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Chapter 1

Introduction

1.1 Bubbly flows

Bubbly flows are frequently encountered in nature. Small bubbles of diameter less
than 1/2 millimeter are generated for instance in the ocean, when air is entrained
within breaking waves, or near ship propellers. Here, larger bubbles separate fast
because of gravity whereas the smaller ones interact with the flow for longer time
and eventually may modify its macroscopic behavior.

Again, a fundamental understanding of two-phase flows is essential for various
applications. One can readily cite a multitude of examples: the chemical industry
(where gas-liquid reactors rely on bubbles to increase the contact area between the
phases), the production and transport of oil (where bubbles are purposely injected to
help to lift thick heavy oil to the surface, or arise due to the exsolution of dissolved
gases), energy generation (where boiling is the key process in producing the steam to
drive turbines), and many others.

The accurate description of two-phase systems is thus necessary and it requires
that numerous factors, as bubble dimension, shape, and the degree of flow contami-
nation, are taken into account. Yet, in many relevant situations, bubbles are immersed
in turbulent flow, so that unpredictable velocity fluctuations and chaotic motion add
to the above stated requests.

With these objectives in mind, recent work has either focused on the forces
acting on single particles or bubbles (see e.g. Magnaudet et al. (1995); Legendre
& Magnaudet (1998); Magnaudet & Eames (2000)) or on collective effects, such as
dispersion or local concentration evolution (see e.g. Crowe et al. (1996)). Among the
latter, one can distinguish between work focusing on passive particles or bubbles, i.e.,
without momentum transfer to the flow (one-way coupling, see e.g. Wang & Maxey
(1993a,b); Maxey et al. (1994); Yang & Lei (1998); Spelt & Biesheuvel (1997)), and
work taking into account the back reaction of the particles and bubbles on the flow
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(two-way coupling, see e.g. Squires & Eaton (1990); Elghobashi & Truesdell (1993);
Druzhinin & Elghobashi (1998); Boivin et al. (1998); Climent (1996); Climent &
Magnaudet (1999); Druzhinin & Elghobashi (2001)).

The two basic questions that are addressed are: (i)How do bubbles move within
the turbulent flow? and (ii) How do they affect the turbulence?

It is generally observed that initially uniformly distributed bubbles rapidly clus-
ter in regions of low pressure and high vorticity (Wang & Maxey (1993b); Cadot
et al. (1995)). Also experiments with isolated vortices (Sridhar & Katz (1999)) con-
firm that bubbles are trapped by them and, moreover, tend to collect on the side in
which the fluid velocity has the same direction as the gravity. The high level of local
accumulation may lead, even at low void fractions ∼ 1%, to a significant flow modu-
lation. For instance, Lance & Bataille (1991) demonstrated that bubbles can modify
the turbulence properties: for void fraction above 1%, the energy spectrum power
law −5/3, characteristic of homogeneous and isotropic turbulence, is gradually sub-
stituted by a steeper −8/3 slope. Also numerical work (Druzhinin & Elghobashi
(1998, 2001)) shows that microbubbles can reduce the turbulent energy in decay-
ing turbulence (depending on the initial bubble distribution) and in turbulent mixing
layers under certain conditions.

The purpose of the present work is to respond to the proposed questions, by
using the tool of numerical simulations, and to compare with, as well as to extend, the
results of previous investigations. The two-phase system analyzed is homogeneous
and isotropic turbulence with microbubbles of diameter ∼ 200µm in the disperse
phase and water in the fluid phase. Particular attention is focused on the forces acting
on bubbles and on the relevance of these forces in the overall bubble-flow evolution.

1.2 A guide through the chapters

The bubble and the fluid equations of motion are described in chapter 2. The Navier-
Stokes equations for the fluid phase are solved by direct numerical simulations, i.e.,
all the flow scales, from the integral scale on which energy is introduced, to the small
ones where it is dissipated by viscous interactions, are resolved. Bubbles trajectories
are tracked individually. The details on the numerics are presented in the chapter, and
the discussion of the applicability of the equations and of the limits imposed by their
numerical solution are exposed and commented.

Results on the distribution and the effects of bubbles in homogeneous, isotropic,
and stationary turbulence are the subjects of chapters 3 and 4 (see also I.M. Mazzitelli,
D. Lohse, and F. Toschi, “The effect of microbubbles on developed turbulence”, Phys.
Fluids, 15, L5-L8 (2003), and I.M. Mazzitelli, D. Lohse, and F. Toschi, “On the
relevance of lift force in bubbly turbulence”, J. Fluid Mech., in press (2003)). In
chapter 3, section 3.1, an extensive literature summary on turbulent two-phase flow
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is reported, with emphasis on the issues addressed throughout this work. The main
points of the thesis, namely, the evidence of bubble intense clustering in particular
flow regions and the consequent turbulence modification, are stated in this chapter.
These claims are further inspected and verified in chapter 4, by measuring several
statistical observables, as well as by comparing results from numerical simulations
in which the local accumulation is artificially reduced or is completely avoided by
fixing the bubbles at random locations. Important statements can be inferred on the
relevance of lift forces on bubbles in view of the overall two-phase system behavior.

Chapter 5 describes the time evolution of a fluid that is originally quiescent and
then driven solely by rising bubbles (see also I.M. Mazzitelli and D. Lohse, “The
evolution of energy in flow driven through rising bubbles”, J. Fluid Mech., submitted
(2003)). It is studied whether a flow with characteristics resembling homogeneous
and isotropic turbulence, forced on the large scales, can be attained, even though the
forcing is now concentrated on the small bubble scales. The bubble distribution and
the total flow energy induced by a mechanism of inverse energy cascade, from the
small to the large scales, are measured. Lift forces are shown to play a crucial role in
laterally separating the bubbles.

Chapter 6 addresses the issue of fluid particle and bubble diffusion, with particu-
lar focus on the comparison with the analytical theory of Spelt & Biesheuvel (1998).
Lagrangian statistics is measured for both fluid particles and bubbles and the results
are compared.

Turbulent structures, namely, vortex filaments, within the underlying chaotic
fluid velocity fluctuations, are found to be important in the evolution and local distri-
bution of bubbles in dispersed two-phase flows. Indeed, the existence of structures,
which may keep the same shape and spatial location in time, is a common feature
of turbulent flows. For instance, in turbulent channel flows “hairpin”-shaped vortices
and low velocity “streaks” are detected.

These turbulent structures are investigated in chapter 7. The analysis of channel
flow is performed by projecting the longitudinal velocity structure functions into the
irreducible representations of the symmetry groups of rotation in three-dimensions,
SO(3), and two-dimensions, SO(2) (see also L. Biferale, D. Lohse, I.M. Mazzitelli,
and F. Toschi, “Probing structures in channel flow through SO(3) and SO(2) decom-
positions”, J. Fluid Mech., 452, 39-59 (2002)). The projections are used to disentan-
gle the flow anisotropies and to investigate their connections to coherent structures
like the hairpins, that detach from the boundary with an angle of 45◦, and the streaks
of low and high velocity, that develop close to the wall.

The results presented in the thesis are summarized in chapter 8.





Chapter 2

Equations of motion for turbulent
bubbly flows

The equation of motion for a particle or bubble immersed in a fluid are formulated
through the balance of the surface and body forces on the particle. Bubbles are
immersed in a homogeneous, isotropic and stationary turbulent flow, which evolves
according to the Navier-Stokes equations. The feedback of the disperse phase on the
underlying flow is taken into account. The numerical method employed to simulate
the two-phase system is presented.

2.1 Balance of forces acting on a particle or bubble

The motion of a particle or bubble in a turbulent flow is determined by both body and
surface forces, the form of which depends on the regime analyzed. This regime is
defined by a fundamental parameter, the particle Reynolds number:

Re =
2a|u − v|

ν
,

where a is the particle/bubble radius, v its velocity, u is the fluid velocity at the
particle center, and ν is the flow kinematic viscosity. At small values of Re viscous
effects are dominant and the streamlines are essentially symmetric about the particle
center, whereas at larger Re it can separate and a wake may develop behind the
particle/bubble. When Re is high enough the wake becomes turbulent.

In the present work we focus on spherical, undeformable particles of density
ρp and radius a smaller than all the flow length scales, at low values of the particle
Reynolds number.

The equation of motion is given by Newton’s second law, which reads:
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ρpVpdv
dt
= fB + fS . (2.1)

Here Vp = 4πa3/3 is the particle volume, fB is the resultant of the body forces and
fS is the resultant of the surface forces acting on the particle.

Body forces: Gravity

The only body force that we consider here is the gravity. Therefore:

fB = ρpVpg (2.2)

with g the gravitational force.

Surface forces: Drag force

The form of the surface forces is less evident and exhibits a Re dependence.
Owing to the flow viscosity, the particle experiences a friction that tends to adapt its
velocity to the one of the flow. This effect is described by the drag force:

fD = −CD πa
2

2
ρf |v − u|(v − u). (2.3)

The drag coefficient CD depends on the particle Reynolds number. For spherical
drops of dynamic viscosity µp and in the limit Re � 1, it can be derived analytically
(Hadamard (1911); Rybczynski (1911)) and is expressed by:

CD =
16
Re

(1 + (3µp)/(2µf )
1 + µp/µf

)
(2.4)

where µf is the fluid dynamic viscosity. The analysis of a surfactant-free bubble, with
zero-shear stress boundary condition at the bubble-water interface, implies µf �
µp � 0; therefore the drag coefficient, evaluated from eq. (2.4), is CD = 16/Re. At
intermediate values of the Reynolds number (1 < Re < 60), corrective expressions
have been found through direct numerical simulation (Mei et al. (1994); Magnaudet
et al. (1995)), whereas at large Re > 60, an asymptotic expression exists (Moore
(1963)):

CD =
48
Re

(
1− 2.2

Re1/2

)
. (2.5)

Note that, if the water is contamined, impurities adhere to the bubble surface, thus
transforming the shear-free boundary condition at the interface to a partial- or no-slip
one. As a consequence the response to the fluid friction, and thus the drag coefficient,
is the same as for a solid sphere (opposite limit µp � µf in eq. (2.4)).
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Added mass

The added mass is the force that one needs to apply to a fluid in order to impart
an acceleration to a body immersed within it. Indeed, the body has to transfer its
acceleration to a certain volume of fluid in order to replace it and to advance. This
accelerated volume is characterized by the added mass coefficient CM .

The expression of the added mass force is:

fA = ρfVpCM
(
Du
Dt

− dv
dt

)
. (2.6)

In this equation Du/Dt is the material derivative of the fluid velocity evaluated at the
particle location and dv/dt is the particle Lagrangian velocity time derivative. The
added mass coefficient for a sphere is CM = 1/2 (Taylor (1928); Batchelor (1967)).
It has been shown to be independent of the Reynolds number and of dis-uniformities
of the flow (Auton et al. (1988); Rivero et al. (1991); Chang & Maxey (1994, 1995);
Magnaudet et al. (1995)).

Another surface force acting on the sphere is the one that the flow applies on
the volume occupied by the inclusion. Indeed, upon indicating by σ the stress tensor
(see eq. (2.16) and Fig. 2.1 for the remaining symbols):∫

Sp

σ · ndS =
∫
Vp

∇σdV =
∫
Vp

ρf

(
Du
Dt

− g
)
= ρfVp

(
Du
Dt

− g
)
, (2.7)

under the assumption of uniform flow u on the integration volume. The gravity term
−ρfVpg represents the Archimedes buoyant force. Also, the extra ρfVpDu/Dt term
results from this derivation.

Lift force

The lift force acts in the direction perpendicular to the relative particle to fluid
velocity and arises because of the existence of vorticity in the carrier flow. The lift
can be expressed as (Auton (1987)):

fL = −CLρfVp(v − u)× ω (2.8)

with CL the lift coefficient and ω = ∇× u the flow vorticity.
The behavior of the lift coefficient CL at low to moderate Reynolds number has

been assessed by Legendre & Magnaudet (1998) through direct numerical simula-
tions and is presented in Fig. 17 of their paper. Except for the regime Re � 1,
where it displays a steep descent as a function of Re, the high-Reynolds number
limit CL = 1/2, that was computed by Auton (1987) in a weakly rotational flow of



8 2.1. BALANCE OF FORCES ON A PARTICLE OR BUBBLE

an inviscid fluid, is a rather good approximation, even when Re ∼ O(1). Experi-
mental results which show that CL = 1/2 is not unreasonable have been presented
by Rensen et al. (2001) and Lohse & Prosperetti (2003). Nevertheless, for example
experiments by Sridhar & Katz (1995), performed at 20 < Re < 80, suggest much
larger values and a fourth root dependence on the local vorticity.

History force

When a particle/bubble is subjected to an acceleration, because of viscosity,
there is a time lag before the surrounding fluid can adapt to the new conditions. The
history force takes account of this phenomenon. For a small spherical particle it is
(Maxey & Riley (1983)):

fH = −6πa2µf

∫ t

0

d(v − u)
dτ

dτ

[πν(t− τ)1/2]
. (2.9)

However, in the following we neglect the history force on a clean bubble, at Re ∼ 1.
Indeed, the existence at the bubble-water interface of a tangential velocity different
from zero makes the relaxation of the boundary layer to the new velocity difference
(v − u) rapid.

Particle/bubble motion equation

By adding the contribution of all forces, the particle/bubble equation of mo-
tion now reads (see e.g. Thomas et al. (1984); Climent (1996); Spelt & Biesheuvel
(1997)):

ρpVp dv
dt
= (ρp − ρf )Vpg − CD

πa2

2
ρf |v − u|(v − u)

+ρfVpCM (Du
Dt

− dv
dt
) + ρfVpDu

Dt
− CLρfVp(v − u)× ω. (2.10)

Note that for heavy particles (ρp/ρf � 1) at low Reynolds number (Re � 1), the
relevant forces in eq. (2.10) reduce to drag and gravity, whereas for bubbles of nearly
negligible density (ρp/ρf � 0) also the fluid inertia forces are significant.

Throughout this thesis, we will restrict ourselves to particle Reynolds numbers
of order one. Therefore, neglecting all finite Reynolds number corrections, i.e., taking
CD = 16/Re and CL = CM = 1/2, the resulting bubble motion equation is:

dv
dt
= 3

Du
Dt

− 1
τb
(v − u)− 2g − (v − u)× ω. (2.11)
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Here

τb =
a2

6ν
(2.12)

is the bubble time scale; the rise speed in still fluid is

vT = 2gτb =
ga2

3ν
. (2.13)

A bubble of radius a = 0.5mm rises in clean water (ν = 10−2cm2/s) with a velocity
vT ∼ 25cm/s. The characteristic Reynolds number is Re ∼ O(102). Therefore, our
analysis applies to only microbubbles in water, i.e., a ∼ 80µm, vT ∼ 1cm/s, and
Re ∼ O(1).

Lastly, we remark that one condition is required for the use of the point-force
approximation in turbulent flows: eq. (2.10) implicitly assumes that the particle di-
mension is smaller than all the scales on which the flow varies. In turbulence, this
means that a � η, with η the Kolmogorov scale. When the particle dimension is of
the order of η, Faxén corrections, due to dis-uniformities of the flow at the particle
scale, should be taken into account (see e.g. Maxey & Riley (1983)). These terms
are neglected throughout this work, because we consider only small bubbles. Further
justification will be given in the next chapter.

2.2 Equation of motion for the fluid

The fluid phase is governed by the incompressible Navier-Stokes equations:

∂u(x, t)
∂t

+ u(x, t) · ∇u(x, t) = −∇p+ ν∆u(x, t)

+fL(x, t) + fb(x, t),
∇ · u(x, t) = 0, (2.14)

where u(x, t) is the fluid velocity, p the pressure, ν the kinematic viscosity, fL(x, t)
the large scale forcing, and fb(x, t) the forcing due to the transfer of momentum
between the bubble and the fluid phase. The forcing on the large scale is required to
achieve and sustain a statistically stationary state. Indeed, we wish to fix the turbulent
scales and thus their ratios with respect to the bubble scales.

Two different bubble regimes will be assessed: (i) the one-way coupling regime,
in which bubbles move passively without modifying the turbulence, i.e., fb(x, t) = 0,
and (ii) the two-way coupling regime, in which bubbles are actively coupled to the
flow, i.e., fb(x, t) �= 0. The derivation of the bubble forcing term fb(x, t) is presented
in the next subsection.
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SVp

Vf e,S
n

n V

p,

FIGURE 2.1: A particle of volume Vp and surface Sp is immersed in a fluid of volume
Vf and external surface Se. The directions of the outward normals of Vf are also
shown.

2.2.1 Bubble feedback on the flow

A small bubble rising in a fluid can be viewed as a point-like source of momentum
which may either enhance or suppress the kinetic energy of the flow. This modulation
is owed to a mechanism, the action of which is confined to the bubble’s nearest re-
gion, which supplies the momentum conservation of the overall two-phase system. A
δ-forcing is suitable to represent it in the Navier-Stokes equations when the particles
are small with respect to all flow scales. As suggested by Saffman (1973), the effect
of small particles on a viscous flow can be taken into account by a multipole distribu-
tion of forces. If we now focus on a single sinking particle, the induced velocity in an
otherwise still fluid contains two terms: the first decreasing as 1/r and the second as
1/r3. If the particle is smaller than the Kolmogorov scale, the second contribution is
negligible, because the small scale interactions are dissipated by viscosity. The only
significant term that is O(1/r) originates from the δ-forcing in the multipole expan-
sion: therefore the single particle action can be implemented in the fluid equation by
a δ-forcing approximation.

This approximation is retained for many bodies, providing that the system is
dilute enough.

We report here the main steps that lead to the expression of the coupling term,
closely following the procedure of Climent (1996) (see also Maxey et al. (1994);
Sridhar & Katz (1999); Rightley & Lasheras (2000)). We consider a domain V filled
by a fluid of volume Vf and by a spherical particle or bubble of volume Vp, so that
V = Vf +Vp. The flow is bounded by the external surface Se and the particle surface
Sp, see Fig. 2.1. The momentum equation for the fluid in the volume Vf is:

∫
Vf

ρf
Du
Dt

dV =
∫
Se

σ · ndS +
∫
Sp

σ · ndS +
∫
Vf

ρfgdV. (2.15)
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Here σ is the stress tensor

σij = −ρfpδij + µf (∂iuj + ∂jui) (2.16)

and n is the outward surface normal. The particle equation of motion is

ρpVpdv
dt
= −

∫
Sp

σ · ndS + ρpVpg. (2.17)

The integral of the fluid stress tensor over the particle surface leads to the surface
forces of eq. (2.10). Assuming that the flow gradients are constant over the particle
volume and exploiting the fact that V = Vf + Vp, by using eq. (2.17) to substitute
the integral in eq. (2.15), we obtain:

∫
V
ρf
Du
Dt

dV =
∫
V
(∇ · σ + ρfg) dV +

∫
V

[
ρf

(
Du
Dt

− g
)

+ρp

(
g − dv

dt

)]
Vpδ(x − y(t))dV (2.18)

where y(t) is the particle’s instantaneous location. The equation indicates that the
particle’s action on the fluid can be represented in the Navier-Stokes equations by the
δ-forcing

ρf fb(x, t) =
[
ρf

(
Du
Dt

− g
)
+ ρp

(
g − dv

dt

)]
Vpδ(x − y(t)). (2.19)

By making use of eq. (2.10) we may also write it as:

ρf fb(x, t) =
[
CD

πa2

2
ρf |v − u|(v − u)− ρfVpCM

(
Du
Dt

− dv
dt

)

+CLVpρf (v − u)× ω
]
δ(x − y(t)). (2.20)

Note that in the case of a bubble of small density ρp � ρf the second term on the
right hand side of eq. (2.19) is negligible as compared to the first. Thus the δ-forcing
of a single bubble is:

fb(x, t) =
(
Du
Dt

− g
)
Vpδ(x − y(t)). (2.21)

In the dilute limit hypothesis, we can assume the additivity of the individual effects.
Thus, the overall bubble forcing term that has to be into the Navier-Stokes equation
is:



12 2.3. NUMERICAL SIMULATION METHOD

fb(x, t) =
Nb∑
i=0

(
Du
Dt

− g
)
Vpδ(x − yi(t)), (2.22)

with Nb the total number of bubbles.

2.3 Numerical simulation method

We numerically solve the two-phase system equations by using the Eulerian-Lagran-
gian approach. Therefore, the Navier-Stokes equations are solved by a fully three di-
mensional direct numerical simulation, whereas the bubbles trajectories are individu-
ally computed by Lagrangian tracking (e.g. see Squires & Eaton (1990); Elghobashi
& Truesdell (1993); Boivin et al. (1998)).†

2.3.1 Simulation of the fluid phase

Eqs. (2.14) are converted into equations for the vector potential b(x, t), defined
according to:

u(x, t) = ∇× b(x, t). (2.23)

In terms of b(x, t) the Navier-Stokes equations become:

∂b(x, t)
∂t

−∆−1
[
∇×

(
u(x, t) · ∇u(x, t)

)]
= ν∆b(x, t)

−∆−1
[
∇×

(
fL(x, t) + fb(x, t)

)]
, (2.24)

∆ · b(x, t) = 0.

The vector b(x, t) is expanded in a discrete Fourier series in each direction on an e-
quispaced grid and its equations are solved by means of the pseudo-spectral method.
They are advanced in time by the second-order Adams-Bashforth scheme. The solu-
tion domain is a cube of side L0 = 2π, subjected to periodic boundary conditions. It
consists of N3 = 1283 grid points. The nonlinear term of eq. (2.24) is evaluated in
real space and, in order to control aliasing errors, the largest wavenumber retained is
kmax = (2πN/L0)2/3, i.e., all k’s such that k = |k| > kmax are set to zero. The
turbulence scales are fixed in time by forcing the flow on the small wavenumbers and
thus maintaining a statistically stationary state. The forcing applied on the mode k of
the velocity field is (Grossmann & Lohse (1992)):

†From a technical point of view, the two-phase system equations can be numerically implemented
also by treating both the fluid and the disperse phase as a “continuum”, thus specifying space averaged
equations for the particles/bubbles (Eulerian-Eulerian or two-fluid approach, e.g. see Druzhinin &
Elghobashi (1998, 2001)).
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ε ν η τk vk τ0 u0 L11 λ Reλ Ll/Lt
1.0 0.007 0.024 0.084 0.29 2.2 1.2 0.9 0.37 62 1.8

TABLE 2.1: Fluid parameters. The energy input rate, ε, the viscosity, ν, and the
dimension of the computational domain, L0 = 2π, are fixed. All the other parameters
are derived.

fL(k, t) = ε
u(k, t)∑

k∈Kin
|u(k, t)|2 , k ∈ Kin (2.25)

and fL(k, t) = 0 otherwise. HereKin = {k | (L0/2π)k = ±(−1, 2, 2),±(2,−1,−1)
+ Permutations } and ε is the energy input rate (which equals the energy dissipation
rate for statistically stationary turbulence). We remark that the choice of the large
scale forcing (2.25) is driven by the type of investigation carried out in this work. In-
deed, this forcing allows one to settle the energy input at each time step and therefore
the average viscous dissipation in the one-way coupling regime (when fb(x, t) = 0).
This fixes a reference value for comparing results between passive and active bubble
regimes.

The Kolmogorov length, time, and velocity scales can be evaluated from the
energy dissipation rate ε and the fluid kinematic viscosity ν according to:

η = (ν3/ε)1/4, τk = (ν/ε)1/2, and vk = (εν)1/4,

respectively. Other relevant quantities are the large scale root-mean-square (rms)
fluid velocity fluctuation u0, the large eddy turnover time τ0, the integral length scale
L11,

u2
0 =

1
3
〈uiui〉, τ0 =

3
2u

2
0

ε
, L11 =

π

2u2
0

∫ ∞

0

E(k)
k

dk,

the Taylor scale λ, and the Taylor Reynolds number Reλ,

λ =
〈u2
x〉1/2

〈(∂xux)2〉1/2
, and Reλ =

u0λ

ν
,

where ui, with i = x, y, z, is the i-th component of the fluid velocity, and repeated
indices are considered summed. E(k) is the fluid energy spectrum (see eq. (2.28)).
The brackets 〈·〉 indicate average over time and space. A summary of the fluid pa-
rameters can be found in table 2.1.

It is necessary to fulfill some conditions for the simulation to correctly resolve
both the large and the small scale motions (see e.g. Pope (2000)). First, the solution
domain has to be large enough to represent the energy-containing eddies. This is
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assured by a large ratio between the cube width, L0, and the integral length scale
L11. In our simulation it is L0/L11 � 7. Second, the dissipative scales have to be
sufficiently resolved. We have kmaxη � 1.024. Finally, the accuracy of the solution
in time is guaranteed by the small Courant number C = ∆t(3u20/2)

1/2/∆x � 1/30,
with ∆x = L0/N the mesh size. Note that a very small Courant number is used in
order to employ the same time step∆t for the flow and for the bubble time evolution.

Lastly, we verify that the ratio between the longitudinal integral length scale

Ll =
1

〈u2
x〉

π∑
rx=0

〈ux(0)ux(rx)〉∆rx (2.26)

and the transversal length scale

Lt =
1

〈u2
y〉

π∑
rx=0

〈uy(0)uy(rx)〉∆rx (2.27)

is close to 2, in agreement with isotropic requirements. The difference detected from
Ll/Lt = 2 results from both periodic boundary conditions and statistical error.†

2.3.2 Bubble’s motion and action on the flow in a point force approximation

The bubbles are released with an initial velocity equal to the local fluid velocity at
random positions which are uniformly distributed over the whole domain. Then the
simulation is run for several large-eddy turnover times in order to achieve a statisti-
cally stationary state. Finally, the statistics is accumulated for around 15 large-eddy
turnover times τ0.

The trajectory x(t) of each bubble is computed using Lagrangian tracking. The
bubble’s velocity is advanced in time by an explicit forward Euler scheme,

vi(t+∆t) = vi(t) +
dvi(t)
dt

∆t,

xi(t+∆t) = xi(t) + vi(t)dt +
1
2
dvi(t)
dt

∆t2, i = x, y, z.

The same time step ∆t as for the integration of the Navier-Stokes equations is ap-
plied. This time step fulfills the constraint ∆t � τb.

In general, the bubble’s instantaneous location does not coincide with a grid
point. Therefore the fluid velocity and the forces, which are required to integrate eq.

†Note that the integral scale L11 reported in table 2.1 is larger than the longitudinal scale Ll, because
the velocity autocorrelation function 〈ux(0)ux(rx)〉 in turbulence simulations driven by the forcing
(2.25) exhibits a negative loop on the large scales: for rx = π it is : 〈ux(0)ux(rx)〉/〈ux(0)2〉 � −0.17,
whereas for larger rx the correlation increases again due to the periodic boundary conditions.
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(2.11), are estimated by third-order Taylor series interpolation with 13 points (Yeung
& Pope (1988)). This scheme is preferred with respect to simple linear interpolation
because it gives a better description of the velocity fluctuations at high wavenum-
bers, to which bubble motion is rather sensitive, see e.g. Maxey et al. (1994). This
statement will be verified in subsection 2.3.3.

