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Chapter 1 

Introduction 

Abstract 

The study of charge transport in double-barrier and magnesiumdiboride 
Josephson junctions is motivated by fundamental questions about the 
nature of the transport in combination with the large application-potential 
of these types of junctions. This thesis describes the modeling of the 
transport properties as well as the realization of devices. Conclusions are 
drawn about a possible application in superconducting electronics. The 
theoretical modeling of this thesis is based on quantum field theoretical 
methods that are introduced in this Chapter. The quasiparticle concept, the 
Green’s function and the quasiclassical formalism are discussed. 

1.1 Charge transport in superconducting structures 

Electrons are fermionic quantum particles that carry a charge. A macroscopically 
observable electric current is a form of charge transport, in which the quantum 
nature of the charge carriers is not always noticeable. Classical theories are 
therefore often very well capable of describing currents in solids. Tunneling of 
electrons through a thin insulating barrier is however a clear manifestation of the 
quantum nature of the electrons. The electrons can travel to the other side of a 
potential barrier with a kinetic energy that would classically speaking be too low 
to overcome the barrier. 
 Quantum mechanical effects become even more apparent when charge 
transport in superconductors is considered. Due to a net attractive phonon-
mediated interaction between the electrons, the sea of fermions becomes unstable 
against the pairing into so-called Cooper-pairs. These bosonic particles condense 



2      Chapter 1 

 

into the lowest energy state of the system, the superconducting state. The 
condensate of all the particles can be described by a single complex wave 
function. The magnitude of the wave function determines the gap in the 
excitation spectrum of the electrons. Inelastic scattering does not excite the 
electrons enough to overcome this threshold, and therefore a current shows no 
dissipation. This remarkable manifestation of the superconducting ground state 
was discovered by Kamerlingh Onnes in Leiden by observing the disappearance 
of the electrical resistance in mercury when he cooled down the metal below 4.2 
K [1]. This form of charge transport without dissipation is called supercurrent.  
Now, nearly a century later, we know many more metals, alloys and ceramic 
materials to be superconductors, although we do not always understand why they 
are superconducting. 
 The fact that the whole condensate is phase-coherent has a dramatic 
influence on the charge transport in superconducting structures. Brian Josephson 
predicted in 1962 [2] that a supercurrent could exist between two super-
conducting condensates separated by a thin insulating barrier and that its 
amplitude would be proportional to the sine of the difference between the phases 
of the two condensates, 
 � �2 1sin .S cI I � �� �  (1.1) 

The maximum current in this supercurrent-phase relation is the critical current. 
The effect was measured not much later [3] and is called the dc Josephson effect 
(since there also is an ac effect). The weak link between the two superconducting 
condensates is called a Josephson junction.  
 The effect extends beyond Josephson’s predictions, since also a supercurrent-
phase relation can exist when the supercurrent path in a superconductor is 
interrupted by a piece of normal metal or a geometrical constriction. At a normal 
metal – superconductor interface a charge carrier with energy lower than the gap 
cannot enter the superconductor. However, another form of charge transport can 
occur, which was introduced by Andreev [4]. In this case, an electron with 
momentum k can combine with a hole with momentum –k and opposite spin, to 
form a Cooper-pair and be transferred to the superconductor. By virtue of this 
Andreev reflection process the wave function of the superconducting condensate 
extends into the normal metal. The extension of the superconducting properties 
into the normal metal and vice versa is known as the proximity effect. 
 When a superconductor (S) is interrupted by a normal metal (N), two 
interfaces are present at which Andreev reflection can occur. The quasiparticles 
can undergo a cycle of two consequent Andreev reflections, thereby transferring 
one Cooper-pair between the superconducting electrodes per cycle. Due to 
quantummechanical constraints on this cycle (determined by the phase difference 
between the condensates in the superconductors), a discrete spectrum will be 
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formed of so-called Andreev bound states [5]. The population of these states 
determines the charge transport in these types of weak links. 

1.2 Motivation 

Now, the interesting question arises what will happen to the charge transport in 
a normal metal weak link when two insulating (I) tunnel barriers are present at 
the interfaces, forming an SINIS structure. Is the formation of bound states still 
possible? How does the proximity effect appear in these double-barrier Josephson 
junctions? What is the influence of the barrier height and normal metal proper-
ties like the presence of elastic and inelastic scattering centers?  
 Other fundamental questions arise from the fact that the Josephson effect 
depends on the wave functions in the superconducting electrodes. In Chapter 5 
the concept will be introduced that two superconducting condensates can 
simultaneously be present in the binary metal MgB2. Do we understand the 
existence of two energy gaps in MgB2? Can the double gap be observed in 
spectroscopic measurements? And how is the Josephson effect influenced when 
the electrodes consist of those double-gap superconductors? 
 Apart from these questions concerning our understanding of charge transport 
in superconducting structures, there is a technological relevance in studying 
double-barrier and MgB2 Josephson junctions, which will be described below. 
 The Josephson effect found its way to serve in numerous applications, like 
magnetometry and superconducting electronics. A promising direction in the field 
of superconducting electronics is the Rapid Single Flux Quantum (RSFQ) logic 
[6,7]. The state of a bit in this logic family is represented by the presence or 
absence of a flux quantum pulse. The building blocks of the circuits are 
Josephson junctions, in analogy with the transistors in semiconductor logic. The 
advantage of RSFQ logic is the very high operating frequency that is 
approximately given by 0.3 to 0.7�IcRN/�0 [8], where Ic is the critical current of 
the Josephson junctions, RN the normal state resistance, and �0 = 2�10-15 Tm2 
the flux quantum. This means that operating frequencies of 1 THz are possible in 
a technology of Josephson junctions with IcRN products of about 5 mV. Another 
useful example of superconducting electronics is the voltage standard which is 
realized by means of an array of shunted Josephson junctions [9]. 
 The use of the standard low-Tc Nb/Al Josephson tunnel junctions [10] in 
large-scale electronics has come to its limits. The low-Tc SIS junctions require 
additional shunting to reduce hysteresis in the current-voltage (IV) 
characteristics. The shunt resistor can cause problems at higher frequencies due 
to parasitic inductances. In order to integrate many Josephson junctions on a 
chip, the general tendency in the development of modern fabrication processes is 
to miniaturize the basic elements to the sub-micrometer scale. When additional 
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shunting and wiring could be avoided, space would be saved and the packing 
density would be enhanced. Furthermore, higher IcRN products are needed.  For 
these reasons, new concepts for the basic Josephson elements are required. In 
recent years, various conferences and workshops were dedicated to the question 
which type of Josephson junction would be best suited for this task. 
 In discussions with the designers of superconducting electronics [11], a 
number of requirements were formulated for a Josephson junction in order to be 
suitable for large-scale integrated circuits. The first necessity is a junction with a 
large IcRN product of the order of 1 mV or higher. Second, a Josephson element 
that is intrinsically shunted is preferred. This means that no additional shunt 
resistor would have to be implemented, resulting in a simplification of the 
fabrication, space reduction and loss of a source of parasitic inductance. 
Furthermore, a large critical current density is required in order to overcome the 
noise current. A noise current of the order of 0.2 �A at 4.2 K requires for 
example an Ic of the order of 102 �A [7], corresponding to a critical current 
density of about 105 A/cm2 for a junction area of 0.1��m � 1 �m. For larger 
junctions, this constraint is less important. 
 In order to obtain a large critical current density and non-hysteretic IV 
curves, transparent SIS junction can be realized by fabricating a thinner tunnel 
barrier than in the standard SIS junctions. The subgap structure due to multiple 
Andreev reflections, however, is problematic at higher frequencies. Another 
disadvantage is the difficulty of getting reproducible transport properties because 
of the very thin tunnel barrier. 
 Josephson junctions based on high-Tc superconductors are very promising 
because of their intrinsic shunt, large gap and therefore large IcRN products. 
However, in order to realize a technology for fabricating a large number of 
junctions with a small parameter spread, important materials science issues have 
to be solved first. 
 Classical normal-metal weak links typically have large critical current 
densities and non-hysteretic IV curves. However, interface barriers between the 
normal metal layer and the superconductors are always present. These interfaces 
have a strong influence on the junction transport properties, but are not easy to 
control. Flat interfaces without interdiffusion of the N and S materials and well-
controlled barrier properties can be realized by artificially introducing tunnel 
barriers.  
 The concept of double-barrier Josephson junctions is attractive, since the 
junctions appear to be intrinsically shunted. Also, the transport parameters are 
well controllable. Furthermore, the presence of two barriers makes the problem of 
pinholes in the barriers less stringent [12]. For fabricating SINIS junctions, only 
minor changes as compared to the standard SIS technology are required and a 
large uniformity and reproducibility can be obtained [12]. 
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 The reasons for the interest in using MgB2 in superconducting electronics are 
manifold. The large charge carrier density and the corresponding low resistivity 
in the normal state [13], and the fact that grain boundaries in polycrystalline 
MgB2 are strong links [13,14] are important advantages as compared to the 
cuprate high-Tc superconductors. In comparison with the conventional metallic 
superconductors, MgB2 has the potential for higher operation speed due to its 
larger energy gap. Finally, the high transition temperature of MgB2 facilitates the 
cooling of superconducting electronic circuits by cryocoolers. 

1.3 Outline of the thesis 

The objectives of the research as described in this thesis are twofold. The first 
ambition is to understand the physical effects that underlie the charge transport 
in double-barrier and magnesiumdiboride Josephson junctions. For this purpose, 
theoretical models of the electronic transport in the devices are derived.  
 The second aim is the actual realization of double-barrier and magnesium-
diboride Josephson devices. The experiments allow to gain insight into the nature 
of electronic transport in the junctions and to verify the theoretical description. 
From the theoretical understanding and the experimental results, conclusions can 
be drawn about the suitability of the device concepts to serve as building blocks 
in superconducting electronics. 
 The theoretical modeling in this thesis is based on quantum field theoretical 
methods, like the quasiparticle concept and temperature and real-time Green’s 
functions. These methods will be introduced in the next section. Chapter 2 will 
describe theoretically the stationary, i.e. time-independent, transport in double-
barrier junctions with a short interlayer and low-transparent barriers. The main 
focus will be the derivation of expressions for the supercurrent in double-barrier 
structures. Physical effects, such as transmission resonances in ballistic 
structures, as well as the dephazing of electrons and holes, will be studied. 
 The microscopic model will be extended in Chapter 3 by studying the time-
evolution of the double-barrier system and its nonequilibrium properties. The 
transport becomes time-dependent as soon as a voltage is applied over the 
junction due to the ac Josephson effect [2]. The formalism of Multiple Andreev 
Reflections and the Keldysh technique with real-time Green’s functions allow to 
derive quasiparticle IV characteristics in a broad range of parameters. The 
influence of inelastic quasiparticle scattering on the nonequilibrium quasiparticle 
distribution function will be modeled microscopically as well. 
 The experimental realization of double-barrier Josephson junctions is 
presented in Chapter 4. The transport properties are measured and compared 
with the theoretical modeling of the preceding Chapters. Transport parameters 
can be extracted from the theoretical fit to the data, from which more insight 
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into the physics of the junctions is obtained. For example, it becomes possible to 
explain the influence of asymmetry between the barriers on the supercurrent and 
quasiparticle current. Additionally, the intrinsic shunt of double-barrier junctions 
is understood. A future outlook will be given on the suitability of the double-
barrier junction concept in superconducting electronics. 
 In order to study the suitability of MgB2 junctions for electronics, first, 
fundamental questions have to be solved. How can we understand the double gap 
in MgB2? What is the influence of multiband superconductivity on the charge 
transport in superconductor – normal metal structures and Josephson junctions? 
These questions will be answered in Chapter 5 by deriving a model based on the 
Eliashberg equations and band-structure calculation results. Theoretical pre-
dictions can be made for the transport parameters like the maximum attainable 
IcRN product. 
 The realization of MgB2 devices is presented in Chapter 6. An in-situ MgB2 
thin film growth method is developed and the first realization of MgB2 Super-
conducting Quantum Interference Devices (SQUIDs) and multilayer Josephson 
junctions are reported. Although the transport parameter values lie below the 
theoretical limits, these initial studies show already the possibility of realizing 
nanostructures in MgB2 and creating basic elements of electronic circuitry. The 
future prospects of MgB2 in superconducting electronics are discussed as well. 

1.4 Quantum field theoretical methods in superconductivity 

Quantum field theory originates in the field of elementary particle physics, but 
its methods appear to be very useful as well in many-body solid-state physics. 
The quasiparticle and the Green’s function, or propagator, concept will be 
introduced in this section. The field methods will be formulated by introducing 
the basic definitions and the quasiclassical formalism for superconductivity. This 
formalism will be used throughout the thesis. 

1.4.1 Quasiparticle concept 

In order to know the properties of a many-body system of quantum particles, 
such as the electrons in an electron gas, the wave function has to be found that 
depends on all particles. Due to the strong Coulomb interaction between the 
electrons, this is a formidable task. This task is simplified by introducing the 
quasiparticle concept.  
 When one electron is added to a gas of negatively charged electrons, in a 
lattice of positively charged ion cores, the electrons around it will be pushed 
away by the Coulomb force. A net positive charge around the electron results, 
because of the remaining ion cores. This positive charge screens the electron’s 
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own negative charge and the interaction with other screened electrons is 
consequently very weak. The electron with the particle cloud is called a 
quasiparticle. Of course, the quasiparticles change composition when the electrons 
are moving, and quasiparticles can even overlap in space. Quasiparticles can 
however very well be described as real particles with an effective lifetime and an 
effective mass that is different from the electron mass. Landau [15,16] developed 
the concept that quasiparticles are the excitations in a system of interacting 
Fermi particles (Fermi-liquid). 
 Instead of adding an electron to a Fermi sea of electrons, one could also 
remove one. In this case, a positive charge will remain, which is called a hole. 
The other electrons screen the hole, thereby creating a hole-like quasiparticle, in 
analogy with the electron-like quasiparticle.  
 The fact that quasiparticles are not interacting, or only weakly, allows to 
derive the many-body properties of a system in terms of a one-body model or in 
terms of a perturbation series. The tools to derive physical properties are the 
quantum field theoretical propagators, or Green’s functions. 

1.4.2 Green’s functions 

The single-particle propagator, or Green’s function, of a many-body quantum 
system is defined as the probability amplitude that if at time t1 we add a particle 
in a quantum state 1k�  to the interacting system in its ground state 0� , then at 
time t2 the system will be in its ground state with an added particle in quantum 
state 2k� . Formally this can be written in the language of the occupation number 
formalism as  
 � � � � � �� �†

2 1 2 1 0 2 2 1 1 0, , , , , ,G r r t t i T r t r t� �� � � �  (1.2) 

where � �†
1r�  is the creation operator that creates a particle at point r1, and 

� �2r�  is the annihilation operator that destroys a particle at r2. The time-
ordering operator T ensures that the order of creation and annihilation is 
reversed when 2 1t t� . Knowledge of the probability amplitude of finding a 
particle at a certain position and time makes it possible to derive relevant 
physical properties, such as the particle density and the current. 
 So far, we have not considered the spin of the particles. In definition (1.2), 
the operators can both create and annihilate a particle with spin up, or both 
create and annihilate a particle with spin down. In superconductivity we are 
interested in the formation of bosonic Cooper-pairs, i.e. one electron with spin up 
and the other with spin down. For this purpose Gor’kov [17] defined the pair 
amplitude as � � � � � �� �2 1 2 1 0 2 2 1 1 0, , , , , ,F r r t t i T r t r t� �� �� � � �  which is called the 
anomalous Green’s function. A shorthand notation can be introduced in the so-
called Nambu space [18], 
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 � � � �� �†
† †0 0

ˆ ˆ ˆ2 1 ,
G F

G i T F G� �
� ��� �� � � � � � �� ���� 	

 (1.3) 

where 1 and 2 both denote time and position coordinates. The column vector 
� �†ˆ ,� � �� ��  and row vector � �† †ˆ ,� � �� ��  are also called pseudo-spinors. 

 Equations (1.2) and (1.3) describe real-time Green’s functions. Another 
convenient parameterization of Green’s functions can be given in terms of the 
imaginary time it� � . In the Heisenberg operator /iHte � , where H is a Hamil-
tionian, the imaginary time can be identified as 1T � , hence the name “tempera-
ture Green’s function”. The temperature Green’s function can be Fourier trans-
formed to imaginary frequency space. The sum over the respective Fourier har-
monics is given by � � � �ni

nG T e G� �

� �
�

� � . The frequencies are discrete and from 
the Fermi-particle symmetries, the Fourier harmonics G(�n) are found to be non-
zero only for � �2 1n Bn k T� �� � , which are called Matsubara frequencies [19]. 
 The expressions for the propagators are generally called Dyson equations. 
Bardeen, Cooper, and Schrieffer (BCS) [20] derived a microscopic theory of 
superconductivity in metals, based on a phonon-mediated net attractive 
interaction between electrons. A Dyson equation for the Green’s functions in a 
superconductor can be derived on the basis of the BCS Hamiltonian [20]. The 
resulting equations are called the Gor’kov equations of superconductivity [17] 

 

� � � � � � � �

� � � � � �

2 2
†1

1

2 2
†1

1

1,2 1 1,2 1 2 ,
2

1,2 1 1,2 0,
2

G F
m

F G
m

� �
�

�
�

�

� ��� �� �� � �	 
 �� �� ����� �

� ��� �� �� � �	 
� �� ����� �

��

��  (1.4) 

where � is the chemical potential, m is the quasiparticle mass, and the delta-
function is applicable to time and position coordinates. Elastic scattering on 
impurities has been omitted here for simplicity. The complex gap function � is 
determined self-consistently from the pair amplitude by � �2 1lim 2,1F�

�
� � , 

where � is the coupling constant and assumed to satisfy 1� �  (weak coupling). 
A formalism to derive � and the critical temperature of a superconductor for 
arbitrary � is called the Eliashberg formalism and will be introduced in 
Chapter 5. 

1.4.3 Quasiclassical formalism 

Typically, oscillations of the Green’s functions due to variations in the relative 
coordinate 1 2r r�  are present on a scale of the Fermi-wavelength �F. The 
characteristic length scales that are relevant to superconductivity, such as the 
coherence length /Fv� � �� , are however much longer than the Fermi-
wavelength (provided that / 1FE� � ). Therefore, in the Green’s functions the 
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relative coordinate can be integrated out, leaving only a dependence on the 
center of mass coordinate � �1 2 /2r r r� � . The Fourier transform with respect to 
the relative coordinate, together with the fact that the momentum only needs to 
be considered around the Fermi surface was developed by Eilenberger [21], 
Eliashberg [22], and Larkin and Ovchinnikov [23]. Eilenberger [21] derived an 
equation of motion from the Gor’kov equations for these so-called quasiclassical 
Green’s functions. The Matsubara expression for the current density in the 
quasiclassical formalism is 

 � � � �0 3̂ˆ2 , ,F Fj r ie N T Tr v g v r
�

� ��� �  (1.5) 

where N0 is the density of states, 3̂�  is the third Pauli matrix, the brackets 
denote averaging over the Fermi surface, and the summation is taken over the 
Matsubara frequencies.  
 Elastic impurity scattering was left out of Eq. (1.4) for simplicity reasons, but 
can be introduced by the elastic electron-phonon self-energy �̂ , which is usually 
taken in the Born approximation. In the dirty limit, where the elastic mean free 
path is much shorter than the coherence length, Usadel [24] further simplified the 
Eilenberger equation. The Matsubara-Usadel equation is written as  

 � � � � � �
� �

� �3

0ˆ ˆˆ ˆ ˆˆ , ,  ,0
r

i D G r G r G r r�� �

� �� �� � �� � �� � 	 
� � 	 � �� � � � �� �  � ��� �
�  (1.6) 

where D is the diffusion constant and the square brackets in the righthand side 
denote commutation. The Matsubara expression for the current density in the 
dirty limit is 

 � � � � � �3
ˆ ˆˆ .

2
N

B
i

j r k T Tr G r G r
e

�

��

�

� � �� �� �� 	�  (1.7) 

Here, �N is the normal state conductivity.  
 In the quasiclassical formalism the rapid oscillations on the scale of �F are 
averaged out. This poses problems to the formulation of boundary conditions at 
interfaces and potential barriers that are sharp on the atomic scale. Zaitsev [25] 
therefore derived effective boundary conditions that can be applied in the 
quasiclassical formalism. The boundary conditions were further developed in the 
dirty limit by Kupriyanov and Lukichev [26] 

 2 2 2 2 1
ˆ ˆ ˆ ˆ, ,B

d
G G G G

dx
� � � �� � �� �

 (1.8) 

where 1̂G  and 2̂G  are the Green’s functions on the two sides of an interface, 
characterized by the boundary parameter B� , which will be further introduced in 
Chapter 2. 
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Chapter 2 

Theory of supercurrent in double-

barrier Josephson junctions 

Abstract 

A microscopic model is developed for the supercurrent in double-barrier 
Josephson junctions. The transport properties are derived within the 
temperature Green’s function formalism. The Usadel equations are solved 
for double-barrier junctions with a disordered interlayer. In ballistic double-
barrier junctions, transmission resonances are studied and the interplay 
between these resonances and Andreev bound states is investigated. The 
Gor’kov equations are solved for the case of three-dimensional ballistic 
transport, which allows for a quantitative description of the 
superconducting transport properties, including the spectral supercurrent 
density. 

