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SUMMARY

Finite element simulation of sheet metal forming is a well-established tool which is
used in industrial practice to evaluate geometrical defects caused by elastic springback.
Springback can be defined as an elastically-driven change of shape of the deformed
part upon removal of external loads. This phenomenon results in a deviation of the
real product geometry from that defined in the design phase and can cause significant
problems during assembly. To keep the product development time and manufacturing
costs low, finite element analysis aims to provide reliable information necessary for the
modification of tool and product geometry. Therefore, the accuracy of information
obtained in a numerical simulation of springback is essential for the product designers
and die makers.

This thesis deals with the improvement of numerical prediction of the springback
phenomenon in sheet metal forming. Modelling guidelines and advanced numerical
algorithms are presented that better satisfy industrial requirements for an accurate
simulation of springback.

Various aspects of a finite element analysis must be carefully considered to prepare
an adequate numerical model. An experimental and numerical study was carried out
to reach a better understanding of the sensitivity of springback to various physical
and numerical parameters. It was demonstrated that a large modelling error can be
encountered if an inappropriate material model, contact description, element type
and method of unloading is used in the numerical analysis. It was additionally
emphasised that the accuracy of springback prediction can be significantly affected by
purely numerical factors, such as mass scaling and iterative equation solvers. Artificial
adaptations of the model or a low accuracy when solving the global system of equations
may lead to an unrealistic change of the part’s shape upon unloading.

A finite element solution is influenced by the number of elements used in the numerical
model. In simulations of sheet metal forming, using very coarse meshes to describe
the blank and tools can reduce the total computation time, but it can also reduce the
accuracy of the stress state predicted at the end of the deformation. Recommendations
for an appropriate discretisation of the blank and tools have been developed and
validated in this thesis. It was demonstrated that the suggested mesh densities
minimise the negative effects caused by a poor discretisation and lead to a more
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accurate springback prediction.

A simple stretch bending model was used to demonstrate the limitations of the
tradition numerical rules used for the through-thickness integration in shell elements.
If a sheet material deforms elasto-plastically, these rules require a large number of
through-thickness integration points to ensure an accurate springback prediction.
To overcome this problem, an adaptive scheme was developed to integrate through
the thickness of the shell elements. This scheme uses a limited number of points
which can be relocated during the simulation to provide a more accurate prediction
of stress resultants at the end of forming. The adaptive scheme relies on several
algorithms that: locate the interfaces which separate the elastic and plastic regions of
the material; redistribute the integration points such that a point coincides with the
elastic-plastic transition; update state variables of the relocated points and perform
the actual integration.

The developed adaptive scheme was extended to make it suitable for simulations of
realistic deep drawing problems. An advanced algorithm that locates elastic-plastic
interfaces was developed. The algorithm is independent of the yield function used in
the numerical analysis and can determine the through-thickness location of the elastic-
plastic transitions that appear when a material is cyclically bent under tension. Based
on this algorithm, a generally applicable adaptive integration scheme was formulated
and implemented in the implicit finite element code DiekA. Simulations of several
numerical examples were used to evaluate the performance of the advanced adaptive
scheme in various deformation regimes. It was demonstrated that the adaptive scheme
can guarantee the same level of accuracy of a traditional scheme with a significantly
lower number of integration points, hereby decreasing the computation time. Besides,
it was shown that the accuracy of adaptive integration does not depend on material
properties nor geometrical parameters of a problem.



SAMENVATTING

Eindige-elementensimulaties van plaatvervormingsprocessen zijn een gevestigd
gereedschap en worden tegenwoordig gebruikt in industrile problemen voor het
evalueren van geometrische afwijkingen door elastische terugvering. Terugvering kan
worden gedefinieerd als een elastisch gedreven vormverandering van het onderdeel na
het wegnemen van externe belastingen. Dit verschijnsel resulteert in een afwijking van
de daadwerkelijke geometrie van het product ten opzichte van de gewenste geometrie.
De assemblage van onderdelen kan aanzienlijke problemen geven. Eindige-elementen
analyses moeten betrouwbare informatie leveren voor het wijzigen van gereedschap-
en productgeometrie, om de kosten en tijd van het productontwikkelingsproces laag te
houden. Nauwkeurige informatie over terugvering, verkregen met eindige-elementen
simulaties, is daarom essentieel voor productontwerpers en matrijsontwerpers.

Dit proefschrift behelst het verbeteren van de numerieke voorspelling van
het terugveringsverschijnsel in plaatvervormingsprocessen. Ontwerpregels en
geavanceerde numerieke algoritmen worden gepresenteerd die beter voorzien in de
industrile behoefte voor een nauwkeurige simulatie van terugvering.

De verschillende aspecten van de eindige-elementen analyse moeten zorgvuldig worden
overwogen voor het opzetten van een numeriek model. Een experimenteel en
numeriek onderzoek is uitgevoerd om een beter inzicht te verkrijgen in de gevoeligheid
voor terugvering met betrekking tot verscheidene fysische en numerieke parameters.
Aangetoond is dat met het numerieke model grote modelleerfouten kunnen optreden
als een ongeschikt materiaal model, contact beschrijving, element type en methode
voor het wegnemen van de belasting wordt gebruikt in de analyse. Verder wordt
aangetoond dat de nauwkeurigheid van de voorspelling van de terugvering aanzienlijk
kan worden bëınvloed door puur numerieke factoren, bijvoorbeeld massa compensatie
of iteratieve vergelijkingsoplossers. Kunstmatige aanpassingen aan het model, of een
lage behaalde nauwkeurigheid bij het oplossen van de globale systeemvergelijkingen,
kan resulteren in een onrealistische verandering van de productgeometrie na het
wegnemen van de belastingen.

Een eindige-elementen simulatie is afhankelijk van het aantal elementen in het
numerieke model. In simulaties van plaatvervormingsprocessen kan het gebruiken
van een grof elementengrid voor de beschrijving van plaat en gereedschappen de
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rekentijd verkorten, maar zal de nauwkeurigheid van de voorspelde spanningstoestand
aan het einde van het vervormingsproces afnemen. Aanbevelingen voor een adequate
discretisatie van de plaat en de gereedschappen zijn ontwikkeld en gevalideerd
in dit proefschrift. Aangetoond is dat de aanbevolen element dichtheden de
negatieve effecten van slechte discretisatie minimaliseren en daarmee leiden tot een
nauwkeurigere voorspelling van de terugvering.

Een simpel rek- buigingsmodel is gebruikt om de beperkingen van traditionele ’door-
de-dikte’ integratieschema’s van schaal elementen aan te tonen. Als een plaat
materiaal elastisch-plastisch vervormt, dan gebruiken deze integratieschema’s een
groot aantal integratiepunten voor een accurate voorspelling van de terugvering.
Om dit probleem te vermijden is een adaptief integratieschema ontwikkeld voor
schaal elementen. Dit schema gebruikt een beperkt aantal integratiepunten, welke
kunnen worden herplaatst gedurende de simulatie, om een betere voorspelling van de
resterende spanningen na het vormgevingsproces te krijgen. Het adaptieve schema
bestaat uit verscheidene algoritmen: het lokaliseren van de interface tussen de
elastische en plastische regionen van het materiaal; opnieuw distribueren van de
integratiepunten zodat een punt samenvalt met een elastisch-plastisch overgang; het
aanpassen van de toestandsvariabelen van de opnieuw gedistribueerde punten en
uitvoering van de daadwerkelijke integratie.

Het ontwikkelde adaptieve schema is uitgebreid om het toepasbaar te maken
voor gebruik in simulaties van realistische dieptrek problemen. Een geavanceerd
algoritme voor de lokalisering van de elastisch-plastische overgang is ontwikkeld.
Het algoritme is onafhankelijk van het gebruikte vloeioppervlak en het kan de
elastisch-plastische overgangen over de dikte bepalen wanneer het materiaal cyclisch
wordt gebogen onder trekspanning. Op basis van dit algoritme is een adaptief
integratieschema geformuleerd en gemplementeerd in het impliciete eindige-elementen
programma DiekA. Simulaties van verscheidene numerieke voorbeelden zijn gebruikt
om de prestaties van het geavanceerde adaptieve schema te evalueren in meerdere
deformatieregimes. Het is aangetoond dat doordat minder integratiepunten nodig
zijn, het adaptieve schema de rekentijd aanzienlijk terugbrengt. De nauwkeurigheid
wordt niet benvloed door verandering van de simulatieparameters.
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CHAPTER

ONE

INTRODUCTION

1.1 Geometrical defects in sheet metal forming

A large variety of metallic parts of automobiles, aircrafts, building products and
domestic appliances are produced by deformation processing. This comprises
manufacturing methods that are used to create the primary shape of products
by plastically deforming the material. Well-known examples are forging, rolling,
extrusion, sheet metal forming and hydroforming [1, 2]. Sheet metal forming is a
special class of deformation processes in which blanks, with the thickness being much
smaller than the other dimensions, are formed into the desired shape. Sheet metal
forming involves bending, flanging, stretching, punching, deep drawing and some other
processes.

The deep drawing process allows the production of large quantities of sheet metal parts
of various complexity. An exploded view of a typical set-up for the deep drawing
process is illustrated in Figure 1.1. During the process a piece of sheet metal is
clamped between the die and the blankholder. A force is applied to the blankholder to
prevent wrinkling of the sheet and to control the material flow during the deformation.
When the punch is pushed into the die cavity the sheet deforms plastically and thereby
it takes the specific shape of the tools. An example of such a deep drawing part is
given in Figure 1.2(a).

The quality of the final product shape is determined by the tools design, process
parameters, shape and material of the blank. It is important to carefully consider
all these factors prior to manufacturing, otherwise a defective product could result.
Typical defects which are observed in sheet metal forming practice are wrinkling,
necking and subsequent fracture, drawing grooves and orange peel [2, 3]. In addition to
these defects, there is also always geometrical distortion caused by elastic springback.
Right after forming, the shape of the deformed product closely conforms to the
geometry of tools. However, as soon as the tools are retracted, an elastically-driven
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Blank
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Blankholder

Punch

Figure 1.1: Exploded view of the set-up for deep drawing of an automotive part.
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Figure 1.2: Automotive underbody cross member. Shape deviation due to springback.

change of the product shape takes place. The significance of this is illustrated
in Figures 1.2(b) and 1.2(c) where the geometry of the automotive part in two
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cross-sections is shown. Profiles, measured using optical scanning equipment [4],
are compared to the CAD data. As can be seen, springback causes a considerable
deviation of the product geometry from the design specification and will be the major
cause of assembly problems. Nowadays springback raises even higher concerns in the
automotive industry due to the current trends of using sheets made of aluminium
alloys and high strength steels. Due to their mechanical properties products made of
these materials exhibit higher geometrical distortions upon unloading.

The industry relies on two groups of techniques to control the springback, namely
mechanics-based reduction and geometry-based compensation [5]. Methods from the
first group are based on the understanding of the mechanics of sheet metal forming.
For example, blankholder force control is a commonly used technique. This is based
on choosing the appropriate blankholder force trajectory which reduces the amount of
springback by increasing the tension in the material [6–9]. Another method to reduce
the springback is to form a product in multiple steps using several sets of tools or
only one set with some additional mechanisms. Typical methods that are based on
this type of operations are redrawing or forming with reconfigurable tooling [10].

The second group - the geometry-based compensation - can guarantee the shape
accuracy of the formed product by performing the appropriate modifications of the
tools [11]. The basis for these modifications are the measurements of the part after
real forming or the results of computer simulations. Various methods for measuring
shape deviations are available in the industry, e.g. checking fixture-based method
or on-die springback measurements [5]. These techniques provide reliable data for
the springback compensation but can be very time-consuming and cost-prohibitive,
especially when applied to complex parts made of high strength steels or aluminium
alloys. These drawbacks can be overcome by using computer simulations in the
tool design phase, provided that the numerical analysis ensures accurate springback
prediction.

1.2 Numerical simulations in the design process

To manufacture a sheet metal part with the desired shape and performance, an
extensive knowledge about the influence of various parameters is needed. In order to

3D model FE analysis Tool design Product

Figure 1.3: Design process schematic.
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establish this knowledge base, experimental try-outs and numerical simulations are
used. Computer simulation, based on the finite element (FE) method, is a powerful
tool that gives the possibility to observe effects of changing any process parameter
prior to the actual tool manufacturing [12, 13].

To illustrate the actual role of computer simulations, a typical process chain for the
manufacture of an automotive part is considered. To reduce the production costs,
minimise the development time and improve the product quality, FE simulations are
performed at different stages of the process chain [14–16]. During the conceptual
development, simulations are used to evaluate feasibility of manufacturing of the
designed part and to define required modifications of the concept. More elaborate and
accurate simulations are performed during the tool design and manufacturing phase to
determine the number of stamping steps and the optimal process parameters. These
calculations are also used for the springback prediction and compensation to define
the actual tool geometry. Finally, numerical analysis is also employed during the tool
tryout and the actual production, in order to eliminate any remaining forming defects
[12].

Despite significant developments in the field of FE simulation of sheet metal forming
processes, currently the accuracy of springback prediction does not yet satisfy
industrial needs [16–19]. There remains a need to use expensive and time-consuming
experimental try-outs to determine the proper tool geometry and all other parameters
which can lead to the desired product shape. The low accuracy of springback
prediction is attributed to the lack of understanding of this phenomenon and to
the use of oversimplified models that describe, for example, the material behaviour
or contact conditions during the deformation. Therefore, research in this field is
necessary that can improve the usability of numerical simulations in industrial sheet
metal forming. Accurate prediction and control of springback will allow tool designers
to numerically evaluate the possibility of obtaining the specified product shape and
to perform necessary modifications based on this information only (Figure 1.3). A
reliable numerical procedure can eliminate the need for experimental try-outs, and
hence drastically reduce the lead time and manufacturing costs.

1.3 Objective and outline of this thesis

The main objective of the research presented in this thesis is to develop and improve
numerical algorithms and modelling guidelines that will allow the industry to meet
its requirements in the accuracy of springback prediction in sheet metal forming.

The general outline of the thesis is as follows. Chapter 2 summarises major
findings in the literature and describes some results of numerical and experimental
work conducted to obtain a better understanding of the springback phenomenon.
Important subjects of FE modelling and their influence on the accuracy of springback
prediction are discussed. To show basic dependencies between the amount of
springback and material properties or process parameters, a simple analytical model
for stretch bending is developed. Also, guidelines for decreasing the modelling error
in an FE analysis of springback are defined.
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The discretisation error is the main subject of Chapter 3. FE simulations with shell
elements are used to show the negative influence of poor blank and tool discretisation
on the accuracy of springback prediction. Guidelines for choosing an appropriate
element size while meshing the blank and tools are given.

Additional methods for decreasing the error due to the spatial discretisation are
discussed in Chapter 4. In this chapter, reasons behind the error of springback
prediction resulting from using standard through-thickness integration schemes for
shell elements are investigated. An efficient strategy for adaptive through-thickness
integration is presented and its potential is shown using academic test problems. In
Chapter 5 the scheme is further extended with an algorithm that can trace the location
of stress profile kinks in realistic loading conditions. Several academic tests and a
benchmark problem are used to evaluate the performance of a generally applicable
adaptive scheme and to demonstrate the advantages of adaptive integration in FE
analysis of springback in sheet metal forming.

Conclusions and recommendations of this thesis are summarised in Chapter 6.





CHAPTER

TWO

SPRINGBACK IN SHEET METAL FORMING

Springback can be defined as an elastically-driven change of shape of a deformed
product which takes place during removal of external loads. It is a complex physical
phenomenon which is mainly governed by the stress state obtained at the end of
a deformation. Depending on the product geometry and deformation regime, there
are several types of springback in sheet metal forming: bending, membrane, twisting
and combined bending and membrane[5]. Pure bending springback can be observed
after bending a material in plane strain. Membrane springback takes place during
the unloading of a material from in-plane tension or compression. The twisting type
of springback can be observed while forming components with large differences in
sectional dimensions, such as for example shallow panels [20]. This type of springback
is the result of uneven elastic recovery in different directions. The combined bending
and membrane springback is the type which is most commonly observed in industrial
practice. The product geometry is usually so complex that the material is bent out-
of-plane and simultaneously stretched or compressed in-plane.

Accurate modelling of springback in sheet metal forming requires that this
phenomenon is well understood. Simple experimental procedures can be used to study
the sensitivity of springback to various process parameters, for example flanging [21]
or unconstrained cylindrical bending [22]. More complex tests have been developed
to obtain a better understanding of material behaviour in realistic deformation
regimes [23, 24]. Recent experimental investigations have shown that the springback
phenomenon in sheet metals also involves small scale plasticity effects and is thus not
fully elastic [25, 26].

Several methods are available for the prediction of springback. Analytical solutions
that describe the change of product geometry after simple forming operations were
developed, see for example in [27–29]. Although not generally applicable, these models
are powerful tools that can be used to quickly visualise dependencies between some
material and process parameters and the amount of springback. Springback analysis
of complex industrial products is usually performed using the finite element (FE)
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method. When using FE models it is important to remember that the accuracy of
springback prediction is determined by factors that are responsible for the quality of
simulation of the forming step. In past decades, various assumptions were introduced
to make a simulation of forming more efficient. In some cases, these assumptions
may be contrary to reality and applicability of most of them to the simulation of
springback should be reanalysed [17, 30–32].

A short overview of the experimental procedures that are used to study the springback
phenomenon in sheet metals is given in Section 2.1. A simple analytical model that
describes bending of a beam under tension and allows calculating stress resultants
and the change of shape during unloading is given in Section 2.2. This model is used
to show the influence of some physical and numerical parameters on the amount of
springback. Various modelling aspects that have a significant effect on the accuracy
of springback prediction are discussed in Section 2.3. Guidelines for the accurate
prediction of springback in sheet metal forming using FE analysis conclude this
chapter.

2.1 Experimental procedures to characterise
springback

In recent years, various experimental techniques have been developed to study and
characterise springback in sheet metals. The most popular and commonly used
procedures are cylindrical bending [22], U-bending [33, 34], V-bending [34–36] (see
Figure 2.1) and flanging [21, 37]. These methods are attractive because the level
of springback is large and can easily be measured. Sensitivity of springback to
basic parameters, such as the tool radius to sheet thickness (R/t) ratio, mechanical
properties of sheet material and contact parameters is usually studied. The major
drawback of these experiments is that they cannot imitate realistic process conditions
during sheet metal forming.

Stretch bending tests are used to study the importance of tension in minimising and
controlling springback [38]. A typical test scheme is shown in Figure 2.2. A metallic
strip is fixed between the tools and is deformed by displacing the semi-cylindrical

Die

Punch

Blank

(a) U-bending

Die

Punch

Blank

(b) V-bending

Figure 2.1: Commonly used experimental techniques for studying the springback in sheet metals.
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Blank FblhFblh

Punch

Drawbead

Figure 2.2: Stretch bending test (Kuwabara et al. [38]).

punch through a certain distance. As shown in this figure, drawbeads are employed
to restrain the material flow. A drawbead can be considered as the local control
mechanism that sufficiently restrains the material flow at relatively low blankholder
force [3]. The restraining force is created by cyclic bending and unbending the material
when it travels through the drawbead. This type of test can be used to show the effect
of in-plane tension on the amount of springback.

A simple bending-reverse bending experimental method was proposed by Gau and
Kinzel [39, 40]. As illustrated in Figure 2.3, the experimental procedure consists
of several steps: bending, turning the sheet specimen and bending in the opposite
direction, turning the specimen again and bending it in the original direction, and so
on. Angle after springback is determined by the coordinate measuring machine and
the dependence of this angle on the deformation history can then easily be observed.

The draw bending test (see Figure 2.4), presented as a benchmark problem at the
NUMISHEET 1993 conference, is often used to assess springback in sheet metals under
more realistic forming conditions. During forming, the blank material experiences
stretching, bending and unbending deformations when it passes the tool radius. This
deformation path creates a complex stress state which is responsible for the formation

(a) bending (b) reverse bending

Figure 2.3: Some steps of deformation sequence of bending, reverse bending test (Gau and
Kinzel [39]).
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(b) blank after springback, mild steel

Figure 2.4: Top-hat section test - NUMISHEET’93 benchmark.

of so-called sidewall curl (see Figure 2.4(b)). Various authors used this experimental
set-up in their studies and it has been shown that the sidewall curl becomes more
pronounced for small tool radii and smaller clearances between the tools [6, 28, 41, 42].

The major drawback of the draw bending test is the lack of control or direct
measurement of sheet tension, which makes this experimental procedure less suitable
for verifying the results of simulations [17, 24, 43, 44]. Carden et al. suggested
an alternative experimental procedure that can be used to study springback in sheet
metals in realistic forming conditions [24]. The draw/bend test is schematically shown
in Figure 2.5. The experimental set-up consists of upper and lower actuators oriented
at 90◦ to one another. Placed at the intersection of their action lines there is a
cylinder which represents the tooling radius. The upper actuator provides a constant
restraining force, while the lower actuator is used to displace the blank at a constant
speed. When drawn over the tool radius, the blank undergoes tensile loading, bending

Original

position

position

Final

Lower

actuator

actuator

Upper

Friction

Fb

Blank after

springback

Blank

Figure 2.5: Draw/bend test (Carden et al. [24]).
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and unbending. The test is considered as a well-characterised example of a forming
operation that emulates real process conditions and has the advantage of simplicity
[17]. This test was also used to show experimentally the time-dependent springback
of aluminium alloys [24, 45].

The amount of springback during unloading depends on the Young’s modulus of the
material. In analysis of sheet metal forming it is common practice to assume that the
elastic modulus remains constant. However, experimental investigations revealed that
elastic constants of a material may change during the plastic deformation. Decrease of
the elastic constants with increasing plastic strain was shown experimentally for the
first time by Lems [46]. Tensile tests were used to study the change of Young’s modulus
of gold, copper and silver. The fact that workhardening of steels and aluminium
alloys can cause an appreciable decrease of the elastic modulus was experimentally
proved by several authors [25, 47–51]. In the experiments, tensile-compression tests
were used and the Young’s modulus was measured either from the stress-strain
relation obtained by employing a precision extensometer or dynamically, based on
the specimen’s natural frequencies. It was shown that both for steels and aluminium
alloys the Young’s modulus can decrease with plastic straining by up to 20% of its
initial value. Additionally, it was also shown experimentally that the elastic modulus
recovers to its initial value with time [46, 47]. Movable dislocations and their pile-up
due to the plastic deformations are considered to be the major cause of the decrease
of Young’s modulus. During the plastic deformation, released dislocations move along
slip surfaces and easily pile up when stopped by solutes, grain boundaries or some
other obstacles. These movable pile-up dislocations can move backward when the
shearing stress is released during unloading, leading to a small amount of non-elastic
deformations. Therefore, as shown in Figure 2.6, the reduction of the elastic modulus
can be seen as an extra nonlinear component of the total springback strain which
is strongly dependent upon the deformation path and the crystallographic texture
evolution [25, 26, 45, 52].

Figure 2.6: Nonlinear effects during unloading (Cleveland and Gosh [25]).
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2.2 Analytical prediction of springback in stretch
bending

In sheet metal forming, analytical solutions for springback were first derived for simple
two-dimensional cases, such as plane strain bending, stretch bending, drawing and
plane strain cyclic bending [28, 53–55]. Later, methods for the theoretical prediction of
springback after realistic forming operations were developed, e.g. flanging [21, 37, 56],
V-bending [27, 57], double-curvature forming [29, 58–60] and U-bending [61]. Special
attention was given to the accurate analytical prediction of the sidewall curl caused
by bending and unbending deformation at the die shoulder.

In this section the mechanics of plane strain bending in combination with tension
of an elastic-plastic sheet material is considered. An analytical model for arbitrary
isotropic hardening is developed, which can be used to predict tensile forces, bending
moments and springback.

2.2.1 Plane strain bending

Bending a sheet material along a straight line is considered. It is assumed that
a plane strain condition exists in the plane perpendicular to the bending line and
that cross-sections remain plane and normal to the mid-surface after the deformation
(Kirchhoff hypothesis). A two-dimensional representation of the considered problem
is shown in Figure 2.7. During bending, a radial direction ρ and a circumferential
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Figure 2.7: Plane strain bending: a) definition of parameters; b) typical strain and stress profiles
which occur during the deformation.

direction θ can be distinguished. Because of the Kirchhoff hypothesis these directions
are the principal strain directions. For planar isotropic materials, it also means that
these directions are the principal stress directions. Note that the mid-surface is not
necessarily the neutral surface. If a tensile force is present during bending, the neutral
line shifts towards the centre of curvature. Figure 2.7(b) shows stress and strain
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distributions in a cross-section of the material after bending to a radius under tension.
These quantities are defined below.

