
multiplied by a strain rate hardening factor given in Equation (4.1). The
Power law is given as follows:

σf = σfL

(
ε̇peq
ε̇0

)m

(4.2)

where σf is the flow stress, ε̇0 and m are phenomenological parameters for the
Power law.
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4.2.2 Krabiell-Dahl strain rate hardening model

The Krabiell-Dahl model is a physically based model [75] and adds a strain
rate hardening part to the strain hardening part given in Equation (4.1). The
Krabiell-Dahl model is given in Equation (4.4). The total flow stress reads:

σf = σfL + σdyn (4.3)

where σdyn is the strain rate hardening part given by:

σdyn =


0 for ε̇peq < ε̇0e

−△G0
kT

σv0

(
1 + kT

△G0
ln

ε̇peq
ε̇0

)p
for ε̇0e

−△G0
kT ≤ ε̇peq ≤ ε̇0

σv0 for ε̇peq > ε̇0

(4.4)

where σv0, k, T , △G0, ε̇0 and p are the maximum dynamic stress, Boltz-
man constant, temperature, dislocation movement activation energy, reference
strain rate parameter and strain rate hardening exponent, respectively. The
temperature is taken as a constant in Equation (4.4) (isothermal).

4.3 Case studies

As mentioned in Section 4.1, two numerical case studies from the literature
are re-visited i.e. a 1D bar shear problem (Section 4.3.1) and a tensile loading
problem with significant diffuse necking before local necking (Section 4.3.2).

4.3.1 Shear loading

The simplest case to study viscoplastic regularization is the one-dimensional
shear test [137, 169, 170]. Figure 4.3 shows the dimensions of the 1D bar used
in this study. The bar is fixed at one end and the vertical (y) displacement
is prescribed at the other end. All nodes are fixed in horizontal (x) direction.
The thickness of the bar varies linearly from 1mm at the free end to 0.95mm
at the fixed end. The non-uniform thickness will act as an imperfection hence
the bar will localize at the fixed end. If no imperfection was added to the
model, the bar would have a uniform deformation over the length and thus
uniform damage over the length. Three mesh densities were selected for this
study i.e. 20, 40 and 80 elements over the length. Bilinear plane strain ele-
ments with 4 integration points were selected. The vertical velocity at the free
end was set to 1mm/s.
The material parameters are selected arbitrarily in order to introduce localiza-
tion at the early stages of deformation and to obtain a viscoplastic length scale
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Figure 4.3: Plane strain bar subjected to shear load.

Table 4.1: Damage material data for 1D shear test.

Parameter Description Value

εpD Damage threshold 0.01
s0 Damage curvature controller 1.0
η Hydrostatic sensitivity parameter 3.0
S Damage rate controller 0.0015MPa

Dc0
Critical damage value at reference
strain rate

0.9

ε̇r0 Reference strain rate 0.001 /s
uf0 Unilateral factor 0.0

larger than the element length. The Young’s modulus and the Poisson ratio
are taken as 200GPa and 0.3, respectively. The Von Mises yield criterion was
used and the damage parameters are given in Table 4.1. The linear harden-
ing parameters were selected as σf0 =18.5MPa and C =2MPa. The material
parameters for Power law were selected as ε̇0 =0.005 and m =0.06. The pa-
rameters for Krabiell-Dahl model are given in Table 4.2. Equations 4.2 and 4.3
are graphically presented in Figure 4.4, which shows the hardening behavior
for the two strain rate hardening models based on the selected parameters.
The Krabiell-Dahl model shows the same hardening slope at different strain
rates because the strain hardening part is added to the strain hardening part.
Contrary to the Krabiell-Dahl model, the Power law shows an increased strain
rate sensitivity for higher strain rates and higher strains due to multiplication
of the strain hardening factor.
Figures 4.5 and 4.6 show the mesh shape and damage distribution, respectively,
for different mesh sizes after a certain amount of deformation. The simulation
without any strain rate sensitivity clearly shows a mesh dependent shape, Fig-
ure 4.5(a). It can be observed that almost all deformation accumulates in one
element at the fixed end. Figure 4.6(a) represents the damage distributions
obtained for linear hardening without strain rate sensitivity. When damage
starts in the element at the fixed end, it becomes softer in comparison to the
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Table 4.2: Krabiell-Dahl model data for 1D shear test.
Parameter Description Value

σv0 Maximum dynamic stress 50MPa
k Boltzman constant 8.617x10−5 eV

△G0 Dislocation activation energy 0.8 (eV)K
T Temperature 300K
ε̇0 Reference strain rate parameter 108

p Strain rate hardening exponent 2.0

Figure 4.4: Hardening curves at different strain rates.
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(a) Linear hardening at Uy = 0.75mm.

(b) Linear hardening + Krabiell-Dahl model at Uy = 1.75mm.

(c) Linear hardening + Power law model at Uy = 3.5mm.

Figure 4.5: Coarse, medium and fine mesh comparison with different hardening laws.

other elements in the bar. Therefore, all deformation accumulates in this ele-
ment while the rest of the elements unload elastically. Since all deformation
accumulates in one element, damage keeps growing only in this element and
makes it even softer. Reducing the element size reduces the length in which
damage grows. Due to accumulation of strain and damage in one element, the
critical damage value is obtained at a low displacement value.
Figures 4.5(b) and 4.5(c) show the mesh shapes for the Krabiell-Dahl model
and the Power law model, respectively, in combination with linear harden-
ing. It can be observed that the deformation is mesh size independent. Fig-
ures 4.6(b) and 4.6(c) represent the damage distribution along the bar’s length
for the three mesh sizes with Krabiell-Dahl model and Power law model, re-
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(a) Linear hardening.

(b) Linear hardening + Krabiell-Dahl model.

(c) Linear hardening + Power law model.

Figure 4.6: Damage distribution along length at failure with different hardening laws.
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spectively. The damage value for each element is constant and plotted at the
mid of the element. The damage distributions for the three mesh sizes in
Figures 4.6(b) and 4.6(c) are plotted at a free end displacement of 1.75mm
and 3.73mm, respectively. The Power law model gives a low damage gradient
compared to the Krabiell-Dahl model. Therefore the maximum damage does
not grow as quickly in the simulations with the Power law model as that of the
Krabiell-Dahl model. This leads to a different end displacement and damage
values in the simulations using Power law model and Krabiell-Dahl model.
Convergence problems were observed in the simulations performed with strain
rate sensitivity. As the strain rate increases with increasing damage values,
the convergence behavior gets worse. Therefore the critical damage value of
0.9 was not obtained in the simulations and the damage distribution plots in
Figures 4.6(b) and 4.6(c) are at lower damage values. The convergence be-
havior in the simulation with the Power law model and the fine mesh was not
very good due to which a non-smooth distribution in Figure 4.6(c) can be ob-
served. The length scale for both hardening models is independent of the mesh
size which is due to viscoplastic regularization. The length scale itself can be
increased or decreased by modifying the hardening and damage parameters.
The difference in the damage gradient obtained from Krabiell-Dahl and Power
model shows that the strain rate sensitivity model used in the simulations can
be very important in determining the damage distribution shape.
Despite the regularization, the damage level at the fixed end can still be influ-
enced by the mesh size, especially at high damage values. High damage values
are obtained for shorter element lengths. This is evident in Figures 4.6(b) and
4.6(c). The mesh dependency which appears at high damage values is not the
pathological mesh dependence of local damage models rather, it is a normal
and expected finite element mesh dependency due to geometric discretization.
A normal mesh dependency can be defined as the mesh dependency in which
results will converge upon mesh refinement. It can be observed from Fig-
ures 4.6(b) and 4.6(c) that the damage values obtained from all mesh sizes
lie on a single damage distribution curve. The damage values in the element
at the fixed end of the medium and coarse mesh represents approximately
the average damage values of the fine mesh over 2 elements and 4 elements,
respectively. In the coarse mesh the damage is averaged over 1mm (element
length) whereas in the fine mesh it is averaged over 0.25mm (element length).
With high damage gradients, at the fixed end, averaging can indeed produce
mesh dependent results. A very fine mesh has to be used to account for the
damage gradients near to the peak damage values.
Figure 4.7 shows the measured local strain distribution in a tensile experiment
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Figure 4.7: Measured major strain distribution in a tensile test using an optical strain
measurement system.

using the optical strain measurement technique of the ARAMIS system. In
Figure 4.7, the major strain distributions are from the same section and at
the same instant (image) during the test, but calculated using two different
facet sizes. The distribution is facet size dependent in the region where the
highest strain gradient exists. This experimental result is similar to the results
obtained in Figures 4.6(b) and 4.6(c), which supports the conclusion that the
mesh dependency appearing in the simulations, just before failure, is due to
geometrical discretization.
To further investigate this mesh dependence, the damage evolution in time
along the bar length is studied. Figure 4.8 shows the evolution of damage
for the simulation with a fine mesh and Krabiell-Dahl strain rate hardening
model. In this figure, the damage value in the element is plotted over the
element length which gives step curves. It can be observed that as the time
increases, the length in which damage grows decreases. This shows that the
effective regularization length is decreasing with increasing values of damage.
This decrease of effective regularization length is due to the fact that the soft-
ening due to damage is competing with the strain rate hardening. Therefore,
as the accumulated damage increases, the softening due to damage becomes
more and more dominant. Thus the length over which the viscoplastic regular-
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Figure 4.8: Damage evolution in the fine mesh model with Krabiell-Dahl model.

ization is effective, continues to reduce with the increasing amount of damage.
This effective regularization length cannot get smaller than the element length
in the localization region. Therefore, at a certain damage level the deforma-
tion and damage starts to accumulate in one element. This makes the results,
in the end, mesh dependent again. As mentioned earlier, this is due to the
geometrical discretization in a high gradient field. A crack has infinitely small
width whereas the elements in the finite element model are finite. This prob-
lem can only be avoided if an infinitely small mesh size is used. It will be shown
in Section 4.3.2 that the damage distribution curves converge with increasing
mesh refinement. It is worth mentioning that the phenomenon of reduction of
effective regularization length is closely related to reality (the formation of a
mesocrack). At the instant just before a mesocrack is initiated, it is expected
that all the deformation will occur over an almost infinitely small length.

4.3.2 Uniaxial tensile loading

Wang and Sluys [168] showed that viscoplastic regularization is not effective
for a tensile loading case on sheet metal, especially if there is a considerable
post-localization strain before failure. Wang observed mesh dependency in the
results, although, no damage (strain softening) model was used in the simu-
lations. In this study the simulations will be done including a damage model.
The aim of this case study is to check if the mesh dependency that Wang ob-
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Figure 4.9: Finite element model for the tensile loading case.

served is a pathological mesh dependency of local damage models, or a normal
finite element mesh dependency as observed in Section 4.3.1. If the latter is
true, then refinement of the mesh is a solution to the problem. A finite element
model for the tensile specimen with 8 node hexahedral elements was used in
this study. The dimensions of the model are shown in Figure 4.9. Refinement
was carried out only in the central 12mm region. Four mesh sizes were used
i.e. 1360 elements (coarse), 4640 elements (medium), 16960 elements (fine)
and 64640 elements (very fine). Refinements were carried out in the length
and width directions. It was found that refinement in thickness direction does
not produce a significant influence on the results, therefore 4 elements were
taken through the thickness in all cases. The Krabiell-Dahl model was used
in this case study. One end of the tensile specimen model was fixed, while the
other end was pulled at a constant velocity.
The material parameters were selected such that a large post-localization
strain occurred. The elastic properties were taken as E =200GPa and ν = 0.3.
For the simulation case without strain rate hardening σf0 and C were selected
as 200MPa and 1MPa respectively. The damage model parameters are given
in Table 4.3. The linear hardening and Krabiell-Dahl model parameters used
for simulations with strain rate sensitivity are given in Table 4.4. The multiple
values of σf0 and the corresponding values of p are selected such that the ratio
of strain rate hardening to strain hardening can be changed while keeping the
initial yield stress the same as in the simulation without strain rate sensitiv-
ity. A lower value of p represents higher viscosity i.e. a case with high value
of strain rate hardening to strain hardening ratio.
Figure 4.10 shows the force displacement curves for the tensile test simulations
for four mesh sizes and different hardening parameters. The set of curves with-
out strain rate sensitivity shows mesh dependent results as soon as localization
occurs. The energy dissipated in the neck i.e. the area under the force dis-
placement curve, keeps reducing on refinement. By introducing viscosity, the
results are mesh independent directly after localization. This regularization
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Table 4.3: Damage material data for 3D tensile test.

Parameter Description Value

εpD Damage threshold 0.05
s0 Damage curvature controller 2.4
η Hydrostatic sensitivity parameter 3.0
S Damage rate controller 0.71MPa

Dc0
Critical damage value at reference
strain rate

0.3

ε̇r0 Reference strain rate 0.001 /s
uf0 Unilateral factor 50.0

Table 4.4: Hardening data for 3D tensile test simulations with Krabiell-Dahl model.

Parameter Description Value

σf0
Initial flow stress for linear
hardening

185, 159, 133 and 90MPa

C
Hardening slope for linear
hardening

1.0MPa

σv0
Maximum dynamic stress for
Krabiell-Dahl model

300MPa

k Boltzman constant 8.617x10−5 eV
△G0 Dislocation activation energy 0.8 (eV)K
T Temperature 300K

ε̇0
Reference strain rate parame-
ter for Krabiell-Dahl model

108

p
Strain rate hardening expo-
nent for Krabiell-Dahl model

3.0, 2.0, 1.5 and 1.0
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Figure 4.10: Numerical force displacement curves for tensile tests with different viscosi-
ties.

does not last till the end. At some moment, mesh dependency appears in the
results. The moment mesh dependency appears can be delayed (shifted to
higher displacements) by increasing the strain rate hardening to strain hard-
ening ratio (viscosity). The same was observed in the case study carried out
by Wang and Sluys [168]. It was found that this mesh dependency appears for
the same reason as mentioned in Section 4.3.1 i.e. the effective regularization
length keeps on decreasing until it approaches the element length. To prove
that this mesh dependency is due to geometrical discretization, a very fine
mesh is used in this case study. It can be observed in Figure 4.10 that the
results are converging to one solution upon refinement. This behavior is seen
for all viscosities. Only the simulation without strain rate hardening shows
otherwise. The oscillations at the end of the curves are due to convergence
issues occurring at high levels of damage at the integration point level.
The equivalent plastic strain distribution for four different mesh sizes are plot-
ted in Figure 4.11 at a total displacement of 4.0mm for the simulations with
viscosity p = 1.0. It is observed that the equivalent plastic strain distribution
and the maximum value of plastic strain is converging for a higher level of
refinement.
Figure 4.12 shows the maximum principal damage distribution along the cen-
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Figure 4.11: Equivalent plastic strain distribution for different mesh sizes at 4.0mm total
displacement with p = 1.0.
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Figure 4.12: Damage distribution for different strain rate hardening to strain hardening
ratios.

tral axis of the sheet for the very fine mesh models with different viscosities.
Each distribution is plotted at a displacement just before failure, for the re-
spective viscosity. The viscoplastic length scale increases with the increase in
viscosity; consequently, the moment at which mesh dependency appears in the
simulations is delayed.
Figure 4.13 shows the maximum principal damage distribution along the cen-
tral axis of the sheet for different mesh sizes. The distributions are plotted at
a total displacement of 3mm in Figure 4.13(a) and 4mm in Figure 4.13(b).
All distributions are with the same viscosity i.e. p = 1.0. At lower damage
values (Figure 4.13(a)), the distributions are completely mesh independent. In
Figure 4.13(b), the primary viscoplastic length scale is the same for all mesh
sizes, only the maximum damage values in the peaks are different. The dif-
ference in the damage peaks for the very fine mesh and fine mesh is relatively
small. As mentioned earlier, this difference is inevitable due to the finite size
of the elements.
Another important aspect is the influence of the strain rate on the regulariza-
tion behavior. For this purpose, simulations were carried out with increased
pulling speed by two, four and eight times, while keeping the viscosity fixed at
p = 1.5. The influence is checked on a lower viscosity (i.e. p = 1.5 instead of
p = 1.0) because at higher viscosity the curves are already converging and no
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(a) Total displacement = 3.0 mm.

(b) Total displacement = 4.0mm.

Figure 4.13: Damage distribution for different mesh sizes with p = 1.0.
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(a) Pulling speed = 2 mm/s. (b) Pulling speed = 4 mm/s.

(c) Pulling speed = 8 mm/s. (d) Pulling speed = 16 mm/s.

Figure 4.14: Force displacement curves for tensile tests with varying velocities and mesh
densities (p = 1.5).
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useful conclusions can be deduced. The strain hardening part σf0 is slightly
adjusted to keep the yield stress the same. Figure 4.14 shows the force dis-
placement curves for the tensile test simulations with varying strain rates and
fixed viscosity parameters. It can be seen that initially all curves are overlap-
ping. Changing the strain rate does not affect the initial part of the simulation
because the hardening is mainly dominated by strain hardening (strain rates at
local points are low). When the deformation becomes highly localized, the lo-
cal strain rates increase rapidly. Then the strain rate hardening part becomes
more influential and the curves start to deviate from each other. Therefore, a
stiffer response can be observed at the end of the simulation for higher strain
rates. The important point to note in Figure 4.14 is that the spread in the
curves with different mesh sizes is reducing with increasing strain rate. The
same can be observed in the damage distributions shown in Figure 4.15. The
damage distribution for the simulations with a pulling speed of 2mm/s at
a total displacement of 3.75mm is given in Figure 4.15(a). The viscoplastic
length scale for all distributions is the same but the damage peak values have
a large spread. Figure 4.15(b) shows the damage distributions for the simula-
tions with a pulling speed of 16mm/s and at the same total displacement of
3.75mm. The spread in the curves of Figure 4.15(b) with different mesh sizes
is smaller compared to the spread in the curves of Figure 4.15(a). This shows
that increasing the strain rate helps to maintain the viscoplastic regularization
effect to higher deformation values. It must be noted that the damage levels at
a total displacement of 3.75mm are smaller for Figure 4.15(b) in comparison
to Figure 4.15(a). This is due to the fact that the damage evolution model is
strain rate dependent and high strain rates slow down damage development,
see Equations 3.31 and 3.32.
Figure 4.16 shows the damage distribution with varying velocities for the very
fine mesh simulations at a fixed viscosity (p = 1.5) and at a total displacement
of 3.75mm. The damage spreads out in the same length for all distributions
i.e. the primary viscoplastic length scale does not change with increasing ve-
locities. Nevertheless, increasing the strain rate does increase the width of the
peak of the distribution i.e. the secondary viscoplastic length scale increases
with increasing velocities. The increase in the secondary viscoplastic length
scale helps to maintain the regularization effect to larger deformations.
In the simulations carried out by Wang et al. [168], no damage (failure crite-
ria) was defined in the simulations. Therefore, the deformations were highly
localized at the end of their simulation, whereas in reality the specimen would
have been broken at this point. Because of the finite size of the element, the
neck becomes mesh dependent. Since the specimen would have been broken
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(a) Pulling speed = 2 mm/s.