As mentioned before, in this thesis we will study and compare two different
regimes: the one-way coupling regime, in which bubbles move passively, i.e. with-
out interacting, in the flow, and the two-way coupling regime, in which the bubble
back reaction on the turbulence is included in the fluid equations. In the first case
fb(x, t) = 0 in eqs. (2.14), whereas in the second case fb(x, t) is evaluated according
to eq. (2.22). The way in which we implement the bubble δ-forcing on the grid is as
follows: the forcing is linearly projected on the eight nearest nodes to the bubble’s
location, and the total forcing on each node is obtained by summing up the contribu-
tions of all bubbles according to:

V fb(x, t) =
∑
i inV

f ib(yi(t), t)(1 −∆xi)(1−∆yi)(1−∆zi).

Here, V = (2π/N)3, is the grid cell volume, N = 128 is the number of grid points
in each direction, ∆xi, ∆yi, and ∆zi are the distances (normalized with respect to
the mesh size) of the bubble tagged with i, placed at yi(t), from the node x, and
the index i counts the bubbles in V . In this method only the closest grid points to
the particle position are taken into account. Another way of implementing the two-
way interactions through the distribution of the back-reaction on a larger envelope
centered at the particle position is discussed by Maxey et al. (1997).

We remark that the implementation of two-way coupling leads to some restric-
tions on the bubble regimes achievable through numerical calculations. The fluid
velocity u(x, t) required in the integration of eq. (2.11) is “unperturbed”, i.e., it is
the velocity of the flow unmodified by the bubble. According to Saffman (1973) the
error done in the approximation of this velocity with the perturbed one is the Stokeslet
centered at the particle’s position, and is of order a/∆x. The constraint is therefore:
a � ∆x. The error is reduced when: (i) the number of bubbles in the simulation
is larger, because in that way the relative influence of each bubble-forcing on a grid
node is smaller; (ii) a higher order interpolation scheme for the fluid velocity at the
position of the bubble is employed, because nodes further away are involved and the
perturbation of the bubble itself is partially filtered. In the next chapter, we will pro-
pose a test to check the quality of the point force approximation with respect to the
issue mentioned above, and we will show that the constraints required are satisfied
within our numerical simulation.

The code is fully parallelized, both for the fluid and for the bubble evolution,
and simulations are run on an SGI Origin2000 on 16 processors. Communications
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FIGURE 2.2: Energy spectrum computed on the grid (solid) and on two staggered
grids by linear (dashed) and 13-point (dot-dashed) interpolating.

between different processors are effected by MPI (Message Passing Interface) sub-
routines. A typical run on 16 processors over 3 large eddy turnover times with
Nb = 144000 bubbles takes around 8 hours of CPU time.

2.3.3 Velocity interpolation at the position of the bubble

In general, the bubbles are not located at the grid points where the flow velocity
is known. Therefore, an interpolation scheme is required. Here we demonstrate
that the employed 13 points third-order Taylor series interpolation scheme (Yeung &
Pope (1988)) correctly represents the kinetic energy of the flow, including at large
wavevectors. In Fig. 2.2 the fluid energy spectrum

E(k) =
1
2

∑
k<|k|<k+dk

u∗i (k)ui(k) (2.28)

is compared to the spectrum calculated on a staggered grid translated in each direction
by a half mesh size with respect to the original one. The velocity on this grid is
computed by linear interpolation. A third grid is also considered and the velocity is
interpolated on it by the third order Taylor series based scheme. The plot shows that
in the latter case most of the high wavenumber energy is maintained, whereas in the
former one it is not. Several choices for the spacing of the third grid with respect to
the original one have been taken into account and all of them lead to results analogous
to the ones that we present.



Chapter 3

Microbubbles in developed
turbulence†

Bubble motion in homogeneous and isotropic turbulence is assessed both in the one-
way and in the two-way coupling regimes. Clustering in vortices is detected, prefer-
entially on the side with downward velocity, resulting in a considerably reduced rise
velocity of bubbles in a turbulent flow, as compared to still liquid. This has also con-
sequences for the two-way coupling regime: the energy spectrum of the turbulence is
modified nonuniformly. Because of the combined effect of preferential bubble cluster-
ing in downflow zones and the local buoyant transfer, which reduces the vertical fluid
velocity fluctuations, large scale motions (small wavenumbers k) are suppressed. In
contrast, small scale motions (large wavenumbers k) are enhanced due to the local
bubble forcing. The overall effect on the turbulence is dissipative, i.e., the energy
input on the large scales is partly dissipated by viscosity and partly by the bubble
action.

3.1 Introduction

Two basic questions arise when dealing with turbulent bubbly flow: (i) How do bub-
bles move within the turbulent flow? and (ii) How do they affect the turbulence?

Though it is of tremendous difficulty to address two-phase flows experimentally,
a lot of progress has been achieved since the early measurements of Snyder & Lumley
(1971); Serizawa et al. (1975a,b,c), see e.g. Michiyoshi & Serizawa (1986); Mudde
et al. (1997); Kumar et al. (1997); Mudde & Saito (2001); Poorte & Biesheuvel
(2002).

†See also I. M. Mazzitelli, D. Lohse, and F. Toschi, The effect of microbubbles on developed turbu-
lence, Phys. of Fluids 15, L5-L8 (2003)
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Different regimes are studied in the experiments at low or high values of the
particle/bubble Reynolds number Re = 2a|v − u|/ν, with a the particle radius,
u− v the relative particle to fluid velocity, and ν the fluid viscosity.

In this work we will focus mainly on three types of observables:

• The bubble distribution in the fluid: Bubbles are found to accumulate in low
pressure regions of the flow, i.e., in vortex filaments, and have even been used
to characterize them and to measure their statistics, see e.g. Cadot et al. (1995)
and La Porta et al. (2000). Sridhar & Katz (1999) studied the interaction of
bubbles at intermediate Re with vortex rings, and Rightley & Lasheras (2000)
the dispersion and coupling of microbubbles with a free-shear flow. Both ex-
periments indicate that, even at low void fractions, the effect of bubbles on the
flow is significant, owing to the high level of clustering reached in low pressure
flow zones.

• Spectral information: One of those effects is to modify the energy spectrum
of the turbulent flow. However, it is very controversial how the spectra are
changed. Lance & Bataille (1991) found that, at high bubble Reynolds num-
bers, for increasing gas fraction α, the Kolmogorov energy spectrum exponent
−5/3 is progressively substituted by −8/3. It is argued that the steeper spec-
trum originates from the energy production within the bubble wakes. Figure 15
in their paper also suggests that for bubbly flow there is more spectral energy in
the small scale eddies and less in the large scale eddies. The Taylor-Reynolds
number in this experiment was Reλ = 35. In contrast to Lance & Bataille
(1991), Mudde et al. (1997) found the classical −5/3 power law in a bub-
ble column even for a gas volume fraction of 25%, at high bubble Reynolds
numbers. On the analytical field, L’vov et al. (2003) have recently proposed a
derivation that accounts for the spectral modulation in particle flows.

• The average bubble rise velocity: Whereas particles are known from numerical
simulations to sink faster (on average) in turbulent flow than in still fluid (Wang
& Maxey (1993a); Yang & Lei (1998)), Poorte & Biesheuvel (2002) recently
measured that the mean rise velocity of large bubbles is significantly reduced
(up to 35%) in turbulence as compared to still liquid. On the other hand, either
larger or smaller rise speeds have been experimentally found by Friedman &
Katz (2002), for droplets slightly lighter than the fluid, depending on three
parameters: turbulence intensity, droplet dimension, and response time.

How to explain these observations? An efficient way may be to follow a numeri-
cal approach.

For particle laden turbulence, a large number of investigations is available in
the literature, see e.g. Squires & Eaton (1990); Elghobashi & Truesdell (1993); Hunt
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et al. (1997); Boivin et al. (1998); Druzhinin & Elghobashi (1999); Druzhinin (2001);
Marchioli & Soldati (2002); Ooms et al. (2002), most of them assuming a point-
particle approximation. The relevant forces on small, heavy particles are the Stokes
drag and the gravity. It is generally observed that initially uniformly distributed parti-
cles rapidly collect in low vorticity regions (Squires & Eaton (1990)). The clustering
is more intense when tuning the particle parameters to the flow Kolmogorov scales.
The back reaction of the particles on the fluid qualitatively depends on the ratio τp/τk,
where τp is the particle response time and τk the Kolmogorov time scale. When
τp/τk ∼ O(1), particles dissipate turbulent kinetic energy (Boivin et al. (1998); Sun-
daram & Collins (1999)), whereas microparticles with τp/τk � 1 are able to enhance
the turbulence levels (Druzhinin & Elghobashi (1999); Druzhinin (2001); Ferrante &
Elghobashi (2003)).

For bubble laden turbulence, the situation is even more complicated than for
particle flow because of the free interface. Ideally, the Navier-Stokes equation should
be solved, with the bubble-water interface treated as a free surface. However, within
such an approach only about 100 bubbles can be included, see e.g. Bunner & Tryg-
gvason (1999). Therefore, in order to numerically model turbulent multiphase flow
with many bubbles, it is – just as for particle flow – common to employ a point-like
approximation. This approach obviously works best for microbubbles, i.e., for bub-
bles smaller than all length scales of the turbulent flow, or, correspondingly, with a
bubble Reynolds number less than one.

The key question which arises is: what forces act on such a microbubble? While
some forces on bubbles such as buoyancy are trivial, other are highly controversial.
This in particular holds for the lift force. We model it as expressed in eq. (2.8), with
lift coefficient CL = 1/2. If the lift force is relevant for bubbly flow, the microscopic
lift force model for the bubble is reflected in the macroscopic observables, such as
the above mentioned bubble distribution, the energy spectra, or the average bubble
rise velocity.

However, most numerical simulations in the literature have completely neglected
the effect of the lift force in bubbly turbulence. For example, for the analysis of de-
caying bubble laden turbulence (Druzhinin & Elghobashi (1998)) and of the effect
of microbubbles on a spatially developing mixing layer (Druzhinin & Elghobashi
(2001)) only fluid acceleration, added mass, drag, and gravity force were considered,
but no lift. The strong point of those simulations however is that two-way coupling
had been included, i.e., the back reaction of the bubbles on the flow. Indeed, in
Druzhinin & Elghobashi (1998) the turbulence decay is found to be affected by the
bubbles, namely either enhanced or reduced, depending on the initial bubble distri-
bution. In Druzhinin & Elghobashi (2001), again under specific conditions on the
inflow bubble profile, a reduction of the turbulence fluctuations across the mixing
layer is calculated. Other examples for two-way coupling simulations are Climent



20 3.2. ONE-WAY COUPLING

(1996) and Climent & Magnaudet (1999). Methodwise, the simulation of Climent
& Magnaudet (1999) is closest to ours, though a very different question is analyzed,
namely how a swarm of rising bubbles induces a flow in still water. The simulation
is two dimensional and includes the lift force.

Older numerical simulations mainly employ one-way coupling, i.e., they neglect
the back reaction of the bubbles on the flow and focus on clustering effects. These
simulations revealed that the effect of the flow on the bubbles and the bubble accumu-
lation in high vorticity regions are strongest when (i) the typical bubble rise velocity
vT is comparable to the Kolmogorov velocity scale vk and (ii) the typical bubble
response time τb is comparable to the Kolmogorov time scale τk (see e.g. Wang &
Maxey (1993b); Maxey et al. (1994)).

Also the kinematic simulation of Spelt & Biesheuvel (1997) falls into the class
of one-way coupling simulations. Here the fluid flow is not given by the Navier-
Stokes equation, but by a sum of Fourier modes with random phases and amplitudes
determined according to some given spectrum. However, what distinguishes this
simulation is that it is one of the few which explicitly includes lift. The interesting
finding is that the bubble rise velocity is considerably decreased in turbulence due to
the lift force. In the limit of large bubble rise velocity this result can also be derived
analytically.

In this chapter we further study the effect of the lift force in bubbly turbulence,
at low bubble Reynolds numbers, but now within a full Navier-Stokes simulation of
homogeneous, isotropic turbulence, both with one-way coupling and two-way cou-
pling. We refer to chapter 2 for a detailed description of the equations and the nu-
merical method applied. The aim is to demonstrate that the above mentioned energy
reduction process due to the microbubble action on turbulent flows is rather general
and to highlight the role of the lift force therein. The chapter is organized as follows:
In section 3.2 we study how bubbles distribute within the flow structures in the one-
way coupling case; then, in section 3.3, we turn to the spectral analysis of the flow
in the two-way coupling regime and to the measurement of the net turbulence modi-
fication. Some tests on the quality of our numerical method are presented in section
3.4.

3.2 Bubble motion in the one-way coupling model

When a bubble is rising in water, it locally transfers momentum mainly upwards, in
the direction opposite to gravity (see eq. (2.21)). Therefore it is important to identify
the structures in which bubbles are preferentially accumulating, as the back reaction
may lead to an enhancement or to a suppression of the velocity fluctuations in these
regions.

Previous investigations showed that particles moving in a turbulent flow fall
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down faster than in still fluid whereas bubbles rise slower than in non turbulent flow
(Wang & Maxey (1993a); Maxey et al. (1994); Yang & Lei (1998)). This effect
may be attributed to the phenomenon of “preferential sweeping” (Wang & Maxey
(1993a)) of particles and bubbles in downward fluid velocity regions. In this section
we study and quantify this trend for bubbles, identifying the lift force as the main
origin of the effect. For this purpose we set, for the time being, fb(x, t) = 0 in eq.
(2.14).

3.2.1 Bubble and fluid phase regimes

In the following, all quantities regarding the disperse phase are estimated by averag-
ing over a sample of Nb = 144000 bubbles, the motion of which is evolved according
to eq. (2.11). Since the bubbles are not actively coupled to the flow, the void fraction
is not a relevant parameter in this context. Simulations are carried out in four dis-
tinct bubble regimes. The value of the bubble rise speed vT is fixed in all cases and
equal to vk, whereas the relaxation time τb is changed: (a) τb = τk, (b) τb = τk/3,
(c) τb = τk/6, and (d) τb = τk/10. The bubble radius thus changes according to
a =

√
6ντb. †

The bubbles are released at random locations, with an initial velocity equal to
the fluid velocity at their position and after a few eddy-turnover times the system
reaches a statistically stationary state.

3.2.2 Local distribution in coherent structures

From a two-dimensional projection of the bubble locations (Figs. 3.1 and 3.2) the
clustering (in the vortex tubes) is evident. This phenomenon can be quantified by
measuring the ratio 〈Ω〉b/〈Ω〉 (see table 3.1), i.e., the time averaged enstrophy Ω =
(1/2)|ω|2 at the bubble positions normalized with the average flow enstrophy. This
ratio is larger than 1, indicating clustering in high vorticity zones. As in Maxey et al.
(1994), we find clustering to be most pronounced when the bubble parameters are
equal to the flow Kolmogorov scales, i.e., vT = vk and τb = τk. Further ratios given

†For turbulent flow the point-force approach is appropriate if the particle dimension is much smaller
than the Kolmogorov scale η, i.e. a/η < 1 (see e.g. Maxey & Riley (1983)). The largest radii we
use in our simulations are radii of the order of η. On first sight this may seem dangerously close
to the borderline of applicability of the point-force approximation. However, the transition from the
viscous subrange to the inertial subrange only occurs at a scale 10η (see e.g. Monin & Yaglom (1975)).
Therefore, the bubbles in our scheme do not see any turbulent fluctuations around them up to a scale
10 times as large as their radius, and with a point-force approximation one is on the safe side. – This
is also demonstrated by the following estimate: When a is getting larger than η, Faxén terms should be
taken into account. If we estimate for instance the error done by neglecting Faxén corrections on the
drag force: −(1/τb)(v−u−(a2/6)∇2u|y(t)) within our code, we measure relative errors of the order
of 1%, which is tolerable.
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FIGURE 3.1: Projection of the bubble distribution on a horizontal plane for τb = τk
and vT = vk, after that statistically stationarity has been achieved. The figure depicts
the intense clustering in filaments of high vorticity.

FIGURE 3.2: Projection of the bubble distribution on a plane for τb = τk/3 and
vT = vk. Bubble clustering is less pronounced than in the former case.
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a b c d

τb/τk 1 1/3 1/6 1/10
vT /vk 1 1 1 1
lif t yes yes yes yes

〈Ω〉b/〈Ω〉 2.3 2.12 1.86 1.63
(〈v〉b − vT )/vT −0.72 −0.53 −0.35 −0.21

N−/Nb 0.58 0.56 0.54 0.53

TABLE 3.1: Bubble and fluid observables in simulations with one-way coupling.

a′ c′ e f

τb/τk 1 1/6 1 1
vT /vk 1 1 2 4
lif t no no yes yes

〈Ω〉b/〈Ω〉 2.7 1.87 2.2 2.2
(〈v〉b − vT )/vT −0.45 −0.21 −0.67 −0.62

N−/Nb 0.51 0.53 0.64 0.7

TABLE 3.1: (continued) Bubble and fluid observables in simulations with one-way
coupling.

in table 3.1 are N−/Nb, the fraction of bubbles that are sampling downflow regions,
and (〈v〉b − vT )/vT , the relative reduction of the bubble rise velocity as compared to
its value in still fluid. The values obtained are in qualitative agreement with former
numerical investigations (Wang & Maxey (1993b); Maxey et al. (1994)).

To find the reason for this effect, two parallel simulations, (a′) and (c′), were
carried out, in which the lift force was switched off, i.e., in eq. (2.11) for the evolution
of each bubble trajectory the lift term is completely disregarded. Now the trapping
effect of the bubbles in the high enstrophy regions is even more pronounced, but the
symmetry breaking between upward and downward going bubbles is much less than
before and correspondingly the reduction in rise velocity is also less, see Figs. 3.3
and 3.4. We conclude that it is mainly the lift force which makes the bubbles drift
towards the side of the vortex with downward velocity. Indeed, this can be directly
inferred from eq. (2.11) (Spelt & Biesheuvel (1997)). A sketch of the dynamics is
shown in Fig. 3.5.

The effect can be enhanced in simulations with stronger gravity in eq. (2.11), i.e.,
(e) 2gτb = vT = 2vk and (f) vT = 4vk instead of (a) vT = vk (in all cases τb = τk).
First, the larger gravity force partially counteracts the bubble accumulation in the
central zone of the vortices, leading to a smaller ratio 〈Ω〉b/〈Ω〉. Second, because of
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FIGURE 3.3: Relative reduction of the average bubble velocity with respect to the
rise velocity in still fluid in simulations with lift force (filled symbols) and without
lift (open symbols). The bubble rise velocity is vT = vk.
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FIGURE 3.4: Fraction of the total number of bubbles that are sampling downflow
regions in simulations with lift force (filled symbols) and without lift (open symbols).
The bubble rise velocity is vT = vk.

the larger bubble velocity vT , the lift force increases, leading to a larger ratio N−/Nb
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FIGURE 3.5: The lift force acting on a bubble rising in a horizontal vortex pushes it
to the side with downward velocity (cf. eq. (2.11)).

of bubbles on the downward flow side of the vortices.† Note however that, as shown
in table 3.1 and in Figs. 3.3 and 3.4, a slight tendency of accumulation in downflow
zones exists also in simulation without lift force, owing to the preferential balance of
drag, gravity and fluid acceleration in these zones.

3.3 Bubbles coupling to the carrier flow

In this section we analyze how the bubbles modify the turbulent flow (two-way cou-
pling). Therefore, the coupling fb(x, t) of microbubbles in eq. (2.14) is no longer
neglected, but expressed according to eq. (2.22). The void fraction α = 1.6% and
the bubble response time τb = τk/10, thus the total bubble number Nb = 144000
and the radius a =

√
6ντb, are kept constant. We scan different regimes by varying

the rise velocity in quiescent fluid vT = 2gτb, in the range vk ≤ vT ≤ 8vk. We focus
our attention on the two cases (A) vT = 2vk and (B) vT = 4vk.

The ratio of the bubble radius to the Kolmogorov scale is a/η ∼ 0.8. Moreover,
bubble-bubble direct interactions are neglected, as we consider low void fractions.
Quantitative information on the bubble clustering encountered in our simulation is
given in section 3.4. The range of parameters analyzed throughout the numerical sim-
ulations presented here corresponds to microbubbles of diameter d ∼ 120 − 250µm
in clean water (ν = 10−2cm2/s and g = 981cm/s2). The rise velocity vT =
gd2/(12ν) of such bubbles is 1− 5cm/s, which agrees with the experimental obser-
vations, see Fig. 7.3 of Clift et al. (1978).

†The relative reduction of the bubble rise velocity (〈v〉b − vT )/vT however is smaller due to the
increase of vT
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3.3.1 Turbulence modulation

For two-way coupling, clustering in vortices and preferential sweeping in downflow
zones still exist, though in a more modest form as compared to the one-way coupling
case, as already found in Druzhinin & Elghobashi (1998).
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FIGURE 3.6: Fluid dissipation spectra in case (A) (dashed) and (B) (long dashed)
compared to the single-phase spectrum (solid). The inset shows the difference be-
tween the dissipation spectra of the single-phase flow Dwithout(k) and case (A)
(dashed) and (B) (long dashed).

Our main finding for the two-way coupling case is that the bubble action on
the flow is selective in wavenumber: in Fig. 3.6 the dissipation spectra D(k) =
2νk2E(k) are compared to the spectrum for single-phase flow. The spectrum with
two-way coupling is reduced with respect to the single-phase turbulence at large
scales and enhanced at small scales. Consequently, bubbles act as a sink of energy at
large scale, whereas they force the flow at small scale.

In the competition between large scale and small scale effect we find that, for the
Taylor-Reynolds number treated here (Reλ = 62 which is hardly modified through
the two-way coupling), dissipation overwhelms the forcing: the overall effect is to
reduce the turbulent dissipation rate. In Fig. 3.7 the total energy dissipation is plotted
as a function of the ratio vT /vk. Note that, without bubbles, ε = 1. The curve has a
minimum at vT /vk � 3− 4, corresponding to vT = 0.9 − 1.2.

The physical explanation of our numerical finding is as follows: microbubbles,
accumulated in downflow regions (see Fig. 3.5), locally transfer momentum upwards.
Consequently, they reduce the intensity of the vertical velocity fluctuations and there-
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FIGURE 3.7: Fluid viscous dissipation, ε, as a function of the ratio vT /vk.

fore also of the turbulent kinetic energy. The strongest effect is achieved when the
bubble velocity scale vT is of the order of the rms velocity fluctuation u0 � 1.2.
Then the bubble interaction with the energy-containing large scale structures is most
efficient and the dissipation reaches its minimum.

An energy reduction on large scales and an energy enhancement on small scales
may induce a modification of the spectral scaling exponent. Owing to the suggested
mechanism, the energy spectrum slope might be less steep than in single-phase tur-
bulence. Moreover, it will depend on the number of bubbles and will therefore be
non-universal. Nevertheless, this result does not contradict the experimental finding
reported by Lance & Bataille (1991). The regimes analyzed are different: in our case
Reb ∼ O(1), so the flow around the bubble is laminar. In Lance & Bataille (1991)
Reb � 1, leading to a turbulent wake behind the bubble, which according to the
authors may lead to the −8/3 scaling exponent found in that paper.

3.4 Test of the model

In this section we test two approximations of the model employed, namely: (i) the
use of the full fluid velocity field u(x, t), perturbed by the bubble itself back-reaction,
for the time evolution of each trajectory through eq. (2.11), that would otherwise
require the fluid velocity unmodified by the bubble tracked; (ii) the neglect of direct
bubble-bubble interactions.
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3.4.1 On the point force model

We can estimate whether the spurious effects due to the point force approximation
modify the results by performing the following test. We consider a flow with N1

passive bubbles, and, at the same time, N2 = N1 active bubbles. Bubble trajecto-
ries are tracked and the absolute diffusions 〈|X(t) − x0|2〉 are computed, separately
for the two sets. Here X(t) is the position, with respect to the mean position, of a
bubble at time t which was at x0 at time t = 0, and 〈·〉 denotes the average over all
bubbles. The motion of each bubble is advanced according to eq. (2.11). The fluid
velocity u(x, t) in that equation depends, theoretically, on the fluctuations generated
in the turbulent flow by all the bubbles, except the bubble own perturbation. On the
other hand, computationally, this term cannot be filtered from the underlying velocity
field. The consequence is that the diffusion of the first set of bubbles (with one-way
coupling) is correct, within our model, whereas the other diffusion (of bubbles with
two-way coupling) is approximate. The latter diffusion can be used in order to mea-
sure how well the “perturbed” equation resembles the one that we wish to integrate.
All bubbles, either active or passive, move in the same flow field. Therefore their
diffusions have to be consistent.

We now check whether this is the case to validate the approximation of using
u(x, t) in (2.11) as the full velocity field. We define the diffusion tensor as

Db
ij(t) = 〈(Xi(t)− xi0)(Xj(t)− xj0)〉, i, j = x, y, z.

In Fig. 3.8 the bubble diffusions in the xy planes and in the z (gravity) direction are
presented. The error-bars are estimated by the difference between results in the x and
in the y direction, which, for symmetry reasons, are the same. The relative error is:

ε =
∣∣∣Db

xx(t)−Db
yy(t)

Db
xx(t) +Db

yy(t)

∣∣∣.
The parameters of the simulations are τb = τk/10 and vT = 8vk. The number of
bubbles is N1 = N2 = 144000. The value of the rise velocity vT and thus the
strength of the forcing through the bubbles is the highest of all simulations presented
throughout this work. In case of successful validation, the same conclusion would
apply to all cases with smaller forcing.

The result of the validation is that indeed Dbii(t) is the same for the active and
passive case (within the error), see Fig. 3.8. We conclude that the point force approxi-
mation does not modify the bubble behavior, within our accuracy.

3.4.2 On neglecting the direct bubble-bubble interactions

The numerical method applied completely disregards all direct bubble-bubble inter-
actions. This is initially justified by remarking the low void fraction α � 1.6%
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FIGURE 3.8: Diffusion in the z (upper curves) and average in the xy directions (lower
curves), with error-bars. The error-bars are estimated starting from the relative error:
ε =
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of bubbles, with one (open circles) and two-way (solid line) coupling.

considered. However, owing to the clustering phenomenon, very high local concen-
tration may be achieved. In this subsection we quantify this effect.

Up to 20 bubbles can be found in one computational cell in the two-way cou-
pling case (for τb = τk/10 and vT = vk). These events, however, are extremely
rare. Fig. 3.9 shows a plot of the relative probability to find more than nb bubbles
within the same computational cell. The ratio of grid cells with more than one bubble
as compared to all grid cells with at least some bubble contribution (which can be
smaller than 1 as the weight of the bubbles is distributed over neighboring cells) is
about 0.02, and therefore we consider direct interactions negligible. Similar results
also hold for the other calculations with two-way coupling.

We finally note that clustering is strongly enhanced for τb → τk. Indeed, our
choice of a small bubble response time τb = τk/10 � τk is also driven by the need
to reduce local accumulation.
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FIGURE 3.9: Probability that more than nb bubbles are found inside the same com-
putational cell, as a linear plot (left) and as a double-logarithmic plot (right). The
probability is estimated by the number of computational cells in which there are
more than nb bubbles normalized by the total number of cells occupied by the bub-
bles. Note that fractional values of nb are due to the linear projection of each bubble
(that is in general located between the grid points) to the eight nearest grid points.