2.1 Introduction 

Phase-coherent electronic transport in mesoscopic structures between normal (N) 
and superconducting (S) metals received considerable interest both in 
experiments and in theory [1]. Particularly interesting phenomena were 
discovered in structures containing insulating (I) tunnel barriers. It is known that 
the subgap resistance of a ballistic SIN junction has a quadratic dependence on 
the transparency of the interface [2], since Andreev reflection is a two-particle 
process. Disorder in the normal region enhances the Andreev current due to the 
opening of some fraction of tunneling channels, which gives the resistance a linear 
dependence on the transparency. This effect is known as reflectionless tunneling 
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in SIN junctions, see e.g. Refs. 3, 4 and further references in Ref. 1. Interestingly, 
the opening of tunneling channels may be realized in a ballistic NI1NI2S junction 
as well by placing a second tunnel barrier [5]. 
 On the other hand, a supercurrent Ic in a tunnel SIS contact depends linearly 
on the barrier transparency D, since Cooper-pairs tunnel coherently [6,7]. In this 
Chapter, supercurrent will be investigated in a double-barrier SI1S’I2S junction, 
where S’ is a thin layer with critical temperature TcS’ < TcS. Coherence effects in 
such structures are also of practical importance, since experiments demonstrated 
the possibility of engineering Josephson junctions with desired properties, using 
existing multilayer techniques, as will be discussed in Chapter 4.  
 The supercurrent in a disordered double-barrier SINIS junction was 
calculated by Kupriyanov and Lukichev [8], who considered the interlayer in the 
dirty limit and TcS’ = 0. In section 2.2, an extension of this work will be shown. A 
microscopic model will be derived from the Usadel formalism for the stationary 
supercurrent in SIS’IS junctions in the general case of an arbitrary TcS’/TcS ratio 
and arbitrary transparency of the barriers. 
 A systematic experimental study [9] of the transport properties of thin Al 
films in Nb/Al/AlOx/Al/Nb tunnel structures showed however that the 
transport parameters are mainly controlled by the interfaces. This demonstrates 
that the dirty limit assumption is difficult to justify in some experimental 
systems. Previous theoretical work on ballistic SINIS structures concentrated on 
studying resonant supercurrents in low-dimensional structures [10,11,12,13,14,15]. 
In section 2.3, we study theoretically charge transport in a three-dimensional 
(3D) SI1S’I2S junction in the clean limit. The microscopic model is derived by 
starting from the Gor’kov equations and similarities between the ballistic and the 
diffusive case will be discussed. 
 The existence of a phase-coherent regime is demonstrated, where the 
supercurrent is proportional to D, whereas it becomes incoherent, of the order of 
D2, with increasing thickness, as expected for two uncorrelated sequential 
tunneling processes. We study quantitatively the crossover between these two 
regimes and discuss the transition in terms of the dephazing of transmission 
resonances. Furthermore, we show that the coherent supercurrent can be exactly 
derived from the distribution of transmission eigenvalues �(D) � D

 

-3/2(1-D)-1/2, 
known for a two-barrier NI1NI2N contact [1]. Finally, the spectral supercurrent 
density is derived, which can be used to calculate supercurrent in nonequilibrium 
situations. 
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2.2 Supercurrent in diffusive double-barrier junctions 

2.2.1 Usadel formalism for SIS’IS  

The Usadel equations were discussed in Chapter 1 for the Green’s functions of 
the quasi-classical description of electronic transport in superconductor – normal 
metal heterostructures. In order to apply the Usadel formalism to SIS’IS 
Josephson junctions, the dirty limit conditions, 'S d� �  and ' ' S S�� � , have to 
be fulfilled, i.e. the electronic mean free path in the interlayer has to be smaller 
than the thickness of the interlayer and the coherence length in the interlayer. In 
the one-dimensional case, the Usadel equation (1.6) can be rewritten into  

 2 2
, ' , ' , ' , ' , '

, '

,B cS
S S S S S S S S S S

S S

k T d d
G

G dx dx
�

�
�

� ���� � � � � �� ��	 

 (2.1) 

by introducing the function �. This equation is valid for both indices S and S’, 
already denoting the different layers in a double-barrier structure (S will be the 
electrode and S’ the interlayer, see Fig. 2.1). � is closely related to the Gor’kov 
Green’s functions F and G by G F�� � , and is physically easy to interpret in 
the absence of gradience in the equation above, since it reduces then to the pair 
potential �. The function will be referred to as an effective pair potential. The 
normalization condition 2 1FF G�

� �  gives the relation between G and � 

 2
, ' , ' , '/ ,S S S S S SG � �

�

� �� �  (2.2) 

where � is the imaginary frequency as discussed in section 1.4. The coherence 
length in a dirty superconductor is defined as /2 B cD k T� �� � , where 

/ 3FD v� �  is the diffusion constant of the material and �  is the electron mean 
free path. The coherence length is normalized for convenience to TcS in the case 
of Eq. (2.1) for the S layer as well as for the S’ layer.  
 Kupriyanov and Lukichev [8] simplified in the dirty limit Zaitsev’s effective 
boundary conditions [16] for quasiclassical Green’s functions, see in Eq. (1.8). At 
the interfaces between the S and S’ layers, the boundary conditions read in terms 
of ��and G 

 � �2,1 ' ' ' '  at /2,B S S S S S S
d

G G x d
dx

� � � � � � �� � �  (2.3) 

where 1 and 2 denote left and right interface respectively. The boundary 
parameter �B is defined as 

 '

' ' '

2 1
.

3
S i Bi

Bi
S i S S

D R
D

�
� � �

�

� �

�
 (2.4) 
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Here, RBi is the interface resistance (times area), �S’ is the resisitivity of S’ in the 
normal state in units of �m, Di is the interface transparency and the brackets 
indicate that the ratio has to be averaged over all angles of the trajectories 
through the structure. In the present case of a dirty material, scattering in the 
interlayer provides a statistical average over all angles. Hence, the one-
dimensional Eq. (2.1), in combination with the angle-averaged boundary 
conditions, is a good description of the three-dimensional double-barrier junction.  
  The pair potentials �S,S’ are derived from 

 , ' , ' , '
, '

, '

ln 2 0,S S S S S S
S S B

cS S

GT
k T

T
�

�

�

� ��
� � ��  (2.5) 

which is called the self-consistency equation since � and G are functions of 
��again. The summation is taken over all the Matsubara frequencies 
�  = (2n+1)�kBT with n � � . In a bulk material, absence of gradients can be 
assumed and therefore � � � . Together with Eqs. (2.1) and (2.2) for G, all 
ingredients are present to calculate � from the self-consistency equation. This is 
the way to obtain � as function of temperature in bulk material. For layers 
where gradience should be taken into account, G and � will have to be solved 
simultaneously and self-consistently with Eq. (2.5). 
 When G and � are known, the supercurrent density is finally determined 
from 

 
2

'
' '2

2
Im .B N S

S S S
k T G dJ
e dx

�

� �

�

�

� � ��  (2.6) 

Equation (2.6) can be derived from Eq. (1.7) by introducing ���The supercurrent 
is a function of the phase-difference over the junction and the critical current is 
the maximum current of the current-phase relation. 

S S'

�S

0

E

x

V (x)1 V (x)2

d

S
TcS > TcS'

�S'

 
Figure 2.1 Double-barrier structure, defined by two electrodes (S), two potential barriers 
at /2x d� �  and the interlayer (S’) with thickness d. 
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2.2.2 Solution and model results 

The Usadel formalism will be applied to the double-barrier structure as shown in 
Fig. 2.1 under the assumption that 'Sd �� , i.e. the thickness of the interlayer S’ 
is small as compared to its coherence length. Furthermore, so called “rigid 
boundary conditions” are assumed, which implies that the pair potential has a 
constant amplitude in the electrodes up to the interface. To fulfill this condition, 
it is necessary to have small barrier transparencies 1,2 1D � . For the bulk 
electrodes it follows then from the absence of gradience in Eq. (2.1) that 

 
/2

/2

 for /2,

 for /2,

i
S S S

i
S S S

e x d

e x d

�

�

�

� � � � � ��

� � � � � �

 (2.7) 

where � is the phase of the pair potential, and  

 
2 2 2 2

,  .S
S S

S S

G F�

� �

�
� �

� � � �

 (2.8) 

  Because of the fact that �S’ can only vary over the range d, it can be 
assumed that ' /Sd dx� � ' /S d� . Together with the assumption 'Sd ��  it 
follows that the gradient part of Eq. (2.1) is much smaller than �S’. Hence, a 
linear Ansatz, �S’ = A + Bx, is found in first approximation. The incorporation of 
a quadratic term gives, by virtue of Eq. (2.1), 

 � � 2
' ' 2

' '

.
2S S

B cS S S

A Bx A x
k T G

�

� �
� � � � ��  (2.9) 

The coefficients A and B can be found by putting this expression into the 
boundary conditions (2.3).  This results in 

 '
' cos sin ,

2 2
S eff S

S
eff S

F
i

G
� � � � � �

�
� �� �

�

� � � ���� � � �� ��	 
�

�

�

 (2.10) 

for the constant part of Eq. (2.9), where � � � � � �2 2 2 2cos /2 sin /2� � � � �
�

� �  and 
/ B cSk T� � ��� , ' ' /S S B cSk T�� � �� . The pair potentials indicate magnitudes only, 

since the phases are taken into account explicitly. The asymmetry and effective 
suppression parameter are respectively  

 1 2 1 2

1 2 ' 1 2

,  .B B B B
eff

B B S B B

d� � � �
� �

� � � � �
�

�
� �

� �
 (2.11) 

  Consequently, the Gor’kov Green’s functions are 
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 '
' ',  cos sin ,

2 2
eff S S eff S

S S

G F
G F i

E E
� � � � � �

�
�

�

� � � � ���� � � �� ��� 	

��
 (2.12)  

where � � � �
222

'eff S S eff SE G F� � � �� � � � ��� . The supercurrent can be calculated 
from Eq. (2.6) at any point in the interlayer and should be constant throughout 
the interlayer due to current conservation. Equating the supercurrent at the left 
and the right interface provides an expression for the phase of the interlayer pair 
potential �= � �arctan tan /2� �

�

� �
� �

, which was explicitly used in the derivation of 
Eq. (2.10). The normalized supercurrent is   

 

� �

2

2 2

'
2 2

sin
2

sin
,

S N S

B cS cS S

S S
eff

cS S

eI R T
k T T E

T
T E

�

�

�

� �

�
�

� ��

�
�

��

� �
�

��

�

�
�

 (2.13) 

where the normal state resistance RN = S/�N where S is the area and �N = 
�S’�S’�B1 + �S’�S’�B2 depends on the interface resistances only (interlayer resistivity 
can be neglected). 
 Equations (2.10)-(2.13), together with the self-consistency Eq. (2.5), form a 
complete description of the SIS’IS structure, from which stationary physical 
properties such as the critical current and current-phase relation may be 
determined. Reference 17 gives detailed analytical expressions for the solutions of 
Eqs. (2.5), (2.10)-(2.13) for temperatures close to zero and close to TcS, for the 
limiting cases of 1eff� �  and 1eff� � . 
 Figure 2.2 shows the general self-consistent numerical solution for the 
normalized critical current eIcRN/2�kBTcS as function of temperature for a fixed 
value of the TcS’/TcS ratio. The term ‘suppression parameter’ becomes apparent 
since it can be seen that IcRN is generally suppressed by increasing �eff, either by 
increasing the interlayer thickness or by decreasing the barrier transparency.  
 Even for large values of the suppression parameter, a supercurrent is present 
well above the critical temperature of the interlayer due to the proximity effect-
induced enhancement of the interlayer pair potential. Capogna and Blamire [18] 
reported the first experimental observation of this anomalous Ic(T) dependence.  
 In the limit of a small suppression parameter, the model does not crossover to 
Kulik and Omel’yanchuk’s findings for SNS structures with fully transparent 
barriers [19] since the assumptions of their model (D = 1) do not apply here. 
However, in the regime of 1eff� � , � �' ' cos /2S S �� � �  and the expression for 
the supercurrent becomes  

 
� �

2

2 2 2 2 2

sin
.

2 cos /2
S N S

B cS cS S S

eI R T
k T T

�

�

� � � �

�
�

�� ��
�  (2.14) 
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Kupriyanov and Lukichev [8] also found this result for a normal metal interlayer 
and this regime shall therefore be referred to as the KL regime. The current-
phase relation in this regime is non-sinusoidal and reaches its maximum at 

1.86� � .  
 Figure 2.2 shows for comparison the Ambegaokar and Baratoff [20] critical 
current versus temperature dependence for SIS tunnel junctions, and it can be 
concluded that double-barrier tunnel junctions with 1eff� �  have higher IcRN 
values than SIS junctions. For temperatures close to TcS the critical current 
versus temperature dependence of the double-barrier junctions in the KL regime 
coincides with the Aslamazov-Larkin [21] limit for the temperature dependence of 
SIS and SNS junctions. 
 The discussed regime of 1eff� �  is marked as region I in Fig. 2.3 (a), where 
the IcRN product is plotted as function of the suppression parameter. The IcRN 
product only depends on temperature and not on interlayer or barrier properties. 
This universality will be discussed in section 2.3. Region II in Fig. 2.3 marks the 
regime of a large suppression parameter 1eff� �  and temperatures 'cST T�  
where 

 
Figure 2.2 Normalized IcRN versus temperature, as function of the effective suppression 
parameter, TcS’/TcS = 1.25/9.0. For comparison, temperature dependencies are shown for 
short SNS (or more general ScS) structures [19] and SIS tunnel junctions [20].  
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2

2 2

sin1
.

2
S N S cS

B cS cS eff S

eI R TT
k T T

�

� �
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�
�

��
�  (2.15) 

The current-phase relation is now purely sinusoidal and IcRN is inversely 
proportional to the suppression parameter. For a large suppression parameter and 
temperatures well below TcS’ (III), the double-barrier junction can be described 
by two independent SIS’ junctions in series, where ' 'S S� � � . Each barrier 
carries a phase difference �/2, hence, 

 
� �'

2 2 2 2
'

sin /212 .
2

S SS N

B cS cS eff S S

eI R T
k T T

�

�

� � � �

� �
�

�� ��
�  (2.16) 

 The rigid boundary conditions of the model assume that the pair potential is 
constant in the electrodes. In many experimental realizations of double-barrier 
junctions in Nb/Al technology, Al layers are used as capping layers for Nb. This 
means that a model for SS’IS’IS’S junctions better describes the actual devices. 
In order to model the proximity effect in the SS’ bilayer electrodes, the numerical 
code from Ref. [22] was added to the model. The larger the suppression 
parameter is, the smaller is the influence of the proximity effect in the electrodes. 
For 1eff� �  and a TcS’/TcS ratio and SS’ interface parameter ( ' '/m S S S S� � � � �� ) 
that are known for the Nb/Al technology [22], the reduction in IcRN can be 
described by a constant scaling factor, see Fig. 2.3 (b). The reduction can be 
ascribed to the effect that the pair potential in the electrodes is suppressed. For 
rather thick S’ layers (10 nm), the effect is still less than 10% and for thinner 
layers, the effect is even less. 

 
Figure 2.3 (a) Normalized IcRN versus suppression parameter. The curves correspond from 
top to bottom to temperatures of 0.1 TcS to 0.9 TcS in equidistant steps. (b) Influence of a 
thin S’ layer in the electrodes on IcRN for �m = 0, 0.15, 0.3 (top to bottom). 
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2.3 Coherence effects and dephazing in ballistic structures 

The theoretical analysis of the previous section is essentially based on the 
assumption that the condition of the dirty limit is fulfilled in the interlayer. On 
the other hand, the study of the transport parameters of thin Al films in 
Nb/Al/AlOx/Al/Nb tunnel structures by Zehnder et al. [9] has shown that the 
electronic mean free path is not much smaller than the Al layer thickness. It 
demonstrates that the assumption of the dirty limit is difficult to justify in some 
experimental systems and motivates to consider the properties of double-barrier 
structures in the clean limit as well. 
 Previous theoretical work on ballistic SINIS structures concentrated on 
studying resonant supercurrents in low-dimensional structures [10,11,12,13,14,15]. 
Hence, in this section we will study the universal features of charge transport in a 
three-dimensional (3D) ballistic SI1S’I2S contact, where S’ is a thin 
superconducting film with TcS’ < TcS and mean free path 'S d� � .  

2.3.1 Transmission resonances 

In mesoscopic physics, transport properties can often be derived from the matrix 
that describes the scattering between two different ensembles, which are 
connected to electrodes with perfectly conducting leads. The key-point is the use 
of the distribution function of the eigenvalues of this scattering matrix. 
Beenakker [1] has given an extensive review of the use of the statistical theory of 
transmission eigenvalues in mesoscopic physics. The concept of the distribution of 
eigenvalues will be introduced before applying it to the double-barrier junction 
case. 
 An electron has a wavefunction with a longitudinal and a transverse part. 
The transverse momentum is quantized, giving rise to a finite set of N 
propagating modes at a given energy. The scattering matrix relates an incoming 
wave vector cin to the outgoing wave cout by  

 
'

, ,'out in

r t
c Sc S t r

� ���� � �� ����� �
 (2.17) 

where the N � N matrices r, r’, t, t’ are the reflection and transmission matrices 
respectively. The prime denotes reflection or transmission from right to left. S is 
a unitary matrix and has eigenvalues D1, D2, ...DN, forming a set of N channels. 
D is the transmission eigenvalue or also transmission probability.  
 A “linear statistic” of the transmission eigenvalues, is defined as a sum of 
functions of the transmission eigenvalues. These functions can be non-linear, but 
the functions do not contain products of different eigenvalues. If the distribution 
function � of the transmission eigenvalues is known, and N is large, the sum in 
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the definition of a linear statistic can be converted into an integral over this 
distribution 

 � � � � � �
1

1 0

.
N

n
n

a a D dD D a D�

�

� �� �  (2.18) 

An example of a linear statistic is the normal conductance GN/G0, which has 
a(D) = D. This leads to the Landauer formula [23] of electronic transport in a 
normal metal.  
 The transmission probability of a double-barrier NININ contact can be found 
by solving the Schrödinger equation with appropriate boundary conditions and a 
plane wave Ansatz, analogous to many textbook problems [24]. The interface 
potential is V(x) =W1��x)+W2�(x-d), W1,2 being the arbitrary barrier strengths of 
the two parallel atomically sharp interfaces. The resulting expression for the 
double-barrier transmission coefficient, 

 
� � � �1 2 2

1 2 1 2 1 2

2 2
1 2 1 2

2 1 cos2 2 sin2

2 cos2 1,

x x

x

D W W k d WW W W k d

WW k d W W

�

� � � �

� � � �

� � � � � �

� � � �

 (2.19) 

where / xW W v�
� � , can for the symmetric case and low transparency of the 

barriers be approximated by 

 � �
21 22 sin 1.xD W k d�

� ��  (2.20) 

Because of the variable angle of a trajectory through the structure, cosx Fk k ��  
and cosx Fv v �� . The angle-averaged transparency, or tunnel rate, is defined as 

� �( ) cos (cos )cosxD x d D� � � �� � � . The integrand is strongly peaked and the 
integral can be evaluated by calculating a single peak and multiplying by the 
number of peaks, giving � � 2

1 2 1 2/ 1/ 8W� � � � �� � � � , where 1,2 1,2( )xD x� � �  
2

1,21/ 4W�  are the single-barrier tunnel rates. The normal state conductance of a 
double-barrier structure is then given by the product of the conductance 
quantum 22 /e h , the number of transverse modes at the Fermi energy 2 /2FSk � , 
and the tunnel rate � 

 
2 2

1
2 ,

2
F

N
Se k

R
�

�

�

�

�
 (2.21) 

which is the classical result known from Sharvin [25]. 
 The resonance condition, D = 1, in Eq. (2.20) is nk d n�� . Because of the 
variable angle of a trajectory through the structure, kx can be developed around a 
resonance, nk k k�� � . Using k� =� �

1/d dk� ��
�  and 2 2 /2k m� � �  gives 

� �/2nk n d� � � � �� � . Together with (2.20) and by summing over all resonances, 
this yields 
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D
� �
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�
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�  (2.22) 

with 2( ) / / /8n F FxD x n v d v dW� � �� � � � �� � , which is independent of n. 
Equation (2.22) describes a sum over Breit-Wigner resonances with Lorentzian 
shape and resonance width �� Figure 2.4 (a) shows one of the resonances of D(�). 
Equation (2.22) can be generalized to the case of asymmetric barriers 

 
� � � �

1 2
2 2

1 2

,
n n

D
� �

� �
�
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�

�
 (2.23) 

with 1,2 1,2 /2Fv d�� � � . For unequal barriers no full resonance can be achieved 
any longer. 
 The width of the transmission resonances determines whether or not Cooper-
pair transport occurs coherently. Fig. 2.4 (b) shows one of the resonances around 
the Fermi-energy, together with the Andreev Bound State (ABS) energy levels as 
function of the phase difference over an SINIS junction, as will be discussed in 
section 2.3.3. In the case of low-transparency barriers, these bound state levels 
appear for example at �S. Only when the Breit-Wigner resonance completely 
overlaps with the ABS (or Andreev electron-hole resonance), S� �� , the ABS 
can contribute fully to the supercurrent. In the case of a narrow transmission 
resonance, such as plotted in Fig. 2.4 (b), dephazing between the electrons and 
holes appears and the supercurrent will decrease.  
 The dephazing is defined in this case as the accumulation of the dynamical 
phase difference between the electron and hole wavefunctions. This phase comes 
in addition to the regular phase difference over the two superconductors, �S, and 
the phase difference arccos(E/�) that appears upon Andreev reflection. The 
dynamical phase difference � �e hk k�� dx, that is acquired by a quasiparticle in 

1

D
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Figure 2.4 (a) Breit-Wigner resonance of the transparency as function of energy with 
resonance width �. (b) Energy dependence of the Andreev bound states as function of �, 
partly overlapping with the Breit-Wigner resonance width. 
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the interlayer, is equal to 1( ) / FxD x Ed v�

�  since the effective path length of an 
electron (or hole) before Andreev reflection is 1( )xD x d� . If the dephazing is 
much smaller than one, this means for typical energies around �S that 

( ) /F SxD x v d � � �� � . 
 In order to calculate a linear statistic of the transmission eigenvalues, as in 
Eq. (2.18), the distribution of transmission coefficients needs to be found. De 
Jong [26], Melsen and Beenakker [1,5] derived the transmission distribution 
function for a double-barrier structure by assuming a uniformly distributed phase 
difference over the structure. A certain amount of impurity scattering needs to be 
assumed to cause the random scattering for the random phase difference. Strictly 
speaking, this derivation only holds for double-barrier junctions with a dirty 
interlayer material. Here, the distribution function will be derived for a ballistic 
3D double-barrier junction. 
 For broad resonances we are only interested in the resonance around the 
Fermi-energy. From the evaluation of a physical quantity ( )A a E dE� ��  

� �( ) /a D dD dE dD�  one can see that the distribution of transparencies is in 
general given by the Jacobian, � � � �

1/D dD dE�
�

� . Around a resonance this gives 

 � � 3/2
0

1 ,N

max

G
D

G D D D
�

�
�

�

 (2.24) 

for � �
2

1 2 1 20 4 /maxD D � � � �� � � �  and � � 0D� �  for maxD D� . GN is the 
normal state conductance and 2

0 2 /G e h�  is the conductance quantum. This 
result is completely equivalent to the findings of De Jong [26] and Melsen and 
Beenakker [1,5]. The uniform distribution comes in our case from the integration 
over angles. Note, that Schep and Bauer [27] obtained this distribution function 
for the first time for the transmission through a dirty interface. The distribution 
of transmission coefficients in the regime of a broad resonance is universal, i.e. 
independent of microscopic parameters such as the electronic mean free path or 
the critical temperature of the interlayer. The universality breaks down when the 
transmission resonances become narrow.  
 In the coherent regime of a broad transmission resonance ( S� �� ) the 
distribution of transmission coefficients can be used to calculate transport 
properties. The linear statistic for the supercurrent per channel is 

 � �
� �2 tanh /2

sin ,
2

B B
S S

B

E k TeI D D
E

�� �
�

 (2.25) 

where 21 sin /2B SE D �� � � . The supercurrent can be calculated by 
integrating over the distribution of transparencies and by taking the residues of 
tanh(x) in a complex plane with � �

1/21/ 1z D� � , see Appendix A. It yields 
exactly 
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This is the same expression as the dirty limit result in the KL regime, Eq. (2.14), 
underlining the universality of this expression. The supercurrent is proportional 
to 1

NR�  and hence has a linear dependence on the transparency, in contrast to a 
sequential tunneling process through two barriers. 
 In order to study quantitatively the dephazing and the regime of narrow 
transmission resonances we will develop the Green’s function formalism for the 
general case of ballistic transport in a 3D SIS’IS junction by starting from the 
general Gor’kov equations. 

2.3.2 Solution of the Gor’kov equations 

In the temperature Green’s function method, the supercurrent density JS is 
expressed through the Fourier transform of the double-coordinate Gor’kov-
Green’s function G(r,r’) over the transverse coordinates [28] 

 � �

� �
� �
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m x x
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� �
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��

�

�

�  (2.27) 

where x, x’ are the coordinates across the junction, k�� is the wave-vector 
component in the junction plane, and ��= (2n+1)�kBT.  
 The microscopic model (see also Ref. 29) is derived by starting from the 
general Gor’kov equations for the normal and the anomalous Green's functions 
G(x,x’), F+(x,x’),  
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 (2.28) 

where � � � �expx i�� � ��  is the spatially dependent complex pair potential, H 
= 2 2 2( /2 )( / ) ( )xm x E V x� � � ��  is the Hamiltonian, 2 2 /2x FE E k m� � ��  is the 
electron kinetic energy across the junction, and EF is the Fermi energy. 
Appropriate boundary conditions and the derivation of the solution of Eq. (2.28) 
are provided in Appendix B.  
 The solution for d < �S’ and symmetric low-transparent barriers W1,2 = W, 

/ 1FW W v�
� � �  can be presented as 
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 (2.29) 
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Here � is the phase difference across the junction, �S is the pair potential in S, 
2 2

1 n SE �� �� , 2 2
2 'n SE �� ��  2 2 2

3 cos /2n SE � �� �� , cosx Fk k �� , and 
' ' cosS x S� � �� .  