(b) Pulling speed = 16 mm/s.

Figure 4.15: Damage distributions for two different velocities.
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Figure 4.16: Damage distribution with varying strain rates at a displacement of 3.75mm.

at this stage, the deformation mode in which the mesh dependency occurs is
not realistic.

4.4 Discussions and conclusions

Adding strain rate hardening regularizes the pathological mesh dependency in
local damage models. The primary and secondary viscoplastic length scales
are a function of the strain hardening, strain rate hardening and damage pa-
rameters. Although it is possible to fit the material parameters in such a
way that the experimentally observed length scale (see Figure 4.1) can be
obtained, this might alter other results of the simulation; for example, the
force-displacement behavior, the point of failure etc. A parameter optimiza-
tion scheme can be developed to optimize the hardening parameters to a range
of loading rates and to obtain the experimental length scale as an additional
requirement. Nevertheless this task may not be trivial.
The shape of the damage (plastic strain) distribution depends on the strain
rate hardening model used. An increase in the strain rates (deformation rates)
does not change the (primary) viscoplastic length scale. However, it increases
the secondary viscoplastic length scale i.e. the width of the peak of the local-
ization band.
It was found that the effective viscoplastic regularization length decreases with
increasing damage (or deformation) values. When the effective viscoplastic
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regularization length approaches the element size, the regularization is lost
(as expected) and the results become mesh size dependent again. This mesh
dependency is not due to the use of a local damage model, but is rather a
characteristic of the finite size of the applied discretization. In other words, it
is a normal finite element mesh dependency due to geometrical discretization
in a field with high gradient. Similar geometrical discretization size depen-
dency can also be observed in experimental results, see Figure 4.7. Refining
the mesh will, however, reduce this problem.
An increase in the deformation rates helps to make the viscoplastic regulariza-
tion more effective and to reduce the mesh dependency at higher deformations.
Increasing the viscosity will increase the viscoplastic length scale and thus de-
lay the moment at which viscoplastic regularization is lost.
The preferable way to effectively use viscoplastic regularization is to use a
fine mesh in the region where localization is occurring. In this way, the ac-
tual physics i.e. strain rate dependent behavior of the material and the actual
deformation speeds, can be taken into account. However, there are many
applications where either the hardening of the material is rate independent
(numerous aluminum alloys) or the deformation process is very slow. In such
cases, the viscoplastic length scale will be very small compared to the element
length. Consequently, no regularization will be obtained due to viscoplasticity
[124]. In these cases, it is inevitable to introduce artificial viscosity to improve
the viscoplastic regularization effect. Specifying a high viscosity or increasing
the prescribed deformation rate will help to reduce mesh dependence. How-
ever, this will lead to non-physical viscoplastic (primary and secondary) length
scales. The other alternative for these cases can be the use of non-local dam-
age models.
Nevertheless, for materials with significant rate dependent hardening charac-
teristics, for high temperature processes or processes with high deformation
rates, mesh independent results can be obtained by modeling the real physics
including rate dependency.



Chapter 5

Material Induced Anisotropic
Damage

This chapter is based on the article. M. S. Niazi, H. H. Wisselink, T. Mein-
ders and A. H. van den Boogaard. Material induced anisotropic damage in
DP steels. Accepted for publication in International Journal of Damage Me-
chanics.

5.1 Introduction

Anisotropy in damage can be driven by two phenomena; anisotropic defor-
mation state (Load Induced Anisotropic Damage LIAD) and anisotropic sec-
ond phase particle distribution (Material Induced Anisotropic Damage MIAD)
[112]. LIAD is related to the direction of loading. In a LIAD model, damage
grows faster in the direction of maximum principal stress irrespective of the
anisotropy in the second phase particles and/or microstructure. As mentioned
earlier in Section 3.1, most of the available anisotropic continuum damage
models account for LIAD only, as the damage parameters used in the damage
evolution law are direction independent [25, 87, 112]. Some anisotropic con-
tinuum damage models do take direction dependent damage parameters into
account, but those parameters are based on the elastic/plastic anisotropy of
the material [132] or by determining the crack density distribution [54, 56].
MIAD is a phenomenon in which damage behavior of the material changes for
the same loading conditions applied in different directions. Figure 5.1(a) shows
the engineering stress-strain curves for 1mm thick DP600 sheet in the 0◦ to
rolling (RD) and 90◦ to rolling (TD) directions. The material is regarded plas-
tically isotropic, as the r-value (Lankford’s coefficient) is approximately equal
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to one for this material. Until diffuse necking, the material behaves the same
in both directions. A deviation can be observed after the maximum stress is
obtained. The specimen in RD fails at approximately 23% engineering strain
whereas the specimen in the TD fails at approximately 26% engineering strain.
It shall be noted that the engineering stress level at which the material fails
is approximately the same for both directions. The difference in engineering
failure strain is due to the difference in the damage softening behavior. Differ-
ences were also found in the deformation and failure modes during these tests.
These differences will be discussed in detail in Section 5.3. Another example
of MIAD is given in Figure 5.1(b). This figure shows SEM images of a scoring
process in a low carbon steel. In the left image, the RD is in plane while the
TD is out of plane. Coalescence of voids is observed in this case. On the other
hand, in the right image, the TD is in plane while the RD is out of plane. No
coalescence is observed in this case. In both examples, the damage behavior
depends on the material orientation. This is attributed to the anisotropy of
second phase particles / inclusions in the material. Other examples of MIAD
can be found in [15, 16, 156].
In DP steels, martensite morphology is the parameter which triggers MIAD
during plastic deformation. Recently Avramovic-Cingara studied the marten-
site morphology of two different kinds of DP600 grades using metallographic
(SEM) analysis [5]. The author showed that damage development i.e. void
nucleation and growth is influenced by the martensite morphology. The final
failure mode for the two different steels was also different.
In this chapter, martensite morphology and damage will be studied in un-
deformed material and deformed tensile specimens with the help of metallo-
graphic (SEM) analysis. Two material orientations i.e. RD and TD of the
same DP600 material will be considered in this study. The purpose of this
study is to detect whether MIAD plays a role in DP600. A phenomenolog-
ical MIAD model will be formulated to be used as an addition to the ML
anisotropic damage model developed in Chapter 3. In Section 5.2, a brief
description of the tensile tests and sample preparation for the SEM is given.
The results obtained from the tensile tests and metallographic analysis are
presented and discussed in Section 5.3. The phenomenological MIAD model
and some simulation results obtained with this model are given in Section 5.4.

5.2 Experimental procedure

A 1mm thick galvanized pre-production DP600 sheet with minimum tensile
strength of 600MPa was used in this study. The chemical composition of this
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(a) Stress-Strain curves obtained from tensile testing of DP600 in two different direc-
tions.

(b) Damage development during scoring in a pre-production low carbon steel (Cour-
tesy TATA Steel RD & T).

Figure 5.1: Material Induced Anisotropic Damage (MIAD).
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Table 5.1: Chemical composition for pre-production DP600 grade steel in 10−3 wt%.

C Mn Si Al P S Nb V Ti Cu Sn Cr Ni Mo

92 1680 241 36 16 4 2 7 2 9 3 576 22 2

Figure 5.2: Dimensions of the tensile specimen.

material is given in Table 5.1. Tensile specimens were cut in the directions 0◦

and 90◦ to rolling direction (RD and TD respectively). The specimens were
prepared in accordance with ISO 6892 with a gauge length of 50mm. The
dimensions of the specimen are given in Figure 5.2. The specimens were cut
from the sheet by electro discharge machining. The tensile tests were carried
out on an MTS 300 kN servo hydraulic machine with Instron 8500 controller.
The tensile tests were performed at a speed of 0.05mm/s, which corresponds
to an average engineering strain rate of 0.001 /s. Local strains were measured
during the tests with the help of an ARAMIS optical strain measurement
system. Digital Image Correlation (DIC) technique is used in this system to
determine the strains from the images captured during the test.
The samples for metallographic (SEM) analysis were cut from undeformed ma-
terial, deformed unbroken specimens and deformed broken specimens. Cutting
was performed with a 1.5mm thick disc cutter. The specimens were positioned
with respect to the cutter such that one cut surface is aligned with the central
axis of the specimen. The metallographic samples were embedded in Epomet
mold. The embedding procedure was carried out at a temperature of 180◦

C. Mechanical polishing was carried out with sandpaper of grain sizes 400,
600, 1200 and 4000 in the respective order followed by Silica polishing. In-
termediate ultrasonic cleaning was carried out during the polishing. Finally
the metallographic samples were etched with 3% Nital solution. The metal-
lographic analysis was carried out on Neoscope JCM 5000 SEM with voltage
settings of 10 and 15kV.
Metallographic samples for the undeformed material were taken from the same
sheet from which the tensile specimens were cut. Two samples were prepared,
one in the RD and the other in the TD direction of the sheet. These samples
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Figure 5.3: Metallographic sample extraction locations from two unbroken and one bro-
ken tensile specimen. The dashed line represents the cutting line and the arrows represent
the face being analyzed.

are used to study the martensite morphology. Six tensile specimens (three for
each direction i.e. RD and TD) were selected to study damage with emphasis
on MIAD. In one direction, two specimens were unbroken and one was broken.
Figure 5.3 shows the locations from where the metallographic samples were
cut. Each tensile specimen is given a specific designation defining the loading
direction with respect to rolling direction and whether the specimen is broken
or unbroken, Figure 5.3. ’US’ and ’BS’ in the designation stands for Unbro-
ken and Broken Specimens respectively, whereas ’R’ and ’T’ indicates loading
along RD and TD respectively. The metallographic samples were cut along the
loading direction from specimens USR1 and UST1. The faces of these metal-
lographic samples are parallel to the loading direction. From specimens USR2
and UST2, the metallographic samples are cut along the direction where the
fracture is expected to occur. In USR2, the face of the metallographic sample
is perpendicular to the loading direction, whereas in UST2 it is inclined i.e.
along the local neck. Fractography was performed on the broken specimens i.e.
BSR3 and BST3 before these specimens was cut for metallographic analysis.
The fractographic samples were not prepared by the procedure defined above,
rather, these were just placed in the SEM keeping the fracture surface normal
to the electron gun. Afterwards one broken part of each specimen BSR3 and
BST3 was cut along the loading direction.
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5.3 Results

5.3.1 Tensile tests

Figure 5.4 shows the images taken by the ARAMIS system during the ten-
sile test specimen failure. The pulling speed in these tests was 0.05mm/s.
Figure 5.4(a) is the image from the tensile specimen which was loaded in the
RD. This image was taken during the crack propagation. In this specimen,
the crack started from the center of the specimen and propagated towards
the edges. The crack is perpendicular to the loading direction. Figure 5.4(b)
shows the images from the tensile specimen which was loaded in the TD. The
specimen failed along the shear band which is inclined to the loading direction.
The failure occurred almost instantly along the complete shear band, therefore
no crack propagation was observed from the ARAMIS images taken at a frame
rate of 2 /s. The diffuse necking in the specimen loaded in the TD is much less
in comparison to the specimen loaded in RD. Apart from the difference in the
diffuse neck, local neck inclination angle and location of crack initiation, there
was also a difference in the failure through thickness. Figure 5.5 shows the
close-up of the failure zones of both specimens. A through thickness shear can
be observed in the specimen loaded in the RD, Figure 5.5(a). This through
thickness shear is not present in the specimen loaded in the TD, Figure 5.5(b).
Tensile tests were also performed at higher speeds. The difference in the failure
modes, in the RD and TD directions, persists in these tests as well. Figure 5.6
shows the ARAMIS images at failure during the tests carried out at a speed
of 5mm/s. It can be noted that the failure modes in Figure 5.6(a) and (b) are
the same as shown in Figure 5.4(a) and (b) respectively. Figure 5.7 shows the
ARAMIS images at failure during the tests carried out at a speed of 25mm/s.
These images are blurred due to the fact that the deformation rate at failure
is very high in these tests. Although a high ARAMIS frame rate of 14 /s was
set in these tests, a good quality image cannot be captured. A High Speed
(HS) ARAMIS system will be required to capture images at failure in these
tests. Despite the bad quality of the images, the failure mode can still be
observed. In Figure 5.7(a), the crack initiates from the mid of the specimen.
The crack changes its direction and becomes inclined to the loading direction
while it is propagating towards the edges. It seems that the high deformation
speed is affecting the failure mode, but the influence of strain rate has not
been studied in this research. This might be an interesting topic for future
research on MIAD.
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(a) Specimen loaded in
RD.

(b) Specimen loaded in TD.

Figure 5.4: Images captured from the ARAMIS system during failure of tensile specimens
at pulling speed of 0.05mm/s.
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(a) Specimen loaded in RD. (b) Specimen loaded in TD.

Figure 5.5: Photographs of the broken specimens taken from an optical microscope.

(a) Specimen loaded in RD. (b) Specimen loaded in TD.

Figure 5.6: Images captured from the ARAMIS system during failure of tensile specimens
at pulling speed of 5mm/s.
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(a) Specimen loaded in RD. (b) Specimen loaded in TD.

Figure 5.7: Images captured from the ARAMIS system during failure of tensile specimens
at pulling speed of 25mm/s.

5.3.2 Metallographic results

The metallographic study was started with an examination of the undeformed
material. Figure 5.8 shows SEM images in the midplane of the undeformed
material. Ferrite appears in the image as the gray region whereas martensite
appears as white regions. Direction RD, TD and ND represents the 0◦ to
rolling, 90◦ to rolling and thickness direction respectively. It is found that the
martensite is more concentrated in the midplane. This martensite is mainly
in the form of bands. In the RD Figure 5.8(a), these bands are much longer
and continuous compared to the bands in the TD, Figure 5.8(b). There are
also bands appearing in other locations along the thickness in both directions,
but these are much shorter than the central bands. The central bands in the
RD are 0.5-1.0mm long whereas in the TD these are at most 0.2mm. The
martensite in the midplane thickness of this material is in the form of elliptical
pancakes with the major axis aligned with RD and minor axis aligned with TD.
However, these elliptical pancakes cannot be observed from two-dimensional
images, therefore the terminology of long and short central martensite bands
for RD and TD, respectively, will be retained. It will be shown later in this
section that the average size of these bands is very important in determining
the deformation and damage behavior in this material, especially, in the later
stages of deformation when the strain localization length scale approaches the
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(a) Cross section along RD.

(b) Cross section along TD.

Figure 5.8: SEM images on undeformed material.



Material Induced Anisotropic Damage 91

(a) USR1. (b) USR2. (c) BSR3.

Figure 5.9: Major strain distribution in specimens loaded in RD.

average size of these bands.
As mentioned in Figure 5.3, SEM analysis was performed on two unbroken
specimens, which are deformed beyond localization, and on one broken spec-
imen for both directions. Figure 5.9 shows the major strain distribution ob-
tained from the ARAMIS optical strain measurement system for the three
specimens loaded in RD (USR1, USR2 and BSR3). For USR1 (Figure 5.9(a))
and USR2 (Figure 5.9(b)), the images are at a stage after the tests were
stopped whereas for BSR3 (Figure 5.9(c)) it is at the stage just before fail-
ure occurred. In all three images, the local neck appears in the distribution
but the strain is dominantly concentrated in the central region of the neck.
This shows that the strain is not uniform along the local neck. This result
is in agreement with the failure images shown for specimens loaded along
RD, see Figures 5.4(a), 5.6(a) and 5.7(a). Figure 5.10 shows the major strain
distribution obtained from the ARAMIS optical strain measurement system
for the three specimens loaded in TD (UST1, UST2 and BST3). For UST1
(Figure 5.10(a)) and UST2 (Figure 5.10(b)), the images are at a stage after
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(a) UST1. (b) UST2. (c) BST3.

Figure 5.10: Major strain distribution in specimens loaded in TD.

the tests was stopped, whereas for BST3 (Figure 5.10(c)) it is at the stage
just before failure occurred. One dominating local neck can be observed in
Figure 5.10(b) and Figure 5.10(c). The single dominating local neck cannot
be observed clearly from Figure 5.10(a) because this test was stopped slightly
earlier (the strain level in Figure 5.10(a) is lower compared to the other two
specimens). Nevertheless, the statement that one local neck dominates in
these specimens is also supported by Figures 5.4(b), 5.6(b) and 5.7(b).

Metallographic sample from tensile specimen USR1

The specimen USR1 was cut along the loading direction (i.e. RD of material,
Figure 5.3) to obtain the metallographic sample. The minimum thickness ob-
tained in the local neck region was 0.62mm. It was found that the voids are
mainly located in the long central martensite bands. Voids are also present
in other regions but they are comparatively very low in number. Figure 5.11
shows the magnified SEM images in the long central martensite band region.
Figure 5.11(a) shows that the central martensite band is getting fractured and
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thus voids are being produced. Figure 5.11(b) shows some hints of coales-
cence appearing in the central martensite bands. The coalescence is mainly
dominated in the direction perpendicular to the loading direction.

Metallographic sample from tensile specimen UST1

The specimen UST1 was cut along the loading direction (i.e. TD of material,
Figure 5.3) to obtain the metallographic sample. The minimum thickness
obtained in the local neck region was 0.65mm. It was found that the voids
were well distributed along the thickness. Figure 5.12 shows the magnified
SEM images in the central region along the thickness. Figures 5.12(a) and
5.12(b) are obtained with two different magnifications. Coalescence was not
observed in this sample.