2.2.2 Strains and stresses

A line segment of initial length l0, situated at a distance z above the mid-surface,
after bending to an angle θ with a radius of curvature ρ will deform to a length l.
The radius of curvature is defined as ρ = R + t/2 where t is the material thickness.
The segment’s length l can be expressed as a function of the length of the fibre at the
mid-plane lm = ρθ, the radius of curvature and the distance z:

l = (ρ + z) θ = lm

(
1 +

z

ρ

)
(2.1)

The circumferential true strain is given by:

εθ = ln(l/l0) = ln
[
lm
l0

(
1 +

z

ρ

)]
(2.2)

This can be split in the true strain in the mid-plane:

εm = ln(lm/l0) (2.3)

and an additional bending true strain:

εb = ln
(

1 +
z

ρ

)
(2.4)

In the case of large R, the difference between the true strain and the engineering strain
is negligible, however, the engineering strain is easier to handle. The membrane and
bending engineering strains can be written as follows:

εm = Δlm/l0 (2.5)

εb =
z

ρ
(2.6)

From the assumption of linear distribution of strains through the sheet thickness, the
membrane strain has a value equal to:

εm =
a

ρ
(2.7)

where variable a defines the position of the neutral line. The total engineering
circumferential strain becomes:

εθ =
z + a

ρ
(2.8)

The material behaviour in this model is restricted to isotropic. In a plane strain
situation, in the case of the von Mises yield condition the main principal stress can
be found from [53]:

σθ =
2√
3
σf = S (2.9)

where σf is the uniaxial flow stress and S is the plane strain flow stress.
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2.2.3 Constitutive relations

In general, a material will show elastic-plastic strain-hardening behaviour. In the
elastic range the stress in the circumferential direction is found from Hooke’s law for
plane strain:

σθ =
E

1 − ν2
εθ = E′εθ (2.10)

where E is the Young’s modulus and ν is Poisson’s ratio. The plastic strain-hardening
behaviour is approximated by a power law (Nadai hardening):

σθ = C ′
(
ε0 + εp

θ

)n

(2.11)

with C ′ and n hardening parameters and ε0 being a pre-strain which can be calculated
from the following condition:

σf(0) = Cεn
0 (2.12)

where σf(0) is the initial uniaxial yield stress and C is the material strength coefficient
in the uniaxial case. The relation between the plane strain and uniaxial value of this
parameter can be approximated by:

C ′ ≈ C
( 2√

3

)n+1

(2.13)

2.2.4 Loading - stress resultants

Equations that define stress resultants acting on the strip during the deformation are
derived next. Let b1 and b2 be variables that determine the position of yield points
in regions where the material is in tension or compression (see Figure 2.7(b)). These
variables are defined relative to the neutral line which is situated at z = −a. The
coordinates of the yield points are:

z1 = −a + b1

z2 = −a − b2
(2.14)

Combining Equations (2.14) and (2.8) gives the yield strains in the tension and
compression regions:

tension region

εy
θ =

z1 + a

ρ
=

b1

ρ
(2.15)

compression region

εy
θ =

z2 + a

ρ
= −b2

ρ
(2.16)

The variables b1 and b2 define the boundaries of the elastic region and can be found
by using Hooke’s law:

b1 = b2 = ρεy
θ =

ρ

E′ S0 (2.17)
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where E′ is defined by Equation (2.10) and S0 is the initial plane strain flow stress,
Equation (2.9).

The total circumferential strain in the region of plastic deformations can be defined as
the sum of two parts - the constant strain at yield and the strain due to the material
workhardening:

εθ = εy
θ + εwh

θ (2.18)

Rewriting the above equation, the strain due to the material workhardening can be
derived:

tension region

εwh
θ = εθ − εy

θ =
z + a

ρ
− S0

E′ (2.19)

compression region

εwh
θ = εθ − εy

θ =
z + a

ρ
+

S0

E′ (2.20)

The circumferential stress in the plastic deformation region is determined by Equation
(2.11). In order to calculate the stress, the plastic strain must be known. However,
since the power law represents a non-linear hardening behaviour, the plastic strain is
not known beforehand. Therefore an approximation is made by equating the plastic
strain to the strain due to workhardening. The plastic strain εp

θ = εθ − εe
θ is smaller

than the strain due to workhardening εwh
θ = εθ − εy

θ and, thus the circumferential
stress is overestimated. Note that this overestimation rapidly decreases for small
strains or a low C ′ value. As a result, the circumferential stress in the plastic part of
the material can be written as:

tension region

σp
θ = C ′

(
ε0 +

z + a

ρ
− S0

E′
)n

(2.21)

compression region

σp
θ = −C ′

(
ε0 +

∣∣∣z + a

ρ
+

S0

E′

∣∣∣)n

(2.22)

The plastic strain is negative in the compression region, therefore its absolute value is
used in the power law to calculate the circumferential stress. The forces and bending
moments acting on the sheet per unit length can then be found from:

T =
∫ t/2

−t/2

σθ dz (2.23)

M =
∫ t/2

−t/2

σθ z dz (2.24)

The tensile force can be split into three components:

T = T e + T p
T + T p

C (2.25)
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In this equation T e is the force caused by the elastic stresses, T p
T and T p

C are the
tensile and the compressive forces caused by the plastic stresses. The contribution of
the elastic and the plastic stresses to the total tension will be:

T e =
∫ z1

z2

E′ z + a

ρ
dz (2.26)

T p
T =

∫ t/2

z1

C ′
(
ε0 +

z + a

ρ
− S0

E′
)n

dz (2.27)

T p
C = −

∫ z2

−t/2

C ′
(
ε0 +

∣∣∣z + a

ρ
+

S0

E′

∣∣∣)n

dz (2.28)

The total moment per unit width acting about the mid-plane can be described as a
sum of three components:

M = Me + Mp
T + Mp

C (2.29)

where Me is the elastic part, Mp
T and Mp

C are the plastic parts of the total bending
moment in the region of tension and compression. These components can be found
as follows:

Me =
∫ z1

z2

E′ z + a

ρ
z dz (2.30)

Mp
T =

∫ t/2

z1

C ′
(
ε0 +

z + a

ρ
− S0

E′
)n

z dz (2.31)

Mp
C = −

∫ z2

−t/2

C ′
(
ε0 +

∣∣∣z + a

ρ
+

S0

E′

∣∣∣)n

z dz (2.32)

The full derivation of the equations of stress resultants can be found in Appendix B.

2.2.5 Unloading - springback

After bending the sheet to the radius R a moment M remains. If external loads are
removed, this bending moment is released and the sheet will spring back to a different
shape to reach a new equilibrium. The magnitude of the stresses will decrease and
the amount of shape change (i.e. change in curvature) can be related to the applied
bending moment. The change in internal stresses due to elastic unloading reads:

Δσθ = E′Δεθ, with

Δεθ =
z

ρ
− z

ρ′
= Δ

(1
ρ

)
z (2.33)

where ρ′ is the radius of curvature after unloading. The change in internal stresses
causes a change in bending moment, ΔM :

ΔM =
∫ t/2

−t/2

Δσθ z dz =
∫ t/2

−t/2

E′Δ
(1

ρ

)
z2 dz ⇒
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ΔM =
E′t3

12
Δ
(1

ρ

)
=

t3

12
Δσθ

z
(2.34)

The removal of external loads results in ΔM = −M . Thus the change in curvature
is related to the applied bending moment via:

E′t3

12
Δ
(1

ρ

)
= −M

Δ
(1

ρ

)
= −12M

E′t3
(2.35)

The change in curvature leads to a change in bending angle. It can be determined
from the arc length l of the bend which remains constant after bending and during
unloading, hence:

l = θρ ⇒ θ = l
1
ρ

(2.36)

An expression for the change in angle Δθ can be obtained by differentiation of the
above equation to the curvature:

dθ

d
(

1
ρ

) = l = ρ θ ⇒ dθ = d
(1
ρ

)
ρ θ (2.37)

Δθ can then be calculated from:

Δθ = Δ
(1

ρ

)
ρ θ = −12M

E′t3
ρ θ (2.38)

The latter equation defines basic relations between material and process parameters
and the amount of springback. For example, it can be seen that the springback
is proportional to the bending angle θ and to the ρ/t ratio. Additionally, since the
bending moment M is defined as a function of the initial uniaxial yield stress σf(0), the
springback is proportional to the σf(0)/E ratio. Equation (2.38) shows that application
of aluminium alloys and high strength steels in manufacturing of sheet metal parts
leads to larger shape deviations due to the increased springback. For aluminium
sheets the springback is higher due to a smaller Young’s modulus. Application of
high strength steels increases the elastic springback because of the higher initial yield
stress and thinner sheets which are typically used in production.

2.2.6 Influence of in-plane tension on springback

Influence of tension on the amount of springback is shown by considering a particular
example. An aluminium sheet is bent to a given radius and stretched. The sheet
thickness is 1.0mm and the radius of bending is 5.0 mm. The material Young’s
modulus is 70.6 GPa, Poisson’s ratio is 0.341, initial yield stress in uniaxial tension is
125.02 MPa and the hardening parameters are C=561.34 MPa and n=0.321. As the
tension increases, the bending moment M is calculated until the neutral line coincides
with the lower surface of the sheet. The relation between the bending moment and
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Figure 2.8: Effect of tension on the bending moment in elastic-plastic sheet.

the normalised shift of the neutral line, ā = 2a/t, is shown in Figure 2.8. It can
be seen that for the case of no tension, ā = 0, the bending moment has its highest
value. Applying tension during the deformation decreases the bending moment and,
as defined in Equation (2.38), reduces the amount of springback. For a material
with an arbitrary hardening the moment is not reduced to zero when ā reaches the
maximum value. Even if the neutral line is situated outside the sheet thickness,
a non-zero bending moment exists and a small change of shape upon unloading is
expected.

This example demonstrates the principle behind the commonly used method for
springback reduction. In an industrial sheet metal forming operation, stretching the
sheet during the deformation ensures decreased geometrical error due to the bending
type of springback.

2.3 Numerical modelling

Adequate FE modelling of the springback phenomenon is discussed in this section.
The following aspects of FE analysis of sheet metal forming are carefully examined:
material modelling, contact conditions, element type, unloading method, time
integration scheme and equivalent drawbeads. This section is based on findings
in the literature and some results of an experimental and numerical study which was
performed to evaluate the sensitivity of springback to various parameters. Three
components of varied complexity, known to be sensitive to springback, were used in
this study. Figure 2.9 shows the first characteristic component - the unconstrained
cylindrical bending - defined as the benchmark problem at the NUMISHEET 2002
conference [22]. The second characteristic component is the scaled-down car roof
provided by Corus RD&T, see Figure 2.10. The third component is the NUMISHEET
1993 benchmark problem shown in Figure 2.4(a). A detailed description of geometric
and process parameters of these test is given in Appendix A.
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Figure 2.9: Unconstrained cylindrical bending - NUMISHEET’02 benchmark: a) shape at
intermediate step during forming; b) definition of angle θ used to quantify springback.
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Figure 2.10: Scaled-down car roof: a) shape of the part; b) a quarter of the part, definition of
measuring planes.

2.3.1 Material behaviour

The choice of an appropriate material model is one of the crucial steps in preparing
a numerical set-up for analysis of sheet metal forming. Generally, material modelling
can be divided into two parts: a part that describes the stress state of the initial
yielding of the material (yield function) and a part that describes how the yield
function develops with plastic deformation (hardening law).

Yield function

The yield function used in a numerical analysis is one of the factors which has a
significant influence on the internal stress state at the end of a deformation. Numerous
studies that compared the performance of different yield criteria emphasised the
importance of choosing an appropriate yield function for accurate springback
prediction [30, 62–69]. A yield function can be defined as the surface which encloses
the elastic region in a multi-axial stress space. Usually, in the analysis of sheet metal
forming all out-of-plane components of the stress vector are assumed to be equal to
zero and a yield criterion is formulated in the plane stress space.
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Simple yield criteria such as Tresca or von Mises are only applicable in the analysis
of academic problems. Their parameters are defined using the uniaxial tensile test
and these functions are only suitable for describing yielding of isotropic materials.
Generally, metals behave anisotropically since their mechanical properties depend
upon the chosen direction within the specimen. Planar anisotropy of sheet metals
develops during the rolling process and it is the result of different features of the
material microstructure [70].

To accurately calculate the internal stress state at the end of a deformation, a yield
function must be used which is able to capture the important anisotropy effects [62–
64, 71]. A simple, widely used yield criterion which can represent the behaviour of
some planar anisotropic materials is the quadratic Hill’48 function. Its parameters
are determined using three uniaxial tensile tests. The major drawback of the Hill’48
function is that it gives an inaccurate description of yielding of materials with low R-
values, e.g. aluminium alloys [62, 64, 70]. To demonstrate this, the Hill’48 yield locus
for aluminium alloy AA5182 is plotted in the normalised principal stress space (see
Figure 2.11). In this figure σy is the average of the uniaxial yield stresses measured in
the 0◦, 45◦ and 90◦ directions with respect to the rolling direction. Solid dots represent
the experimental stress points obtained from four different tests [23]. As can be seen,
the Hill’48 criterion predicts a much lower equi-biaxial yield stress. Ultimately this
means that in the numerical analysis, when using the Hill’48 function, yielding of
the material in the equi-biaxial stress state will be initiated at much lower level of
strains. Therefore the accuracy of the stress state and subsequent change of shape
upon unloading will be questionable. To overcome this problem, more advanced yield
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Figure 2.11: Initial shape of the yield locus of AA5182 alloy represented by different yield
functions.
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criteria proposed by Hill [72], Hosford [73], Barlat [64, 74] and Vegter [75, 76] can
be used. These yield functions take into account data from various multiaxial tests.
For example the Vegter criterion is defined in the plane stress situation using the
experimental data obtained from the shear, uniaxial, plane strain and equi-biaxial
tests. As shown in Figure 2.11, since this function uses the experimental stress points
directly it gives a more accurate description of initial yielding of the aluminium alloy.

Extra parameters introduced in formulations of all these functions enhance their
ability to fit the experimental data. Only by using a sufficient number of parameters,
is it possible to reach a high accuracy in describing directional dependency of the yield
stress and R-value, caused by the material anisotropy [62, 64, 65, 71]. Despite obvious
drawbacks related to the FE implementation and a more complex experimental
procedure for identification of parameters, the advanced yield functions can provide
a better prediction of the stress state and resulting springback upon unloading.

Hardening model

The accuracy of springback prediction strongly depends on the hardening law used
in the numerical analysis. The hardening law describes evolution of the initial yield
surface which may change its size, position and even shape due to plastic deformation.
A uniform increase of the yield surface can be modelled with isotropic hardening.
In this case, the centre of the surface is fixed and its shape remains unaltered. A
shift of the yield surface with no change in shape and size can be modelled using
kinematic hardening. These are the simplest models that can only partially describe
the evolution of the initial yield surface.

A change of shape of the yield surface is caused by evolution of the crystallographic
texture during the deformation and resulting change of material anisotropy. This
so-called deformation-induced anisotropy can be described using phenomenological
models [77] or polycrystal models that are able to predict the rotation of individual
grains. However, complete modelling of the deformation-induced anisotropy can be
very time consuming and computationally expensive [64, 78]. Therefore, in sheet
metal forming, in order to simplify the analysis it is often assumed that the change of
anisotropic properties during forming is small and negligible when compared to the
initial material anisotropy [64].

The simple hardening models cannot accurately describe the behaviour of the material
under strain path changes. In general, in sheet metal forming a material point
may follow a non-constant strain path during the deformation. Effects of the
strain path changes on the stress-strain relation are illustrated in Figures 2.12 and
2.13. They represent the results of reverse and orthogonal tests performed on the
biaxial testing machine with interstitial free steel DC06 [79]. In the reverse test the
material is subjected to a simple shear deformation of opposite sign. As shown in
Figure 2.12, the material exhibits typical stages of the Bauschinger effect: early
re-yielding, smooth elastic-plastic transition and workhardening stagnation which
appears after the material resumes hardening when loaded in the reverse direction [80].
Some materials may also exhibit permanent softening during reverse loading. It is



34 Springback in sheet metal forming

ε̄p

|σ
x

y
|,

[M
P
a
]

0.0 0.1 0.2 0.3 0.4 0.5 0.6
0

50

100

150

200

250

early re-yielding

smooth e.-p. transition

workhardening stagnation
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Figure 2.13: Stress-strain responses of the material during orthogonal loading. Sudden and
gradual strain path changes are indicated by solid and dashed curves correspondingly. The
dotted curve represents the monotonic simple shear test.

characterised by a stress offset observed in the region where the reverse workhardening
rate is lower or almost equal to that during the forward deformation [51, 80].

In the orthogonal tests the specimen is first loaded in the tensile direction and after
that in the shear direction. As shown in Figure 2.13, if the strain path change is done
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gradually the shear stress also converges gradually to the value obtained in simple
shear test. On the other hand, an abrupt change of the strain path causes the shear
stress to increase rapidly to a higher value before dropping to the level of the simple
shear test. Presence of the overshoot during a sudden change of the strain path is
related to the dislocation structure and its evolution during the deformation [79].

To ensure an accurate prediction of the springback phenomenon in sheet metal forming
it is necessary to use hardening models which are able to describe the effects of strain
path changes [17, 39, 71, 80]. A lot of attention in the scientific literature has been
given to phenomenological hardening models that can describe the most important
phenomena which occur during reverse loading. The first anisotropic hardening
models, e.g. the multi-surface model proposed by Mroz [81], the two-surface model of
Krieg [82] and the nonlinear kinematic hardening model of Frederick and Armstrong
[83], had some limitations and could not fully describe the Bauschinger effect in metals
[84, 85]. Subsequent developments were more successful. For example, based on the
framework of isotropic/kinematic hardening and Mroz’s multi-surface model, Gau
and Kinzel [40] proposed a hardening model that takes into account the Bauschinger
effect and is able to accurately predict springback when the sheet material undergoes
a complicated deformation path. The basic concept of the Frederick and Armstrong
model was extended by various authors. The main focus was given to improving
the modelling, incorporating additional experimentally observed phenomena and
accommodating more complex loading cases [71, 83, 84, 86–88]. Modifications of
the two-surface hardening model developed by Krieg were proposed by Huétink et al.
[89] and Yoshida et al. [51, 80, 90]. The Yoshida-Uemori model describes all features
of the Bauschinger effect, including workhardening stagnation, and it is also able to
accurately describe the strain-range dependency of cyclic hardening [90]. The latter
phenomenon is related to the experimentally observed dependency of cyclic stress
amplitudes on cyclic strain ranges.

The phenomenological models discussed above are not capable of describing the effects
of orthogonal loading. Expanding these models to describe for example the stress
overshoot is not practical since it would lead to even more complex formulations with
extra material parameters which must be identified [78]. Dislocation based anisotropic
hardening models are more suitable for describing the phenomena observed during
strain path changes. A physically based model proposed by Teodosiu can be used
on a macroscale with some of the mentioned yield functions [91, 92]. To define the
model, 13 material parameters are needed, which must to be determined from multiple
tests. This hardening model is able to describe the Bauschinger effect, workhardening
stagnation, permanent softening and the stress overshoot.

In general, the major drawbacks of physically based models are the large number of
material parameters and considerable computational costs that are required to obtain
a reliable description of material hardening. However, these models, when used in
combination with advanced yield functions, can ensure a more accurate description
of the material behaviour during the deformation and can provide a better prediction
of the final state variables at the end of forming.
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2.3.2 Contact description

Another important factor that influences the results of a springback simulation is
the description of contact between the blank and the tools. In an analysis of sheet
metal forming the contact conditions are usually described based on the following
considerations [93]:

• the material cannot penetrate the tool and if there is contact, the gap between
the material and the tool is zero;

• in case of no contact, there are no contact forces between the blank and tool.

In order to obtain the accurate stress state at the end of forming it is important to
avoid artificial penetrations or incorrect contact forces during the simulation. The
Lagrange multiplier method and the penalty method are the main methods used to
incorporate the contact conditions into a finite element formulation. An extensive
description of both methods can be found in [12, 93, 94]. According to the Lagrange
multiplier method the non-penetration contact conditions are enforced exactly, but
at the cost of extra degrees of freedom. In the case of the penalty method, the non-
penetration conditions are weakly enforced and the penalty is viewed as a contact
stiffness. The major advantage of the method is that no extra degrees of freedom are
required. There is always a small amount of penetration and for no penetration an
infinite contact stiffness is needed. However, high values of the contact stiffness are
not recommended since it has a destabilising effect on the convergence behaviour of
the simulation.

Both methods are equally frequently employed in simulations of sheet metal forming
[95, 96]. When using the penalty method, the contact stiffness value must be carefully
chosen since it may have a considerable effect on the amount of springback [30]. To
demonstrate this influence, several simulations of component 1 (see Figure 2.9) are
performed in the FE code DiekA. The angle θ, calculated after forming and springback
for various values of the contact stiffness, is presented in Table 2.1. Results show that
by varying this contact parameter, a difference of 2.0◦ in the forming angle can be
obtained. Using low values of the contact stiffness increases the penetration depth and
modifies the actual geometric parameters of the problem. This explains the difference
in forming angle and subsequently in the angle after springback.

Table 2.1: Component 1: influence of contact stiffness on the angle θ after forming and
springback.

Contact stiffness, Angle θ, [◦] after
[MPa/mm] forming springback

100 22.68◦ 56.91◦

200 21.95◦ 56.42◦

300 21.63◦ 56.13◦

400 21.45◦ 55.98◦

500 21.33◦ 55.88◦

2500 20.73◦ 55.45◦

5000 20.60◦ 55.33◦
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An appropriate description of friction is also important for the accurate prediction
of the final stress state at the end of forming. The commonly used Coulomb model
assumes a constant coefficient of friction, whereas this does not entirely correspond
to reality [12]. The coefficient of friction depends on the local contact conditions,
which differ for each sheet/tool contact. For an accurate springback prediction it is
beneficial to use a more advanced friction model, e.g. the Stribeck model, in which
the friction coefficient depends on the pressure and viscosity of a lubricant between
the contacting surfaces, the tool’s velocity and the surface roughness.

Here, the sensitivity of springback to a variation of friction coefficient is investigated
based on the numerical analysis of component 2 (see Figure 2.10) in the FE code
DiekA. A set of simulations is performed in which the coefficient of friction is varied
from 0 to 0.2. The shape of the part after unloading in both symmetry planes is shown
in Figure 2.14. The punch geometry at the end of the forming stroke is also added
to this plot. The amount of springback is very sensitive to the chosen coefficient of
friction. When looking at the bottom of the part, along the x−symmetry axis, it is
possible to see that the springback decreases with increasing the coefficient of friction.
This can be explained by recalling the theory presented in Section 2.2. Higher friction
introduces more in-plane strain in the product, which reduces the resulting bending
moment and decreases the amount of springback. However, the product shape along
the y−symmetry axis shows the opposite trend. The springback increases with
increasing the coefficient of friction. Due to the geometry of the part, high membrane
stresses develop during forming along the y−symmetry axis. Since the combined
bending and membrane springback occurs during the unloading, the relaxation of the
membrane stresses has a considerable influence on the change of shape of the part
along this axis. A higher friction coefficient yields higher membrane stresses, which
increases the amount of membrane springback and the potential for warping. These
results additionally demonstrate that overstretching the parts during forming, by for
example applying a higher coefficient of friction or using higher blankholder forces,
may not necessarily be the best method for controlling springback in sheet metals.
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2.3.3 Element type

The selection of an appropriate element type is also very important for accurate
modelling using FE analysis. Depending on the problem and the geometry of the
sheet metal part, different types of elements can be used to discretise the blank,
i.e. 2D plane strain, shell, solid or solid-shell. Due to computational efficiency, shell
elements are commonly used in simulations of sheet metal forming. They are based on
different plate bending theories which are applicable to situations when the material
thickness is considerably smaller compared to other dimensions. The theories assume
that while bending a plate, a plane stress state occurs and that the plate geometry is
represented by the mid-plane. Since only the mid-plane of the plate is discretised by
elements the amount of independent degrees of freedom can be reduced significantly.

In some cases, to speed up the analysis time, a fully three-dimensional (3D) problem
is represented by a model which uses 2D plane strain elements. Although these
models can be accurate enough for the analysis of forming, the accuracy of springback
prediction may be questionable. To visualise this, the performance of a quadrilateral
plane strain element (CPE4I, [97]) and a shell element (S4R, [97]) was compared using
simulations of the characteristic component 1 in FE program Abaqus/Standard. Two
different scenarios were considered, i.e. with and without friction. Values of the angle
θ calculated after forming and springback are listed in Table 2.2. First, it must be
pointed out that for both models the angle after springback in the simulations without
friction is considerably less compared to the analysis with friction. This is related to a
difference in the deformation history. Figure 2.15 shows an intermediate step during
forming with and without friction. In the simulation with μ = 0 , due to the absence
of friction forces, the contact between the punch and blank is lost when a certain
displacement is reached. This does not happen in the analysis with friction and the
contact is always present until the end of forming.