Chapter 4

On the relevance of the lift force in
bubbly turbulence †

The local accumulation of bubbles in different flow structures is calculated in the
one-way coupling regime. Then two-way interactions are addressed and global flow
quantities, such as the energy distribution along separate directions and the viscous
dissipation, are evaluated. Furthermore, by comparing the results from simulations
with and without lift force in the bubble equation of motion, we find the effect of the
lift to be crucial. Indeed, the enhanced accumulation of bubbles on the downward
flow side of vortices, due to the lift, has important consequences for bubbles with
back reaction on the flow. As shown in the previous chapter, the energy spectra
modulation is selective in wavenumber: the large turbulent scales are suppressed
whereas the small scales are forced, with the net effect being a reduction of the energy
dissipation rate. On the other hand, different spectral behaviors are detected here in
simulations without lift force; moreover the overall effect on the turbulence is the
opposite: microbubbles are now sources of kinetic energy and the viscous dissipation
is larger than in the single-phase flow.

4.1 Introduction

When studying numerically the motion of microbubbles in turbulence (see chapter
3), we found that the lift force plays a prominent role in the bubble accumulation on
the downflow side of vortices. Once the reaction of the bubbles on the carrier flow
was included, an attenuation of the turbulence on large scales and an extra forcing on
small scales was found.

†See also I. M. Mazzitelli, D. Lohse, and F. Toschi, On the relevance of the lift force in bubbly
turbulence, J. Fluid Mech., in press (2003)
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In the present chapter we will give a complete and quantitative description of our
numerical simulation, focusing on the two-way coupling case. We will demonstrate
that the lift force has a very crucial effect on all the three observables: (i) bubble
distribution in the flow, (ii) energy spectrum, and (iii) average bubble rise velocity.
The relevance of the lift force is highlightened by comparing the results for those
observables with analogous simulations without lift.

The chapter is organized as follows: Section 4.2 deals with the bubble distri-
bution in the one-way coupling case. In section 4.3 we study the consequences of
two-way coupling on the energy spectra and the bubble rise velocity. Next, in section
4.4, we compare the results of simulations with and without lift. In section 4.5 we a-
nalytically calculate the modification of the energy spectrum for randomly distributed
bubbles. The result is a reduction for all wavevectors. This is also found in calcu-
lations in which we fix the bubbles at the random initial positions, but let them still
force the flow. This exercise therefore demonstrates that it is the interplay between
bubble clustering and the lift force which leads to the spectral modifications observed
in the full simulations. Section 4.6 is left to conclusions.

4.2 One-way coupling

4.2.1 Bubble accumulation in vortices

In this section we restrict ourselves to one-way coupling. Such type of calculations
correctly reflects the experimentally observed bubble accumulation in vortices, see
e.g. Wang & Maxey (1993b); Maxey et al. (1994); Sene et al. (1994). In chapter 3, see
table 3.1, we have quantified the bubble accumulation for the present simulation, by
comparing the mean enstrophy at the bubble position with the total mean enstrophy.
This ratio is between 1.6 and 2.2, depending on the bubble size. Once the lift force is
turned off, it further increases, indicating that with lift being present the bubbles on
average do not sit close to the very centers of the vortices. In fact, we could confirm
the speculation of Spelt & Biesheuvel (1997) that the lift force strongly contributes
to push them to the downflow side of the vortices.

The dimensionless parameter characterizing the interaction of a bubble with a
vortex is

β =
u0

vT
=
3u0ν

ga2
. (4.1)

The ratio gives an indication of which structures can trap the bubble (Sene et al.
(1994)). When β � 1 (i.e., a small bubble) trapping occurs in all structures, includ-
ing the smallest ones, whereas β � 1 (i.e., large bubble) indicates that the bubble
moves rapidly through the flow, with little interaction. We will extensively use the
parameter β throughout this chapter.
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Fluid zone eddy shear streaming convergence
W.& H. DNS 13% 6% 25% 4%

present DNS (1-way) 11% 6% 26% 6%
present DNS (2-way) 10% 7% 25% 3%

TABLE 4.1: Volume fractions occupied by eddy, shear, streaming and convergence
zones, in Wray and Hunt (1990) (first row), in the present simulation (second row),
and in the present simulation with two-way coupling (third row). For our simulation
it is vT = 2vk and τb = τk/10, and the lift force is included.

4.2.2 Bubble distribution between different flow zones

How to further characterize the zones in the flow where the bubbles go? Flow re-
gions with distinct characteristics can be classified according to Wray & Hunt (1990)
who define four types of structures: eddies, where the vorticity is high and the flow
displays a circulating pattern, shear zones, with yet high vorticity but no rotation,
convergence zones, in which the velocity lines converge or diverge, and streaming
zones, corresponding to high velocity regions without intense strain or rotation. The
four different zones can be distinguished by measuring three quantities: the fluid
velocity u(x, t), the second invariant of the rate-of-deformation tensor (∂ui/∂xj),
defined by Π = (∂ui/∂xj)(∂uj/∂xi) and the flow pressure p, that is connected to
Π by the Poisson equation ∆p = −Π . The local values are then compared with their
rms values: u0, Πrms, and prms. This procedure leads to the following classifica-
tion:
a) eddy zones: Π < −Πrms/2 and p < −prms/2
b) shear zones: Π < −Πrms/2 and −prms/2 < p < prms
c) streaming zones: |Π | < Πrms/2 and |u| > u0

c) convergence zones: Π > Πrms and p > prms.
Note that different regions do not overlap and that there are regions in the compu-
tational domain which are in none of these zones a to d. In table 4.1 the volume
percentage occupied by the various zones obtained for DNS by Wray & Hunt (1990)
is compared to the percentage in the present simulation. The agreement is very good.
The last line of the table shows results in the two-way coupling case. We now investi-
gate how bubbles distribute in these fluid regions. In Fig. 4.1 the fraction of bubbles
located in the four zones, normalized by the region volume fraction (see table 4.1),
is plotted as a function of τb/τk. The rise velocity is fixed: vT = vk. The ratios are
evaluated by averaging over 2 large-eddy turnover times τ0.

The results show that there is clustering in high vorticity regions and prefer-
entially in eddies as compared to shear zones. The strongest effect occurs when
τb � τk with three times larger concentration in eddy zones than what we would
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FIGURE 4.1: Fraction of the number of bubbles located in a particular “zone” of
fluid, ni, normalized by the volume fraction of this zone, vi, as a function of the
ratio τb/τk, for fixed vT = vk. The various symbols refer to: eddy (circles), shear
(squares), streaming (diamonds) and convergence (triangles) zones.

find in the case of a uniform bubble distribution. The phenomenon monotonically
decreases for smaller τb, but it is still present even for the smallest time ratio ana-
lyzed (τb/τk = 1/10). Note that this result is important in view of simulations with
two-way coupling that we carry out in this regime. The other probabilities show less
dependence on the bubble response time. We observe that convergence zones are
nearly devoid of bubbles.

These results on the bubble distribution in the flow can be compared to the analy-
sis of Spelt & Biesheuvel (1997), in which the authors study bubble motion in ho-
mogeneous and isotropic turbulence obtained by kinematic simulations, rather than
by full Navier-Stokes dynamics. Nevertheless, the outcome agrees pretty well, both
from a qualitative and a quantitative point of view.

4.3 Two-way coupling

We now study “active” bubbles (i.e., fb(x, t) as in eq. (2.22)) with fixed τb = τk/10
and terminal velocity vT varying in the range vk ≤ vT ≤ 8vk. The ratio a/η = 0.8,
Nb = 144000 and the void fraction is α � 1.6%. Bubble-bubble interactions are
neglected. Once more, we refer to chapters 2 and 3 for an overview on the two-
phase equations and on the numerics, as well as for the discussion of the equations
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FIGURE 4.2: Dissipation spectrum for one-phase flow (solid line) and for two cases
of active bubbles coupled to the turbulence: vT = 2vk (dashed lines), and vT = 4vk
(long dashed line). In both cases τb = τk/10. The inset shows the difference of the
two-phase spectra with respect to the one-phase spectrum.

applicability and of the limits imposed by the numerical method.

4.3.1 Modification of the energy spectrum

The bubble’s effect on turbulence was taken into account by adding an extra forcing-
like term to the Navier-Stokes equations (2.14). When transforming to the wavenum-
ber space and, in particular, to the spectral form of the energy transfer equation, we
obtain the following expression:

∂

∂t
E(k) = T (k)− 2νk2E(k) + FL(k) + Fb(k). (4.2)

Here FL(k) is the production due to the large scale forcing and Fb(k) the forcing
contribution of the bubbles. E(k) is the energy spectrum

E(k) =
1
2

∑
k<|k|<k+dk

u∗i (k)ui(k) i = x, y, z, (4.3)

i.e., it is the energy contained in a shell of radius k and thickness dk. After multiply-
ing E(k) with 2νk2, we obtain the so-called dissipation spectrum

D(k) = 2νk2E(k). (4.4)
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FIGURE 4.3: Total flow dissipation in simulations with active bubbles as a function of
the ratio β = u0/vT . The bubble response time is in all cases τb = τk/10. The filled
symbols (diamonds) indicate simulations with lift force, whereas the open symbols
(circles) refer to simulations without lift. The straight line indicates the one-phase
flow value: ε = 1.

T (k) is the energy transfer to wavenumber k:

T (k) =
∑

k<|k|<k+dk
T (k), (4.5)

where

T (k) = �m
(
kju

∗
l (k)

∑
k′

uj(k− k′)ul(k′)

)
. (4.6)

Here �m indicates the imaginary part of the expression between the brackets. After
summing on all ks, taking into account that∑

k

T (k) = 0, (4.7)

and defining:

ε =
∑
k

D(k), FL =
∑
k

FL(k), Fb =
∑
k

Fb(k), (4.8)

one has:
−ε+ FL + Fb = 0 (4.9)
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in the stationary state. We can establish whether the bubbles are enhancing or reduc-
ing the turbulent energy by computing the fluid viscous dissipation in wavenumber
space D(k) = 2νk2E(k) and its integrated value ε. If the fluid dissipation ε is smaller
than FL, which equals one by definition, see equation (2.25) and table 2.1, the bub-
bles attenuate the energy supplied at large scales (Fb < 0), otherwise, if ε > FL,
the bubbles force the flow (Fb > 0), so that extra viscous dissipation is necessary to
maintain a stationary state.

We have carried out such analysis in chapter 3, section 3.3. The simulations
show that the bubble forcing leads to an energy enhancement at small scales, but an
energy reduction at large length scales. In Fig. 4.2 we present again the modulation
of D(k) in wavenumber. The overall effect is a reduction of the total energy dissipa-
tion, see Fig. 4.3. The origin of this effect lies in the lift force which makes bubbles
cluster in downflow regions. These bubble clouds locally transfer momentum up-
wards, thus attenuating the vertical fluid velocity fluctuations. Similar effects have
been experimentally found by Sridhar & Katz (1999), when analyzing microbubbles
distortion of vortex rings.

The reduction of the total energy dissipation in turbulent flow is indeed remark-
able. In flow which is initially at rest (Reλ = 0, ε = 0) and then driven only by
bubbles (i.e., fL(x, t) = 0, “pseudo-turbulence”, see e.g. van Wijngaarden (1998);
Climent & Magnaudet (1999)), one of course has an increase of the energy dissipa-
tion to ε = Fb, and also Reλ will become larger than zero. Note that in between
that case with initially Reλ = 0 (leading to an enhancement of ε) and the case stud-
ied here with initially Reλ = 62 (leading to a reduction of ε) there must be some
Taylor-Reynolds number for which the energy dissipation ε remains unmodified.

4.3.2 Modification of the velocity structure functions

In this subsection we study how the two-way coupling modifies the scaling properties
of the turbulence in real (R) space. To this aim we plot longitudinal velocity structure
functions:

Sn(R) =
〈∣∣∣(u(x+R)− u(x)) · R̂

∣∣∣n〉 (4.10)

(where R is the distance vector, R = |R|) of various order n and compare the be-
havior with that for the single-phase flow case. From our results on the spectra in
the previous subsection one would expect that in the two-way coupling case (i) large
scales L > R > 10η have less energy than in the one-way coupling case and (ii)
small scales R ≈ η have more energy. (iii) In addition, at least for the second or-
der structure function which behaves like S2(R) = εR2/(15ν) for r � η, for very
small scales there should be less intensity in the two-phase coupling case, as the total
energy dissipation rate ε is less for two-way coupling.
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In Fig. 4.4 the structure functions S6(R) are plotted, both for single and two-
phase flow. The graphs, in linear scale, show the modulation in the intensity due to the
two-way coupling. The qualitative trend of the modification is consistent with above
expectations (i) – (iii). However, here we must caution: other structure functions
show different features. In particular, this holds for the second order structure func-
tion which is connected to the energy spectrum through a Fourier transformation. We
suspect that deviations from the expectations (i) – (iii) originate from effects due to
the finite size of the computational domain. Indeed, for the limited Taylor-Reynolds
numbers in our numerical simulations the scaling regime is very small and, as shown
in Lohse & Müller-Groeling (1995, 1996), finite size effects in the relation between
the structure function and the energy spectrum can be considerable. Note also that in
terms of the scale-dependent time scale the statistics on the very large scales is worst.
Also, owing to the low flow Reynolds number, the structure functions do not display
any power law when plotted versus the scale R (see Fig. 4.5). However, very of-
ten these structure functions still show scaling when plotted against each other. This
feature is called extended self similarity (ESS, Benzi et al. (1993)).

In Fig. 4.6 we present the ESS plots of S6(R) versus S3(R), again for single and
two-phase flow. Indeed, in this type of plot scaling is recovered. However, this type
of plot is not precise enough to see a possible difference in scaling between the one-
way and two-way coupling case. Therefore we also plot the so called compensated
ESS plot (Grossmann et al. (1997b,a)), see Fig. 4.7. We detect good agreement of
the two-way coupling structure function scaling with the scaling displayed by struc-
ture functions in homogeneous and isotropic turbulence. Therefore we infer that the
two-way coupling does not modify the ESS scaling exponents within our numeri-
cal accuracy, i.e., bubbly turbulence displays the same amount of intermittency as
standard turbulence. This result resembles the findings of Benzi et al. (1996a) in
which a remarkable universality of the ESS scaling exponents for various types of
flow (3D homogeneous turbulence, thermal convection, MHD turbulence) has been
found. Apparently, bubbly turbulence belongs to the same universality class.

4.3.3 Modification of global quantities

We now report the outcome of our two-way coupling simulations for several global
quantities in order to further clarify how the bubble forcing modifies the turbulence.

We recall that a/η � 0.8. The value of the bubble rise velocity vT = 2gτb
is changed in different runs by varying the intensity of the gravity force, from 0 to
40vk/τk. The total number of bubbles is Nb = 144000.

Various physical observables are shown in table 4.2. The brackets 〈·〉 indicate
temporal averages. 〈Ω〉b/〈Ω〉 is the time average enstrophy at the bubble location
normalized with respect to the average fluid enstrophy and N−/Nb is the fraction of
bubbles sampling downflow zones. The Taylor-Reynolds number in the i-th direction
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FIGURE 4.4: Structure functions S6(R) vs. R, for single (solid line) and two-phase
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6 (R) is presented. The plot shows that the intensity
modulation is not uniform on all scales as we already found when looking at the
spectral energy dissipation, see Fig. 4.2.
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FIGURE 4.5: Structure functions Sn(R) vs. R, on logarithmic scale for n = 2 (dot-
dashed line), n = 3 (dashed line), and n = 6 (solid line). All plots refer to the
two-way coupling regime. Due to the low flow Reynolds number no scaling in R is
detectable.
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coupling, with vT = 2vk, τb = τk/10, including the lift force (solid line). The two
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way coupling (dashed) and two-way coupling, with vT = 2vk, τb = τk/10, including
the lift force (solid). The plots are shifted for the clarity of the presentation. Through
the compensation the deviations from the non-intermittent case (slope 0 instead of
slope −0.21 as here) become particularly visible (Grossmann et al. (1997b)).
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τb = τk/10 vT = 0 vT = vk vT = 2vk
radius (µm) - 62 78
β = u0/vT ∞ 4.1 2.05

ε 0.99 ± 0.02 0.98 ± 0.04 0.975 ± 0.03
3u2

0/2 2.09 ± 0.04 2.14 ± 0.045 2.11 ± 0.05
〈Ω〉b/〈Ω〉 1.68 ± 0.04 1.57 ± 0.05 1.39 ± 0.05

(〈v〉b − vT )/vT 0 −0.065 −0.04
N−/Nb 0.5 ± 0.009 0.503 ± 0.007 0.513 ± 0.009
Reλ 61± 2 63± 3 62± 2
Rexλ 59± 6 66± 6 63± 5
Reyλ 63± 4 65± 6 68± 5
Rezλ 62± 5 58± 4 56± 3
〈u2
x〉 1.23 ± 0.09 1.38 ± 0.08 1.29 ± 0.09

〈u2
y〉 1.30 ± 0.08 1.3 ± 0.1 1.39 ± 0.08

〈u2
z〉 1.29 ± 0.08 1.21 ± 0.09 1.17 ± 0.05

TABLE 4.2: Bubble and fluid observables in simulations with two-way coupling.

is computed according to

Reiλ =

√
〈u2
i 〉

〈∂iu2
i 〉

√
〈u2
i 〉

ν
(no sum over i).

The β-dependencies of these unidimensional Taylor-Reynolds numbers are plotted
in Fig. 4.8. Just as the values of the fluid rms velocity fluctuations in table 4.2,
that figure demonstrates that the bubbles act anisotropically, i.e., they preferentially
attenuate the vertical (z) velocity fluctuations. Indeed, Rezλ is smaller than in the
single-phase flow case (where Reλ = 62), thus revealing a slightly lower turbu-
lence intensity in this direction. On the other hand, the Taylor-Reynolds numbers in
the x and y directions are slightly enhanced when compared to the one-phase flow.
This is due to the fluid incompressibility. Anisotropy is also detected in the fluid
velocity gradients 〈(∂iui)2〉 (not reported in the tables), that are larger in the z di-
rection with respect to the other two. However, the total Taylor-Reynolds number
is always consistent, within statistical fluctuations, with the single-phase Reynolds
number Reλ = 62 and shows no pronounced β-dependence.

This is very different for the mean enstrophy at the bubble position as compared
to the total mean enstrophy and for the bubble rise velocity, see Figs. 4.9 and 4.10.
In the large β case, corresponding to a small bubble velocity scale vT (small bubbles
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τb = τk/10 vT = 3vk vT = 4vk vT = 5vk
radius (µm) 89 98 106
β = u0/vT 1.35 1.02 0.82

ε 0.96± 0.04 0.96 ± 0.03 0.965 ± 0.03
3u2

0/2 2.07± 0.05 2.09 ± 0.05 2.12 ± 0.05
〈Ω〉b/〈Ω〉 1.29± 0.04 1.22 ± 0.03 1.165 ± 0.02

(〈v〉b − vT )/vT −0.04 −0.028 −0.02
N−/Nb 0.513 ± 0.007 0.511 ± 0.008 0.511 ± 0.007
Reλ 62± 3 62± 2 64 ± 3
Rexλ 63± 7 62± 5 65 ± 6
Reyλ 65± 6 67± 4 66 ± 8
Rezλ 57± 5 56± 5 59 ± 5
〈u2
x〉 1.3± 0.1 1.3 ± 0.1 1.3± 0.1

〈u2
y〉 1.3± 0.1 1.36 ± 0.07 1.35 ± 0.1

〈u2
z〉 1.17± 0.08 1.17 ± 0.09 1.19 ± 0.09

TABLE 4.2: (continued) Bubble and fluid observables in simulations with two-way
coupling.

τb = τk/10 vT = 6vk vT = 7vk vT = 8vk
radius (µm) 112 118 124
β = u0/vT 0.68 0.58 0.52

ε 0.975 ± 0.03 0.98 ± 0.02 0.995 ± 0.03
3u2

0/2 2.01± 0.045 2.09 ± 0.06 2.14 ± 0.05
〈Ω〉b/〈Ω〉 1.12 ± 0.02 1.10 ± 0.015 1.09 ± 0.01

(〈v〉b − vT )/vT −0.009 −0.0075 −0.004
N−/Nb 0.511 ± 0.007 0.50 ± 0.01 0.504 ± 0.008
Reλ 63± 3 62± 2 63± 3
Rexλ 66± 6 65± 5 69± 5
Reyλ 67± 7 62± 6 66± 5
Rezλ 54± 3 58± 6 56± 4
〈u2
x〉 1.35 ± 0.1 1.3 ± 0.1 1.4± 0.07

〈u2
y〉 1.35 ± 0.1 1.3 ± 0.1 1.36 ± 0.09

〈u2
z〉 1.13 ± 0.07 1.2 ± 0.1 1.17 ± 0.08

TABLE 4.2: (continued): Bubble and fluid observables in simulations with two-way
coupling.
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FIGURE 4.8: Taylor-Reynolds number as a function of β = u0/vT in the three
directions: x (diamonds), y (circles), and z (squares). The straight line indicates the
one-phase flow value Reλ = 62.
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strophy, given as a function of β = u0/vT .
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FIGURE 4.10: Relative reduction of the bubble rise velocity in turbulence as com-
pared to the rise velocity vT for still water, (〈v〉b − vT )/vT . The filled symbols
correspond to our two-way coupling simulation with lift (section 4.3), the open sym-
bols to a simulation in which the lift force has artificially been set to zero in order to
demonstrate its importance (section 4.4)

or small gravity†), the trapping of the bubbles in the vortices is more pronounced,
leading to a relatively large 〈Ω〉b / 〈Ω〉 and a reduction of the bubble rise velocity
in the turbulence. Vice versa, in the small β case (large vT , a, or g, or small u0),
the bubbles hardly feel the vortices: correspondingly, they are hardly trapped by the
vortices and their rise velocity in the turbulent flow is basically the same as in still
water.

For two-way coupling the consequence of the bubble trapping in the vortices is
the smoothing of the velocity fluctuations. Since bubbles are caught by structures
with velocity of the order of vT , the maximum attenuation of kinetic energy occurs
when vT � u0, or, in other words, β � 1. It is precisely in this regime that bubbles
suppress the large scale eddies in which most of the flow energy is contained, see Fig.
4.3.

4.4 Flow modification in the absence of the lift

The best way to highlight the importance of the lift force for the dynamics of turbulent
bubbly flows is to turn off this force in the numerical simulations. Therefore, we
perform numerical simulations by calculating the bubbles trajectories without the

†An increase of β can of course also be achieved by increasing u0, i.e., stronger turbulence.
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τb = τk/10 vT = vk vT = 3vk vT = 6vk
radius (µm) 62 89 112
β = u0/vT 4.1 1.37 0.69

ε 0.98 ± 0.03 1.01 ± 0.03 1.14 ± 0.035
3u2

0/2 2.11 ± 0.04 2.11 ± 0.06 2.13± 0.05
〈Ω〉b/〈Ω〉 1.57 ± 0.04 1.25 ± 0.03 1.12± 0.02

(〈v〉b − vT )/vT 0 +0.01 +0.045
N−/Nb 0.495 ± 0.007 0.483 ± 0.007 0.467 ± 0.008
Reλ 62± 2 61± 3 60± 2
Rexλ 59± 5 59± 6 62± 7
Reyλ 62± 4 65± 6 61± 5
Rezλ 63± 4 60± 7 56± 4
〈u2
x〉 1.23 ± 0.09 1.2± 0.1 1.3± 0.1

〈u2
y〉 1.3± 0.07 1.35 ± 0.1 1.3± 0.1

〈u2
z〉 1.32 ± 0.07 1.2± 0.1 1.25± 0.07

TABLE 4.3: Bubble and fluid observables in simulations with two-way coupling and
without lift force in the bubble equation of motion.

lift force in eq. (2.11). The same bubble and flow quantities as in section 4.3 are
calculated and shown in table 4.3. Note that these simulations are still carried out
with two-way coupling. The result is that many observables qualitatively become
different in these simulations, mainly because now fewer bubbles are pushed to the
downflow regions as the lift is set to zero.

First we comment on the quantities that describe the disperse phase. The average
enstrophy at the bubble location normalized by the mean flow enstrophy, 〈Ω〉b/〈Ω〉,
reaches the same values as in the corresponding simulations with lift force, thus indi-
cating that bubbles are accumulating in vortex structures of equal intensity. In chapter
3 (see table 3.1) we found lower ratios in the case with lift force as compared with
the case without, for simulations with only one-way coupling. We infer that with
two-way coupling the bubble forcing introduces velocity gradients that enhance the
local vorticity.

Sridhar & Katz (1999) discuss the effect of bubble buoyancy and of pressure
gradients (see eq. (2.21)) on vortex rings. Gravity acts to displace the vortex core,
whereas pressure gradients reduce the area of the vortex and therefore increase the
local vorticity. It is reasonable to expect a similar effect in the numerical simulations,
where bubbles smooth the vertical fluid velocity because of the buoyant force but, at
the same time, force the flow through the pressure gradient term (fluid acceleration
term in eq. (2.21)), which points towards the vortex center. The pressure gradient
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term is larger in simulations where lift force is included, because bubbles are located
further from the vortex cores than when lift forces are not considered. The result is
that the increase of the local vorticity is larger with the lift force than without, and
this effect eventually compensates for the enstrophy difference that we had found in
one-way coupling calculations.

The ratio N−/Nb < 0.5 shows that most bubbles are now sampling fluid regions
in which the flow velocity is opposite to gravity. As a consequence a small increase
of the average rise velocity 〈v〉b as compared to the terminal speed vT is detected. We
explain this phenomenon by considering the indirect bubble-bubble interactions, that
occur via the underlying flow. † Indeed, without lift force, the clustering in downflow
zones is reduced (see table 3.1). Thus, the bubble local momentum transfer is more
likely to produce vertical fluid velocity fluctuations in the positive z direction, which
are experienced by nearby bubbles.

Second, we focus on the flow modification. Even though the bubble forcing is
anisotropic, the Taylor-Reynolds numbers and the fluid velocity fluctuations are the
same in all directions x, y, and z. This is in marked contrast to the simulation with
lift (previous section and in particular Fig. 4.8). The reason again is that without lift
the bubbles are no longer preferably in downflow regions.

The most relevant feature of the two-way coupling simulation without lift is the
increase of the energy dissipation in comparison with single-phase turbulence, see
Fig. 4.3 (open symbols). This increase indicates a qualitative difference as compared
to the simulations with lift: the bubbles are now acting as a source of turbulent energy,
cf. eq. (4.9).

The modification of the dissipation spectrum through the bubble forcing is shown
in Fig. 4.11. We compare the spectra in simulations with and without lift force, and
the single-phase flow spectrum. The bubble rise velocities considered are vT = 3vk
and vT = 6vk. When increasing the rise speed the attenuation of the large scale
energy with respect to single-phase turbulence is smaller and the effect of bubbles
mimics an energy source at almost all scales.