Metallographic sample from tensile specimen USR2

The specimen USR2 was cut perpendicular to the loading direction (i.e. TD
of material, Figure 5.3) crossing the local neck region to obtain the metallo-
graphic sample. The minimum thickness obtained in the local neck region was
0.64mm and the thickness at the edge of the specimen was 0.86mm. A large
variation can be observed in the thickness from the center of the specimen
towards the edge of the specimen. A probable reason can be that these sam-
ples were not cut along the local neck region but perpendicular to the loading,
because the fracture in these specimens occurs perpendicular to the loading.
Figure 5.13 shows the SEM images taken at two different locations along the
cut made perpendicular to the loading direction. It should be noted that the
long sides of the martensite bands are located out of plane to these images.
When loading is along the RD then the voids are generating mainly in these
long central martensite bands. Figure 5.13(a) shows the SEM image in the
center of the specimen. Coalescence is occurring in the central region along
the thickness. Most probably this coalescence is occurring among the voids in
adjacent long central martensite bands. This coalescence will initiate a mesoc-
rack in the central thickness, which is perpendicular to the loading direction.
Apart from the coalescence in the central region, no significant damage de-
velopment is appearing in the rest of the image. Figure 5.13(b) shows the
SEM image towards the edge of the specimen where the thickness is 0.86mm.
Hardly any damage is observed in this image. As mentioned earlier, this re-
gion does not fall in the localized strain region, although the specimen does
fail along this region.
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(a) Voids in central bands.

(b) Coalescence in central bands.

Figure 5.11: SEM images taken in central region along the thickness, USR1.
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(a) Magnification 1000.

(b) Magnification 2000.

Figure 5.12: SEM images taken in central region along the thickness, UST1.
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(a) SEM image in center of specimen.

(b) SEM image at the edge of the specimen.

Figure 5.13: SEM images taken at two different locations for specimen USR2.
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Metallographic sample from tensile specimen UST2

The specimen UST2 was cut along the local neck to obtain the metallographic
sample, see Figure 5.3. The minimum thickness was found to be 0.68mm in
the center of the local neck region whereas, at the edges of the local neck it
was found to be 0.75mm. The variation in the thickness from the center of
the specimen towards the edge of the specimen is low. This is because the
specimen is cut along the local neck. The metallographic sample obtained
from this specimen was not crossing the maximum strain region, however, it
was cut close to maximum strain.
Figure 5.14 shows the SEM images taken at two different locations along the
local neck region. Figure 5.14(a) shows the SEM image located in the center
of the localized region. The long central martensite bands can be observed in
this image. Voids are uniformly distributed rather concentrated in the center.
This is contrary to what was observed in USR1 and USR2. Figure 5.14(b)
shows the SEM image at the edge of the local neck region where the thickness
is 0.75mm. Uniformly distributed damage can be observed in this image. As
expected, damage is less close to the edges compared to the central region,
but more importantly, damage is present throughout the region where the
specimen fails.

Metallographic samples from tensile specimen BSR3

The fracture surface of the broken specimen shown in Figure 5.5(a) was in-
spected with the SEM. The minimum thickness obtained in the fracture surface
was 0.58mm and the thickness at the edge of the specimen was found to be
0.78mm. Figure 5.15 shows the SEM image of the fracture surface which cov-
ers the complete thickness. The protruded portion in the top surface can also
be seen in Figure 5.5(a). This shows the location of the SEM image within
the fracture surface. This location is also important because the crack was
initiated from this point, see Figure 5.4(a). Void coalescence can be observed
in the central region of the image. This coalescence was not observed in the
fracture regions towards the edges of the specimen. Hints of coalescence among
the voids in the long martensite bands were observed in specimen USR2. This
coalescence was perpendicular to the loading. The fractographic image, Fig-
ure 5.15, supports the observations found in specimen USR2 as coalescence can
be observed in the central thickness region. The coalescence is most probably
occurring among voids in neighboring long martensite bands. The coalescence
is clearly perpendicular to the loading. Apart from the small protruded region
and the void coalescence in the central region, the rest of the fracture surface
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(a) SEM image in the center of the local neck region.

(b) SEM image at the edge of the local neck region.

Figure 5.14: SEM images taken at two different locations from specimen UST2.
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seems to be dominated by shear failure.
One of the broken parts from the specimen BSR3 was also cut along the
loading direction (i.e. RD of material, Figure 5.3) to obtain a metallographic
sample. Figure 5.16 shows the SEM image of the section across the fracture
surface which covers almost the complete thickness. Since this section is taken
from the other part of the broken specimen BSR3 an intruded portion can be
observed instead of the protruded portion observed in Figure 5.15. Voids
can be observed over the complete thickness near to the fracture surface, but
the concentration of these voids is higher in the long central martensite band
and near to the intruded portion. Apart from the long central martensite
band, the voids in the rest of the thickness reduce to negligible levels within
0.05-0.1mm from the fracture surface. On the contrary, the voids in the long
central martensite band can be observed even at a distance of 0.5mm from
the fracture surface. This observation is in agreement with the observations in
specimen USR1. Different regions of this image are magnified in Figure 5.17.
The bottom intruded portion can be observed in Figure 5.17(c). This region
shows ductile mode of failure. A higher concentration of voids can be observed
just near to the fracture surface. It should be noted that this intruded region
is very small compared to the complete fracture surface (see Figure 5.5(a) and
Figure 5.15). The voids in the long martensite band can be observed in the
magnified view of the middle region (Figure 5.17(b)). Also, coalescence can
be observed in this band. Apart from the coalescence, the rest of the fracture
surface is dominated by shear failure. Figure 5.17(a) shows the top region of
the fracture. Voids can be observed near to the fracture surface, but their
concentration is comparatively low. The fracture is completely dominated by
shear failure. The other cut surface (obtained from the same specimen), which
was approximately 1.5mm away from the cut surface shown in Figure 5.16,
was also examined by SEM. The number of voids in this section was very low
compared to the section shown in Figure 5.16. The voids in the long central
martensite band were also visible in this section.

Metallographic samples from tensile specimen BST3

The fracture surface of the broken specimen shown in Figure 5.5(b) was in-
spected with the SEM. The thickness of the sheet close to the fracture surface
was approximately 0.45mm throughout the fracture length. It can be ob-
served from Figure 5.10(c) and Figure 5.5(b) that in this sample the fracture
occurs along the local neck. Figure 5.18 shows the SEM image of the frac-
ture surface which covers the complete thickness. Large voids can be observed
throughout the fracture surface along the width. These large voids are slightly
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Figure 5.15: SEM image of the fracture surface in the central region of the fracture for
sample BSR3.

Figure 5.16: SEM image showing a global view of damage development in the section
across the fracture surface for sample BSR3.
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(a) Top. (b) Middle.

(c) Bottom.

Figure 5.17: Magnified views from different regions of the section of Figure 5.16.
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Figure 5.18: SEM image of the fracture surface in the central region of the fracture for
sample BST3.

concentrated towards the center. Coalescence of voids in the form of void im-
pingement can also be observed in this image. Void coalescence is observed
at various locations throughout the fracture surface. The failure is a ductile
failure. Further investigation was carried out by cutting a section across the
fracture surface. One of the broken parts from the specimen BST3 was cut
along the loading direction (i.e. TD of material, Figure 5.3) to obtain a met-
allographic sample. Figure 5.19(a) shows the SEM image of the cross section
across the fracture surface which covers almost the complete thickness. A cup
cone ductile failure mode can be observed in this image. Voids can be observed
over the complete thickness near the fracture surface. The concentration of the
voids is relatively higher in the central region, but these voids are distributed
equally rather than accumulated in a single martensite band. The voids are
larger in size compared to the voids observed in Figure 5.16 for a specimen
loaded in RD.
The other cut surface, see Figure 5.19(b), (obtained from cutting of the same
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(a) Section located in the mid of the width of the specimen.

(b) Section located 1.5mm away from the mid of the width of
the specimen.

Figure 5.19: SEM image showing a global view of damage development in sections across
the fracture surface for sample BST3.
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specimen) is approximately 1.5mm away from the middle of the width of the
specimen. This cut surface surprisingly showed different results. This cross
section shows similar behavior as observed in the specimen BSR3. Large voids,
approximately 0.02mm in size, can be observed in bands in the central region.
The size of these voids is even larger than the size of voids observed in the
central martensite band in specimen BSR3. These voids were not observed
in any unbroken sample loaded in TD, which shows that this phenomenon
appears just before the final fracture occurs. It is possible that longer and
continuous martensite bands can appear at random locations in TD as well.
Coalescence is not governed by these voids because the long martensite bands
in TD are not a regular feature of the martensite morphology in this direction
and the location where these bands will appear will most probably not be
adjacent. The very large voids in these central bands are due to the fact that
the strain goes up to 160% because coalescence of adjacent voids in the long
martensite bands is not occurring in this direction. To reaffirm these results,
SEM investigations were carried out on other broken specimens which were
loaded in TD. It was found that this peculiar phenomenon, as shown in Fig-
ure 5.19(b), appears only at a few random locations throughout the fracture
surface and occurs just before failure. Therefore, it can be concluded that the
peculiar behavior shown in Figure 5.19(b) is not very important to determine
the deformation and damage characteristics of the material in TD. The major
region of the fracture surface in TD does fail with a cup cone ductile failure
mode as in Figure 5.19(a).

5.3.3 Discussions and conclusions from the results

The DP600 material under consideration has an anisotropic martensite mor-
phology. There are long (0.5-1.0mm) continuous martensite bands aligned in
the RD, whereas in the TD there are short (0.1-0.2mm) discontinuous marten-
site bands. In the initial and middle stages of tensile deformation i.e. when the
strain is uniform and in the beginning of diffuse necking, the material behaves
the same when loaded along the RD and TD, Figure 5.1(a). But in the later
stages of deformation i.e. just before and during local necking, the difference
in the size and continuity of the central martensite bands in the RD and TD
induces different deformation and damage characteristics when loaded in RD
and TD. The damage and deformation behavior during local necking will be
discussed below.
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Damage and deformation behavior in tensile tests loaded in RD

The thickness of the tensile specimen is 1mm, therefore the length scale for
a local neck is of the same order. The material, in RD, contains continuous
martensite bands of the same order as the localized deformation length scale.
Therefore, in order to deform the material, these long martensite bands have
to break. Since the triaxiality is higher in the center of the local neck com-
pared to the edges of the local neck and the strain in the center is a sum of
strains in two bands, the probability of void initiation (breaking of the long
central martensite bands) in the center of the local neck is higher. Fracture
of these long martensite bands in the central region of the local neck creates
a large difference in the deformation characteristics between the edges (where
the long bands are still intact) and the center of the local neck. The difference
in deformation characteristics along the local neck increases the gradient in
the strain across the local neck. Figure 5.20 gives the strain distributions ob-
tained from the ARAMIS data for the specimens BSR3 and BST3 at the same
strain levels. Figure 5.20(a) shows the comparison of the strain distribution at
the same engineering strain level. It can be observed that the overall strain in
the specimen BSR3 is higher compared to that of BST3. The strain gradient
for BSR3 is also higher. It can be concluded that the strain localizes much
earlier in the specimen BSR3 compared to the specimen BST3. Figure 5.20(b)
gives the strain distributions at the same maximum local strain in BSR3 and
BST3. The strain distributions in this figure are at different engineering strain
levels. The strain gradient is higher in BSR3 along the local neck. The strain
gradient in BSR3 increases even more near to failure, which is evident from
the ARAMIS strain measurements taken just before failure, shown in Fig-
ure 5.9(c). The strain in the center of the local neck goes up to 94%, whereas
on the edges of the local neck it is still in the range of 50-60% as observed in
Figure 5.20(b). This proves the point that mainly the central region of the
neck is deforming just before failure. The strain gradient along the local neck
also results in a final thickness difference of approximately 0.16-0.2mm in the
local neck region. Figure 5.21 shows the strain distribution in the specimens
BSR3 and BST3, in a section along the loading direction. The sections are
taken at equal gauge length displacements. The deformation is relatively more
greatly distributed in specimen BST3 compared to BSR3. This reaffirms the
point that strain localizes faster in specimens loaded along RD compared to
ones loaded along TD. The quicker strain localization in specimens loaded
along RD is probably due to the highly localized damage development.
The fact that the long central martensite bands are positioned in the cen-
ter along the thickness affects the final failure mode and formability of the
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(a) At equal displacements (engineering strain of 22%).

(b) At equal local strain of 73%.

Figure 5.20: Comparison of strain distributions in a section along the local neck obtained
from ARAMIS data for specimens BSR3 and BST3.
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Figure 5.21: Comparison of strain distributions in a section along the loading direction
obtained from ARAMIS data for specimens BSR3 and BST3 at engineering strain of 22%.

material. The voids initiated in the long central martensite bands are con-
centrated in the center of the thickness. This promotes coalescence of voids
in neighboring bands perpendicular to the loading direction. This is evident
from Figures 5.13(a) and 5.15. The coalescence only occurs in central region
of the local neck because not many voids are present towards the edges of the
local neck to coalesce, Figure 5.13(b). After coalescence in the center of the
thickness, the rest of the material fails in a brittle manner i.e. shear failure
mode. This initiates a crack perpendicular to the loading in the center of the
local neck. The initiated crack is not aligned with the local neck because the
coalescence is perpendicular to the loading. This crack then propagates to-
wards the edges in a direction perpendicular to the loading. The failure mode
is dominantly shear failure. Since the failure mechanism i.e. coalescence, oc-
curs at a lower strain (approximately 23% engineering strain), the voids do
not get ample time to grow. Therefore, the damage mechanism for specimens
loaded in RD is dominated by void nucleation and coalescence. The voids are
concentrated in the center of the local neck and in the center of the thickness,
therefore measuring damage (or determining damage parameters) by exami-
nation of other regions of the specimen would produce misleading results. The
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deformability of the material when loaded along the RD is low compared to
when loaded in TD.

Damage and deformation behavior in tensile tests loaded in TD

The material also shows martensite bands in TD, but these bands are much
shorter than in RD i.e. 0.1-0.2mm (and discontinuous). Small voids are nu-
cleated at the martensite-ferrite interface or by breaking the short bands. The
voids are slightly concentrated in the central region of the local neck and in
the center of the thickness due to higher triaxiality in this region, but this
slight difference in concentration is not enough to create a large difference in
the deformation characteristics across the local neck. This is why variation in
the strain across the localization neck is comparatively low (90% - 102%), see
Figure 5.10(c). Hence, the final failure thickness is almost uniform throughout
the local neck.
When the tensile specimens are loaded in TD then voids nucleate throughout
the local neck region. These voids grow on further straining and ultimately
coalescence occurs by void impingement among neighboring voids. The coa-
lescence also appears throughout the local neck region. Finally, the material
fails in a ductile manner i.e. cup and cone fracture mode. This ductile failure
mode gives ample time for the voids to grow and therefore, comparatively, a
large post-localization strain is obtained, Figure 5.1(a). This gives a larger
deformability when the tensile specimens are loaded in TD (approximately
26% engineering strain).
The only peculiar damage behavior in the TD direction is shown in Fig-
ure 5.19(b), but this phenomenon is not important to determine the defor-
mation and failure characteristics of the material in TD.

5.4 Numerical modeling of MIAD

The martensite morphology influences the damage development in the sheet
metal DP600 grade under consideration. Consequently, the deformation be-
havior and final failure in this material is being affected by martensite mor-
phology. This anisotropy in deformation and damage appears at later stages
of deformation i.e. after localization. Initially, the material shows isotropic
behavior. From experiments, the Lankford coefficient (R-value defining plas-
tic anisotropy) for this material was found near to 1.0. This shows that the
material is plastically almost isotropic. An anisotropic damage material model
which is based only on LIAD [87, 112] or is driven by elastic / plastic anisotropy
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[132], cannot predict the failure accurately in this material. It is therefore nec-
essary to use a model for MIAD in combination with the LIAD damage model
to predict the failure of this material. The purpose of this MIAD model is to
produce different damage, deformation and failure behavior for different mate-
rial orientations, subjected to the same loading conditions. The LIAD model
developed in Chapter 3 has been modified to include the effect of MIAD. These
modifications will be explained in Section 5.4.1. The material parameters for
this model will be discussed in Section 5.4.2. Finally, the simulation results
will be compared with the experimental results in Section 5.4.3.

5.4.1 The MIAD model

The damage evolution defined in Equation (3.19) is driven by plastic strains.
This model will give the same behavior of the material, irrespective of the
loading direction with respect to rolling direction, because the material is
plastically isotropic. The difference in the failure and deformation shown
in Section 5.3 cannot be simulated with this model. To incorporate MIAD,
Equation (3.19) is modified with a fourth order MIAD tensor Ā.

Ḋ =

(
σ̃2eq R̃v

2 E Sc

)s ∣∣Ā : ε̇p
∣∣ (5.1)

Where Ā is defined as a function of six MIAD parameters; FA, GA, HA, LA,
MA and NA. The MIAD tensor Ā is defined in a similar way as the Hill-48
fourth order parameter tensor. Considering major and minor symmetry in Ā,
it can be written as a 6x6 matrix.

A =
2

3 (GA +HA)



GA +HA −HA −GA 0 0 0
−HA FA +HA −FA 0 0 0
−GA −FA GA + FA 0 0 0
0 0 0 2NA 0 0
0 0 0 0 2MA 0
0 0 0 0 0 2LA


(5.2)

It must be noted that in Equation (5.1) the absolute function is applied on the
principal components of the double dot product of the MIAD tensor Ā and the
plastic strain rate tensor. Therefore for efficient implementation, the stress and
damage update is carried out in the principal damage rate coordinate system
i.e. the principal coordinate system of the second order tensor

(
Ā : ε̇p

)
. This

is different from the ML anisotropic damage model i.e. Equation (3.19), where
the stress and damage update are carried out in the principal strain rate
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coordinate system.
In general, six MIAD parameters are required to define 3D anisotropic MIAD
behavior. By taking FA = GA = HA = 1 and LA = MA = NA = 3, the
MIAD model degenerates to the LIAD model. A plane stress condition can
be assumed for sheet metal forming applications. In a plane stress condition
the MIAD parameter will reduce to four parameters i.e. FA, GA, HA and
NA. These four parameters can be determined by fitting to three tensile tests
loaded in 0◦ 90◦ and 45◦ to the rolling direction.