When looking at the results predicted by the plane strain and shell models in the
case with friction, it is possible to see that the absolute difference between the angles
after springback is minor. The situation changes when the friction is excluded from
the simulations. The absolute difference in this angle becomes 4.4◦. In the absence
of friction an anticlastic curvature can easily develop in the central part of the blank
since it is not restricted by the punch. Its appearance increases the actual section
modulus for the principal bending and, as shown in Table 2.2, reduces the amount of
springback. In the analysis with friction, the anticlastic bending effects are restricted
by the tool, since the contact between the punch and sheet is preserved during the
simulation. The results show that a plane strain model neglects the lateral bending
effects and this may lead to a considerable drop in the accuracy of springback analysis.

Table 2.2: Component 1: influence of the element type on springback.

Element μ = 0 μ = 0.1348
type forming springback forming springback

Plane strain 20.94◦ 47.69◦ 20.90◦ 53.55◦

Shell 20.89◦ 43.30◦ 20.92◦ 53.27◦
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Figure 2.15: Component 1: intermediate stage during forming.

It is important to remember that the traditional shell element formulations are based
on the assumptions that the plane stress state prevails and in-plane strains are linearly
distributed across the thickness. It is arguable if these assumptions are fulfilled in
the entire computational domain [44, 98–101]. For example, a shell theory is not
applicable in situations when the tool radius is comparable to the sheet thickness. Li
et al. in [44] carried out a numerical study using the draw/bend test, described in
Figure 2.5. It was concluded that, if the ratio R/t is less than 5, a fully 3D stress
state exists and solid elements are required in the simulation of springback. These
elements can accurately calculate the stress gradients in the thickness direction, as
well as evolution of the sheet thickness, during a simulation [44, 101].

However, using solid elements for simulation of industrial sheet metal forming
problems is inefficient. It is known that at least two layers of solid elements need
to be used to accommodate the stress gradients that occur in the thickness direction.
Moreover, the ratio between the element dimensions in the plane and through the
sheet thickness must be small enough to avoid deterioration of the stiffness matrix
[100]. Therefore, the major drawback of solid elements is the enormous CPU time
and memory consumption required to complete the simulation [12, 102].

To eliminate these problems, one can use m-refinement in which solid elements are
employed in the regions of the blank which may experience a fully 3D stress state,
and shell elements in the remaining part of the blank [103]. A more practical recent
solution is to use solid-shell element formulations that account for the normal stress
in the thickness direction and show excellent performance in springback analysis, see
for example [104, 105].

2.3.4 Unloading method

Generally, every simulation of springback phenomenon in sheet metal forming
comprises two major steps: loading (actual forming of a product) and unloading
(springback). Two different methods can be used to simulate the unloading step.
Instantaneous tool release is the method which is commonly used in industrial practice
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due to its computational efficiency. When using this method a change of the blank
shape during the unloading is calculated in one increment. All contact forces are
suddenly removed, transformed into the residual forces which are then reduced to
zero. The material response is calculated under the assumption of fully elastic
deformations in the complete model [30, 106, 107]. Sometimes this increment is
subdivided into a number of subincrements in order to avoid numerical instabilities.
Alternatively, a gradual tool release can be used during the unloading. This method
can be viewed as inverse forming, during which loads are reversed and the tools are
gradually retracted. Although this method is more realistic due to the contact forces
being present during the unloading step [17, 30, 54, 108, 109], it is less popular
because it is computationally costly. The influence of the unloading method on the
accuracy of springback prediction was studied using components 1 and 2. Two sets of
simulations of component 1 were performed in which the instantaneous and gradual
tool release methods was used. In the first set, the friction coefficient was set to zero
and in the second set the friction was included in the analysis. All other simulation
parameters were left unchanged and the numerical study was performed in the FE
program Abaqus/Standard. Results of all four simulations are summarised in Table
2.3 where angle θ after springback is presented. As can be seen, there is no difference
between the two unloading methods in the frictionless situation. However, if friction
is included, the springback angle can vary up to 2◦ depending on whether the tools are
released instantaneously or gradually. The reason behind this discrepancy lies in the

Table 2.3: Component 1: influence of tool release method on springback.

Tool release method μ = 0 μ = 0.1348

Instantaneous 43.30◦ 53.27◦

Gradual 43.35◦ 55.26◦
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Figure 2.16: Evolution of the equivalent plastic strain along the top of the sheet during forming
and unloading.
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presence of tangential friction forces, that act between the blank and the tools. Soon
after the gradual unloading procedure is initiated, the friction between the punch and
blank causes tangential forces directed towards the blank centre. Since this region of
the blank was in compression during the forming step, adding the compressive forces
will promote further plastic straining upon unloading. The equivalent plastic strain
along the top of the sheet is plotted in Figure 2.16 as a function of the current arc
length. Since the blank is symmetric, only the strain distribution in its right part is
reported. The curves in this plot are given for several stages during forming (until
t=1.0 sec.) and several stages during springback (until t=1.1 sec.). This figure shows
that the plastic strain near the punch centre starts to increase as the unloading is
initiated. This variation of internal variables during the physical unloading causes a
variation of angle θ after springback. No change of the plastic strain was observed in
the case of instantaneous tool release. Effects of the latter physical phenomenon are
completely neglected which leads to purely elastic unloading and underestimation of
the amount of springback.

Numerical analysis of component 2 showed that using the instantaneous tool release
method during unloading may cause additional problems. The results of two

(a) instantaneous tool release

A

B

C

(b) gradual tool release

Figure 2.17: Component 2: influence of unloading method on springback.
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simulations of stamping of the scaled-down car roof performed in the implicit FE
code DiekA are shown in Figure 2.17. During forming, high compressive stresses
develop in some parts of the flange and thus it tends to buckle when the external
loads are removed. As shown in Figure 2.17(a), the instantaneous tool release method
is not a good option for this type of problem. A realistic shape of the blank after
springback can only be obtained if artificial stabilisation techniques are used. On the
contrary, when using a gradual tool release, the buckling instabilities are controlled by
the moving blankholder, and thus the expected product shape can be obtained (see
Figure 2.17(b)). The results of both simulations are compared to the experimental
measurements. The shape of the part after springback along the free edge ABC
is depicted in Figure 2.18. It can be seen that the flange shape predicted by the
simulation with the gradual tool release is more realistic and is in better agreement
with the experimental shape.

2.3.5 Time integration scheme

Dynamic explicit and static implicit algorithms are the main solution procedures for
the simulation of sheet metal forming. Since metal forming processes are relatively
slow, they are often considered to be quasi-static which means that inertia effects
are neglected. In this case, to simulate the process a static implicit finite element
solution procedure is used. The state variables that satisfy the equilibrium during
every incremental step are found iteratively, using for example the Newton-Raphson
method. In this way equilibrium conditions are checked at every time increment,
leading to more reliable results. The major drawbacks of implicit methods are
difficulties in finding the converged solution within a time increment and the rapid
increase in computation time when a direct solver is used [110, 111].

These drawbacks can be eliminated by using dynamic explicit methods. In an explicit
method, the inertia effects are considered and the update of state variables at any
time step may be done without solving a system of equations. As a result, this FE
procedure does not suffer from convergence problems. Additionally, compared to the
implicit methods, memory requirements are minimised and in some cases the final
solution can be obtained faster. The main disadvantage of explicit methods is the
necessity of using very small time steps during the solution process [112]. To overcome
this problem, mass scaling or increased process speed are often used.

Both time integration algorithms can be applied in simulations of the springback
phenomenon in sheet metal forming. Accurate results have been reported after using
only an explicit analysis for both forming and unloading steps [96, 110, 113] or only
implicit analysis [30, 44, 106]. The following remarks could be helpful for choosing
the time integration algorithm:

• due to the artificial adaptations of the model (mass scaling or increased tool
speed) the accuracy of the dynamic explicit scheme relies, to a larger extent
than for implicit methods, on the expertise of the analyst [96, 111]. If the
dynamic effects are not sufficiently suppressed, the blank may start to oscillate
during unloading and its final shape may be difficult to find [108]. On the other



2.3 Numerical modelling 43

hand, excessive mass scaling may lead to an inaccurate stress state after forming
and unrealistic product shapes after springback [106, 114];

• if the springback step is modelled with the instantaneous tool release method
described in Section 2.3.4, it is not practical to use the dynamic explicit solution
procedure. The static implicit method with its large time steps is much more
computationally efficient in this situation [108, 115–117]. There are no changes
in contact conditions and thus the implicit simulation is stable. Using the
dynamic explicit procedure to simulate the springback step may require the
same computation time needed for the simulation of the forming step [111];

• if the gradual unloading method is used during the springback step, changing
contact conditions can have a detrimental effect on the convergence behaviour
of the static implicit analysis. It may be required to use some numerical
stabilisation techniques to decrease the total computation time;

• due to the unrealistically high computation time and memory requirements, it
may not be possible to use the static implicit FE analysis in combination with
a direct solver in simulations of large 3D models [111];

• automatic numerical stabilisation techniques are often employed to control the
convergence behaviour of static implicit codes. For an accurate springback
analysis, their use must be minimised since they can have a significant effect on
the change of shape during unloading [30].

Several algorithms that combine the merits of both time integration schemes have been
proposed. Van den Boogaard et al. [111] developed an efficient FE solution procedure
for analysis of sheet metal forming. The method is based on the implicit scheme
that guarantees accurate results due to the equilibrium check. Dynamic terms are
introduced into the code, which has a stabilising effect on the convergence behaviour
of a simulation. Additionally, including inertial effects helps to make an effective use
of iterative solvers in the analysis. As a result, it becomes possible to use the implicit
scheme in simulations of large 3D models.

Another interesting approach was originally proposed by Jung [118] and later extended
by Noels [119]. Keeping in mind the advantages of implicit and explicit schemes, the
optimum solution is to have both methods available in the same FE code and to be
able to switch automatically between them within one simulation [119]. As soon as
the convergence behaviour of the implicit solution deteriorates, the explicit scheme
is employed. After passing the difficult point of simulation the solution strategy is
switched back to the implicit algorithm.

2.3.6 Iterative solver

Results of a FE simulation of springback can be affected by the method used to solve
the global system of equations. This is mainly true for the static implicit FE solution
procedure. Explicit methods do not require the solution of any system of equations
provided that the mass matrix is diagonal [112]. When using the static implicit FE
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procedure the following equilibrium equation must be satisfied at every incremental
step:

{0} = {rn} = {f int
n } − {fext

n } (2.39)

where the subscript n denotes the incremental step number, {f int
n } and {fext

n } are the
internal and external force vectors respectively and {rn} is the vector of the residual
forces. The set of discrete equilibrium equations (2.39) is generally non-linear in the
nodal displacements {dn}. Therefore, to find the vector of the nodal displacements at
the current step, Equation (2.39) is usually solved using the iterative Newton-Raphson
procedure. In the Newton method the iterative displacement increments {Δdk} are
found from:

[Kk]{Δdk} = −{rk} (2.40)

where k is the iteration number and [K] is the tangent stiffness matrix. The calculated
iterative displacement increments are used to update the displacement vector of the
current step:

{dk+1} = {dk} + {Δdk} (2.41)

The iterative solution procedure is stopped if in iteration k the ratio of �2 norms is
less than some predefined value ε:

‖{rk}‖2

‖{f int
k }‖2

= εk ≤ ε (2.42)

Two groups of methods can be used to solve the linear system of equations (2.40),
i.e. direct solvers and iterative solvers [120]. Most of the direct solvers are based on
Gaussian elimination. These methods can find a very accurate solution of a linear
system of equations. The major drawback of the modern direct solvers is the high
memory requirement in large-scale FE simulations [111]. For large problems, iterative
solvers are generally preferred, since they solve the global system of equations using
less memory than a direct solver. An iterative method finds an approximate value of
the iterative displacement increments {Δd̂k} within a predefined accuracy:

[Kk]{Δd̂k} = −{rk} + {ε} (2.43)

Usually, an iterative solver will continue calculations until the �2 norm of the error
vector {ε} is less than some fraction δit of the residual norm:

‖{ε}‖2 ≤ δit‖{rk}‖2 (2.44)

When the Newton-Raphson process converges to an accurate solution, the residual
{rk} becomes small and, as can be seen from Equation (2.44), the iterative solver will
be requested to reach unnecessary high accuracy. Therefore in practice the parameter
δit is calculated during the analysis, based on the global convergence [111]:

δit = η
ε

εk
(2.45)

The number of iterations needed for an iterative solver to reach a specified accuracy
is not fixed. It depends on the used convergence criterion and the condition number
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Figure 2.19: Component 3: influence of solver type on springback.
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Figure 2.20: Variation of springback amount with the number of local iterations. Intermediate
step of unloading.

of the tangent stiffness matrix [111, 121]. The accuracy of a springback simulation
may be questionable if an iterative solver is not allowed to exceed a certain predefined
number of local iterations, when this number is not high enough. To demonstrate this,
simulations of component 3, depicted in Figure 2.4(a), were performed in the implicit
FE code DiekA. First, two simulations were run using the direct solver PARDISO
and the Conjugate Gradient iterative method with the number of local iterations
limited to 200. Practically this means that the iterative solver will stop calculations
if this number is exceeded. In this case, the last computed values of the iterative
displacement increments {Δd̂k} are considered to be the final answer. A detailed
description of the solvers can be found in [120, 122]. In both simulations the tolerance
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of the Newton-Raphson method is set to 2% (ε = 0.02). In the simulation with the
iterative solver, the parameter η is chosen to be 0.1 - the value which is typically
recommended in the literature [111].

Comparison of results right after forming shows no difference between both solvers.
The situation changes drastically during the springback step. Figure 2.19 shows the
shape of the part after springback in the xz−symmetry plane. Due to the symmetry,
only a half of the part is shown. The average experimental data, presented at
the NUMISHEET 1993 conference, are added to this plot. Despite the fact that
the convergence criterion of the Newton-Raphson procedure is globally satisfied, the
final shape of the part, obtained in the simulation with the iterative solver, is very
unrealistic. Results of the simulation with the direct solver are in good agreement with
the real shape, while the observed discrepancy is probably related to an inappropriate
description of contact conditions during the numerical analysis. Several additional
simulations were performed in which the iterative solver was allowed to use a higher
number of the local iterations (Nit). Figure 2.20 shows the shape of the part in the
same symmetry plane at an intermediate step of the gradual unloading procedure.
As shown in this figure, by increasing the number of local iterations the accuracy
of prediction of the change of shape during unloading can be improved. However,
using more local iterations has a negative effect on the simulation time. To reach this
point of the gradual unloading procedure the iterative solver with 5000 local iterations
requires approximately 4 times more CPU time than the direct solver.

These results demonstrate that for the accurate simulation of springback a direct
solver is preferable. If an iterative solution method must be employed due to the
memory size limitations it is important that the solver be allowed to use a sufficiently
high number of local iterations to reach the specified accuracy.

2.3.7 Equivalent drawbeads

The quality of a sheet metal part is defined by the material flow into the tool cavity.
When forming shallow or arched parts, drawbeads are usually incorporated into the
tools (as shown in Figure 2.2) to introduce an additional stretching and to assure
that the material flows in a more uniform way. In a numerical analysis, however,
modelling the exact drawbead geometry requires a large number of elements due
to the small radii of the drawbead. Therefore, it is a common practice to use an
equivalent drawbead model which replaces the real drawbeads and helps to avoid
a drastic increase in the computation time [123]. An equivalent drawbead can be
represented by a line on a tool surface. When a finite element passes this line it
obtains an additional drawbead restraining force and a plastic strain, while a lift
force is subtracted from the total blankholder force.

Simulations of stamping of the automotive underbody cross member, shown in
Figure 2.21, revealed that for an accurate springback analysis it is better to avoid
using an equivalent drawbead model. This conclusion came from evaluating the
results presented at the NUMISHEET 2005 conference [4]. Figure 2.22 shows the
experimentally obtained distribution of the true thickness strain in cross-section I-I
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Figure 2.21: Automotive underbody cross member - NUMISHEET’05 benchmark #2 [4].
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Figure 2.22: True thickness strain distribution after forming in section I-I for dual phase steel
(DP965).

of the part. The simulation results of participant BM2.03 (using FE package DiekA
and an equivalent drawbead model) are also presented in this plot. As can be seen,
the simulation with the equivalent drawbeads predicted thickening of the material
in the region from −100mm to −200mm. A similar trend can be found in the
results submitted by other benchmark participants, who made use of an equivalent
drawbead model (see e.g. the results of BM2.20 in [4]). However, the experiments
show thinning of the material in this region, which is also predicted by the benchmark
participants who used real drawbeads in their analyses. Therefore, an extra simulation
was performed in DiekA with the real drawbeads and all other parameters similar to
the original ones. As shown in Figure 2.22, this simulation predicts a true thickness
strain distribution which is in better correspondence with the experimental results.
A reasonable explanation can be found in a difficulty of selection of parameters of an
equivalent drawbead model. These parameters can be calculated using a plane strain
set-up that simulates a situation in which material is pulled through a drawbead.
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Figure 2.23: Springback profile in cross-section I-I, DP965.

Results of this simulation are influenced by the gap between the male and the female
bead and a correct value of this gap is difficult to identify. Besides, it is arguable
whether the gap stays constant during real forming. The plane strain assumption
and the uncertainty about the gap value tends to result in the parameters of an
equivalent drawbead model being under- or overestimated, which leads to a difference
in process conditions and thus affects the final stress state.

Additionally, when using an equivalent drawbead model one has to keep in mind
that the information about the complex stress state that occurs when a material
passes several subsequent bending / unbending regions inside a drawbead is lost.
This complex stress state in the sheet causes the formation of the side wall curl when
the product is allowed to unload. Figure 2.23 shows the springback profile in the
same cross-section of the automotive underbody cross member. The curvature in the
product wall predicted by the simulation with the real drawbeads corresponds more
to the experimental shape.

2.4 Recommendations for accurate modelling of
springback

To guarantee an accurate prediction of the springback phenomenon in sheet metal
forming using FE analysis, it is important to minimise modelling error. This can be
achieved by taking the following into account:

• an accurate stress state at the end of a deformation can only be obtained if an
appropriate material model is used. It is beneficial if the model is based on the
initial yielding and hardening characteristics obtained from multiple tests. The
model should be able to describe the material behaviour when it undergoes an
arbitrary loading path. In addition to this, the material model should be able
to describe the inelastic effects that may occur during unloading and which add
to the total springback strain;
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• the parameters of the contact description play an important role in the numerical
analysis. If the penalty method is used, the contact stiffness value must be
sufficiently high to accurately describe the geometry of tools. The coefficient
of friction can have a large influence on the accuracy of springback prediction,
The models capable of describing its variation during forming are preferable;

• while evaluating results of the numerical analysis it is important to remember
that there are several types of springback in sheet metal forming. Using
higher blankholder force or coefficient of friction reduces the bending springback
but increases the amount of membrane springback. This may lead to larger
distortions of the product shape during unloading;

• the appropriate type of elements must be used in the simulation. The
approximation of a 3D problem with a 2D plane strain model is not an option
since the anticlastic bending effects are completely neglected. Elements that
account for stresses through the thickness of the material are required if the
R/t ratio is less than 5;

• a gradual tool release method is recommended instead of an instantaneous
release. Due to the presence of contact forces, the part may experience
additional plastic straining during the unloading;

• dynamic explicit and static implicit schemes can be used in springback analysis.
However, artificial adaptations of the model that are used to stabilise the
convergence of an implicit scheme or to increase the time step of an explicit
scheme must be applied with caution. For the implicit simulation of springback
it is recommended to use a direct solver to find the solution of the global system
of equations. In the case of memory size limitations, an iterative solver can
be used in the analysis, provided that there is no limit on the amount of local
iterations that must be performed to reach the specified accuracy;

• it is important to use real drawbeads in the springback analysis. If an equivalent
drawbead model must be used, its parameters must be carefully defined.





CHAPTER

THREE

INFLUENCE OF DISCRETISATION ERROR ON
SPRINGBACK PREDICTION

When FE analysis is applied to a mathematical model, the model is spatially
discretised by dividing it into a mesh of finite elements. The spatial discretisation is an
approximation of the problem geometry and, therefore, a potential source of errors.
The discretisation error depends on the nature of element interpolating functions
and some other details of the formulation of particular elements. Generally, it can be
reduced by using more elements, since this increases the number of degrees of freedom
in the model. A higher number of elements is usually needed to accurately describe
a complex geometry or steep gradients in state variables. Typically, in sheet metal
forming high stress gradients appear in places of abrupt changes of geometry, e.g. at
a tool radius.

In simulations of the springback phenomenon, accurate results can only be obtained if
the mesh density of the blank is chosen correctly. It is known from the literature that
an accurate springback analysis requires more nodes which are in contact with the
tool radius than is usually recommended in forming analysis [17, 30, 31, 44, 101, 124].
Li et al. in [17, 44], using the results of simulations of the draw-bend test shown
in Figure 2.5, derived recommendations for the shell element size which can be used
to reach an error of springback prediction of about 1%. Quadrilateral shell elements
(S4R see in [97]), based on the Koiter-Sanders shell bending theory, were used in the
study and it was concluded that in order to obtain this level of accuracy, one node
per 5◦ of turning angle of the tool radius is required.

The appropriate tools’ discretisation is equally important. If the tool surfaces are
discretised rather of being defined analytically an insufficient number of elements
describing the tool geometry may have several negative effects. Poor discretisation can
simply modify the tool radius and can lead to a deviation of the product shape from
that prescribed by the design. A small number of elements can create the situation
where the tool’s surface becomes rather sharp. This rough mesh may produce an
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additional restraining force acting on the blank which can influence the amount of
springback [125]. Finally, since the tools are discretised with a number of elements,
the movement of the blank nodes over a tool radius is piece-wise straight. A very
coarse mesh in this region can lead to a drastic variation of contact conditions which
will deteriorate the convergence behaviour of a simulation [30].

In industrial sheet metal forming the geometry of the parts is usually very complex
and includes multiple regions with small radii. The recommended number of 18-
20 elements over a tool radius for the blank discretisation places high demands on
the CPU time and memory requirements. For example, when using a direct solver
in the numerical analysis, a uniform decrease in the shell element size results into a
fourth order increase in computation time [111]. Furthermore, using more elements to
describe the tools also leads to a significant increase of memory usage and simulation
time. A certain percentage of a calculation is occupied by a contact search algorithm
during which the blank nodes that are in contact with the tools are found. Increasing
the number of tool elements will increase the contact search time.

This chapter describes results of a numerical study performed to develop the guidelines
for the blank and tools’ discretisation which can help to find a balance between the
efficiency and the accuracy of springback prediction. Discrete Kirchhoff triangular
shell elements are used in this study and the general description of this element type
is given in Section 3.1. The guidelines for the blank discretisation are defined in
Section 3.2 and tested using two sheet metal forming examples. Recommendations
for the tool discretisation are defined and verified in Section 3.3.

3.1 Modelling a sheet in metal forming

Shell elements are commonly used in simulations of sheet metal forming since,
compared to solid elements, they are more computationally efficient. Kirchhoff theory
is one of the plate bending theories which is usually used to form the basis of
formulation of thin shells. The theory prohibits a transverse shear deformation which
means that any straight line normal to the mid-plane remains straight and normal
during deformation. The main definitions of the theory are introduced in Appendix
C; its complete description can be found in [121, 126].

In case of small deformations, the complete vector of strains for a shell element defined
using the Kirchhoff theory can be written as:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
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(3.1)

Or in a more convenient form:

{ε} = {η} − z · {κ} (3.2)
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where {η} and {κ} define the membrane and bending parts of the deformation.

In practice, discrete Kirchhoff elements are used in which the transverse shear strains
are not equal to zero throughout the element but only at specified locations - at
nodes situated in the middle of an element side [127]. A typical discrete Kirchhoff
triangular element has 18 degrees of freedom: 9 translational (three per node) and
9 rotational (three per node). The degrees of freedom of the element are shown in
Figure 3.1. The stiffness matrix of this element can be derived by using a weak form
of the shell equations for the balance of momentum [112, 121]. For a general elastic-
plastic anisotropic material the stiffness matrix is a complex volume integral which
can only be calculated by numerical integration.

Linear interpolation is used to find the in-plane displacement components u and v
within the Kirchhoff plate. The lateral deflection along the element side w is described
by a third order polynomial. As a result, as can be seen from Equation (3.1),
the membrane part of the deformation {η} is constant and the bending part {κ}
varies linearly in the element plane. During a deformation, when using the discrete
Kirchhoff elements a linear variation of total strains in the mid-plane of the element
is expected. The convergence rate of an element is determined by the order of its
interpolating functions. This is based on the fundamental proposition of the finite
element error analysis which states that for a sufficiently refined mesh, the error in a
finite element solution can be bounded by the error in the shape function interpolation
[121]. The sufficiently refined mesh is a mesh with which the true convergence rate
is established. The convergence rate of an element in representing the rth derivative
of a field quantity can be defined as O(hp+1−r), where p is the degree of the highest
complete polynomial in the element field quantity and h is the element length. For
the discrete Kirchhoff shell element the rotations {θ} are described by the complete
quadratic polynomials [121]. Therefore, the convergence rate in the strain field is
O(h2). This means that if the element size is halved, the error in the strain is reduced
to approximately a quarter. Obviously, for higher order elements, which use higher
order interpolating shape functions, the convergence rate will be higher.