In conclusion, the comparison of these simulations with the ones of section 4.3
clearly demonstrates the importance of taking into account all forces in the equation
for the bubble dynamics, including the lift: neglecting some of the forces may lead
to erroneous and even qualitatively different results.

4.5 Importance of clustering on two-way interactions

In this section we will demonstrate the crucial role of bubble clustering for the ob-
served spectral modification. Again, the best way to demonstrate the importance is

†Remember that direct interactions are neglected.
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FIGURE 4.11: (a) Dissipation spectra for vT = 3vk. The curves represent the flow
with one-way coupling (solid line), two-way coupling with lift effect (dotted line)
and without lift (dashed line). The inset shows the difference between the two-way
and the one-way coupling spectrum, in simulation with lift (dotted line) and without
(dashed line).
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FIGURE 4.11: (b) Dissipation spectra for vT = 6vk.
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to turn off the clustering effect. We do so by fixing the bubbles at random positions
in space. Note again that the bubbles still force the flow (two-way coupling).

4.5.1 Comparison between bubble laden and heavy particle laden turbulence

For dispersed multiphase flows with heavy particles in the disperse phase the energy
dissipation reduction can reach rather high values, up to the 60% as compared to the
single-phase spectrum (e.g. see Boivin et al. (1998)). † The main difference between
bubble laden and particle laden turbulence is that bubbles have negligible density.
Then all the system inertia is carried by the fluid phase. Particles, on the other hand,
may possess much more inertia than the flow, so that the fluid has to supply kinetic
energy in order to accelerate or decelerate them. Accordingly, the mechanism of
energy attenuation is substantially different in the case of particle flow as compared
to bubbly flow. In dispersed particle flow it is linked to the work done by the fluid to
impose acceleration, whereas in dispersed bubbly flow it is connected to the bubble
tendency to accumulate in special flow regions and to their local action in these zones.

4.5.2 Comparison between bubble laden and small inertia particle laden tur-
bulence

For particles with small inertia, τp = d2(ρp/ρf )/(18ν) � τk, yet heavier than
the fluid (ρp � ρf ), the situation is different. As pointed out by Saffman (1962),
Druzhinin (2001), the main effect of the particles now is to increase the fluid density
and, therefore, to reduce the effective kinematic viscosity. As a consequence, the
turbulence is enhanced by two-way coupling.

Further insight is gained by considering the particle-fluid coupling equation
(2.19). This expression has two terms on the right hand side and, depending on the
density ratio ρp/ρf , one may be more relevant than the other. As already stressed,
for bubbles the first term is dominant, whereas for particles of high density it is the
second one. Moreover, in the latter case, when adding the condition τp/τk � 1, the
time evolution is dominated by the Stokes drag force and the gravity. It follows that,
at zero order in the ratio τp/τk, the particle acceleration is equal to the local fluid
acceleration, i.e., dv/dt � DU/Dt. Therefore, from eq. (2.19), we establish that
bubbles and particles have opposite action on the flow, and this result holds also for
non-gravity terms.

For the microparticle (τp � τk) regime, Druzhinin (2001) derived an analytical
expression of the microparticle forcing term, assuming uniform particle concentra-
tion. It is found that, in a first approximation, particles behave as a source of turbulent
energy.

†In the bubble laden case the maximum attenuation of the fluid energy we find is of the order of 4%
(for a void fraction α � 1.6%).
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4.5.3 Analytical estimate of spectral modification

We can carry on analogous calculation as the one of Druzhinin (2001) in the case of
microbubbles. The starting point is the Navier-Stokes equation with two-way cou-
pling, which we rewrite as:

Du
Dt

= −∇p+ ν∆u+ α(x, t)
(
Du
Dt

− g
)
, (4.11)

neglecting the large scale forcing. Here α(x, t) is the local bubble concentration and
it contains all information on the bubble evolution. We assume now uniform and
constant bubble distribution, i.e., α(x, t) = α, independent of x and t. We remark
that, as a consequence, the two-way coupling term (2.22) loses the details of the
bubble motion. Therefore it is not necessary to specify the bubble equation of motion
and in particular whether the lift force is switched on or off.

After transforming to wavenumber space, eq. (4.11) becomes:

(1− α)
Duj(k)
Dt

= −ikjP (k)− νk2uj(k)− αgδjzδ|k|,0, j = x, y, z. (4.12)

Here Duj(k)/Dt is the Fourier transform of the total material derivative of u and
P (k) is the Fourier transform of the pressure, p(x). Our goal is to compute the
bubble term Fb(k) of the energy transfer equation (4.2), defined according to (see eq.
4.5):

Fb(k) =
∑

k<|k|<k+dk
Fb(k)

where Fb(k) is:

Fb(k) = αRe

{
u∗j(k)

(
Duj(k)
Dt

− gδjzδ|k|,0

)}
. (4.13)

Here Re indicates the real part of the term between the brackets. We now substitute
the fluid velocity derivative from eq. (4.12) and obtain:

Fb(k) =
(

α

1− α

)
Re u∗j(k)(−ikjP (k)− νk2uj(k) (4.14)

−αgδjzδ|k|0 − gδjzδ|k|0 + αgδjzδ|k|,0).

Exploiting the fluid incompressibility, kjuj(k) = 0, and the definition of the energy
dissipation D(k) at scale k (eq. (4.4)), we obtain:

Fb(k) = − α

1− α
D(k) (4.15)

Therefore, an energy reduction through the bubbles is expected at all scales.
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Note that, according to Einstein’s relation (Landau & Lifshitz (1987), section
22), the viscosity of a sphere suspension is higher than the viscosity η0 of the original
fluid:

η = η0(1 +
5
2
nVb)

where n is the number of spheres per unit volume and Vb is the volume of one sphere.
On the other hand, in the case of uniformly distributed bubbles, the density decrease
is given by

ρ = ρ0(1− nVb).
Thus the ratio ν = η/ρ increases as compared to ν0 = η0/ρ0. In view of this deriva-
tion we can translate Saffman’s argument on microparticles to bubbles as follows:
small bubbles (if equidistributed) reduce the fluid density and increase the effective
kinematic viscosity, thus dissipate turbulent energy. We remark that, in the case of
heavy particles, the increase of η with respect to η0 is generally negligible, when
compared to the density change.

4.5.4 Numerical demonstration of the importance of bubble clustering

We tested eq. (4.15) by seeding the flow with Nb = 288000 bubbles (τb = τk/10 and
vT = vk) at random positions. The bubbles are actively coupled to the flow, but they
are not allowed to move from their initial position, in order to simulate a uniform
bubble distribution. The void fraction is α � 3.2%, so that we expect a uniform
reduction of the dissipation of the order of 0.03D(k) at all wavenumbers. The results
for the spectrum of dissipation are shown in Fig. 4.12. We detect a relative reduction
on all scales, except for some large ones where the external forcing acts, which is
in fairly good agreement with the theoretical prediction. For the total dissipation the
computed value is εb � 0.98± 0.04, again consistent with the expected one.

The outcome of the test demonstrates the relevance of bubble accumulation.
In fact, the energy dissipation reduction that we find in two-way coupled flow (see
section 3.3 and in particular Fig. 4.2) is higher than what could be justified by con-
sidering uniform bubble distribution (with α � 1.6%). Moreover, the modulation is
selective in wavenumbers, and not uniform, as would be the case if eq. (4.15) held.
This is yet another indication of the importance of local bubble clustering.

4.6 Conclusions

The local distribution and the two-way interactions of microbubbles in homogeneous
and isotropic turbulence has been investigated by direct numerical simulation. The
Lagrangian-Eulerian approach has been employed. The analysis has been restricted
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FIGURE 4.12: Dissipation spectra for one-phase turbulence, D(k) (solid line), and
two-phase turbulence with random uniform bubble distribution, Db(k) (dotted line).
The inset shows the relative reduction of the dissipation, scale by scale, with respect
to single-phase flow.

to low void fractions, so that direct bubble-bubble interactions have not been con-
sidered. The forces acting on bubbles are fluid acceleration plus added mass effects,
drag, gravity, and lift.

First we have addressed the one-way coupling regime in which bubbles do not
transfer momentum to the flow. The bubble rise velocity in still water, vT , has been
kept constant and equal to the Kolmogorov velocity, vk, and the response time, τb,
has been changed according to: 0.1τk ≤ τb ≤ τk. We have found intense cluster-
ing in high enstrophy regions, and preferentially in eddy zones, with the strongest
effect occurring when τb = τk. Furthermore, a larger number of bubbles is found in
downflow regions. The main reason is the action of the lift force on rising bubbles.

Second, the two-way coupling regime has been investigated. In this case the
bubble response time was fixed: τb = τk/10 and the rise velocity varied, vk ≤ vT ≤
8vk. Under the (unrealistic) assumption of a random uniform bubble distribution we
could analytically derive that the action of microbubbles on the spectrum should be
dissipative and uniform at all wavenumbers, see eq. (4.15). This result was confirmed
by numerical simulation where we artificially fixed the bubbles in space, but let them
still force the flow. In contrast, our full numerical simulation with bubbles moving
according to their dynamical equation (2.11) shows that the modulation is selective in
k space: the small wavenumbers are attenuated and the high ones are enhanced. The
spectral selective modification is due to the bubble clustering in downflow regions.

After summing on all wavenumbers, we established that bubbles reduce the
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overall energy dissipation rate ε. The proposed physical explanation to the phe-
nomenon again is that bubbles collect in downflow zones, owing to the lift force, and
transfer momentum upwards, owing to buoyancy. As a result they smooth the vertical
fluid velocity fluctuations and dissipate kinetic energy. Confirmations of this inter-
pretation have been given by reporting several fluid observables and by performing
simulations with two-way coupling with and without lift force. In the latter analyses
clusters in downflow regions as well as dissipative bubble action on turbulence have
not been detected any more.

All these findings have a direct or indirect bearing on the three types of observ-
ables on which we have focused: the bubble distribution, the spectral information,
and the bubble rise velocity.

• The use of bubbles as passive tracers to identify low pressure regions has
to be done with caution because: (i) Microbubbles with diameter smaller than the
Kolmogorov scale cluster in high vorticity regions, but not necessarily in low pressure
regions. In fact, from Fig. 4.1, we conclude that the bubble probability to sample
eddy and shear zones are the same. (ii) The effect on the flow is not negligible
because of clustering. Moreover, the isotropy of the turbulence is affected by the
asymmetric distribution of bubbles within the vortices.

• Our finding that the large scales are energetically reduced whereas the small
scales are enhanced is consistent with the experimental results of Lance & Bataille
(1991). Although the Lance and Bataille experiments are mainly performed with
larger bubbles, we believe that the spectral modifications may have qualitatively sim-
ilar characteristics and in particular the same physical origin as for microbubbles.
Larger bubbles rise much faster through the flow structures, with much less inter-
action. In the Lance and Bataille experiment the ratio β = u0/vT between the rms
fluid velocity fluctuations and the bubble rise speed is always smaller than 0.1, so that
no trapping of the bubbles in vortices can be expected (Sene et al. (1994)), in contrast
to microbubbles which are trapped. Also, for larger bubbles there is an additional ef-
fect due to the wake behind the bubble. That effect may lead to the E(k) ∼ k−8/3

spectrum seen in those data. We do not have any indication for such scaling in our
simulation with point-particles. The energy spectrum and its dependence on the bub-
ble void fraction and bubble size has to be further tested experimentally. The modu-
lation in wavenumber of the spectrum will give an indication of the action of the lift
force. Indeed, without lift, no kinetic energy reduction on the large scales is found in
our numerical results. We are carrying on experimental work in order to clarify this
issue.

• The third observable we focused on is the bubble rise velocity in turbulence.
In qualitative agreement with the experiment by Poorte & Biesheuvel (2002), we find
that it is reduced, an effect which can only be accounted for by including the lift in
the model.



Chapter 5

The evolution of energy in flow
driven through rising bubbles †

The flow that rising bubbles cause in an originally quiescent fluid is investigated.
The results suggest that large scale motions are generated, owing to an inverse en-
ergy cascade from the small to the large scales, and an energy spectrum slope close
to −5/3 rapidly develops. In the long term, the property of local energy transfer,
characteristic of real turbulence, is lost and the input of energy equals the viscous
dissipation at all scales. Due to the lack of strong vortices the bubbles spread rather
uniformly in the flow. The mechanism for uniform spreading is as follows: rising
bubbles induce a velocity field behind them that acts on the following bubbles.
Owing to the shear, those bubbles experience a lift force which makes them spread to
the left or right, thus preventing the formation of vertical bubble clusters and there-
fore of efficient forcing. Indeed, when the lift is put to zero in the simulations, the
flow is forced much more efficiently and energy accumulates at large scales due to an
inverse energy cascade.

5.1 Introduction

The motion of small particles or bubbles in a fluid induces velocity fluctuations that
can be either dissipated immediately by viscosity or can be enhanced, thus generating
motion on scales much larger than the disturbance dimension. Owing to their random
character, these fluctuations are referred to as “pseudo-turbulence”. In a flow initially
at rest and only forced by rising bubbles or sedimenting particles the pseudo-turbulent
fluctuations are the only source of energy. Otherwise they can add to the already

†See also I.M. Mazzitelli and D. Lohse, The evolution of energy in flow driven through rising bub-
bles, J. Fluid Mech., submitted (2003)
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existing fluid velocity fluctuations, which are driven in some other way.

In the past the motion and the interaction of particles or bubbles with turbulence
has been attacked by several approaches that include analytical, numerical, and exper-
imental studies (see e.g. Theofanous & Sullivan (1982); Tsuji & Morikawa (1982);
Tsuji et al. (1984); Lance & Bataille (1991); Elghobashi & Truesdell (1993); Es-
maeeli & Tryggvason (1996); Climent (1996); Mudde et al. (1997); van Wijngaarden
(1998); Boivin et al. (1998); Climent & Magnaudet (1999); Murai et al. (2000a,b,c);
Cartellier & Riviere (2001)). In general, it is found that, depending on flow conditions
and particle dimensions, the turbulent energy dissipation may be either enhanced or
suppressed. The comparison of the flow before and after the coupling with the dis-
perse phase reveals the amount of extra dissipation or forcing generated.

We focus here on microbubbles rising in an initially quiescent flow. These con-
ditions imply that pseudo-turbulence, due to bubble buoyancy, is the only source of
flow energy, so that bubbles drive the turbulence and eventually the energy dissipa-
tion.

The total energy produced by rising bubbles has been derived analytically (van
Wijngaarden (1998)) by applying potential flow theory, under the assumption of low
and uniform bubble concentration and high bubble Reynolds numbers. Then the total
energy induced per unit fluid mass is equal to αv2T /4, where α is the void fraction
and vT the bubble rise speed. When the carrier flow is originally turbulent, there
is a correction ∝ (u0/vT )2, with u0 the initial turbulence intensity. This finding
is not unambiguously supported by the experiments, where higher energy levels are
usually measured, see e.g. Theofanous & Sullivan (1982); Lance & Bataille (1991);
Cartellier & Riviere (2001).

For instance, Lance & Bataille (1991) studied a bubbly turbulent pipe flow at
high bubble Reynolds number. They detected two regimes, separated by a critical
void fraction αc. For α < αc ∼ 1% there is a fairly good agreement between
the excess of turbulent energy measured in the experiment and the one evaluated by
potential flow theory. On the other hand, for larger void fractions a new mechanism
of energy production becomes dominant and higher values are measured. The nature
of such mechanism is not fully understood. It may be either connected to bubble
hydrodynamic interactions or to the energy production within bubble wakes. Even
higher kinetic energies, up to 50 times αv2T /2, are experimentally found by Cartellier
& Riviere (2001), when measuring the agitation induced by microbubbles at low void
fraction.

Not only the total energy of flow solely driven by bubbles is relevant, but also
the energy spectrum in wavenumber space and its evolution in time. For such spectra,
a rather steep slope at high wavenumbers has been found, both in 2D (Esmaeeli &
Tryggvason (1996)) and 3D (Murai et al. (2000a)) numerical simulations.

In this chapter the attention will be drawn on the following questions: (i) What
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α Nb τb a (µm) Ep · 103 E · 103
(a) 1.6% 144000 8.4 · 10−3 78 1.34 1.96
(b) 0.8% 72000 8.4 · 10−3 78 0.67 1.38
(c) 3.2% 288000 8.4 · 10−3 78 2.67 2.25
(d) 1.6% 50848 16.7 · 10−3 87 1.34 1.57

TABLE 5.1: Simulation parameters for all cases analyzed: void fraction α, total
bubble number Nb, bubble response time τb, equivalent radius a in physical units,
potential flow estimate of the total energy induced in the flow Ep = αv2

T /4, and time
asymptotic estimate from our calculations of the total energy E. In the numerics the
kinematic viscosity ν = 0.007, α, the rise speed in still fluid vT = 0.578, and τb
are fixed, the other quantities result consequently. In particular, the intensity of the
gravity results from g = vT /2τb and it is therefore different in the simulation (d)
from the other ones.

is the time evolution of the energy of bubbly driven turbulence initially at rest? (ii)
Are microbubbles able to induce in still fluid a flow that possesses similar features as
real turbulence, i.e., can the inertial scaling law characteristic of homogeneous and
isotropic turbulence be attained in a flow forced solely by bubbles? (iii) How are
bubbles eventually distributed in such flow and what forces determine this distribu-
tion?

The numerics is based on the code extensively described in chapter 2 but now
with forcing only through the bubbles. For completeness we briefly repeat the dy-
namical equations and the central assumption in section 5.2. Sections 5.3.1 and 5.3.2
describe the evolution in time of global and spectral observables, respectively. In
section 5.4 we propose a physical explanation for the detected fluid energy time evo-
lution. Section 5.5 contains conclusions.

5.2 Fluid equations

The simulation is started at t = 0 with the flow at rest and with Nb bubbles with
Re ∼ O(1) placed at random locations. Bubbles rise because of gravity and transfer
momentum to the fluid. We track their trajectories and we treat each bubble as a
point-source of momentum. Then, the total action on the flow results by summing the
δ-forcing that the bubbles apply at their positions, see eq. (2.22). The induced flow
velocity u(x, t) evolves according to the incompressible Navier-Stokes equation:

∂u
∂t
+ u · ∇u = −∇p+ ν∆u+ fb (5.1)
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dimensionless physical
parameter equivalent

ν 0.007 10−2cm2/s
g 34.55 981cm/s2

a 0.019 78µm
vT 0.58 2cm/s
τb 8.4 · 10−3 1ms

TABLE 5.2: Simulation parameters for cases (a) to (c) and corresponding physical
equivalents.

which is solved by direct numerical simulation. The point-force approximation is
validated by performing the same test as in chapter 3, section 3.4. We stress that, in
contrast to the analyses carried out in the previous chapters, here eq. (5.1) does not
contain any forcing on the large scales: the flow is sustained solely by the bubble
forcing term fb(x, t).

We analyze different cases. A list of the flow and bubbles parameters is shown
in table 5.1. In table 5.2 the values of the numerical parameters and their physical
equivalents are presented for some of the simulations performed.

5.3 Flow time evolution

5.3.1 Time evolution of global quantities

We describe the energy time evolution of the pseudo-turbulent field generated by the
rise of microbubbles. As already stated, at time t = 0, the bubbles are randomly
placed in the flow, that is originally at rest. Their rise displaces liquid and thus gene-
rates velocity fluctuations within it. If these fluctuations are not rapidly dissipated
by viscosity, they can be transmitted to larger scales. As a consequence, large scale
motions are produced and the flow may become turbulent. We investigate this is-
sue by measuring average flow quantities as well as by studying the spectral energy
distribution. We focus on case (a) of table 5.1.

In Fig. 5.1a we plot the total fluid energy, E(t) = 〈ux(t)2+uy(t)2+uz(t)2〉/2,
as a function of time. In the beginning E(t) undergoes a steep rise, afterwards it
slowly decreases, until it begins to oscillate and a statistically stationary state is
reached. The kinetic energy is mainly generated by the momentum transfer in the
direction of gravity, as we confirm by calculating the three components of the fluid
velocity fluctuations 〈u2

i 〉, with i = x, y, z, which are much larger in the z direction
than in the horizontal ones, and the unidimensional Taylor-Reynolds number, defined
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by:

Reiλ =

√
〈u2
i 〉

〈∂iu2
i 〉

√
〈u2
i 〉

ν
(no sum over i).

The behavior of Reiλ as function of time is presented in Fig. 5.2. It is evident from
the graph that the flow displays strong asymmetry.

The saturated kinetic energy is of order αv2T /4, in agreement with results ana-
lytically derivable by potential flow theory for high Re bubbles (see e.g. van Wijn-
gaarden (1998)). However, the redistribution of the energy along the three directions
deviates from that predicted by potential flow analysis, according to which we should
have (van Wijngaarden (1982)):

〈u2
z〉 �

1
5
(
αv2

T

)
, 〈u2

x〉 = 〈u2
y〉 �

3
20
(
αv2

T

)
.

Note that the prediction is: 〈u2
z〉/〈u2

x〉 � 4/3, whereas in our simulation this ra-
tio is about 15. However, the potential flow result applies only to high Reynolds
number bubbles, and here we have Re ∼ O(1). On the other hand, in the opposite
limit, Re → 0, under Stokes flow condition, the fluid equations are linear. In this
regime, symmetry considerations require that rising bubbles cannot force the flow
in directions perpendicular to their motion, a result which is also intuitive for rising
point-particles in fluid at rest. As a consequence the ratio 〈u2z〉/〈u2

x〉 → ∞. Our
result, for small but finite Reynolds number, lies in between the two limits discussed.

The total energy induced by high Re bubbles, for which inertia effects are
dominant, can be easily estimated by the following argument: at low void frac-
tions the flow energy is the sum of the energy induced by individual bubbles, i.e.,
E � Nb(1/2)mbv

2
T , where the effective mass of a bubble is mb = ρf (2πa3/3),

owing to the added mass factor 1/2. Thus E � αv2T /4. On the other hand, when
Re ∼ 1, the estimate of the total energy induced by sedimenting particles or rising
bubbles is far more complicated. Indeed, for Re � 1, the flow induced by one par-
ticle decreases, with the distance r from the particle, as 1/r, thus leading to a total
flow energy that diverges with the system size. Different screening mechanisms have
been invoked in the past in order to account for this problem (see e.g Koch (1993);
Brenner (1999)).

In table 5.1 we report the total energy estimated in our simulations, correspond-
ing to different void fractions and bubble dimensions. In all cases the energy induced
is of order αv2

T /4. We note, by considering cases (a) and (d), that, when increasing
the bubble dimension while fixing the void fraction, thus reducing the total bubble-
fluid interface, less energy is generated in the flow.
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FIGURE 5.1: (a) Total fluid energy as function of time. The straight dashed line
indicates the potential flow result: E = αv2

T /4.

5.3.2 Time evolution of spectra

After transforming to wavenumber space, we consider the time development of the
energy spectrum:

E(k, t) =
1
2

∑
k<|k|<k+dk

u∗i (k, t)ui(k, t) i = x, y, z. (5.2)

Here ui(k, t) is the i-th component of the fluid velocity in k-space and repeated
indices are considered summed. E(k, t) is the total energy contained in a spherical
shell of radius k and width dk.

In Fig. 5.3a the energy spectrum, averaged over four subsequent time intervals,
is presented. The intervals correspond to 0 < t/τb < 6 · 102, 12 · 102 < t/τb <
18 · 102, 24 · 102 < t/τb < 30 · 102, and 100 · 102 < t/τb < 106 · 102 in Fig.
5.1. The figure shows that the energy is originally introduced at high wavenumbers
and gradually transported to larger scales (solid line). However, after some time the
spectrum flattens and a nearly constant energy is measured on all scales. Thus, in
the first stage of bubble-fluid coupling, an inverse energy cascade, from the small
to the large scales, builds up large-scale eddies. The slope of the spectrum, close to
−5/3, is an indication of the local transfer of the energy, from one scale to the other.
But, later on, the process cannot be sustained and it disappears in the final state. We
investigate whether this last state is statistically stationary by having a close look at
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FIGURE 5.1: (b) Total fluid energy in simulation with lift (solid line) and without
(dashed line) as functions of time.
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FIGURE 5.2: Behavior of the uni-dimensional Taylor-Reynolds number as function
of time, in the x-(pluses), y-(circles), and z-(diamonds) directions.
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FIGURE 5.3: (a) Energy spectra for the simulation that includes lift forces obtained
by averaging over four different time intervals: 0 < t/τb < 6 · 102 (solid line),
12 · 102 < t/τb < 18 · 102 (dashed line), 24 · 102 < t/τb < 30 · 102 (dotted line),
and 100 · 102 < t/τb < 106 · 102 (dot-dashed line). The straight line indicates the
behavior in homogeneous and isotropic turbulence.
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FIGURE 5.3: (b) Energy spectra for the simulation without lift forces obtained by
averaging over four different time intervals. For the various symbols look at the
caption of Fig. 5.3a.
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the energy transfer equation in k-space:

∂

∂t
E(k, t) = T (k, t)−D(k, t) + Fb(k, t) (5.3)

The various terms indicate, respectively: the energy transfer to wavenumber k, T (k, t)
see eq. (4.5), the viscous dissipation, D(k, t) = 2νk2E(k, t), and the bubble forcing
contribution, Fb(k, t),

Fb(k, t) =
∑

k<|k|<k+dk
Fb(k, t), (5.4)

where
Fb(k, t) = Re

(
u∗(k, t) · f̃b(k, t)

)
, (5.5)

with f̃b(k, t) the Fourier transform of the coupling term fb(x, t), defined in eq. (2.22).
The time dependence of the spectra is retained explicitly in eq. (5.3) as we do not
know if a statistically stationary state is possible with no large-scale forcing.

The spectra of the bubble forcing and of the dissipation are shown in Fig. 5.4a.
The strongest forcing is concentrated on the small scales, as we expect, owing to the
dimension of the energy sources. However, the energy that is initially transfered to
the large scales via the nonlinear interactions has to return to the small scales in order
to be dissipated by viscosity. Indeed, there is no energy sink on the large scales that
can take it out of the flow. This remark fixes the condition for the settling to the
stationary state: the time average energy transfer has to be zero on all wavenumbers,
and dissipation has to equal bubble forcing, i.e., T (k) = 0 and D(k) = Fb(k), where
the time dependence has dropped out after averaging. As we show in Fig. 5.4a, apart
from the large scales where the average still has not converged, this requirement is
satisfied by our simulation.

The time evolution of the energy spectrum can be compared to the one pre-
sented by Murai et al. (2000a), where the authors study a similar system, namely
fluid motion generated by rising bubbles, by applying a different technique for the
implementation of two-way coupling. The results agree qualitatively, i.e., the initial
induction of structures at large scale is followed by a state in which the slope of the
energy spectrum is reduced. As the authors state themselves, the reason has to be
sought in the temporal evolution of the bubble distribution. Indeed, bubble clusters,
which are assembled in the beginning and are able to force the liquid efficiently, are
not stable and bubbles tend to distribute uniformly in the flow.