5.4.2 Material parameters

A Von Mises yield criterion was selected as the material is almost isotropic.
The hardening behavior of this material is strain rate dependent and the ML
anisotropic damage model also has a strain rate dependency. Therefore a
strain rate dependent hardening model, the Simplified Bergström van Liempt
hardening was selected. The Simplified Bergström van Liempt hardening is a
physically based, isothermal, strain rate dependent, isotropic hardening model
[159]. The Simplified Bergström van Liempt hardening parameters for this ma-
terial were determined using tensile tests at different strain rates. The details
of the Simplified Bergström van Liempt hardening model and parameters can
be found in Section 6.1. The parameters determined in Section 6.1 are used
in this chapter.
There are six damage parameters which have to be determined i.e. S, s0, ε

p
D,

Dc0, η and uf0. A high value was selected for the parameter uf0, so that
no damage develops under compression. This assumption is valid for ductile
metals such as DP600. The hydrostatic sensitivity parameter η has been mea-
sured by Lemaitre for many materials. It was found to be in the range of 2
to 3 for most of the steels. In this work the value of η is taken equal to 3,
which is in accordance to the fast identification method given by Lemaitre
[87]. The other four parameters are determined from a uniaxial test and a
low cycle fatigue test using the fast identification method given by Lemaitre.
The details of the parameter identification can be found in Appendix F and
Section 6.1. The parameters determined in Section 6.1 are also used in this
chapter. The values are as follows; S = 1.4, s0 = 2.3, εpD = 0.18, Dc0 = 0.18,
η = 3, and uf0 = 50. The damage parameters were determined from tensile
test at a reference engineering strain rate ε̇r0 =0.001 /s.
There are four parameters involved in the MIAD tensor Ā which have to be
determined FA, GA, HA and NA. These parameters are fitted to the tensile
tests carried out in 0◦ 45◦ and 90◦ to RD. The mean failure strain values
and the deviation around the mean for the tensile tests in the three directions
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Figure 5.22: Mean failure strains in tensile tests loaded in 0◦ 45◦ and 90◦ to rolling
direction.

are shown in Figure 5.22. The highest deviation in the result is obtained for
the specimens loaded in 45◦ to the rolling direction. This larger deviation is
understandable as the long central martensite bands are inclined to the load-
ing direction and the failure can be governed by either shear failure, or ductile
failure or even a mixed failure mode. The values for the MIAD parameters are
found to be FA = 0.18, GA = 1.8, HA = 0.2 and NA = 2.8. Figure 5.23 shows
the influence of MIAD parameters and loading angle from RD on the dam-
age evolution. The two curves in Figure 5.23 represent the polar iso-damage
plots for two different sets of MIAD parameters. The variable θ represents the
loading angle from RD and the radius of the iso-damage plot is represented by
the equivalent plastic strain, required to achieve a maximum principal dam-
age value of 0.3. The iso-damage plot, for the MIAD parameters FA = 1.0,
GA = 1.0, HA = 1.0 and NA = 3.0 has a constant radius showing that the
damage evolution is independent of the loading angle θ. As mentioned earlier,
by setting these values, the MIAD model degenerates to the LIAD model.
The iso-damage plot for the fitted MIAD parameters FA = 0.18, GA = 1.8,
HA = 0.2 and NA = 2.8 shows direction dependent damage evolution. The
equivalent plastic strain required to obtain a maximum principal damage value
of 0.3 when loaded in TD is much higher compared to that when loaded in
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Figure 5.23: Direction dependent damage evolution. Iso-damage plots for two different
sets of MIAD parameters.
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Figure 5.24: Finite element model for the tensile test simulation.

RD.

5.4.3 Simulation results and discussions

An in-house implicit finite element code was used for tensile test simulations.
A 3D solid model with four elements in the thickness direction was used. The
MIAD parameters LA and MA were taken equal to three. Figure 6.2 shows
the complete finite element model and the dimensions of the specimen. A ve-
locity of 0.05mm/s in the global x-direction was prescribed on one end of the
specimen while the other end was kept fixed. The orientation of the rolling
direction was aligned with 0◦ 45◦ and 90◦ to the global x-axis to simulate the
tests in the three directions. Figure 5.25 shows the comparison of the engi-
neering stress strain curves obtained from the simulation and experiments. It
can be observed that the stress strain curves obtained from the simulations
follow the post-localization regime of the experimental curves for the three
directions. There is no difference in the three simulation results before the
damage threshold is reached. This is also the case in the experiments. The
material is plastically isotropic but as soon as damage begins, the curves start
to deviate due to MIAD. Despite the good agreement in the post localization
curves, the strain at which the simulation predicts failure is not in good agree-
ment with the experiments loaded in TD. The reason is that the MIAD model
specified in Section 5.4.1 is a relatively simple model. It only includes MIAD
in the rate of damage growth (void growth), but the damage initiation and the
critical damage at which failure occurs is equal for all directions. Therefore in
the simulation, loaded in the TD, damage begins at the same strain level as
in the other directions, but the damage grows at a much slower rate. Since
the critical damage value is also the same for all directions, the simulation
loaded in the TD fails at a much higher strain. Actually, MIAD has to be
included in the damage threshold (void nucleation) and critical damage value
(void coalescence). MIAD was observed in these physical phenomena in the
metallographic analysis, Section 5.3.2. However, including MIAD in damage
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Figure 5.25: Comparison of engineering stress-strain curves obtained from experiments
and simulations.

initiation and critical damage value will complicate the model, as additional
material parameters will be incorporated in the model. Recently Bouchard
[15] defined a direction dependent critical damage parameter for bulk form-
ing processes in Lemaitre’s isotropic damage model. This formulation cannot
be considered as a sound MIAD model as it uses an isotropic damage defi-
nition and involves a singularity condition under biaxial loading. The failure
behavior observed in the experiments, Section 5.3.3, can also be observed in
the simulations. Figure 5.26 gives the damage contours at the surface of the
tensile specimens loaded in RD and TD. For the specimen loaded in RD (Fig-
ure 5.26(a)), damage concentrates in the center of the specimen, whereas for
the specimen loaded in TD (Figure 5.26(b)), damage is almost uniform along
the local neck. A dominant local neck can be observed in the specimen loaded
along TD.
The failure behavior observed in experiments of Section 5.3.3 cannot be studied
through the simulations. A crack propagation phenomenon would be required
to study the failure patterns.

5.5 Conclusions and recommendations

It was shown that the phenomenon of MIAD exists in a pre-production DP600
steel grade. MIAD is an important phenomenon in advanced high strength
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(a) Loading along the RD.

(b) Loading along the TD.

Figure 5.26: Contour plots of maximum principal damage distributions obtained from
the simulations.

Table 5.2: Summary of findings related to MIAD.

0◦ to Rolling 90◦ to Rolling

Central martensite band’s
average length

∼1mm 0.15 ∼ 0.25mm

Engineering strain at fail-
ure

∼ 23% ∼ 26%

Thickness distribution
along failure length

0.78 ∼ 0.58mm ∼ 0.45mm

Void distribution

Concentrated in
center of both
the local neck
and thickness

Almost uniform
throughout both
local neck and

thickness

Dominant damage mode
Void nucleation
and coalescence

Void nucleation,
growth and
coalescence

Dominant void growth di-
rection

Perpendicular to
loading

Almost uniform

Void coalescence mecha-
nism

perpendicular to
loading

random

Dominant failure mode Shear failure Ductile failure
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steels. Ignoring MIAD can produce misleading conclusions about the material
characteristics which will consequently end in faulty manufacturing processes
and product designs. Taking MIAD into consideration in these materials can
be an advantage in the sense that material orientation can be utilized for ef-
ficient manufacturing process designs. Table 5.2 shows the extent to which
MIAD can influence the deformation, damage and failure behavior of the ma-
terial.
A MIAD model is developed to account for the differences in damage growth
within the framework of continuum damage mechanics, see Section 5.4.1. The
model is capable of predicting the post-localization engineering stress strain
behavior of the material and the differences in damage distribution due to
MIAD. This model is an initial effort to incorporate MIAD in continuum
damage models in a relatively simple way. Further developments might be
required in modeling of the MIAD phenomenon. Translating what influence
second phase anisotropy (martensite morphology) has on continuum damage
development via the MIAD parameters will be one of the most important fu-
ture research areas in MIAD.
Manufacturing of DP steels of thickness 1mm or higher with a uniformly dis-
tributed martensite is not a trivial task and at present producing this type of
steel on a commercial basis would not be feasible. The most suitable option
currently available is to study the influence this inhomogeneity has and to use
it to the best of our ability.



Chapter 6

Validation of Modified
Lemaitre’s Anisotropic
Damage Model

Model validation is the process of determining the degree to which
a computer model is an accurate representation of the real world
from the perspective of the intended model applications [115, 129].

The objective of the development of the ML anisotropic damage model is to
predict failure in metal forming processes. The model is intended for materials
that are prone to damage when subjected to plastic deformation. Bearing in
mind the objective and scope of the model, a dual phase steel sheet metal
grade was selected for validation. As mentioned in Chapter 5, it is a 1mm
thick pre-production galvanized DP600 steel with a minimum tensile strength
of 600MPa. The chemical composition of this material is given in Table 5.1.
Damage evolution in the ML damage model is made strain rate dependent (see
Section 3.2.2) to capture the enhanced post-localization strain of DP600. This
part of the model has to be validated. Material Induced Anisotropic Damage
(MIAD) is another major aspect of the ML anisotropic damage model (see
Section 5.4.1). It was shown in Chapter 5 that the phenomenon of MIAD
exists in DP600 grade used in this research. MIAD parameter identification
for DP600 and a simple validation case of the MIAD model was performed in
Sections 5.4.2 and 5.4.3 respectively.
The selection of validation experiments is the next step. The validation exper-
iment shall be designed and performed in such a way as to generate specific
data which can validate the model. The first validation case is performed to
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check the model behavior under different stress states, ranging from simple
shear to plane strain condition (Section 6.2), with the help of the recently
developed butterfly specimen [7, 96]. Since the model was developed with the
intention of applying it in sheet metal forming applications, a cylindrical cup
deep drawing process was selected as the next validation case (Section 6.3).
The last validation case in this research is the cross-die drawing test (Sec-
tion 6.4), which is a more complex deep drawing process compared to the
cylindrical cup drawing. Currently there is no crack propagation criterion
coupled with the model, therefore the crack propagation part could not be
simulated. The failure is assumed to be at an instant when the first element
reaches the critical damage value. The simulations are stopped at this point.
Validation cannot be performed without the determination of appropriate val-
ues for the parameters of the model for the specific material under consider-
ation. This step also requires experimentation. The parameter identification
experiments are also known as calibration experiments [117]. The parameter
identification experiments will be of a different type than the tests selected for
validation. In this research, simple tensile tests and low cycle fatigue tests are
used to identify all material parameters for DP600.

6.1 Material parameters for DP600

6.1.1 Plastic yield and hardening parameters

The plastic yield and hardening models determine the pre-damage material
constitutive behavior. The post-damage material constitutive behavior is de-
termined by the combination of the plasticity and damage model. In most
steels, damage becomes significant after the ultimate stress is reached i.e. af-
ter the initiation of localization. Therefore the plastic yield and hardening
models are selected based on the pre-localization experimental data only.
From experiments, the Lankford coefficient (average R-value defining plastic
anisotropy) for DP600 was found near to 1.0. This shows that the material
is plastically almost isotropic. This is why the Von Mises yield criterion was
selected.
The hardening behavior of DP600 was found to be strain rate dependent.
Therefore a strain rate dependent hardening model, the simplified Bergström
van Liempt hardening model, was selected. The Bergström hardening model
is based on the physics behind the hardening phenomenon in crystals [13].
The material hardening is based on the evolution of the density of immobile
dislocations rather than on accumulated plastic strain or work hardening. The
Bergström hardening model was simplified by van Liempt [157] for isothermal
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Table 6.1: Simplified Bergström van Liempt hardening parameters for DP600.

Parameter Description Value

σf0 Initial flow stress 270MPa
∆σm Stress increment parameter 405MPa
βv Linear hardening parameter 0.9
ε0 Initial strain value 0.005
ω Remobilization parameter 22.0
n Strain hardening exponent 0.65
σv0 Maximum dynamic stress 550MPa
k Boltzman constant 8.617x10−5 eV

△G0 Dislocation activation energy 0.8 (eV)K
T Temperature 300K
ε̇0 Reference strain rate parameter 108

p Strain rate hardening exponent 2.6

Figure 6.1: Fitting of simplified Bergström van Liempt hardening parameters.
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deformation processes at relatively low temperature i.e. T < 0.5Tm. The hard-
ening model used in this chapter is a further simplification of the Bergström
van Liempt hardening model, in which the immobile dislocation density his-
tory parameter is replaced by equivalent plastic strain. This simplified version
of Bergström van Liempt was also used in [159]. The flow stress is decomposed
in three parts:

σf = σf0 + σwh + σdyn (6.1)

Where σf0 is the initial flow stress, σwh and σdyn represent the strain and strain
rate hardening terms respectively. The strain hardening term is defined by:

σwh = ∆σm

(
βv
(
εpeq + ε0

)
+
[
1− e−ω(εpeq+ε0)

]n)
(6.2)

Where ∆σm, βv, ε0, ω and n are the stress increment parameter, linear harden-
ing parameter, initial strain value, remobilization parameter and strain hard-
ening exponent respectively. The Krabiell-Dahl model [75] is used for the
strain rate dependent hardening part σdyn (see Equation (4.4)). The parame-
ters for the simplified Bergström van Liempt hardening model were fitted on
three different engineering strain rates i.e. 0.001 /s, 0.038 /s and 1 /s. The fit
has been carried out using the true stress strain curves up to localization. The
parameters for simplified Bergström van Liempt hardening model are given in
Table 6.1.

6.1.2 Damage parameters

As mentioned in Section 3.2.1, there are five damage parameters which have
to be determined for the LIAD part of ML anisotropic damage model i.e. S, s,
εpD, η and Dc. These parameters are identified for DP600 steel grade using the
fast identification procedure given by Lemaitre [87]. The advantage of using
the fast identification method is that the material parameters can quickly be
determined from tensile and fatigue data. For commercial steel grades, this
data can usually be found in handbooks and catalogues. For new materials,
these tests can be conducted according to the standard procedures to obtain
the data. The complete procedure to determine the LIAD parameter of ML
anisotropic damage model is given in Appendix F. The MIAD part is defined
by the MIAD tensor A, which is a function of the MIAD parameters FA,
GA, HA, LA, MA and NA. The values for the MIAD parameters for DP600
were determined in Section 5.4.2. The complete set of ML anisotropic damage
model for DP600 is given in Table 6.2. Alternatively, inverse modeling can be
used for parameter identification (as done in [17]), but that is not used in this
research.
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Table 6.2: ML anisotropic damage model parameters for DP600.

Parameter Description Value

εpD Damage threshold 0.18
s0 Damage curvature controller 2.3
η Hydrostatic sensitivity parameter 3.0
S Damage rate controller 1.4MPa

Dc0
Critical damage value at reference
strain rate

0.18

ε̇r0 Reference strain rate 0.001 /s
uf0 Unilateral factor 50.0
FA MIAD parameter 0.18
GA MIAD parameter 1.8
HA MIAD parameter 0.2
LA MIAD parameter 3.0
MA MIAD parameter 3.0
NA MIAD parameter 2.8

Figure 6.2: Finite element model for the tensile test simulation.

6.1.3 Validation of parameters

The damage parameters at the reference engineering strain rate of 0.001 /s are
determined without tuning the values to fit the experimental curve. There-
fore the damage parameters can be validated if the post-localization part of
the stress strain curve in Figure F.1 can be reproduced with simulations. For
this purpose, tensile test simulations were carried out for three cases i.e. with-
out any damage, with the isotropic damage model and with the anisotropic
damage model. An implicit finite element in-house code was used for these
simulations. A 3D solid model with four elements over the thickness was used.
Figure 6.2 shows the complete finite element model and the dimensions of the
specimen. The same deformation velocity was prescribed as in the experi-
ment. Figure 6.3 shows the comparison of the stress strain curves obtained
from tensile simulations with the experimental stress strain curve at the ref-
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Figure 6.3: Comparison of engineering stress strain curves at ε̇ = 0.001 /s. Simulations
vs. experiment. Von Mises plasticity and simplified Bergström van Liempt hardening
model were used in the simulations.

erence strain rate of 0.001 /s. The simulation carried out without a damage
model clearly fails to predict the failure and considerably over predicts the
maximum achievable strain. The simulation with the isotropic damage model
slightly underpredicts the maximum achievable strain. This is due to the
fact that the isotropic damage model produces a more severe softening effect
in comparison to the anisotropic damage model. The simulation with the
anisotropic damage model gives the best agreement with experiment.

6.1.4 Rate dependent damage parameters Dc and s

The material parameters Dc and s are defined as a function of the strain
rate ε̇peq and reference values Dc0 and s0. These functions are given in Equa-
tions (3.31) and (3.32), respectively. These functions were fitted to the post-
localization behavior of a tensile test at a higher engineering strain rate of
0.038 /s compared to the reference engineering strain rate of 0.001 /s. The
simulation parameters were used as defined in Section 6.1.3, only the defor-
mation velocity was changed to obtain an engineering strain rate of 0.038 /s.
Figure 6.4 shows the stress strain curves obtained from tensile simulations
with the experimental stress strain curve at the strain rate of 0.038 /s. If the
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Figure 6.4: Fitting of Equations (3.31) and (3.32) to the post-localization behavior of
tensile test at ε̇ = 0.038 /s.

functions defined in Equations (3.31) and (3.32) are not used, then both the
damage models underpredict the maximum achievable strains.

6.2 Biaxial loading tests on butterfly specimens

Damage development in metals is highly dependent upon the stress triaxiality
ratio, see Section 2.1. The dependence on the triaxiality ratio is included in
the ML anisotropic damage formulation through the triaxiality factor R̃v, see
Section 3.4.2. There are damage formulations which give good predictions
within a certain range of triaxiality ratios, but which fail to deliver under a
loading condition out of this range (Section 2.2.2). It is therefore important to
validate the ML anisotropic damage model under different loading conditions.

In recent years, the butterfly specimens have gained popularity among re-
searchers involved in characterizing sheet metal fracture [7, 8, 95, 96]. The
butterfly specimen can be tested under different triaxialities when loaded in a
biaxial tester. The advantage of using a butterfly specimen is that the frac-
ture initiates from the same location (center of the specimen) for all loading
conditions. The butterfly specimen was first developed by Bao et. al. [8]. The
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(a) Drawing. (b) Central profile lower surface.

(c) Solid model for the central region.

Figure 6.5: Butterfly specimen.
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butterfly specimen has a complex double curvature geometry in the gauge sec-
tion. Figure 6.5 shows the dimensions and the profile of the butterfly specimen
used in this research. The shaded area of the specimen in Figure 6.5(a) is thin-
ner than the rest of the specimen. Due to the 13.1mm radii, the stresses will
concentrate in the center for all loading conditions. There is also a curvature
in the z-direction which will ensure the stress concentration in the center, see
Figure 6.5(b). The thickness along the line in the center of the specimen is
constant. This thickness is designed to be 0.5mm, which is half the thick-
ness of the original sheet metal. This profile is achieved by removing material
along the thickness from both sides of the sheet (0.25mm is removed from the
center line from each side). The material was removed using a CNC milling
machine. The minimum thickness in the specimen was always less than the
design thickness 0.5mm. It is known that CNC milling does not give good
dimensional accuracy of the profile [167]. The specimen’s minimum thickness
was measured before the tests, which was used to compensate the experimen-
tal force for comparison with simulation, see Equation (6.3). The measured
minimum thickness for each specimen is given in Section 6.2.1. Further details
on specimen preparation can be found in [36].