 Eq. (2.29) is the main result of this section and describes the interplay 
between quasiparticle transmission (Breit-Wigner) resonances and electron-hole 
(Andreev) resonances. Changing the phase space in integration over k||, one can 
apply Eq. (2.29) to the problem of supercurrent via transmission resonances in 
low-dimensional contacts. In this case, the results of Refs. 10, 11, 12, 13, and 14, 
taken in relevant limits, are reproduced.  
 For the evaluation of Eq. (2.29), quasiclassics will be applied in the sense 
that kFd is assumed to be large. The integration over k|| can then be performed by 
separating the slow and fast varying terms as function of cos�, from which it is 
clear that Eq. (2.29) is an integral over transmission resonances. Applying quasi-
classics from the beginning by using the Eilenberger equations for a ballistic 
double-barrier structure is also possible and was performed in Refs. 31, 32 and 
33. Galaktionov and Zaikin [33] reproduced within this approach the solutions for 
IcRN as described in this paragraph, showing that the two different approaches of 
applying quasiclassics are equivalent in this case. 
 The transmission resonance width � was determined in section 2.3.1 and is 
given by 2/ 8Fv dW� � �� . The double-barrier junction properties can be 
evaluated from Eq. (2.29) in terms of the width of this parameter. 
 First, the coherent regime will be considered where the resonance is broad 
( cST�� � ). The supercurrent is then given by 
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 (2.30) 

where D is the transparency of the double-barrier NININ contact given by Eq. 
(2.19) with the resonant structure. Integration over the directions of k�� (over the 
resonances) yields the supercurrent 

 
2

1 3

sin
2 ,S

S N BeI R k T
E E

�

�
�

�
� �  (2.31) 

which does not depend on the properties of the interlayer and coincides with the 
dirty limit KL result and our previous findings by integrating over the 
distribution of transmission coefficients in section 2.3.1. This expression can be 
generalized to the asymmetric case, where 2

1 42 sin /S N B SeI R k T E E� �� �� , with 
E4

2 = � �2 2 2 2 2cos /2 sin /2S� � � �
�

�� � , � � � �1 2 1 2/� � � � �
�

� � �  and RN is 
defined in Eq. (2.21). 
 For T = 0, the maximum value of eISRN is achieved at 1.86� � and exceeds 
the eIcRN value of � �/2 S� �  for a tunnel SIS contact, as was discussed in section 
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2.2. The reason is the fact that in the coherent regime the dominant contribution 
to IS comes from the transmission resonances, which in the present case are 
broader than �S. As a result, the supercurrent is of the first order in 
transparency ( )xD x . 
 With the increase of the interlayer thickness the coherent regime breaks 
down due to the dephazing of the transmission resonances. After performing the 
angle averaging in Eq. (2.29), the general expression for a double-barrier junction 
becomes 
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where � � � � � �4 4 2 2 2 2 2
'cosh / (1/2 ) cos /2 /S S Sa d x W x� � � �� � � � � �� . The pair 

potential in S’ is determined self-consistently with 
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where 'SF  is the angle-averaged anomalous Green’s  function, that is solved in 
the same way as the normal Green’s function G, 
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 As is shown above, the critical current is controlled by a single suppression 
parameter 
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 (2.35) 

As follows from Eq. (2.32), for T > TcS’ and / 1eff B cSk T� � � �  the supercurrent 
becomes proportional to 2( )xD x  as expected for the incoherent tunneling in a 
double-barrier contact, 
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 Figure 2.5 shows a numerical evaluation of Eqs. (2.32)-(2.34). The coherent 
(I) and incoherent (II) regimes are indicated. Region III shows the crossover to 
the series connection of two SIS’ junctions. 
 The dirty and clean limit results coincide in the coherent regime since 
interlayer properties such as the critical temperature of the interlayer and the 
electronic mean free path do not play a role in the final determination of the 
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transport parameters. For the incoherent regime however, a constant factor of 
difference between dirty and ballistic transport appears due to the momentum-
space integration.  
 For the intermediate range of suppression parameters, the clean interlayer 
qualitatively has a different dependence on �eff than the dirty interlayer. When 
comparing the pair-potentials in this regime, the remarkable effect becomes 
apparent that the pair-potential in the dirty material is considerably smaller than 
in the clean material. This is explained by the larger momentum-space of a clean 
material interlayer. Contributions that are almost parallel to the barriers play a 
larger role in the anomalous Green’s functions (2.34) than in the case of a dirty 
material due to the impurity scattering. This has a large influence on the self-
consistent determination of the pair-potential (2.33). 

2.3.3 Spectral supercurrent density 

 The supercurrent-carrying density of states, or also spectral supercurrent 
density, in a ballistic SINIS junction can be found by an analytical continuation, 

iE� � � , of the results of section 2.3.2, starting from the general three-
dimensional expression (2.32). Spectral supercurrent can be used to find 
nonequilibrium supercurrent by integrating over the spectral supercurrent with 

 
Figure 2.5 Normalized IcRN product versus suppression parameter. The solid lines are the 
clean limit results while the dashed lines correspond to the diffusive limit calculations.  
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an appropriate energy distribution function, as will be shown in Chapter 3. The 
spectral supercurrent in diffusive mesoscopic weak links is given by Heikkilä et al. 
[30]. Here, the example of a two-dimensional ballistic model will be discussed, 
applicable to a two-dimensional electron gas (2DEG) as normal metal interlayer. 
 The integration in Equation (2.29) over the parallel direction yk k��  and 
analytical continuation iE� � �  gives in this case 
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where � � � � � �� � � �4 2 2 2 2 2
', cosh / 1/2 cos /2 /S x S Sa E d W E E� � �� � � � � �� . To-

gether with the expression for the normal state resistance 
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the normalized spectral supercurrent density can be written in the form 
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 Consequently, the supercurrent in the broad resonance regime � �S� �� , is 
found to have a spectral density 
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 (2.40) 

for � �cos /2S SE�� � �� , while � �Im 0SI E �  for � �cos /2SE ���  and 
SE � � . The same expression can be derived from Eq. (2.31) for the 3D 

junction, meaning that the universal expression is independent of the contact 
dimensionality. The spectral supercurrent is nonzero only in the range 

� �cos /2S SE�� � �� , i.e. there is a minigap � �cos /2S ��  in the spectrum of 
the Andreev bound states, see also Fig. 2.6 (a). On the other hand, all states in 
the energy range � �cos /2S SE�� � ��  contribute to the supercurrent. The 
contact is in the intermediate regime between a short ballistic SNS weak link, 
with bound state energy � �cos /2S ��  and a tunnel junction with bound state 
energy S� . Physically this is caused by the properties of the distribution of 
transparencies, which is a combination of open and closed channels (see section 
2.3.1). The Andreev bound states can also be seen in Fig. 2.4 (b). 
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 In the incoherent regime � �S� �� , this universality breaks down and there 
is no minigap in the spectrum of Andreev bound states. Figure 2.6 (b) shows the 
findings for the spectral supercurrent for a single barrier transparency D = 0.1 
and several values of the ratio d/�

�
, with 0 /2Fn Sv� � �� . It is seen that with 

increasing thickness, the sharp gap in the spectrum disappears and low-energy 
states are gradually filled in. The same holds true for a decreasing transparency. 
On the other hand, in the regime of small thickness and high transparency the 
spectral supercurrent approaches the limiting two-peak behavior of Eq. (2.40) 
and Fig. 2.6 (a). 

2.4 Discussion and conclusion 

The transport properties of double-barrier Josephson junctions with a short 
interlayer as compared to the coherence length, were modeled within the 
framework of the temperature Green’s function formalism. In the case of diffusive 
transport in the interlayer, the Usadel equations were solved and in the ballistic 
case the Gor’kov equations were used.  
 In section 2.2 the Usadel equations were solved by using Zaitsev’s effective 
boundary conditions. Ozana et al. [31,32] and Galaktionov and Zaikin [33] have 
shown that the use of effective boundary conditions in the quasiclassical 
formalism can pose problems since the correction to the quasiclassical Green’s 
functions due to looplike trajectories (from sequential reflections) violates the 
normalization condition. However, these problems appear when more than two 

(a) (b)

 
Figure 2.6 (a) Normalized spectral supercurrent in the regime of a broad transmission 
resonance (b) Normalized spectral supercurrent density as a function of energy for various 
values of the ratio d/�0. The phase difference between the superconducting electrodes was 
fixed at ��= �/2 and D = 0.1. 
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barriers are present and is absent in the present double-barrier junction case for 
which the findings of sections 2.2 and 2.3 were verified [31,32,33].  
 The expressions for supercurrent and spectral supercurrent density allow to 
engineer Josephson junctions in equilibrium as well as nonequilibrium 
configurations, in a large range of transport parameters. The suppression 
parameter is composed of the ratio of interlayer thickness and barrier 
transparency. In the regime of a suppression parameter much smaller than one, 
the electronic transport behaves in a universal way, i.e. independent of the 
microscopic properties of the interlayer, such as critical temperature, 
dimensionality, and electron mean free path. The predicted IcRN product is in 
this case larger than the theoretical upper limit of single-barrier Josephson 
junctions with the same choice of electrodes. 
 For suppression parameters larger than one, the critical temperature of the 
interlayer determines the temperature at which the increase in critical current as 
function of temperature is the strongest. This motivates to search for ways to 
increase the critical temperature of the interlayer, without degrading parameters 
such as the coherence length. In this regime of suppression parameters, the IcRN 
product is inversely proportional to both barrier resistivity and interlayer 
thickness. At temperatures well below the critical temperature of the interlayer, 
the double-barrier junction acts like two junctions in series. 
 The crossover between the coherent and incoherent regime was discussed in 
terms of the interplay between transmission and Andreev-resonances. The 
coherent regime exists when the transmission resonance width is large as 
compared to the Andreev states. Then, the supercurrent is linear in 
transparency, which can be obtained from the distribution of transmission 
eigenvalues that is known for a two-barrier NI1NI2N contact. For a more narrow 
transmission resonance, the electrons and holes dephaze, resulting in a 
supercurrent that is quadratic in transparency. 
 The asymmetry between the barrier heights is a parameter with a large 
influence on the transport parameters. The role of this parameter can be 
determined from the model and will be extensively discussed in combination with 
experimental findings in Chapter 4. 
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Chapter 3 

Theory of time-dependent 

transport in SINIS junctions 

Abstract 

Nonequilibrium charge transport in double-barrier junctions is studied and 
time-dependent properties are modeled. The approach is based on the 
multiple Andreev reflections scheme for junctions in the regime of a small 
suppression parameter and the Keldysh formalism for the general case. 
Within the Keldysh formalism, the kinetic equations are supplemented by 
time-dependent boundary conditions. From the solutions, IV characteristics 
are derived and the influence of inelastic scattering on the transport 
properties is studied. 

3.1 Introduction 

Spectral quantities like the spectral supercurrent density were determined in 
Chapter 2 by means of the Matsubara temperature Green’s functions, which can 
be derived for a system in equilibrium. The focus of this Chapter will be the 
occupation of the spectral quantities under nonequilibrium and time-dependent 
conditions. The quasiparticle energy distribution function determines the 
population of spectral quantities and is under equilibrium conditions given by the 
Fermi function. Many physical processes can distort the equilibrium such as high-
frequency irradiation, vortex motion and injection of charge carriers [1,2].  
 The influence of disequilibrium on the transport properties of weak links and 
Josephson tunnel junctions was studied in detail. A review is formed by the 
articles in Ref. 1 and 3. Two main topics in the field of nonequilibrium 
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superconductivity are the effects arising from a charge imbalance [4,5] and effects 
from a stimulation of superconductivity by external fields [6]. 
 The effect of supercurrent control by current injection from additional 
terminals was first studied theoretically [7] and demonstrated experimentally [8] 
for a diffusive SNS junction. In this case, even a sign reversal of the critical 
current is possible [9,10]. Additionally, control of supercurrent by current 
injection was studied in structures with ballistic transport 
[11,12,13,14,15,16,17,18,19]. The theoretical framework of the previous Chapter 
allows to illustrate the concept of nonequilibrium supercurrent control in two and 
three-dimensional double-barrier junctions in a four-terminal configuration, which 
is performed in section 3.2.  
 In addition to describing stationary nonequilibrium effects, a description of 
the time-dependent charge transport in double-barrier Josephson junctions will 
be given in this Chapter. The time dependence arises from the voltage drop over 
each of the barriers in combination with the ac Josephson effect.  
 Earlier work concentrated on modeling the IV characteristics of double-
barrier junctions in specific limiting cases. When one of the electrodes is replaced 
by a normal metal, the time-dependencies simplify considerably, since formally 
one can then put voltage to zero in the superconductor. The IV characteristics of 
SININ junctions were studied by means of the quasiclassical Green’s functions by 
Zaitsev [20], and Volkov et al. [21]. Another limiting case is the double-barrier 
Josephson junction with a long interlayer as compared to the coherence length 
[22]. Lempitskii [23] studied nonequilibrium effects on the nonstationary 
properties of long SNS junctions without barriers. Kadin [24] used time-
dependent Ginzburg-Landau equations as a phenomenological approach, which is 
valid only in a narrow temperature range. In this Chapter, a microscopic model 
of nonstationary properties will be given for the general case of a double-barrier 
Josephson junction with two superconducting electrodes and a short interlayer in 
the entire temperature regime. The interlayer will be assumed to be a normal 
metal, but it will be indicated how the model can be extended in a straight-
forward way in order to incorporate a superconducting gap in the interlayer. 
 In section 3.3, it will be shown that the nonstationary properties of double-
barrier junctions with 1eff� �  can be calculated within the Multiple Andreev 
Reflection (MAR) formalism. In order to derive IV characteristics in the general 
case, a  quasiclassical Green’s functions approach is developed for double-barrier 
junctions in section 3.4 within the Keldysh formalism. Kinetic equations are 
derived for the nonequilibrium energy distribution functions in the interlayer, 
together with appropriate time-dependent boundary conditions. Solutions are 
presented in section 3.5 for the adiabatic limit of SeV �� . Section 3.6 deals 
with the influence of inelastic scattering on the transport properties.  
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3.2 Nonequilibrium supercurrent control 

The general expression for nonequilibrium supercurrent [25] in a weak link is 
given by 

 � � � � � �� �Im , 1 2 ,S SI I E f E dE� �

�

��

� ��  (3.1) 

which is the integral over the spectral supercurrent � �Im ,SI E�  times the 
distribution function � �1 2f E� . In equilibrium, � � � �01 2 tanh /2 Bf E E k T� � , 
where � �0f E  is the Fermi distribution function. 
 Experimentally, disequilibrium can be realized by injecting current into the 
interlayer. In the case of strong scattering between the quasiparticles mainly a 
broader distribution function can be found, resembling a Fermi distribution 
function at a higher temperature [8,26]. A broader energy distribution function 
generally means a population of higher Andreev levels (e.g. in an SNS junction) 
that carry a supercurrent opposite to the net supercurrent. This results therefore 
in a decrease of the critical current. In the case of weaker quasiparticle scattering, 
a two-step distribution function can be realized [27,28], 

 � � 0 0
1 1 ,
2 2 2 2

eV eVf E f E f E
� � � �� �� �� � � �� �� �� �� �� 	 � 	

 (3.2) 

which deviates largely from the Fermi-distribution function [26]. In this case 
supercurrent reversal was observed [9]. 
 Assuming the nonequilibrium distribution function of Eq. (3.2), and the 
expressions for the spectral supercurrent from section 2.3.3, the nonequilibrium  

 

 
Figure 3.1 Calculated suppression of the normalized supercurrent in a four-terminal 
configuration as function of the normalized voltage between the two injector contacts. The 
interface transparency D was varied from 0.1 to 0.5. The ratio d/�

�
 was fixed at 1. 
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critical current in double-barrier junctions can be obtained from Eq. (3.1). As an 
example, the results are plotted in Fig. 3.1 for the case of a double-barrier 
junction with a 2DEG as interlayer. The coherence length in Fig. 3.1 is 
normalized as 0 /2Fn Sv� � �� . In contrast to calculations on one-dimensional 
systems [29], the supercurrent monotonously decreases with increasing injection 
voltage eV/�S. A full suppression is obtained approximately at eV = 2�S. If the 
applied voltage eV matches the position of the peaks in the spectral supercurrent 
density (Fig. 2.6), the decrease in critical current is largest, leading to the two-
step profile. The dotted line in Fig. 3.1 shows that the steps are completely 
washed out at higher temperatures. 
 A detailed discussion on the experimental realization of supercurrent control 
in a ballistic multi-terminal superconductor/2DEG/superconductor Josephson 
junction and a comparison with the theoretical model of this section can be found 
in Refs. 27 and 28. 

3.3 Multiple Andreev Reflections scheme 

In the regime of broad transmission resonances in double-barrier Josephson 
junctions ( S� �� , see section 2.3.1), the distribution function of transmission 
eigenvalues �(D) was derived, from which the supercurrent was calculated. The 
MAR formalism [30,31,32,33,34] allows to calculate current under a finite voltage 
bias for a conduction channel with transparency D. The total current can then be 
found by integrating over the distribution of transparencies. 
 Multiple Andreev reflections arise from the effect that an Andreev reflected 
electron-like or hole-like quasiparticle can undergo an additional Andreev-
reflection at the other barrier. This process can repeat itself many times, 
resulting in MAR. When a voltage V is applied over the junction, a quasiparticle 
gains 2eV in energy by traversing the junction twice (forward as an electron-like, 
backward as a hole-like quasiparticle). The amplitude of the probability of 
Andreev scattering after m times traversing the junction is then given by the 
Andreev reflection coefficient a(E +meV), where E is the energy of the incident 
quasiparticle and  

 � �
2 2

2 2

sgn( ) for ,1
for .

S S

SS S

E E E E
a E EE i E

�� � �� � ���� �
� ��� � � ���	

 (3.3) 

 If both normal and Andreev reflections are taken into account, the electron 
and hole wave functions are the sums of the quasiparticle plane waves at 
different energies, shifted each time by 2eV. These wave functions have been 
derived in Refs. 33 and 34 at both sides of the scattering region. The electron 
wave function at the left side of the scattering region is 
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from which the definition of An and Bn becomes clear. The source term is 
provided by J�n0. Similarly, the hole wavefunctions at the left side can be given, 
as well as the electron and hole wavefunctions at the right side. By relating the 
wave functions at the two sides of the scattering region via the scattering matrix, 
Eq. (2.17), recurrent relations are obtained for the coefficients An and Bn [33], 

 

2 2
22 2 2 1 2 1 2

1 22 2 2
2 1 2 1 2 1

2 2 1
1 02

2 1

1
1 1 1

1 ,
1

n n n n
n n n

n n n

n n
n n

n

a a a a
D B D a B

a a a
a a

D B DJ
a

�

� � �

�

� � �

�

�

�

� �� ���� ��	 
 
 	� �� �� ���	 	 	� �� � �


 � 	 	
	

 (3.5) 

 � �1 2 1 2 1 2 2 2 1 1 01n n n n n n n n nA a a A D B a B a Ja �
� � � � �
� � � � �  (3.6) 

These recurrency equations are solved numerically by the method of “forward 
elimination, backward substitution” [35], from which all Fourier components of 
the current can be calculated as function of the transparency, 

 

 
Figure 3.2 Normalized single channel dc current (k = 0) from the MAR formalism for 
several values of the transparency at kBT � �S, together with the SINIS result from 
integrating the single-channel results over the distribution of transparencies. 
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 (3.7) 

The Fourier component of the current in a double-barrier Josephson junction is 
given by the integration of the single-channel result � �,kI D V  over the 
distribution of transmission coefficients � � � � � �

1
0 ,k kI V I D V D dD�� � , where the 

distribution function is known from section 2.3.1, 
� � � �

1/23/2
0/max ND D D D G G� �

�
�

� �  for 0 maxD D� � , and 1eff� � , where 
� �

2
1 2 1 24 /maxD � � � �� � . The total current is then finally given by 

 2 /( ) .i keVt
k

k

I t I e��
�  (3.8) 

 The dc current determines the amount of dissipation in the junction. The 
results of numerical calculations for the dc component Ik=0 at temperatures 

cST T�  are presented in Fig. 3.2 for channels with transparency D. The single-
channel result for 1D �  coincides with the known result for SIS tunnel 
junctions, while the transparent case 1D �  shows a divergency in the limit of 

0V � , which was discussed by Averin and Bardas [33]. In the integrated SINIS 
result, the excess current 1.05ex N SeI R ��  is present at high bias SeV �� , 
while the subharmonic gap structure at 2 /SeV n� �  due to MAR is present at 
lower voltages, despite the averaging over channels.  
 Figure 3.3 shows the real and imaginary part of the first Fourier component 

 
(a) (b)

 
Figure 3.3 (a) Real and (b) imaginary part of the first Fourier component of the 
normalized ac current (k = 1) from the MAR formalism at kBT � �S, together with the 
averaged SINIS results. 
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Ik=1 of the ac current. The single-channel results in the tunneling limit of 1D �  
coincide respectively with the known cosine and sine components of the 
quasiparticle current in the Werthamer theory [36]. 
 Note, that the SINIS curves in Figs. 3.2 and 3.3 are universal, i.e. 
independent of microscopic parameters such as the electronic mean free path as 
long as 1eff� � . This universality breaks down with the increase of �eff, due to 
the dephazing of transmission resonances, as discussed in section 2.3.1. The 
detailed study for larger �eff is the subject of the remainder of this Chapter. 

3.4 Formulation in the Keldysh formalism 

The Matsubara Green’s function technique can be applied to a many-body 
system in equilibrium, from which the energy-dependent properties of the system 
can be derived. This technique was introduced in section 1.4.3 and used 
throughout Chapter 2. In addition to obtaining spectral quantities, we need to 
know how the states are populated under nonequilibrium conditions. For this 
purpose Keldysh [37] proposed a set of propagators along a contour in the 
complex-time plane that allows to describe the real-time evolution of a system 
outside equilibrium and at a finite temperature. The review of Rammer and 
Smith [38] describes the use of the Keldysh technique in the transport theory of 
metals. The Keldysh method is introduced specifically for nonequilibrium 
superconductivity in Refs. 39, 40, 41 and 42. 
 The retarded, advanced and Keldysh Green’s functions in the Keldysh 
technique are defined as 

 

� � � � � � � �

� � � � � � � �

� � � � � �

1 2

2 1

ˆ ˆ ˆ1,2 1,2 1,2 ,

ˆ ˆ ˆ1,2 1,2 1,2 ,

ˆ ˆ ˆ1,2 1,2 1,2 ,

R

A

K

G t t G G

G t t G G

G G G

�

�

� �

� �

� �
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� 	  (3.9) 

where � is the Heaviside step function, 1 and 2 denote two different position 
coordinates as well as two different times, and 

 � � � � � � � � � � � �† †ˆ ˆ ˆ ˆ ˆ ˆ1,2 2 1 ,  1,2 1 2 .G i G i� �

� � � � � � �  (3.10) 

Here, the pseudo-spinor †
�̂  is again a compact notation for � �†,� �� � . It can be 

seen that the advanced and retarded Green’s functions, ˆAG  and ˆRG , coincide 
with the definitions of the Green’s functions of section 1.4.2 in Nambu space. A 
compact notation of the equations for the Green’s functions becomes possible by 
introducing the Green’s function in Keldysh � Nambu space 
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The expression for the current in the Keldysh formalism is 

 � �3
1 ˆ ˆ ˆ ˆˆTr

2
R K K A

N

I dE G G G G
eR

�
� �� � � �� �� 	� . (3.12) 

 
3.4.1 Time dependent Usadel equation 

The Green’s function G
�

 is a function of two times, t and t’, and the time-
dependent Usadel equation in the absence of the electric vector potential reads 
[41] 
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where  
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�  (3.14) 

D is the diffusion constant, �
�

 the self energy with retarded, advanced and 
Keldysh components, * denotes the complex conjugate and �  denotes a 
convolution over the internal time coordinates, e.g. � � � �1 1 1, , 'G dt t t G t t� � ��

� � � �

� . 
The function G

�

 is normalized as 1G G �

� � �

� .  
 The Green’s functions can be transformed to energy-frequency space (E,�) by 
Fourier transforming the functions � �� �', ' /2G t t t t� �

�

, 

 � � � � � �( ')/ ( ')/2'
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2
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�
� � �
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� �

 (3.15) 

Spectral quantities that only depend on energy and not on frequency after 
Fourier transforming, such as the equilibrium Green’s functions in the electrodes, 
only depend on the time difference before Fourier transforming. Each term in Eq. 
(3.13) can be transformed to (E,�)-space. Hence, the Usadel equation can be 
rewritten in (E,�)-space [42] as 

 � � � � � �3 3, , ,
2

D G G iE G i G i G G�

� �
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 �

� � � � � � � �� �
� � � � � �  (3.16) 

where � �ˆ 0t� �  is taken for simplicity. 3,G�
� �
� �� �

�

�  is the commutator of 3�
�  and G

�

, 
and � �3,G�

�

�  is the anti-commutator. A decomposition of the Green’s functions in 
Fourier harmonics can formerly be introduced as 
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where � � � �0,nG E G E n��

� �

. 