Moreover, the structures induced in the flow itself are far too weak to trap the
bubbles. Thus, the phenomenon of vortex trapping of bubbles does not occur and
therefore high local bubble concentration as in bubbly turbulent flows (see chapters
3 and 4) are not created here.
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FIGURE 5.4: (a) Time average of the contribution of the bubble forcing to the energy
spectrum, as defined in eq. (5.5) (solid line) and of the viscous energy dissipation
D(k) = 2νk2E(k) (dotted line), in the simulation with lift force.

We carry on the comparison with the results of Murai et al. (2000a) by looking
at the high wavenumbers behavior of the spectrum. In that paper a steeper slope than
in homogeneous and isotropic turbulence is observed. The critical wavenumber kc
above which it shows up is estimated by the average distance between the bubbles,
that is Lc ∼ 2π/N1/3

b . In our simulation, for case (a) of table 5.1, we have: Lc ∼
0.12 (about 1/50 of the box with L0 = 2π), thus kc = 2π/Lc ∼ 52 and for case
(d): Lc ∼ 0.17, thus kc ∼ 37. As we show in Fig. 5.5, a transition in the slope
of the energy spectrum occurs at high wavenumbers. However, neither the critical
wavenumber nor the slope of the spectra can be clearly defined.

From a quantitative point of view we find agreement with the results of Murai
et al. (2000a) on the strongly anisotropic energy distribution along the three velocity
components. Indeed, also in that work, about 90% of the flow energy is contained in
the vertical component (z) of the fluid velocity.

5.4 Physical explanation of the results

The occurrence of the inverse cascade phenomenon in three dimensional turbulence
has been related to the presence of strong anisotropies at small scales (see e.g. Yakhot
& Peltz (1987); Hefer & Yakhot (1989)). These anisotropies can be produced by
bubble clusters elongated in the gravity direction. Within them, the energy production
term due to the bubbles can be far more intense in the vertical direction than in the
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FIGURE 5.4: (b) Time average of the contribution of the bubble forcing to the energy
spectrum (solid line) and of the viscous energy dissipation D(k) = 2νk2E(k) (dotted
line), in the simulation without lift force.

horizontal ones, owing to the high values reached by the 〈u · g〉 contribution. The
stability of these structures is opposed by horizontal forces that laterally spread the
bubbles. When considering the bubble motion equation, it appears that the lift is
the most relevant of such forces. Therefore we further investigate the system by
comparing the outcome of simulations with and without lift force.

The results are surprisingly different. In Fig. 5.1b the total energy in two simu-
lations, one including the lift (solid line) and the other excluding it (dashed line), are
compared. In both cases the bubble parameters correspond to run (a) in table 5.1.
The energy induced in the second simulation is up to 30 times larger than in the first.
Also Murai et al. (2000b) measured a higher turbulence intensity in numerical simu-
lations without lift force than in simulations with lift, though the difference detected
is quantitatively much smaller than in our case.

The behavior in spectral space is remarkably different too. In Fig. 5.3b the time
evolution of the energy spectrum in the latter simulation is presented. The spectrum
is averaged over four subsequent time intervals, which are the same as for Fig 5.3a.
The process of inverse energy cascade is now strongly enhanced. In fact the spectral
intensity at small k’s increases in time, whereas it is constant at large k’s.

Moreover, it is remarkable that a slope close to −5/3 is established nearly at
once at high wavenumbers and is stable during the whole process. Therefore the small
scale forcing is strong enough to generate a flow that presents the same characteristics
as real turbulence. On the other hand, this simulation is not statistically stationary. In
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FIGURE 5.5: Energy spectra, in the statistically stationary state, for case (a) (dashed
line) and (d) (solid line) of table 5.1.

Fig. 5.4b, we show that there is a difference on a wide range of scales between the
bubble forcing term Fb(k) and the fluid viscous dissipation D(k). Thus, the condition
of stationarity is not fulfilled and the large flow scales are still fed with energy from
the small ones.

We again stress that the model for the equation of motion without lift force does
not give a complete representation of the surface forces acting on bubbles or particles
of Re ∼ O(1). Indeed, previous work (see e.g. Dandy & Dwyer (1990); Legen-
dre & Magnaudet (1998) and chapter 4 of this thesis) have pointed out the relevance
of the lift in this regime. Other expressions for the lift force are not likely to give
qualitatively different behaviors. The main effect of the lift is to cause the bubble
dispersion along the horizontal directions, thus strongly reducing the anisotropy in
the flow caused by the forcing in the vertical direction. Indeed, by definition, the lift
force causes the bubbles to drift in horizontal planes, in directions perpendicular to
their average motion.

We investigate now the breaking effect of the lift on vertical bubble chains. We
base our analysis on the description of two-bubble long range interactions proposed
by Koch (1993). The main finding is that a bubble in the wake of another one expe-
riences, because of the lift, a lateral force, leading to a deficit of nearby bubbles in
the gravity direction (see Fig. 5.6). We explore this phenomenon by computing the
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FIGURE 5.6: Sketch of the action of the lift force on a bubble rising in the wake of
another one: the lift tends to expel the bubble from the wake.

bubble density autocorrelation function, defined according to:

ρ12(R) =
〈c′(x+R)c′(x)〉

〈c′(x)c′(x)〉 . (5.6)

Here c′(x) is the fluctuation of the bubble concentration in x with respect to the avera-
ge value α. We consider the autocorrelation in the horizontal, x-y, plane and in the
vertical, z, direction separately. The analysis is carried out for the two simulations
presented in Fig. 5.1b. The results are plotted in Fig. 5.7. It is shown that, whereas
in the simulation without lift forces the pair correlation goes monotonically to zero,
in the one with lift the autocorrelation in the z-direction becomes negative and later
on approaches zero from below. A negative autocorrelation at small distances R is
detected also in the horizontal planes. The interpretation of the result is that bubble
approach is resisted by the lift, and this is occurring especially in the vertical direc-
tion, where a bubble rising in the wake of another one experiences horizontal forces
that expel it from the wake. We note that also in the two-dimensional simulation de-
scribed by Esmaeeli & Tryggvason (1996) a preferential tendency of bubbles to stay
rather side-by-side (along the horizontal direction) than in “tandem configuration”
(along the vertical) was reported.

5.5 Conclusions

The behavior of a flow driven exclusively by rising bubbles has been investigated by
direct numerical simulation for the Navier-Stokes equations and Lagrangian tracking
for the bubble trajectories. The evolution of global quantities, like the total flow ener-
gy, as well as of spectral quantities, has been followed in time. The results show that
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FIGURE 5.7: Autocorrelation function ρ12(R) as a function of the distance |R|, in
the horizontal x-y directions (open symbols) and in the vertical z direction (filled
symbols). The results indicate simulations without lift force (diamonds) and with lift
force (squares).

bubble motion initially generates large scale structures by local in scale energy trans-
fer, indicated by the slope, close to −5/3 of the energy spectrum. Later on, however,
the bubble distribution tends to be more disperse, the energy spectrum becomes flat,
and energy input equals viscous dissipation at all scales. Therefore, the statistically
stationary state of this pseudo-turbulent velocity field does not possess the characte-
ristics of real turbulence. We claim and prove that the physics that determines it are
the bubble-bubble indirect interactions which occur via the carrier flow. Indeed, a
bubble in the wake of another one experiences, because of lift, a horizontal force that
prevents the assembling and stability of vertical clusters. As a consequence, the total
forcing induced in the flow is not strong enough to sustain high energy levels and
inverse energy cascade from small to large scales.

The results presented in this chapter apply to a flow with periodic boundary con-
ditions. In a real experiment, the existence of boundaries may lead to the generation
of large scale vortex structures, which, in turn, may affect the bubble motion. Never-
theless, in recent experiments (Harteveld et al. (2003)), bubbly driven flows have
been found rather homogeneous and no vortex trapping has been detected.



Chapter 6

Lagrangian statistics for fluid
particles and bubbles in turbulence

The dispersion of bubbles in homogeneous and isotropic turbulence is numerically
examined. The aim of the work is to quantify dispersion properties of bubbles in a
regime ranging from low to high turbulence intensity, and to compare them to those
of fluid particles. Moreover, we analyze the forces which are relevant for the bub-
ble dispersion and we compare their probability density functions, as well as their
intermittent characteristics, to the ones of fluid particles.

6.1 Introduction

An important aspect of turbulent flows is their ability to increase the transport and the
mixing of scalar quantities suspended within them, with respect to equivalent laminar
flows. The dispersion of heavy particles and bubbles in homogeneous and isotropic
turbulence is of particular interest.
The theoretical analysis of fluid particle dispersion traces back to the work of G. I.
Taylor (1921) and to its application to homogeneous turbulence by G. K. Batchelor
(1949). Later, analytical investigation has been carried out for heavy particles that,
owing to inertia, do not follow all the turbulence fluctuations (Pismen & Nir (1978);
Nir & Pismen (1979)), and, more recently, also for air bubbles (Spelt & Biesheuvel
(1997, 1998)).

A large number of experiments and numerical studies (see e.g. Snyder & Lum-
ley (1971); Wells & Stock (1983); Squires & Eaton (1991)) has dealt with this issue
in the past. The picture that can be drawn from most works is that fluid particles
generally disperse more efficiently than heavy particles or bubbles, the diffusion of
which is reduced by the drift along the gravity direction. Yet, a full understanding of
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the forces which are relevant in the phenomenon is lacking. For instance, whereas in-
tense gravity is known to reduce heavy particle diffusion with respect to fluid particle,
the role played by inertia is less evident, even though it is often found to increase the
diffusivities, see e.g. Reeks (1977); Wells & Stock (1983); Squires & Eaton (1991).

In the present work we focus on bubbles. We numerically examine their mo-
tion and dispersion in homogeneous and isotropic turbulence. Particular emphasis is
focused on the similarities and differences as compared to fluid particles. The nu-
merical simulation described in chapter 2 is employed. Lagrangian tracking of the
trajectories proves to be an efficient tool for testing the statistics.

The chapter is organized as follows: In section 6.2 the theory of diffusion of
fluid particles and bubbles is first reviewed and then compared to the results of our
numerics. Relative diffusion is addressed in section 6.3. The statistical characteris-
tics of the fluid acceleration along fluid particle trajectories and of the forces acting
on bubbles are addressed in section 6.4. The high degree of intermittency revealed
by their probability density functions is further investigated in section 6.5. Here,
Lagrangian velocity structure functions, for both fluid particles and bubbles, and in
particular the scaling properties of these functions, are addressed. Section 6.6 is left
to conclusions.

6.2 Diffusion in homogeneous and isotropic turbulence

The dispersion tensor of fluid particles is defined as:

Dij(t) = 〈(xi(x0, t)− xi0)(xj(x0, t)− xj0)〉 (6.1)

where xi(x0, t), with i, j = x, y, z, is the position at time t of a fluid particle that was
in x0 at the initial time t = t0 and the brackets 〈·〉 indicate ensemble average. We
review here in short the analysis of the evolution in time of the dispersion tensor (6.1)
(see Taylor (1921); Batchelor (1949)). In the following v(x0, t) is the Lagrangian
velocity of the particle and it is equal to the Eulerian velocity field at the location of
the fluid particle: v(x0, t) = u(x(x0, t), t). The particle equation of motion is:

d

dt
x(x0, t) = v(x0, t). (6.2)

Integration gives:

x(x0, t) = x0 +
∫ t

t0

v(x0, τ)dτ. (6.3)

Thus:

〈
(
xi(x0, t)− xi0

)2〉 = 〈
∫ t

t0

dt′
∫ t

t0

dt′′vi(x0, t
′)vi(x0, t

′′)〉. (6.4)
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When the turbulence is stationary and homogeneous, the average can be moved inside
the integral and substituted with the time average. Moreover, the limits of integration
can be changed, by recognizing that the integration plane is a square. Thus:

Dii(t) = 2
∫ t

t0

dt′
∫ t′

t0

dt′′〈vi(x0, t
′)vi(x0, t

′′)〉 (6.5)

and by changing the variables (t′, t′′)→ (t′, τ = t′′ − t′):

Dii(t) = 2
∫ t

t0

dt′
∫ 0

−(t′−t0)
dτ〈vi(x0, t

′)vi(x0, t
′ + τ)〉. (6.6)

The time average velocity correlation depends only on the time difference τ . We
write it in terms of the Lagrangian velocity autocorrelation coefficient, defined by:

RiL(τ) =
〈vi(x0, t)vi(x0, t+ τ)〉

〈vi(x0, t)2〉 . (6.7)

Note that RiL(τ) is symmetric under the transformation τ → −τ ; therefore:

Dii(t) = 2〈vi(x0, t)2〉
∫ t

t0

dt′
∫ t′−t0

0
dτRiL(τ). (6.8)

Eq. (6.8) admits asymptotic expressions for both small and large time intervals.
When t → 0, then RiL(τ) � 1 for all τ , and:

Dii(t) � 〈vi(x0, t)2〉(t− t0)2. (6.9)

For large times t → ∞:

∫ t−t0

0
RiL(τ)dτ �

∫ ∞

0
RiL(τ)dτ = T iL (6.10)

where T iL is the Lagrangian integral time scale. As a consequence:

Dii(t) � 2〈vi(x0, y)2〉(t− t0)T iL, (6.11)

i.e., the diffusion increases linearly with time.
Similar reasoning as for fluid particles can be carried on for heavy particles or for

bubbles, provided that one studies the dispersion with respect to the average position
〈x(x0, t)〉 (Nir & Pismen (1979)), as heavy particles/bubbles sink/rise due to gravity.
In the present case: 〈x(x0, t)〉 ∝ (0, 0, vT (t− t0)), with vT the bubble rise speed in
quiescent water. The prefactor is smaller than 1 owing to the reduction by turbulent



70 6.2. DIFFUSION IN HOMOGENEOUS AND ISOTROPIC TURBULENCE

fluctuations of the average bubble rise velocity (see chapter 3). Thus, when defining:
X(t) = x(x0, t)− 〈x(x0, t)〉, the bubble dispersion tensor is:

Db
ij(t) = 〈(Xi(t)− xi0)(Xj(t)− xj0)〉. (6.12)

The prediction for the behavior at small and large time intervals is the same as before.
Dispersion properties can be expressed by three quantities: (i) the longitudinal (along
gravity direction) and lateral diffusivities:

Dbi = lim
t→∞

1
2
d

dt
Db
ii(t) i = x, y, z, (6.13)

(ii) the bubble velocity average fluctuation 〈(vbi )2〉, and (iii) the integral time scales
T b,iL , evaluated through the analogous for bubbles to eq. (6.10) and related to the
diffusivity by:

Dbi = 〈(vbi )2〉T b,iL . (6.14)

The values measured for bubbles will be compared to the ones for fluid particles.
Bubble dispersion has been approached analytically by Spelt & Biesheuvel (1997,
1998), and the predictions have been compared to the numerical results obtained by
a kinematic simulation of the turbulence. The various regimes are characterized by
two dimensionless parameters, namely:

β =
u0

vT

that represents the ratio of the rms fluid velocity fluctuation u0 to the bubble rise
speed vT , and

µ =
L11

τbvT

with L11 the integral scale of the turbulence and τb the bubble response time. The
parameter µ, when large, indicates that the bubble rapidly adapts its velocity to the
one of the flow.

In the first paper (Spelt & Biesheuvel (1997)) large bubble rise speed with re-
spect to the turbulence intensity have been considered. The assumptions on the sys-
tem are: u0/vT � µ � vT /u0 and β � 1. In the latter work (Spelt & Biesheuvel
(1998)) the case of large scale turbulence has been addressed, i.e., µ � 1 and β � 1.
Analytical expressions for the diffusivities are given in the limit µ → ∞ and also
when the first order correction in 1/µ is taken into account.

The range of parameters analyzed in the present study corresponds to the regime
assessed in the second work (Spelt & Biesheuvel (1998)), so that the comparison
to the analytical theory is straightforward. The advantage of simulating turbulence
starting from the Navier-Stokes equations is to have a good description of both the
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small and the large flow scales. Therefore it is possible to extend the results of Spelt
& Biesheuvel (1997, 1998) to a wider range, in which bubbles respond to both small
and large scale turbulence fluctuations. The kinematic simulations employed in the
previous papers do not properly reproduce the small scale structures of the vorticity
field: as a consequence the approach is suitable only to small β values, i.e., bubbles
moving fast across the vortices, with only little interaction.

In order to check the adequacy of the small scale description one needs to com-
pare the behavior of the Lagrangian and Eulerian velocity autocorrelation at small
time lags. The latter function is defined by:

RiE(r, τ) =
〈ui(0, 0)ui(r, τ)〉

〈ui(0, 0)2〉 (6.15)

and we indicate here with RE(τ) = RiE(0, τ), i = x, y or z. According to Ten-
nekes (1975), at small τ , owing to the advection or sweeping of the small eddies by
the large scales, the Lagrangian autocorrelation function lies above the Eulerian one.
However, Squires & Eaton (1991) showed by numerical simulation that this effect
may be masked at small Reynolds number, whereas it is certainly detectable at large
Re. In our simulation, at Reλ = 62, we can barely see any crossover between the au-
tocorrelation functions, as shown in Fig. 6.1. In kinematic simulations the sweeping
effect of the small by the large eddies is not modeled and no crossover exists, inde-
pendently of the Reynolds number. The Eulerian and Lagrangian time microscales
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FIGURE 6.1: Eulerian (solid line) and Lagrangian (dot-dashed line) autocorrelation
functions at small time intervals τ .

can be computed by evaluating the curvature at time τ = 0 of the corresponding



72 6.2. DIFFUSION IN HOMOGENEOUS AND ISOTROPIC TURBULENCE

autocorrelation functions. This measure is very sensitive to numerical errors. We
estimate:

τE,L =
[ 2〈u2

|E,L
〉

〈(du/dt)2|E,L
〉
] 1

2
(6.16)

where the velocity u and the time derivative (du/dt) are evaluated, respectively, at
fixed position in space for the Eulerian time scale and along the fluid particle trajec-
tory for the Lagrangian one. In the present simulation it is: τE = 0.33 and τL = 0.35,
so that τL/τE � 1.06, which is in agreement with results of Yeung & Pope (1989),
at comparable Reλ.

6.2.1 Fluid particle diffusion

In order to fix reference values for the analysis of bubbles, we measure the disper-
sion of fluid particles by tracking the motion of Np = 40960 particles that evolve
according to eq. (6.2). The velocity at the particle position is evaluated by third
order Taylor series based interpolation (Yeung & Pope (1988)) and the equation is
advanced in time by explicit forward Euler scheme. The fluid diffusivity (see eq.
(6.13)) measured in the present simulation is: Df = 0.71u0L11. The Lagrangian
integral time scale is thus: TL = Df/u2

0 � 0.53. The Eulerian integral time can be
estimated as: TE = L11/u0 � 0.75, and the ratio TL/TE ∼ 0.7.

6.2.2 Bubble diffusion

We focus now on bubble diffusion. We track Nb = 40960 bubbles with fixed response
time τb = τk/10, whereas their rise speed changes in the range: vk ≤ vT ≤ 8vk;
therefore, both parameters β and µ vary. The smallest value of µ reached is 46,
thus the first order approximation (µ → ∞) of the derivation presented by Spelt &
Biesheuvel (1998) is likely to hold. Both the one-way and two-way coupling regime
are investigated. In the latter simulations the motion of Nb = 144000 bubbles is
tracked, so that the void fraction is α = 1.6%.

In Fig. 6.2, the longitudinal and lateral diffusivities of the bubbles are plotted as
functions of β. Both of them are smaller than the diffusivity of fluid particles, that
is indicated by the straight line in the figure. We measure the largest deviation at the
smallest β value, where the bubble rise speed is the largest. The explanation can be
found in the so called “crossing trajectory effect” (Yudine (1959)): bubble trajecto-
ries cross the trajectories of fluid particles, because of buoyancy, and therefore leave
rapidly those regions of fluid in which the velocity is highly correlated. The conse-
quence is that the bubble velocity quickly loses the memory of its previous values by
sampling flow velocities that are decorrelating. Eqs. (6.10) and (6.14) show that the
loss of velocity correlation reduces the diffusivity. The faster the bubbles rise (small
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β), the faster the decorrelation occurs. Furthermore, according to an effect related
to the fluid incompressibility, the lateral diffusivity is smaller than the longitudinal
(Csanady (1963)).
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FIGURE 6.2: Longitudinal (squares and triangles) and lateral (circles and diamonds)
bubble diffusivities for one-way coupling (filled symbols) and two-way coupling
(empty symbols) simulations. The straight dashed line indicates the diffusivity of
fluid particles. The parameter µ = L11/(τbvT ) goes from 46 (left) to 372 (right).

The qualitative trends of the longitudinal and lateral diffusivities are in good
agreement with the analytical results, see Fig. 1 of Spelt & Biesheuvel (1998). How-
ever, if we compare the results quantitatively, we find that the lateral diffusivity is
remarkably smaller than the fluid particle diffusivity with respect to the theoretical
prediction, a result that was obtained by the authors themselves in their work, when
studying bubble motion in turbulence generated by kinematic simulations.

In order to explain the discrepancy with the theory, we have a close look at
the hypotheses made when deriving the formulae for the diffusivities. First, it is
assumed that the probability density function for the displacement X(t) is Gaussian.
In Fig. 6.3 we present the pdf(X(t)) at time t = 1.07L11/u0. For comparison
a Gaussian function with the same mean and variance is also plotted. The figure
indicates that, although there are some deviations, the approximation with a Gaussian
is still reasonable.

The second hypothesis is Corrsin (1959) independence conjecture, according to
which particles experience unbiased fluid velocities, e.g. are randomly distributed.
This is clearly not the case in turbulent bubbly flows, where bubbles locally accu-
mulate in eddies, owing to inertia forces, and in particular on their downflow side,
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FIGURE 6.3: Probability density function for the bubble displacement X(t) at time
t = 1.07L11/u0 (solid line) as compared to a Gaussian distribution with the same
mean and variance (dashed line). The bubble parameters are vT = 2vk and τb =
τk/10, and bubbles move only with one-way coupling.

mainly owing to the lift force, as we explained in chapter 3. The deviation from the
analytical theory can thus be attributed to the relevance of inertia forces in bubble
dynamics. Yet, it has to be clarified the role played by vortex trapping and by the
preferential sweeping in downward fluid velocity regions.

To this aim we focus on the diffusivity at β ∼ 0.7. In table 6.1 results are
presented for three cases: (i) τb = τk/10, with lift force in the bubble equation of
motion, (ii) τb = τk/10, without lift force, and (iii) τb = τk, with lift. For cases
(i)–(iii) it is vT = 6vk. For completeness we report in the table also the ratio of the
average enstrophy at the bubble location normalized with the average flow enstrophy
〈Ω〉b/〈Ω〉, the fraction of bubbles sampling downflow regions N−/Nb, and the rel-
ative reduction of the rise velocity with respect to quiescent flow (〈v〉b − vT )/vT .
These observables indicate that, even if the turbulence intensity is rather low, i.e.,
β < 1, yet the main characteristics of bubble motion are kept, namely, sampling of
high vorticity regions, of downflow zones, and reduction of the average rise speed.
The comparison of simulations with and without lift force, and equal vT , τb ((i) and
(ii) in the table), shows that preferential sweeping slightly enhances the diffusion in
the xy, as well as in the z direction. Indeed, with lift bubbles rise slower and there-
fore reside for longer time in regions where the fluid velocity is correlated (see eqs.
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τb/τk lif t 〈Ω〉b/〈Ω〉 N−/Nb (〈v〉b − vT )/vT
(i) 1/10 yes 1.25 ± 0.03 0.561 ± 0.008 −0.11
(ii) 1/10 no 1.21 ± 0.02 0.518 ± 0.007 −0.04
(iii) 1 yes 2.3 ± 0.5 0.73± 0.04 −0.58

Dbxy/(u0L11) Dbz/(u0L11) (Dbxy −Df )/Df (Dbz −Df )/Df
(i) 0.23 ± 0.04 0.65 ± 0.1 −0.68 −0.08
(ii) 0.2± 0.04 0.6± 0.1 −0.72 −0.15
(iii) 0.3± 0.1 0.7± 0.4 −0.58 −0.01

TABLE 6.1: Ratio of the average enstrophy at the bubble location normalized with
the average flow enstrophy 〈Ω〉b/〈Ω〉, fraction of bubbles sampling downflow regions
N−/Nb, relative reduction of the rise velocity with respect to quiescent flow (〈v〉b −
vT )/vT , lateral Dbxy , and longitudinal Dbz diffusivity, in simulations with β � 0.7 and:
(i) τb = τk/10, with lift force in the bubble motion equation, (ii) τb = τk/10, no lift
force, and (iii) τb = τk, with lift. The last two columns report the relative reduction
with respect to the fluid diffusivity Df = 0.71u0L11. The theoretical predictions
for the relative reductions of the longitudinal and lateral diffusivities, extrapolated
from Fig. 1 of Spelt & Biesheuvel (1998), are: (Daxy − Daf )/Daf � −0.34 and
(Daz − Daf )/Daf � −0.15. Note that, in case (iii), µ = L11/(τbvT ) � 6, but the
theoretical prediction for the diffusivities at β ∼ 0.7, is very close to the asymptotic
one for µ → ∞, again, see Fig. 1 of Spelt & Biesheuvel (1998).
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(6.10) and (6.14)). † When τb = τk (case (iii)) the clustering in vortex structures
is enhanced and the rise velocity is reduced: there is competition between stronger
trapping, that reduces the diffusion, and slowing down, that keeps the bubbles longer
in highly correlated fluid velocity regions and should thus enhance diffusion proper-
ties with respect to case (i). The second effect prevails and the diffusivities are larger
than before. For τb = τk the fluctuations of all observables are much stronger than
in the other cases, owing to the strong interaction of bubbles with the small scale
turbulence structures.

We conclude that the interaction with vortices, due to the flow pressure gradient
in the bubble motion equation, determines a large discrepancy between numerical
results and analytical theory. Other than that, preferential sweeping, due to the lift,
slightly modifies the values of diffusion coefficients.
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FIGURE 6.4: Bubble Lagrangian velocity autocorrelation function in the horizontal
(xy) directions, as function of time. The results refer to simulations with one-way
coupling with bubble response time τb = τk/10 and variable vT . The various curves
indicates: vT = vk, β � 4 (dashed), vT = 2vk, β � 2 (dot-dashed), vT = 3vk,
β � 1.4 (dotted), and vT = 6vk, β � 0.7 (long dashed). For comparison also the
fluid Lagrangian velocity autocorrelation is presented (solid line).

The bubble diffusivity is linked to the integral time scale Tb,iL via the velocity
fluctuations 〈(vbi )2〉, see eq. (6.14). We measure here longitudinal and lateral bubble
velocity fluctuations, 〈(vbi )2〉 of the order of u2

0, independently of β. Therefore the
bubble integral time scale Tb,iL = Dbi/〈(vbi )2〉 follows the same behavior of Dbi , as

†Note that the diffusion is calculated with respect to the average bubble position that will change
differently from (i) to (ii), owing to the larger average rise speed in simulations without lift force.
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FIGURE 6.5: Bubble Lagrangian velocity autocorrelation function in the vertical (z)
direction, as function of time. For the various symbols we refer to the caption of Fig.
6.4.

function of β. The result agrees with analytical predictions of Spelt & Biesheuvel
(1998) for µ → ∞, that corresponds to negligible inertia effects, i.e., motion gover-
ned by drag and gravity.