6.2.1 Butterfly specimen experiments

The biaxial tester (see Figure 6.6) available at the University of Twente is
used to deform the specimens. The testing machine is computer controlled.
The ARAMIS system was used to measure the local strain distributions in the
butterfly specimens during deformation. Due to the clamps and the small size
of the specimens, it was not possible to place two cameras for 3D ARAMIS
measurements. Therefore only one camera was used to take the images. This
restricted the ARAMIS measurements to 2D. The CNC milling surface pat-
tern was recognizable by the ARAMIS system and was directly used for strain
measurements. However, the CNC profiles were shiny and required treatment
with Nital to remove the shine.
The loading direction in the tests is changed by varying the ratio of the pre-
scribed displacements in the x- and y-directions, see Figure 6.5(c). Three
loading directions were prescribed in the tests. The measured loading angles
Φ in the specimen were found to be 0◦ (simple shear), 31.9◦ and 90◦ (plane
strain). These loading angles approximately correspond to the triaxialities 0,
0.43 and 0.57, respectively. The initial minimum thickness for these speci-
mens was measured as 0.479mm, 0.479mm and 0.480mm, respectively. The
tests were continued until complete fracture of the specimens. The specimens
were cut such that the RD of the material was always aligned in the tensile
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Figure 6.6: The biaxial testing machine at University of Twente.

direction, which is the y-direction in Figure 6.5(a).

Fractography

It is interesting to see the damage behavior of the material under different
loading conditions. Fractography was performed on the broken specimens us-
ing Scanning Electron Microscope (SEM). For fractography, the surface does
not require any preparation. The SEM image for Φ = 0◦ i.e. simple shear
loading is shown in Figure 6.7. The minimum thickness in the fracture surface
is found to be 0.43mm, see Figure 6.7(a). A magnified image of the fracture
surface is given in Figure 6.7(b). Shearing lines and very small voids are visible
on the fracture surface, which indicates that void growth is not favorable under
low triaxialities and void coalescence is dominated by void sheet mechanism
in shear loading. Figure 6.8 shows the SEM images of the fracture surface
obtained from the specimen loaded in 31.9◦ from the shear direction. The
minimum thickness in the fracture surface is found to be 0.25mm, see Fig-
ure 6.8(a). A magnified image of the fracture surface is given in Figure 6.8(b).
Voids are clearly visible on the fracture surface. The size of the voids indicates
that void growth took place during the deformation process. There are few
sites indicating shearing of the surface. However, the area of sheared surface
is very low in comparison to the area with dimples (ductile failure).
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(a) Minimum thickness. (b) Magnified image.

Figure 6.7: SEM image of the fracture surface for Φ = 0◦.

(a) Minimum thickness. (b) Magnified image.

Figure 6.8: SEM image of the fracture surface for Φ = 31.9◦.
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(a) Minimum thickness. (b) Magnified image.

Figure 6.9: SEM image of the fracture surface for Φ = 90◦.

Finally, Figure 6.9 shows the SEM images of the fracture surface obtained
from the specimen loaded in 90◦ from the shear direction. The fracture be-
havior in this specimen is identical to the observed fracture behavior in the
tensile tests of the material in the RD, see Chapter 5. Void coalescence in the
central region of the fracture surface is very pronounced in the SEM images of
this specimen. The minimum thickness in the fracture surface is found to be
0.23mm, see Figure 6.9(a). However, this thickness spans over a very small
length of the protruded region. Figure 6.9(b) shows a magnified image of the
central fracture surface showing the mid thickness coalescence.

6.2.2 Butterfly specimen finite element model

The simulations for the butterfly specimen tests were done in MSC.MARC
2010 using the user subroutine option hyperela2. The model for the butterfly
specimen was created in SolidWorks 2010 as shown in Figure 6.5(c). The solid
model was meshed in MSC.PATRAN and imported into MSC.MARC. In total
19377 tetrahedral 10 nodes solid elements (MSC.MARC element number 127)
were used with fine elements in the central region of the model. Figure 6.10
shows the finite element model for the butterfly specimen with the applied
boundary conditions. The complete (MIAD+LIAD) ML anisotropic damage
model is used in the simulations with the parameters defined in Section 6.1.
The RD of the material is aligned with the y-direction given in Figure 6.10
which conforms to the material orientation in the experiments. The velocity
in the x- and y-directions is prescribed as 1mm/s, which is the same as in the
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Figure 6.10: Finite element model for the butterfly specimen.

experiments.

6.2.3 Results

Figures 6.11 to 6.13 represent the force displacement curves for all three load-
ing angles. The minimum thickness defined in the finite element model is
0.5mm, therefore measured forces were compensated for the actual minimum
thickness of each specimen for the purpose of comparison with the forces ob-
tained from the simulations.

Fcomp = Fmeasured ×
tdesign
tmeasured

(6.3)

The force designated with F(tensile) is the force in the pulling direction i.e.
RD in the material. The force designated with F(shear) is the force in the
shearing direction i.e. TD in the material. The displacements in the experi-
ments were measured using the ARAMIS images. The camera was set with
the focus on the central region of the specimen. Due to the curvature of the
specimen, the regions near the clamps are not completely in focus. The syn-
chronization of ARAMIS data with the biaxial testing machine data was done
manually. These effects produced some strange behavior in the initial part of
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Figure 6.11: Force displacement curves with loading angle Φ = 0◦.

Figure 6.12: Force displacement curves with loading angle Φ = 31.9◦.

the experimental force displacement curves. In all three figures the simulation
stops well before the experiment ends. This is due to the fact that the simula-
tion stops at a point when critical damage is reached in one element, whereas
in the experiments the crack initiates from the mid of the specimen and then
propagates towards the surface and the edges of the specimen. Currently there
is no crack propagation model coupled with the damage model and therefore
the crack propagation part could not be simulated.
Another common feature in all figures is that the force is higher in the ex-
periments compared to that obtained from the simulations, especially in the
90◦ direction. One reason for the higher experimental force is the increased
martensite fraction compared to the full sheet. The load bearing area in the
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Figure 6.13: Force displacement curves with loading angle Φ = 90◦.

specimen is 0.5mm thick, which is produced by milling 0.25mm from both
sides of the 1mm thick DP600 material. As mentioned in Chapter 5, the
martensite concentration is higher in the mid thickness region. A 3% increase
in martensite fraction is obtained in this way. This estimate was made using
image analysis on the SEM images of the material and using 20% martensite
fraction for 1mm thick material. So, the martensite fraction in the milled
region of the specimen is 23% instead of 20%. However the increase of the
force in the tensile direction is much higher compared to what would be ex-
pected from a 3% martensite increase. The most probable reason is the long
central martensite bands in the material, see Chapter 5. It shall be noted that
the tensile direction is the RD of the material which contains the long central
martensite bands. The initial deformation region of the specimen will be al-
most of the same order as the size of these bands, see Figure 6.5. Therefore
the influence of the martensite band will appear right from the beginning of
the experiment. Not only are the forces higher, but also the hardening behav-
ior is dominated significantly by these martensite bands. In Figure 6.13, the
hardening slope in the experiments is lower compared to the hardening slope
in the simulation. A lower hardening slope is characteristic of martensite.
As mentioned above, due to milling the average material characteristics have
changed. Also, the influence of the central martensite bands becomes im-
portant due to the reduced size of the deformation zone. However, in the
simulations, inhomogeneity of the martensite distribution is not considered
and the material parameters are kept the same as for the 1mm thick material.
Therefore only qualitative comparisons of the simulation results will be made
with the experimental results.
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(a) At outer surface plane. (b) At mid thickness plane.

Figure 6.14: Maximum principal damage distribution in two planes for Φ = 0◦ specimen.

Figures 6.14 to 6.16 show the maximum principal damage distributions in the
final step of the simulations for all three loading angles. These distributions
are plotted at two different planes for each loading angle; one at the surface of
the specimen and one at the mid thickness plane. Figure 6.14 shows the dam-
age distribution for the case of simple shear loading. Damage is distributed in
a large region along the width of the specimen and uniformly distributed along
the thickness. These results conform to the SEM images shown in Figure 6.7.
Figure 6.15 shows the damage distribution for Φ = 31.9◦. Damage is slightly
concentrated to the center of the width and thickness direction in comparison
to the shear loading case in Figure 6.14. Higher concentration of voids can be
seen to the center of the thickness in the SEM image taken from the specimen
loaded at 31.9◦ direction in Figure 6.8. Damage gets much more concentrated
with increasing loading angle in the simulations. For the specimen loaded in
90◦ i.e. plane strain condition, hardly any damage can be found on the surface,
see Figure 6.16(a). The damage is highly concentrated in the mid thickness
region (Figure 6.16(b)) which corresponds to the damage behavior observed
in Figure 6.9.
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(a) At outer surface plane. (b) At mid thickness plane.

Figure 6.15: Maximum principal damage distribution in two planes for Φ = 31.9◦ speci-
men.

(a) At outer surface plane. (b) At mid thickness plane.

Figure 6.16: Maximum principal damage distribution in two planes for Φ = 90◦ specimen.
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6.2.4 Conclusions

The butterfly specimen experiments were carried out to check the performance
of the ML anisotropic damage model for different triaxialities. The material
properties of the milled specimen deviate from the virgin state material due
to inhomogeneous martensite morphology. In the simulations, homogeneous
material properties, based on 1mm thick material, were used. Therefore the
damage distributions in the simulations were qualitatively compared with the
fractographic images obtained from the experiments. The damage distribution
behavior of the material in these experiments is very well predicted by the ML
anisotropic damage model. Damage concentrates in the center of the specimen
and grows faster with increasing triaxialities.

6.3 Cylindrical cup drawing

Cylindrical cup drawing is one of the basic sheet metal forming processes. The
axisymmetric characteristic of this test shall lead to a random orientation of
failure with respect to the RD for isotropic sheets. It was shown in Chapter 5
that the DP600 sheet material used in this research exhibits the phenomenon
of MIAD. Therefore there must be a preferred orientation of failure for DP600
in cylindrical cup drawing.

6.3.1 Cylindrical cup drawing experiments

The cylindrical cup drawing experiments were performed on an Erichsen test-
ing machine. The circular blanks were prepared in two diameters 105mm and
102.5mm. These diameters are selected to get a critical drawing ratio so that
failure can be observed in the tests. For lubrication, N6130 oil was applied
on both sides of the blank. The punch speed was set at 1mm/s. The blank
holder force was set at 20 kN unless otherwise specified. A 50mm diameter
punch with a shoulder radius of 5mm was used for drawing. A die with an
inner diameter of 52.32mm and shoulder radius of 3mm was selected. The
critical punch depth for the 105mm and 102.5mm diameter blanks are found
to be 13mm and 13.5mm respectively. However, there are a few tests which
did not fail at these punch depths.
Figure 6.17 shows the orientation of the failure locations with respect to RD.
It can be observed that the failure initiates from a location almost along the
RD at the punch shoulder and the crack propagates perpendicular to the RD.
For all specimens, the crack is located at the punch shoulder radius. It can be
concluded from the test results that the failure initiation is preferred in the
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Figure 6.17: Failure locations oriented with respect to RD in the cylindrical cup drawing
tests.

RD of the sheet, which is in agreement with the MIAD studies carried out on
DP600 in Chapter 5.

6.3.2 Cylindrical cup drawing finite element model

One quarter of the blank was used in the simulation to account for sheet
anisotropy. The blank consists of 4976 hexahedron solid linear elements with
B̄ modification to avoid volume locking [65]. 4 elements were taken in the
thickness direction and 50 elements were taken in the radial direction. The
tools are assumed to be rigid and are described with analytical contours. The
blank holder force was set to 5 kN i.e. one-fourth of the total blank holder
force. A penalty based contact algorithm is selected to describe contact. The
material models and parameters defined in Section 6.1 are used in these sim-
ulations as well. The simulations were carried out with the in-house implicit
finite element code DiekA using a direct sparse solver. A constant Coulomb
friction coefficient of 0.06 was chosen at the punch–blank interface and the
blank holder–blank interface. The friction coefficient is low due to the fact
that the sheets are galvanized and lubricant was applied in the process. How-
ever, with a friction coefficient of 0.06 at the die–blank interface, a higher
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draw-in was obtained in the simulation compared to the experiments. A low
draw-in to stretching ratio can occur in deep drawing experiments of galvanized
high strength steels [72]. The most probable reasons for a low draw-in can be
the small die shoulder radius of 3mm and the cleaning with sandpaper before
drawing, which developed scratches on the material surface. The fracture lo-
cation at the punch shoulder is also an indication of a low draw-in. Generally,
fracture would have occurred in the cup wall somewhat below the die shoulder
if stick condition at the die shoulder would not have occurred. The contact
pressure at the tool radius increases with increasing punch depth. The mate-
rial draw-in rate reduces as contact pressure at the die shoulder increases [72].
At some moment the draw-in just stops and the material starts stretching
without any draw-in. To mimic the effect of a low draw-in in the simula-
tions, the friction characteristics at the die–blank interface were changed. The
friction coefficient µ at the die shoulder was increased from 0.06 to 0.16 as
the drawing process progresses, to obtain approximately the same draw-in as
found in the experiments.

µ =

{
0.06 + 0.01× Punch depth if Punch depth ≤ 10mm

0.16 if Punch depth > 10mm
(6.4)

6.3.3 Results

Simulation results, for both blank sizes, were compared with the experimental
results i.e. the punch force-punch displacement curves, the thickness distribu-
tion along the product profile in the RD and the crack initiation orientation
with respect to RD of the sheet.

Cylindrical cup punch force-punch displacement curves

Figure 6.18 shows the comparison of the experimental punch force displace-
ment curves with that obtained from the simulations. For both blank sizes,
simulations predict a stiffer response and a lower critical punch displacement
compared to the experiments. The maximum force in the simulation is lower
compared to that in the experiments. As mentioned in Section 6.3.2, the
friction coefficient is increased to simulate an equal draw-in to stretching ra-
tio as found in experiments. However, an increase in friction coefficient also
influences the force displacement behavior of the drawing process.
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(a) Blank size 105mm.

(b) Blank size 102.5mm.

Figure 6.18: Punch force displacement curves.
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Cylindrical cup thickness distribution

To measure the thickness distribution along the cup profile, one failed cup
of each blank size was cut along the RD. The thickness and arc length were
measured at regular intervals along the cut section. A pointed micrometer
was used for thickness measurement.
Figure 6.19 shows the comparison of the experimental and simulation thickness
distribution of both blank sizes. The arc length starts from the edge of the cup
which was under the blank holder. The thickness distribution obtained from
the simulation is in good agreement to that obtained from the experiments.
The failure location is predicted in the punch shoulder which is also observed
in the experiments, however, quantitatively the location of the crack is slightly
different in the simulations. The arc length measurement in the experiment
is not very precise, which can give some differences. The thickness reduction
at the failure location in the punch shoulder is underpredicted. This is due to
the fact that the simulation stops at a punch depth of 12mm and 13mm for
the blank size 105mm and 102.5mm respectively, whereas the measurements
are taken from specimens at punch depth of 13mm and 14mm respectively.
Another reason for the lower strain in the simulation is that in the experiments
the strain can go very high in a very local region just before failure. However,
it is difficult to predict this peak in the simulation due to the finite size of the
element, see Section 4.4.

Cylindrical cup failure orientation

As shown in Figure 6.17, the material has a preferred failure orientation with
respect to the RD. The crack initiates in the cup in RD and then propagates
perpendicular to RD. Figures 6.20(a) and 6.20(b) show the maximum principal
damage distribution in the cylindrical cup for blank size 105mm and 102.5mm
respectively. Two regions of the cup have significant accumulated damage i.e.
at the die shoulder and at the punch shoulder. Before the material draw-in
stops, damage accumulates in the die shoulder radius and in the wall of the
cylindrical cup. As soon as the draw-in starts to reduce with increasing friction
at the die shoulder, the deformation region switches to the punch shoulder and
thus damage starts to grow in this region. The maximum damage in the cups
for both cup sizes is found at the punch shoulder with a preferred direction in
the RD. This result conforms to the experimental result.
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(a) Blank size 105mm.

(b) Blank size 102.5mm.

Figure 6.19: Thickness distribution along the cup profile.
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(a) Blank size 105mm. (b) Blank size 102.5mm.

Figure 6.20: Maximum principal damage distribution in simulations.

6.3.4 Conclusions

The cylindrical cup drawing experiments were performed to validate the ML
anisotropic damage model. The model correctly predicts the preferred direc-
tion of failure in RD of the sheet. The thickness distribution obtained from
the simulations is in reasonable agreement with the experimental distribution.
An increasing friction coefficient was used at the die shoulder to simulate the
low draw-in, which occurred in the experiments.

6.4 Cross-die drawing test

The development of advanced materials not only requires advanced material
models for predictions, but also requires updating/replacing the traditional
experimental techniques to determine the formability of materials. Therefore
the cross-die test has been developed [3]. Figure 6.21 shows the final product
obtained from the drawing test. The cross-die forming process covers a wide
range of triaxialities and thus it is very useful for determining the formability.
Apart from the wide range of triaxialities, some regions of the blank undergo
severe strain path changes as well [158].
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Figure 6.21: Final cross-die product [3].

6.4.1 Cross-die experiments

The cross-die deep drawing experiments were performed on a semi-industrial
press. The blanks were prepared with a blank size of 270 x 270mm. A suitable
grade of oil was applied on both sides of the blank. The punch speed was set
at 35mm/s. The blank holder force was measured with 8 load cells mounted
in different locations. The sum of the measured values from the 8 load cells
was found to be 465.7 kN. The critical punch displacement for localization was
found to be 39mm. There were many tests conducted, out of which two tests
were stopped at a punch displacement of 39.6mm. Out of these two tests,
one localized and developed a slight crack whereas the other did not yet show
localization. These tests are more interesting from a failure point of view as
one just failed, while the other is on the verge of failure, and both are on the
same punch displacement. The punch force displacement curves were obtained
from these experiments.
The strain distribution was measured in the experiment that reached the crit-
ical height but did not localize. The blank was gridded with a 2.5mm dot
grid applied electrochemically. These grids were used for strain distribution
measurements after drawing. The strain measurement was done with the
PHASTTM photogrammetric strain measurement equipment. Figure 6.22(a)
shows the gridded product. Figure 6.22(b) presents the major strain distribu-
tion for the complete product.
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(a) Gridded product. (b) Major strain distribution.