3.4.2 Retarded and advanced propagators 

Equation (3.16) consists of an Usadel equation for the retarded Green’s function, 
the advanced Green’s function, and an equation containing the Keldysh Green’s 
function. The Usadel equation for the retarded Green’s function ˆRG  in the 
interlayer (taking the limit of � �ˆ 0t� �  and zero inelastic scattering) in Fourier 
components reads 

 � � � �� � � �0 3 3
ˆ ˆ ˆ ˆˆ ˆ/2 , , 0,R R R R

n nn
D G G in G E iE G E� � �
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� �  (3.18) 

where the index n denotes the n-th harmonic. The self-energy terms in Eq. (3.16) 
can effectively be represented by a characteristic inelastic scattering time in� , as 
was derived by Larkin and Ovchinnikov [43]. The self-energy terms have been 
neglected in Eq. (3.18), which is justified as long as / in Bk T�� � . 
 The most general decomposition of the retarded and advanced Green’s 
functions is a linear combination of the three Pauli matrices [38], but in practice 
it suffices to define 
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 Assuming that the thickness of the interlayer d is much smaller than the 
coherence length 'S� , we can take the retarded Green’s function much larger 
than its gradient (see section 2.2.2). Integrating both sides of Eq. (3.18) over the 
interlayer thickness and barriers gives 

 

� � � � � � � �

� �� � � �0
3 3

ˆ ˆ ˆ ˆ0

ˆ ˆˆ ˆ, , 0.
2

R R R R

n n

R R
n n

D G G x D G G x d

in d G E iEd G E
�

� �

� � � � �

� �� � �� �	 


� � � �

 (3.20) 

Using the Kupriyanov-Lukichev boundary conditions [44], as defined in Eq. (1.8), 
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we obtain 
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where ,
ˆR

SL RG  are retarded functions in the left and right electrodes respectively. 
The normalization condition for ˆRG  in energy-space and decomposed into 
Fourier harmonics can be found from the expressions of Appendix D, 

 0 0 0
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n m n m
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���

�� � � �� �� �� � �� �� �� �� �� 	 � 	�  (3.23) 

Equations (3.22) and (3.23) form a complete set of equations from which the 
Fourier components of ˆRG  can in principle be determined. Solving the set of 
equations is complicated by the recurrent nature of the equations. The Fourier 
harmonics are coupled to each other and have arguments that are shifted in 
energy. Keeping only the n = 0 harmonic of GR and the 1n � �  harmonics of FR 
and neglecting energy-shifts in the arguments provides a solution for GR and FR 
that coincides with the analytical continuation ( iE� � � ) of the Matsubara 
solution, Eq. (2.12), at /2� �� .  

3.4.3 Kinetic equations 

From the matrix normalization condition 1G G �

� � �

� , the upper right component 
implies that ˆ ˆ ˆ ˆ 0R K K AG G G G� �� � . Hence, ˆKG  can be parametrized as 

 ˆ ˆ ˆ ˆ ˆ .K R AG G f f G� �� �  (3.24) 

Furthermore, it was shown by Schmid and Schön [45] and Larkin and 
Ovchinnikov [43], that f̂  can be chosen to be diagonal. We will adopt the 
notation  
 3

ˆ ˆ ˆ1 ,L Tf f f �� �  (3.25) 

where fL and fT are those parts of the energy distribution function that are 
respectively even and odd in energy. Therefore they are named longitudinal and 
transverse energy distribution fucntion respectively. Physically, a deviation of fL 
from equilibrium is associated with a different effective temperature and a 
deviation of fT from equilibrium with a chemical potential shift. In equilibrium,  
fT0 = 0 and fL0 = tanh(E/2kBT).  
 Putting Eqs. (3.24) and (3.25) into the Keldysh component of the Usadel Eq. 
(3.13) and by making use of the Usadel equations for the retarded and advanced 
Green’s function, finally the kinetic equations for the Fourier components of fL 
and fT can be written as 
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with  
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Here, use has been made of the rewriting of the G G� � �
� � � �

� �  term by Larkin 
and Ovchinnikov [43] into a collision integral with characteristic inelastic 
scattering time in� . � has been assumed to be 0 for simplicity, but a 
superconducting gap in the interlayer can be incorporated in the model in a 
straightforward way by keeping the terms in the Usadel Eq. (3.13) that depend 
on �. In the limit of slow time variations, a Fourier transform over the time 
difference provides the known mixed representation of the kinetic equations [41] 
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which follows directly from Eq. (3.26) for the lowest Fourier harmonic. The 
expressions for the supercurrent and dissipative current components can be 
derived [42] from Eq. (3.12) 
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3.4.4 Time-dependent boundary conditions 

Zaitsev [20] derived effective boundary conditions for the quasiclassical Green’s 
function formalism. These were further developed for diffusive scattering in the 
interlayer by Kupriyanov and Lukichev [44]. The boundary conditions for 
retarded and advanced Green’s functions were already introduced in section 
1.4.3, but can in general be written as 

 2 2 2 2 1 1 2,B
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where 1G
�

 and 2G
�

 denote the Green’s functions at the two sides of the interface. 
From the definition of the Green’s functions in Keldysh space, Eq. (3.11), a 
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boundary condition can be written for each matrix element. In Appendix C, this 
set of boundary conditions is rewritten into  
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where all the products have to be regarded as time-convolutions.  
 The Green’s functions become time dependent by applying a voltage over the 
interface. In the absence of voltage, the Green’s functions in the electrodes only 
depend on time difference since equilibrium is assumed. The potential can be 
introduced in each electrode by a Gauge transformation (see also Ref. 20) of the 
Green’s function in the electrodes 
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where � �Ŝ t  and � �†ˆ 'S t  are given by 
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Volkov and Klapwijk [22] performed a Gauge transformation of the interlayer 
Green’s functions, which works only in the the limit d ��  because of the large 
decoupling between the electrodes in this case. 
 By performing the Gauge transformation for 1̂

RG  and 1̂
AG  and by taking the 

trace from Eq. (3.31), one obtains the first boundary condition in time 
representation. The second equation is obtained by taking the trace after 
multiplying left- and right-hand side of Eq. (3.31) by 3̂� . This results in 
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where use has been made of the fact that 1 0Tf � , since the electrodes are 
assumed to be in equilibrium. The energy distribution functions are not only 
coupled through the kinetic equations (3.26), but through the boundary 
conditions as well.  
 At the second interface a similar set of boundary conditions can be derived, 
which can be obtained from Eqs. (3.34) and (3.35) by replacing G1 and F1 by G3 
and F3 respectively, and by multiplying the right-hand side of Eqs. (3.34) and 
(3.35) by –1. 
 Note, that � � � �

2 2
2 2Re Im 0LD G F� � �  for energies approximately smaller 

than the gap 'S�  in the interlayer. Hence, for energies at which DL = 0, 
boundary condition (3.35) is replaced by 2 0L Lf f� . This physically represents a 
coupling to a heat bath at subgap energies. 
 Each term in the boundary condition contains time convolutions. With the 
aid of the expansion of the Green’s functions in Fourier harmonics and the 
expressions of Appendix D for the time convolutions of double and triple 
products, the convolutions can be worked out for each term. The left-hand side of 
Eq. (3.34) is for example 
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The sine and cosine dependencies in the boundary conditions cause additional 
voltage shifts as well as coupling to higher harmonics, which can be seen for 
example in the term 
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In principle, the set of kinetic equations (3.26) together with the boundary 
conditions Eq. (3.34) and Eq. (3.35), and expressions for the time convolutions, 
such as Eq. (3.36) and Eq. (3.37), provide a complete set of equations to solve 
the energy distribution functions as function of voltage. However, the coupling to 
higher harmonics and energy shifts within the functions themselves makes solving 
the equations cumbersome. Hence, in the next section an adiabatic approximation 
will be developed in order to solve the kinetic equations for SeV �� . 
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3.5 Adiabatic dynamics in double-barrier junctions 

3.5.1 Adiabatic approximation 

In order to simplify the time-dependencies, an adiabatic approximation can be 
made. When voltage is small, the phase oscillates slowly and can even be 
considered quasi-stationary. In this case, we only need to keep the time 
dependence in expressions that contain the phase, but can neglect all other time 
dependencies. Consequently, the time convolutions become simple products and 
the energy shifts can be neglected. Therefore, this approximation is called 
adiabatic. 
 A formal derivation of the parameter regime in which the adiabatic 
approximation can be used, is based on the time dependence in Eqs. (3.34) and 
(3.35). The quasiparticle current is determined by the left-hand side of Eq. (3.34)
, namely ' 2 /T B S TD df dx� � . It will be shown in this section that the right-hand 
side of this boundary condition in the adiabatic limit is equal to the fT2. terms in 
Eq. (3.34). Hence, deviations from the adiabatic approximation in the 
quasiparticle current are only to be expected when the terms proportional to fL2 
in Eq. (3.34) are not negligible. The first of these terms is 

� �� �2 1 2Re Re sin ' /Lf G G i eV t t� � , which can be neglected for SeV �� . The 
second term is � �� �2 1 2Im Re sin ' /Lf F F eV t t� � , which is nonzero only due to the 
loop-like construction with Eq. (3.35), in which the terms ImF1 and ReF2 are 
shifted eV/2 in energy every cycle, making their overlap nonzero after 
approximately �S/eV cycles. For large suppression parameters, 1

2Re effF �
�

� . 
Hence, smallness of this term can now be formulated as � �

/
1/ 1S eV

eff�
�

� . 
Combining the conditions, the conclusion is reached that the adiabatic 
approximation is valid when SeV ��  and 1eff� � . 
 In this case, the phases �1,2 can be introduced by the parameterization 
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No additional Gauge transformations have to be performed in the boundary 
conditions. Hence, we can use the parametrization of Eq. (3.38) directly in the 
boundary condition (3.31). The first boundary condition is then found by taking 
the trace of Eq. (3.31). The second is found by taking the trace after multiplying 
with 3̂� . With Eq. (3.38) and after some rewriting, this gives 
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where  
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where 1 2 /2 eVt� � �� � �  in the case of symmetric barriers. Here, G and F are 
given by the analytical continuation ( iE� � � ) of Eqs. (2.12), and  
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The kinetic equations (3.26) in the quasi-stationary limit and the limit of no 
inelastic scattering simplify to 
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Therefore, Eqs. (3.42) and (3.39) provide the set of equations to describe the 
time-dependent transport in double-barrier junctions in the limit of a large 
suppression parameter and a small voltage. 
 From Eq. (3.29) and a solution of the kinetic equations, the supercurrent can 
be determined as a function of voltage. In most tunnel junctions and weak links, 
the time-dependence of the spectral supercurrent is harmonic and by averaging 
over time, the supercurrent becomes zero at a finite voltage. However, due to the 
additional time dependence of fL, the product of fL and ImIS not necessarily has to 
be harmonic, and a nonzero time-averaged dc supercurrent can exist at a finite 
voltage. The magnitude of the supercurrent at nonzero voltage, however, is 
proportional to 1

B�
� , which is negligibly small under the present assumptions of 

the model. Details about the supercurrent as function of voltage can be found in 
Ref. 46. 

3.5.2 Quasiparticle current in SINIS 

From the expression for the quasiparticle current component in Eq. (3.29), and 
by solving Eqs. (3.42) and (3.39) with an Ansatz 2

, 1,2 1,2 1,2T Lf a x b x c� � � , it is 
obtained that 
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It follows from Eq. (3.43) that the quasiparticle current has in general a phase-
dependent contribution through the coefficients MT1,2. The current is therefore 
time-dependent since the phase difference is given by 2 /eVt� � � . The dc 
component is then determined by averaging over time.  
 When one of the superconducting electrodes is replaced by a normal metal, 
Eq. (3.40) simplifies, since FN = 0. By putting voltage to zero in the super-
conductor, it can be shown that the expression for the quasiparticle current, Eq. 
(3.43) with MT2 = ReG2, coincides with the known results of the SININ junction 
of Volkov et al. [21]. The additional term � � � �1 / ,Tm E d dx M E x�� �  in Ref. 21 
is neglected in our case, since the term is small as compared to /B TM� . 
 As a measure of the subgap conductance of a double-barrier Josephson 
junction, the conductance at V = �S�e is calculated and shown in Fig. 3.4 (a) as 
function of temperature in the limit of 1eff� � . The inset of Fig. 3.4 (a) shows 
the conductance at V = �S�e as function of the inverse suppression parameter. It 
can be seen that the conductance is enhanced by a decrease in �eff. Physically, 
this corresponds to the opening of (so-called Andreev) channels due to the term 
Re ReSF F  in MT. For 10eff� � , for which the model of this section is a good 
approximation, the conductance is found to scale approximately with 1

eff�
� . This 

scaling will be used in section 4.3 to predict an intrinsic shunt in high-Jc double-
barrier Josephson junctions. 
 In the regime of a large voltage SeV �� , the time dependencies in the 
electrodes become decoupled and the current in an SINIS junction can be seen as 
the summation of the current in an SININ’ junction and an N’INIS junction. In 

 
(a) (b)

 
Figure 3.4 (a) Normalized conductance at V = �S�e as function of temperature 
(normalized to �S) for �eff � 1. The inset shows the normalized conductance at V = �S�e 
as function of 1/�eff at kBT/�S = 0.5. (b) Excess and deficit current as function of 
asymmetry for several values of the suppression parameter. 
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this case, the relevant functions MT in Eq. (3.43) simplify, and the presence of 
excess and deficit current can be calculated. Figure 3.4 (b) shows the resulting 
dependence of the excess and deficit current on the asymmetry parameter, for 
several values of the suppression parameter. Note, that the decoupling into an 
SININ’ and N’INIS junction at SeV ��  is valid for all values of �eff. The 
limiting case of a deficit current 4 / 3def N SeI R � �  for the symmetric limit and 

1eff� �  coincides with the findings of Zaitsev [20] and Volkov et al. [21]. The 
excess current 1.05ex N SeI R ��  for 1eff� �  coincides with the results of the 
MAR calculations in section 3.3. 

3.6 Inelastic scattering 

In many mesoscopic systems and weak links, the time of flight of a quasiparticle 
through a normal metal or superconducting layer is much shorter than the 
characteristic inelastic scattering time in the specific material. Hence, inelastic 
scattering in mesoscopic systems and weak links is usually neglected. However, in 
double-barrier junctions, the time that a quasiparticle effectively spends in the 
interlayer is proportional to D -1, where D is the transparency of each barrier. For 
a transparency of the order of 10-6, the time of flight in the interlayer is for 
example of the order of / Fd Dv� � = 0.5 ns, for a thickness of about 10 nm and 
a typical Fermi-velocity of 1.5�106 m/s [47]. 
 Still, 0.5 ns is much smaller than the inelastic scattering time in bulk Al of 
400 ns, as estimated by Kaplan et al. [48]. However, magnetoresistance and 
microwave measurements in thin films of Al [49,50] showed that the inelastic 
scattering time in thin Al films is orders of magnitudes smaller than in bulk, 
namely of the order of 0.1 to 1.0 ns in films of a few to 10 nm thickness. 
Therefore, in the modeling of time-dependent transport properties of double-
barrier junctions, inelastic scattering has to be taken into account. The inelastic 
scattering comprises both electron-phonon and electron-electron scattering.  

3.6.1 Derivation of a microscopic model 

In this section, a microscopic model will be derived for the quasiparticle current 
as function of voltage in double-barrier Josephson junctions with low-transparent 
barriers. It will be shown that the results coincide with the phenomenological 
model by Heslinga and Klapwijk [51], who derived their model by matching the 
population and extraction rates of the quasiparticles in the interlayer.  
 In this section, the assumption will be made that 1eff� � . In this 
approximation, the proximity effect can be neglected, i.e. ( ) 0R AF � . 
Furthermore, the spectral supercurrent ImIS(E,t) = 0, � �2ReG E = 1, and 
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1L TD D� � . In this case, none of the quantities explicitly depends on time. 
Then, the kinetic Eqs. (3.26) can be simplified to 
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where � �0 tanh( /2 )f E E T�  and D is the diffusion constant in the interlayer. Use 
is made of the fact that � �0 0Tf E �  in equilibrium. The kinetic equations are 
decoupled in this case, but fT and fL are coupled through the boundary 
conditions. 
 The boundary conditions can either be obtained by simplifying the relevant 
terms of the expressions that contain all harmonics, such as Eqs. (3.36) and 
(3.37), or by starting from the time-dependent boundary conditions, Eqs. (3.34) 
and (3.35). In the latter case, the transformation to energy space is 
straightforward. The right-hand sides of Eqs. (3.34) and (3.35) only contain 
terms that depend on time difference since ( ) 0R AF � , e.g. 
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The left-hand side of Eq. (3.34) becomes 
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Hence, together with 2Re 1g � , finally the boundary conditions read 
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where � � � �1 1Re /2 Re /2N G E eV G E eV
�
� � � �  in the superconductors and 
� � � � � � � �1 0 1 0Re /2 /2 Re /2 /2R G E eV f E eV G E eV f E eV

�
� � � � � � . The ki-

netic equations provide that 1 1 12 2inc a D a� �� �  for the Ansatz 
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2
1 1 1Tf a x b x c� � �  and 2

2 2 2Lf a x b x c� � � . Using boundary conditions (3.47) 
and neglecting terms proportional to d 2, it is obtained that 
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from which the solution can be simply found. The quasiparticle current is given 
by Eq. (3.29), where 1/Tdf dx b� , and b1 from Eq. (3.48) is given by 
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where � �1 2
' / 0 /B S Bd D e N R d� ��

� � �� �  is the tunneling injection rate into the 
normal metal interlayer, N(0) the unnormalized density of states in the interlayer 
and RB the specific barrier resistance. From symmetry reasons in energy, 
� �0R f N

� �

�  can be simplified to � �1Re /2g E eV�  � � � �0 0/2f E eV f E� �� �� � . 
With /2N B� � �  � �2 10 / B Be N D R�

�

� , the expression for the quasiparticle 
current finally becomes 
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Figure 3.5 Semiconductor-diagram representation of tunnel and scattering rates in a 
double-barrier junction at bias-voltage V = �S/e. The energy conserving processes, (i) 
and (ii), are in the case of inelastic scattering complemented by process (iii). 
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This expression is equivalent to the findings of Heslinga and Klapwijk [51] who 
derived the model by equating the population and extraction rates in the 
interlayer. The equivalence of a mesoscopic or phenomenological approach and 
the more rigorous Green’s functions treatment is shown by Argaman [52] to hold 
for the equations for current. Here, we have proven that the final expression, Eq. 
(3.50) also follows from the Green’s function approach, using the appropriate 
boundary conditions. 

3.6.2 Influence of inelastic scattering on transport properties 

Examples of possible tunneling processes are indicated in Fig. 3.5. In one of the 
processes a quasiparticle is inelastically scattered in the interlayer. Equation 
(3.50) coincides in the limit of strong inelastic scattering ( 0in�� � ) with the 
known result for two SIN tunnel junctions in series. In the absence of inelastic 
scattering, Eq. (3.50) reduces to  

 
(a) (b)

 
Figure 3.6 (a) IV characteristics at kBT/�S = 0.25 on the basis of Eq. (3.50) for several 
values of the inelastic scattering parameter ��in. The inset shows the subgap conductance 
at V = ��e as function of ��in. (b) Excess and deficit current as function of the 
supression parameter for several values of the inelastic scattering parameter ��in.  
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Figure 3.6 (a) shows both limiting case as well as IV curves for intermediate 
values of the scattering parameter. It can be seen in the inset of Fig. 3.6 (a), that 
inelastic scattering enhances the subgap-conductance. This effect will be 
discussed in section 4.3 in order to explain the large subgap conductance in 
double-barrier junctions measurements. 
 Equation (3.51) gives a deficit current of eIdefRN = 4�S/3 for SeV �� , 
which coincides with the findings of section 3.5.2. In analogy with the approach 
of section 3.5.2 to calculate excess and deficit currents by summing the respective 
contributions from SININ and NINIS junctions, the same can be calculated by 
including inelastic scattering as well. Figure 3.6 (b) shows the resulting crossover 
from excess to deficit current as function of the suppression parameter for several 
values of the inelastic scattering parameter. For 110in�

�

� �  only a small deficit 
current is predicted at SeV �� . However, at moderate values of V, i.e. 
2 4S SeV� � � � , still a considerable deficit current is present, as for example 
can be seen in Fig. 3.6 (a). 

3.7 Conclusion 

Time-dependent and nonequilibrium transport properties of SINIS junctions have 
been studied in this Chapter. Stationary nonequilibrium properties can be 
determined from the spectral supercurrent from Chapter 2, together with an 
appropriate nonequilibrium energy distribution function. For example, the 
supercurrent in a double-barrier junction can be controlled by injecting charge 
carriers from additional terminals. 
 The time-dependent transport properties can be modeled within the Multiple 
Andreev Reflection formalism in the case of 1eff� � . Here, the results for 
conduction channels with transparency D are integrated with the distribution 
function of transparencies to obtain the current in double-barrier Josephson 
junctions. The dc component of the dissipative quasiparticle current shows a 
subharmonic gap structure at 2 /SeV n� �  due to MAR, despite the averaging 
over channels. The subgap conductance in this regime is close to the normal state 
conductance, which is beneficial in obtaining intrinsically shunted junctions, as 
will be discussed in Chapter 4. A divergency in the conductance is present for 

SeV �� . The universality of the IV characteristics breaks down for increasing 
�eff, and for the general case a formulation in the Keldysh technique is required. 
 The kinetic equations for the longitudinal and transverse energy distribution 
functions are derived from the Keldysh-Usadel equation. The appropriate 
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boundary conditions are derived by starting from the Kupriyanov-Lukichev 
boundary conditions and by applying Gauge transformations in the electrodes. 
The resulting set of equations has a recurrent nature, in terms of coupling of 
Green’s functions to higher harmonics as well as to functions with shifted energy 
arguments.  
 In the adiabatic limit of a small voltage and a large suppression parameter, 
the time-dependencies simplify and the equations are solved to determine the 
quasiparticle current in double-barrier Josephson junctions. Known limiting 
cases, such as the SININ’ junction, are reproduced. Excess and deficit current are 
determined as function of the suppression parameter and the asymmetry between 
the barriers. Excess current as high as 1.05ex N SeI R ��  can exist in double-
barrier junctions in the symmetric case for 1eff� � , and maximum deficit 
current is reached in the symmetric case for 1eff� � . The subgap conductance 
enhancement by decreasing �eff is caused by the opening of Andreev channels. 
 In contrast to most studied mesoscopic systems, inelastic scattering in the 
interlayer of double-barrier junctions can have a strong influence on the 
electronic transport. A microscopic derivation of the dependence of the transport 
properties on the inelastic scattering parameter is given. IV characteristics show 
an enhanced subgap conductance for increased inelastic scattering rates. The 
actual value for the inelastic scattering in the interlayer will be derived 
experimentally in the next Chapter. 
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Chapter 4 

Double-barrier Josephson 

junction experiments 

Abstract 

Double-barrier Josephson junctions are fabricated and characterized. The 
junctions are intrinsically shunted at 4.2 K, show near-ideal magnetic field 
modulation and Shapiro steps. The transport properties are well described 
by the microscopic model of the previous Chapters. The intrinsic shunt of 
double-barrier junctions is explained in terms of subgap conductance 
contributions from Andreev channels and inelastic scattering in the 
interlayer, for which the characteristic time-scale is extracted from the 
experiments. The influence of the asymmetry of the two tunnel barriers on 
the transport properties is discussed. Future prospects for double-barrier 
junctions in superconducting electronics are discussed. 