In simulations with two-way coupling the difference between longitudinal and
lateral dispersion is smaller. Indeed, we showed that the effect of bubbles on tur-
bulence is the reduction of large scale vertical fluid velocity fluctuations. Thus the
diffusion is reduced in the gravity direction. At the same time, at small β, it is en-
hanced in the horizontal planes, owing to the increase of the fluid fluctuations in these
directions, because of incompressibility (see table 4.2).

Figure 6.2 shows that, for high values of β, bubble diffusion is consistent with
the one of fluid particles. Indeed, owing to the smaller rise speed and the interaction
with all the flow structures (remember that τb � τk), bubble motion resembles the
one of fluid particles.

We remark that, according to our results, the maximum diffusivity achieved is
equal to the fluid particle diffusivity. Spelt & Biesheuvel (1997) have claimed the
existence of a blow up of the bubble velocity fluctuations at large β, and a subsequent
unlimited increase of the diffusivity Dbi = 〈(vbi )2〉T b,iL . Our results do not support this
statement. However, in that work large β values are assessed by stronger turbulent
fluctuations, u0, while keeping vT and µ = L11/(τbvT ) constant. This induces an
increase of the bubble relaxation time as compared to the turbulence time scales. In
this regime viscous forces are weak and cannot counteract the rapidly varying inertia
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forces. The consequence might be the stated blow up of the fluctuations 〈(vbi )2〉.
In our case we change vT , whereas the bubble time scale is fixed and is always

smaller than all turbulence time scales (τb = τk/10), thus viscous forces are always
dominant in determining the bubble velocities.

In Figs. 6.4 and 6.5 the lateral and longitudinal Lagrangian velocity autocorre-
lation functions, RiL(t), are plotted, as functions of time, for several values of β. The
data refer to simulations with one-way coupling. The curves indicate that, going to
smaller β, the lateral velocity decorrelates faster in time. For β = 0.7, the function
has even a negative loop which explains the small diffusivity achieved in this regime
(see Fig. 6.2). The crossing trajectory effect is a reasonable explanation for the ob-
served β-trend. The fluid particle velocity autocorrelation is an upper limit for these
curves.

On the other hand, there is no remarkable β-trend for the longitudinal autocor-
relation, as long as β ≥ 1, i.e., the bubble rise velocity is smaller than the rms
fluid velocity fluctuation and there are turbulent structures at some scales that trap
the bubbles (Sene et al. (1994)). Instead, for β = 0.7, the autocorrelation drops to
zero faster than before. The results suggest that it is the combination of trapping by
turbulent structures at different scales, that occurs when vT < u0, i.e., β > 1, and
of the preferential collection in the downflow side of these structures, to determine a
longitudinal bubble diffusivity of the same order of the fluid particle one. However,
the latter autocorrelation is not an upper limit to RzL(t) for all t.

6.3 Relative dispersion

To further explore the differences between fluid particles and bubbles it is interest-
ing to compare their relative diffusions, which measure how the distance between
two initially close particles increases as a function of time (Batchelor (1952)). The
relative dispersion tensor for either fluid particles or bubbles is defined according to:

〈∆Y i(t)∆Y j(t)〉 = 〈(Y i(t)− Y i0)(Y j(t)− Y j0)〉 (6.17)

where Y i(t) is the i-th component of the separation vector between two particles
with separation Y i0 at time t = 0. In this case the presence of an average motion
in the z direction does not change the definition of the bubble dispersion tensor with
respect to the fluid particle one, because we are concerned with relative distances
between bodies that are all translating upwards.

At small separation time t the behavior of the tensor is quadratic in time, more
precisely:

〈∆Y i(t)∆Y j(t)〉 = 〈urel,iurel,j〉|t=0 t2 (6.18)

with urel,i the relative velocity at the release time t = 0. At large separation time:

〈∆Y i(t)∆Y j(t)〉 → 2〈X i(t)Xj(t)〉 → 2Db
ij(t), (6.19)
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so, from eqs. (6.11) and (6.14), it follows for the relative dispersion

〈∆Y 2
i (t)〉 ∼ 4Dbi t i = x, y, or z, (6.20)

i.e., it is linear in time with a proportionality coefficient that is twice the one for ab-
solute dispersion. In the case of fully developed turbulence a regime for intermediate
time scales exists, called Richardson regime, in which the dispersion is proportional
to the third power of time (see e.g. Grossmann & Procaccia (1984); Grossmann
(1990)):

〈∆Y i(t)∆Y j(t)〉 ∝ ε t3, (6.21)

with ε the energy flux. In Figs. 6.6 and 6.7 the relative dispersion of bubbles in
horizontal planes and in the gravity direction are presented. For comparison also the
dispersion of fluid particles is plotted. The tensor is computed on couples of particles
with separation at t = 0 between 2η and 4η.
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FIGURE 6.6: Bubble relative dispersion in the horizontal (xy) directions, as function
of time. The results refer to simulations with one-way coupling, bubble response
time τb = τk/10, and variable vT . The various curves indicates: vT = vk (dashed),
vT = 3vk (dotted), and vT = 6vk (long dashed). For comparison the fluid relative
dispersion tensor is also presented (solid line). The straight lines indicate the scaling
in the dissipative, in the Richardson, and in the asymptotic regime.

At small time separation all curves show agreement with fluid particle relative
dispersion (solid line in Figs. 6.6 and 6.7). Indeed, bubbles are released with initial
velocity equal to the one of the surrounding fluid, thus in the beginning they follow
the fluid particle trajectories. Later on the behavior changes and gradually fits to the



80 6.3. RELATIVE DISPERSION

1 10
tu0/L11

10
−5

10
−3

10
−1

<
∆Y

2 z(
t)

>
/L

11

2
t

3

t
2

t

FIGURE 6.7: Bubble relative dispersion in the vertical (z) direction, as function of
time. For the various symbols we refer to the caption of Fig. 6.6.
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FIGURE 6.8: Local slopes for the bubble relative dispersion in the horizontal (xy)
directions, as function of time. For the various symbols we refer to the caption of
Fig. 6.6.

asymptotic regime, in which the relative intensity of dispersion depends on β, as we
showed in the previous paragraph (see Fig.6.2 and eq. (6.19)).

In Figs. 6.8 and 6.9 the logarithmic local slopes of the relative dispersions are
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FIGURE 6.9: Local slope for the bubble relative dispersion in the vertical (z) direc-
tion, as function of time. For the various symbols we refer to the caption of Fig.
6.6.

plotted as functions of time. The graphs show that the scaling t3 is never attained,
however there is a clear trend from the power 2 scaling at small t to a steeper one at
larger t and then again a decrease up to the linear scaling for large time intervals.

6.4 Probability density function of the forces

The motion of fluid particles and bubbles, and therefore their absolute and relative
dispersion, is determined by forces that, in turbulence, display a high degree of inter-
mittency. We present here the probability density function (henceforth indicated as
pdf) of these forces. Bubble forces, as well as fluid particle accelerations, are eval-
uated at all mesh points and then interpolated out of grid, at the bubble position, by
employing the third order Taylor series scheme (TS13 - Yeung & Pope (1988)).

6.4.1 Pdf of fluid particle acceleration

In Fig. 6.10 we present the pdf of the fluid acceleration,

FA = Du/Dt,

evaluated along the trajectories of fluid particles. For comparison the pdf of the
acceleration along the bubble trajectories is also shown. The pdfs are normalized
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so to have unitary variance. The figure indicates that for fluid particles the tails are
slightly higher than for bubbles, i.e., the intermittency is more pronounced.
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FIGURE 6.10: Pdf of the fluid acceleration (Du/Dt) on fluid particle (squares) and
bubble trajectories (triangles), averaged along the three directions, x, y, and z.

6.4.2 Pdf of forces acting on bubbles

We now calculate the further bubble forces. The effect of drag and gravity is given
by the force

F′
D =

1
τb
(u− v − 2gτb).

Here we subtracted the buoyancy in the z-direction in order to allow for a comparison
between the three directions. For the lift force it holds:

FL ∝ (u − v)× ω.

Results for the pdf are presented in the one-way coupling case, with τb = τk/10 and
vT = 2vk.

The figures (6.11)–(6.13) show that the pdfs are strongly intermittent, and this
property holds especially for the lift force, computed in the z direction, that probes a
very intermittent quantity, namely, the small scale vorticity field.

In table 6.2, the flatness of forces acting on bubbles is presented. For compari-
son, the flatness of the acceleration computed along fluid particle trajectories is also
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FIGURE 6.11: Pdf of the fluid acceleration at the bubble location in the z (diamonds),
in the x (circles), and y (squares) directions. The average over the three directions
had already been shown in Fig. 6.10 and compared with the fluid case.
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FIGURE 6.12: Pdf of the drag plus buoyant force in the z (diamonds), in the x
(circles), and y (squares) directions.

shown.† Once again we remark the strong intermittency displayed by the lift force.

†Note that the flatness of fluid particle acceleration agrees with numerical results of Yeung & Pope
(1989), at comparable Reλ.
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FIGURE 6.13: Pdf of the lift force in the z (diamonds), in the x (circles), and y
(squares) directions.

FA FD FL Du/Dt

fxy 9 9 11 10
fz 9 29 175 10

TABLE 6.2: Flatness fi = 〈F4
iX〉/〈F2

iX〉2, with FX : the fluid acceleration, FA,
the drag force, FD, and the lift FL, evaluated along the bubble trajectories. For
comparison, in the last column, the values measured for the fluid acceleration along
fluid particle trajectories are also reported. Results are shown in the horizontal planes
(xy) and in the vertical (z) direction separately.

We may infer from the results that, if one considers a regime in which bubble
motion is ruled by inertia forces rather than by viscous forces, sudden bursts in the
intensity of the lift can lead to a strong increase of the bubble velocity fluctuations.
This regime is the one studied by Spelt & Biesheuvel (1997). Therefore such rea-
soning can justify the blow up of bubble velocity fluctuations that is claimed in that
paper for explaining the divergence of the diffusivity at high β values.

6.5 Lagrangian velocity structure functions

Up to now in the literature the main focus has been on Eulerian fluctuations and on the
strong intermittency displayed by spatial velocity increments (see e.g. Frisch (1995)).
However, more recently, intermittency has been measured experimentally also for La-
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grangian fluctuations (see e.g. Mordant et al. (2001); La Porta et al. (2001); Mordant
et al. (2003)) by tracking the temporal evolution of fluid particle velocities and ac-
celerations. The numerical method employed in this thesis offers the possibility to
investigate and to compare Lagrangian statistics for fluid particles and for bubbles.
As we showed in the previous section, the acceleration of both is a highly intermittent
quantity. The same property holds for the velocity increments ∆τvi(t), evaluated at
small time lags τ :

∆τvi(t) = vi(t+ τ)− vi(t) (6.22)

where, vi(t), with i = x, y, z, is the Lagrangian velocity of a particle or bubble and
τ the time interval. The pdf of ∆τvi(t), for fluid particles, is shown, for several time
intervals, in Fig. 6.14. For the smallest τ the pdf is as wide as the pdf of the accelera-
tion (also reported in the figure), whereas at large τ it can be well approximated by a
Gaussian function.
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FIGURE 6.14: Pdf of the fluid velocity increments ∆τv, with τ = τk/4 (circles),
τ = τk (diamonds), and τ = 3τk (squares). The fluid acceleration pdf (pluses), the
Lagrangian velocity pdf (stars) and a Gaussian function with equal mean and variance
are also plotted. The graphs are shifted for the clarity of the presentation.

6.5.1 Lagrangian statistics for fluid particles

In the Lagrangian approach the velocity structure function of order p is defined as:

DL
p (τ) = 〈(vi(t+ τ)− vi(t))p〉 = 〈(∆τvi)p〉, i = x, y, or z. (6.23)

The average is taken over time t. In the inertial range, when τk � τ � TL, with
τk and TL, respectively, the Kolmogorov and the integral Lagrangian time scale,
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according to the Kolmogorov 1941’s hypothesis, the second order moment depends
only on the energy flux ε and on τ :

DL
2 (τ) = C0ετ (6.24)

where C0 is a universal constant. Experimental measurements indicate the range
C0 = 4± 2 (Hanna (1981)).

In Fig. 6.15 DL2 (τ), normalized by the product ετ , is presented, as a function
of τ , for the present numerical simulation. Owing to the low Reynolds number, no
plateau is observed. However, the maximum of the curve indicates C0 ∼ 3 that is in
agreement with the experimental results.
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FIGURE 6.15: Second order Lagrangian moment DL
2 (τ), normalized by ετ , as a

function of the time interval, τ , for fluid particles. The inset shows the moment as a
function of time.

For the higher order moments, the corresponding Kolmogorov dimensional pre-
diction is:

DL
p (τ) ∼ (ετ)ζ(p) (6.25)

with ζ(p) = p/2. As in the Eulerian approach to turbulence, any deviation of the
scaling exponent ζ(p) from the linear law are related to intermittency. In the La-
grangian framework the intermittency is even stronger than in the Eulerian. It can
be quantified by comparing the measured values of the scaling exponents to the Kol-
mogorov prediction. However, a direct measure of ζ(p) is not possible in all flows.
In fact, owing to the low Reynolds number, the inertial range in which the scaling
law (6.25) holds is in general not wide enough. Therefore, just as for the study of
Eulerian scaling properties, we employ the extended self similarity (ESS) approach
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(Benzi et al. (1993)), and therefore we plot one structure function against the other:
DL
p (τ) = (DL

2 (τ))
ξ(p), with ξ(p) = ζ(p)/ζ(2). In this way one recovers a good

scaling behavior even for structure functions that do not display it when plotted ver-
sus the time interval τ , see e.g. Fig. 6.15. In Fig. 6.16 we plot the exponents
ξ(p) = ζ(p)/ζ(2) for the Lagrangian moments, as measured experimentally by Mor-
dant et al. (2001), and for the Eulerian structure functions, as obtained by the She &
Leveque (1994) model, that closely fits to turbulence measurements at high Reynolds
numbers. Our numerical results are also shown.

1 2 3 4 5
p

0

1

2

ξ(
p)

FIGURE 6.16: Scaling exponents ξ(p) = ζ(p)/ζ(2) for the Eulerian (circles) (from
She & Leveque (1994)) and Lagrangian (diamonds) (from results of Mordant et al.
(2001)) fluid velocity structure functions. The crosses (with error bars) indicate our
numerical results, obtained by averaging the local slopes (shown in Fig. 6.18) from
τ/TL = 0.25 to τ/TL = 2. Note that, according to Kolmogorov dimensional predic-
tion: ξ(p) = p/2 (dotted line).

or our simulation, the structure functions of order p = 1, 3, 4, 5 are presented
in Fig. 6.17, as functions of the second order one. The straight lines that fit the
data have slope, from top to the bottom: 0.56, 1.34, 1.56 and 1.8, according to the
experimental measurements presented in Fig. 6.16. The logarithmic local slopes of
DL
p (τ) vs. Dp

2(τ) are shown in Fig. 6.18.
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FIGURE 6.17: Lagrangian velocity structure functions of order p = 1, 3, 4 and 5,
from top to bottom, as functions of the one of order p = 2. The straight lines that fit
the data have slopes 0.56, 1.34, 1.56 and 1.8.
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FIGURE 6.18: Logarithmic local slopes of DL
p (τ) versus DL

2 (τ), with p = 1, 3, 4, 5,
from bottom to top, as functions of time. The straight lines indicate the Lagrangian
intermittent exponents.

6.5.2 Lagrangian statistics for bubbles

The Lagrangian velocity structure functions can be evaluated also along the bubble
trajectories. Thus:

DL
p (τ) = 〈(vi(t+ τ)− vi(t))p〉 = 〈(∆τvi)p〉 (6.26)
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as in eq. (6.23), but now the velocity vi is the bubble instantaneous velocity. Again,
scaling properties and intermittency issues can be questioned for these structure func-
tions. We focus here on three cases: (i) vT = 2vk and τb = τk/10; (ii) vT = 4vk
and τb = τk/10; and (iii) vT = 6vk and τb = τk/10. Only one-way interactions are
considered.

In Fig. 6.19 the second order structure functions are presented in case (iii). We
distinguish between the Lagrangian statistics in the gravity (z) direction and in the
horizontal (xy) planes. Indeed, owing to the difference between the Lagrangian time
scales, T b,xyL < T b,zL (see Fig. 6.2 and the relation between diffusivity and time scale
(6.14)), the possible scaling ranges are not expected to coincide. The figure displays
that, indeed, the xy structure function saturates faster in time than the z structure
function. For comparison, the fluid particle structure function is also plotted.
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FIGURE 6.19: Second order Lagrangian velocity structure functions for bubbles, in
xy planes (dot-dashed), in the z direction (dashed), and total function (dotted line);
and for fluid particles (solid line). The bubble parameters are vT = 6vk and τb =
τk/10.

As for the fluid Lagrangian statistics, we assess scaling by making use of the
ESS approach. In Fig. 6.20 we present the logarithmic local slope of DL5 (τ) vs.
DL

2 (τ), for xy and z directions separately, as well as for the total function. The plot
indicates that it is difficult to detect any scaling exponent, because the inertial range
is not well developed. However, it looks like that there is a transition between two
different laws, for the structure function in the z direction. The scaling exponent in-
creases from a value close to 1.8 to another close to 2.2, which represent, respectively,
the fluid Lagrangian and the Eulerian intermittent scaling exponent. The transition
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occurs when τ/TL ∼ 0.8.
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FIGURE 6.20: Logarithmic local slope of DL
5 (τ) vs. DL

2 (τ), in the xy (stars), z
(diamonds) directions, and for the total structure function (pluses). The straight lines
indicate, respectively, the Lagrangian intermittent exponent 1.8 and the Eulerian one
2.2, according to experimental results at high Reynolds numbers. The bubbles pa-
rameters are vT = 6vk and τb = τk/10.

A possible recovery of the Eulerian scaling in the gravity direction can be ex-
plained by looking at the vertical velocity autocorrelation function. As explained in
Spelt (1996) (see Nir & Pismen (1979); Squires & Eaton (1991)), when vT � u0

(i.e., small β) and µ = L11/(τbvT ) � 1, the bubble velocity fluctuations can be
approximated by the fluid velocity fluctuations evaluated along the bubble trajectory,
thus:

〈vi(0)vi(t)〉 � 〈ui(0, 0)ui(vTt, t)〉. (6.27)

Now, the local fluid fluctuations occur on a time scale ∼ L11/u0, that is much larger
(as β is small) than the time scale ∼ L11/vT on which the fluctuations due to bubble
motion occur. Thus one can drop the Eulerian time dependence in eq. (6.27):

〈ui(0, 0)ui(vTt, t)〉 � 〈ui(0, 0)ui(vTt, 0)〉 (6.28)

which indicates that the Lagrangian velocity autocorrelation in the z direction can be
approximated with the two point spatial correlation of Eulerian velocities. With this
result in mind, to detect similar scaling properties for bubble Lagrangian and fluid
Eulerian statistics should no longer be too surprising.
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In Fig. 6.21 the logarithmic local slope for structure functions along the gravity
direction is presented for all three cases (i)–(iii), with 0.7 < β < 2. The graph
depicts that, under the increase of β, the local slope seems to increase from the La-
grangian to the Eulerian scaling law, in the same way as the Lagrangian velocity
autocorrelation function tends towards the Eulerian one.
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FIGURE 6.21: Logarithmic local slope of DL
3 (τ) vs. DL

2 (τ), in the z direction for:
vT = 2vk, i.e., β � 2 (pluses); vT = 4vk, i.e., β � 1 (circles); and vT = 6vk,
i.e., β � 0.7 (stars). In all cases τb = τk/10 and there is only one-way coupling.
The local slope for the fluid structure function is also shown (crosses). The straight
lines indicate the Lagrangian intermittent exponent 1.34 and the Eulerian one 1.43,
respectively.

6.6 Conclusions

The dispersion of microbubbles with response time τb much smaller than the Kol-
mogorov time τk, in homogeneous and isotropic turbulence, has been studied and
compared to the dispersion of fluid particles. The numerics has been also tested
against the analytical predictions of Spelt & Biesheuvel (1998), that address the same
bubble regime as our work, namely, µ = L11/(vT τb)� 1 and β = u0/vT ∼ 1, with
L11, vT , and u0, the integral turbulence scale, the bubble rise velocity, and the fluid
velocity rms fluctuation, respectively. Since τb � τk bubble motion is mainly ruled
by viscous forces. However, inertia forces are fundamental in the dispersion: the
numerical results deviate from the analytical theory because of the interaction with
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eddies, which is caused by the flow pressure gradient term in the bubble equation
of motion. In particular, the lateral diffusivities (in directions perpendicular to the
gravity) are remarkably smaller than what predicted in the theory. The forces act-
ing on bubbles are strongly intermittent, and this holds especially for the lift force
that probes a very intermittent quantity, namely, the small scale vorticity field. The
analysis of Lagrangian intermittency is carried on by computing the velocity structure
functions along both fluid particle and bubble trajectories. The numerical results con-
firm, as already claimed in the past (Mordant et al. (2001)), that the intermittency is
stronger in the Lagrangian framework than in the Eulerian one. For bubbles, at large
β values, we detect similar intermittent scaling laws as for fluid particles. However,
the presence of a strong drift along gravity, at small β, makes the bubble Lagrangian
velocity autocorrelation function in this direction similar to the fluid Eulerian one. In
this case, also the intermittency displayed by the bubble velocity structure functions
is closer to the fluid Eulerian intermittency rather than to the Lagrangian.
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Chapter 7

Probing structures in channel flow
through SO(3) and SO(2)
decomposition †

SO(3) and SO(2) decompositions of velocity structure functions in numerical channel
flow turbulence are performed. The decompositions are used to probe, characterize,
and quantify anisotropic structures in the flow. Close to the wall the anisotropic
modes are dominant and reveal the flow structures. The dominance of the (j,m) =
(2, 1) mode of the SO(3) decomposition in the buffer layer is associated with hairpin
vortices. The SO(2) decomposition in planes parallel to the walls allows us to access
also the regions very close to the wall. In those regions we have found that the strong
enhancement of intermittency can be explained in terms of streaks-like structures and
their signature in the m = 2 and m = 4 modes of the SO(2) decomposition.

7.1 Introduction

Structures called ’streaks’ have been thought to be the main signatures of wall-boun-
ded flows in the viscous sub-layer since the pioneering work of Kline et al. (1967)
who observed the existence of extremely well organized motions made of region of
low and high speed fluid, elongated downstream and alternating in the span-wise di-
rection. Later, in Kim et al. (1971), ’streaks’ were reported to be responsible for
turbulent production in the viscous sub-layer. Similarly, ’hairpins’ have been the
main persistent structures observed experimentally (Head & Bandyopanhyay (1981);
Wallace (1982)) and numerically (Moin & Kim (1985); Kim & Moin (1986)) outside

†See also L. Biferale, D. Lohse, I.M. Mazzitelli, and F. Toschi, Probing structures in channel flow
through SO(3) and SO(2) decompositions, J. Fluid Mech. 452, 39-59 (2002)
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the viscous layer, in the turbulent boundary layer. By means of conditional sampling,
Kim & Moin (1986) were able to show that these ’hairpin’ shaped structures are asso-
ciated with high Reynolds-shear stress and give a significant contribution to turbulent
production in the logarithmic layer. For a thorough discussion of structures in wall
flow and their hitherto characterization with the help of statistical methods we refer
to chapter 7 of the text book by Pope (2000).

How are the structures seen in wall bounded flows reflected in the statistical
theory of turbulence?

Kolmogorov’s classical statistical theory (Kolmogorov (1941)) avoids the term
structures. He hypothesizes that any turbulent flow isotropizes and homogenizes on
the smallest scales. Based on this he postulates (i) the existence of an inertial range
of scales where (ii) the ’almost’ isotropic homogeneous turbulent fluctuations are
characterized by a power law spectrum with a universal −5/3 slope. Both state-
ments are connected and neither is strictly correct. First, it has been established
experimentally and numerically (Frisch (1995)) that already in the ideal isotropic
and homogeneous high-Reynolds numbers limit turbulent fluctuations are strongly
intermittent. Intermittency means that the probability density of velocity increments,
δRu = (u(x+R)− u(x)) · R̂, cannot be rescaled by using only one single scaling
exponent for all distances R, see for example Frisch (1995). Second, in almost all
relevant applied situations one is interested in those ranges of scales where turbulence
statistics is neither homogeneous nor isotropic.

In this chapter we will discuss the important case of channel flows. Recent
experimental (Garg & Warhaft (1998)) and numerical investigations (Pumir (1996);
Pumir & Shraiman (1995); Schumacher & Eckhardt (2001)) have shown that the
tendency towards the isotropization of small scale statistics of shear-flows is much
slower than any dimensional prediction even at very large Reynolds numbers. Even
worse, in contrast to what is predicted by the Kolmogorov 1941 theory, some observ-
ables like the skewness of velocity gradients, exhibit persistence of anisotropies.

The two above issues of intermittency and anisotropy are connected. One can-
not focus on the issue of intermittency in high-Reynolds number homogeneous and
isotropic statistics without first having a systematic control on the possible slowly
decaying anisotropic effects, that are always present in all numerical or experimen-
tal investigations. Similarly, the understanding of complex non-homogeneous and
anisotropic flows cannot avoid the problem of intermittent isotropic and anisotropic
fluctuations.

Toschi et al. (1999) and Benzi et al. (1999) started a first systematic investigation
of the intermittent properties of velocity increments parallel to the wall as a function
of the distance from the wall in a channel flow simulation. In this case a clear tran-
sition between the bulk physics and the wall physics was recognized in terms of two
different set of intermittent exponents characterizing velocity fluctuations at the cen-



CHAPTER 7. SO(3) AND SO(2) ANALYSIS OF A CHANNEL FLOW 95

ter and close to the channel walls. Still a firm quantitative understanding of how much
these intermittent quantifiers can be connected to the presence of persistent structures
is lacking. For instance, in Benzi et al. (1999), the different behavior of velocity fluc-
tuations in the buffer layer was explained as a breaking of the Kolmogorov refined
hypothesis linking energy dissipation to inertial velocity fluctuations, i.e., an effect
due to the different production and dissipation mechanism caused by the presence of
strong shear effects close to the walls. Clearly, such a kind of issue can only be ad-
dressed by using systematic tools which are able to quantify the degree of anisotropy
and coherency at different scales and at different spatial locations in the flow.

In this work we suggest as such a tool the exact decompositions of the corre-
lation functions in terms of the irreducible representations of the rotational group
SO(3) (in the bulk of the flow) and in terms of the irreducible representations of
the two-dimensional rotational group SO(2) (close to the walls). The SO(3) decom-
position has been introduced by Arad et al. (1998, 1999a,b) and meanwhile used
extensively (Kurien et al. (2000); Kurien & Sreenivasan (2001b,a); Grossmann et al.
(1998, 2001)). With this tool we can quantify in a systematic way the relative and
absolute degree of anisotropy of velocity fluctuations. The SO(3) decomposition,
being connected to the exact invariance under rotations of the inertial and diffusive
terms of the Navier-Stokes equations, can disentangle universal scaling properties
of the isotropic sectors from the more complex behavior in the anisotropic sectors.
We also show how the SO(2) decomposition in planes parallel to the walls is a use-
ful analyzing tool in order to quantify the relative change of planar anisotropy when
approaching the boundaries.