Figure 6.22: Strain distribution measurement with the PHASTTM equipment.

6.4.2 Cross-die finite element model

To simulate the cross-die test, a finite element model was developed. Due to
double symmetry, one quarter of the blank was used in the simulation. The
blank consists of 11236 hexahedron solid linear elements with B̄ modification.
4 elements were taken in the thickness direction. The tools are assumed to
be rigid and are described with analytical contours. The blank holder force
was set to 116.5 kN i.e. one-fourth of the total measured blank holder force.
A penalty based contact algorithm is selected to describe contact. A constant
Coulomb friction coefficient of 0.06 was chosen. The friction coefficient is
low due to the fact that the sheets are galvanized and lubricant was applied
in the process. The material models and parameters defined in Section 6.1
were used in these simulations. The simulations were carried out with the
in-house implicit finite element code DiekA using a direct solver. Three types
of simulations were carried out; without a damage model, with an isotropic
damage model and with an anisotropic damage model.

6.4.3 Results

Simulation results were compared with the experimental results i.e. the punch
force - punch displacement curves, the strain distribution on the inside surface
of the cross-die product, the crack location and propagation direction.

Cross-die punch force - punch displacement curves

Figure 6.23 shows the comparison of the force-displacement (F-d) curves. The
F-d curves obtained from the simulations are equal until the damage threshold
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Figure 6.23: Comparison of the punch force-punch displacement curves for the cross-die
test.

is reached. The F-d curve from the simulation without damage starts to de-
viate from the F-d curves from the simulations with damage around a punch
displacement of 25mm. The F-d curve from the simulation without damage
gives a stiffer response and delayed necking, thus overpredicting the critical
punch displacement for the cross-die.
The F-d curves obtained from the isotropic damage and anisotropic damage
simulations remain almost on top of each other. The isotropic damage is ex-
pected to produce a more severe effect as compared to anisotropic damage,
because it affects the stress carrying capacity in all directions by the same
amount. Despite the more severe effect of isotropic damage, only a slight dif-
ference is observed in the F-d curves obtained from isotropic and anisotropic
damage models because damage develops only in a very small region of the
complete product, and the contribution of the local stresses of this region to
the global forces is very small. Nevertheless, both curves predict the localiza-
tion to occur around a punch displacement of 38mm, which is just below the
critical punch displacement obtained from the experiments.
There are many uncertainties involved in the simulations which probably
cause the deviation of simulation F-d curves from the experimental F-d curve.
Among these uncertainties, friction is one of the most important factors. A
relatively simple friction model with a constant friction coefficient has been



144

Figure 6.24: Cross sections taken for comparison.

used in the simulations. The friction development in the cross-die test is rather
complex and depends largely upon the contacting area and pressures [59, 60].
Therefore the friction coefficient varies from one region to another and also
evolves during the drawing process.

Cross-die strain distributions

The strain distribution was measured on the inner surface (facing the punch)
of the blank. The strain distribution presented in this article is taken from the
experiment which reached the critical punch displacement of 39.6mm, but did
not localize. Figure 6.22(b) shows the major strain distribution in the product.
The strain distribution has an orthogonal symmetry, therefore comparisons
were made on only 3 cross sections which represent different stress states and
involve strain path changes. The symmetric strain distribution also justifies
the use of Von Mises yield criterion in the simulations. Figure 6.24 shows the 3
different cross sections. The failure occurs at the die radius along cross section
A. Almost a plane strain state occurs at the die radius in this cross section.
Cross section B contains the region with the highest strain. However, failure
does not occur along this section because the region of high strain is mainly in
shear. Cross section C contains a part under biaxial tension. Figure 6.25 shows
the comparison of the major strain distributions for the these cross sections A,
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(a) Cross section A.

(b) Cross section B.

(c) Cross section C.

Figure 6.25: Strain distribution along different cross sections: Simulations vs experiment.
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Figure 6.26: Comparison of the location of maximum damage in simulations with the
crack location.

B and C. The damage values were found highest in the regions with a plane
strain state. This is in agreement with experimental results as the product
localizes and develops a crack in this region. The maximum principal damage
value is plotted for the simulation with anisotropic damage. The damage
values obtained from the simulations with isotropic and anisotropic damage
are almost the same. The strains obtained from all three simulations are in
very good agreement with the experimental strain distribution away from the
localized region. The simulation without damage and the experiment did not
localize at this punch depth, therefore they show good agreement within the
localized region as well. The simulations with damage, however, got localized
at this punch depth and thus show higher strains in the localized region in the
cross section A, see Figure 6.25(a). The simulations with damage show a failure
at this punch depth which was observed in another experiment, whereas the
simulation without damage did not predict localization. The strains obtained
from the isotropic damage simulation are slightly higher.

Cross-die crack propagation direction

Figure 6.26 compares the location of maximum damage obtained from the sim-
ulations to the actual location of the crack in the experiments. The isotropic
and anisotropic damage models predict the same location of crack initiation.
The prediction of the location is in good agreement with the experiments.
A good damage model shall predict the crack direction reasonably accurately.
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This aspect of the model becomes important when crack propagation is in-
cluded in the simulation. A scalar damage variable is used in isotropic damage
models, therefore the information regarding the direction cannot be obtained
from the damage variable. A common approach is to take the crack prop-
agation plane orthogonal to the maximum principal stress direction. This
assumption is good enough for a proportional load condition. If the material
undergoes load path changes, then using the principal stress direction to de-
termine the crack propagation direction may not give accurate results. This
proposition can be validated by the cross-die test simulation.
In the experiments, the crack direction was almost in the transverse direction
which is perpendicular to the rolling direction. In the isotropic damage model
simulation, the in-plane stresses were used to determine the direction of the
maximum principal stress. The crack propagation direction is orthogonal to
this direction. Figure 6.27(a) shows the variation in the angle orthogonal to the
maximum principal stress for the isotropic damage model. The values of the
stress components are taken at the node where the highest damage value was
found. The crack angle θ at failure is found to be almost 68◦ which deviates
by 22◦ from the crack direction obtained in the experiments (see Figure 6.26).
In the anisotropic damage model, a damage tensor is used as the damage vari-
able and therefore the principal damage direction can be obtained from this
variable. The plane normal to the direction of the principal damage will give
the crack direction. Figure 6.27(b) shows the damage components and the
angle orthogonal to the maximum principal damage direction. The values of
the damage components are taken at the node where the highest damage value
was found. The angle has been calculated based on the in-plane components
only. The z-direction represents the thickness direction. The crack angle θ at
failure is found to be 83◦. This value predicts that the crack will grow at an
angle of 7◦ from the edge, which is much closer to the crack direction obtained
from the experiments. In the finite element analysis a one-fourth symmetry is
used. There is a gradient in material draw-in at the boundary and material
next to it, which gives a slightly skewed element at the boundary. Due to the
material rotation in the element the rolling direction in the element is obtained
as 87◦ instead of 90◦. This effect can be minimized by either selecting a very
fine mesh at the symmetric boundary or by considering a half or full model
instead of a quarter model. If the crack propagation is measured from the
rolling direction instead of the finite element model, then the error in the pre-
dicted crack angle θ for isotropic damage remains 19◦ whereas for anisotropic
damage it is only 4◦.
The stress tensor components in Figure 6.27(a) and the damage tensor com-



148

(a) Isotropic Damage Model.

(b) Anisotropic Damage Model.

Figure 6.27: Crack propagation direction prediction. The tensor components are in
element local coordinate system.
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ponents in Figure 6.27(b) clearly show that the loading is nonproportional at
the node under consideration. It should be emphasized here that if the load-
ing had been proportional, then the isotropic and anisotropic damage models
would have predicted the same crack angle. For nonproportional loading, the
anisotropic damage model gives improved prediction of direction of failure.

6.4.4 Conclusions

The ML isotropic and anisotropic damage models were used to predict failure
in the cross-die tests for the advanced high strength steel DP600. The simu-
lation with only plasticity failed to predict localization at the actual critical
punch depth. The simulations with the ML isotropic and anisotropic damage
models predicted failure at the actual punch depth and location as observed
in the experiments. The isotropic damage model gives slightly conservative
results. The crack direction predicted from the isotropic damage model simu-
lation deviates from the experiments, whereas the anisotropic damage model
simulation predicted the crack direction more accurately. The difference found
in the crack direction prediction of isotropic and anisotropic damage models is
attributed to the nonproportional strain paths involved in the cross-die test.
All damage parameters for DP600 were obtained from uniaxial tests. These
parameters were successfully used to predict failure in a drawing product with
a variety of triaxialities ranging from compression to biaxial tension condi-
tions. Failure was predicted in a region with plane strain condition at almost
the exact critical punch depth found from experiments.
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Chapter 7

Conclusions and
Recommendations

This chapter gives the summary of the conclusions drawn from this research.
Detailed conclusions are given at the end of each chapter. For Chapter 6, the
conclusions are given at the end of each section.

7.1 Conclusions

The aim of this research was to develop an efficient anisotropic damage model
suitable for large scale metal forming applications. This goal was successfully
achieved in the form of the Modified Lemaitre’s (ML) anisotropic damage
model, implemented in finite element codes DiekA and MSC.MARC. This
research can be divided into four major categories; development of the ML
anisotropic damage model; viscoplastic regularization of the ML anisotropic
damage model; anisotropic damage characterization studies of DP600; and de-
termination of model parameters and validation of the ML anisotropic damage
model.

ML anisotropic damage model

The standard Lemaitre anisotropic damage model was modified to incorpo-
rate: lower damage evolution under compression, strain rate dependency in
damage and Material Induced Anisotropic Damage (MIAD).
The ML anisotropic damage model was tested and showed quadratic conver-
gence in the global equilibrium iterations. The ML anisotropic damage model
was formulated in a coupled way with elasto-plastic models. Currently two
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yield criteria i.e. Von Mises and Hill ’48 are coupled with the ML anisotropic
damage model. Four isotropic hardening models i.e. Linear, Voce, Nadai, and
Tabular hardening; and two isotropic strain rate hardening models i.e. simpli-
fied Bergström van Liempt and Power law hardening models can be used in
combination with the ML anisotropic damage model.

Viscoplastic regularization of ML anisotropic damage model

Viscoplastic regularization proved to be effective in removing the patholog-
ical mesh dependence. Viscoplastic regularization studies were carried out
with additive and multiplicative types of strain rate hardening models. It
was observed that with an increase in damage levels, the effective viscoplastic
length scale decreases, which gives mesh dependent results just before failure.
This mesh dependency appears due to geometrical discretization in a high
gradient field. The results converge to one solution on reducing the mesh size.

Anisotropic damage characterization studies of DP600

Damage development in DP600 turned out to be highly anisotropic. The
anisotropy in damage is linked to the anisotropy in martensite morphology.
The fracture in 0◦ direction to RD was dominated by through thickness shear
failure whereas in 90◦ a dominant cup cone fracture was observed.

ML anisotropic damage model parameters and validation

The ML anisotropic damage model parameters were determined for DP600 us-
ing the fast identification method given by Lemaitre. These parameters were
used in all validation cases in this research. Three validation cases were per-
formed for the ML anisotropic damage model; the butterfly specimen loaded
at various angles, the cylindrical cup drawing process and the cross-die draw-
ing process.
The sheet thickness was reduced from 1mm to 0.5mm in preparation of the
butterfly samples, which increased the influence of the non-homogeneous mi-
crostructure. This changed the material characteristics considerably. The
model parameters were determined for full thickness i.e. 1mm thick sheet
which renders the quantitative comparison of simulation and experimental
results illogical. Therefore, the butterfly specimen tests were used only for
qualitative validation of the ML anisotropic damage model.
The ML anisotropic damage model gave good qualitative and quantitative
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predictions for the cylindrical cup drawing and cross-die drawing processes.
The crack location and orientation was better predicted with the anisotropic
damage model compared to the isotropic damage model.

7.2 Recommendations

Based on the knowledge gained during this research, the following recommen-
dations are made for future research in this area.
The strain rate dependency in damage is actually the influence of a temper-
ature rise which gives an enhanced post-localization strain, see Section 3.2.2.
It was incorporated in the model as strain rate dependency to avoid thermo-
mechanical formulations. Experiments shall be conducted to study the sepa-
rate influence of temperature and strain rate on damage development in Dual
Phase (DP) steels.

The ML anisotropic damage model is based on an isothermal thermodynamic
framework. For high deformation rate applications such as crash or explosive
driven damage, the thermodynamics of the deformation process transforms
from isothermal to adiabatic. The ML anisotropic damage model shall be
adapted for high deformation rate applications.

The influence of MIAD incorporated in ML anisotropic damage model only
affects the damage evolution. It was observed in the experimental studies
that void coalescence (critical damage) was also direction dependent. Besides,
MIAD can also have a large influence on the void nucleation strain (damage
threshold). Studies shall be carried out to confirm the variation in nucleation
strain in different orientations of the sheet metal. The damage threshold and
critical damage parameters in the ML anisotropic damage model have to be
made direction dependent to capture the effect of MIAD completely.

The second phase morphology of the material shall be linked to the MIAD
parameters. Results from microstructure models can be used to determine
the material parameters used as input for the MIAD model.

Apart from the strain rate dependency in damage evolution, it was observed
that the strain rate also influences the MIAD behavior of DP600. The failure
characteristics of the specimens changed for high pulling speeds in the tensile
tests, see Section 5.3. Experimental studies shall be performed to capture
the influence of strain rate on MIAD and the MIAD model shall be adapted
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accordingly.

In this research, the ML anisotropic damage model is applied for only one
batch of material of DP600. The model shall be tested for various kinds of
materials which are prone to damage development during plastic deformation.

The ML anisotropic damage model shall also be tested for more complex
loading cases.

A nonlocal formulation of ML anisotropic damage model shall be developed
to apply the model on strain rate insensitive materials.



Nomenclature

Roman

A Area taking up the load [m2]

Ad Void area [m2]

A0 Initial cross sectional area [m2]

AR Minimal cross sectional area at rupture [m2]

AGTN Statistical parameter for strain controlled void nucle-
ation

[-]

Ā Fourth order MIAD tensor [-]

BGTN Statistical parameter for stress controlled void nucle-
ation

[Pa−1]

C Coefficient for Linear hardening [Pa]

D Isotropic (scalar) damage variable [-]

D Second order damage tensor [-]

D̄ Fourth order symmetric damage tensor [-]

DH Hydrostatic damage [-]

Dc Critical damage value at which a mesocrack is initiated [-]

Dc0 Reference critical damage value determined from a
tensile test at the reference strain rate

[-]

E Young’s Modulus [Pa]

Ē Initial elastic stiffness fourth order tensor [Pa]
˜̄E Damaged elastic stiffness tensor [Pa]

F Force [N]

F Total dissipation potential [Jm−3]

FD Damage dissipation potential [Jm−3]

FA MIAD parameter [-]

Fx Force in x-direction from the biaxial tester [N]

Fy Force in y-direction from the biaxial tester [N]

f Plastic dissipation potential [Jm−3]

fv Void volume fraction for Gurson model [-]



156

f∗v Modified void volume fraction for GTN model [-]

f∗vc Void volume fraction at which coalescence occurs [-]

f∗vf Void volume fraction at final failure [-]

f∗vu Void volume fraction at final failure [-]

△G0 Dislocation activation energy [(eV)K]

GA MIAD parameter [-]

H Second order damage effect tensor [-]

Hij Components of second order damage effect tensor [-]

HA MIAD parameter [-]

I1 first invariant of stress tensor [Pa]

I2 second order unity tensor [-]

I4 Fourth order symmetric unit tensor [-]

J2 second invariant of deviatoric stress tensor [Pa]

J3 third invariant of deviatoric stress tensor [Pa]

K̄ Material stiffness matrix [Pa]

k Boltzman constant [eV]

LA MIAD parameter [-]

M̄ Fourth order mapping tensor a.k.a fourth order dam-
age effect tensor

[-]

MM Jacobian matrix, used to update the state variables
every iteration within an incremental step

MA MIAD parameter [-]

m Strain rate hardening exponent for Power strain rate
hardening

[-]

NA MIAD parameter [-]

NRi Number of cycles to failure from low cycle fatigue test
i = 1, 2

[-]

n Strain hardening exponent for simplified Bergström
van Liempt hardening model

[-]

P Hill parameters fourth order tensor [-]

p Strain rate hardening exponent for simplified
Bergström van Liempt hardening model

[-]

Q̄ Fourth order tensorial operator [-]

q1, q2, q3 Model constants for GTN ductile damage model [-]

r Isotropic hardening variable [-]

R Isotropic hardening stress variable [Pa]

R̃v Effective triaxiality factor [-]

RRi
σ̃ Error in the ith iteration of strain increment equation

RRi
D Error in the ith iteration of damage increment equa-

tion
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RRi
λ Error in the ith iteration of the yield function

S Phenomenological damage parameter, controls the
rate of damage evolution

[Pa]

Sc Phenomenological damage parameter under negative
triaxiality, controls the rate of damage evolution

[-]

s Phenomenological damage parameter, controls the
curvature of damage evolution

[-]

s0 Reference phenomenological damage parameter deter-
mined from a tensile test at the reference strain rate

[-]

T Temperature [K]

Tm Melting point temperature [K]

Ux Voltage signal in x-direction from the biaxial tester [Volts]

Uy Voltage signal in y-direction from the biaxial tester [Volts]

uf Ratio of the damage parameter S to Sc [-]

W Density of elastic energy [Jm−3]

W∗ Density of complementary elastic energy [Jm−3]

Y Second order damage energy release rate tensor [Pa]

Yij Components of second order damage energy release
rate tensor

[Pa]

Y Damage energy release rate [Pa]

Ȳ Effective damage energy release rate [Pa]

Greek

βv Linear hardening parameter in the strain hardening part
of the simplified Bergström van Liempt hardening model

[-]

δσ̃in Incremental effective stress to update the effective stress
for the next iteration

[Pa]

δDi
n Incremental damage to update the damage for the next

iteration
[-]

δλin Incremental plastic multiplier to update the plastic mul-
tiplier for the next iteration

[-]

∆σm Stress increment parameter in the strain hardening part
of the simplified Bergström van Liempt hardening model

[Pa]

εe Nominal elastic strain tensor [-]

ε̃e Effective elastic strain tensor [-]

εij Components of total strain tensor [-]

εeij Components of elastic strain tensor [-]
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εpij Components of plastic strain tensor [-]