1
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θy1

θz1
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Figure 3.1: Discrete Kirchhoff triangular element with 18 degrees of freedom.
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3.2 Blank discretisation

When a material is deformed in pure bending, there is a uniform distribution of
stresses along its length in the plane of bending. Even a mesh which consists of 1
shell element can be sufficient for high accuracy. The situation changes when the
material is bent over a tool radius and steep stress gradients appear in the blank.
A coarse mesh used in the numerical analysis will not be able to accurately capture
the localised high stresses. As a result, the accuracy of the stress state predicted
by the finite element analysis and thus the accuracy of springback prediction will be
questionable. To capture the localised stress gradients a sufficiently fine mesh must
be used. Guidelines, defined below, can help in choosing the appropriate element size
which can improve the prediction of springback by reducing the discretisation error.
All simulations discussed in the text below are performed using the implicit finite
element code DiekA.

3.2.1 Development of guidelines

The problem used to define guidelines at the level of blank discretisation with the
discrete Kirchhoff triangular shell elements is shown in Figure 3.2. In this test a piece
of sheet material is bent to a certain radius using a cylindrical die. The initial position
of the strip and tool is shown in Figure 3.2(a). The material thickness is 0.8mm, its
length is 16.0mm and the width is 5.0mm. The radius of the die is 10.0mm. Due
to symmetry along AB and BC, only a quarter of the strip is used in the analysis.
In addition to the boundary conditions of symmetry, all nodes along edge AD can
only move in the x−direction. During forming the die is moved through a distance
of 10.0mm in the positive z−direction (see Figure 3.2(b)).

Simulations of this test with uniform meshes of various density were performed.
Characteristics of the meshes are provided in Table 3.1 where the number of elements
along the line AB is given. The angle per element defines the degree of turning
angle of the die radius between two adjacent nodes of the strip mesh. Discrete
Kirchhoff triangular shell elements with 3 in-plane integration points and 7 points
through the element thickness were used in this study. Simulations were performed
with a dual phase steel (DP965) and its properties are presented in Table 3.2.
The Hill’48 yield criterion with isotropic hardening was used to model the material

Table 3.1: Characteristics of meshes: guidelines development.

Number of elements Angle per element, [◦] Element length, [mm]

Mesh 1 5 18.0 3.1
Mesh 2 7 12.9 2.3
Mesh 3 8 11.3 2.0
Mesh 4 10 9.0 1.6
Mesh 5 13 6.9 1.2
Mesh 6 19 4.7 0.8
Mesh 7 40 2.4 0.4
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Figure 3.2: Diagram of the numerical set-up for single die bending: a) initial position and
boundary conditions; b) shape of the strip after deformation.

behaviour. The stress-strain relation was represented using the Nadai hardening law:
σ = C(ε0 + εp)n. The die was considered to be perfectly rigid and its surface was
represented by analytical functions. The contact conditions between the strip and
tools were described using the penalty method. To eliminate an influence of friction
effects all simulations were performed with μ = 0.

The accuracy of springback prediction is defined by the stress state obtained after
forming. To quantify the accuracy of the stress state, the resulting bending moment
is calculated in the region where the stress level is highest after the deformation. This
region is depicted in Figure 3.2(b), which shows contours of tangential stresses σθ

calculated for the lower layer of integration points. During each simulation, these
stresses were recorded in a column of integration points of the element situated in
the vicinity of point E. Values of the tangential stresses were used to calculate the
resulting bending moment:

My =
1
2

t b

Nip∑
i=1

wi σθ(ζi) ζi (3.3)

where t is the material thickness; b is the strip width; Nip is the number of through-

Table 3.2: Average material properties.

Material: DP965 DP600 AA5182

Young’s modulus, GPa 205 205 71
Poisson’s ratio 0.3 0.3 0.33
YS, MPa 650.2 403.8 135.3
R0, R45, R90 0.703, 0.742, 0.746 0.738, 0.897, 0.923 0.71, 0.58, 0.70
C-value, MPa 1484.8 1040.4 576.79
n-value 0.117 0.159 0.3593
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Figure 3.3: Variation of relative moment error depending on mesh density.

thickness integration points; wi are weight factors; ζi are coordinates of the integration
points and σθ(ζi) are values of the tangential stresses in the sampling points. The
bending moment obtained from a simulation with the finest mesh (mesh 7 in Table 3.1)
was chosen to be the reference bending moment. A relative moment error was defined
as the relative difference between the reference bending moment and the bending
moment calculated in simulations with other mesh densities. Equation (2.35) shows
that the bending moment My defines the change of shape during unloading in the
plane of bending. Therefore, springback prediction error induced by the discretisation
error is proportional to the relative moment error.

Results of the simulations are illustrated in Figure 3.3. The relative moment error is
plotted versus the number of elements that are in contact with the die. In the range
from 5 till 10 elements, a convergence rate of approximately O(h2) can be observed.
Using more than 10 elements results in a relative error of less than 1%. The small
oscillation of the results may be attributed to a slight mismatch in the position of
the integration points in which the tangential stresses were recorded. Based on these
results, it is concluded that about 10 elements over a tool radius are needed to create a
mesh capable of describing in-plane stress distributions in the material. Summarising,
the guideline for blank discretisation is to have a maximum turning angle of 9◦ per
element to reduce the error in springback prediction to about 1%.

3.2.2 Validating the guidelines

The mesh density recommendation defined above are now applied in a springback
analysis of the typical sheet metal forming products, namely the top-hat section test
and the square cup drawing. The numerical analysis is performed in the implicit
finite element code DiekA and the following characteristics remain unchanged in all
simulations:
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1) the materials defined in Table 3.2 are used. The Vegter yield criterion with
isotropic hardening is used to model the aluminium alloy behaviour, whereas the
behaviour of dual steels is described by the Hill’48 yield function with isotropic
hardening. The stress-strain relation is represented using the Nadai hardening
law;

2) blanks are discretised using discrete Kirchhoff triangular elements with 3
integration points in-plane and 7 integration points through the element
thickness;

3) the tools are assumed to be perfectly rigid and are described by means of
analytical surfaces. Contact conditions are described using the penalty method
and the Coulomb friction model;

4) solution method: direct solver based on the Gauss elimination process.

Top-hat section

This problem resembles the U-shaped NUMISHEET’93 benchmark and its geometric
parameters are shown in Figure 3.4(a). During forming, the material undergoes
bending and subsequent unbending when travelling over the die shoulder. This results
in a complex stress distribution through the thickness which causes formation of a
curvature in the product wall during unloading, see Figure 3.4(c).

The amount of springback was quantified using the parameters θ1, θ2 and ρ, a
definition of which can be found in [128]. Only a quarter of the blank was modelled in
the analysis due to symmetry. Process parameters specified by the NUMISHEET’93
benchmark were used, i.e. the total blankholder force of 19.6kN and the friction
coefficient of 0.162. Each simulation comprised two major steps: forming and
springback. During the forming step the punch was moved in the negative z−direction
with a total displacement of 85.0mm. The gradual tool release method, recommended
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Figure 3.4: Top-hat section test: a) geometric parameters; b) deformation zones; c) parameters
to quantify springback.
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Table 3.3: Characteristics of meshes: guidelines validation.

Mesh name Number of Angle per Element
elements element, [◦] length, [mm]

bm3 3 30.0 7.9
bm5 5 18.0 4.7
bm7 7 12.9 3.4
bm10 10 9.0 2.4
bm15 15 6.0 1.6
bm20 20 4.5 1.2
bm30 30 3.0 0.8

in Section 2.3.4, was employed to simulate the springback step. During the unloading
the blankholder was moved up through a distance of 10.0mm and after that the die was
moved 70.0mm down. The unloading procedure was finished with an instantaneous
release of the tools. During this step, all contact forces were transformed into residual
forces which were removed in three incremental steps. A set of simulations was
performed in which the element size was varied. Characteristics of the uniform meshes
used in the analysis are given in Table 3.3. In this table the number of elements in
contact with the tool radius is indicated. Note that this number was used in the
definition of the mesh name.

Results of simulations for the aluminium alloy (AA5182) are shown in Figure 3.5
where the blank shape after springback is plotted in the xz−symmetry plane.
The amount of springback predicted in the simulations with very coarse meshes is
significantly underestimated. Starting from 10 elements acros the tool radius (bm10),
the discretisation error, although not completely eliminated, has a minor influence
on the change of shape during unloading. Using more refined meshes leads to non-
significant shape variations.

The simulations were compared to experimental observations from [69], to check the
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Figure 3.5: Final shape of the blank after springback.
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Figure 3.6: Influence of mesh sizes on springback: a) angles after unloading; b) radius in the
blank wall.

validity of the numerical set-up. Experimental investigations of the test with a high
strength steel showed that as the amount of springback increases, the curvature in the
wall and the angle θ1 increase, while angle θ2 decreases. Its decrease can be explained
by recalling the definition of this angle. Figure 3.4(c) shows that θ2 is a function of the
wall radius ρ. For an ideal case of no springback, the curvature in the wall is expected
to be 0 (or ρ = ∞) and the angles θ1 and θ2 must be 90◦. During the unloading,
the wall radius decreases which causes a reduction in the angle θ2. Evolution of the
springback quantities θ1, θ2 and ρ with increasing mesh density is plotted in Figures
3.6(a) and 3.6(b). When looking at Figures 3.6(a) and 3.6(b) observations similar
to the experimental observations can be made. The angle θ1 and the wall curvature
increase whereas the angle θ2 decreases as more elements over the tool radius are
used.

To find an explanation for the actual underestimation of springback when using the
coarse meshes, some results of the simulations are considered. The punch force-
displacement curves are shown in Figure 3.7. Results of the simulations with meshes
bm15 and bm20 are not included since they coincide with the curve obtained from the
simulation with the finest mesh. First, it is observed that the punch forces obtained in
the analyses with coarse meshes (3, 5 and 7 elements over the tool radius) are higher.
This can be explained by the fact that coarse meshes are less flexible since the number
of degrees of freedom is not sufficient to represent all possible deformation modes.
Second, the force-displacement curves of coarse meshes show oscillations which are
caused by changing contact conditions in the regions of tools’ radii. The variation of
contact conditions is related to a finite number of nodes sliding over a tool radius and
it becomes more pronounced with increasing element size.

Additional results of the simulations are discussed next. The thickness strain
distribution in the xz−symmetry plane is plotted in Figure 3.8. The observed profile
can be explained with the help of Figure 3.4(b). The sudden increase of the thickness
strain at the distance of about 115.0mm can be explained by the blank entering
the bending region of the die. In this region (from point A to B in figure 3.4(b))
the material is bent over the tool radius and the blank takes the die curvature. In
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region B − C, the blank follows the constant die curvature and therefore the slight
increase of the thickness strain till a distance of about 90.0mm is caused only by
in-plane tension. Then the material is straightened in the unbending region C − D
which again results into an abrupt increase of the thickness strain. Having reached
a certain level of hardening at the die radius the material experiences almost no
additional deformation in the wall region D−E, which explains the constant level of
the thickness strain from 80.0mm till 40.0mm. The plateau between 10.0 and 35.0mm
is a result of bending and unbending deformation at the punch radius.

As shown in Figure 3.8, coarse meshes are not able to accurately capture the localised
deformation which occurs in bending/unbending regions of tools radii. Furthermore,
the higher value of the punch force results into more straining in the material, as can
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Figure 3.9: Results of simulations with different materials. Shape of the blank after springback.

be seen from the increased values of the thickness strain. This incorrect prediction
of the material straining is the reason of the underestimation of the change of shape
during unloading.

Additional simulations with two different materials DP600 and DP965 were performed
using only the meshes bm5, bm10, bm15 and bm30. Blank shapes in the
xz−symmetry plane obtained after the unloading procedure are plotted in Figure
3.9 for both materials. It can be seen that the shape predicted by the simulation
with the mesh bm10 hardly differs from those obtained from the simulations with
finer meshes. Note that the amount of springback increases for the dual phase steels.
This can be explained by referring to Equation (2.38) which states that the amount
of springback increases for materials with a higher σf(0)/E ratio.

Square cup

The dimensions of the tools used in simulations of the square cup deep drawing are
shown in Figure 3.10. Process parameters are summarised in Table 3.4. Only a
quarter of the blank was used in the analysis due to symmetry. Simulations were
performed with dual phase steel (DP600) and three different meshes, namely bm5,
bm10 and bm15 (see Table 3.3). A realistic unloading procedure was imitated which
included raising the punch through a distance of 10.0mm, lifting the blankholder
through a distance of 2.0mm and sinking the die with a total displacement of 2.0mm
and performing a subsequent instantaneous springback. Figure 3.11 shows the cross-
sectional shape of the square cup after springback. The shape obtained from the

Table 3.4: Square cup deep drawing. Process parameters.

blank dimensions 150.0 × 150.0mm
material thickness 0.78mm
punch displacement 30.0mm
coefficient of friction 0.144
blankholder force 19.6kN
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Figure 3.11: Shape of the blank after springback.

simulation with the finest mesh (15 elements over a tool radius) is considered as the
reference. As can be seen, the analysis with the coarse mesh underestimates the
curvature in the cup wall. In contrast, the mesh with 10 elements over a tool radius
shows almost no deviations from the reference shape. In this problem, compared to
the top-hat section test, shape deviations as a result of poor discretisation are less
pronounced. This can be attributed to the decreased amount of springback during
unloading. Section moduli of the square cup are much larger and, thus, its resistance
to bending effects is higher.

Results of simulations of these tests show that the level of blank discretisation has
a considerable influence on the accuracy of springback prediction. Discretisation of
the blank is considered to be acceptable if 10 elements are in contact with the tool’s
radius. This mesh is sufficiently flexible and it gives accurate prediction of the change
of shape during unloading.
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3.3 Tool discretisation

In simulations of sheet metal forming it is common practice to assume that the tools
are perfectly rigid. Consequently, only the outer surfaces are usually used to represent
the tool geometry. Two different descriptions of the surfaces are possible: using
analytical functions or a finite element mesh.

The analytical description offers the most accurate representation of the tool
geometry. There is virtually no difference between the initial design and the
geometry used in a numerical analysis. Simple analytical functions (for example
planes, cylinders, spheres) or typical CAD surfaces can be used for this purpose.
The analytical description offers another important advantage, it allows complete
elimination of the tools’ meshing step, which proves to be a very tedious and time-
consuming task. In spite of the many difficulties relating to the data transfer between
CAD software and finite element packages and the necessity of modifying contact
search strategies, the analytical description of tools is increasingly used in simulations
of sheet metal forming [129–132].

A mesh description of tools is the reliable and proven solution that is commonly
used in practice. In this description, the tool surface is approximated by a mesh
of undeformable finite elements. It is known that an insufficiently fine mesh used
to describe the tool can lead to a deviation of the product shape obtained in the
numerical analysis compared to that prescribed by the original design. A very coarse
mesh can also deteriorate the convergence behaviour of a numerical solution. On
the other hand, the number of elements forming the mesh cannot be too high since
this may lead to a significant increase of the computation time needed by a contact
search algorithm. In this section, guidelines are defined that prescribe the level of
tool discretisation appropriate for an analysis of springback in sheet metal forming.

To avoid confusion, the elements that are used for blank and tool discretisation are
called blank elements and tool elements correspondingly. To define the guidelines,
simulations of the top-hat section test, shown in Figure 3.4(a), were performed.
The aluminium alloy (AA5182) was used in the analysis and all parameters of
the numerical set-up remain identical to those described in Section 3.2.2. Unless
mentioned otherwise, the simulations were performed with the blank mesh bm15
(Table 3.3) to completely minimise the influence of blank discretisation. Tool meshes
of various density were used in this study and their characteristics are presented in
Table 3.5. The number of equilateral triangular elements along the curvature of a
tool is given in this table.

Table 3.5: Characteristics of meshes used for tool discretisation.

Mesh name Number of Angle per Element
elements element, [◦] length, [mm]

tm5 5 18.0 4.7
tm10 10 9.0 2.4
tm15 15 6.0 1.6
tm20 20 4.5 1.2
tm30 30 3.0 0.8



64 Influence of discretisation error on springback prediction

(a) Isomesh (b) Paved mesh

Figure 3.12: Tool description produced by various meshing methods.

It is known that when discretising the tools it is better to avoid using the type of mesh
shown in Figure 3.12(a). Although simulation results are not influenced significantly,
the convergence behaviour of the numerical analysis can be affected. Only the paved
mesh, shown in Figure 3.12(b), is used in the subsequent analysis.

Force-displacement curves obtained in the simulations with various mesh densities
are shown in Figure 3.13. If the number of tool elements is very low, the changes
in the contact forces are severe, which results in a clearly visible force oscillation.
The oscillation becomes smaller if the tools are described with an increased number
of elements. In particular, the force-displacement curve of the simulation with 30 tool
elements shows minor oscillation and the force value coincides with the force produced
by the simulation with analytical tools. As can be seen in Figure 3.13, due to the
very rough piece-wise representation of the tool curvature, the simulation with 5 tool
elements overestimates the punch force, which increases the amount of tension in the
product wall. Figure 3.14 shows the thickness strain distribution after forming in
the xz−symmetry plane. Compared to the analytically-described tools, the thickness
strain in the case of 5 tool elements is overestimated by almost 6%, whereas for 10
and more tool elements the results are almost identical. The influence of the increased
tension in the product wall can be seen in Figure 3.15, where the product shape in
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Figure 3.15: Product shape after springback (15 blank elements).
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the xz−symmetry plane after springback is shown. For the case of 5 tool elements,
due to the higher tension, shape deviations can be observed in the wall and flange
regions. The deviation becomes even more pronounced when an insufficient number
of elements is used to discretise the blank.

Several additional simulations were performed in which the blank mesh with 5
elements across the tool radius was used. Meshes 1-4 are used to describe the geometry
of the tools. The thickness strain distributions in the xz−symmetry plane are shown
in Figures 3.16. When the blank mesh is coarse, the increase in the strain in the
product wall is significantly higher (about 18.5%). It is caused by the increased
amount of in-plane tension at the tool radius. As can be seen in this figure, in the
case of 5 tool elements the in-plane tension dominates in the bending/unbending
region and the slope of the plateau increases significantly. Higher tension reduces the
amount of product draw-in and leads to a significantly different shape of the blank
after springback (see Figure 3.17).

Based on the simulations of the top-hat section test, with discretised tools, several
important conclusions can be drawn. Very coarse meshes used to represent the tool
surfaces reduce the accuracy. The spurious in-plane tension may change the draw-
in amount and has a considerable influence on the product shape after springback.
Coarse meshes of the tools also have a negative effect on the convergence behaviour
of a simulation. Higher force oscillation destabilises the numerical solution process
and may increase the total simulation time. To minimise the drawbacks of the tool
discretisation about 10 elements are needed to describe the curved regions of a tool,
9◦ of turning angle per element. This level of discretisation gives an appropriate
description of the tools’ geometry and guarantees an accurate springback prediction.
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Figure 3.17: Product shape after springback (5 blank elements).
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3.4 Concluding remarks

To improve the accuracy of stress state prediction in the end of forming, which governs
the change of shape during unloading, the error due to the spatial discretisation must
be minimised. This can be achieved by using sufficiently fine meshes to describe the
blank and tools. The element size must be carefully chosen, since very fine meshes
will lead to a drastic increase in computational costs.

Simulations of a single die bending test were used to define the level of blank
discretisation which can accurately capture the high stress gradients that appear
at the curved tool regions. When discretising the blank, one node per 9◦ of turning
angle of the tool radius must be used to minimise the discretisation error. Springback
simulations of the top-hat section test and square cup deep drawing showed that, when
using the recommended mesh density in the analysis, the predicted shape of the part
does not deviate significantly from that obtained in the reference simulation with a
very fine mesh. It is important to note that the numerical study was performed
using discrete Kirchhoff triangular shell elements. Therefore, the mesh density
recommendation is applicable to situations when shell elements are used that have a
similar order of interpolating functions. Due to higher convergence rates, higher-order
elements will make it possible to guarantee an accurate springback prediction with
less dense meshes.

A practical solution that can be employed in industrial simulations is to use the
current recommendation in combination with adaptive mesh refinement. The main
goal of adaptive refinement is to reach a required accuracy by using only as many
degrees of freedom as absolutely necessary. It allows starting a simulation with a
relatively coarse blank mesh. As the simulation progresses the blank mesh is refined,
using the presented recommendation, at the places specified by the geometric error
indicator. In this way a fine mesh will be used in the regions with high stress gradients
and a coarser mesh in all other places. The refinement procedure can guarantee the
improved accuracy of springback prediction at minimum cost.

If the forming tools are modelled with finite elements, an appropriate mesh density
is required to minimise the negative effects of tool discretisation. Simulations of the
top-hat section test showed that when meshing the tools, approximately one node per
9◦ of turning angle is required to describe curved regions. This level of discretisation
minimises the punch force oscillation and does not introduce an additional in-plane
tension which could affect the change of shape during unloading.





CHAPTER

FOUR

STRATEGY FOR ADAPTIVE THROUGH-THICKNESS
INTEGRATION

In previous chapters it was shown that for a reliable simulation of springback, it is
required to minimise the modelling and discretisation errors. Numerical integration
through the thickness of shell elements is yet another reason for the low accuracy of
springback prediction in sheet metal forming [17, 30, 133]. From the theory of FE
analysis it is known that the characteristic matrices of a shell element are complex
volume integrals. For example, the stiffness matrix of the discrete Kirchhoff shell
element can be written as:

[k] =
∫

V

[B]T [D] [B] dV =
∫

A

∫ t
2

− t
2

[B]T [D] [B] dz dA (4.1)

where [B] is the strain-displacement matrix; [D] is the matrix of material constants;
V , A and t are correspondingly the volume, area and thickness of the shell. Both
matrices [B] and [D] are not constant over the element, i.e. matrix [B] is a function
of in-plane coordinates and matrix [D] varies in the element mid-plane and through
its thickness. In general, it is not a trivial task to find the closed form solution
of the integral in Equation (4.1) and for this reason the stiffness matrix and other
characteristic matrices of the element are usually determined by means of numerical
integration in the plane and in the thickness directions. The numerical integration
includes multiplication of the integrand’s value at the predefined locations within the
element by weight factors and adding the results. The most widely used procedure
for in-plane integration is Gauss quadrature. To decide on the number of Gauss
points and to choose their most optimal location in the element plane one can use the
recommendations provided in the literature [121, 134, 135].

To integrate through the thickness several integration schemes are commonly used,
namely rules based on the Newton-Cotes formula, Gauss quadrature or the Lobatto
rule. Each of these integration schemes has some advantages and a comparison of
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their performance in plate and shell elements can be found in [136]. There is no
clear recommendation for the number of through-thickness integration points that
must be used to ensure accurate prediction of springback in sheet metal forming.
As was discussed in Section 2.2.1, the through-thickness stress profile defines the
internal bending moment which governs a change of shape during unloading. For a
material in the elastic regime the through-thickness stress profile is smooth and the
bending effects can be represented by a limited number of integration points. However,
when the material undergoes plastic deformation the stress profile becomes non-
smooth due to the presence of elastic-plastic transitions. In this case all traditional
integration rules require a significant number of points to provide accurate stress
resultants at the end of the deformation [133, 134, 136]. This number depends on the
material, process parameters and the employed integration rule [133]. Increasing the
number of through-thickness points in the numerical analysis places high demands on
computational costs and is very undesirable.

To overcome this problem one may use the approach proposed by Simo et al. [137].
In this method a constitutive model is formulated directly in terms of stress resultants
which allows the entire elimination of the through-thickness integration from a FE
computational procedure. However, as mentioned by the authors themselves, the
main disadvantage of this approach is that even the simplest yield criteria become
very complex when expressed in terms of stress resultants.

A better option is to use an integration rule which can identify presence and location
of the kinks and can adapt the position of available integration points depending on
the stress profile. Such a scheme can guarantee more accurate stress resultants at
the end of forming, and hence a more accurate springback prediction, while using
a limited number of integration points. An adaptive through-thickness integration
strategy for shell elements is developed and described in this chapter. The chapter
starts with a short description of the traditional integration rules and a discussion of
their limitations (Section 4.1). To be applicable in FE analyses, the adaptive strategy
has to include several algorithms and their main tasks are described in Section 4.2.
The potential of the adaptive integration is demonstrated using the simple plane
strain bending problem (Section 4.3).

4.1 Traditional integration schemes

A short summary on the numerical schemes commonly used for the integration in
the thickness direction of shell elements is given below. A full review of all possible
integration strategies and detailed explanations of their underlying principles can be
found in the literature, e.g. [120, 138].