Furthermore, we show how a statistical data analysis in principle allows for
a connection between some coefficients of the decompositions and the ’structures’
observed by simple flow visualization. We therefore try to contribute to fill the gap
between the quantitative systematic methodology used in ’ideal’ homogeneous and
isotropic turbulence and the more qualitative description in terms of ’structures’ used
in the ’non-ideal’ wall bounded flows.

The chapter is organized as follows: In section 7.2 we review the main theoreti-
cal considerations about the importance of the SO(3) decomposition in the Navier-
Stokes equations. In section 7.3 we present a systematic analysis of the SO(3) decom-
position in a numerical channel flow data base. We discuss the results with particular
emphasis on the universality issue, i.e., independence of the large scale effects, and
on how one can use such a decomposition to quantify the relative importance of struc-
tures like ’hairpin’ in the bulk of the flow. In section 7.4 we present the results from
the SO(2) decompositions in planes well inside the buffer layer, i.e., where the SO(3)
decomposition cannot be applied due to the presence of the rigid walls. In particu-
lar, we show how the SO(2) analysis allows us to clearly distinguish the existence
of ’streak’ like structures in a statistical sense. Section 7.5 is left to comments and
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conclusions.

7.2 SO(3) decomposition

SO(3) – rotational invariance – is one of the basic symmetries of the Navier-Stokes
equations. However, it is broken by the boundary conditions or by the driving force of
the flow, both of which introduce anisotropy and also inhomogeneities. Let us start,
as an example, with the SO(3) decomposition of the 2nd order velocity correlation
depending only on one spatial increment R:

Cαβ(x,R) = 〈(uα(x+R)− uα(x)(uβ(x+R)− uβ(x)〉 . (7.1)

This observable can be decomposed in terms of the irreducible representations of the
three dimensional rotational group (Arad et al. (1999b)) which form a complete basis
in the space of smooth second order tensors depending on one vector R:

Cαβ(x,R) =
∑
qjm

aq,jm(x, R)B
q,jm
αβ (R̂). (7.2)

The notation in (7.2) is borrowed from the quantum mechanical analogous, i.e.,
j = 0, 1, .... labels the eigenvalues of the modulus of the total angular momentum
L2; m = −j, ..,+j labels the eigenvalues of the projection of the total angular mo-
mentum on one direction, say ŷ; q labels the different irreducible representations
corresponding to a given j; and Bq,jmαβ (R̂) are the eigenfunctions of the rotational
group in the space of second order smooth tensors. For the fully isotropic sector,
j = 0, we have only m = 0 and a simple calculation shows that there are only two
independent irreducible representations in the isotropic sector, i.e., the well known
result (Monin & Yaglom (1975)) that we need only two independent eigenfunctions
in order to describe any second order isotropic tensor. These two eigenfunctions can
be taken to be:

B1,00
αβ (R̂) = δα,β; B2,00

αβ (R̂) = R̂αR̂β

and therefore the decomposition (7.2) in the isotropic sector assumes the familiar
form

Cαβ(x,R) = a1,00(x, R)δα,β + a2,00(x, R)R̂αR̂β. (7.3)

In appendix A we list the complete set of Bq,jmαβ for the case of second order ten-
sors. For higher tensor ranks we refer to Arad et al. (1999b). The main physical
information is of course hidden in the dependence of the coefficients aq,jm(x, R)
on the spatial location, x, and on the analyzed scale, R. We aim at using the de-
composition (7.2) as a filter able to exactly disentangle different anisotropic effects
as a function of the spatial location and of the analyzed scale. In previous studies,
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FIGURE 7.1: Coordinate system in channel. Shown are stream-wise (x), span-wise
(z), and wall-normal (y) directions.

the main interest was focused on the theoretical issue of the existence of scaling be-
havior for the coefficients aq,jm(x, R) and on its possible dynamical explanation in
terms of the ’foliation’ of the Navier-Stokes equation in different j sectors (Arad
et al. (1998, 1999a,b); Biferale et al. (2001); Grossmann et al. (2001)). The typical
questions addressed were whether coefficients belonging to different j sectors have
different scaling behaviors (if any) and, in this case, which kind of dimensional es-
timate for scaling exponents in the anisotropic sectors one could propose. As for
the issues of scaling behavior, due to the limitation of small Reynolds numbers in
the numerical case (Arad et al. (1999a); Biferale et al. (2001)), and to the limited
amount of information available on the tensorial structure of the velocity field in the
experimental case (Arad et al. (1998); Kurien et al. (2000); Kurien & Sreenivasan
(2001b)), only partial answers have been found. Among them, the most important is
the strong universality shown by the isotropic sector as a function of the local degree
of non-homogeneity (and anisotropy), i.e., the independence of x shown by the scal-
ing properties of the coefficients aq,00(x, R) in non-homogeneous turbulence (Arad
et al. (1999a)).

In the present analyses we do not focus on possible scaling behavior but we
would like to suggest the SO(3) decomposition as an appropriate tool to analyze,
characterize, and quantify the non-universal large scale geometric properties of the
turbulent flow. As an example we take numerical channel flow (Amati et al. (1997);
Toschi et al. (1999)) obtained by a lattice Boltzmann code running on a massively
parallel machine. The spatial resolution of the simulation is 256 × 128 × 128 grid
points. Periodic boundary conditions were imposed along the stream-wise (x) and
span-wise (z) directions, whereas no slip boundary conditions were applied at the
top and at the bottom planes (y-direction). The Reynolds number at the center of the
channel is about 3000.
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We assume that, due to the homogeneity in planes parallel to the walls, there
is only a dependence on the height y of all statistical observables. The coefficients
aq,jm(x, R) carry two types of information: (i) their scaling behavior aq,jm(x, R) ∝
Rζ

(2)
q,jm which at least for small scales and large Re is hoped to be universal, i.e.,

position and flow independent, and (ii) their absolute or relative magnitudes which
clearly are non-universal, i.e., position x and flow type dependent. These ratios cha-
racterize what kind of structures the flow contains. These are time and ensemble
averaged quantities, obeying the underlying Navier-Stokes SO(3) symmetry, and we
consider them to be a systematic tool for structures characterization.

When analyzing higher order structure tensors Cαβ...γ(x,R), the decomposition
of type (7.2) becomes cumbersome soon. Moreover, in most experiments the full
tensorial information is not available anyhow. Therefore, one has to restrict oneself
to an abbreviated form of the SO(3) decomposition of the velocity structure tensor,
namely, the SO(3) decomposition of the longitudinal structure function. In this case
the undecomposed observable is a scalar under rotations and there exists only one
irreducible representation for each j sector, i.e., the usual spherical harmonics basis
set Y jm(R̂). One has to be careful, however, that using only scalar quantities may
not be enough to fully characterize the geometrical contents of statistically important
structures. We decompose the longitudinal structure function

S
(p)
L (x,R) = 〈

(
(u (x+R)− u (x − R)) · R̂

)p
〉 (7.4)

as follows:
S

(p)
L (x,R) =

∑
jm

S
(p)
jm(x, R)Y

jm(R̂). (7.5)

We expect that when scaling behavior sets in (presumably at high enough Re, much
beyond what we can achieve in numerical simulations) we should find:

S
(p)
jm(x, R) ∼ ajm(x)Rζ

(p)
jm . (7.6)

Again, the S
(p)
jm(x, R) carry both the scaling information S

(p)
jm(x, R) ∝ Rζ

(p)
jm and

their non-universal amplitudes.
A practical problem with the decomposition (7.5) of (7.4) is that for x close

to the boundaries the scale R is restricted to lengths smaller than the distance from
the wall, and the large scales cannot be probed. Therefore we will also perform
a decomposition of (7.4) which obeys the weaker SO(2) symmetry, i.e., rotational
invariance in a plane for fixed distance y from the wall,

D
(p)
L (y,R) =

∑
m

d(p)
m (y,R) exp (imφ). (7.7)
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The orientation dependence in a plane reduces to the dependence on an angle φ.
Again, the d(p)

m (y,R) carry both scaling and amplitude information.
Let us notice at this point that the SO(3) decomposition has its roots on the

intimate structure of the Navier-Stokes equations, i.e, on the invariance under rota-
tions of the inertial and dissipative terms and on the relative foliations on different
sectors of the three dimensional rotational group of the equation of motion of any
correlation function (Arad et al. (1999b)). For two dimensional observables no such
closed equation exists. Nevertheless, the SO(2) decomposition can still be seen as a
powerful tool to exactly decompose any observable in a fixed plane as a function of
isotropic and anisotropic structures in the plane itself.

7.3 SO(3) analysis of a turbulent channel flow field

In previous studies most of the attention was paid to the isotropic sector of the struc-
ture function decomposition (7.5), i.e., to the behavior of S(p)

00 (x, R) as a function of
the center of the decomposition x and of the scale R. In Arad et al. (1999a) it was
shown that the isotropic projection enjoys much better scaling properties than the
undecomposed structure function and that these properties are robust with respect to
the changing of the local degree of anisotropy, i.e., with respect to the center of the
decomposition, x. These findings support the idea of universality of the isotropic
scaling exponents. Very little was possible to say about scaling of the anisotropic
sectors because of lack of spatial resolution; the only qualitative statement was that
the scaling exponent of the j = 2 sector was roughly 4/3, as predicted by the dimen-
sional argument given by Lumley (1967) or by Grossmann et al. (1994).

7.3.1 SO(3) decomposition and structures

Here we concentrate on the more applied question of how much the different pro-
jections, independently of their possible scaling properties, can teach us about the
preferred geometrical structures present in the flow when changing the analyzing po-
sition in the channel.

In Figs. 7.2 and 7.3 we present the three different contributions we have in the
j = 2 non-isotropic sector† extracted at the center of the channel (y+ = 160) and
at one quarter (y+ = 80), respectively. From now on with the notation y+ we mean
normalization with respect to the wall coordinates, i.e., y+ = yv∗/ν, where v∗ is the

friction velocity (Monin & Yaglom (1975)). The relative size of the S(2)
2m(y

+, R+) for
different m and fixed y+ characterizes the geometry of the anisotropic structures on
the corresponding scale R. Note that also the distance at which velocity increments
are measured (R) is normalized to wall units (R+). For y+ = 80 the (j = 2,m = 1)

†The j = 1 sector is absent due to the symmetries of the structure functions chosen in this work.
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FIGURE 7.2: Log-log plot of S
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FIGURE 7.4: Graphical representation of spherical harmonics (from left to right)∣∣Y 2,0(θ, φ)
∣∣, ∣∣Y 2,1(θ, φ)

∣∣, and
∣∣Y 2,2(θ, φ)

∣∣.
mode is very pronounced on smaller scales, see Fig. 7.3. We associate this with
the hairpin vortices and other structures which diagonally detach from the wall and
which are projected out by Y 21. For a visualization of the Y 2m see Fig. 7.3.1. In the
center the (j = 2,m = 1) mode is two orders of magnitude less pronounced than
at y+ = 80. Our interpretation is that the diagonal structures from above and below
have equal and opposite contributions.

The most pronounced structures in the center are those parallel to the flow di-
rection, i.e., (j = 2,m = 2), see Fig. 7.2. Also at y+ = 80 the structures parallel
to the flow direction (mode (j = 2,m = 2)) are rather pronounced. At scales be-
yond R+ ≈ 100 they overwhelm the diagonal contributions (mode (j = 2,m = 1)).
Therefore one is tempted to interpret R+ ≈ 100 as the typical maximal size of the
hairpin vortices.

We performed this type of analysis also for the S(4)
2m(y

+, R+) with very similar
results.

7.3.2 Higher order moments and the lack of isotropy at small scales

The first question one may want to ask about the decomposition (7.5) is whether it
converges with increasing j. We want to check this for an R in the (stream-wise)
flow direction, i.e., R̂ = (θ, φ) = (π/2, 0).

As we can see from Fig. 7.5, at small scales and in the channel center, where
anisotropic contributions are small, the convergence is rather good. But away from
the center (y+ = 62) and in particular for large scales the quality of the convergence
becomes poor, see Fig. 7.6. Note that in any case the convergence is not monotonous
as a function of the scale.

Another, even more informative way to quantify the rate of isotropization is
to plot the ratio of each single amplitude S

(2)
jm(x, R) to the total structure function

S
(2)
L (x,R) with R in the direction of the mean flow. In Figs. 7.7 and 7.8 one can

find the above quantities at the center of the channel y+ = 160 and in the buffer
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FIGURE 7.5: Analysis of the convergence of the SO(3) decomposition: ratioJ,M
represents the ratio between the longitudinal structure function of order 2 in the
stream-wise direction reconstructed up to (J,M) = (0, 0) (+), (J,M) = (2, 0) (×),
(J,M) = (2, 2) (∗), (J,M) = (4, 0) (✷), (J,M) = (4, 2) (�), and (J,M) =
(4, 4) (◦) and the undecomposed structure function, at the center of the channel
y+ = 160.
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FIGURE 7.6: Analysis of the SO(3) decomposition’s convergence: ratioJ,M repre-
sents the ratio between the longitudinal structure function of order 2 in the stream-
wise direction reconstructed up to (J,M) = (0, 0) (+), (J,M) = (2, 0) (×),
(J,M) = (2, 2) (∗), (J,M) = (4, 0) (✷), (J,M) = (4, 2) (�), and (J,M) =
(4, 4) (◦) and the undecomposed structure function, at the center of the channel
y+ = 62
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FIGURE 7.7: Ratio of each single (j,m) amplitude S
(2)
j,m(y

+,R) to the total struc-

ture function S
(2)
L (y+,R) with R in the direction of the mean flow and y+ = 160.

The (j,m) indices are: (0, 0) (+), (2, 0) (×), (2, 2) (∗), (4, 0) (✷), (4, 2) (�), and
(4, 4) (◦).
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FIGURE 7.8: Ratio of each single (j,m) amplitude S
(2)
j,m(y

+,R) to the total struc-

ture function S
(2)
L (y+,R) with R in the direction of the mean flow and y+ = 62.

The (j,m) indices are: (0, 0) (+), (2, 0) (×), (2, 2) (∗), (4, 0) (✷), (4, 2) (�), and
(4, 4) (◦).
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FIGURE 7.9: Ratios between the sector (j,m) = (4, 4) of the decomposition of
S

(2)
L (y+, R+) and the isotropic sector (j,m) = (0, 0) as functions of R, at changing

the analyzed height in the channel: y+ = 160 (+), y+ = 125 (×), y+ = 92 (∗),
y+ = 80 (✷), y+ = 62 (�), y+ = 48 (◦), and y+ = 37 (•).

layer y+ = 62, respectively. It is interesting to notice that at large scales there are
contributions from all resolved j sectors indicating as already seen above, a lack of
convergence of the decomposition at those scales.

In the buffer layer the relative ratio of the anisotropic sectors is much higher
than what is seen in the center. Moreover, even more interestingly, in the buffer
layer, where due to the presence of a high shear one can imagine a statistically stable
signature of anisotropic physics, there appears to be a clear grouping of different
sectors labeled by different j indices: Fig. 7.8 shows that projections with the same
j but different m indices have a qualitative similar behavior. Of course, this kind of
comparison depends on the direction of the undecomposed structure functions (here
taken parallel to the walls).

Another test of the relative weighs of anisotropies (now independent of the cho-
sen coordinate system) is to plot the ratio between the isotropic projection S(p)00 (x, R)
and the other anisotropic projections for j > 0. Such a test is done in terms of quan-
tities depending only on the separation magnitude R, and therefore measures the
relative importance of anisotropies independently of the orientation. In Fig 7.9 we
show, for example, the ratio between the sector (j,m) = (4, 4) and the isotropic
sector (j,m) = (0, 0) as a function of the wall distance and the scale R+. As ex-
pected, by approaching the wall (decreasing y+), the ratio becomes larger and larger,
showing clearly the importance of high j fluctuations in the sheared buffer layer.

Above convergence analysis is a systematic quantitative way to understand the
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FIGURE 7.10: Ratio of each single (j,m) amplitude S(4)
j,m(y

+,R) to the total struc-

ture function S
(4)
L (y+,R) with R in the direction of the mean flow and y+ = 160.

The (j,m) indices are: (0, 0) (+), (2, 0) (×), (2, 2) (∗), (4, 0) (✷), (4, 2) (�), and
(4, 4) (◦).
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FIGURE 7.11: Ratio of each single (j,m) amplitude S(4)
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+,R) to the total struc-

ture function S
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L (y+,R) with R in the direction of the mean flow and y+ = 62.

The (j,m) indices are: (0, 0) (+), (2, 0) (×), (2, 2) (∗), (4, 0) (✷), (4, 2) (�), and
(4, 4) (◦).
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FIGURE 7.12: Analysis of the convergence of the SO(2) decomposition: ratioM
represents the ratio between the longitudinal structure function of order 2 in the
stream-wise direction reconstructed up to M = 0 (+), M = 2 (×), M = 4 (∗),
M = 6 (✷), and M = 8 (�) and the undecomposed structure function, at the center
of the channel y+ = 160.

rate of isotropization toward small scales exhibited by this particular flow as a func-
tion of the distance from the wall. However, the lack of convergence of the SO(3)
decomposition close to the wall also shows its limitations once highly anisotropic
structures are present: many (j,m)-amplitudes are necessary to characterize them.

All the previous trends have also been found, amplified, by analyzing higher
moments. For example, in Figs. 7.10 and 7.11 we re-plot the same as in Figs. 7.7
and 7.8 but for the fourth order structure functions. The fact that the previous trends
are much more enhanced for higher order moments is an indication that anisotropic
fluctuations are important but ’rare’, i.e., are connected to intense fluctuations in a
sea of isotropic turbulence.

7.4 SO(2) analysis of a turbulent channel flow

As discussed in the previous sections, the SO(3) decomposition turned out to be
useful as it is able to highlight statistical information as a function of geometrical
structures. However, the SO(3) decomposition suffers from some drawbacks when
one wants to analyze the statistical turbulent behavior close to the fluid boundaries.
They originate from the need to perform integrals over a given sphere, and therefore
close to the boundaries the limitation of the sphere radius does not allow to extract
any information but for a very limited (almost fully dissipative) range of scales.
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FIGURE 7.13: Analysis of the convergence of the SO(2) decomposition: ratioM
represents the ratio between the longitudinal structure function of order 2 in the
stream-wise direction reconstructed up to M = 0 (+), M = 2 (×), M = 4 (∗),
M = 6 (✷), and M = 8 (�) and the undecomposed structure function, at y+ = 37.

To overcome this problem, we propose to use a decomposition in eigenfunctions
of the group of rotations in two dimensions, SO(2). The rational behind this idea is
that the Navier-Stokes equations obviously obey the SO(2) symmetry and for the
channel flow also the geometry obeys this symmetry, once the rotation axis is chosen
in the y direction. However, the mean flow breaks the SO(2) symmetry as it breaks
the SO(3) symmetry. Nevertheless, we will gain a tool being able to exactly decom-
pose any two-dimensional observable in terms of fluctuations with a given property
under two-dimensional rotations. In the region very close to the walls where very
elongated ’streak’ structures have been observed, the SO(2) analysis may help in un-
derstanding the relative importance of isotropic and anisotropic planar fluctuations.

7.4.1 SO(2) decomposition and structures

The SO(2) decomposition of the longitudinal structure function D
(p)
L (y,R) is de-

fined as
D

(p)
L (y,R) =

∑
m

d(p)
m (y,R) exp (imφ), (7.8)

where R is a two-dimensional vector lying in a plane at fixed y. Due to the symmetry
of the structure function only even ms will contribute to the sum in (7.8).

In Figs. 7.12 and 7.13 we show the rate of convergence of the reconstructed
structure function of order 2 as function of the maximum M contributing to the right
hand side (RHS) of (7.8) and at two different distances from the wall, at the center
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FIGURE 7.14: Analysis of the convergence of the SO(2) decomposition: ratioM
represents the ratio between the longitudinal structure function of order 4 in the
stream-wise direction reconstructed up to M = 0 (+), M = 2 (×), M = 4 (∗),
M = 6 (✷), and M = 8 (�) and the undecomposed structure function, at the center
of the channel y+ = 160.
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FIGURE 7.15: Analysis of the convergence of the SO(2) decomposition: ratioM
represents the ratio between the longitudinal structure function of order 4 in the
stream-wise direction reconstructed up to M = 0 (+), M = 2 (×), M = 4 (∗),
M = 6 (✷), and M = 8 (�) and the undecomposed structure function, at y+ = 37.
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FIGURE 7.16: Absolute weight of different d(p)
m (y+, R+) contributions for the sec-

ond order structure function at the center of the channel y+ = 160. The m’s values
of these components are: 0 (+), 2 (×), 4 (∗), and 6 (✷).
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m (y+, R+) contributions for the sec-

ond order structure function in the buffer layer y+ = 37. The m’s values of these
components are: 0 (+), 2 (×), 4 (∗), and 6 (✷).
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FIGURE 7.18: Sketch of a “streak” in a x − z plane probed with the m = 2 and
m = 4 eigenfunctions.

(Fig. 7.12) and in the buffer layer (Fig. 7.13). The findings are the same as for the
SO(3) decomposition: (i) in the center of the channel we find a quite good conver-
gence; (ii) however, in the buffer layer, even when reaching M = 8, large scales are
still far from being reconstructed. This reflects the tendency of the formation of large
and intense anisotropic structures. These trends are even more pronounced for the
fourth order moment as shown in Figs. 7.14 and 7.15.

In Fig. 7.16 we show the absolute weight of different m-contributions for the
second order structure function, again in the center. Note that there is a clear mono-
tonic organization of different contributions as a function of their isotropic/anisotropic
properties, i.e., higher ms are less intense than lower ms in a systematic way at all
scales.

In contrast, in the buffer layer, Fig. 7.17, there is a crossing of the m = 2
contribution and of the m = 4 contribution at scales of the order of R+ ∼ 90. We
interpret this crossing as the signature of the formation of structures or streaks with
typical width R+ ∼ 90 and with a preferred orientation projected out by the m = 4
eigenfunction: The m = 2 eigenfunction weighs essentially the difference between
velocity correlations in the streamwise and in the spanwise directions, whereas those
contributions sum in the projection on the m = 4 eigenfunction (see Fig. 7.18).

Thus, on scales R+ smaller than the typical streak width, the intensity of the
m = 4 coefficient will exceed the one of the m = 2 coefficient. On the other hand, on
large scales R+ > 90 we find the normal ordering d

(2)
0 (37, R+) > d

(2)
2 (37, R+) >

d
(2)
4 (37, R+) > d

(2)
6 (37, R+). That elongated structures exist close to the wall is

shown in the contour plot of Fig. 7.21, and of course known from many experiments
and simulations (see chapter 7 of Pope (2000)).

The above trends are again more intense for p = 4, 6... For p = 6 it even
happens (not shown) that the dominant contribution at large scales is given by the
m = 2 sector, proving, once more, the extreme departure from isotropy (in the plane)
close to the walls.

In order to quantify the departure from isotropy in each plane at changing the
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FIGURE 7.19: Ratio between the projection on the m = 2 sector and on the isotropic
sector m = 0 as a function of y+, for R+ = 10 (+), 25 (×), 50 (∗), 75 (✷), 150 (�),
and 250 (◦).
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FIGURE 7.20: Ratio between the projection on the m = 4 sector and on the isotropic
sector m = 0 as a function of y+, for R+ = 10 (+), 25 (×), 50 (∗), 75 (✷), 150 (�),
and 250 (◦).
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FIGURE 7.21: Contour plot of the fluctuations of the stream-wise velocity at y+ =
37.

distance from the wall, we plot the ratios between the projections on the m = 2 sec-
tor and the isotropic sector (Fig. 7.19) at varying the distance from the wall and for
some R+ values. Fig. 7.20 shows the same but for m = 4. Note the sharp transition at
y+ ∼ 40 from an almost isotropic statistics (y+ > 40) to a strongly anisotropic statis-
tics (y+ < 40): this is again the signature of the beginning of the buffer layer with
“structures”. The ratio of the anisotropic to the isotropic amplitudes peaks around
y+ = 10. In the viscous sublayer y+ < 10 the anisotropy loses importance.

7.4.2 Extended self similarity plots for SO(2) decomposed structure func-
tions

Let us now switch to the more statistically minded question of the experimental and
numerical finding of stronger intermittency corrections close to the walls (Toschi
et al. (1999); Onorato et al. (2000); Benzi et al. (1996b); Gaudin et al. (1998);
Toschi et al. (2000)). Remarkably, these corrections display universality, i.e., the
same exponents were measured in different set-ups. This result has been connected
with an universal shear-dominated range for scales R larger than the shear length

LS =
(
ε/S3

)1/2
, with ε the flow viscous dissipation and S the shear intensity. In

that range one can expect different energy transfer statistics and as a consequence the
breakdown of Kolmogorov’s refined similarity hypothesis.

Can one see the features of this shear dominated universality class of intermit-
tency also in the wall region of the present channel flow? In order to extract any
quantitative information on scaling exponents in numerical simulations one needs to
use the ESS technique (Benzi et al. (1993, 1996a); Grossmann et al. (1997a)). ESS
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is based on the experimental and numerical observation that structure functions even
at moderate Reynolds numbers show scaling in a generalized sense, i.e., they scale
when plotted against each other. In particular, we want to analyze the scaling:

D
(p)
L (y,R) ∼

(
D

(2)
L (y,R)

)ζ(p)(y)/ζ(2)(y)
. (7.9)

Here we have again limited ourself to the analysis of structure functions in the plane.
In eq. (7.9) we have explicitly taken into account the possibility that the scaling
exponents depend on the distance from the walls. As stated above, Toschi et al.
(1999) have shown that there exist two distinct sets of exponents: One governing the
scaling in the range of scales smaller than LS (i.e., close to the center of the channel,
in our case) which is given in terms of the usual isotropic and homogeneous set of
exponents. And the second one governing the scaling in the shear dominated range
of scales R > LS (i.e., close to the walls in our channel simulation).

In Fig. 7.22 we show the ESS local slopes of the undecomposed structure func-
tion in the stream-wise direction in the center of the channel and the same for the
projection on the m = 0 sector, for the moments p = 4 versus p = 2. Already the
fully isotropic component (in the plane) is able to well reproduce the undecomposed
observable and both are in good agreement with the isotropic and homogeneous sca-
ling. This finding confirms that at the center of the channel the whole range of scales
is only weakly affected by any shear effect, reflecting that here R � LS , which
diverges to infinity at the channel center.

On the other hand, in Fig. 7.23 we show the same quantities as in Fig. 7.22
but now in a plane well inside the buffer layer (y+ = 37). Here the m = 0 com-
ponent does not reproduce the undecomposed observable, confirming the anisotropy.
However, remarkably, it is enough to add the m = 2 sector, i.e., to reconstruct up to
M = 2 in the RHS of eq. (7.8), to have a good agreement with the more intermittent
undecomposed structure function local slope. This is evidence that, as far as the new
scaling properties are concerned, the main effect is brought by the m = 2 ’streak’
like structures in the buffer layer.