4.1 Introduction 

Whereas potential barriers are often naturally present in junctions (at the 
interfaces in SNS contacts), this Chapter will focus on double-barrier Josephson 
junctions with two intentionally fabricated tunnel barriers.  
 Aluminum is a material with a large coherence length � and is therefore well 
suited to be the interlayer material in a double-barrier Josephson junction, since 
the suppression parameter, as defined in Chapter 2, is inversely proportional to �. 
Oxidized Al (Al2O3) provides high quality barriers. Niobium has a Tc well above 
the usual working temperature of 4.2 K and despite the modest Tc of Al, still a 
considerable supercurrent density at 4.2 K in Nb-Al2O3-Al-Al2O3-Nb double-
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barrier Josephson junctions can be expected from the theory of Chapter 2. This 
makes Nb and Al a good choice of junction materials, especially since the 
technology is already well developed for the standard low-Tc SIS junctions [1]. 
 The early experimental work on Nb/Al double-barrier junctions [2,3,4,5] dealt 
with the fundamental properties of these junctions, like photon-assisted 
tunneling, supercurrent at a temperature well above the critical temperature of 
the interlayer, and nonequilibrium gap enhancement. Following these first papers, 
further investigations concentrated on the critical current enhancement [6,7,8,9] 
and electronic cooling by quasiparticle extraction [10,11,12,13,14]. More recently, 
magnetic field dependent features in the IV characteristics [15] gained interest 
because of a possible application in qubits [16]. 
 As discussed in section 1.2, the fact that double-barrier Josephson junctions 
are intrinsically shunted is appealing to two large-scale integrated circuit 
applications [18]: the digital voltage standard and Rapid Single Flux Quantum 
(RSFQ) logic. While double-barrier junctions for digital voltage standards 
[19,20,21] only require moderate critical current densities, engineering double-
barrier junctions for RSFQ circuits focuses on obtaining large critical current 
densities and IcRN products [22,23,24,25,26,27,28,29,30,31]. The challenge of 
obtaining junctions with a small suppression parameter is pursued by several 

 

 
Figure 4.1 Experimental temperature dependence of IcRN from Ref. 10 (�), from Ref. 11 
(�), from Ref. 17 (�), from Ref. 30 (�), and from Ref. 34 (�), together with fits of the 
microscopic model from which TcAl and �eff are obtained. TcNb is 9 K in all cases. 
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groups, and considerable progress has been made by reducing oxidation time and 
pressure during barrier fabrication.  
 Figure 4.1 shows experimental data from different groups, together with a 
theoretical fit, from which �eff is obtained. For the fitting, the microscopic model 
for the dirty limit of section 2.2 has been used. The model contains a number of 
free parameters. By fixing TcNb at 9 K, TcAl can be obtained from fitting the steep 
rise in the critical current. The IcRN value below TcAl, as well as the shape of the 
tail at higher temperatures, are determined by �eff. This means that the 
parameters can be determined independently. For the experimental data with the 
smallest �eff, asymmetry of the barriers had to be assumed to fit the data, which 
will be discussed in detail in section 4.4. The variation in TcAl is attributed to the 
difference in growth methods of the Al interlayer between different groups. In one 
case [11], oxygen impurities were added in order to increase TcAl, which is 
reflected in the value from the fit. The fitting shows the excellent agreement 
between experiment and theory. Additionally, the junction parameters that can 
be extracted allow to design junctions and electronic circuits. 
 This Chapter will describe the fabrication and characterization of double-
barrier junctions (section 4.2), together with the investigation of two aspects of 
double-barrier junctions: the intrinsic shunt and the influence of the asymmetry 
of barriers. The interesting question why double-barrier Josephson junctions are 
intrinsically shunted (or why not in some cases) will be answered in section 4.3 in 
terms of the modeling of Chapter 3, by taking inelastic scattering and Andreev 
channels into account. The explanation is based on parameters that are extracted 
from the experiments. Section 4.4 discusses the role of the asymmetry of barriers 
on the electronic transport properties. This topic is especially relevant for large 
critical current density junctions [32,33,34], as follows from experiments. 

4.2 Fabrication and measurement results 

4.2.1 Fabrication process 

In order to fabricate double barrier junctions with Al and Nb, only minor 
changes in the standard low-Tc tunnel junction fabrication process are required. 
The standard process is described in Ref. 35. The difference between the 
standard low-Tc junction fabrication process and fabricating double-barrier 
junctions is the deposition of an extra Al layer, which has to be oxidized as well. 
Consequently, the total Al etch time in the junction-definition step is consider-
ably longer. This puts extra constraints on some of the fabrication steps. 
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  In short, the process consists of the following (see also Fig. 4.2). Two-inch 
silicon wafers with an oxidized layer of about 500 nm are used as a substrate. 
The Al and Nb layers are deposited by dc magnetron sputtering. The typical 
background pressure in the deposition system is 1.10-7 mbar. This pressure is 
further reduced before deposition by Nb presputtering. A Nb-Al-Al2O3-Al-Al2O3-
Al-Nb multilayer is formed of a base-electrode of Nb (150 nm), a thin Al layer (5 
nm) which is oxidized at room temperature to form the actual barrier, a second 
thin Al film (9 nm) which is oxidized as well, an Al layer of about 5 nm and the 
Nb counter electrode (150 nm). The Nb wiring is directly connected to the 
counter electrode. A thin Al capping layer on top of the Nb prevents the Nb from 
oxidizing. 
  The Al layers between Nb and Al2O3 prevent a chemical reaction of the 
oxygen in the barrier with Nb. The thermal oxidation is done in the loadlock of 
the sputter system. The oxygen pressure and oxidation time determine the 
barrier properties and are chosen here as 0.02 mbar and 10 minutes respectively. 
The extra deposition steps as compared to the single-barrier junction process 
require a low background pressure as well. Therefore, an additional Nb pre-
sputter step was included in these extra fabrication steps.  
  The junction definition step is performed by standard photolithography,  SF6 
Reactive Ion Etching (RIE) of Nb and chemical etching of Al in a diluted NaOH 
solution. Two partly overlapping insulating SiO2 layers are fabricated by sputter 
deposition in combination with lift-off photolithography in order to form the 
insulation between wiring and trilayer or base electrode. 
  The total Al thickness (including the oxide barriers) is much thicker than of 
a normal trilayer in the standard low-Tc fabrication process. The etch time of the 
Al therefore increases considerably. Photoresist is still present during the Al 
etching, since it will be used for the deposition of the first SiO2 layer. 
Consequently, the photoresist will be more rounded because of the longer etching 
time. To avoid lift-off problems, an overhanging photoresist layer was created in 
stead by soaking the photoresist in chlorobenzene before developing. 

SiO2(2)

Al

Si

Nb

Al O32

SiO (1)2

SiO2

NbAl

 
Figure 4.2 Schematic structure of the double-barrier Josephson junctions. 
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Additionally, also the sides of the photoresist layer were hardened by soaking in 
chlorobenzene after developing. Furthermore, the overetching time of the Al wet 
etch was reduced as compared to the overetching time in the single-barrier 
junction fabrication process. 
  During the fabrication, it was measured that the area of the junction finally 
was smaller than designed on the mask due to overetching. Two different sets of 
junction dimensions were finally obtained and measured to be 8�8 �m and 18�18 
�m respectively. A microscope photograph of a chip with 18�18 �m junctions is 
shown in Fig. 4.3. 
 In the fabrication processes of double-barrier junctions, as described in the 
literature [23,36,37,38,39,40], an anodization step is often used. This step has the 
advantage that it avoids the necessity to deposit two SiO2 layers, and that the 
discussed difficulties with the lift-off from the first SiO2 layer and problems in the 
insulation are avoided. For junctions with small lateral dimensions however, the 
stress induced by the increase in volume of Nb after anodization will round the 
junction and can even make it break. In Refs. 39 and 40, fabrication steps are 
discussed to obtain double-barrier junctions with an additional contact to the 
interlayer. 

4.2.2 Junction characterization 

Each measured sample, consisting of 10 junctions, was attached to a PC-board 
and connected by Al wire-bonds. Measurements were performed in a helium 
cryostat at 4.2 K. External noise was reduced with a Nb shield and by using 
RCL filters. By additionally pumping the helium bath, the temperature could be 

 
Figure 4.3 Optical microscopy image of a chip with double-barrier Josephson junctions. 
The width of the middle Nb base electrode strip is 44 �m, junction dimensions are 18�18 
�m and the distance between the junctions is 4 �m. 
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reduced down to 1.6 K in order to study temperature dependencies. Two sets of 
junctions were measured with dimensions 8�8 �m and 18�18 �m, respectively.  
  Typically, all IV characteristics were non-hysteretic at 4.2 K. Figure 4.4 (a) 
shows a typical IV characteristic for an 18�18 �m double-barrier junction. The 
critical current density is 9 A/cm2. The behavior closely follows the RSJ model in 
the voltage range well below the energy gap. 
  In discussing the normal state resistance and IcRN product of Josephson 
junctions, a consensus has grown to mention the true RN instead of the subgap 
resistance. Although the latter quantity is usually important for applications, the 
true RN is relevant to the fitting with the microscopic model. The normal state 
resistance (as derived from the linear behavior for eV > 2�Nb) is about 0.09 � for 
an 18�18 �m junction at 4.2 K, as can be seen in Fig. 4.4 (b), and is inversely 
proportional to the junction area. The critical current at 4.2 K for an 8�8 �m 
junction was around 7 �A and 28 �A for the 18�18 �m junctions, close to scaling 
with the area. The spread in Ic for the largest junctions is 5% (i.e. all measured 
critical currents fall within 5% of 28 �A). For the smaller junctions, the spread is 
larger, probably due to variations in the junction area. The IcRN products are 
typically 3 to 4 �V. 
  For larger voltages, see Fig. 4.4 (b), a rounding in the curves is observed, 
together with a steep increase at V = 2.8 mV, from which it is concluded that 
the gap in the electrodes is 1.4 meV, which is close to the value for bulk Nb. The 
linear regime above 2�Nb can be extrapolated to find a current deficit of IdefRN = 
1.5 mV��The theoretically expected value for the current deficit for symmetric 
barriers and 1eff� � , as derived in Chapter 3, is eIdefRN = 4�Nb���	�
���meV in 
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Figure 4.4 (a) IV characteristic of an 18�18 �m junction at 4.2 K (and inset at 1.6 K). (b) 
IV characteristic of the same junction on a larger voltage scale. Deficit current is 
indicated. 
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the absence of inelastic scattering, but is reduced for increasing inelastic 
scattering rates. The inelastic scattering time in the Al interlayer will be 
determined in section 4.3. The linearity of the curve for eV > 2�Nb, together 
with the independence of the curve from the scanning speed, shows that the 
observed IV characteristics are not influenced by heating effects.  
  Upon cooling down to 1.6 K, all IV characteristics become hysteretic, i.e. two 
branches appear in the IV curves, as can be seen in the inset in Fig. 4.4 (a). The 
absence of hysteresis at 4.2 K, and presence of hysteresis at lower temperatures, 
will be explained in the next section, together with a discussion of the observed 
behavior of the subgap conductance. 
  The magnetic field dependence of the critical current was measured by 
applying a magnetic field parallel to the junction plane. Figure 4.5 (a) shows a 
typical critical current modulation, which closely resembles the theoretically 
expected Fraunhofer dependence for a homogeneous current distribution [41]. It 
can be concluded that the current is distributed homogeneously and that pinholes 
are not likely to be present. 
  The measured temperature dependence of the critical current, as shown in 
Fig. 4.5 (b), was fitted with the theoretical model for the clean limit with fixed 
parameters TcNb = 9.2 K and TcAl = 1.5 K. By fitting it was obtained that �eff = 
2�103 for these double-barrier junctions. The relation between �eff and the angle-
averaged transparency D of the barriers is given by Eq. (2.35), �eff 
=2 /B cS Fk T d D v� � . For these junctions, a transparency of the barriers of D = 
3�10-5 is obtained. This transparency corresponds to an expected critical current 
density of the order of 6 kA/cm2 for single-barrier junctions, if fabricated under 
the same oxidation conditions.  
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Figure 4.5 (a) Magnetic field dependence of the critical current of an 18�18 �m junction. 
(b) Critical current temperature dependence of an 8�8 �m junction. 
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  By irradiating the junctions with fRF = 10.0 GHz microwaves, Shapiro steps 
[41] are expected to appear at multiples of � �/2 RFV h e f�  = 20.7 �V, where 
2e/h = 483.6 MHz/�V. This was indeed experimentally clearly observed and the 
Shapiro step height as function of the applied microwave power is shown in Fig. 
4.6 for the first four observed steps (where I0 = 2Ic since I0 ranges from – Ic to 
Ic)*. The microwave power dependence can be modeled by including an RF 
current source term in the RSJ model provided the RF source impedance is much 
larger than the junction impedance,  
                                                                                                               

* The measured zero-power critical current for 18�18 �m junctions of 14 �A was smaller 
than was observed without micowave antenna, due to additional noise rounding of the 
IV characteristics. 

 
Figure 4.6  Normalized critical current (n = 0) and first three Shapiro steps (n = 1, 2, 3) 
under applied microwave irradiation.  The circles denote the measured step heights of a 
18�18 �m junction, the solid line is a theoretical fit from the RSJ model with a single 
fitting parameter for all four curves, � = 1.0. 
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where 2 ctf� ��  and � �2 /c c sgf e h I R� , see also Ref. 41. All four curves were 
fitted with a single parameter �������. This fitting parameter physically 
represents the normalized frequency /RF cf f . For these junctions, the noise 
suppressed Ic = 14 �A and Rsg = 1.3 �, which results in � = 1.1, very close to the 
fitted value. It shows that the double-barrier junction microwave properties can 
be perfectly described by a simple current source model. Note, that for these low-
Jc junctions no half-integer Shapiro steps were observed. The observation of half-
integer Shapiro steps by Lehnert et al. [42] can possibly be attributed to the high 
transparency of the interfaces, giving rise to a nonzero averaged supercurrent at 
finite voltage (as discussed in section 3.3), resulting in half-integer Shapiro steps. 

4.3 The nature of the intrinsic shunt 

The Resistively and Capacitively Shunted Junction (RCSJ) model shows how a 
sinusoidal supercurrent-phase relation, a linear quasiparticle current and a 
displacement-current determine the shape of the entire IV characteristic of a 
junction [41]. The model can also be applied to an unshunted junction, but then 
the subgap resistance Rsg appears in the expression for the Stewart-McCumber 
parameter  
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 (4.2) 

where C is the capacitance of the junction and �0 (= 2.07	10-15 Tm2) the flux 
quantum. Likharev [43] showed that the relation between �c and the presence of 
hysteresis depends on the model that is used to describe the junction (e.g. Non-
linear Resistive model, with different dependencies for the subgap conductance, 
and the Tunnel Junction Microscopic model), but roughly speaking, it can be 
said that �c > 1 corresponds to hysteretic IV characteristics. 
 The capacitance of a double-barrier junction is not known a priori. A set of 
junctions was fabricated, with the process as described in section 4.2.1, in order 
to make SQUIDs based on double-barrier junctions, see Ref. 44 for details. From 
resonances in the SQUID washer, C was determined to be 0.015 pF/�m2, 
corresponding to the capacitance of two SIS junctions in series [44]. It is assumed 
that this value is only weakly depending on the transparency of the barrier. The 
dependence of Ic and RN on the junction parameters, such as �eff, follow from the 
modeling of the stationary properties in Chapter 2. The subgap conductance as 
function of the suppression parameter is determined in Chapter 3. 
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 First, the regime of the junctions of section 4.2 with 1eff� �  will be 
discussed. Figure 4.7 (a) shows a typical measured IV characteristic, together 
with an IV curve from the nonequilibrium model of section 3.6, where inelastic 
scattering was taken into account. At 4.2 K, the experimental and theoretical 
curves are very much alike, taking into account the fact that only one free 
parameter was used to fit, namely 
�in. From 

 ,cS B in
in

eff

T k
h

� �
�

�
� �  (4.3) 

and the fitted 
�in = 0.1 and �eff = 2	103 (from the critical current temperature 
dependence), an inelastic scattering time �in = 0.3 ns is obtained in the Al 
interlayers. At 1.6 K, a magnetic field was used to suppress the supercurrent in 
order to resolve the subgap quasiparticle conductance. The deviation of the fit 
from the experiment around 2�Nb is due to the nonequilibrium enhancement of 
the gap in the interlayer, as described in Ref. 10, which can be included in the 
model by incorporating �Al. However, the good fit well below 2�Nb allows for the 
extraction of �in = 0.9 ns at 1.6 K.  
 The values for inelastic scattering correspond to measurements by Santanam 
et al. [45] who found �in = 0.2 - 1.0 ns in 10 nm Al films at 4.2 K, and Van Son et 
al. [46] who found �in = 0.8 to 0.9 ns in 7 nm Al films at TcAl. Our values of �in  
= 0.9 ns at 1.6 K and 0.3 ns at 4.2 K indicate a scaling with T 

-1 rather than T 
-3, 

which was found and discussed as well by Santanam et al. [45]. Note, that the 
values for the inelastic scattering are much smaller than �kBT, which means that 
the stationary properties are not influenced by �in. 
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Figure 4.7 (a) Experimental IV curves (solid lines) at 4.2 K (i) and 1.6 K (ii) together 
with theoretical fits (dashed lines) with ��in = 0.1 and 0.3 respectively. (b) Expected �C 
as function of critical current density from the inelastic scattering model. 
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 As a measure of the subgap conductance, the theoretically expected 
normalized conductance at eV = �S is plotted in Fig. 3.6 (a) in section 3.6, as 
function of the inelastic scattering parameter 
�in. It can be seen that the subgap 
resistance in the limit of zero inelastic scattering ( in� � � ) is only determined 
by temperature. The conductance in this limit is therefore called the thermal 
contribution. The relation between subgap resistance and �eff is now known�for a 
fixed value of��in�since 
 is given by �kBTc/�eff.  
 The dependence of IcRN on �eff is known from section 2.2. From Eq. (2.21) 
and the definition of �eff, it follows that 

 
2 2
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e k k T d
R

v
�

� �
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�

� �
 (4.4) 

where the parameter values can be taken as vF = 1.5	106 m/s [47], d = 6 nm, 
and TcNb = 9.2 K. Putting these theoretical dependencies together with the 
experimentally determined parameters into Eq. (4.2), provides �C as function of 
the critical current density for junctions with 1eff� � , see Fig. 4.7 (b).  
 The shunting behavior can physically be explained as follows. A direct 
transfer process of quasiparticles from one electrode to the other is prohibited 
when the quasiparticle energy falls within the gap of the other electrode. 
However, by scattering inelastically in the interlayer, the quasiparticles are 
redistributed over energy, allowing some quasiparticles to enter the other 
electrode, which results in an enhanced conductance, as illustrated in Fig. 3.5. 
The amount of quasiparticles that get scattered inelastically increases for 
decreasing barrier transparencies, since the effective lifetime of a quasiparticle in 
the interlayer is then increased. For strong inelastic scattering, the double-barrier 
junction can be regarded as a series connection of an SIN and NIS junction, 
where the energy distibution function in the interlayer is the equilibrium Fermi 
function f0 = tanh(E/2kBT).  
 In order to understand the intrinsic shunt of all double-barrier junctions, the 
regime of high-Jc junctions (typically larger than 100 A/cm2) should be 
considered as well. The second contribution to the subgap conductance is due to 
the Andreev reflection processes at the two superconductor-normal metal 
interfaces, which is formally introduced in section 3.4 by the term Re(F)Re(FS). 
The Andreev channels open at high transparency of the interface barriers. In first 
order, this contribution is independent of temperature, but it depends on the 
suppression parameter, which is shown in the inset of Fig. 3.4 (a) in section 3.5 
for a fixed temperature. For the practical range of parameters, this means that 
the contribution is inversely proportional to �eff. Figure 4.8 (a) shows the 
resulting hysteresis as function of critical current density. Fig. 4.8 predicts that 
non-hysteretic double-barrier junctions can be obtained with critical current 
densities of the order of 10 kA/cm2 and higher. In order to make the comparison 
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with SIS junctions, a similar curve has been calculated based on Eq. (4.2) and 
plotted in the same Fig. 4.8. In this calculation it was assumed that C = 3.0 
�F/cm2, IcRN = 2.0 mV and Rsg = 2RN. A bigger subgap resistance will shift the 
SIS curve even more to the right. 
 Summing up all contributions to the subgap conductance provides the 
theoretical curve in Fig. 4.8 (b) for several values of �in and d = 6 nm, where 
Zappe’s equation [48] was used to calculate the ratio of return and critical 
current IR/Ic from �C. An increase in �in is seen to increase the hysteresis and 
shift the maximum hysteresis to lower values of Jc. A thicker interlayer will both 
decrease Jc, as well as shift the curve upward since 
�in is larger in this case. A 
decrease in temperature rapidly enhances the hysteresis, since both the thermal 
contribution to the subgap conductance decreases as well as the contribution of 
inelastic scattering, since��in increases with temperature. This explains the strong 
influence of temperature on hysteresis as observed in experiments, which is 
stronger than could be expected from an increase in Ic alone.  
 Observed experimental IR/Ic values are shown as well in Fig. 4.8 (b) and it 
can be concluded that the experiments are now qualitatively and quantitatively 
very well explained by the model in the sense that both the non-monotonic 
hysteresis dependence on critical current density as well as the actual hysteresis 
values are obtained. 