4.1.1 Overview of available integration rules

In commercial FE packages the integration through the element thickness is usually
performed with trapezoidal, Simpson’s, Lobatto rules or Gauss quadrature. To
explain the general idea underlying the numerical integration, suppose that I(f) =
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∫ b

a
f(x) dx is an integral to be evaluated. Let x0, x1, . . . , xn for n ≥ 1 be a set

of integration points that usually belong to the integration interval [a, b]. For the
integrand f(x) one can find an approximating function or a family of functions fn(x)
and define [120]:

In(f) =
∫ b

a

fn(x) dx (4.2)

It is usually required that the approximations fn(x) satisfy:

||f − fn||∞ → 0 with n → ∞ (4.3)

and the form of fn(x) must be chosen such that In(f) can be evaluated easily. Most
integrals In(f) after the evaluation will take the following form:

In(f) =
n∑

j=1

wj f(xj) (4.4)

The coefficients wj are the weights of n + 1 integration points.

Newton-Cotes integration

To define the Newton-Cotes formula a number of integration points x0, x1, . . . , xn for
n ≥ 1, equally-spaced on the interval [a, b], is chosen. A polynomial Pn(x) is defined
that approximates the integrand f(x) at the integration points. The function Pn(x)
is usually defined using the Lagrange formula for an interpolating polynomial [120]:

Pn(x) =
n∑

j=0

lj(x)f(xj) , where

lj(x) =
n∏

i�=j

( x − xi

xj − xi

)
, for j = 0, 1, . . . , n (4.5)

Analytically evaluating In(f) =
∫ b

a
Pn(x) dx gives the equation for numerical

integration with the Newton-Cotes formula:

In(f) =
∫ b

a

n∑
j=0

lj(x) f(xj) dx =
n∑

j=0

wj f(xj) (4.6)

where wj =
∫ b

a
lj(x) dx, for j = 0, 1, . . . , n.

The Newton-Cotes formula provides a general framework for deriving several well-
known integration rules. For example, with n = 1 it leads to the trapezoidal rule
and with n = 2 to Simpson’s rule. It is usually not recommended to use higher order
integration formulae since they may not converge for well-behaved integrands [120].
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Gauss quadrature

The trapezoidal and Simpson’s rules use a fixed order polynomial to approximate
the integrand f(x). There is a class of integration methods that use polynomial
approximations of f(x) of increasing degree. A well-known representative of this
class of methods is Gauss quadrature. In the case of Gauss quadrature, the problem
of numerically calculating I(f) is reduced to finding the location of the integration
points xj and the weight factors wj which result in In(f) being equal to I(f) exactly
for polynomials f(x) of as high degree as possible [120]. Using Gauss quadrature
with n integration points, a polynomial of degree 2n − 1 can be exactly integrated.
For a large number of points, the parameters xj and wj can be calculated using the
theory of orthogonal polynomials. A complete description of the theory and some
computational procedures can be found in [120, 138, 139].

Lobatto rule

The Lobatto rule can be considered as a Gauss-type integration with two preassigned
nodes [138]:

In(f) = a1f(a) + a2f(b) +
n∑

j=1

wj f(xj) (4.7)

There are two integration points that are located at the limits of the integration
interval [a, b] and all other weight factors a1, a2, wj and the locations xj must be
calculated. The algorithm to determine the weights and locations of the integration
points of the Lobatto rule can be found in [140].

General remarks

The schemes based on the Newton-Cotes formula are simple to use, since calculation
of the weights and locations of integration points is straightforward. However, in most
of the cases the integration formulae of the Gauss type appear to be superior to the
trapezoidal rule [120]. Furthermore, Gauss quadrature or the Lobatto rule are more
preferable in situations where the function to be integrated is nonlinear and continuous
in the interval [a, b]. The speed of convergence of these rules increases with increasing
integrand smoothness [120, 138]. In contrast, the trapezoidal rule and Simpson’s rule
will not converge faster than a specific rate. The presence of integration points at the
interval’s limits may give extra advantages. If, during a numerical analysis, yielding
of the material is initiated at the outer surface, the Lobatto and Newton-Cotes rules
can directly identify it. For the same situation, the outermost Gauss integration point
may still be in the elastic regime leading to less accurate results.

4.1.2 Limitations of traditional integration

In nonlinear FE analysis, when a material experiences plastic deformations, the
through-thickness stress profile has discontinuous derivatives at the surfaces that
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separate the elastic and plastic regions. The performance of various numerical schemes
used for integration of plates and shells in this particular situation was investigated
by Burgoyne and Crisfield [136]. Using four different problems they showed that none
of the rules gives satisfactory accuracy when using less than 20 integration points.
Nevertheless, Gauss quadrature was recommended as the most accurate one. It was
additionally noted that, in some cases, it may be preferable to use a simpler integration
strategy, such as the trapezoidal rule.

The influence of the through-thickness integration on the accuracy of springback
prediction was studied extensively by Wagoner et al., [17, 133, 141]. Effects of
varying material and process parameters on the error due to numerical integration
were investigated by using a simple bending under tension model. It was shown that
the error of springback analysis caused by the numerical integration oscillates with
varying process parameters and the number of integration points. It was suggested
that the error oscillation is related to changes in relative position of the integration
points and the kinks in the stress profile.

To understand the origins of the numerical integration error and to explain its
oscillatory behaviour, calculations of the plane strain bending problem shown in
Figure 2.7 were performed. The underlying assumptions and a complete explanation
of the problem was given in Section 2.2. A sheet material with a thickness of 1.0mm
was deformed under combined bending and tension. The calculations were performed
for an interstitial free steel (IF steel) with a Young’s modulus of 210GPa, a yield stress
of 150MPa and the Nadai hardening parameters C=425MPa and n=0.4. The bending
moment M at the end of a deformation was found analytically and numerically.
Equation (2.24) was used for the analytical calculations and the numerical value
of the bending moment was found from the numerical integration formula, Equation
(4.4). The numerical integration error is quantified by the relative difference between
analytically and numerically calculated bending moments:

RME =
∣∣∣Mnum − Manalytical

Manalytical

∣∣∣ · 100% (4.8)

where RME is the relative moment error. Note that, since the amount of springback
is proportional to the bending moment (see Equation (2.38)), the error of springback
prediction caused by the numerical integration is proportional to RME.

The first set of calculations was performed keeping the process parameters constant.
The bending radius was 5.0mm and a tensile force was applied which shifted the
neutral line by 0.4mm. Under these conditions the material underwent elastic-plastic
deformation and a non-smooth stress profile, as shown in Figure 2.7(b), is expected
through the thickness. Dependency of RME on the number of the integration points
for the trapezoidal rule and the Gauss quadrature is shown in Figure 4.1. As expected,
the Gauss quadrature performs better than the trapezoidal rule and converges faster
to a zero value of the moment error. At the same time, due to the complexity and
non-smoothness of the integrand (σθ · z), both rules lead to a high error when using
3− 10 integration points. It can also be seen that the moment error oscillates with a
varying number of integration points.
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Figure 4.1: Relative moment error due to the numerical integration.

To demonstrate what happens to the integration error with changing process
parameters, calculations with varying the R/t ratio and in-plane tension were
performed. The moment error as a function of the in-plane tension for R/t = 5
is shown in Figure 4.2. The trapezoidal rule with 20 integration points was used in
the calculations. The tension in this figure and all subsequent figures is represented
by the normalised shift of the neutral line ā, which is defined as the neutral line
shift divided by half of the sheet thickness, ā = 2a/t. As can be seen the error
due to numerical integration oscillates and increases with increasing tension. The
increase of the error can be explained by recalling the fact that the bending moment
M decreases with increasing tension. Therefore, a given absolute moment error due
to the numerical integration will lead to a larger relative error. At the same time, as
shown in Figure 4.3, the integrand’s profile becomes less smooth for higher values of
tension, which increases the absolute moment error. Although it is not clearly visible
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Figure 4.2: Influence of in-plane tension on the relative moment error.
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Figure 4.4: Influence of R/t ratio on the relative moment error.

in this figure, for the case of no tension (a =0.0mm) the integrand’s distribution still
contains two kinks that are located near the central line. As a result of bending to
a small radius, the region with elastic material is very narrow and the elastic-plastic
transitions are located very close to each other.

It is important to emphasise that the error oscillation makes it very difficult to develop
practical guidelines for choosing the number of integration points which can ensure
the accurate prediction of springback. For a particular problem, depending on process
conditions a fixed number of integration points may lead to a high or a low error of
prediction of stress resultants at the end of a deformation.

The influence of the R/t ratio on the integration error is shown in Figure 4.4. The
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calculations were performed using the trapezoidal rule and the amount of tension was
kept constant. Due to oscillation the term “maximum error” is introduced. It is an
extreme value of RME for a given set of process conditions. Figure 4.4 shows that
when the bending radius is small, the moment error is larger, and more integration
points are needed to ensure a certain accuracy level. The observed increase of the
RME for smaller bending radii can be explained with the help of Figure 4.3, where
through-thickness profiles of the integrand are plotted for various R/t ratios. It can
be seen that decreasing the bending radius causes the elastic region to shrink and the
integrand’s profile becomes less smooth.

Finally, to explain the error oscillation several calculations were performed with R/t =
20 and using different values of in-plane tension. The bending moments, calculated
both analytically and numerically, are shown in Figure 4.5. The numerical calculations
were performed using Gauss quadrature with 7 through-thickness integration points.
The oscillation of the numerical bending moment is clearly visible and to explain its
sudden steep decrease, five different values of tension (a, b, c, d and e) were considered.
These values were used to calculate the profiles of the integrand shown in Figure
4.6. The through-thickness location of all seven integration points is indicated
by the dashed lines. Additionally, two kinks in the integrand’s profile are clearly
distinguishable in this figure. These points define the places where the material
transits from the elastic regime into the plastic regime. When the tension increases
the kinks move with respect to the integration points. Before they reach the closest
integration point (point 3 in Figure 4.6) the bending moment value decreases only
slightly, since in the vicinity of every sampling point the integrand’s profile undergoes
only small modifications with changing process parameters. As soon as integration
point 3 falls within the elastic region (profile b) its contribution to the bending moment
value decreases abruptly and after this becomes negative. As a result the value of
the bending moment drops sharply (see Figure 4.5). Soon after integration point
3 completely passes the elastic region (profile d), the moment value stabilises and
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remains relatively constant until integration point 2 also falls within the elastic region.

It is clear that a numerical scheme that uses integration points which are fixed in the
thickness direction is not so efficient in the numerical analysis of an elastic-plastic
material [142, 143]. Both the trapezoidal rule and Gauss quadrature require a large
number of integration points to give a negligible error of prediction of stress resultants.
The error depends on the smoothness of the integrand profile and it increases with
increasing tension or with bending to a smaller radius. The springback prediction error
related to the numerical integration depends on the position of the integration points
relative to the kinks and it oscillates if the kinks change their location with varying
process parameters. For the traditional rules, the only way to minimise the difference
between the analytical and numerical curves, shown in Figure 4.5, is by increasing
the number of integration points. The oscillation then becomes more frequent but the
accuracy of prediction of stress resultants becomes higher. In a realistic simulation of
sheet metal forming the location and number of kinks in the stress profile is different in
the various regions of the blank. Therefore, using the increased number of integration
points in every element of the mesh is very unpractical and inexpedient. A good
alternative to the traditional numerical schemes is an adaptive strategy that can
identify the location of elastic-plastic transitions in the course of a simulation and,
based on this information, can adapt the integration points to obtain the accurate
solution at minimum cost. A procedure for such an integration strategy for shell
elements is presented below.

4.2 Algorithms of adaptive integration

In this section an adaptive strategy for the through-thickness integration of shell
elements is defined. The main distinctive feature of the strategy is the ability to
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find an accurate numerical solution of an integral while using a limited number of
integration points.

4.2.1 Outline of adaptive quadrature

All adaptive integration schemes can be classified as either iterative or noniterative
[138]. In an iterative scheme, successive approximations to an integral are computed
until the final result is satisfactory within a given tolerance. Several adaptive iterative
algorithms have been developed, see for example [144–146], with the main goal to
compute the integral value as accurately as possible with no strong restriction on the
number of integration points used for that purpose.

In a noniterative scheme, prior to calculating the final integral value the integrand is
evaluated to choose an optimum location and the number of integration points. This
scheme, in contrast to the iterative one, is focused on finding the accurate integral
value using a limited number of integration points. Therefore, it is the best candidate
to be used for the through-thickness integration in shell elements.

The framework for constructing an adaptive integration scheme was suggested by Rice
[144]. All possible components, that a numerical scheme may have, were summarised
into a meta-algorithm for adaptive integration. Depending on the problem, specific
components of the meta-algorithm can be chosen to build an adaptive integration
strategy. Based on this framework, an adaptive noniterative integration strategy is
defined. It consists of several components which are split between the interval manager
and the interval processor (see Figure 4.7).

An adaptive integration strategy is developed for the implicit finite element solution
procedure which is often employed for simulation of sheet metal forming and especially
in a springback analysis. In the implicit procedure, state variables that satisfy the
equilibrium at the end of a load increment are found iteratively by a Newton-Raphson
method. Adapting the integration points during the iterative Newton-Raphson
procedure will have an influence on the value of the internal force vector and therefore
may result in a divergence of the solution process. To minimise the risk of divergence,
the adaptation should take place after finding the converged solution at the end of a
load increment. Then the interval manager of the adaptive strategy is called, kinks
in the stress profile are located and the integration points are adapted to reduce the
integration error. When an integration point is relocated or newly introduced, there is

Interval manager Interval processor

- locates kinks

- defines subintervals

- adapts location and
number of points

- calculates state variables

- applies integration rule

Figure 4.7: Block diagram of adaptive noniterative algorithm.
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no history information available at that point. Therefore, the interval manager must
include a component to calculate new values of internal variables, so that the deviation
of the internal force vector after the adaptation from that obtained by the Newton-
Raphson process is small. If unloading takes place during the next incremental step,
the adapted integration points will guarantee more accurate stress resultants and
hence - a more accurate springback prediction. If loading continues, the stiffness
matrix is calculated and the iterative process is started to find state variables for
the new load increment. All components of the interval manager and the interval
processor are described in greater detail below.

4.2.2 Locating points of discontinuity

The interval manager evaluates the integrand prior to numerical integration. It
includes several components and its first task is to locate kinks in the integrand’s
profile. When a material undergoes cyclic bending and unbending the through-
thickness stress profile may contain several kinks. Figure 4.8 shows the fictive stress
distribution which occurs in a beam after bending, reverse bending and repeated
bending in the original direction. For simplicity, elastic, perfectly plastic material is
chosen and in-plane tension is excluded. Due to symmetry, only half of the stress
profiles is shown. While bending, as soon as yielding of the material is initiated, an
elastic-plastic boundary or a point of discontinuity (POD1 in Figure 4.8) appears in
the stress derivative. Having reached some given radius of bending the material is
elastically unloaded and loaded in the reverse direction. For the elastic, perfectly
plastic material, yielding in the reverse direction will start after reaching the initial
yield stress value σy1. As a result, a new elastic-plastic transition or a point of
discontinuity (POD2) is created. If the second elastic-plastic boundary does not
propagate further than the first one, the stress profile contains two kinks. It can
additionally be seen that lines a − b and c − d intersect the neutral axis at the yield
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Figure 4.8: Kinks in the stress profile after cyclic bending without tension.
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stress that is reached during the bending part of the cycle. This fact is explained in
Appendix D where the equation that describes stress distribution during the unloading
is derived. Unloading the beam from this situation and plastically loading it in the
original direction produces a new point of discontinuity (POD3) (see Figure 4.8).
In principle, for a high accuracy of integration the interval manager must include
algorithms that are capable of locating all the stress profile kinks. The description of
two of them which may be used for finding the location of the points of discontinuity
POD1 and POD2 resulting from bending and reverse bending is given below.

To explain the algorithm for locating POD1, the problem shown in Figure 2.7 was
considered. The typical distribution of the equivalent stress in a cross-section of the
sheet for a material with arbitrary hardening is shown in Figure 4.9. For convenience,
the stress distribution is plotted for the case of zero tension and only the upper part
of the cross-section is shown. In this figure σy1 is the initial yield stress and σ̄1 is the
equivalent stress that occurs at the top layer during bending. Let z1 and z2 be the
coordinates of elastic-plastic transitions POD1 with respect to the central line. Note
that when the in-plane tension is applied, z1 �= z2 due to the shift of the neutral line.
To determine values of z1 and z2, the method proposed by Armen and Pifko [147] can
be followed. The latter method is based on the von Mises yield criterion and allows
location of the elastic-plastic transitions in beam and plate structures subjected to
combined in-plane and lateral loading. Here, this method is developed further for
application in planar anisotropic materials.

The vector of stresses for a material in the elastic region can be written using Hooke’s
law for plane stress:⎧⎨⎩

σxx

σyy

τxy

⎫⎬⎭ =
E

1 − ν2

⎡⎣ 1 ν 0
ν 1 0
0 0 1−ν

2

⎤⎦⎧⎨⎩
εxx

εyy

γxy

⎫⎬⎭ or {σ} = {E}{ε} (4.9)
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Figure 4.9: Equivalent stress profiles after bending and reverse bending.
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Combining Equation (4.9) with Equation (3.2), it is possible to obtain the stress
vector for a Kirchhoff plate in the elastic region:

{σ} = {E}{η} − z · {E}{κ} or {σ} = {A} − z · {B} (4.10)

where {A} represents the contribution of the membrane part of the deformation and
{B} represents the bending part. In the case of the small-strain formulation:

{A} =

⎧⎨⎩
Axx

Ayy

Axy

⎫⎬⎭ =
E

1 − ν2

⎡⎣ 1 ν 0
ν 1 0
0 0 1−ν

2

⎤⎦⎧⎨⎩
u,mp

x

v,mp
y

u,mp
y +v,mp

x

⎫⎬⎭ (4.11)

{B} =

⎧⎨⎩
Bxx

Byy

Bxy

⎫⎬⎭ =
E

1 − ν2

⎡⎣ 1 ν 0
ν 1 0
0 0 1−ν

2

⎤⎦⎧⎨⎩
wmp

,xx

wmp
,yy

2wmp
,xy

⎫⎬⎭ (4.12)

It is known that a material remains elastic through its thickness until the yield
condition is satisfied. The plane stress Hill’48 yield criterion is used to model
anisotropic material behaviour:

Fσ2
y + Gσ2

x + H(σx − σy)2 + 2Nσ2
xy − 2

3
(F + G + H)σ2

yield = 0 (4.13)

where σyield is the stress at yield and the parameters F,G,H and N describe the
material anisotropy. These parameters can be defined as functions of the planar
anisotropy parameters R0, R45 and R90 [12].

Substituting the components of the stress vector (Equation (4.10)) into the last
equation and gathering the terms gives:(

(G + H)B2
xx + (F + H)B2

yy − 2HBxxByy + 2NB2
xy

) · z2 +(
2H(AyyBxx + AxxByy) − 2(G + H)AxxBxx −

2(F + H)AyyByy − 4NAxyBxy

) · z + (G + H)A2
xx + (F + H)A2

yy −
2HAxxAyy + 2NA2

xy − 2
3
(F + G + H)σ2

yield = 0 (4.14)

or in a more convenient form:

a1z
2 + a2z + a3 − 2

3
(F + G + H)σ2

yield = 0 (4.15)

Solving this quadratic equation gives two roots z1 and z2 which define the location of
the elastic-plastic transitions during bending under tension. As can be seen, to locate
the transition points the algorithm uses the membrane and bending components of
the total strain vector. In the FE analysis based on the large-deformation plasticity
these components can be easily calculated and made available at the end of each
incremental step. If, for example, Kirchhoff shell elements are used to describe the
sheet, then by using Equation (4.15) at each column of integration points of every
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element in the mesh, the interval manager can always track the location of POD1
during the analysis.

The location of the POD2 kink can be determined using a graphical approach
described in [147]. Figure 4.9 shows a typical distribution of the equivalent stress
in the same cross-section after bending in the reverse direction. σ̄t2 is the equivalent
trial stress that would exist if the material did not have plastic deformations in reverse
loading and, if the hardening is isotropic, σ̄y2 is the equivalent stress reached in earlier
plastic straining. The location of the upper POD2 kink can be calculated from the
similar triangles ABC and ADE:

m1 =
σ̄y2 + σy1 − α

σ̄t2 + σy1 − α
· t

2
(4.16)

where α defines the point at which the equivalent elastic stress distribution intersects
the neutral line during the reverse bending:

α =
σ̄1 − σy1

t
2 − z1

· z1 (4.17)

As explained in Appendix D, this point coincides with the point of intersection of the
neutral line and the line A − F .

In contrast to the POD1 algorithm, the method for locating the POD2 kink has
some limitations and cannot be generally applied. Firstly, the linear hardening
assumption, which is required to calculate the value of α, may introduce some error.
Secondly, this method is only applicable in situations when the material undergoes
cyclic bending without tension. In realistic loading conditions, the in-plane tension
may have a significant effect on the shape of the through-thickness stress distribution.
To visualise this, two simulations of the top-hat section test, shown in Figure 3.4(b),
were performed. The aluminium alloy AA5182 was used in the simulations and its
properties are summarised in Table 3.2. The thickness of the blank was 0.81mm
and a description of the process parameters is provided in Section 3.2.2. To describe
the blank, discrete Kirchhoff triangular elements were used with 30 Gauss points
through the thickness. The tools were described by means of analytical surfaces. Two
simulations were performed to define the effect of tension on the through-thickness
stress profiles, i.e. with friction and without friction. An element of the blank that
passes the die radius completely during forming is tracked. For one specific column
of integration points of this element the circumferential stress σxx is recorded at the
moment when: the element is in the bending region (region AB in Figure 3.4(b)); the
element is in the region of constant die curvature (region BC) and the element is in
the unbending region (region CD).

The stress profiles obtained from both simulations are shown in Figure 4.10. The
distribution of stresses obtained from the simulation without friction is comparable
to that assumed in the algorithm for locating kink POD2 (see Figure 4.9). However,
the simulation with friction shows that the influence of tension is two-fold: it causes a
shift of the neutral line and it completely modifies the shape of the through-thickness
stress profiles, so that it becomes impossible to locate kink POD2 on the basis of
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Figure 4.10: Through-thickness stress distributions in the element that completely passes the
die radius.

geometric considerations alone. It can additionally be seen that at the onset of
yielding, the POD1 kinks (points A and B in Figure 4.10(b)) are both located in
the plastic region and are less pronounced. Apparently, there is a need for a generally
applicable algorithm of the interval manager that can locate kinks in stress profiles
obtained from an arbitrary loading scenario. Such an algorithm is developed and
validated in Chapter 5.

4.2.3 Relocating integration points

The interval manager divides the complete integration interval [−t/2, t/2] into several
parts as soon as the kinks in the stress profile are found. The subdivision is done
in such a way that the endpoints of the subintervals coincide with the kinks, and
hence the integrand at every subinterval is a continuous function. Integration points
are rearranged so that there are several points inside every subinterval and two of the
points are located at its limits. If required, the location and number of the integration
points within each subinterval can be adapted depending on the numerical integration
scheme used and the smoothness of the integrand. Applying an integration rule to
every subinterval and adding the results gives the numerical value of the integral.

4.2.4 Updating internal variables

State variables must be available at each integration point and updated as the
incremental-iterative solution procedure progresses. A newly introduced or relocated
integration point does not contain any information about previous loading at
this particular location and its internal variables must be calculated. For the
integration points relocated in the elastic region, this can be accurately done by
linear interpolation using the information at e.g. their old locations. The algorithm
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to update internal variables of the integration points in the plastic region is more
complex.

When using the Hill’48 yield criterion with isotropic hardening the state variables that
must be updated are the stress vector σ and the accumulated equivalent plastic strain
ε̄p. Let {σ}1, {σ}2, ε̄p

1 and ε̄p
2 be the stress vectors and the accumulated equivalent

plastic strains at the integration points belonging to the same plastic region, and
these will provide information for the variables update. The main goal now is to
determine the stress vector {σ}3 and the accumulated equivalent plastic strain ε̄p

3

at the new integration point, labelled 3. The assumption of linearly varying strains
through the thickness of the shells makes it possible to calculate the accumulated
equivalent plastic strain ε̄p

3 by simple interpolation. From the Lagrange formula for
an interpolating polynomial (see Equation (4.5)):

ε̄p
3 =

z3 − z2

z1 − z2
ε̄p
1 +

z3 − z1

z2 − z1
ε̄p
2 (4.18)

where z1, z2 and z3 are the through-thickness coordinates of the integration points.

To update the stress state the following procedure can be used, based on [134, 148,
149]. At first, the flow stress at the new integration point 3 is calculated by using,
for example, the Nadai hardening relation:

σf3 = C
(
ε̄p
3

)n (4.19)

with C and n being the material hardening parameters. Then the new stress
vector {σ}int

3 is calculated by simple interpolation of the stress state from the fixed
integration points:

{σ}int
3 = f

({σ}1, {σ}2

)
(4.20)

Generally, the interpolated stress vector will not satisfy the yield condition and
therefore a scaling factor q is introduced to correct the stress state at the new
integration point [148]:

q =
σf3

σ̄int
3

(4.21)

where σ̄int
3 is the equivalent stress after the interpolation. Using the scaling factor

it is now possible to find the approximate stress state that must exist at the new
location:

{σ}3 = q · {σ}int
3 (4.22)

The presented procedure provides an example of how to update state variables of
integrations points at a new location. To be applicable in the numerical analysis
with more advanced constitutive models that use additional hardening variables,
the algorithm must be extended. The extension depends on the type of hardening
parameters and their evolution equations.