εpD Equivalent plastic strain threshold for damage initiation [-]

εp Nominal plastic strain tensor [-]

εpeq Equivalent plastic strain/accumulated equivalent plastic
strain

[-]

ε0 Initial strain value for simplified Bergström van Liempt
hardening model

[-]

ε∗pR Local rupture strain in the necking region obtained from
a tensile test

[-]

∆εpi Plastic strain amplitude from low cycle fatigue test i =
1, 2

[-]

ε̇0 Reference strain rate value for simplified Bergström van
Liempt and Power strain rate hardening models

[-]

ε̇r0 Reference average strain rate of the tensile test used in
damage parameter identification

[s−1]

λ Plastic multiplier [-]

η Hydrostatic sensitivity parameter [-]

η̄ triaxiality parameter [-]

ν Poisson’s ratio [-]

ω Remobilization parameter in the strain hardening part
of the simplified Bergström van Liempt hardening model

[-]

σ Uniaxial nominal stress [Pa]

σ Cauchy stress tensor [Pa]

σdev Deviatoric stress tensor [Pa]

σdevij Components of deviatoric part of the stress tensor [Pa]

σeq Equivalent nominal stress [Pa]

σf Flow stress [Pa]

σf0 Initial flow stress [Pa]

σfL Flow stress for linear strain hardening [Pa]

σwh Strain hardening term in the simplified Bergström van
Liempt hardening model

[Pa]

σdyn Strain rate hardening term in the simplified Bergström
van Liempt hardening model

[Pa]

σv0 Maximum dynamic stress in the simplified Bergström
van Liempt hardening model

[Pa]

σH Hydrostatic stress [Pa]

σij Components of Cauchy stress tensor [Pa]

σU Ultimate tensile strength [Pa]

σR Rupture stress [Pa]
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σmaxi Stress amplitude from low cycle fatigue test i = 1, 2 [Pa]

σ∞f Fatigue limit [Pa]

σ̃ Uniaxial effective stress [Pa]

σ Nominal stress tensor [Pa]

σ̃ Effective stress tensor [Pa]

σ̃H Hydrostatic effective stress [Pa]

σ̃eq Effective equivalent stress [Pa]

ψ Helmholtz free energy [Jm−3]

ψe Elastic part of Helmholtz free energy [Jm−3]

ψp Plastic state potential [Jm−3]

ψT Heat capacity of the material [Jm−3]

ψ∗ Partial Legendre transform on the total strain [Jm−3]

ψ∗
e Partial Legendre transform on the elastic strain [Jm−3]

ρ Density of the material [Kgm−3]

θ̄ Lode angle parameter [-]

Abbreviations

CDM Continuum damage mechanics
FLC Forming limit curve
GTN Gurson Tvergaard Needleman
G-L-D Gologanu-Leblond-Devaux
IF Interstitial Free
LIAD Load Induced Anisotropic Damage
MIAD Material Induced Anisotropic Damage
ML Modified Lemaitre’s
ND Thickness direction of the sheet
RVE Representative volume element
RD Rolling direction of the sheet
SEM Scanning electron microscope
SPCI Strain path change indicator
TD Transverse direction of the sheet

Miscellaneous

(̃.) Denotes effective variables

(.)dev Denotes the deviatoric part of a tensor
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(.)H Denotes the hydrostatic part of a tensor
tr(.) Denotes the trace of a tensor

(.)T Denotes the transpose of a tensor



Appendix A

Tensor Properties

This appendix gives a summary of all the applied tensor identities. These
identities are frame independent. In this appendix only components referred
to a Cartesian frame are given, however, the components of tensors can be
referred to an arbitrary curvilinear coordinate system.
In this appendix, a scalar, vector (first order tensor), second order tensor
and fourth order tensor will be denoted by italic symbol a, lower case bold
symbol a, upper case bold symbol A and upper case bold symbol with a bar
Ā respectively. The proof of tensor properties are not given in this appendix.
Extended tensor properties can be found in [64, 73].

A.1 Tensor definitions and properties

A vector (first order tensor) can be expressed in components referred to a
Cartesian reference frame by

a = aiei (A.1)

where ei are mutually orthogonal unit base vectors. The scalar product of two
vectors is given by

a · b = aibi (A.2)

where the commutative law for scalar product of vectors holds.

a · b = b · a (A.3)

The dyadic product of two vectors is a second order tensor given by

ab = aibjeiej (A.4)
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where the commutative law for dyadic product of vectors does not hold in
general.

ab ̸= ba (A.5)

The following tensor properties hold for vectors involving dyadic products:

(ab) · c = a (b · c) = ab · c (A.6)

a · (bc) = (a · b) c = a · bc (A.7)

(ab) · (cd) = a (b · c)d = ab · cd (A.8)

(ab) : (cd) = (a · c) (b · d) = a · cb · d (A.9)

A second order tensor can be expressed in components referred to a Cartesian
reference frame by

A = Aijeiej (A.10)

the trace (also known as first invariant) of a second order tensor is defined by

tr (A) = Aii (A.11)

The multiplication of second order tensors can be defined by single contraction
of indices with the product also being a second order tensor

A ·B = AikBkjeiej (A.12)

The commutative law for single contraction of second order tensors does not
hold in general

A ·B ̸= B ·A (A.13)

The following property for inverse of a single contraction of second order ten-
sors holds

(A ·B)−1 = B−1 ·A−1 (A.14)

The multiplication of second order tensors can also be defined by double con-
traction of indices with the product being a scalar

A : B = AijBij (A.15)

The commutative law for double contraction of second order tensors holds

A : B = B : A (A.16)

The transpose of a second order tensor is denoted by a superscript upper case
T and is given by

AT = Ajieiej (A.17)
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A second order tensor is symmetric if

AT = A (A.18)

A second order tensor is skew symmetric if

AT = −A (A.19)

A second order tensor is orthogonal if

AT = A−1 (A.20)

The second order unity tensor is defined by

A · I2 = A where I2 = δijeiej (A.21)

where δij is the Kronecker delta.
The trace of a second order tensor can also be defined by

tr (A) = I2 : A = A : I2 (A.22)

A second order tensor can be written as the sum of its deviatoric and hydro-
static part

A = Adev +AH (A.23)

where

AH =
1

3
tr (A) I2 (A.24)

and

Adev = A− 1

3
tr (A) I2 (A.25)

A second order tensor is positive definite if it satisfies the following condition
for any arbitrary non zero vector a

a ·A · a > 0 (A.26)

A fourth order tensor can be expressed in components referred to a Cartesian
reference frame by

Ā = Aijkleiejekel (A.27)

The tensor multiplication of two second order tensors will yield a fourth order
tensor. Three different tensor multiplications of second order tensors can be
defined

C̄ = A⊗B or Cijkl = AijBkl (A.28)
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C̄ = A⊗B OR Cijkl = AikBjl (A.29)

C̄ = A⊗B OR Cijkl = AilBjk (A.30)

The definition given in Equation (A.28) is the commonly known tensor mul-
tiplication of two second order tensors. Equation (A.30) is never used in this
thesis.
There also exist three different kinds of double contraction of two fourth order
tensors.

C̄ = Ā : B̄ = AijpqBrskl (ep · er) (eq · es) eiejekel (A.31)

C̄ = Ā • ◦B̄ = AipqjBrkls (ep · er) (eq · es) eiekelej (A.32)

C̄ = Ā ◦ •B̄ = ApijqBkrsl (ep · er) (eq · es) ekeiejel (A.33)

In Equations (A.32) and (A.33) the filled circle • denotes the inner indices
to be contracted whereas the empty circle ◦ denotes the outer indices to be
contracted. The double contraction defined in Equations (A.32) and (A.33)
are meaningless for double contraction of second order tensors.
Two different type of fourth order identity tensors can exist depending upon
the double contraction used. The fourth order identity tensor is defined for
the commonly known double contraction (Equation (A.31)) of two fourth order
tensors

I4 = Ā : Ā
−1

= Ā
−1

: Ā = I2⊗I2 = δikδjleiejekel (A.34)

The fourth order identity tensor is presented here without a bar due to presence
of a subscript 4. A different fourth order identity tensor I2 ⊗ I2 is defined for
the other two double contractions, Equations (A.32) and (A.33). Note that
no symbol is used for this fourth order identity tensor in this research.

I2 ⊗ I2 = Ā • ◦Ā−1
= Ā

−1 • ◦Ā = Ā ◦ •Ā−1
= Ā

−1 ◦ •Ā = δijδkleiejekel
(A.35)

The following properties hold for the fourth order identity tensor

I4 · I2 = I2 · I4 = I4 (A.36)

I4 : A = A : I4 = A (A.37)

I4 : Ā = Ā : I4 = Ā (A.38)

A fourth order tensor double contracted with a second order tensor will yield
a second order tensor

Ā : B = AijklBkleiej (A.39)
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The deviatoric part of a second order tensor can also be written as follows:

Adev =

(
I4 −

1

3
I2⊗I2

)
: A (A.40)

The following tensor properties hold for the multiplications defined above

A ·B ·C =
(
A · I4 ·CT

)
: B

= B :
(
AT · I4 ·C

)
=
(
A⊗CT

)
: B (A.41)

(A⊗B) : C = A (B : C) (A.42)

A : (B⊗C) = (A : B)C (A.43)

(A⊗B) : C = A ·C ·BT (A.44)

A⊗A = A · I4 ·AT (A.45)

A · I4 = A⊗I2 (A.46)

I4 ·A = I2⊗A (A.47)

A fourth order tensor contains major symmetry if the following holds

Aijpq = Apqij (A.48)

A fourth order tensor contains minor symmetry if the following holds

Aijpq = Ajipq = Aijqp = Ajiqp (A.49)

A.2 Tensor derivatives

When a derivative is taken with respect to a tensor then the simple algebraic
rules of derivatives do not hold. This section will give the rules for tensor
derivatives which were applied in this research. Two types of tensor deriva-
tives can be defined, pre-derivative and post-derivative. The pre-derivative is
defined by placing the indices in the beginning of the derivative

∂

∂A
(. . .) = eiej

∂

∂Aij
(. . .) (A.50)

whereas the indices are placed at the end for post-derivatives

∂ (. . .)

∂A
=
∂ (. . .)

∂Aij
eiej (A.51)
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In this research only the post-derivative type of tensor derivatives are used
therefore the rules for pre-derivatives will not be mentioned here. The deriva-
tive of a scalar function with respect to a second order tensor will yield a
second order tensor

∂ (f)

∂A
=
∂ (f)

∂Aij
eiej (A.52)

The derivative of a vector with respect to a tensor will yield a third order
tensor

∂a

∂A
=

∂ai
∂Ajk

eiejek (A.53)

The derivative of a second order tensor with respect to a second order tensor
will yield a fourth order tensor

∂B

∂A
=
∂Bij

∂Akl
eiejekel (A.54)

The derivative of a second order tensor with itself will yield the fourth order
identity tensor

∂A

∂A
= I4 (A.55)

The derivative of an inverse of a second order tensor is given as follows

∂A−1

∂A
= −A−1 · I4 ·A−T (A.56)

The derivative of the trace of a second order tensor is given as follows

∂tr (A)

∂A
= I2 (A.57)

If A is a function of B and B is a function of C then the chain rule can be
applied

∂A

∂C
=
∂A

∂B
:
∂B

∂C
(A.58)

The following product rules of derivatives apply for second order tensors

∂ (aA)

∂B
= A⊗ ∂a

∂B
+ a

∂A

∂B
(A.59)

∂ (A ·B)

∂C
=
(
I4 ·BT

)
:
∂A

∂C
+A · ∂B

∂C
(A.60)

∂ (A : B)

∂C
=
∂A

∂C
: B+A :

∂B

∂C
(A.61)
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∂ (A ·B ·A)

∂A
= I4 ·AT ·BT +

(
A · I4 ·AT

)
:
∂B

∂A
+A ·B · I4 (A.62)

∂ (A ·B ·A)

∂C
=
(
I4 ·AT ·BT

)
:
∂A

∂C
+
(
A · I4 ·AT

)
:
∂B

∂C
+A ·B · ∂A

∂C
(A.63)
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Appendix B

Modified Lemaitre’s Isotropic
Damage Model

The result obtained with the anisotropic damage model is used for comparison
with the result obtained with the isotropic damage model throughout the
research. Therefore the formulation of the isotropic damage model is given
in this appendix. It gives a brief description of Lemaitre’s isotropic damage
model and is related to Section 2.2.1 and Section 3.2. Lemaitre’s anisotropic
damage model does not degenerate to Lemaitre’s isotropic damage model by
setting the damage tensor D = DI2. The reason is that in the anisotropic
version of Lemaitre’s damage model, damage influences the deviatoric and
hydrostatic part of the stress in a different manner.
The elastic potential based on the hypothesis of strain equivalence is defined
by Lemaitre and Desmorat, [87]

ψ∗
e =

1

ρ

[
1 + ν

2E

σijσij
1−D

− ν

2E

σ2kk
1−D

]
(B.1)

The state law is given by

ε̇eij = ρ
∂ψ∗

e

∂σij
=

1 + ν

E
σ̃ij −

ν

E
σ̃kkδij (B.2)

Where δij are the components of Kronecker delta. The dissipation potential
for damage FD is given in [87] as

FD =
S

(s+ 1) (1−D)

(
Y

S

)s+1

(B.3)



170

Y is the damage energy release rate given by

Y =
1

2

(
Ē : ε̃e

)
: ε̃e =

1

2
σ̃ : ε̃e =

σ2eqRv

2ES
(B.4)

The effective Cauchy stress is given by

σ̃ =
σ

1−D
(B.5)

Using Equation (B.3), the damage evolution is defined by

Ḋ = λ̇
∂FD

∂Y
=

λ̇

1−D

(
Y

S

)s

(B.6)

Equation (B.6) is valid when the damage threshold is reached i.e. εpI > εpD. A
mesocrack is initiated when damage reaches a critical value i.e. D ≥ Dc. The
damage parameters used in this model i.e. S, s, εpD and Dc are the same as the
parameters used in the anisotropic damage model in Section 3.2.
The modifications for the anisotropic damage model, see Section 3.2.2, were
also made to the isotropic damage model.

B.1 Implementation of modified Lemaitre’s isotropic
damage model

The implementation of the isotropic damage model is carried out with the
same procedure as given in Section 3.3. The important equations used in the
implementation of the isotropic damage model are given in this section. The
detailed derivations of the equations can be found in [111].
The residuals for the isotropic damage model (corresponding to Equations 3.38,
3.39 and 3.40 for the anisotropic damage model) are given below

RRi
σ̃ = ∆εn − Ē

−1
: ∆σ̃i

n −∆λin
∂f

∂σ
|in+1 (B.7)

RRi
D = ∆Di

n − ∆λin
1−Di

n

(
Y

S

)s

(B.8)

RRi
λ = −f in+1 (B.9)
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The Jacobian MM for the isotropic damage model (corresponding to Equa-
tion (3.46) for anisotropic damage model) is given below

MM =



Ē
−1

+∆λin
∂2f

∂σ̃∂σ |
i
n+1 ∆λin

∂2f
∂D∂σ |

i
n+1

∂f
∂σ |

i
n+1(

∆λi
n

1−Di
n

sRv
ES

(
σ̃2
eqRv

2ES

)s−1

σ̃eq
∂f
∂σ̃ |

i
n+1

) ∆λi
n

(1−Di
n)

2

(
σ̃2
eqRv

2ES

)s
− 1 1

1−Di
n

(
σ̃2
eqRv

2ES

)s

(
∂f
∂σ̃ |

i
n+1

)T
∂f
∂D |in+1

∂f
∂λ |

i
n+1


(B.10)

B.2 Partial differentiation of dissipation potential
for isotropic damage

Only those derivatives will be given in this section, which are different from
the derivatives obtained in Section 3.3.1.

∂f

∂σ
=

1

1−D

∂f

∂σ̃
(B.11)

∂2f

∂σ̃∂σ
=

1

1−D

[
P̄− ∂f

∂σ̃ ⊗ ∂f
∂σ̃√

σ̃ : P̄ : σ̃

]
(B.12)

∂2f

∂D∂σ
=

1

(1−D)2
∂f

∂σ̃
(B.13)

Equations B.11, B.12 and B.13 for the isotropic damage model correspond to
Equations (3.61), (3.64) and (3.65) for the anisotropic damage model, respec-
tively.

B.3 Stiffness matrix for isotropic damage

Differentiating the incremental nominal stress with respect to the incremental
strain, using Equation (A.59) gives the tangent stiffness matrix

K̄ =
δσ

δε̃
= σ̃ ⊗ δ (1−D)

δε̃
+ (1−D)

δσ̃

δε
= −σ̃ ⊗ δD

δε̃
+ (1−D)

δσ̃

δε
(B.14)
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Equation (B.10) can be used to calculate the derivatives involved in Equa-
tion (B.14) in a similar way as given in Section 3.3.2. The matrix MM
(Equation (B.10)) is divided into 9 blocks:

MM =

 M̄M11 MM12 MM13

MM21 MM22 MM23

MM31 MM32 MM33

 (B.15)

Here M̄M11 is a fourth order tensor, MM12, MM13 and MM21 and MM31

are second order tensors, MM22, MM23 and MM33 are zeroth order tensors
(scalars) whereas MM32 is zero. The derivatives involved in Equation (B.14)
are given as follows:

δσ̃

δε
=

(
M̄M11 +MM12 ⊗

[
MM−1

22

(
MM23MM31

MM33
−MM21

)]

− MM13 ⊗MM31

MM33

)−1

(B.16)

δD

δε
=

[
MM−1

22

(
MM23MM31

MM33
−MM21

)]
:
δσ̃

δε
(B.17)

Note that the stiffness matrix is not symmetric in general.
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Derivatives of Damage Effect
Tensors H and H2 with
respect to Damage

In this appendix the derivatives of H and H2 with respect to the damage
tensor D are determined. These derivatives are used in the calculation of the
partial derivatives and the material stiffness matrix for the anisotropic damage
model, see Section 3.3.1 and Section 3.3.2.
Differentiating H2 with respect to damage

∂H2

∂D
=
∂(I2 −D)−1

∂D
(C.1)

Taking

D′ = I2 −D (C.2)

gives
∂H2

∂D
= −∂(D

′)−1

∂D′ (C.3)

Using Equation (A.56) we can write

∂H2

∂D
= −

[
−D′−1 · I4 ·D′−T

]
(C.4)

Since D is symmetric, D′ is also symmetric.