(a) (b)

 
Figure 4.8 (a) Theoretical model for �C as function of Jc (and as function of �eff in the 
inset), based on the contribution of Andreev channels to the subgap conductance in high-
Jc junctions at T = 4.2 K, in comparison with the hysteresis of SIS junctions. (b) 
Theoretical model (dotted line) for the ratio of return and critical current, based on the 
sum of the shunting contributions at 4.2 K from both inelastic scattering and Andreev 
channels, for several inelastic scattering times. Experimental data are shown from this 
Chapter (�), Ref. 17 (�), Ref. 22 (�) and Ref. 31 (�). 
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4.4 Influence of asymmetry of the barriers 

The first and second Al layer that are oxidized to form a tunnel barrier differ in 
crystalline structure and surface roughness. The first Al layer wets the Nb 
electrode and has a rather flat surface. It is confirmed from TEM studies [49] 
that the wetting quality of Al on its own oxide is weaker. Hence, the second Al 
layer is expected to have a rougher surface as compared to the first one. 
Theoretical fits to critical current versus temperature dependencies reveal that 
the critical temperature of the Al interlayer can vary, depending on deposition 
conditions, but is usually larger than 1.5 K, see Fig 4.1. The large critical 
temperature of the second Al layer shows that the transport properties and hence 
the crystallinity of the first and second layer are different.  
 Since both the surface roughness and crystal structure are different, this 
means that under the same oxidation conditions, barriers with different 
transparencies can be obtained. A second reason for having different barrier 
transparencies is the oxygen background pressure that can differ for both Al 
layers depending on the fabrication procedure used. 
 The difference in the two oxidation steps becomes especially pronounced in 
the case of a short oxidation at low oxygen pressure, since the Al2O3 thickness is 
then far from its self-limited thickness. This means that asymmetric barriers are 
especially to be expected for high-Jc junctions. 
 The asymmetry parameter �_ is defined in Eq. (2.11) and ranges from 0 for 
equal barriers to 1 for the completely asymmetric case. The degree of asymmetry 
can be estimated by a numerical fit of the microscopic model of section 2.2 to the 
experimental critical current versus temperature dependence, as illustrated in 
Fig. 4.9 (a). For fixed �eff one junction is best described by symmetric barriers, 
while the other is fitted by �_= 0.2. The influence of asymmetry on the shape of 
the Ic(T) dependence is pronounced at temperatures below TcAl (see Fig. 4.9), but 
in the limit of large �eff the influence is only weak for temperatures above TcAl. In 
the limit of large asymmetry (�_ 1� ) calculations reproduce the results 
obtained for  SS’IS tunnel junctions [50]. 
 Figure 4.9 (b) shows data from Ref. 34 for 2�2 �m junctions with Jc = 9.1 
kA/cm2 that were fabricated with the same process as was used for high-Jc SIS 
junctions [51], with two identical oxidation steps.  For junctions with such a large 
critical current density, asymmetry is expected to be very pronounced and a fit 
with the model shows that this is indeed the case; the asymmetry parameter is 
found to be 0.8. A correction factor of 1.6 in the calculated IcRN product takes 
into account the non-ideality of the junctions, e.g. due to suppression of 
superconductivity near the barriers. The large ratio of the barrier transparencies, 
of the order of 10, is consistent with the values of the barrier resistivities. For the 
oxidation conditions used, the first fabricated interface is expected to have a 
critical current density of 200 kA/cm2 and a resistivity of about 10-8 �cm2, while 
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the second less transparent interface controls the total junction resistance of 
2.2 � and is thus expected to have a resistivity of  about 10-7 �cm2. 
 Another characteristic sensitive to the value of the suppression parameter 
and the barrier asymmetry in double-barrier junctions is the shape of the IV 
curve, and specifically the value of the excess or deficit current, see section 3.5. 
At large critical current densities the reduction of the deficit current from 
inelastic scattering can be neglected. The measured deficit current of the 
junctions in Ref. 34 is eIdefRN/�S�= 0.5, closely corresponding to the value that is 
obtained from Fig. 3.4 (b) for �eff = 3 and �B1/�B2 =10 ( 0.8�

�

� ). 
 For the junctions in section 4.2, no features were observed in the IV curves 
at �Nb, although this has been observed e.g. in Refs. 29 and 33. It was suggested 
for the highest-Jc junction in Ref. 33, that the non-linearity around �Nb is a 
signature of such a strong asymmetry that only one barrier is active as a tunnel 
barrier in the junction. In this case, the IV curve resembles the curve of an SIS’ 
junction and a non-linearity is expected at �Nb + �Al. This is the case as well in 
Ref. 29, however, here the authors attribute the effect to the possible formation 
of an Andreev Bound State. The influence of asymmetry on magnetic and 
microwave fields is discussed in detail in Ref. 33. 

4.5 Discussion and future outlook 

Double-barrier Josephson junctions have been fabricated and characterized. The 
junctions are intrinsically shunted at 4.2 K, show ideal magnetic field and 

(a) (b)

 
Figure 4.9 (a) Normalized experimental critical current temperature dependencies from 
Ref. 33 (� and �), fitted with the microscopic model for various degrees of asymmetry of 
the two barriers for fixed �eff and Tc of Al and Nb. (b) Fit to the critical current versus 
temperature dependence of 2�2 �m junctions STTL011 from Ref. 34 (� and �). 
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microwave field modulation. The microscopic model from Chapter 2 is suitable 
for describing the stationary properties and extracting parameters that are useful 
for engineering junctions with specific properties.  
 The IV characteristics are explained by the nonequilibrium modeling of 
Chapter 3. The experiments allowed for the determination of the inelastic 
scattering time in the Al interlayer, which is found to be 0.3 ns at 4.2 K and 
0.9 ns at 1.6 K. These values correspond to the findings of Santhanam et al. [45] 
and Son et al. [46] for the inelastic scattering time in thin Al films. The intrinsic 
shunt of double-barrier Josephson junctions is understood in terms of the 
contributions to the subgap conductance of inelastic scattering and Andreev 
channels. The experimentally observed non-monotonic hysteresis dependence on 
critical current density, as well as the actual hysteresis values, can be explained 
by our microscopic model. 
 Asymmetry between barriers is likely to occur during fabrication, especially 
in the regime of large critical current densities, even with identical oxidation 
parameters. The asymmetry of the barriers influences the critical current, and 
the asymmetry parameter of a junction can be obtained by fitting the 
temperature dependence of the critical current with the microscopic model. 
 The advantages of double-barrier Josephson junctions for large-scale 
superconducting electronics are discussed in section 1.2. The expectation of a 
small spread in junction parameters is based on the fact that small pinholes (on 
the scale of �) do not pose problems, since the contribution from the channel 
containing a pinhole is still proportional to the transparency D because of the 
second barrier. Hence, the contribution of pinholes will only be proportional to 
their relative area.  
 Another advantage of double-barrier junctions is the intrinsic shunt. 
However, a critical current density regime exists, where hysteresis is present. The 
thickness of the interlayer, transparency of the barriers and the inelastic 
scattering time are parameters that can experimentally be varied in order to shift 
the boundaries of the critical current density regime in which hysteresis is 
present. Double-barrier junctions are predicted to be intrinsically shunted for a 
critical current density of several tens of kA/cm2. The IcRN values that 
correspond to such junctions, with �eff of the order of 10, are expected to be of 
the order of 1 mV, which would be very suitable for superconducting electronics. 
 Double-barrier junctions not necessarily have to be made in the Nb/Al 
technology. It might prove beneficial to use other materials, such as TaNx for the 
interlayer and NbN for the electrodes as was realized by Kaul et al. [52]. No 
Al2O3 oxide barriers are present anymore in these junctions, but a potential 
barrier will naturally exist at the interfaces. Nikolic et al. [53] performed a 
theoretical investigating of junction properties for non-Fermi liquid interlayer 
materials with strong many-body interactions. 
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 The values of the IcRN product that are experimentally achieved for double-
barrier Josephson junctions, all lie well below the theoretical upper limit, since no 
tunnel barriers have been realized so far that allow for �eff < 1. Still, it would be 
desirable to try to realize the regime of double-barrier junctions with �eff < 1 
because of numerous advantages for superconducting electronics. Junctions in 
this regime have a non-hysteretic IV curve due to the process of multiple 
Andreev reflections. Furthermore, the interlayer properties do not influence the 
transport properties in this regime, therefore one can expect a very large 
reproducibility and controlability. Finally, the critical current is only weakly 
temperature dependent around 4.2 K, and a larger IcRN product is predicted than 
is possible for SIS junctions.    
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Chapter 5 

Multiband model for tunneling  

in MgB2 junctions* 

Abstract 

A theoretical model for quasiparticle and Josephson tunneling in multiband 
superconductors is developed and applied to MgB2-based junctions. The 
gap functions in different bands in MgB2 are obtained from an extended 
Eliashberg formalism, using the results of band-structure calculations. The 
temperature and angle dependencies of MgB2 tunneling spectra and the 
Josephson critical current are calculated. The conditions for observing one 
or two gaps are given, explaining the large variety of MgB2 spectroscopic 
data. Values as high as 5.9 mV are predicted for the IcRN product in MgB2 
tunnel junctions, making these junctions attractive for the use in 
superconducting electronics. 

5.1 Introduction 

The description of the double-barrier junctions in Chapters 2 to 4 shows the 
optimal values for IcRN that are in principle attainable in the low-Tc technology. 
In order to use high-Tc superconductors in electronics, challenging materials 
science aspects have to be solved first. Hence, the discovery of superconductivity 
in MgB2 [1] was a welcome surprise for the search for Josephson junctions with 

                                                                                                               

* This chapter is partly based on A. Brinkman et al., Phys. Rev. B 65, 180517 (2002). 
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large IcRN products, since the metallic character of MgB2 is accompanied by a 
relatively high superconducting transition temperature, arising from an electron-
phonon mediated pairing mechanism.  
 Soon after the discovery of superconductivity in MgB2, first-principle 
calculations have been performed to determine the electronic structure of this 
material. It is found that the Fermi surface consists of two three-dimensional 
sheets, from the � bonding and antibonding bands, and two nearly cylindrical 
sheets from the two-dimensional � bands [2,3,4,5]. The qualitative difference 
between the Fermi-surface sheets, combined with the large disparity of the 
electron-phonon interaction, has given rise to a multiband description of 
superconductivity in MgB2 [6,7]. The excellent agreement between de Haas-van 
Alphen measurements [8] and calculations supports this concept [9].  
 Suhl et al. [10] and Moskalenko [11] suggested the generalization of the BCS 
theory to the multiband case for the first time. Two-band superconductivity was 
observed experimentally in Nb-doped SrTiO3 [12]. More recently, Kresin and 
Wolf [13] suggested a two-band model in the strong-coupling regime to describe 
the properties of high-Tc superconductors. Recent experimental data from MgB2 
scanning tunneling microscopy and point-contact spectroscopy [14,15,16], high-
resolution photo-emission spectroscopy [17], Raman spectroscopy [18], specific 
heat measurements [19,20,21] and muon-spin-relaxation studies of the magnetic 
penetration depth [22] in MgB2 support the concept of a double gap in MgB2 (see 
Ref. 23 for a review of experiments). However, there is an ambiguity in the 
interpretation of point-contact data concerning the existence of two gaps 
[14,15,16]. Moreover, some tunneling measurements [24,25,26,27] show only one 
gap with a magnitude smaller than the BCS value of � = 1.76 kBTc. 
 In order to resolve this discrepancy, we address the question how multiband 
superconductivity will manifest itself in tunneling. We present a theoretical 
model for quasiparticle and Josephson tunneling in MgB2-based junctions. Using 
the results of band-structure calculations, an extended Eliashberg formalism is 
applied to obtain the gap functions in different bands, taking strong coupling 
effects into account. Quasiparticle tunneling from a normal metal into MgB2 is 
considered in an extended Blonder-Tinkham-Klapwijk (BTK) model [28], and 
quasiparticle tunneling between two MgB2 superconductors is considered in the 
Octavio-Tinkham-Blonder-Klapwijk (OTBK) model [29,30,31]. The temperature 
dependencies and absolute values of the IcRN product are calculated in MgB2-
based SIS tunnel junctions. Tunneling in the direction of the a-b plane, in the c- 
axis direction and under arbitrary angle is considered. Furthermore, the 
Josephson supercurrent between a single-gap superconductor and MgB2 is 
calculated. The suitability and requirements for the use of MgB2 tunnel junctions 
in superconducting electronics will be discussed. 
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5.2 Eliashberg two-band model for superconductivity in MgB2 

According to the labeling of Liu et al. [6], the four Fermi surface sheets in MgB2 
are grouped into quasi two-dimensional � bands and three-dimensional � bands. 
Hence, an effective two-band model can describe the normal and superconducting 
properties of MgB2. Within this model, Liu et al. [6] estimated the coupling 
constants and energy gap ratio in the weak-coupling regime. In weak-coupling 
calculations, the strong-coupling effects that arise from a large electron-phonon 
coupling constant are neglected. More recently, the band decomposition of the 
superconducting and transport Eliashberg functions � �2

ij ijF� �  (where i can denote 
either the � or � band, and j as well), which describe the electron-phonon 
coupling in MgB2 as function of the frequency �, was provided in Ref. 32. This 
allows performing a strong-coupling calculation of the superconducting energy 
gap functions � �i n��  in different bands. The functions � �i n�� , in turn, 
determine the Josephson critical current in a tunnel junction between multiband 
superconductors, which is given by a straightforward generalization of the result 
of Ambegoakar and Baratoff [33] to the case of several conducting bands [34] as 
well as strong coupling. The critical current component for tunneling from band i 
into j is given by 

 
� � � �

� � � �2 2 2 2
,

n

Li n Rj nB
ij

ij n Li n n Rj n

k T
I

eR
�

� ��

� � � �

� �
�

�� ��
�  (5.1) 

where L and R denote left and right superconductors respectively and 
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�  is the normal-state conductance of a 
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where A is the junction area, vn is the projection of the Fermi velocity vF on the 
direction normal to the junction plane, and Dij is the probability for a 
quasiparticle to tunnel from band i in L into band j in R. The total critical 
current is the sum of the components ijc ijI I� � , where the indices i and j each 
run over both bands � and �. 
 The gap functions � �i n��  can be calculated with an extension of the 
Eliashberg formalism [35] to two bands  
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*

2 2
,

m

ij ij j m
i n i n B

j m j m

Z k T
�

� � �
� � �

� �

� �
� �

��
��

�

 (5.3) 
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m
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where  

 � �
� �

� �

2

22
0

2 ,ij ij
ij m n

m n

F d�
� � �

� �

�

� � �
� �

� � �
�  (5.5) 

and � �i nZ �  are called the Migdal renormalization functions. The equations are 
solved numerically with the electron-phonon � �2

ij ijF� �  functions from Ref. 32 as 
input. The four Eliashberg functions � �2

ij ijF� �  are shown in Fig. 5.1. The most 
significant contribution comes from the coupling of the bond-stretching phonon 
modes to the ��band at � � 600 cm-1. The cutoff frequency �c is taken equal to 
10 times the maximum phonon frequency. The coupling constants are then found 
to be  

 � �
1.017 0.213

0 .
0.155 0.448ij

�� ��

�� ��

� �

�
� �

� � � �� �� �� �� �� �� �� �� �� � �� �� � �� �� �
 (5.6) 

 The functions *
ij��  represent a matrix of the Coulomb pseudopotentials 

defined at �c, and are calculated in Ref. 32 up to a single common prefactor that 

 

 
Figure 5.1 The electron-phonon functions �ij

2Fij for coupling between � and �, � and �, � 
and �, and � and � bands, as was calculated in Ref 32 from first principles. These 
functions serve as input to the Eliashberg calculations. 
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is used as the only adjustable parameter to get Tc = 39.4 K. The function �* at 
the frequency �ln is relevant for the McMillan expression for Tc in the isotropic 
single-band case 

 
� �

ln 1.02(1 )
exp

1.2 1 0.62c
B

T
k

� �

� � �
�

� �� �
� ��
� �� �� 	

 (5.7) 

and the matrix for the multiband case is given by � �
1* * *

ln1 ln /c� � � � �
�

� �� �� �� 	
� � , 

where �ln follows from  

 � � � �
 

1 2
ln

0

0 ln / .ij ijF d� �

�

�

� � � � ��  (5.8) 

The corresponding matrix elements are  

 
0.13 0.042

,
0.03 0.11

�� ��

�� ��

� �

�
� �

� �

�

� �

� � � �� �� �� �� �� �� �� �� �� � �� �� �� � �� �
 (5.9) 

where the values of 
��

�
�  and 

��
�

�  are close to the value of the Coulomb potential 
of usual electron-phonon mediated superconductors. 
 Due to the interband coupling terms in Eqs. (5.3) and (5.4) both gaps close 
at the same Tc. The resulting temperature dependencies of the energy gaps, 
�i(T), are plotted in the inset of Fig. 5.2 and it is found that �

��
(T=0) = 

7.09 meV and �
��
(T=0) = 2.70 meV, with the 2�S/kBTc ratios being equal to 

4.18 and 1.59 respectively. For comparison, also the BCS curve is shown for Tc = 
39.4 K. The BCS value for the gap that corresponds to Tc = 39.4 K is 6.0 meV 
at 0 K. It can be seen that the temperature dependencies are qualitatively 
different from the BCS temperature dependence. The ratio of the gaps �

��
/�

�
 

increases for increasing temperatures, as was experimentally observed by Giubileo 
et al. [14]. 
 The influence of impurities can be incorporated into the model by including 
shifts of the gap functions � �i n��  and the renormalization factors � �i nZ � , 
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� �

0
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Z Z

�
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� �

� �

� �

�

�

 (5.10) 

in the Eliashberg Eqs. (5.3) and (5.4) respectively. Intraband scattering does not 
change Tc and the two gap values (Anderson's theorem). Smallness of �ij 
compared to �kBTc ensures that the double-gap feature exists, even for a certain 
amount of impurity scattering. A large amount of interband impurity scattering 
(�ij exceeding the maximum phonon frequency) causes the gaps to converge to 
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the same value. From Eqs. (5.3), (5.4) and the incorporation of the scattering 
terms, a value of �

���
= �

��
= 4.1 meV and Tc = 25.4 K is then found, giving a 

2�/kBTc ratio of 3.7. However, Kuz’meno et al. [36] and Mazin et al. [37] 
determined realistic values for �ij and concluded that 

�� �� ��
� � �� � . The 

temperature dependence of the dc resistivity of a dirty bulk sample was fitted 
with �

��
 = 1.2 eV, �

��
 = 54 meV and �

��
 = 0. The interband scattering was 

found to be negligible, and therefore gap convergence due to interband scattering 
is not to be expected in actual practice. 
 In order to obtain the normal state resistance, we have to evaluate the 
effective junction transparency components Dij. In the case of a specular barrier, 
U(x)=U0�

�(x-x0), Dij is given by 

 
� �

, ,
2 2 2

, , 0/ 4 /
n Li n Rj

ij

n Li n Rj

v v
D

v v U
�

� � �

. (5.11) 

As follows from Eqs. (5.2) and (5.11), and as was first pointed out by Mazin [38], 
the normal state conductance 1

ijR�  in the large U0 limit is proportional to the 
Fermi-surface average 2

i
Nv . The latter quantity, in turn, is proportional to the 

contribution of the electrons in band i to the squared plasma frequency � �
2i

p� . 
This essentially simplifies the task of summing up the interband currents since 
the partial plasma frequencies are available from the band structure calculations 
[2,3,4,5]. The normal state junction conductance is therefore proportional to 
� �

2i
p n RjL

v� , where n Rj
v  is the average Fermi velocity projection in the 

corresponding band (see Table 5-I). 
 In order to sum up the contributions of different bands, we restrict ourselves 
only to the weighing factors � �

2i
p� , neglecting the difference in n Rj

v . This is a 
reasonable approximation since the difference between vF in the � and � bands in 
the a-b plane is rather small, while for c-axis tunneling only the ��band 
contributes, as will be shown later, so that the problem of summation does not 
appear in this case. 

Table 5-I Calculated plasma frequencies, average Fermi velocities and gap values for the � 
and � bands. 
 
  [eV]a b

p�
�   [eV]c

p�   [m/s]
F

a bv �   [m/s]
F

cv  � [meV] 

� band 4.14 0.68 4.40 105 0.72 105 7.09 
� band 5.89 6.85 5.35 105 6.23 105 2.70 
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5.3 Quasiparticle tunneling 

5.3.1 Normal metal-Insulator-Superconductor contacts 

The conductance in an N-I-MgB2 tunnel junction is the sum of the contributions 
of two bands. Each of the conductance contributions is given by the BTK model 
[28], where the corresponding normal state conductance contributions 1

NiR�  are 
proportional to the minimum of the square of the plasma frequencies at the N 
and MgB2 sides. Since the plasma frequency in a typical normal metal (e.g. Au, 
Ag) is larger than the plasma frequencies in MgB2, the conductance contributions 
are limited by the electrons on the MgB2 side. Therefore, the ratio of 
conductivities for the two bands becomes 

 � � � �
2 21 1/ / .N N p pR R � �

� �
� �

� �

�  (5.12) 

Finally, the normalized conductance of an N-I-MgB2 contact is given by  

 � �
� �

� �

� � � � � � � �

� � � �

2 2

2 2

/
.

/
p pNIS

NIN p p

V VdI dV
V

dI dV

� �

� �

� �

� � � �

�

� �

�

� �

�

 (5.13) 

Here, the dimensionless conductance contributions � �, V
� �

�  are provided by the 
BTK model, with the calculated values for the gaps and plasma frequencies, as 
shown in Table 5-I. 
 In the conductance versus voltage plot (Fig. 5.2) for tunneling in the a-b 
direction, two peaks are clearly visible, in qualitative agreement with 
experimental data [14,15,16]. The ratio of the peak magnitudes is not only 
determined by the ratio of the plasma frequencies, but by thermal rounding and 
by the barrier strength BTK 0 / FZ U v� �  as well (where vF is taken constant for 
the different bands for the same reason as was given in the determination of Rij). 
In particular, the peak at the smaller gap dominates in the small ZBTK regime 
(point contact), while the second peak dominates at large values of ZBTK 
(tunneling), as is shown in Fig. 5.2 at 4.2 K. 
 Due to the smallness of p

�

�  in the c-direction, it can be seen from Eq. (5.13) 
that the conductance in the c-axis direction is only determined by the � band. In 
this case, no double-peak structure is expected in the conductance spectrum. This 
reason explains, together with the dependence on ZBTK, why in some experiments 
only one peak was observed [24] or why the second peak was weak [14,15,16]. 
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 Note, that the assumption of the ratio of the normal state conductivities 
being equal to the ratio of the square of the plasma frequencies holds when the 
interface is a delta-shaped tunnel barrier, with large ZBTK. This means, that for 
small ZBTK, the results should be considered as a qualitative indication only. In 
the latter case, as well as for other types of barriers, a numerical integration of 
Eqs. (5.2) and (5.11) must be performed. 

5.3.2 Superconductor-Insulator-Superconductor junctions 

When the normal metal electrode is replaced by another superconductor, the 
dissipative quasiparticle current can be investigated within the OTBK formalism 
[29,30,31]. The difference between the OTBK formalism and the MAR approach 
of section 3.2 is the fact that all quantum-coherent scattering is ignored in the 
OTBK approach. The OTBK model can therefore formally only be applied in 
cases where the barrier causes strong dephazing. However, the subgap 
conductance structure with peaks at 2�S/n is qualitatively well reproduced with 
this formalism as this does not rely on quantum coherence. The peaks at 2�S/n 
appear for two electrodes with equal gaps and barriers with ZBTK < 1.  The fact 
that the peaks are shifted just below 2�S/n for small ZBTK was noted by 
Flensberg et al. [31], as well as by Arnold [39]. In the limit of large ZBTK 

 
Figure 5.2 The normalized conductance of MgB2-I-N junctions as function of voltage at 
4.2 K, with ZBTK=U0/�vF and transport in the a-b plane direction. The inset shows the 
temperature dependence of the superconducting gaps for the two bands. 
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(tunneling limit), the conductivity as function of voltage from the OTBK 
approach only shows a peak at 2�S. 
 When one of the electrodes is replaced by a different superconductor with 
gap �S’ < �S, separated by a barrier with large ZBTK, the conductivity as function 
of voltage shows peaks at �S + �S’ and �S - �S’. For more transparent barriers, 
additional peaks appear at �S and �S’, as well as peaks at higher harmonics, e.g. 
at (�S + �S’)/2 and (�S  + �S’)/3. 
 For MgB2-I-MgB2 contacts, three different contributions to the conductivity 
are present: electron transport from the ��band at the one side to the ��band at 
the other side, transport from � to ��band (or � to �) and from � to �. Figure 5.3 
shows these contributions as an example in the case of ZBTK = 0.5. The �� 
contribution is equal to the case of two identical superconductors, as described 
above, with �

�
 = 7.1 meV. The same holds true for the �� contribution, albeit 

with a smaller gap �
�
 = 2.7 meV. The �� contribution is described above for the 

case of two non-identical superconductors. 
 The total conductivity is given by the weighed average of the contributions. 
Equation (5.2), together with the proportionality of the conductance to the 
plasma frequency squared, gives for the normal state resistance R

��
 = R

��
 

=max(R
��

, R
��

) = R
��

 and R
��

/R
��

 = R
��

/R
��

 = � �
2

/p p
� �

� �  > 1, because of the 

 
Figure 5.3 Three contributions to the conductivity in a MgB2-MgB2 contact with ZBTK = 
0.5 and T = 0: tunneling from � to � band, � to � and � to �. The total normalized 
conductivity, for tunneling in the direction of the a-b plane, is shown in the inset. 
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fact that p p
� �

� �� . The total normal state conductance is given by 
1 1

ijN ijR R� �

� � . For tunneling in the a-b plane, the total conductivity becomes 

 
� �

� �

2

2

2 /
/ .