4.2.5 Applying the integration rule

The interval processor performs the actual integration. After adaptation the
integration points will not be equally spaced, and thus a numerical scheme is needed
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that is capable of performing integration using unequally distributed points. The
idea behind integration with unequally spaced points is similar to that of Newton-
Cotes integration. Initially, a number of integration points x0, x1, . . . , xn for n ≥ 1,
unequally spaced on the interval [a, b], is chosen with f(x0), f(x1), . . . , f(xn) being
their corresponding integrand values. An interpolating function P (x) is defined
that approximates the integrand f(x) at the integration points. Various functions
can be used for the approximation, for example a polynomial or a spline. Using
the second order polynomial gives Simpson’s formula for integration with unequally
spaced points:

In(f) =
n/2∑
j=1

(kj

3
(x3

2j − x3
2j−2) +

lj
2

(x2
2j − x2

2j−2) + mj(x2j − x2j−2)
)

for j = 1, 2, ..., n/2 (4.23)

where kj , lj and mj are coefficients of a quadratic polynomial defined using three
consecutive integration points:

kj =
f(x2j−2)

(x2j−2 − x2j−1)(x2j−2 − x2j)
+

f(x2j−1)
(x2j−2 − x2j−1)(x2j − x2j−1)

+

+
f(x2j)

(x2j−2 − x2j)(x2j−1 − x2j)
(4.24)

lj = − (x2j−1 + x2j)f(x2j−2)
(x2j−2 − x2j−1)(x2j−2 − x2j)

− (x2j−2 + x2j)f(x2j−1)
(x2j−2 − x2j−1)(x2j − x2j−1)

−

− (x2j−2 + x2j−1)f(x2j)
(x2j−2 − x2j)(x2j−1 − x2j)

(4.25)

mj =
x2j−1 x2j f(x2j−2)

(x2j−2 − x2j−1)(x2j−2 − x2j)
+

x2j−2 x2j f(x2j−1)
(x2j−2 − x2j−1)(x2j+2 − x2j−1)

+

+
x2j−2 x2j−1 f(x2j)

(x2j−2 − x2j)(x2j−1 − x2j)
for j = 1, 2, ..., n/2 (4.26)

When using a FE solution procedure it is more convenient to have an array which
contains the weights of the integration points. To update this array when the location
of the integration points changes, the following equations can be used:

w2j−2 = w2j−2 +
1

(x2j−2 − x2j−1)(x2j−2 − x2j)
×

×
(x3

2j − x3
2j−2

3
− (x2j−1 + x2j)

x2
2j − x2

2j−2

2
+ x2j−1 x2j(x2j − x2j−2)

)
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w2j−1 =
1

(x2j−1 − x2j−2)(x2j−1 − x2j)
×

×
(x3

2j − x3
2j−2

3
− (x2j−2 + x2j)

x2
2j − x2

2j−2

2
+ x2j−2 x2j(x2j − x2j−2)

)
w2j =

1
(x2j − x2j−2)(x2j − x2j−1)

×

×
(x3

2j − x3
2j−2

3
− (x2j−2 + x2j−1)

x2
2j − x2

2j−2

2
+

+ x2j−2 x2j−1(x2j − x2j−2)
)
for j = 1, 2, ..., n/2 (4.27)

The complete derivation of Equations (4.23) and (4.27) is provided in Appendix E.
Following the strategy presented there, the formula for the trapezoidal integration
can easily be obtained. The equation for the spline integration with unequally spaced
points can also be found in Appendix E.

Each of the considered integration rules places specific demands on the interval
manager that are related to a minimum number of integration points required at each
subinterval and their location. For example, the adaptive Simpson’s and spline rules
require at least three points within every subinterval. As for the adaptive trapezoidal
rule, due to the lower order polynomial used for the interpolation, more points must
be placed at highly curved regions of the integrand’s profile to reduce the integration
error. Gauss quadrature and the Lobatto rule are left out of consideration here since
they do not allow an arbitrary placement of integration points.

4.3 Potential of adaptive integration

To demonstrate the potential of adaptive integration in springback analysis, the plane
strain bending and stretching problem shown in Figure 2.7 is considered. The moment
M resulting from bending of a sheet to a radius under in-plane tension was calculated
from Equation (2.24). The material of the sheet was IF steel, its thickness was
1.0mm and the radius of bending was 5.0mm. The adaptive strategy outlined above
was used to define an adaptive integration rule specifically adjusted for this problem.
The interval manager of the adaptive rule performs the following tasks:

1) locates two elastic-plastic transitions (POD1) in the stress profile using
Equations (2.14) and (2.17);

2) divides the complete integration interval [− t
2 , t

2 ] into three subintervals AB, BC
and CD that are shown in Figure 2.7(b);

3) adapts the location and number of the integration points within each
subinterval. The specific demands of the integration rule employed are
considered here. As a reminder: the adaptive Simpson’s rule and the spline rule
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require at least three integration points at every subinterval. If necessary, the
number of the integration points may change as a function of the subinterval’s
length. For this specific problem the subinterval AB decreases in size with
increasing tension, therefore it is logical to move excessive integration points to
subinterval CD which then increases in size.

To perform the actual integration the interval processor employs Simpson’s rule and
the rule based on the spline approximation of the integrand. The bending moment
M was calculated using the adaptive Simpson’s scheme with 7 integration points in
total, the adaptive spline scheme with 11 points and the traditional trapezoidal rule
with 50 points. The calculations were performed for a range of values of tension.
The influence of the numerical integration on the amount of springback was again
quantified by finding the relative difference between the numerical and analytical
bending moments.

Results of the calculations are shown in Figure 4.11 where RME is plotted as a
function of tension. The traditional trapezoidal rule requires a very large number of
points to keep the integration error low. Additionally, by comparing Figures 4.2 and
4.11 one can note that the error oscillation becomes more frequent when using more
integration points. At the same time, it can be seen that the adaptive integration
strategy has a great potential. Compared to the traditional rule, an almost negligible
integration error is obtained while using a very small number of points. By tracing
the location of the points of discontinuity, the error oscillation can be avoided and as a
result, the integration error increases smoothly with increasing the tension. Absence
of error oscillation makes it easier to choose a number of integration points that can
guarantee a specific accuracy of springback prediction.
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Figure 4.11: Relative moment error for various values of in-plane tension.
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4.4 Concluding remarks

Traditional numerical schemes for through-thickness integration in shell elements
are inefficient in elastic-plastic analysis. They show error oscillation and require a
very large number of integration points to ensure a certain accuracy of springback
prediction. The adaptive integration strategy, described in this chapter, can be
used to define a numerical scheme that uses the integration points more efficiently.
An adaptive integration scheme must include several algorithms that evaluate the
through-thickness stress profile, adapt the location and the number of integration
points, and perform the actual integration.

The potential of the adaptive integration was demonstrated using the bending with
tension problem. Calculations showed that for a similar set of material and process
parameters the adaptive Simpson’s scheme with 7 points and adaptive spline scheme
with 11 points perform significantly better than the traditional trapezoidal rule with
50 integration points. Compared to the traditional schemes, the adaptive strategy
uses the integration points more efficiently and can guarantee accurate springback
prediction at minimum cost.

To make the adaptive strategy generally applicable, some components of the interval
manager must be modified. A new algorithm will be developed that can locate the
stress profile kinks which occur in arbitrary loading conditions (see Chapter 5).



CHAPTER

FIVE

APPLICATION OF ADAPTIVE INTEGRATION IN
SPRINGBACK ANALYSIS

In this chapter the advantages to be gained when using the adaptive integration in the
analysis of springback in sheet metal forming are demonstrated. Based on the theory
presented in the previous chapter an adaptive integration scheme is formulated and
implemented in the implicit FE code DiekA. Its performance is evaluated with the help
of two numerical examples in which the material is deformed in the bending dominated
regime. In section 5.1 simulations of a simple academic problem and the characteristic
component 1 (shown in Figure 2.9) are performed using the adaptive integration
scheme and several traditional rules. Effects of varying some process parameters
and the number of through-thickness integration points are investigated. To make
the strategy for adaptive integration suitable in simulations of realistic deep drawing
problems a more advanced algorithm that locates stress profile kinks is developed in
Section 5.2. This algorithm can determine the location of elastic-plastic transitions
which appear when a material is bent and unbent under tension. It is independent of
the yield function used in the numerical analysis and forms the basis of the generally
applicable adaptive integration scheme. An academic problem, in which the material
undergoes cyclic bending deformation, is used in Section 5.2.5 to test the performance
of the generally applicable adaptive scheme.

5.1 Bending dominated deformation regime

The adaptive scheme considered in this section can only trace the location of the
elastic-plastic transitions which appear when a material is deformed under a combined
influence of bending moment and tension. In the text below, this scheme will be
referred to as AIS1. To perform the actual integration during a FE simulation,
the interval processor of the scheme uses the formula for Simpson’s integration with
unequally spaced points. At the end of every incremental step, the algorithms of
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the AIS1 scheme are called. Their main goal is to update the locations, weights and
internal variables of the through-thickness integration points using the information of
the finished incremental step. For each column of integration points of every element
in the mesh, the interval manager of the adaptive scheme performs the following tasks:

1) the location of all elastic-plastic transitions are determined, using the method
described in Section 4.2.2;

2) the complete integration interval [− t
2 , t

2 ] is divided into several subintervals,
depending on the number of elastic-plastic transitions;

3) an integration point is relocated such that it coincides with the elastic-plastic
transition. For simplicity this point is called the dynamic point. Since the
Simpson’s rule is used for the actual integration, it is ensured that there are at
least three integration points within every subinterval;

4) the location of integration points adjacent to the dynamic point is adapted.
They are relocated to lie in the middle of each subinterval. The position of
the outermost integration points remains fixed and they are not considered for
relocation;

5) a check is performed to ensure that the integration points are in ascending order
after relocation;

6) the internal variables of all relocated points are updated using the theory
presented in Section 4.2.4;

7) the weights of integration points are recalculated using Equations (4.27);

8) the adaptation of integration points if elastic unloading is taking place.

5.1.1 Example 1: Bending a strip under tension

The first test used to evaluate the performance of the AIS1 scheme is the simple
academic problem shown in Figure 5.1. This test allows careful control of process
parameters and is convenient to use for demonstration of the advantages of the
adaptive integration on the scale of a single column of integration points. As shown
in Figure 5.1, a strip of initially flat material was loaded by tensile and lateral forces.
The thickness of the strip was 1mm, its width 8mm and the length 24mm. Boundary
conditions of two symmetry planes were enforced and all translational and rotational
degrees of freedom of node 1 were suppressed. The tensile forces were applied in the
local coordinate system of element 6 and, therefore, their direction changed during
the deformation. A magnitude of tension was chosen to give a significant shift of the
neutral line. Discrete Kirchhoff triangular elements with 3 in-plane integration points
were used to discretise the strip. The external loads were applied in several steps:
during the first step only the tensile forces were applied, during all subsequent steps
the tensile forces were kept constant and nodes 7 and 8 were displaced incrementally
through a distance of 0.5mm. The material of the strip was IF steel with a Young’s
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Figure 5.1: Set-up schematic for bending a strip under tension.

modulus of 210GPa, a Poisson’s ratio of 0.3, an initial yield stress of 170MPa and
hardening parameters C=540MPa and n=0.226. The material model used in the
numerical analysis was the Hill’48 yield function with isotropic hardening. The stress-
strain relation was represented by the Nadai hardening law: σ = C(ε0 + εp)n.

Simulations were performed using the AIS1 scheme as well as the traditional
integration rules, i.e. Simpson’s rule and Gauss quadrature. Figure 5.2 shows
the integrand’s profile (σxx · z) in a column of integration points of element 1
obtained at the end of the deformation before removal of the external loads. The
reference solution in this figure was obtained by the standard Simpson’s rule with
99 equally spaced points. This high number of the integration points was used to
eliminate the numerical integration error and to obtain detailed information about the
distribution of state variables through the material thickness. The adaptive scheme
places the integration points in the most important locations and, therefore, provides
the accurate approximation of the integrand with only 7 points. In contrast, the
traditional rule with the same number of points ignores the information on the kinks
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Figure 5.2: Integrand profile for a column of integration points of element 1.
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and provides an oversimplified description of the integrand, which leads to a high
error of stress resultants. To demonstrate this, the error in predicting the bending
moment which exists in this particular location was calculated from:

RME =
∣∣∣Mxx − Mref

xx

Mref
xx

∣∣∣ · 100% (5.1)

In this equation the bending moment Mxx is found using the σxx component of the
stress vector:

Mxx =
1
2

t b

Nip∑
i=1

wi σxx(ζi) ζi (5.2)

where Nip is the number of the integration points through the thickness; b and t are
the width and thickness of the material correspondingly; wi and ζi are the weights
and natural coordinates of the integration points. The reference bending moment
Mref

xx was obtained from the simulation with the traditional Simpson’s rule and 99
integration points. The relative moment error (RME) is plotted in Figure 5.3 as a
function of the number of integration points. It can be seen that the adaptive scheme
performs better than the traditional rules. As can be deduced from Figure 5.2, the
state of stress calculated at every integration point is equally accurate regardless
of the numerical integration scheme used in the analysis. However, the adaptive
scheme provides a more accurate resulting bending moment Mxx due to the proper
location of the integration points. Note that the RME obtained when using the AIS1
scheme with 7 points remains high since only three integration points are available for
the integrand’s approximation on the largest subinterval with plastically deforming
material. Increasing the number of points gives a better approximation of the
integrand in this region and the relative moment error becomes almost negligible. To
conclude, tracing the elastic-plastic transitions during a FE simulation helps to obtain
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Figure 5.3: Relative error in predicting bending moment after the deformation.
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more accurate stress resultants at the end of a deformation, which will guarantee an
accurate prediction of the change of shape during unloading.

5.1.2 Example 2: Unconstrained cylindrical bending

To test the AIS1 scheme in realistic sheet metal forming conditions, the unconstrained
cylindrical bending problem, as shown in Figure 2.9, was considered. A numerical
study was carried out in which several simulations of this test were performed
using different integration schemes with various numbers of points through the sheet
thickness. Two materials were considered in this study: aluminium alloy (6111-T4)
and dual phase steel (DP600). The material parameters are summarised in Tables
5.1 and 3.2.

In the numerical set-up the blank was arbitrary meshed with Kirchhoff triangular
shell elements with 3 in-plane integration points. The average element length was
2.0mm. The tools were described using analytical functions and were considered to
be perfectly rigid. The contact conditions between the blank and the tools were
described using the penalty method and the Coulomb friction model. A penalty
stiffness of 200MPa/mm was chosen. To model the behaviour of both materials, the
Hill’48 yield criterion with isotropic hardening was used. Each simulation consisted
of two steps. During the first step the actual forming was performed by closing the
tools. During the springback step all contact forces were transformed into residual
forces which were removed in several incremental steps.

To evaluate the developed numerical set-up, a reference simulation was performed.
In this simulation, due to high computation costs, only 50 Gauss points were used
through the element thickness. The aluminium alloy (6111-T4) was used as blank
material. Results of the numerical analysis were compared to the experimental
measurements presented at the NUMISHEET 2002 conference [22]. The angles
after forming and springback predicted by the simulation were 21.77◦ and 59.19◦,
correspondingly. These values are slightly higher than the experimental ones which
range from 19.5◦ to 21.0◦ for the forming angle and from 53.4◦ to 55.8◦ for the angle
after springback. This discrepancy is probably caused by:

• low value of the penalty stiffness which is known to have a considerable effect
on the angles in this problem, see Section 2.3.2;

• inappropriate material model used in the numerical set-up. The Hill’48 criterion

Table 5.1: Material parameters of 6111-T4 alloy.

Young’s modulus, GPa 70.5
Poisson’s ratio 0.33
YSmean, MPa 181.8
R0, R45, R90 0.894, 0.611, 0.660
C-value, MPa 539.5
n-value 0.2260
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is less suitable for describing the behaviour of aluminium alloys and other yield
functions must be used for that purpose [62, 102].

Qualitatively however, the simulation results are in agreement with the results of
experiments and it is concluded that the numerical set-up resembles the problem
with sufficient accuracy. The simulation with 50 Gauss points is considered to be a
reference solution. Results of all subsequent simulations are only compared to the
results obtained in the reference simulation.

Simulations with the traditional Gauss quadrature, Simpson’s rule and AIS1 scheme
were performed. All parameters of the numerical set-up were left unchanged and only
the number of integration points through the material thickness was varied. Values of
angle θ (defined in Figure 2.9) after springback obtained from these simulations are
plotted in Figure 5.4. As expected, the value of the angle predicted in the simulations
with the traditional integration schemes oscillates. Depending on the number of points
used in the simulation, the angle after springback can be over- or underestimated (see
Section 4.1.2). With an increasing number of integration points, the results converge
towards the reference value which is indicated by the solid black line. In contrast,
almost no oscillation of the angle value can be seen in the results obtained with the
adaptive scheme. The angle is predicted quite accurately even with a small number
of integration points.

The relative difference between the reference angle and the angles obtained from all
other simulations is shown in Figure 5.5. From the actual shape of the blank after
springback it was observed that insignificant shape deviations were obtained when
the relative angle error was smaller than 0.1%. The adaptive integration scheme
reaches this accuracy with 9 integration points. The traditional Gauss quadrature and
Simpson’s rule require at least 15 and 19 integration points respectively to guarantee
the same level of error.
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Figure 5.4: Angle after springback obtained with various integration schemes.
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Figure 5.6 shows the total simulation time as a function of the number of through-
thickness integration points. One iteration of the Newton-Raphson procedure can
generally be split into three parts: calculation of the stiffness matrix, calculation
of the incremental displacement vector and calculation of the internal force vector.
Using twice as many integration points will double the time needed to assemble the
stiffness matrix and to calculate the vector of internal forces. The time needed to
solve the global system of equations to find incremental displacements depends only
on the number of degrees of freedom. For a numerical model with up to 10000 degrees
of freedom the time needed by a solver takes a negligible fraction of the total iteration
time [111]. The number of independent degrees of freedom in the current model is
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6902. Therefore, as can be seen in Figure 5.6, increasing the number of integration
points leads to a linear increase in the total simulation time. It is interesting to
note that the extra calculations needed for the adaptive integration lead to a very
small increase in the total time (about 5%). For this problem, compared to the
traditional numerical schemes, using the adaptive integration in the analysis results
into substantial CPU time savings.

Two additional sets of simulations of this test were performed in which the material
and some geometric parameters were changed. The relative angle error obtained from
the simulations with the dual phase steel (DP600) is shown in Figure 5.7. As can be

Gauss quadrature, 6111-T4

Gauss quadrature, DP600

AIS1, 6111-T4

AIS1, DP600

Number of integration points

R
e
la

ti
v
e

a
n
g
le

e
rr

o
r,

[%
]

5 10 15 20 25 30 35 40 45 50

0.0

0.2

0.4

0.6

0.8

1.0

Figure 5.7: Relative error in predicting angle θ: simulations with different materials.

Gauss quadrature

Gauss quadrature, new tools

AIS1

AIS1, new tools

Number of integration points

R
e
la

ti
v
e

a
n
g
le

e
rr

o
r,

[%
]

5 10 15 20 25 30 35 40 45 50
0.0

0.2

0.4

0.6

0.8

1.0

Figure 5.8: Relative error in predicting angle θ: simulations with modified tool geometry.



5.2 Cyclic deformation 97

seen, when the material parameters are changed, the traditional Gauss quadrature
requires more integration points to guarantee the same level of accuracy compared to
the simulations with the aluminium alloy. In this case, it was necessary to use 19 Gauss
points to minimise the influence of the numerical integration error on the accuracy of
springback prediction. For the adaptive scheme this number remains unchanged. A
similar situation occurs when some geometric parameters of the problem are changed,
e.g. the tools’ radii are increased by 5.0mm. Figure 5.8 shows that the traditional
Gauss quadrature requires 19 integration points to ensure the specific error level.
Again, the number of points of the adaptive scheme to achieve the accuracy of 0.1%
does not change. Hence, contrary to the traditional integration, the accuracy of the
adaptive integration is insensitive to material properties and changes in geometry.
These results show that in addition to the CPU time savings the adaptive scheme
promises better accuracy when using a specific number of integration points.

5.2 Cyclic deformation

In the deep drawing process a material is usually subjected to a cyclic bending
deformation under tension. When the material is drawn over a tool radius it undergoes
one cycle of bending and unbending. Several cycles are possible when the material
is pulled through a drawbead and their number depends on the actual drawbead
geometry. These cyclic loading conditions may produce multiple kinks in the through-
thickness stress profile which can be detrimental to the accuracy of the numerical
integration. To be applicable for simulations of realistic industrial problems, the
adaptive strategy defined in Chapter 4 must be extended. A new algorithm for the
interval manager is needed that can locate stress profile kinks in arbitrary loading
conditions.

5.2.1 Definition of important stress profile kinks

In order to demonstrate what stress profiles can develop through the material
thickness under realistic loading conditions, simulations of the academic problem
shown in Figure 5.1 were performed. Geometrical parameters of the test and the
boundary conditions are described in Section 5.1.1. Cyclic bending was enforced by
displacing nodes 7 and 8 in the positive and the negative z−directions. A constant
tensile force which caused a considerable neutral line shift was applied to nodes 7
and 8 in the local coordinate system of element 6. The simulations were performed
with the dual phase steel DP600 (see Table 3.2 for the material properties). The strip
was meshed using 6 discrete Kirchhoff triangular elements and the integration in the
thickness direction was performed by the traditional Simpson’s rule with 99 points.

A simulation of a deformation sequence was performed which included bending (B),
reverse bending (BR) and repeated bending in the original direction (BRB). The total
displacement of nodes 7 and 8 during each step of the deformation sequence was 1mm.
Evolution of the circumferential stress σxx in a particular column of integration points
of element 1 is shown in Figure 5.9. After the bending, there are two elastic-plastic
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transitions (A and B). At the beginning of reverse loading the material is released
from the bending loads and stress relaxation takes place. Bending in the reverse
direction straightens the material and two new elastic-plastic transitions (C and D)
can be found in the stress profile. At this moment the old kinks, now located in the
plastic region below the central line, are less pronounced. As shown in Figure 5.9(b),
a similar situation occurs during the last step of the deformation sequence. After
the stress relaxation the material again starts to deform plastically and a new pair of
elastic-plastic transitions (E and F) becomes more prominent.

The stress distribution at the end of every step of the deformation sequence contains
an elastic region. The size of this region is determined by the elastic-plastic transitions
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which also define the global shape of the stress profile. By the time the plastic
deformations are initiated during bending in the opposite direction, the old stress
profile kinks dissolve in the newly-formed plastic region and are of little interest for
the adaptive integration. This is more clearly illustrated in Figure 5.10 by plotting
the integrand’s profiles (σxx · z) at the end of every loading step of the deformation
sequence. It can be seen that the profiles’ shapes are mainly characterised by the
points that separate the elastic and plastic material. Therefore, it is possible to
conclude that in the case of a cyclic deformation, the interval manager of the adaptive
scheme must be able to trace the location of the actual elastic-plastic transitions that
bound the elastic region during the current loading step.

It is believed that the FE model considered here is sufficiently accurate to be a reliable
basis for drawing the latter conclusion. Using, for example, an advanced hardening
model which can accurately describe the cyclic deformation is likely to change the
position of elastic-plastic transitions, but the global shape of the stress profiles will
remain the same. Additionally, the stress profiles obtained in the considered FE
simulation do not contradict the results of the cyclic bending analysis presented in
the literature, e.g. [150, 151]. In their study, Roberts and Sheppard developed,
and experimentally validated a numerical model used to predict stress and strain
distributions in sheet material during the tension-levelling process.

5.2.2 Locating elastic-plastic interfaces in cyclic bending

In this section an algorithm is presented which can be used to determine the through-
thickness location of elastic-plastic transitions in a material subjected to a cyclic
bending deformation. The calculations discussed here were performed at the end of
the incremental step and for each column of integration points of every element in the
mesh. It is assumed that a set of internal variables at the end and at the beginning
of the current step n is available at every integration point. This includes the total
strain {ε}, the plastic strain {εp}, the equivalent plastic strain ε̄, the stress state {σ}
and some hardening parameters {q}. In the text below the subscript n − 1 denotes
variables at the beginning of the current step and the subscript n denotes variables
at the end of the step.