7.5 Conclusions

A detailed investigation of anisotropies in channel flows in terms of the SO(3) and
SO(2) decomposition of structure functions has been presented. Projections on the
eigenfunctions of the two symmetry groups can be seen as a systematic expansions of
structures as a function of their scale and in terms of their local degree of anisotropy.

We have used the SO(3) decomposition of structure functions at the center and at
one quarter of the channel in order to have a tool to measure the relative importance of
isotropic and anisotropic fluctuations at all scales. Close to the wall, the anisotropic



114 7.5. CONCLUSIONS

R+

d
ln
S

(4
) (
y
+
,R

+
)/
d
ln
S

(2
)
(y

+
,R

+
)

20 40 60 80 100 120 140 160160 180 200
1

1.5

2

2.5

3

FIGURE 7.22: ESS logarithmic local slopes of the undecomposed structure function
in the stream-wise direction (+) and of the projection on the m = 0 sector (×) as
functions of the scale R+, for the moments p = 4 versus p = 2, at y+ = 160. The
dashed line represents the value 1.84 resulting from the experimental high-Reynolds
numbers isotropic measurements.
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FIGURE 7.23: ESS logarithmic local slopes of the undecomposed structure function
in the stream-wise direction (+), of the projection on the m = 0 sector (×), and of
the reconstruction up to mmax = 2 (∗) as functions of the scale R+, for the moments
p = 4 versus p = 2, at y+ = 37. The dotted line corresponds the best fit value,
1.52, for the ESS logarithmic local slopes of the undecomposed structure function in
the stream-wise direction, the dotted-dashed line corresponds to the high-Reynolds
number experimental isotropic value, 1.84, for the same quantity.
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fluctuations show strong effects induced from structure with the typical orientations
of hairpin vortices. A partial lack of isotropization is still detected at the smallest
resolved scales.

The SO(2) decomposition in planes parallel to the walls allowed us to access
also the regions close to the wall. In those regions, we have found that the strong
enhancement of intermittency can be understood in terms of streak like structures
and their signatures in the m = 2 and m = 4 modes of the SO(2) decomposition.

Still we need to understand the physics of the anisotropic flow structures and
why they are more intermittent. However, we are confident that the SO(3) and SO(2)
decompositions are a useful systematic tool to analyze any isotropic/anisotropic two-
dimensional/three-dimensional turbulent data. We hope that in the long run characte-
rizations of anisotropic behavior like the present one may help to improve LES of
strongly anisotropic and inhomogeneous flows.

Appendix A

In this appendix, we want to explicitly write down the SO(3) decomposition
of the most general two-point velocity correlations in anisotropic turbulence. We
consider the second order tensor involving velocities at two distinct points x and
x+R:

Cαβ(R) ≡
〈
uα(x)uβ(R+ x)

〉
, (7.10)

where we have supposed that the statistics is homogeneous (but not isotropic) and
therefore the LHS of (7.10) depends only on R, the distance between the two points.
Then, we can decompose Cαβ according to the irreducible representations of the
SO(3) group. Each irreducible representations will be composed by a set of functions
labeled with the usual indices j = 0, 1, .... and m = −j, ...,+j corresponding to the
total angular momentum and to the projection of the total angular momentum on an
arbitrary direction, respectively. Moreover, a new ’quantum’ index q which labels
different irreducible representations will be necessary. There are only q = 1, ..., 9
irreducible representations of the SO(3) groups on the space of two-indices tensors
depending continuously on a three-dimensional vector (Arad et al. (1999b)). In par-
ticular, for fixed j and m, the 9 basis tensors can be constructed starting from the
scalar spherical harmonics Yjm(X̂) plus successive application of the two isotropic
operators Rα and ∂β in order to saturate the correct number of tensorial indices. For
example, the 9 linearly independent basis vectors which define the irreducible repre-
sentations (7.2) can be chosen as:
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Bαβ1,jm(R̂) ≡ R−jδαβΦjm(R) ,

Bαβ2,jm(R̂) ≡ R−j−2RαRβΦjm(R) ,

Bαβ3,jm(R̂) ≡ R−j[Rα∂β −Rβ∂α]Φjm(R) ,

Bαβ4,jm(R̂) ≡ R−j−1εαβµRµΦjm(R) ,

Bαβ5,jm(R̂) ≡ R−j+2∂α∂βΦjm(R) ,

B6,jm(R̂) ≡ R−j+1[εβµνRµ∂ν∂α + εαµνRµ∂ν∂
β]Φjm(R) ,

Bαβ7,jm(R̂) ≡ R−j(Rα∂β +Rβ∂α)Φjm(R) ,

Bαβ8,jm(R̂) ≡ R−j−1[RαεβµνRµ∂ν +RβεαµνRµ∂ν ]Φjm(R) ,

Bαβ9,jm(R̂) ≡ R−j+1εαβµ∂µΦjm(R) ,

where Φjm(R) ≡ Rj Yjm(R̂). The most general second order tensor like (7.10) can
be decomposed as:

Cαβ(R) ≡
∑
j,m

9∑
q=1

aq,jm(R)B
αβ
q,jm(R̂) , (7.11)

where now the physics of the anisotropic statistical fluctuations must be analyzed
in terms of the projections aq,jm(R) into the different sectors. Not all projections
are statistically independent. For example, there exists the well known constraint
induced by the continuity equation for the only two projections different from zero
in the isotropic homogeneous sector, a1,00(R), a2,00(R),

R
d

dR
a1,00(R) +R

d

dR
a2,00(R) + 2a2,00(R) = 0 .

The above constraint has the immediate consequence that both projections must have
the same scaling behavior in the inertial range.
The continuity equation is not enough to impose similar constraints on the scaling be-
havior in the anisotropic sectors j > 0. In the latter case, the number of constraints is
less than the possible scaling degrees of freedom and therefore the possibility of hav-
ing different scaling for different irreducible representations within the same (j,m)
sector is not ruled out (see appendix of Arad et al. (1999b)).



Chapter 8

Conclusions

The nature of turbulence is unpredictable. This means that unpredictable velocity
fluctuations occur in time and in space. However, a remarkable characteristic of tur-
bulence is the existence of structures, like vortices, which can be found upon the un-
derlying chaotic flow. For instance, in turbulent channel flows, “hairpin” shaped vor-
tices or “streaks” of low and high velocity develop because of the rigid walls. These
structures are named coherent because, despite of the fluctuating velocity field, they
retain nearly the same shape and position in space and in time. Several techniques
are used to visualize turbulent structures. In the case of low pressure vortex filaments
one possibility is to seed the flow with microbubbles (see e.g. Cadot et al. (1995))
which tend to collect close to the vortex cores.

In this thesis we have presented the analysis of: (i) how microbubbles distribute
and modify the flow in a homogeneous and isotropic turbulent field, and (ii) the
coherent structures in a channel flow by separating the isotropic and anisotropic tur-
bulent fluctuations. Both topics have been studied by numerical analysis.

First we summarize the results achieved on turbulent bubbly flows. The regimes
investigated correspond to microbubbles of diameter ∼ 200µm in uncontaminated
water, i.e., the bubble-water interfaces are free of surfactant so that the flow slips
on them. We focus on this case in order to refer to some established models for all
forces which act on the bubble. This in particular holds for the lift force, whose
expression for clean bubbles has been found by means of numerical simulations (see
Legendre & Magnaudet (1998)). We remark that, however, ambiguities still exist
on the expression of the lift force (see e.g. Sridhar & Katz (1995)). Nevertheless,
recent experimental results show that the form employed in this work is reasonable
in several situations (Rensen et al. (2001); Lohse & Prosperetti (2003)). Thus, the
effects of added mass plus fluid acceleration at the bubble position, drag, gravity, and
lift force are included. Lift forces have been generally neglected in the past when
dealing with microbubbles (see e.g. Druzhinin & Elghobashi (1998, 2001)). In fact,
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even though the lift is much less intense than the drag at bubble Reynolds numbers
∼ O(1), we claim and prove that, owing to its direction, it is extremely relevant in
the balance of the forces experienced by the particle, within our homogeneous and
isotropic turbulence simulation.

In chapters 3 and 4 the two-phase flow evolution is studied in two distinct
regimes: the one-way coupling, in which bubbles move passively, with no interac-
tion, in the turbulence, and the two-way coupling, with their feedback on the flow
implemented as a small scale forcing term in the Navier-Stokes equations. In the first
case focus has been centered on the bubble local distribution within the flow structu-
res. It is found that, in agreement with experiments and previous analytical and nu-
merical works (e.g., see Sene et al. (1994); Maxey et al. (1994); Sridhar & Katz
(1999)), microbubbles cluster in eddies and may eventually be used as a signature of
low pressure vortex structures. Yet, when looking at the direction of the gravitational
force, we have found that a larger number of bubbles samples regions of downward
fluid velocity, i.e., directed as gravity. This effect, that roughly speaking is due to
the preferential balance of drag, buoyancy and fluid acceleration on downflow vortex
sides, is strongly enhanced by lift forces, that drift the trajectories of rising bubbles to
these sides of horizontal vortices. It is remarkable that this phenomenon, well known
for two-dimensional flows, is still important in three dimensions.

Such distribution has crucial consequences for the coupled case: the action on
the turbulent energy spectrum is found selective in wavenumber, with the large scales
being suppressed and the small scales being forced. The overall effect is a reduction
of the original flow viscous dissipation: thus part of the energy supplied by the exter-
nal forcing is dissipated by the disperse phase. The physical explanation of the result
is the following: mainly owing to lift forces, microbubbles accumulate in downflow
zones. Here they locally transfer momentum upwards, in the direction opposite to
the gravity. Thus the vertical fluid velocity fluctuations are suppressed and the flow
kinetic energy is dissipated.

Several proofs are presented in support of this statement. By measuring average
fluid observables, the flow is found to be slightly anisotropic, with less turbulence
intensity in the gravity direction with respect to the other two. Moreover, comparison
of results in simulations with lift force in the bubble equation of motion and without
lift highlights the determinant role played by bubble clustering on downflow vortex
sides for the two-way coupling regime: when the lift force is artificially switched
off, bubbles act as a source of kinetic energy and the viscous dissipation is larger
than in the single-phase flow. Also, the spectral modulation is different from before.
Once more, the importance of clustering is remarked by performing a calculation in
which bubbles are fixed at random locations, but are still forcing the flow (two-way
coupling). In this case, the reduction of the flow dissipation is uniform at all scales
and is smaller than what detected in the full simulation with moving bubbles. The
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flow viscous dissipation for uniform concentration can be also derived analytically
by considering the action of a suspension of bubbles uniformly distributed, and the
analytical result agrees with our numerical one.

The outcome of the calculations implies that we should be careful when us-
ing bubbles as passive tracers in experiments which aim at characterizing the flow
structures. Indeed, even at low void fractions ∼ 1%, the flow modification may be
non-negligible, owing to the intense local clustering. Moreover, the modulation is
most likely anisotropic, because of the combined effect of bubble preferential sweep-
ing in downflow zones and of their local momentum transfer. Experimental work is
now necessary in order to confirm the numerical results. For instance, according to
our numerics, by looking at the modulation in wavenumber of the energy spectrum,
the effect of lift forces and clustering could be revealed.

In chapter 5 the flow induced by microbubbles of Re ∼ O(1) rising in initially
quiescent water has been described. The analysis shows that bubbles are not able to
force the flow strongly enough to sustain an inverse energy cascade from the small
to the large scales. In fact, the stability of bubble clusters, which could generate a
rather intense anisotropic forcing, is resisted by lift forces that break vertical bubble
chains. The physical mechanism is as follows: a bubble rising in the wake of another
one experiences, because of the lift, a side force that expels it from the wake. As a
consequence bubbles are found to distribute uniformly in the domain. In the statis-
tically stationary state there is no local energy transfer and dissipation equals bubble
forcing at all scales. Also, the energy spectrum is flat and none of the characteris-
tics of real turbulence, with forcing on the large scales, is attained. The total flow
energy is of order αv2T /4, where α is the void fraction and vT the bubble rise speed,
a value in agreement with potential flow theory for high Reynolds number bubbles.
The results are given for flow simulations with periodic boundary conditions. In a
real experiment, the presence of rigid boundaries may induce large scale motions;
for instance large recirculating vortices can be produced near the walls that will, in
turn, affect the bubble evolution. However the topic is still under investigation, and
in recent experiments bubble distribution has been found rather uniform (Harteveld
et al. (2003)), despite the finite volume of the experimental set-up.

In chapter 6 the dispersion of bubbles has been investigated and compared to the
dispersion of fluid particles. Well known effects for heavy particles, like the “cross-
ing trajectories effect”, according to which particles cross the trajectories of fluid
elements, because of the gravity, and therefore diffuse less, are detected also for bub-
bles. Moreover, comparison is presented with respect to the analytical theory of Spelt
& Biesheuvel (1998). It is shown that bubble clustering in vortex structures causes
the deviation of the numerical results from the analytical predictions. Fluid particle
accelerations, as well as the forces acting on bubbles, are found to be extremely inter-
mittent. This characteristic is investigated also by computing the Lagrangian velocity
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FIGURE 8.1: SO(3) decomposition of the second order longitudinal structure func-
tion: Ratio of the j = 2 sector to the j = 0 sector for single-phase (filled symbols)
and two-phase (open symbols) flow with vT = 8vk, τb = τk/10. The various compo-
nents are indicated with: m = 0 (circles), m = 1 (diamonds), and m = 2 (squares).

structure functions, both for fluid particles and for bubbles, and studying their scaling
properties.

The existence of structures in turbulent flows has been proved to be extremely
important in the motion and dispersion of microbubbles. Different kind of flows dis-
play different type of structures, from vortex filaments in homogeneous turbulence to
more complex ones, that may present a particular spatial orientation, in more com-
plex flow geometries. The last chapter of the thesis (chapter 7) is dedicated to the
analysis of the structures and of the turbulence anisotropy in a channel flow. The
longitudinal velocity structure functions are decomposed into the eigenfunctions of
the symmetry groups of rotations in three-dimensions SO(3) and two-dimensions
SO(2). The SO(3) decomposition has its roots in the invariance under rotations of
the inertial and dissipative term of the Navier-Stokes equations. However, the forcing
and the boundary conditions break the rotational invariance. The projection is applied
to separate isotropic and anisotropic contributions to the total function. It is proved
the connection of some components of the decompositions to coherent structures that
develop in channel flows, namely, “hairpins”, detaching from the walls with an angle
of about 45◦, in the buffer layer, and “streaks” of low and high velocities, close to the
walls. Furthermore, the different intermittency, with respect to homogeneous turbu-
lence, displayed by structure functions close to the walls is linked to the presence of
the streaks in this region.
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In conclusion, the SO(3) projection is found to efficiently disentangle the anisotropic
fluctuations and to probe the coherent flow structures. Therefore it can be applied
to two-phase bubbly flows, where we showed that turbulence is slightly anisotropic.
First results on this issue are shown in Fig. 8.1 where the ratio of some anisotropic
sectors, labeled with j = 2, to the fully isotropic one, (j,m) = (0, 0), are plotted,
for both single and two-phase flow. The graphs indicate that, as one may expect, the
relative intensity of the anisotropic components, at small scales, is higher in two than
in single-phase flow. This result shows that the signature of the flow anisotropies,
which develop because of the two-way coupling, appears in the various representa-
tions. Therefore, in future work, a systematic analysis of the projections will be of
help in giving further characterization to turbulent bubbly flow.
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Summary

Turbulent bubbly flow is investigated by calculating and quantifying the motion and
the action of microbubbles in homogeneous, isotropic and stationary turbulence.

Direct numerical simulation is employed for the flow Navier-Stokes equations
and Lagrangian tracking is used for computing the bubble trajectories. The forces
acting on bubbles are fluid acceleration plus added mass effects, drag, lift and buoy-
ancy. They are taken into account by a point-force model, which is reasonable for
bubble Reynolds numbers of order 1, that correspond to microbubbles of diameter
∼ 200µm in water (ν ∼ 10−2cm2/s and g = 981cm/s2).

First, bubble distribution in the flow is investigated. Intense clustering in vortex
structures is detected, which is the strongest when bubble parameters, namely, the
response time τb, and the rise speed in still liquid vT , are tuned to the Kolmogorov
time, τk, and velocity, vk, scale. Moreover, upon considering the direction of gravity,
we find that a larger number of bubbles reside in regions where the flow velocity
is directed as gravity. This phenomenon, called preferential sweeping of bubbles
in downward velocity zones, is mainly caused by the lift force, which drifts rising
bubbles to the downflow side of horizontal vortices. This has crucial consequences
for the active bubble case, i.e., when the momentum transfer of bubbles to the fluid
is implemented in the flow Navier-Stokes equations (two-way coupling). Indeed, the
dissipation spectrum of the turbulence in wavenumber (k) space is modified non-
uniformly: bubbles behave as an energy-source at small scales (large k′s) whereas
they suppress the velocity fluctuations at large scales (small k′s) with the net effect
being a reduction of the fluid viscous dissipation ε as compared to single-phase flow
(or one-way coupling case). The turbulence is slightly anisotropic with less intensity
in the vertical (gravity) than in the horizontal directions. The physical explanation of
the results is the combined effect of bubble accumulation in downflow regions, due
to lift forces, and their local momentum transfer upwards, due to the buoyancy: as a
consequence the vertical fluid velocity fluctuations are attenuated and bubbles behave
as a sink of turbulent kinetic energy.

In chapter 5 the flow induced solely by rising bubbles in an initially quiescent
fluid is studied. Once more, lift forces are found of essential importance in the flow
evolution. Here they resist to the assembling and stability of vertical bubble chains.
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As a consequence, the flow is not driven efficiently and, in the statistically stationary
state, none of the characteristics of real turbulence, forced on the large scales, is at-
tained: the kinetic energy spectrum is flat and energy input equals viscous dissipation
at all scales.

In chapter 6 Lagrangian statistics is computed for both fluid particles and bub-
bles in statistically stationary turbulence. In all investigated regimes bubbles are
found to disperse less than fluid particles. The reason is the buoyant force that rapidly
drives bubbles in low correlated fluid velocity regions. Owing to the small response
time τb = τk/10, drag forces are dominant in bubble motion, i.e., the bubble velocity
is close to the fluid velocity at its location, so that the loss of fluid velocity correlation
is reflected in the small diffusivity of the bubble. Comparison is presented between
our results and existing analytical theory (Spelt & Biesheuvel, 1998), and deviations
of the numerics from the predictions are attributed to the local clustering in vortices,
which is disregarded in the analytical approach. The probability density function of
forces acting on bubbles is found highly intermittent. This characteristic is further in-
vestigated by evaluating and comparing the scaling properties of Lagrangian velocity
structure functions for fluid particles and for bubbles.

In chapter 7, anisotropic turbulent channel flow and its near-wall coherent struc-
tures, namely, hairpin shaped vortices and streaks of low and high velocity, are stud-
ied. To this aim, the longitudinal velocity structure functions are decomposed in the
basis functions of the groups of rotation in three and in two dimensions, SO(3) and
SO(2), respectively. The projections are proved to be efficient tools to disentan-
gle isotropic and anisotropic turbulent contributions. Furthermore, the connection of
some components of the decomposition to the near-wall structures is showed.



Samenvatting

Turbulente bellen stroming is onderzocht door de beweging en de actie van micro-
bellen in homogene, isotrope en stationaire turbulentie te berekenen en te kwantifi-
ceren. Directe numerieke simulatie (DNS) is gebruikt om de Navier-Stokes vergeli-
jkingen voor de stroming op te lossen en ’Lagrangian tracking’ voor het berekenen
van de bellen banen. De krachten die op de bellen werken zijn de vloeistof versnelling
plus de toegevoegde massa effect, de weerstand (drag), de lift en de opwaartse kracht.
Met al deze krachten wordt rekening gehouden in het zogenaamd punt-kracht model,
dat gebruikt kan worden voor bellen met Reynolds-getallen van de orde 1. Dit komt
overeen met microbellen met een diameter van ∼ 200µm in water (ν = 10−2cm2/s
en g = 981cm/s2).

Als eerste is de belverdeling in een stroming onderzocht. Intense clustering in
wervel structuren is waargenomen, welke het sterkste optreedt wanneer de bel pa-
rameters, te weten de responsietijd τb en de stijgsnelheid in water in rust vT in de
buurt van de Kolmogorov tijd τk en snelheid vk liggen. Wanneer we bovendien
kijken naar de richting die de zwaartekracht heeft, dan vinden we dat de meeste
bellen in de gebieden blijven waar de vloeistof stroming dezelfde richting heeft als
de zwaartekracht. Dit verschijnsel, genaamd ’preferential sweeping’ (voorkeur zwer-
men) van bellen in naar beneden gerichte snelheidsgebieden, wordt vooral veroorza-
akt door de liftkracht, die opstijgende bellen naar de neergaande stromingskant van
horizontale wervels drijft. Dit heeft belangrijke gevolgen voor het geval van een
actieve bel, waarbij de impuls overdracht van de bellen naar de stroming is geim-
plementeerd in de Navier-Stokes vergelijkingen (two-way coupling of 2-weg kop-
peling). Het dissipatie-spectrum van turbulentie in de golfgetalruimte (k) veran-
dert inderdaad niet-uniform: bellen gedragen zich als een energie bron voor kleine
lengteschalen (grote k’s), terwijl ze de snelheid fluctuaties op grote schalen (kleine
k’s) onderdrukken. Het netto effect hiervan is dat de vloeistof zijn viskeuze dis-
sipatie ε vermindert vergeleken met een enkelfasige stroming (oftewel in de 1-weg
koppeling geval). De turbulentie is licht anisotropisch met minder intensiteit in de
verticale (zwaartekrachts) richting dan in de horizontale richting. De fysische uit-
leg van deze resultaten is een gecombineerd effect van bellen opeenhoping in naar
beneden gerichte stromingsgebieden, veroorzaakt door de liftkrachten en hun locale
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impuls-uitwisseling naar boven, veroorzaakt door de opwaartse kracht. De conse-
quentie hiervan is dat de verticale vloeistof snelheid fluctuaties worden verminderd
en dat de bellen zich gedragen als een bak van turbulente energie.

In hoofdstuk 5 wordt een stroming bestudeerd die genduceerd is door opstij-
gende bellen in een aanvankelijk in rust zijnde vloeistof. Ook hier zijn de lift krachten
weer van essentieel belang voor de ontwikkeling van de stroming. Ze zorgen er nu
voor dat er geen samenscholing en stabiliteit van verticale belketens optreedt. As
gevolg hiervan, wordt de stroming niet op een efficinte manier aangedreven in de
statistisch stationaire situatie. Geen van de karakteristieke eigenschappen van echte
turbulentie, aangedreven op grote lengte schalen, wordt bereikt: het kinetische en-
ergie spectrum is vlak en de energie die in het systeem wordt gestopt is gelijk aan de
viskeuze dissipatie op alle lengte schalen.

In hoofdstuk 6 is de Lagrangiaanse statistiek berekend, voor zowel vloeistofdeelt-
jes als voor bellen in statistisch stationaire turbulentie. In alle onderzochte regimes
verspreiden de bellen zich minder dan de vloeistof deeltjes. De reden hiervan is
de opwaartse kracht die bellen zeer snel naar gebieden met lage correlaties in de
vloeistofsnelheid drijft. Als gevolg van de kleine responsietijd τb = τk/10, domineren
de weerstandskrachten de beweging van de bellen, d.w.z. dat de snelheid van de
bellen ongeveer gelijk is aan die van de vloeistof op die plaats, zodat het verlies van
de correlatie van de stroomsnelheiden van de vloeistof tot uiting komt in de kleine dif-
fusie van de bellen. De resultaten zijn vergeleken met een bestaande analytische the-
orie (Spelt& Biesheuvel, 1998) en de afwijking tussen de numerieke resultaten en de
voorspellingen kunnen worden toegeschreven aan de lokale klustering van wervels,
waar in de analytische theorie geen rekening mee wordt gehouden. De kansdichtheid
functie van de krachten die op de bellen werken, blijkt hoogst intermittent te zijn. Dit
is verder onderzocht door evaluatie en vergelijking van de schaal eigenschappen van
de Lagrangiaanse snelheidsstructuurfuncties voor vloeistofdeeltjes en bellen.

In hoofdstuk 7 worden onderzocht anisotropische turbulente kanaal stroming en
de dicht bij de wand bestaande coherente structuren, te weten haarspeld wervels en
’streaks’ met een lage en hoge snelheid. Voor dit doel zijn de longitudinale structu-
urfuncties ontbonden in basis functies van groepen van rotatie in 2 en 3 dimensies,
respectievelijk SO(2) en SO(3). Het is bewezen dat de projecties zeer efficint zijn
om de isotrope en anisotrope turbulente bijdragen van elkaar te kunnen ontrafelen.
Verder wordt verband tussen enkele projecties van de decompositie van de dichtbij
de wand bestaande structuren aangetoond.



List of Symbols

The vector components are indicated with i = x, y, z (or 1, 2, 3). The gravity force
is directed along the negative z (or 3) axis. The subscript/superscript xy, when used,
indicates the average value of the function along x and y directions.

a bubble or solid particle radius
d bubble or solid particle diameter
ν fluid kinematic viscosity
u(x, t) fluid velocity
v(x, t) bubble or particle velocity
Re Reynolds number of the bubble motion
y(t) instantaneous bubble location
ρp bubble or solid particle density
ρf fluid density
CD drag coefficient
CM added mass coefficient
CL lift coefficient
Vp bubble or solid particle volume
g gravitational acceleration vector
τb bubble response time
vT bubble rise speed in quiescent fluid
fL(x, t) large scale forcing
fb(x, t) bubble forcing
ω fluid vorticity
ε fluid viscous dissipation
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η Kolmogorov length scale
τk Kolmogorov time scale
vk Kolmogorov velocity
u0 fluid velocity rms fluctuation
τ0 large-eddy turnover time
L11 fluid integral scale
λ fluid Taylor scale
Reλ fluid Taylor Reynolds number
〈Ω〉b average fluid enstrophy at the bubble location
〈Ω〉 average fluid enstrophy
〈v〉b average bubble rise velocity
α void fraction
Nb total bubble number
N− number of bubbles sampling downflow regions
β u0/vT
〈u2
i 〉 average flow rms velocity in the i-th direction

k, k wavenumber vector, wavenumber
E(k) energy spectrum
T (k) energy transfer spectrum
D(k) energy dissipation spectrum
Sn(R) Eulerian longitudinal velocity structure function
DL
p (τ) fluid or bubble Lagrangian velocity structure function

Dij(t) dispersion tensor of fluid particles
Db
ij(t) dispersion tensor of bubbles

RL(τ) Lagrangian velocity autocorrelation coefficient
RE(τ) Eulerian velocity autocorrelation coefficient
TL fluid integral Lagrangian time scale
T b,iL bubble integral Lagrangian time scale
TE fluid Eulerian time scale
Df fluid diffusivity
Dbi bubble diffusivity
τE fluid Eulerian time microscale
τL fluid Lagrangian time microscale
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