3 /
p p

N

p p

R dI dV
� �

�� �� ��

� �
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� �

� �

�

�

 (5.14) 

where �ij = RijdIij/dV are the separate normalized conductivity contributions 
from the OTBK formalism. The result is shown in the inset of Fig. 5.3 for ZBTK = 
0.5.  The conductance peak around zero voltage is due to the large transparency 
of the barrier. Furthermore, it can be seen that a rich subharmonic gap structure 
is to be expected for MgB2-MgB2 contacts due to the summation of three 
different subgap structures. The positions of the peaks strongly depend on ZBTK 
and thermal smearing. For tunneling along the c-axis, only �

��
 contributes to the 

total conductivity due to the smallness of p
�

�  in the c-axis direction. 
 The resulting curve in the inset of Fig. 5.3 reproduces qualitatively the main 
features of the experimental MgB2-MgB2 point-contact data of Belogolovskii et al. 
[40], i.e. main peaks at 2�

�
����

�
 and �

�
 +��

�
� together with a conductance peak 

around zero voltage. This approach can be directly applied to MgB2-I-S contacts 
as well, where S can be any superconductor. 

5.4 Josephson supercurrent 

The total normal state conductance was in the previous section found to be 
1 1

ijN ijR R� �

� � , where R
��

 = R
��

 =max(R
��

, R
��

) = R
��

 and R
��

/R
��

 = R
��

/R
��

 = 
� �

2
/p p

� �

� �  > 1. Therefore, for Josephson tunneling in the a-b plane (as can be 
realized for example in an edge configuration) and with R

��
 = R

��
 and I

��
 = I

��
, 

the total IcRN product becomes 
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p p

c N

p p
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� �
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where each IijRij contribution can be determined from Eq. (5.1). The results of 
numerical calculations are presented in Fig. 5.4. Due to strong-coupling and 
interband coupling effects, the temperature dependencies of IijRij differ from the 
well-known Ambegaokar-Baratoff [33] result for an SIS junction between isotropic 
superconductors, most clearly demonstrated by the positive curvature of the 
I
��

R
��

 contribution. The IcRN value at T = 4.2 K is 5.9 mV. 
 For tunneling along the c-axis, the only contribution to the IcRN product 
comes from the I

��
R

��
 contribution, because of the negligible value for p

�

�  in the 
c-axis direction. This gives IcRN = 4.0 mV at T = 4.2 K. 
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 The plasma frequency in a certain direction, under an angle � with the a-b 
plane, can be determined from the ellipsoid equation 

 � � � �
2 2

, , , ,/ / 1,i i i i
p z p c p x p a b� � � �

�

� �  (5.16) 

where ,
i
p x�  and ,

i
p z�  form the decomposition of i

p� ,  and � � � � � �
2 2 2

, ,
i i i
p p x p z� � �� � ,  

see Fig. 5.5. Because of the negligible value of ,p c
�

� , it is evident that p
�

�  is 
negligible for nonzero values of � �, ,arctan /i i

p z p x� � �� . This implies that 
tunneling under a nonzero angle with the a-b plane gives the same result as 
tunneling in the c-axis direction, namely IcRN = 4.0 mV at T = 4.2 K. For angles 
approaching zero (of the order of 1o), IcRN rapidly increases towards the 
maximum value for tunneling from a-b plane to a-b plane, namely IcRN = 5.9 mV 
at T = 4.2 K.  
 For a large amount of interband impurity scattering both gaps would 
converge to 4.1 meV, resulting in an IcRN value of about 6 mV, according to the 
Ambegoakar-Baratoff result [33]. It follows in that case from Eq. (5.15), with the 
plasma frequencies from Table 5-I, that IcRN becomes almost isotropic. 
 Finally, tunneling from MgB2 into a superconductor S’ with a single gap will 
be considered (we take Nb as an example). The resulting IiS’RiS’ temperature 
dependencies are calculated numerically, using 1.4 meV for the energy gap in Nb. 

 
Figure 5.4 IcRN versus temperature dependence for different tunneling components. The 
resulting total IcRN dependencies for tunneling in the direction of the a-b plane and c-axis 
direction are indicated for MgB2-I-MgB2 and Nb-I-MgB2 junctions. 
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The ratio of resistances is determined from Eq. (5.2). Since typical values of 
plasma frequencies in other superconductors are bigger than in MgB2 (e.g. 9.47 
eV for Nb, 12.29 eV for Al and 14.93 eV for Pb, see Ref. 41), the following 
expression is obtained 
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/
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p p
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� �
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� �
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� �

�
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when tunneling occurs into the a-b plane of the MgB2. In the case of c-axis 
tunneling, only the I

�S’R��S’ contribution remains. The results for tunneling from 
Nb to MgB2 are also indicated in Fig. 5.4. Other superconductors give 
qualitatively similar results. The only scaling parameter is the critical 
temperature of the superconducting counter-electrode. 
 Our results for Josephson tunneling provide an upper bound for IcRN 
products, being 5.9 mV and 4.0 mV for tunneling into the a-b plane and c-axis 
direction respectively. There have already been several observations of Josephson 
currents in MgB2 constrictions [42,43], point contacts [44,45] and multilayer 
junctions [46,47,48] with IcRN values that are much lower than our predictions. 
This can be due to extrinsic reasons such as a degradation of the Tc of surface 
layers in the vicinity of the barrier, the barrier nature and barrier quality (see 
also Chapter 6). From our model, however, it follows that polycrystallinity does 
not reduce the Josephson coupling very much, as indicated by the calculated 
value of IcRN of 4.0 mV for c-axis transport, neither does strong impurity 
scattering because of the relatively large average gap of 4.1 meV in this case. 

5.5 Discussion and predictions 

Josephson tunneling in MgB2-based junctions is discussed theoretically in the 
framework of a two-band model. The gap functions in different electronic bands 
are calculated using the Eliashberg formalism together with band-structure 
information. This formalism provides a basis to interpret electronic transport in 
MgB2. We have shown the possibility to observe either one or two gaps in MgB2 
point-contact spectra, depending on the tunneling direction, barrier type and 
amount of impurities. 

c-axis direction
a-b plane direction

�
�

�p c
�

�

�p ab

�
�

p

 
Figure 5.5 The anisotropic plasma frequency in arbitrary direction (arrow) for the � band. 
In this figure, the magnitudes for �p,c and �p,ab do not scale with the actual values.  
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 During the writing of this Chapter, experimental data on tunneling in single-
crystalline MgB2 became available in which the theoretical predictions about gap 
values, anisotropy [49], and the criteria for observing one or two peaks in 
spectroscopic measurements, are being experimentally verified [49,50]. An 
important result is the fact that the � band weight factor from tunneling 
spectroscopy experiments, which was measured to be 0.75 for a-b plane current 
and 0.98 for c-axis current, is very close to the prediction from Eq. (5.13) and 
Table 5-I, of 0.66 and 0.99 respectively. Consequently, the double-gap was only 
observed for tunneling in the a-b plane direction, as predicted. The average 
experimental low-temperature gap values �

�
 = 7.1 ± 0.5 meV and �

�
 = 2.9 ± 

0.3 meV agree with the theoretical predictions in an excellent way, as well as the 
gap versus temperature dependencies [49]. 
 Additional support for the multiband model comes from magnetic-field 
penetration depth calculations and the explanation of the large variety in 
experimental findings. Measured temperature dependencies of the penetration 
depth range from BCS-like to being proportional to T or T 2, see Ref. 51. The 
penetration depth can be calculated in the same extended Eliashberg formalism 
as was used in this Chapter, by  

 � �
� � � �

� � � �

2 2 2
,2

, 3 / 22 2 3
,

,p i i n i n
L B

i n n i n i n

Z
T k T
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��

��

� �
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� �
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�

� ���

� � ��� ��� �� ��� � �	 
 ��� 
� �  (5.18) 

where �� denote Cartesian coordinates. Impurity scattering can be introduced as 
in Eq. (5.10). The details of the calculation are given in Ref. 51 and Fig. 5.6 
shows the main result, together with experimental data for comparison. The 
calculations are performed for dirty (�

�
 = 54 meV, �

�
 = 1.2 eV) and clean (�

�
 = 

�
�
 = 2 meV) samples for magnetic penetration in the direction of the a-b plane 

and along the c-axis respectively. The amount of impurity scattering can be 
determined from dc resistivity data. The measured temperature dependencies of 
the penetration depth are qualitatively well reproduced, in this case for example 
by the calculation for the dirty case in the c-axis direction. The calculations show 
that the large variety in temperature dependencies can be explained by the 
magnetic field direction and the impurity concentration, which is another 
illustration of the power of the Eliashberg multiband approach to describe the 
superconducting properties of MgB2. 
 The tunnel junction results of this Chapter are also relevant for the 
application of MgB2 in electronics and high-frequency detector applications, since 
they provide the limit for the Josephson coupling strength in MgB2 based 
junctions. We have shown that MgB2 junctions are suitable for application in 
superconducting electronics, since IcRN values as high as 5.9 mV can be expected 
for MgB2 tunnel junctions if tunneling occurs in the direction of the a-b plane. 
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This can for example be realized in an edge type geometry and supports the 
pursuit of epitaxial thin films. In other cases, the optimal IcRN values for MgB2 
tunnel junctions will not exceed 4.0 mV, which is however still very attractive for 
the use in superconducting electronics. The predictions for the gap and IcRN 
anisotropy and for the Ic (T) dependence in MgB2-based junctions can be verified 
experimentally. 
 
 
 
 

 
Figure 5.6 The calculated temperature dependence of the inverse square of the penetration 
depth for the clean and dirty case in the a-b plane and along the c-axis, as well as a BCS 
curve corresponding to the single-band case. For comparison, experimental data is shown 
as well from microwave experiments on single crystals (�) [52] and on oriented films (�) 
[53], and muon spin relaxation measurements on polycrystals (�) [54]. 
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Chapter 6 

Experimental realization of  

MgB2 Josephson devices 

Abstract 

MgB2 thin film growth is realized in a two-step in-situ approach. Although 
the films have a reduced Tc as compared to bulk MgB2, the films are well 
suited for the first realization of multilayer Josephson junctions and 
nanostructures. Quantum interference is observed in an all-MgB2 SQUID, 
based on focused ion-beam patterned nanobridges. Multilayer MgB2 
Josephson junctions are realized in a ramp-type configuration with a MgO 
barrier. Non-hysteretic IV characteristics were obtained, together with a 
modulation of the critical current by magnetic field and the appearance of 
Shapiro steps under microwave irradiation. These studies show that MgB2 
is a promising material for SQUID magnetometry and Josephson junction 
electronics. 

6.1 Introduction 

In section 1.2, the manifold reasons for the interest in using MgB2 in 
superconducting electronics were discussed. The large charge carrier density [1] 
and the fact that grain boundaries in polycrystalline MgB2 show a strong 
superconducting coupling [2,3] are important advantages as compared to the 
cuprate high-temperature superconductors. The low metallic resistivity in the 
normal state that arises from the large charge carrier density is beneficial, e.g. for 
the noise properties of Josephson devices. In comparison with the conventional 
metallic superconductors, MgB2 has the potential for a higher operation speed 
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due to its larger energy gap [4]. The larger gap can lead to larger IcRN products in 
junctions, even when the reduction of IcRN by a resistive shunt is taken into 
account. Finally, the high transition temperature of MgB2, albeit lower than the 
transition temperature of the cuprates, facilitates cooling of superconducting 
electronic circuits by relatively small cryocoolers.  
 Essential for the realization of superconducting electronics is the availability 
of high quality thin films and the technology to fabricate Josephson circuits in 
these films. In Chapter 5 it was shown that large IcRN products are to be 
expected for MgB2 junctions when tunneling occurs in the direction of the a-b 
plane of the MgB2 crystal lattice. Although epitaxially grown MgB2 films are not 
available yet, section 6.2 describes a two-step in-situ film growth procedure for 
MgB2 films, which is well suited for the first realization of Josephson devices such 
as SQUIDs and multilayer Josephson junctions. 
 Soon after the first reports on thin films, the realization of various Josephson 
devices in MgB2 was reported [5,6,7,8,9,10,11,12]. The first realization of a MgB2 
SQUID is based on thin film nanobridges [5]. The operation principle, fabrication 
procedure and measurement results will be discussed in section 6.3 (see also Ref. 
5). Other reported Josephson devices were based on localized ion damage [6,7], 
point-contacts [8,9], and thin film heterostructures with one MgB2 electrode 
[10,11]. To optimally exploit the beneficial properties of MgB2 and to be able to 
tune the junction characteristics by choosing the barrier parameters, the 
challenging step is to realize MgB2/artificial-barrier/MgB2 thin film junctions. A 
first realization and characterization of this kind of MgB2 multilayer Josephson 
junctions in a ramp-type configuration [12] will be described in section 6.4. 

6.2 Superconducting MgB2 films by pulsed laser deposition 

Ideally one would like to deposit MgB2 thin films in a one-step process, i.e. at 
high temperature without an additional annealing step, in order to epitaxially 
form thin films [13]. The two main complicating factors for the fabrication of 
superconducting MgB2 films are the high sensitivity of Mg and B to oxidation, 
requiring very low oxygen partial pressures in the deposition system, and the 
high vapor pressure of Mg. The latter especially complicates a one-step process at 
high temperature, unless extremely high Mg flux can be applied during 
deposition [14,15,16,17]. Possible routes towards obtaining epitaxial films in a 
one-step process are reviewed in detail in Ref. 13. 
 The two-step process consists of a deposition step at low temperature, 
followed by an annealing step at high temperature. Ex-situ methods [18,19,20,21] 
apply the post-annealing step of the precursor film in a high-pressure cell with 
excess Mg at a temperature of about 900 ºC. The obtained critical temperatures 
are comparable with the bulk value of 39 K. These films are quite well suitable 
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for theoretical studies and transmission lines and filters. A disadvantage of these 
films is the large surface roughness due to the morphology of the films, as 
illustrated by the SEM pictures of Kang et al. [22]. 
 To obtain smoother films, the so-called two-step in-situ method 
[23,24,25,26,27,28,29] is most used so far. The structures that are described in 
this Chapter are based on MgB2 films that are grown with this method by means 
of Pulsed Laser Deposition (PLD). 
 The deposition process is described in detail in Refs. 23 and 24. In short, the 
films were deposited at a temperature of 20 to 200 ºC in 0.17 mbar Ar 
atmosphere, at a repetition-rate of 10 Hz for 6 minutes, with 4 J/cm2 laser energy 
density (the 248 nm KrF excimer laser energy being 500 mJ) and 4.5 cm target 
to substrate distance, yielding an approximate layer-thickness of 200 nm. The 
annealing procedure took place in 0.2 mbar Ar atmosphere and consisted of a 
rapid increase in 4 minutes to Tann = 600 ºC followed by a quick cool-down in the 
same Ar atmosphere to room temperature at a rate of 50 ºC per minute. 
 To compensate for the volatility of Mg, special measures were taken. First, 
MgB2 targets were made with additional Mg. Targets were prepared for example 
from a mixture of 50 vol. % Mg powder and 50 vol. % MgB2 powder. These 
powders were pressed in the form of a pellet and sintered in a nitrogen-flow for 3 
hours at 640 ºC and subsequently for 10 hours at 500 ºC, followed by cooling 
down to room temperature in about an hour. The obtained targets were very 
dense, due to the melting of Mg during target fabrication.  
 Furthermore, the deposition temperature was kept low. For a deposition 
temperature above 300 ºC no superconducting films could be obtained, due to the 
evaporation of Mg during growth and the resulting lack of Mg in the films.  
 During the annealing procedure, several processes take place: MgB2 phase 
formation, evaporation of Mg, and nucleation and growth of crystallites. It is 
concluded that the total annealing time has to be kept short in order to avoid 
excessive Mg evaporation. Furthermore, it is deemed that exposure of the film to 
Mg plasma during annealing is beneficial. 
 Pre-ablation of Mg prior to deposition is used to reduce the oxygen 
background pressure in the chamber by the getter action of Mg. During the 
experiments it was noticed that the color of the plasma-plume, invoked by the 
laser-ablation process, depends on the target material and pressure during 
deposition. For the growth of elemental Mg, a blue plasma is to be expected, 
rather than the green color that is observed during MgO deposition. The role of 
Mg as a getter of oxygen [23,24] is illustrated by the change in the color of the 
plasma from green to blue during the initial stage of the preablation of Mg, in 
which the  oxidized surface of the Mg target is gradually removed. Amoruso et al. 
[30] investigated the role of the Ar pressure in the plasma dynamics and 
concluded that above a certain pressure blast waves were formed in the plasma, 



92      Chapter 6 

 

causing both an increase of the fraction of excited Mg atoms and a simultaneous 
reduction of their kinetic energy. This is found to be accompanied by a plasma 
color change as well. The optimal Ar pressure to obtain the desired blue plasma 
depends on the system used and was 0.17 mbar in our case.   
 Figure 6.1 shows the resistance as function of temperature in a four-terminal 
measurement of a typical MgB2 film on a SiC and a MgO substrate. The critical 
temperature is lower than the bulk value and the resistivity of approximately 102 
��cm on MgO and 103 ��cm on SiC is about an order of magnitude larger than 
corresponding bulk values. From the value of the residual resistivity ratio, 
R(300 K)/R(40 K) 1� , it is concluded that a lot of impurity scattering is 
present. This conclusion is confirmed by X-ray photoelectron spectroscopy 
measurements in which the presence of carbon and oxygen impurities was 
revealed.  
 From the theoretical description of the experimentally observed resistivities 
of MgB2 samples by Mazin et al. [31] and Kuz’menko et al. [32], it is known that 
impurities in dirty bulk samples do not give rise to a large interband scattering 
rate that would reduce Tc. This has however not been investigated in detail for 
thin films. Possible other reasons for the reduced Tc are the presence of other 
Mg-B phases and the small size of the MgB2 grains.  
 The smallness of the grains is supported by the fact that in the films no 
MgB2 peaks were resolved in X-ray diffraction experiments, indicating that the 
films are polycrystalline with small grains. The polycrystallinity does not hamper 
the supercurrent, since the grain boundaries in MgB2 act as strong links [2,3]. 
The lattice match between substrate and MgB2 is expected to play an important 

 
Figure 6.1 Resistance as function of temperature for 200 nm MgB2 films on SiC and MgO 
substrates. The inset shows the superconducting transition in more detail. 
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role for epitaxially grown films [13], but the present polycrystalline films can be 
grown on a number of materials, including Si [23].  
 Mijatovic et al. [28] describe several ways in which the Tc of the films was 
further improved. The use of alternating Mg and B layers as precursor films 
allows for the use of metal targets with a lower oxygen impurity concentration. 
The highest Tc obtained was 28 K. It will be shown in sections 6.3 and 6.4 that 
the films made in the two-step in-situ process are very well suited for 
nanostructuring and multilayer Josephson devices.  

6.3 SQUID based on MgB2 nanobridges 

6.3.1 Operation principle 

Aside from Josephson junctions that include a barrier-layer, also nanobridges can 
be employed as the weak links in a SQUID [33]. The first realizations of 
nanobridges for high-Tc SQUIDs were reported by Blank et al. [34] and Pedyash 
et al. [35]. In Fig. 6.2 (a) a Scanning Electron Microscopy image of a nanobridge 
in a MgB2 film is shown and Fig. 6.2 (b) schematically depicts the forces acting 
on one of the vortices in a nanobridge. When a transport-current is directed 
through the bridge, a magnetic field is created, which can penetrate the 
superconductor in the form of Abrikosov vortices if the field is larger than the 
lower critical field Hc1. Two of such vortices, with opposite orientation, will then 
be created simultaneously at the edges of the bridge [36]. An edge-pinning force 

 

 
Figure 6.2 (a) Scanning Electron Microscopy image of a MgB2 nanobridge. The width of 
the bridge is approximately 70 nm, the length 150 nm. (b) Schematic drawing of the 
forces acting on an Abrikosov vortex in a nanobridge. 
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Fpin will act on the vortices, but with increasing transport current the Lorentz 
force FL acting on the vortex will overcome this pinning. Consequently, for bias 
currents exceeding the critical current, the vortices will move towards each other 
and will finally annihilate. In the process of vortex motion an electric field is 
induced in the direction of the transport current and energy dissipation will take 
place.  
 The Abrikosov vortices have a normal core of radius �, the coherence length, 
which for MgB2 is mostly reported to be about 5 nm [3], although other 
measurements on MgB2 vortices indicated a coherence length of 50 nm [37]. For 
superconducting bridges that are smaller than a few times �, the normal core area 
in the bridge will act as a Josephson weak link, with a characteristic relationship 
between the supercurrent and the phase change of the macroscopic wave function 
over the weak link [38].  However, wider bridges can show a significant current-
phase relationship as well, provided the width of the bridge is comparable to, or 
smaller than, the effective London penetration depth �

�
 [39]. Reported values for 

the bulk penetration depth for MgB2 vary around 150 nm (see Ref. 40 for a 
review), yielding an effective penetration depth, �

�
�= �L cotanh(d/2�L) of about 

0.3 �m for films with a thickness d of 200 nm.  
 In a superconducting ring, the total phase-change of the superconducting 
wave function when going around the hole is quantized in multiples of 2�. The 
phase-change is composed of two contributions, because of the incorporation of 
the nanobridges in the ring. The first contribution is due to the current flow 
through the nanobridges: ��1(I1) and ��2(I2), where I1 and I2 are the currents 
through bridges 1 and 2, respectively. The second is associated with the applied 
magnetic flux � in the ring. The quantization-condition is then written as 
��1 - ��2 + 2�(�/�0) = 2�k, with k an integral number and �0 the elemental 
flux quantum ( = 2.07�10-15 Tm2). The ring carries a dc supercurrent for bias 
currents Ibias = I1+I2, for which this condition can be fulfilled. By varying the 
applied flux, the maximal attainable Ibias to fulfill the quantization-condition is 
modulated with a period �0. This critical current will be maximal when the en-
closed flux equals n times �0 and is minimal for � = (n+�)�0, where n � � . 