General idea

To find the location of elastic-plastic transitions the through-thickness distribution of
the yield condition φ

({σtrial
n }, {qn}

)
can be used. In case of the Hill’48 yield criterion

and isotropic hardening the yield condition can be described in the following simple
form [152]:

φ =
√

{σtrial
n }T [P ] {σtrial

n } −
√

2
3
(F + G + H) σf (ε̄p

n) =

=
√

{σtrial
n }T [P ] {σtrial

n } −
√

ξ σf (ε̄p
n) (5.3)

where {σtrial
n } is the trial stress calculated by considering the total strain increment
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Figure 5.11: Through-thickness distribution of the yield condition during cyclic loading. The
results were obtained from a FE simulation with 99 integration points.

as elastic, [P ] is the matrix that includes the material anisotropy parameters and
σf is the current flow stress. The academic problem considered in Section 5.2.1 was
used to visualise the distribution of the yield condition and some other state variables
through the material thickness. Figure 5.11 shows values of φ for a complete column
of integration points of element 1 after bending, reverse bending and repeated bending
in the original direction. Note that φ > 0 in the regions of plastic deformation since
the trial stress state is used in Equation (5.3). The point where the yield condition is
satisfied (φ = 0) indicates the location of the elastic-plastic transition. The procedure
to locate this transition using a limited number of integration points comprises three
major steps. First, the region which incorporates the elastic-plastic transition is
found. This is done by evaluating the state information of all available integration
points. The stress profile kink lies between two adjacent points that are in elastic
and plastic deformation regimes (for example points k and l in Figure 5.11). Hence,
using the information from these or some additional points, the yield condition φ is
defined locally as a function of the through-thickness coordinate z. Finally, by finding
numerically the root of equation φ(z) = 0 at the end of the current incremental step
it is possible to calculate the location of the elastic-plastic transition.

It is important to mention that the Hill’48 yield condition is chosen here for
demonstration purposes only. The algorithm described in this section imposes no
restrictions on the type of yield function that can be used in the numerical analysis.
Complexity of the yield condition equation φ(z) = 0 will not become an obstacle since
a numerical method is used to find the roots of this function.

Trial stress and total strain

To completely define φ(z) on subinterval [zk, zl], the trial stress {σtrial
n } and the flow

stress σf must be expressed as a function of the z−coordinate. From the definition
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of the trial stress:
{σtrial

n } = {σn−1} + [E] {Δεn} (5.4)

where {σn−1} is the stress state at the beginning of the increment, [E] is the elasticity
matrix and {Δεn} is the total strain increment during the current step. The stress
state at the beginning of the incremental step is given by:

{σn−1} = [E]
(
{εn−1} − {εp

n−1}
)

(5.5)

Combining Equations (5.4) and (5.5) yields the following expression for the trial stress:

{σtrial
n } = [E]

(
{εn−1} − {εp

n−1}
)

+ [E] {Δεn} =

= [E]
(
{εn−1} + {Δεn} − {εp

n−1}
)

=

= [E]
(
{εn} − {εp

n−1}
)

(5.6)

As follows from Equation (3.2), the distribution of the total strain through the
thickness of a shell element is linear. Therefore, the accumulated total strain {εn} can
be written as a function of the z−coordinate by using simple interpolation of values
at the outer integration points. Let {ε}b and {ε}t be the total strains calculated at
the outer integration points and let zb, zt be their corresponding coordinates. The
distribution of the total strain on subinterval [zk, zl] can be described as follows:

{ε} =
{ε}t − {ε}b

zt − zb
z +

{ε}bzt − {ε}tzb

zt − zb
=

= {a1} · z + {a2}, zb ≤ z ≤ zt (5.7)

Note that all quantities in this equation are evaluated at the end of the current
incremental step.

The procedure for defining distributions of the remaining quantities {εp
n−1} and σf on

the target subinterval is given below. For convenience of explanation, the particular
steps of the loading sequence discussed in Section 5.2.1 are considered.

Loading step 1: Initial bending

During this loading step the material which has not been plastically deformed earlier,
is bent and stretched simultaneously. As soon as the outermost integration points
start to deform plastically and the target subinterval is specified, the trial stress
distribution can easily be determined, since during the previous step all integration
points remained elastic, i.e. {εp

n−1}i = 0, for i = 1, . . . , Nip. As a result, combining
Equations (5.6) and (5.7) gives the expression for the trial stress on subinterval [zk, zl]:

{σtrial
n }kl = [E]

({a1} · z + {a2}
)
, zb ≤ z ≤ zt (5.8)

The flow stress expression can easily be obtained if the distribution of the equivalent
plastic strain ε̄p

n is known. Under these loading conditions, the equivalent plastic
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strain has an approximately bilinear distribution on subinterval [zk, zl]. It equals zero
between the elastic point k and the elastic-plastic transition, and from the elastic-
plastic transition up to the plastic point l it varies almost linearly. This approximation
is possible since for metals elastic strains are much smaller compared to the plastic
strains. Therefore, the distribution of the accumulated plastic strain {εp

n}, and hence
of the equivalent plastic strain ε̄p

n, is approximately linear in the region of plastic
deformation. The actual slope of this distribution is not known since only two
integration points are available within subinterval [zk, zl]. This difficulty, however,
can be easily evaded by noting that the yield condition must be defined accurately
only between the elastic point k and the elastic-plastic transition (see Figure 5.11).
In this case there will be enough information to find the needed point of intersection.
Therefore it is assumed that the equivalent plastic strain equals zero throughout the
entire subinterval, which means that the flow stress between points k and l remains
constant and equal to the initial yield stress, i.e. σf = σy0.

At this stage, all terms have been defined and the equation which describes the
distribution of the yield condition on the target subinterval becomes:

φ(z) =
√
{σtrial

n }T
kl [P ] {σtrial

n }kl −
√

ξ σy0, zk ≤ z ≤ zl (5.9)

Loading step 2: Reverse bending

Prior to this loading step the accumulated plastic strain at some integration points of
the considered column may have a nonzero value. Hence, the distribution of the plastic
strain on subinterval [zk, zl] must be derived. As an example, the through-thickness
distribution of the εp

xx component of the plastic strain vector is plotted in Figure 5.12,
to support the explanation. As can be seen, after bending in the original direction
there remains a fraction of the material which is still elastic (εp

xx = 0) and the plastic
strain distribution above and below the elastic zone is approximately linear. During
the reverse bending, there is a region between points C and D where the plastic strain
does not change, indicating the zone where the material remains elastic. As soon as
integration point l becomes plastic, the expression that describes distribution of the
plastic strain {εp

n−1} on subinterval [zk, zl] can be found by interpolating values at
the elastic point k and the plastic point l. This is possible since at the beginning of
the current incremental step the integration point l was still elastic, and hence it can
be used to define the actual slope of CD:

{εp} =
{εp}l − {εp}k

zl − zk
z +

{εp}kzl − {εp}lzk

zl − zk
=

= {a3} · z + {a4}, with zk ≤ z ≤ zl (5.10)

Note that linear interpolation is used and all quantities are defined at the beginning
of the current step. Before the next incremental step, the algorithms of adaptive
integration will relocate the integration point k to lie on the elastic-plastic transition
and update its internal variables. As yielding during the next incremental step
progresses, this point will become plastic and it will be possible to use point k and a
subsequent point m to define the plastic strain profile on the new target subinterval.
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Figure 5.12: Through-thickness distribution of the accumulated plastic strain after bending and
reverse bending.

Substituting Equations (5.7) and (5.10) into Equation (5.6) gives the trial stress
distribution on the target subinterval during reverse bending:

{σtrial
n }kl = [E]

(({a1} − {a3}
) · z + {a2} − {a4}

)
, zk ≤ z ≤ zl (5.11)

Next, the flow stress profile on the target subinterval must be defined. In order
to do this, the equation that describes the equivalent plastic strain ε̄p

n distribution
is needed. Similar to the initial bending case, this equation cannot be accurately
defined by using simple interpolation of values of the elastic point k and the plastic
point l. This is demonstrated in Figure 5.13, where reference profiles of the equivalent
plastic strain obtained at the previous incremental step n − 1 and the current step
n are shown. As soon as the material starts yielding during the current step, the
plastic point l departs from the elastic slope CD and the equivalent plastic strain
distribution becomes approximately bi-linear. This distribution is then approximated
by a line which is defined using information from the elastic point k at the end of the
increment and information from the plastic point l at the beginning of the increment:

ε̄p =
ε̄p

l(n−1) − ε̄p
k(n)

zl(n−1) − zk(n)
z +

ε̄p
k(n)zl(n−1) − ε̄p

l(n−1)zk(n)

zl(n−1) − zk(n)
=

= a5 · z + a6, for zk ≤ z ≤ zl (5.12)

In this way the flow stress, and hence the yield condition, will be defined accurately
only between points k and C which is sufficient to find the location of the elastic-
plastic transition. The flow stress distribution at the end of the current step can now
be determined. For example, for isotropic hardening and using the Nadai relation:

σf = C
(
ε0 + a5 · z + a6

)n
, zk ≤ z ≤ zl (5.13)
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Figure 5.13: Through-thickness distribution of equivalent plastic strain calculated at two
subsequent incremental steps.

Finally, the yield condition as a function of the through-thickness coordinate in the
case of reverse bending becomes:

φ(z) =
√

{σtrial
n }T

kl [P ] {σtrial
n }kl −

√
ξ C

(
ε0 + a5 · z + a6

)n
,

where zk ≤ z ≤ zl (5.14)

The same procedure can be followed to define the distributions of {εp
n−1} and σf

on the target subinterval for the case in which the material is subjected to repeated
bending in the original direction.

Validation: Local approximation of yield condition

To validate the accuracy of the developed equations for the yield condition distribution
((5.9) and (5.14)), a FE simulation of the cyclic bending problem was performed using
only 9 integration points through the element thickness. Local approximations of the
yield condition are compared to the reference profiles in Figure 5.14. The results
are plotted at the end of bending and reverse bending steps of the loading sequence.
The elastic and plastic points that define the target subintervals during every step
are marked with solid dots. It can be seen that the approximating functions coincide
with the reference distributions, which means that the developed equations can give
an accurate local approximation of the yield condition using a limited number of
integration points.
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Figure 5.14: Local approximations of the yield condition after bending and reverse bending.

Finding roots of approximating functions

As soon as the yield condition is approximated locally, the location of the elastic-
plastic transition is determined by finding the numerical solution of the equation
φ(z) = 0. Various root-finding algorithms can be used for this purpose, see for example
methods presented in [120]. Since the local approximation of the yield condition
is a simple and continuous function, the false position method is used here. The
description of this fast and robust method can be found in [120] and an example of
its efficient implementation is given in [153].

5.2.3 Generally applicable adaptive integration scheme

By combining the algorithm that locates elastic-plastic interfaces in cyclic bending and
some other components of the adaptive integration, the generally applicable adaptive
integration scheme (GAIS) is defined. To perform the actual integration during a
simulation the interval processor of the scheme uses Simpson’s rule, which can cope
with unequally spaced points. Most of the procedures of the interval manager are
similar to those of the AIS1 scheme described in Section 5.1. An important additional
task, performed by the interval manager of GAIS scheme, includes redistribution
of integration points before yielding of the material is initiated during the reverse
bending. While bending in the original direction, due to the neutral line shift, it
may happen that most of the integration points are concentrated on one side of the
central line (see for example Figure 5.2). The redistribution will ensure that there is
a sufficient number of integration points above and below the central line to trace the
elastic-plastic transitions during the reverse bending.
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5.2.4 Numerical validation of GAIS scheme

The generally applicable adaptive integration scheme is first validated by performing
simulations of the problem considered already, i.e. the unconstrained cylindrical
bending. The complete description of the numerical set-up was given in Section
5.1.2. Several FE simulations of this test were performed using the GAIS scheme
with various numbers of through-thickness integration points. The aluminium alloy
6111-T4 was used in the simulations and its material properties were summarised
in Table 5.1. At the end of every simulation, the angle θ defined in Figure 2.9 was
calculated and compared to the reference value obtained in the numerical analysis
with 50 Gauss points. The relative difference between the angles is plotted in Figure
5.15 as a function of the total number of points in the thickness direction. Previous
results obtained with traditional Gauss quadrature, Simpson’s rule and the adaptive
AIS1 scheme are added to this plot. By comparing the adaptive rules, it is possible to
conclude that the GAIS scheme performs equally well in this deformation regime. It
is also observed that employing this scheme in the analysis only leads to an increase
in the total simulation time of about 5%. The reason is that although it uses an
iterative method to find the elastic-plastic transitions, the local approximations of
the yield condition are smooth and continuous functions and only few iterations are
needed to find their roots.

5.2.5 Simulation of cyclic bending of a strip

A numerical study was carried out to demonstrate the performance of the GAIS
scheme in a cyclic deformation regime. The academic problem depicted in Figure 5.1
was considered in the study. The geometrical parameters and the boundary conditions
of the numerical model were described in Section 5.1.1. The strip was meshed with 6

Gauss quadrature

Simpson’s rule

AIS1

GAIS

Number of integration points

R
e
la

ti
v
e

a
n
g
le

e
rr

o
r,

[%
]

5 10 15 20 25 30 35 40 45 50
0.0

0.2

0.4

0.6

0.8

1.0

Figure 5.15: Relative error in predicting angle θ after springback.



5.2 Cyclic deformation 107

discrete Kirchhoff triangular elements. The cyclic deformation included three loading
steps, i.e. bending, reverse bending and repeated bending in the original direction.
During the deformation, the strip was additionally loaded by a tensile force to create
a significant shift of the neutral line. Dual phase steel (DP600) was used in the study
and the material behaviour was described by the Hill’48 yield criterion with isotropic
hardening. A set of simulations was performed using the traditional rules and the
adaptive GAIS scheme while varying the number of the through-thickness integration
points. Results of the simulations are compared to the reference solution which is
obtained by using the traditional Simpson’s rule with 99 integration points.

The distribution of the integrand (σxx·z) in a column of integration points of element 1
is examined first. The integrand’s values at every integration point after all the loading
steps are plotted in Figure 5.16. As shown, the GAIS scheme can accurately trace the
location of elastic-plastic transitions at every step of the loading sequence. It makes an
efficient use of available integration points and provides an accurate approximation of
the integrand during the numerical analysis. Note that only the important kinks are
traced during the simulation, which means that when new elastic-plastic transitions
are formed during every subsequent loading step, tracing of the old kinks is stopped.

The error in predicting the stress resultants is discussed next. State variables after the
reverse bending step were used in all calculations. The relative error of the bending
moment in a particular location of element 1 is shown in Figure 5.17. By comparing
the results presented in Figures 5.3 and 5.17 it is possible to see that the adaptive
integration performs equally well in the cyclic deformation regime. Compared to
the traditional rules, for a fixed number of the integration points it gives a better
prediction of the stress resultants and suppresses the error oscillation. The accuracy
of the change of shape due to springback will be high if the stress resultants are
accurately predicted in every column of integration points of the complete mesh. To
characterise the influence of numerical integration in the thickness direction on the
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Figure 5.16: The integrand’s profile at various steps of cyclic bending.
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accuracy of change of shape during unloading, the normalised average moment error
(NAME) is introduced. This quantity is a ratio of �2 norms:

NAME =
‖{Mxx} − {M ref

xx }‖2

‖{M ref
xx }‖2

=

[Ncol∑
i=1

(
Mxx(i) − Mref

xx(i)

)2
] 1

2

[Ncol∑
i=1

(
Mref

xx(i)

)2
] 1

2

(5.15)

where Ncol is the total number of columns of integration points in the complete mesh,
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Mref
xx(i) is the bending moment in a particular column calculated in the reference

simulation and Mxx(i) is the bending moment in the same column obtained in all other
simulations. Dependency of the normalised average moment error on the integration
rule and the number of points in thickness direction is shown in Figure 5.18. A
more accurate change of shape during unloading is expected in the simulation which
uses the adaptive GAIS scheme, since for this scheme NAME has the lowest value
on almost the entire range of integration points. By tracing the location of elastic-
plastic transitions during the cyclic deformation, the scheme ensures more accurate
stress resultants before elastic unloading begins.

5.3 Concluding remarks

A simplified adaptive scheme to integrate through the thickness of discrete Kirchhoff
shell elements was implemented in the implicit FE code DiekA. The scheme changes
the through-thickness position of the integration points during the FE simulation.
Depending on the location of elastic-plastic transitions, the integration points are
relocated to guarantee a more accurate change of shape during unloading.

The performance of the scheme in a numerical analysis of springback was evaluated
using several test problems. Simulations of a simple academic test clearly
demonstrated the advantages of adaptive integration. In contrast to the traditional
rules, it ensures that accurate stress resultants are obtained at the end of a
deformation with a limited number of integration points. Since the location of the
points is not fixed during the analysis, the adaptive integration does not exhibit
the error oscillation typical of the traditional schemes. The numerical integration
error decreases monotonically with increasing number of points. The numerical study
based on the unconstrained cylindrical bending problem showed that by requiring
less integration points for the accurate analysis of springback the adaptive scheme
significantly decreased the total computation time. Additionally, it was demonstrated
that the accuracy of adaptive integration was not influenced by changes in physical
and numerical parameters and a specific error level can be ensured by using a
particular number of points.

The simplified adaptive scheme has been extended to make it applicable in realistic
loading conditions. Simulations of the cyclic deformation of a strip were used to
define the stress profile kinks that have the biggest influence on the accuracy of
numerical integration. A new algorithm was developed to trace the location of the
main elastic-plastic transitions that appear during a cyclic deformation. It is based
on defining the local approximation of the yield condition between the elastic and
plastic integration points and poses no restrictions on choosing the type of yield
function. The performance of the generally applicable adaptive integration scheme
was evaluated using a simple academic problem. Simulations of the test showed that in
the numerical analysis of cyclically deforming material the adaptive scheme provides
a better prediction of the stress resultants and thus ensures an accurate change of
shape upon unloading.





CHAPTER

SIX

CONCLUSIONS AND RECOMMENDATIONS

FE simulation of sheet metal forming is a well-established tool which is used in the
industrial practice to evaluate geometrical defects caused by elastic springback after
forming. The accuracy of the information obtained in a numerical simulation is
essential for product designers and die makers. To keep the product development
time and manufacturing costs low, FE analysis must provide reliable information
necessary for the modification of tool and product geometry. Modelling guidelines
and advanced numerical algorithms that can be used to perform an accurate FE
simulation of springback in sheet metal forming are presented in this thesis.

To obtain reliable information from the FE analysis of springback, it is essential to
fully understand the phenomenon and to carefully consider all sources of error of its
prediction. It was demonstrated that the change of shape of the formed part is mainly
caused by the relief of internal stresses developed during the deformation, hence all
factors that govern the evolution of the stress state in sheet material have a direct
influence on the amount of springback. A brief description of experimental procedures
that are typically used to study the influence of various factors on the magnitude of
springback in sheet metal forming was provided. Springback dependency on some
material and process parameters was demonstrated with the help of a simple analytical
model. The presented analytical model can be used to predict the change of curvature
in the elastic-plastic sheet in the case of plane strain bending under tension.

For a successful FE analysis of springback it is important to prepare an adequate
numerical model. Special attention must be given to choosing the appropriate
constitutive law which must accurately represent the material behaviour during a
deformation. It was emphasised that for an accurate springback prediction, it may be
required to use a material model which can take into account the inelastic effects that
occur during unloading. Although the mechanisms underlying the degradation of the
apparent Young’s modulus have been understood, the amount of extra inelastic strain
in realistic loading conditions is not known and research in this field is recommended.
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Extension of the existing constitutive laws to make them capable of describing the
Young’s modulus degradation could be an additional topic for research.

Based on the simulations of two benchmark problems it was demonstrated that the
numerical model must reflect the physical contact conditions that exist during the
stamping process. It is recommended to use the real drawbead geometry during
forming and realistic tool retraction during unloading. Simplifying assumptions and
the uncertainty with the parameters of equivalent drawbeads make the numerical
model unreliable for the accurate analysis of springback. When retracting the tools
after forming, contact forces are present between the tools and the blank. It was shown
that these forces may have an influence on the change of shape during unloading and
must not be neglected. Research should be done to investigate the possibility of
developing a method for simulation of unloading that provides a good approximation
of the realistic retraction procedure and which is more computationally efficient.

Large modelling errors may also be encountered if an inappropriate element type is
used in the springback analysis. It was shown that a two-dimensional plane strain
model may not be adequate since it completely neglects lateral bending effects and,
thus provides an oversimplified representation of the problem. Finally, while analysing
results of the FE simulation it is important to remember that there are different types
of springback in sheet metal forming. Overstretching of shallowly curved parts during
forming may lead to larger distortions of the product shape during unloading.

Minimising the discretisation error is equally important for an accurate springback
prediction. Simulations of the single die bending test and the top-hat section test
were used to define guidelines for the blank and tool discretisation. It was shown
that using less than 10 blank and tool elements in the curved regions results into an
inaccurate prediction of the stress state at the end of forming.

Major limitations of the traditional schemes employed for the through-thickness
integration of shell elements were demonstrated using the analytical stretch bending
model. It was shown that efficiency of the numerical integration can be improved
by making integration points dynamic and by placing a point to coincide with the
interface which separates elastic and plastic regions of the material. A strategy for
the adaptive through-thickness integration for shell elements was presented. To be
able to perform the adaptation of the integration points during the FE simulation,
the strategy requires algorithms that locate the elastic-plastic transitions, redistribute
the available points, update their state variables and perform the actual integration.
Several formulae for integration with unequally distributed points were derived. To
make the strategy generally applicable, an algorithm was developed to locate elastic-
plastic interfaces in realistic loading conditions and independently of the yield function
used in the numerical analysis. It is based on defining the approximation of the yield
condition on the small interval between the elastic and plastic integration points.

By combining the algorithms of the strategy, a generally applicable adaptive
integration scheme was formulated and implemented in an implicit FE code. The
unconstrained cylindrical bending problem and several academic examples were used
to evaluate its performance and to demonstrate the advantages of adaptive integration
over the traditional schemes. The simulations showed that accurate stress resultants
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can be obtained at the end of forming with a limited number of the integration points.
By requiring less points for the accurate analysis of springback, the adaptive scheme
significantly decreases the total computation time. It was additionally demonstrated
that its accuracy is not influenced by changes in physical and numerical parameters
and a specific error level can be ensured by using a particular number of points.

The algorithm that performs the update of state variables of relocated integration
points was only defined for the case of isotropic hardening. This algorithm must be
extended to make the adaptive strategy applicable in simulations in which advanced
hardening laws are used. To increase the efficiency of the numerical integration even
further it is recommended to investigate the possibility of making the number of
through-thickness integration points variable. Only few points are needed for the
accurate prediction of springback in deformation regimes that produce no elastic-
plastic interfaces.





APPENDIX

A

CHARACTERISTIC COMPONENTS

This appendix presents three sheet metal parts which were used to investigate the
sensitivity of springback prediction to various physical and numerical factors. The
description of geometrical, process and material parameters is given. Unless indicated
otherwise, all simulations of stamping of these components described in the main text
are performed using the materials defined below.

A.1 Component 1

The unconstrained cylindrical bending test was proposed as a benchmark problem
for the NUMISHEET 2002 conference [22]. The main aim of this benchmark was to
investigate the springback and contact behaviour. The geometrical layout of the test
problem is given in Figure A.1. The initial and final positions of the punch relative
to the die are also illustrated in this figure. At the outset, the punch just touches the
sheet, whose lower side contacts the upper side of the die. The geometrical parameters
of the problem are summarized in Table A.1.

Table A.1: Geometrical, process and material parameters.

Model parameter [mm] Sheet metal

Punch radius, R1 23.5 Young’s modulus, GPa 70.5
Die radius, R2 25.0 Poisson’s ratio 0.342
Die shoulder, R3 4.0 YS, MPa 194.1
Width of tools 50.0 R0, R45, R90 1, 1, 1
Initial length of sheet 120.0 C-value, MPa 550.4
Sheet thickness 1.0 n-value 0.223
Sheet width, w 30.0
Punch stroke 28.5
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Figure A.1: Unconstrained cylindrical bending: a) geometry of tools; b) definition of the punch
stroke.

An aluminium alloy 6111-T4 was used in the FE simulations of this problem and
its properties can be found in Table A.1. These parameters and the value of the
coefficient of friction (μ = 0.1348) were taken from the benchmark specifications.
Since the material model was assumed isotropic, the parameters obtained from a
uniaxial experiment on a sample aligned with the rolling direction were used.