∂H2

∂D
=
[
D′−1 · I4 ·D′−1

]
(C.5)
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∂H2

∂D
=
[
(I2 −D)−1 · I4 · (I2 −D)−1

]
(C.6)

∂H2

∂D
=
[
H2 · I4 ·H2

]
(C.7)

Using Equation (A.45) we can write

∂H2

∂D
= H2⊗H2 (C.8)

Now Equation (C.8) is used to find the derivative of H with respect to D.

∂ (H ·H)

∂D
= H2⊗H2 (C.9)

Using Equation (A.60) we can write

(I4 ·H) :
∂H

∂D
+H · ∂H

∂D
= H2⊗H2 (C.10)

[I4 ·H+H · I4] :
∂H

∂D
= H2⊗H2 (C.11)

∂H

∂D
= [I4 ·H+H · I4]−1 :

(
H2⊗H2

)
(C.12)

Using index notation to simplify Equation (C.12).

(I4 ·H)ijkl = IijkmHml (C.13)

(I4 ·H)ijkl = δikδjmHml (C.14)

(I4 ·H)ijkl = δikHjl (C.15)

using the definition of the special tensor multiplication given in Equation (A.29)
and the properties Equations (A.46) and (A.47)

I4 ·H = I2⊗H (C.16)

and similarly
H · I4 = H⊗I2 (C.17)

Now Equation (C.12) gives

∂H

∂D
= [I2⊗H+H⊗I2]

−1 :
(
H2⊗H2

)
(C.18)



Appendix D

Derivation of the Fourth
Order Operators Q̄ and M̄

In Section 3.2.1 and Section 3.3.1, two fourth order tensor operators were
defined i.e. M̄ and Q̄. These operators are a function of the damage tensor
D. Both operators can also be written as a function of H. In this appendix
the expressions for M̄ and Q̄ as a function of H will be determined.
The fourth order tensor Q̄ is used to define the function

Q̄ : A = (H ·A ·H)dev (D.1)

where A is any second order damage tensor and H is the second order damage
effect tensor.
Using Equation (A.40) we can rewrite Equation (D.1) as

Q̄ : A =

[
I4 −

1

3
I2 ⊗ I2

]
: (H ·A ·H) (D.2)

Using Equation (A.41) and knowing that H is symmetric we can rewrite Equa-
tion (D.2) as

Q̄ : A =

[
I4 −

1

3
I2 ⊗ I2

]
: (H · I4 ·H) : A (D.3)

Equation (D.3) shall hold for any second order tensor A therefore

Q̄ =

[
I4 −

1

3
I2 ⊗ I2

]
: (H · I4 ·H) (D.4)

Q̄ = I4 : (H · I4 ·H)− 1

3
(I2 ⊗ I2) : (H · I4 ·H) (D.5)
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Q̄ = (H · I4 ·H)− 1

3
(I2 ⊗ I2) : (H · I4 ·H) (D.6)

rearranging the parenthesis

Q̄ = (H · I4 ·H)− 1

3
I2 ⊗ (I2 : (H · I4 ·H)) (D.7)

Using Equation (A.41)

Q̄ = (H · I4 ·H)− 1

3
I2 ⊗ (H · I2 ·H) (D.8)

Q̄ = (H · I4 ·H)− 1

3
I2 ⊗ (H ·H) (D.9)

Q̄ = (H · I4 ·H)− 1

3
I2 ⊗H2 (D.10)

Now using Equation (A.45) and symmetric property of H

Q̄ = (H⊗H)− 1

3
I2 ⊗H2 (D.11)

The fourth order tensor M̄ is defined by the relation Equation (3.21):

σ̃ = M̄ : σ =
(
H · σdev ·H

)dev
+

σH

1− ηDH
I2 (D.12)

Using Equations (D.1) and (D.11) we can rewrite Equation (D.12) as

M̄ : σ =

(
H⊗H− 1

3
I2 ⊗H2

)
: σdev +

σH

1− ηDH
I2 (D.13)

using the definition for deviatoric part, Equation (A.40)

M̄ : σ =

(
H⊗H− 1

3
I2 ⊗H2

)
:

[
I4 −

1

3
I2 ⊗ I2

]
: σ +

σH

1− ηDH
I2 (D.14)

M̄ : σ =

[
(H⊗H) : I4 −

1

3
(H⊗H) : I2 ⊗ I2 −

1

3

(
I2 ⊗H2

)
: I4+

1

9

(
I2 ⊗H2

)
: (I2 ⊗ I2)

]
: σ +

1

3(1− ηDH)
I2 (I2 : σ) (D.15)
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M̄ : σ =

[
H⊗H− 1

3
(H⊗H) : I2 ⊗ I2 −

1

3
I2 ⊗H2+

1

9

(
I2 ⊗H2

)
: (I2 ⊗ I2)

]
: σ +

1

3(1− ηDH)
(I2 ⊗ I2) : σ (D.16)

for all σ

M̄ = H⊗H− 1

3
(H⊗H) : I2 ⊗ I2 −

1

3
I2 ⊗H2+

1

9

(
I2 ⊗H2

)
: (I2 ⊗ I2) +

1

3(1− ηDH)
(I2 ⊗ I2) (D.17)

Using Equation (A.45) and symmetric property of H

M̄ = H⊗H− 1

3
(H · I4 ·H) : I2 ⊗ I2 −

1

3

(
I2 ⊗H2

)
+

1

9

(
I2 ⊗H2

)
: (I2 ⊗ I2) +

1

3(1− ηDH)
(I2 ⊗ I2) (D.18)

Carrying out the same simplifications as were done from Equation (D.6) to
Equation (D.10) we get

1

3
(H · I4 ·H) : I2 ⊗ I2 =

1

3

(
H2 ⊗ I2

)
(D.19)

Substituting in Equation (D.18) we get

M̄ = H⊗H− 1

3

(
H2 ⊗ I2 + I2 ⊗H2

)
+

1

9

(
I2 ⊗H2

)
: (I2 ⊗ I2) +

1

3(1− ηDH)
(I2 ⊗ I2) (D.20)

Rearranging

M̄ = H⊗H− 1

3

(
H2 ⊗ I2 + I2 ⊗H2

)
+

1

9
I2 ⊗

(
H2 : I2

)
I2 +

1

3(1− ηDH)
(I2 ⊗ I2) (D.21)

M̄ = H⊗H− 1

3

(
H2 ⊗ I2 + I2 ⊗H2

)
+

1

9
tr(H2) (I2 ⊗ I2) +

1

3(1− ηDH)
(I2 ⊗ I2) (D.22)
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Appendix E

Material Stiffness Matrix for
ML Anisotropic Damage
Model

This appendix gives the detailed derivation of the material stiffness tensor for
modified Lemaitre’s anisotropic damage model (see Section 3.3.2).

K̄ =
∂σ

∂ε
=
∂
(
M̄

−1
: σ̃
)

δε
(E.1)

The expression of M̄
−1

is given by Lemaitre [87] (Equation (3.72)) as

M̄
−1

= H−1⊗H−1 − H−2 ⊗H−2

3 (1−DH)
+

1

3

(
1− ηDH

)
I2 ⊗ I2 (E.2)

This gives

K̄ =
∂
[(

H−1⊗H−1 − H−2⊗H−2

3(1−DH)
+ 1

3

(
1− ηDH

)
I2 ⊗ I2

)
: σ̃
]

∂ε
(E.3)

K̄ =

∂

[(
H−1⊗H−1

)
: σ̃ − (H−2⊗H−2):σ̃

3(1−DH)
+ 1

3

(
1− ηDH

)
(I2 ⊗ I2) : σ̃

]
∂ε

(E.4)

Using the tensor identities in Equations (A.42) and (A.44), and using symme-
try of H−1

K̄ =

∂

[
H−1 · σ̃ ·H−1 − H−2(H−2:σ̃)

3(1−DH)
+ 1

3

(
1− ηDH

)
I2 (I2 : σ̃)

]
∂ε

(E.5)
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K̄ =
∂
(
H−1 · σ̃ ·H−1

)
∂ε

−
∂

[
H−2(H−2:σ̃)

3(1−DH)

]
∂ε

+
∂
[
1
3

(
1− ηDH

)
I2 (I2 : σ̃)

]
∂ε

(E.6)

Evaluating the first term on the right-hand side of Equation (E.6)

Term1 =
∂
(
H−1 · σ̃ ·H−1

)
∂ε

(E.7)

Using the triple product rule for tensor multiplication, Equation (A.63) and
using the symmetry of H−1 and σ̃

Term1 =
[
I4 ·H−1 · σ̃

]
:
∂H−1

∂ε
+
(
H−1 · I4 ·H−1

)
:
∂σ̃

∂ε
+H−1·σ̃·∂H

−1

∂ε
(E.8)

Using the properties defined in Equations (A.45) to (A.47)

Term1 =
[
I2⊗

(
H−1 · σ̃

)
+
(
H−1 · σ̃

)
⊗I2

]
:
∂H−1

∂ε
+
(
H−1⊗H−1

)
:
∂σ̃

∂ε
(E.9)

Evaluating the second term on the right-hand side of Equation (E.6)

Term2 = −1

3

∂

[
H−2(H−2:σ̃)

(1−DH)

]
∂ε

(E.10)

Since H−2 : σ̃ is a scalar product, the product rule of differentiation Equa-
tion (A.59) can be applied. Using the property Equation (A.16) H−2 : σ̃ =
σ̃ : H−2

Term2 = −1

3

( σ̃ : H−2

1−DH

)
∂H−2

∂ε
+H−2 ⊗

∂
(
σ̃:H−2

1−DH

)
∂ε

 (E.11)

Using the normal quotient rule of differentiation of two scalars

Term2 = −1

3

[(
σ̃ : H−2

1−DH

)
∂H−2

∂ε
+

H−2 ⊗
(
1−DH

) ∂(σ̃:H−2)
∂ε −

(
σ̃ : H−2

) ∂(1−DH)
∂ε

(1−DH)2

]
(E.12)
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Term2 = −1

3

[(
σ̃ : H−2

1−DH

)
∂H−2

∂ε
+

1

1−DH
H−2 ⊗

∂
(
σ̃ : H−2

)
∂ε

−(
σ̃ : H−2

)
(1−DH)2

H−2 ⊗
∂
(
1−DH

)
∂ε

]
(E.13)

Using Equation (A.61)

Term2 = −1

3

[(
σ̃ : H−2

1−DH

)
∂H−2

∂ε
+

1

1−DH
H−2⊗

(
∂σ̃

∂ε
: H−2 + σ̃ :

∂H−2

∂ε

)

+

(
σ̃ : H−2

)
(1−DH)2

H−2 ⊗
∂
(
DH
)

∂ε

]
(E.14)

Using Equation (A.57) and DH = 1
3tr (D)

Term2 = −1

3

[(
σ̃ : H−2

1−DH

)
∂H−2

∂ε
+

1

1−DH
H−2 ⊗

(
σ̃ :

∂H−2

∂ε

)
+

1

1−DH
H−2 ⊗

(
∂σ̃

∂ε
: H−2

)
+

(
σ̃ : H−2

)
3 (1−DH)2

H−2 ⊗
(
I2 :

∂D

∂ε

)]
(E.15)

Term2 =− 1

3

[(
σ̃ : H−2

1−DH

)
I4 +

1

1−DH
H−2 ⊗ σ̃

]
:
∂H−2

∂ε
−

1

3 (1−DH)
H−2 ⊗

(
∂σ̃

∂ε
: H−2

)
−
(
σ̃ : H−2

)
9 (1−DH)2

H−2 ⊗
(
I2 :

∂D

∂ε

)
(E.16)

Evaluating the third term on the right-hand side of Equation (E.6)

Term3 =
1

3
I2 ⊗

∂
[(
1− ηDH

)
(I2 : σ̃)

]
∂ε

(E.17)

Since I2 : σ̃ is a scalar product, the normal product rule of differentiation of
two scalars can be applied.

Term3 =
1

3
I2 ⊗

[
(I2 : σ̃)

∂
(
1− ηDH

)
∂ε

+
(
1− ηDH

)(
I2 :

∂σ̃

∂ε

)]

=
1

3
I2 ⊗

[
(I2 : σ̃)

(
−η∂D

H

∂ε

)
+
(
1− ηDH

)(
I2 :

∂σ̃

∂ε

)] (E.18)



182

Using Equation (A.57)

Term3 =
1

3
I2 ⊗

[
(I2 : σ̃)

(
−η1

3
I2 :

∂D

∂ε

)
+
(
1− ηDH

)(
I2 :

∂σ̃

∂ε

)]
= −η

9
(I2 : σ̃) I2 ⊗

(
I2 :

∂D

∂ε

)
+

(
1− ηDH

)
3

I2 ⊗
(
I2 :

∂σ̃

∂ε

) (E.19)

Adding the first, second and third terms (Equations (E.9), (E.16) and (E.19))
gives the material stiffness matrix:

K̄ =
[
I2⊗

(
H−1 · σ̃

)
+
(
H−1 · σ̃

)
⊗I2

]
:
∂H−1

∂ε
+
(
H−1⊗H−1

)
:
∂σ̃

∂ε

− 1

3

[(
σ̃ : H−2

1−DH

)
I4 +

1

1−DH
H−2 ⊗ σ̃

]
:
∂H−2

∂ε
−

1

3 (1−DH)
H−2 ⊗

(
∂σ̃

∂ε
: H−2

)
−
(
σ̃ : H−2

)
9 (1−DH)2

H−2 ⊗
(
I2 :

∂D

∂ε

)

− η

9
(I2 : σ̃) I2 ⊗

(
I2 :

∂D

∂ε

)
+

(
1− ηDH

)
3

I2 ⊗
(
I2 :

∂σ̃

∂ε

)
(E.20)

There are four derivatives ∂σ̃
∂ε ,

∂D
∂ε ,

∂H−1

∂ε and ∂H−2

∂ε involved in Equation (E.20).
The derivatives of functions of H can be evaluated using Equations (A.56),
(A.58), (C.12) and using the symmetry of H−1

∂H−1

∂ε
=
∂H−1

∂H
:
∂H

∂D
:
∂D

∂ε

= −
(
H−1 · I4 ·H−1

)
: [I4 ·H+H · I4]−1 :

(
H2⊗H2

)
:
∂D

∂ε

(E.21)

using Equations (A.45) to (A.47)

∂H−1

∂ε
= −

(
H−1⊗H−1

)
: [I2⊗H+H⊗I2]

−1 :
(
H2⊗H2

)
:
∂D

∂ε
(E.22)
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The derivative ∂H−2

∂ε can be determined using Equation (A.60) and using the
symmetry of H−1

∂H−2

∂ε
=
∂
(
H−1 ·H−1

)
∂ε

=
(
I4 ·H−1

)
:
∂H−1

∂ε
+H−1 · ∂H

−1

∂ε

=
[
I4 ·H−1 +H−1 · I4

]
:
∂H−1

∂ε

(E.23)

using Equations (A.46) and (A.47)

∂H−2

∂ε
=
[
I2⊗H−1 +H−1⊗I2

]
:
∂H−1

∂ε
(E.24)

The other two derivatives i.e. ∂σ̃
∂ε and ∂D

∂ε are determined from theMM matrix
(see Section 3.3.2).
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Appendix F

ML Anisotropic Damage
Model Parameter
Identification for DP600

This appendix gives the procedure for determination of ML anisotropic dam-
age model parameters for DP600 using the fast identification method [87] as
used in Section 6.1.2.
There are a few assumptions made in the fast identification method; the hy-
drostatic sensitivity parameter η is taken equal to 3, damage begins at the
strain on which the ultimate engineering stress occurs and damage is assumed
to be isotropic. The procedure uses data from a tensile test and low cycle
fatigue tests. To account for the modifications mentioned in Section 3.2.2,
the damage parameter identification will be done on a slow tensile test at an
engineering strain rate of 0.001 /s. The Euro-Norm tensile test specimen with
a gauge length of 50mm was selected for this purpose. The value of Dc and s
determined from this test will be termed as reference values Dc0 and s0. The
engineering strain rate of the tensile test is taken as the reference strain rate
ε̇r0. Figure F.1 shows the engineering stress strain curve for the tensile test
carried out at an engineering strain rate of 0.001 /s. According to the fast
identification method, damage begins at the strain at ultimate stress which
is εpD ≈ 0.18. The critical damage value (taken as reference critical damage
value in this research) is defined based on the ultimate tensile strength and
the rupture stress.

Dc0 = 1− σR
σU

= 0.18 (F.1)
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Figure F.1: Tensile test at strain rate of 0.001 /s. Determination of damage parameters.

Apart from these values, the ratio of the minimum cross sectional area AR to
the initial cross sectional area A0 was also determined from the tensile test.
This value will be used to determine the local rupture strain in the necking
region ε∗pR as given in Equation (F.2).

ε∗pR = 2

(
1−

√
AR

A0

)
(F.2)

ε∗pR is going to be used for the determination of the other two parameters S
and s0. The fast identification method also uses the data from a low cycle
fatigue test. The information required from low cycle fatigue tests are the
stress amplitude (σmax1 and σmax2), plastic strain amplitude (∆εp1 and ∆εp2)
and the number of cycles to failure (NR1 and NR2) determined from two low
cycle tests. The fatigue limit σ∞f is also required in this procedure. The fatigue
data along with Dc0, σU and ε∗pR is substituted in Equations (F.3) and (F.4)
to obtain two equations with two unknowns s0 and m.

NR1 =
εpD

2∆εp1

(
σU − σ∞f
σmax1 − σ∞f

)m

+
1− (1−Dc0)

2s0+1

2 (2s0 + 1)Dc0∆ε
p
1

(
σU
σmax1

)2s0 (
ε∗pR − εpD

)
(F.3)

NR2 =
εpD

2∆εp2

(
σU − σ∞f
σmax2 − σ∞f

)m

+
1− (1−Dc0)

2s0+1

2 (2s0 + 1)Dc0∆ε
p
2

(
σU
σmax2

)2s0 (
ε∗pR − εpD

)
(F.4)

where m is an exponent which modifies the damage threshold for fatigue load-
ing. The value of m was found to be 7.8. However, it is not used because
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fatigue loading is not in the scope of this research. Solving Equations (F.3)
and (F.4) gives s0 = 2.3. Using Equation (F.5), the value for S is determined
as S = 1.4

S =
σ2U

2E

(
Dc0

ε∗pR−εpD

) 1
s0

(F.5)

The detailed derivation of Equations (F.2) to (F.5) can be found in [87].
As mentioned earlier, the fast identification method utilizes the assumption of
isotropic damage but the same parameters can also be used for the anisotropic
damage model because these parameters only account for the LIAD part of
ML anisotropic damage model.
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