Angle ABCD defined in Figure 2.10(b) was used to measure the amount of springback.
This angle was reported before and after the springback at the maximum punch
displacement. Default settings which were used in the numerical analyses with the
FE codes Abaqus/Standard and DiekA are summarised below:

• the tools were considered perfectly rigid and the contact stiffness of 200MPa/mm
was specified;

• 4-node shell element with reduced integration (S4R, [97]) was used in
Abaqus/Standard. The discrete shear triangles (see for details in [154]) were
used to describe the blank in DiekA. Typical element length of 2mm was chosen;

• the tools were represented by analytical surfaces;

• implicit solution procedure was used;

• gradual tool release method was employed in Abaqus/Standard. Instantaneous
tool release was used in DiekA simulations;

• friction between the blank and tools was described using the Coulomb friction
model;

• the stress-strain relation was represented using the Nadai hardening.
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A.2 Component 2

The second component - scaled-down car roof - was provided by Corus RD&T. Main
geometrical parameters of the test are shown in Figure A.2. The bottom of the punch
is doubly curved. The radius of curvature along the x−symmetry axis is 4000mm and
along the y−symmetry axis is 1000mm. The material of the blank is high strength
steel, its thickness is 0.6mm and the in-plane dimensions are 300×500mm. Material
and process parameters used in the simulations of this test are provided in Table A.2.
The default settings of the numerical set-up are listed below:

• a quarter of the blank was used in the simulations;

• the tools were represented by analytical surfaces. They were considered perfectly
rigid and the contact stiffness of 100MPa/mm was specified;

• the discrete shear triangular elements were used to describe the blank with the
typical element length of 2.5mm;

• gradual tool release method was employed;

• friction between the blank and tools was described using the Coulomb friction
model;
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Figure A.2: Geometry of the scaled-down car roof. All dimensions are in millimeters.

Table A.2: Scaled-down car roof. Material and process parameters.

Process parameters Sheet metal

Punch stroke, mm 21 Young’s modulus, GPa 200
Blankholder force, kN 400 Poisson’s ratio 0.3
Friction coefficient 0.13 YS, MPa 277

R0, R45, R90 0.981, 1.718, 1.540
C-value, MPa 645
n-value 0.18
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• Hill’48 yield function with isotropic hardening was used to describe the
material behaviour. The stress-strain relation was represented using the Nadai
hardening.

A.3 Component 3

The schematic illustration of the draw bending test, used as the NUMISHEET 1993
benchmark problem is shown in Figure A.3. The initial blank size is 350×35mm.
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Figure A.3: Front view of the draw bending test. All dimensions are in millimeters.

The blank is made of mild steel and its thickness is 0.78mm. Material and process
parameters can be found in Table A.3. In the numerical analysis the material
behaviour was described using the Hill’48 yield function with isotropic hardening.
Nadai law was used to represent the stress-strain relation. Discrete Kirchhoff
triangular element with 7 integration points through the thickness was used to
describe the blank. The typical element length in the uniform mesh was 0.79mm. Due
to symmetry, only a quarter of the blank was simulated. The tools were described by
means of analytical surfaces and the Coulomb model was used to represent friction
between the blank and tools. The tools were considered to be undeformable and the
contact stiffness of 300MPa/mm was chosen. Gradual tool release method was used
during the springback step to imitate the realistic unloading procedure.

Table A.3: Draw bending. Material and process parameters.

Process parameters Sheet metal

Punch stroke, mm 70 Young’s modulus, GPa 206
Blankholder force, kN 19.6 Poisson’s ratio 0.3
Friction coefficient 0.144 YS, MPa 173.1

R0, R45, R90 1.79, 1.51, 2.27
C-value, MPa 565.32
n-value 0.235
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B

EQUATIONS FOR STRESS RESULTANTS

Equations of stress resultants in plane strain stretch bending are derived in this
appendix.

Analytically solving the integral from Equation (2.26) it can be shown that the
contribution of elastic stress to the total tension is zero.
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The tension caused by the plastic stress can be derived by solving Equation (2.27):
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Let u be a new integration variable, then:
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and
dz = ρ du
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Solving Equation (2.28) gives the expression for the compressive force caused by the
plastic stress:
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Hence, the compressive force T p
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Closed form solution of Equation (2.30) gives the elastic stress contribution to the
total bending moment
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Recalling that b2 = b1, the elastic moment becomes:
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The part of the total bending moment caused by the plastic stress in the region of
tension becomes:
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Hence, the moment Mp
T becomes:

Mp
T =

∫ u2

u1

C ′ un
(
u ρ +

S0 ρ

E′ − ε0 ρ − a
)
ρ du =

= C ′ ρ
(∫ u2

u1

ρ un+1 du +
∫ u2

u1

(S0 ρ

E′ − ε0 ρ − a
)

un du
)

=

= C ′ ρ
( ρ

n + 2
un+2

∣∣∣u2

u1

+
(S0 ρ

E′ − ε0 ρ − a
) un+1

n + 1

∣∣∣u2

u1

)
=

= C ′ ρ
( ρ

n + 2

(( t
2 + a

ρ
− S0

E′ + ε0

)n+2

− εn+2
0

)
+
(S0 ρ

E′ − ε0 ρ − a
)
×

× 1
n + 1

(( t
2 + a

ρ
− S0

E′ + ε0

)n+1

− εn+1
0

))
(B.7)

Solving analytically Equation (2.32) one obtains the expression for the part of the
total bending moment in the compression region:

Mp
C = −

∫ z2

− t
2

C ′
(
ε0 +

∣∣∣z + a

ρ
+

S0

E′

∣∣∣)n

z dz = −
∫ −a−b2

− t
2

C ′
(
ε0 +

∣∣∣z + a

ρ
+

S0

E′

∣∣∣)n

z dz

Let u be a new integration variable:

u =
z + a

ρ
+

S0

E′ ⇒ z + a

ρ
= u − S0

E′ ⇒ z = u ρ − S0 ρ

E′ − a

and
dz = ρ du

lower integration limit

u1 =
− t

2 + a

ρ
+

S0

E′

upper integration limit

u2 =
−a − b2 + a

ρ
+

S0

E′ = −b2

ρ
+

S0

E′ = 0

Hence, the moment Mp
C becomes:

Mp
C = −

∫ u2

u1

C ′ (ε0 + |u|)n(u ρ − S0 ρ

E′ − a
)
ρ du =

= −C ′ ρ

(∫ u2

u1

(
ε0 + |u|)n u ρ du −

(S0 ρ

E′ + a
)∫ u2

u1

(
ε0 + |u|)n du

)
=

= −C ′ ρ

(
(n + 1)u − ε0

(n + 1)(n + 2)
(
ε0 + |u|)n+1

∣∣∣∣∣
u2

u1

−
(S0 ρ

E′ + a
)
×

(B.8)



123

×
(
ε0 + |u|)n+1

n + 1

∣∣∣∣∣
u2

u1

)
= −C ′ ρ

(
−εn+2

0

(n + 1)(n + 2)
−

(n + 1)
(− t

2+a

ρ + S0
E′

)
− ε0

(n + 1)(n + 2)
×

×
(
ε0 +

∣∣∣− t
2 + a

ρ
+

S0

E′

∣∣∣)n+1

−
(S0 ρ

E′ + a
)( εn+1

0

n + 1
−
(
ε0 +

∣∣∣− t
2+a

ρ + S0
E′

∣∣∣)n+1

n + 1

))
(B.9)





APPENDIX

C

GENERAL DESCRIPTION OF KIRCHHOFF ELEMENT

Main definitions of the Kirchhoff plate bending theory are given in this appendix.
For simplicity of explanation the following description is restricted to small elastic
deformations. The extension to plastic deformations is possible if displacements and
strains are regarded as small increments. The deformation of a plate can be divided
into a membrane part and a bending part. If one considers the membrane part,
displacements of the plate are defined using values of the mid-plane [126]:⎧⎨⎩

u
v
w

⎫⎬⎭ =

⎧⎨⎩
ump(x, y)
vmp(x, y)
wmp(x, y)

⎫⎬⎭ (C.1)

Where u, v and w are the displacements in x−, y− and z− directions correspondingly
and superscript mp denotes that the displacements of the mid-plane are considered.
The strains due to these displacements can be found from:⎧⎪⎪⎨⎪⎪⎩

εxx

εyy

εzz

γxy

⎫⎪⎪⎬⎪⎪⎭ =

⎧⎪⎪⎨⎪⎪⎩
∂u
∂x
∂v
∂y
∂w
∂z

∂u
∂y + ∂v

∂x

⎫⎪⎪⎬⎪⎪⎭ =

⎧⎪⎪⎨⎪⎪⎩
u,mp

x

v,mp
y

f(εxx, εyy)
u,mp

y +v,mp
x

⎫⎪⎪⎬⎪⎪⎭ (C.2)

The thickness-direction strain εzz cannot be derived from the kinematic relations.
For elastic deformations it is found using constitutive relations and the in-plane
components. For example, for isotropic elastic material and in case of the plane
stress state, the thickness-direction strain becomes:

εe
zz = − ν

1 − ν
(εe

xx + εe
yy) (C.3)

In case of plastic deformations the thickness strain is found from the incompressibility
condition:

εp
zz = −εp

xx − εp
yy (C.4)
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When considering only the bending part of the deformation, the vector of plate
displacements can be written as [126]:⎧⎨⎩

u
v
w

⎫⎬⎭ =

⎧⎨⎩
0
0

wmp(x, y)

⎫⎬⎭+ z ·
⎧⎨⎩

θy

−θx

0

⎫⎬⎭ (C.5)

Variables θx and θy are rotations about x and y axes and w is the lateral deflection
of the plate side. For small displacements and rotations the vector of strains due to
the bending deformation:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

εxx

εyy

εzz

γxy

γxz

γyz

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂u
∂x
∂v
∂y
∂w
∂z

∂u
∂y + ∂v

∂x
∂u
∂z + ∂w

∂x
∂v
∂z + ∂w

∂y

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0
0

f(εxx, εyy)
0

w,mp
x +θy

w,mp
y −θx

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
+ z ·

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

θy,x

−θx,y

0
θy,y − θx,x

0
0

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
(C.6)

Combining Equations (C.2) and (C.6) one obtains the complete vector of strains for
a plate deformed in bending and tension:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

εxx

εyy

εzz

γxy

γxz

γyz

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

u,mp
x

v,mp
y

f(εxx, εyy)
u,mp

y +v,mp
x

w,mp
x +θy

w,mp
y −θx

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
+ z ·

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

θy,x

−θx,y

0
θy,y − θx,x

0
0

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
(C.7)

The Kirchhoff plate bending theory states that the transverse shear strains must be
equal to zero:{

γxz

γyz

}
=
{

w,mp
x +θy

w,mp
y −θx

}
=
{

0
0

}
⇒
{

θy

θx

}
=
{ −w,mp

x

w,mp
y

}
(C.8)

Taking into account the Kirchhoff constraints (C.8), the complete vector of strains
becomes: ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

εxx

εyy

εzz

γxy

γxz

γyz

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

u,mp
x

v,mp
y

f(εxx, εyy)
u,mp

y +v,mp
x

0
0

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
− z ·

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

wmp
,xx

wmp
,yy

0
2wmp

,xy

0
0

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
(C.9)

This equation can be abbreviated as:

{ε} = {η} − z · {κ} (C.10)
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D

RESIDUAL STRESS DISTRIBUTION

To derive the equation that defines the residual stress distribution, the plane
strain bending problem, described in Section 2.2.1, is considered. For simplicity of
explanation, an elastic, perfectly plastic material is chosen. When the material is
deformed in pure bending, the distribution of the total circumferential strain can be
found from Equation (2.8):

εθ =
z

ρ
(D.1)

where z is the through-thickness coordinate and ρ is the bending radius. Equations
(2.10) and (2.11) can be used to find the stress distribution in the regions of elastic
and plastic deformation:

σe
θ =

E

1 − ν2

z

ρ
, σp

θ = S0 (D.2)

where S0 = 2/
√

3σf(0) is the initial plane strain flow stress and σf(0) is the initial
uniaxial yield stress.

Equation (2.29) can be used to find the bending moment per unit width of a sheet
material during the deformation. For the specific case, shown in Figure D.1(a), there
is no elastic zone in the stress profile and the bending moment becomes:

M =
S0t

2

4
(D.3)

During an elastic unloading the circumferential stress decreases in value. This causes
the change of the bending moment which, from Equation (2.34), is equal to:

ΔM =
t3

12
Δσθ

z
(D.4)
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S0

S0

σθ

z

(a) bending

σθ

z

1/2S0

(b) elastic unloading

Figure D.1: Through-thickness stress profiles for rigid, perfectly plastic material after bending
and elastic unloading.

The change of the circumferential stress becomes:

Δσθ = −12z

t3
M = −3S0

z

t
(D.5)

Let σA and σB be values of the circumferential stress during the loading and the
elastic unloading. Then, the stress in a through-thickness point after the unloading
can be found as follows:

σB = σA + Δσθ = σA − 3S0
z

t
= S0 − 3S0

z

t
(D.6)

The through-thickness stress profile after the elastic unloading is shown in Figure
D.1(b). The line c − d (see Figure 4.8) can be described by means of Equation (D.6)
and for z = 0 this line intersects the neutral axis at the yield stress point.

Based on similar considerations it is possible to define the point of intersection of
the lines a − b and c − d for a material with linear hardening. Figure D.2 shows a
typical through-thickness stress distribution which can be found in the material which
is bent and unbent without tension. Due to the symmetry, only the upper part of the
cross-section is shown. Again, from Equations (2.10) and (2.11) the stresses in the
elastic and plastic regions can be written as follows:

σe
θ = E′ z

ρ
, σp

θ = S0 + Et

(z

ρ
− S0

E′
)

(D.7)

In the latter equation Et is the slope of the stress-strain curve in the region of plastic
deformation and E′ = E/(1− ν2). The point of intersection of the line a− b with the
neutral line can be found by substituting z = 0 into the last equation:

σp
θ = S0

(
1 − Et

E′
)

(D.8)

Using Equation (D.5) the line c − d of the stress profile can be defined by:

σB = σA + Δσθ = S0 + Et

(z

ρ
− S0

E′
)
− 12z

t3
M (D.9)
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S0

σθ

z

a

b

c

d

BendingReverse bending

Figure D.2: Stress distribution after bending and reverse bending without tension.

This equation shows that if z = 0 the lines a − b and c − d intersect the neutral line
at the same point, namely at the point where the stress is equal to S0

(
1 − Et/E′

)
.





APPENDIX

E

FORMULAE FOR INTEGRATION WITH UNEQUALLY
SPACED POINTS

In this appendix formulae for Simpson’s and spline integration with unequally
distributed sampling points are defined. Initially, it is assumed that I =

∫ b

a
f(x) dx

is an integral to evaluate and x0, x1, . . . , xn for n ≥ 1 is a set of abscissas unequally
spaced on the interval [a, b]. These integration points break the complete interval into
n subintervals. f(x0), f(x1), . . . , f(xn) are the integrand’s values at the corresponding
integration points.

E.1 Simpson’s integration

Simpson’s rule uses the second order polynomial for the approximation of the
integrand f(x). Therefore at least 3 integration points must be available on the
interval [a, b] which means that n ≥ 2 and even. Lagrange formula for interpolating
polynomial (4.5) can be used to define a quadratic function Pj(x) that approximates
the integrand f(x) at three consecutive integration points x2j−2, x2j−1, x2j for j =
1, 2, . . . , n/2:

Pj(x) =
(x − x2j−1)(x − x2j)

(x2j−2 − x2j−1)(x2j−2 − x2j)
f(x2j−2) +

+
(x − x2j−2)(x − x2j)

(x2j−1 − x2j−2)(x2j−1 − x2j)
f(x2j−1) +

+
(x − x2j−2)(x − x2j−1)

(x2j − x2j−2)(x2j − x2j−1)
f(x2j)

(E.1)
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Carrying out transformations this equation can be written in the following simple
form:

Pj(x) = kjx
2 + ljx + mj (E.2)

where kj , lj ,mj are coefficients of the polynomial:

kj =
f(x2j−2)

(x2j−2 − x2j−1)(x2j−2 − x2j)
+

f(x2j−1)
(x2j−2 − x2j−1)(x2j − x2j−1)

+

+
f(x2j)

(x2j−2 − x2j)(x2j−1 − x2j)
(E.3)

lj = − (x2j−1 + x2j)f(x2j−2)
(x2j−2 − x2j−1)(x2j−2 − x2j)

− (x2j−2 + x2j)f(x2j−1)
(x2j−2 − x2j−1)(x2j − x2j−1)

−

− (x2j−2 + x2j−1)f(x2j)
(x2j−2 − x2j)(x2j−1 − x2j)

(E.4)

mj =
x2j−1 x2j f(x2j−2)

(x2j−2 − x2j−1)(x2j−2 − x2j)
+

x2j−2 x2j f(x2j−1)
(x2j−2 − x2j−1)(x2j+2 − x2j−1)

+

+
x2j−2 x2j−1 f(x2j)

(x2j−2 − x2j)(x2j−1 − x2j)
(E.5)

The formula for Simpson’s integration with unequally spaced points can then be
derived by adding the integrals of all approximating functions Pj(x):

In(f) =
n/2∑
j=1

∫ x2j

x2j−2

Pj(x) dx =
n/2∑
j=1

∫ x2j

x2j−2

(kjx
2 + ljx + mj) dx =

=
n/2∑
j=1

(kjx
3

3

∣∣∣x2j

x2j−2

+
ljx

2

2

∣∣∣x2j

x2j−2

+ mjx
∣∣∣x2j

x2j−2

)
=

=
n/2∑
j=1

(kj

3
(x3

2j − x3
2j−2) +

lj
2

(x2
2j − x2

2j−2) + mj(x2j − x2j−2)
)

for j = 1, 2, ..., n/2 (E.6)

Equations that can be used to update the weights of integration points are defined
below. For simplicity of explanation let a = x0, x1, x2, x3 and x4 = b be a
set of unequally spaced abscissas with f(x0), f(x1), f(x2), f(x3) and f(x4) their
corresponding functional values. To calculate numerically the integral I =

∫ b

a
f(x)dx

its integrand f(x) is approximated by two quadratic polynomials P1(x) and P2(x)
which are defined at the integration points x0, x1, x2 and x2, x3, x4. The integral I
can then be approximated by a sum of two integrals:

In(f) =
∫ x2

x0

P1(x)dx +
∫ x4

x2

P2(x)dx (E.7)



133

Using the Lagrange formula for interpolating polynomial:

P1(x) =
(x − x1)(x − x2)

(x0 − x1)(x0 − x2)
f(x0) +

(x − x0)(x − x2)
(x1 − x0)(x1 − x2)

f(x1) +

+
(x − x0)(x − x1)

(x2 − x0)(x2 − x1)
f(x2)

P2(x) =
(x − x3)(x − x4)

(x2 − x3)(x2 − x4)
f(x2) +

(x − x2)(x − x4)
(x3 − x2)(x3 − x4)

f(x3) +

+
(x − x2)(x − x3)

(x4 − x2)(x4 − x3)
f(x4) (E.8)

Therefore the integral In becomes:

In =
∫ x2

x0

(x − x1)(x − x2)
(x0 − x1)(x0 − x2)

f(x0) dx +
∫ x2

x0

(x − x0)(x − x2)
(x1 − x0)(x1 − x2)

f(x1) dx +

+
∫ x2

x0

(x − x0)(x − x1)
(x2 − x0)(x2 − x1)

f(x2) dx +
∫ x4

x2

(x − x3)(x − x4)
(x2 − x3)(x2 − x4)

f(x2) dx +

+
∫ x4

x2

(x − x2)(x − x4)
(x3 − x2)(x3 − x4)

f(x3) dx +
∫ x4

x2

(x − x2)(x − x3)
(x4 − x2)(x4 − x3)

f(x4) dx =

= w0f(x0) + w1f(x1) + w2f(x2) + w3f(x3) + w4f(x4) (E.9)

where wj for j = 0, 4 are the required weights. From the foregoing equation the
weights can be found as follows:

w0 =
∫ x2

x0

(x − x1)(x − x2)
(x0 − x1)(x0 − x2)

dx; w1 =
∫ x2

x0

(x − x0)(x − x2)
(x1 − x0)(x1 − x2)

dx;

w2 =
∫ x2

x0

(x − x0)(x − x1)
(x2 − x0)(x2 − x1)

dx +
∫ x4

x2

(x − x3)(x − x4)
(x2 − x3)(x2 − x4)

dx;

w3 =
∫ x4

x2

(x − x2)(x − x4)
(x3 − x2)(x3 − x4)

dx; w4 =
∫ x4

x2

(x − x2)(x − x3)
(x4 − x2)(x4 − x3)

dx

(E.10)

Solving these integrals one can find the expressions for the weights of the integration
points. For example, the expression for w0 becomes:

w0 =
1

(x0 − x1)(x0 − x2)

(x3

3

∣∣∣x2

x0

− (x1 + x2)
x2

2

∣∣∣x2

x0

+ x1x2x
∣∣∣x2

x0

)
=

=
1

(x0 − x1)(x0 − x2)
×
(x3

2 − x3
0

3
− (x1 + x2)(x2

2 − x2
0)

2
+ x1x2(x2 − x0)

)
(E.11)

In general case, the weights of unequally spaced integration points for Simpson’s rule
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can be found as follows:

w2j−2 = w2j−2 +
1

(x2j−2 − x2j−1)(x2j−2 − x2j)
×

×
(x3

2j − x3
2j−2

3
− (x2j−1 + x2j)

x2
2j − x2

2j−2

2
+ x2j−1 x2j(x2j − x2j−2)

)
w2j−1 =

1
(x2j−1 − x2j−2)(x2j−1 − x2j)

×

×
(x3

2j − x3
2j−2

3
− (x2j−2 + x2j)

x2
2j − x2

2j−2

2
+ x2j−2 x2j(x2j − x2j−2)

)
w2j =

1
(x2j − x2j−2)(x2j − x2j−1)

×

×
(x3

2j − x3
2j−2

3
− (x2j−2 + x2j−1)

x2
2j − x2

2j−2

2
+

+ x2j−2 x2j−1(x2j − x2j−2)
)
for j = 1, 2, ..., n/2 (E.12)

E.2 Spline integration

A spline function can also be used for the approximation of the integrand f(x) since
it allows fitting a very smooth curve through a set of points. For n + 1 integration
points on the interval [a, b] a function can be called a spline S(x) of degree m if it
satisfies the following conditions [138]:

• it coincides with a polynomial of degree m on each subinterval: [xi−1, xi], i =
0, 1, . . . , n;

• it is m − 1 times continuously differentiable.

The general formula for integration using a natural cubic spline can be written as
follows [138]:∫ b

a

S(x) dx =
n∑

j=1

f(xj−1) + f(xj)
2

hj −
n∑

j=1

Mj−1 + Mj

24
h3

j

for j = 0, 1, ..., n (E.13)

where Mj−1 and Mj are the second order derivatives of the spline function in the
corresponding integration points and hj is the length of the subinterval [xi−1, xi].
The method for calculating parameters Mj−1 and Mj can be found in literature, see
for example [120, 138].



NOMENCLATURE

Abbreviations

AIS1 adaptive integration scheme

CAD computer aided design

GAIS generally applicable adaptive integration scheme

NAME normalised average moment error

POD point of discontinuity

RME relative moment error

YS initial yield stress

Greek symbols

σ̄ equivalent stress

ε̄p equivalent plastic strain

γ shear strain

μ coefficient of friction

ν Poisson’s ratio

φ yield condition

ρ radius of curvature

σθ circumferential stress

σf uniaxial flow stress
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θ angle of bending

ε0 pre-strain in the Nadai hardening relation

εθ circumferential strain

εb bending part of the circumferential strain

εm circumferential strain in the mid-plane

ξ scalar which depends on the material anisotropy parameters

ζ natural coordinate

{ε} error vector

{η} strain contribution of the membrane part of a deformation

{κ} strain contribution of the bending part of a deformation

{σ} stress vector

{θ} nodal rotations

{ε} vector of total strain

q scaling factor

Mathematical symbols

[.] rectangular matrix

[.]T matrix transpose

Δ increment

|.| absolute value

{.} column vector

‖.‖2 Euclidean norm

‖.‖∞ ∞-norm

Roman symbols

[B] strain-displacement matrix

[D] matrix of material constants

[K] tangent stiffness matrix
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[P ] matrix with material anisotropy parameters

ā normalised shift of neutral line

{A} stress contribution of the membrane part of a deformation

{a} vector with interpolating coefficients

{B} stress contribution of the bending part of a deformation

{d} vector of nodal displacements

{fext} vector of external forces

{f int} vector of internal forces

{M} vector of bending moments

{q} vector with hardening parameters

{r} vector of residual forces

A element area

a distance between the central and neutral lines

a, b limits of integration

b, w sheet width

b1, b2,m1,m2 through-thickness coordinates of the elastic-plastic transitions

C material strength coefficient

E Young’s modulus

F,G,H,N anisotropy parameters

k, l,m coefficients of a quadratic polynomial

l length of a line segment

M resulting bending moment

n number of panels, strain hardening exponent

R ratio between width and thickness strain, tool radius

S plane strain flow stress

T resulting force

t material thickness, time

u, v, w displacements in x, y, z− directions
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V element volume

w weight factors

x, y, z Cartesian coordinates

General subscripts and superscripts

(.)e elastic part

(.)int interpolated value

(.)mp mid-plane

(.)p plastic part

(.)ref reference value

(.)wh workhardening

(.)y yield

(.)0 initial

(.)1,2,3 principal values

(.)col columns of integration points

(.)C compression region

(.)ip integration points

(.)it iterations

(.)k iteration number

(.)n incremental step number

(.)T tension region

(.)t trial

(.)y yield, with respect to the y-axis
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