6.3.2 Fabrication and measurement results 

For the fabrication of the SQUIDs, thin films of 200 nm MgB2 were deposited by 
PLD in the two-step in-situ process as described in section 6.2. The SQUID and 
contact-paths were patterned in two steps. First, the coarse structures, including 
the square-washer SQUID-ring and the contact leads were defined by standard 
photolithography and Ar ion-beam milling. With an acceleration voltage of 
500 V, the ion milling under an angle of 45° takes place at an etch rate of 
approximately 0.5 nm/s. The SQUID, with an estimated inductance of 60 pH, 
consists of a square-washer of 20�20 �m inner and 70�70 �m outer dimension 
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and a 5�55 µm slit. The structure contains two striplines, 30 �m long and 5 �m 
wide, into which subsequently nanobridges were structured by direct focused ion-
beam milling, as is shown in Fig. 6.3.  
 Using a 25 kV Ga+ beam with a diameter of 50 nm (Full Width at Half 
Maximum) and a beam current of 40 pA, trenches are etched in the MgB2 films 
at a rate of 0.30 mm3/Coulomb. The density of the Ga+ ions has a Gaussian 
distribution in the central part of the beam. The nanobridges are created by 
letting two beam profiles partly overlap, which results in a reduced height of the 
bridge, as compared to the original film thickness. The dimensions of the 
fabricated nanobridges are shown in Fig. 6.3 (b); the width is about 70 nm 
(FWHM) and the height of the nanobridges is approximately 150 nm. The length 
of the bridges is 150 nm. The dimensions of the bridge are determined from the 
known beam profile and analysis of Scanning Electron Microscopy images. 

70 nm

200 nm MgB2

MgO substrate

(a)

I - V

I - V
(b)

20 m�

70 m�

5 m�

 
Figure 6.3 (a) Schematic layout of the SQUIDs. (b) Schematic cross-section of the 
nanobridges, in which the Gaussian shaped beam profiles are indicated. 
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Figure 6.4 (a) IV characteristics of a SQUID at T = 19 K for two values of the enclosed 
magnetic flux. In the inset, a hysteretic IV characteristic is shown at T = 10 K. (b) 
SQUID critical current as function of temperature. The solid line shows the theoretical fit. 
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 The electrical transport properties of the ring-structure were measured in a 
four-point configuration in a shielded variable-temperature flow-cryostat. The 
transition temperature of the structure was found to be 22 K, comparable to the 
original Tc value of the unpatterned film. In Fig. 6.4 (a), a typical example of the 
measured SQUID IV characteristics is shown for two values of the enclosed 
magnetic flux of the SQUID, at a temperature T = 19 K. Above T = 12 K, the 
IV characteristics are non-hysteretic, with a parabolic shape of the voltage 
branch, as expected for rounded nanobridges [36]. Below 12 K, hysteresis 
appears, as can be seen in the inset of Fig. 6.4 (a), where an IV characteristic at 
10 K is shown. The hysteresis is presumed to arise from the considerable heating 
of the bridges by the large bias-currents needed at these temperatures. The kinks 
in the voltage branch indicate the onset of additional channels for vortex flow 
[39,41,42]. In Fig. 6.4 (b), the measured critical current temperature dependence 
is depicted. For a rounded bridge edge, as is the case here, the critical current is 
expected to be proportional to �-2 and ��-1, as described by Rogalla [36]. Given the 
temperature dependencies for � and � from the two-fluid model in the clean limit 
[43], ��= �0(1-t4)-1/2 and ��= �0(1-t)-1/2, where t = T/Tc, the critical current is 
expected to behave as Ic = Ic0(1-t4)(1-t)1/2, which fits the observed dependence 
very well, as is shown in Fig. 6.4 (b). 
 The critical current of the SQUID at T = 4.2 K is 1.5 mA. For the estimated 
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Figure 6.5 SQUID voltage modulation by applied magnetic field at 15 K, at several values 
of the current bias. 
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bridge cross-section of 70�150 nm, this corresponds to a critical current density 
of 7�106 A/cm2. This large value implies that nanostructuring by the use of a Ga 
focused ion-beam is very well possible while maintaining large critical current 
densities. Hence, the chemical reactivity and volatility of Mg do not pose 
problems in the nanostructuring. Furthermore, we note that the structures are 
stable over a timespan of at least a few months and have constant properties 
after thermally cycling and exposure to moisture. 
 Figure 6.5 shows the voltage modulation of the SQUID at several constant 
bias currents as function of the applied magnetic field. The period of the 
modulation in Fig. 6.5 is 0.74 �T. With a period of �0 for the SQUID critical 
current modulation by applied magnetic flux, an effective SQUID area, 
Aeff =�0/H, of 2.8�103 �m2 is obtained, which is well in accordance with the 
actual SQUID dimensions, taking flux-focusing by the superconducting washer 
into account [44]. Above the temperature at which the IV characteristics become 
hysteretic, the voltage modulation shows the same temperature dependence as 
the critical current. A modulation voltage of 20 �V was observed at 12 K, just 
above the onset of hysteresis. Voltage modulation was observed up to 20 K.   

6.4 MgB2 ramp-type Josephson junctions 

Ramp-type junctions [45] were originally developed for high-Tc superconductors 
in order to have electrical transport through the barrier of the junction in the 
direction of the a-b plane of the crystal lattice. The ramp-type configuration is 
very well suited for MgB2 junctions as well, since a possible degradation of the 
superconducting properties of the MgB2 at the film surface will not be reflected in 
the junction properties. Such a surface degradation could for example be due to 
Mg deficiencies or a Mg capping layer, depending on the thin film growth 
procedure. The junction area can be made small, due to the fact that one of the 
dimensions of the junction is determined by the film thickness, which is a second 
advantage of the ramp-type junctions.  
 In order to fabricate ramp-type junctions, first a bilayer of 200 nm MgB2 and 
100 nm MgO was deposited in-situ by PLD on a MgO substrate. The MgB2 film 
was deposited and annealed as described in section 6.2. After cooling down to 
200 oC, the MgO insulation layer was formed by ablating from an Mg-target in a 
0.5 mbar oxygen atmosphere for 50 s at 10 Hz at an energy density of 4 J/cm2 at 
the target.  
 Then, a ramp was created by standard photolithography and Ar ion-beam 
etching, as is illustrated in Fig. 6.6 (a). With a beam voltage of 500 V, the etch 
rate for MgB2 is about 8 nm/min. The ion milling is performed under an angle of 
45o, but the ramp angle was measured by Atomic Force Microscopy to be 20o, 
due to the difference in etch rate between the photoresist and the MgB2-MgO 
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bilayer. After the removal of the photoresist, a 12 nm MgO barrier-layer was 
deposited by ablating Mg for 6 seconds at 10 Hz, in 0.5 mbar of oxygen and at 
200 oC. Afterwards, the deposition of 200 nm MgB2 as a counter electrode was 
performed in the same manner as for the base electrode. The sample was then 
patterned by photolithography and Ar ion milling to define the junctions, wiring, 
contact pads and the overlap of the counter electrode of 3 �m. Figure 6.6 (b) is a 
schematic drawing of the junction configuration after fabrication. The bottom 
electrode is contacted through a ramp-type contact (much larger than the 
junction) on the other side of the junction. 
 The electrical transport properties of the junctions were measured in a four-
point configuration in shielded cryostats. The transition temperature of both 
electrodes was 20 K. The critical temperature lies below the bulk value of 39 K 
as was discussed in section 6.2. The critical temperature could additionally have 
been reduced as compared to the thin films of section 6.2, as a result of 
impurities from the use of oxygen during the MgO deposition.  
 RSJ-like IV characteristics were obtained up to 16 K. Above this 
temperature, the supercurrent was suppressed by thermal noise. Figure 6.7 (a) 
shows the IV characteristics of a 7 �m wide junction at 3.6 K. The critical 
current at 4.2 K is 130 �A, corresponding to a critical current density of the 
order of 1 kA/cm2. An excess current of about 30% of Ic at 4.2 K is present in the 
IV characteristics. The normal state resistance, RN, is almost independent of 
temperature and has a value of 1.0 �. The IcRN product at 4.2 K is 130 �V. The 
spread in junction parameters was large and only the devices in which the critical 
current density could be modulated by magnetic field were further investigated. 
In the inset of Fig. 6.7 (a), the dependence of the critical current on temperature 
is shown. 
 The Josephson penetration depth is defined as 0/2J ce dJ� �� �  [33] and is 
of the order of 10 �m, where d is the barrier thickness plus twice the London 
penetration depth. The fact that the width of the junctions is smaller than 4�J 
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Figure 6.6 (a) Ar ion etching under 45o for the creation of a ramp in the MgB2-MgO 
bilayer. (b) Ramp-type junction configuration after the junction definition process step. 
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means that the junctions are considered to be in the small junction limit, which 
implies that a non-uniform current distribution and self-field effects due to the 
width of the junction are not expected. 
 The application of a magnetic field H perpendicular to the current direction 
and parallel to the substrate resulted in a modulation of the critical current; see 
Fig. 6.7 (b). The maximum suppression of the critical current was 70 %. The 
Ic(H)-dependence differs from the ideal Fraunhofer pattern that is expected for a 
small junction with a uniform current distribution. The large amplitude of the 
higher-order peaks and the incomplete suppression of the critical current are 
signatures of the non-homogeneity of the barrier. The non-homogeneity can be 
explained by the roughness of the ramp area after the etching of the ramp. The 
etched ramp surface will show an imprint of the surface roughness of the 
deposited film.  
 A complete modulation of the supercurrent and the formation of Shapiro 
steps were observed by irradiating the junctions with fRF = 10.0 GHz microwaves 
at 4.2 K. The Shapiro steps appeared at the expected voltage values of n times 

� �/2 RFV h e f�  = 20.7 �V with 2e/h = 483.6 MHz/�V. The modulation of the 
critical current (I0 = 2Ic) and the height of the Shapiro steps as a function of 
applied RF current are presented in Fig. 6.8.  
 To model the junctions under microwave irradiation, the RSJ model is 
extended with an RF current source term as was done in section 4.2.2. It is 
assumed that the RF source impedance is large as compared to the junction 
impedance. All four curves were fitted with the same parameter �����	
�. The 
fitting parameter � was discussed in section 4.2 and represents the normalized 
frequency, /RF cf f , where � �2 /c c Nf e h I R� . Ic = 100 �A and RN = 0.8 � for this 
junction, which is determined from the IV curve as shown in the inset of Fig. 6.8, 

(a) (b)

 
Figure 6.7 (a) IV characteristic at 3.6 K. The inset shows the critical current versus 
temperature dependence. (b) Modulation of the critical current by magnetic field. 
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giving an IcRN product of 80 �V. This corresponds reasonably well with the IcRN 
product of 60 �V that can be derived from the �����	
� fit to the high-frequency 
properties. The good fit to the Shapiro step heights shows that the current source 
model very well describes the microwave properties of the MgB2 ramp-type 
junctions. 
 In order to determine the effect of the interfaces between the MgO-barrier 
and the electrodes on the junction transport properties, reference samples were 
prepared following the same fabrication procedure, except for the deposition of 
the barrier-layer. It has been shown, e.g. in high-Tc Josephson junction 
technology [46] that a barrier can be formed by the interface between the 

 
Figure 6.8 Normalized critical current (n = 0) and first three Shapiro steps (n = 1, 2, 3) 
under applied microwave irradiation at 4.2 K.  The circles denote the measured step 
heights of a 7 �m wide junction, the solid line is a theoretical fit from the RSJ model with 
a single fitting parameter for all four curves, � = 0.35. The inset shows the IV 
characteristics with (i) and without (ii) microwave irradiation. 
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electrodes, due to structural damage invoked by the ion milling. For the MgB2 
ramp-type contacts, however, this ion milling procedure did not lead to weak link 
behavior. Critical currents up to 31 mA were obtained for 5 �m wide contacts at 
4.2 K, corresponding to a critical current density of the order of 3�106 A/cm2. 
This indicates that the interface region has good superconducting properties and 
will not affect the transport properties of the Josephson junctions. Furthermore, 
it indicates that the ramp-type contact presents a good configuration for via 
contacts in future multilayer circuits.   
 It is concluded that the 12 nm MgO barrier forms the weak link in our 
Josephson junctions. The nature of the electric transport through the barrier is 
unknown, but it can be concluded that the barrier is not a pure tunnel barrier. A 
12 nm thick true tunnel barrier would have resulted in a much smaller Ic and a 
normal state resistance that is much larger than the observed 1 �. The IcRN 
product of MgB2 tunnel junctions was derived in Chapter 5. Even taken into 
account a reduction of IcRN due to the reduced Tc, the observed values lie well 
below the theoretical expectation. The presence of shunting channels (i.e. non-
tunneling channels) in the barriers can explain the reduction of IcRN, because of 
the decreasing effect on RN. The presence of shunting channels is furthermore 
consistent with the observation of excess current in the IV curves. The non-ideal 
critical current modulation by magnetic field provides evidence for the resulting 
non-uniform current distribution over the junction.  
 The capacitance can be estimated from the junction geometry, which gives C 
= 30 f F. The low value for RN of about 1 ���together with the estimated value 
for the capacitance explains the non-hysteretic character of the IV curves. The 
estimated value for the Stewart-McCumber parameter �C is of the order of 0.01, 
which corresponds indeed to the absence of hysteresis. 

6.5 Discussion and conclusion 

Different MgB2 thin film growth methods are reviewed, of which the two-step in-
situ method by PLD was used here for the realization of MgB2 nanostructures 
and multilayer Josephson devices. The growth method consists of a MgB2 
deposition at low temperature, followed by an in-situ annealing step at 600 ºC. 
Polycrystalline films with small grains are obtained, with a superconducting 
transition temperature, of maximally 28 K, that is smaller than the Tc of bulk 
samples, possibly due to the inclusion of MgO and the small grain size. 
 Superconducting structures can be realized on a length scale < 100 nm in in-
situ fabricated MgB2 films. The realized nanobridges have large critical current 
densities of 7�106 A/cm2 at 4.2 K, indicating good superconducting properties of 
the films and nanostructures. MgB2 ring-structures incorporating nanobridges 
display Josephson quantum interference effects, which forms the basis for the 



102      Chapter 6 

 

creation of an all-MgB2 SQUID. Voltage modulation was observed up to 20 K. 
Zhang et al. [8] report noise properties of MgB2 SQUIDs as low as 4 ��0Hz-1/2 at 
19 K and good low frequency noise properties, which indicates that noise due to 
thermal activation of trapped vortices is of less importance than in the high-Tc 
SQUIDs. The good superconducting properties of the nanostructures and the 
observed quantum interference show that MgB2 SQUIDs based on nanobridges 
are very promising for magnetic field sensing applications, as well as for 
electronics.  
 Multilayer Josephson junctions have been realized in which two 
superconducting MgB2 layers are separated by a thin MgO barrier layer, using 
the ramp-type configuration. The IV characteristics behave as described by the 
RSJ-model, with an excess-current of about 30% of Ic. A modulation of 70% of Ic 
was achieved in applied magnetic fields. Shapiro steps were observed by 
irradiating the junctions with 10.0 GHz microwaves, and the dependence of the 
step-height on applied RF-power is well described by a current-source model. 
Reference samples prepared without the MgO layer showed strong-link behavior 
with large Ic, showing the possibility to create via contacts in multilayer circuits. 
 The RSJ-like behavior and large operating temperature make the MgB2 
ramp-type junctions very well suited for electronic circuitry. In order to make 
optimally use of the potentially large IcRN product in MgB2 tunnel junctions, as 
theoretically derived in Chapter 5, recommendations can be given regarding film 
smoothness, film epitaxy, and barrier quality. 
 Whereas the in-situ grown films are much smoother than ex-situ annealed 
MgB2 films, the surface roughness is still an important aspect for the junctions. 
Smoother bottom electrodes will enhance the barrier quality, and therefore 
enhance the uniformity of the current through the junction and improve the 
reproducibility of junction parameters. 
 It is concluded that shunting channels are present in the MgO tunnel barrier, 
which reduce the IcRN product as compared to the theoretical prediction from 
Chapter 5. A smoother bottom electrode would already reduce inhomogeneities 
and shunting channels, but it would be beneficial as well to realize high-quality 
insulating barriers. The barrier fabrication should be compatible with the high-
temperature annealing of the top electrode. 
 In addition to fabricating a good barrier layer, epitaxially grown films, or at 
least c-axis oriented films, are required in order to realize junctions with the 
theoretically predicted highest IcRN value of 5.9 mV, since tunneling in the a-b 
plane direction is then required. 
 Essential for the realization of superconducting electronic cicuitry is the 
availability of high quality thin films and the technology to fabricate Josephson 
devices with these films. The rapid progress in the development of MgB2 film 
growth as well as the realization of MgB2 Josephson devices is promising for the 
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role of MgB2 in superconducting electronics. Within one year after the discovery 
of superconductivity in MgB2, nanostructures, SQUIDs and multilayer Josephson 
junctions had been experimentally realized. 
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Appendix A 

Derivation supercurrent from 

distribution of transparencies 

 
 
The supercurrent of a double-barrier junction in the coherent regime is given by 
the supercurrent per channel, Eq. (2.25), integrated over the distribution of 
transparencies, Eq. (2.24), resulting  in 
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By introducing the variable 2 1 1z D�

� � , Eq. (A.1) is rewritten as 
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where � �2 2cos /2a �� . Eq. (A.2) can be evaluated by transforming to a contour 
integration in the complex plane. The integration path Q is then given by the 
real axis from ��  to �  and the half-circle in the complex plane with positive 
imaginary part. The contribution of the half circle will vanish, hence 
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 The hyperbolic tangens function has poles at every 0z � �  where 
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Equation (A.4) can be rewritten as  
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where n�  are the Matsubara frequencies. The integral in Eq. (A.2) is now given 
by the residues at these positions z0, 
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Putting Eq. (A.5) into Eq. (A.6) gives after some rewriting 
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which is exactly the supercurrent from Eq. (2.26) for the coherent regime. 
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Solution of the Gor’kov equations 

 
 
Let us choose the position x’ within the interlayer, then the solution of Eq. (2.28) 
in the superconducting electrodes ( 0 x d� � ) is given by a linear combination of 
plane waves A(x’)exp(ikxx). Substitution into Eq. (2.28) gives the dispersion 
relation for k which yields four solutions: 2 2 22 /Fk k k imE� � � �� � , 

2 2 22 /Fk k k imE�

� � � �� �  with 2 2E �� ��  and 2 22 /F Fk mE� � . As a 
result the homogeneous Ansatz solutions of Eq. (2.28) at 0x �  has the form  
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� � � . All 
four terms in Eq. (B.1) decay properly at x ��� . A similar Ansatz holds true 
in the interlayer 
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and for x > d 
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The last two terms in Eq. (B.2) form the particular solution of the Gor’kov 
equations in the interlayer (straight propagation from x to x’). 
 The solutions in all three regions are matched by the conditions of continuity 
of G(x,x’) and F(x,x’) at the interfaces 0,x d�  and by the condition for the 
derivatives which follows from the integration of Eq. (2.28) across the interface 
barriers. This yields at x = 0  
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and a similar condition at x = d. These boundary conditions provide 8 linear 
equations for the coefficients in the equations for G(x,x’) and F(x,x’). By 
matching the prefactors in front of the terms 
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equations becomes 32, matching the number of unknowns. Matching each term 
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�  provides a set of 8 equations for the unknowns Ai. For i =1 this set of 
equations can be written as A x b� � , where A is given by 

1 2 2

1 2 2

2 2 3

2 2 3

1 1 1 2 2

1 1 1 2 2

2 2 2 2 3

2 2

1 1 1 0 0

1 1 1 0 0

0 0 ' 1/ ' ' / ' /

0 0 ' / ' ' 1/ ' 1/

0 0

0 0

0 0 ' / ' ' / ' /

0 0 ' / '

D D D D D D

D D D D D D

M M K K K K

M M K K K K

KD K D K D K D M D M D

KD K D K

� � �

� � �

� � �

� � �

� � �

� � �

� � �

� �

� � �

� � � � � �

� � �

� � � � � �

� �

� � �

� �

� � � � � � � � �

� �

�

� � �

� � � �

� � �

� �

� �

� � �

� �

� � 2 3 2' / ' /D K D M D M D�
� � � � �

� �

� �
� �
� �
� �
� �
� �
� �
� �
� �
� �
� �
� �
� �
� �
� �
� �
� �
� �

�� �� �� �
 (B.5) 

and 
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where the superscript T denotes that x and b are column matrices, and 
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The sets of equations for i = 1, 2 and 3 are obtained in the same way. 
 We can expand the wavevector in the interlayer as  
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where 2 2 cosx F Fk k k k �� � ��  is the transverse component of the wave vector,  
2 2

' ' '/ 2 cosS x x n S Sv� � � �� �� ��  is the coherence length and �S’ is the pair 
potential in the S’. In the S electrodes we can keep kS =kx as long as 

/ 1S FE� � . By solving the linear equations with this approximation, 
expressions were derived for all coefficients in Eq. (B.1), (B.2), and (B.3). These 
coefficients can then be put into Eq. (2.27) for the supercurrent, which finally 
gives the expression for the supercurrent IS, as function of d and W1,2, Eq. (2.29). 
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Derivation boundary conditions 

 
 
From the definition of the Green’s functions in Keldysh � Nambu space, Eq. 
(3.11), a boundary condition can be written for each of the matrix elements of 
Eq. (3.30) 
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With definition (3.24), the left-hand side of the latter of these three boundary 
conditions becomes 
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With the aid of the first two Eqs. in (C.1) this can be rewritten into 
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By making use of the normalization condition ( ) ( ) 1R A R AG G �  and the definition 
for 1,2f̂ , Eq. (3.25), this can be futher rewritten as 
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which is equal to  
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The right-hand side of the last boundary condition in Eq. (C.1) can be rewritten 
with the aid of Eq. (3.24) into  
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With definition Eq. (3.25) for 1,2f̂  this becomes 
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Equating left-hand and right-hand side of the last boundary condition in Eq. 
(C.1), i.e. Eqs. (C.5) and (C.7) respectively, finally gives the form of the 
boundary condition as presented in Eq. (3.31). 
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Appendix D 

Time convolutions in energy space 

 
 
The expression for a convolution of two functions, 
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can be transformed by changing variables 
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and performing a Fourier transform to energy-frequency space 
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With an energy-shift 0 /2E E n�� ��  this becomes 
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The triple products in the boundary conditions (3.34) and (3.35) can be worked 
out in the same manner. The sine and cosine terms cause shifts in the arguments. 
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As an example, the triple product � �� �Re Re sin 'L Sf G G i eV t t�� � �  will be 
discussed, 
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After a straightforward collection of terms in the exponents, Eq. (D.6) can finally 
be written as 
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Summary 
 
Introduction 

Two weakly coupled superconductors (S) can form a Josephson junction. The 
weak link possibly consists of an insulating tunnel barrier (I), a constriction, or a 
piece of normal metal (N). Despite the barrier, a supercurrent can flow, which is 
a form of charge transport without dissipation. The magnitude of the 
supercurrent is a function of the phase-difference between the two wavefunctions 
that describe the superconducting condensates in the electrodes. 
 This thesis describes research on electrical transport in structures containing 
superconductors, normal metals, and insulating barriers. Two types of Josephson 
junctions are investigated, namely double-barrier SINIS Josephson junctions 
(with two tunnel barriers and a normal metal or superconductor interlayer) and 
structures based on the superconductor MgB2. 
 The question how charge is transported in double-barrier structures is 
especially interesting because of the combination of transport phenomena that 
play a role, which are tunneling through barriers, normal and Andreev 
interference, and transport in the normal metal. The interest in MgB2 junctions 
arises from the question how transport phenomena such as tunneling and 
Andreev reflection are affected by the multiband nature of the superconductivity 
in MgB2. Apart from these fundamental questions, the research is also 
technologically relevant. Both types of Josephson junctions are suitable for 
superconducting electronic circuitry. 
 In this thesis, each of the two junction concepts will be described 
theoretically before the experimental realization and measurement results are 
presented. The theoretical modeling is based on quantum field theoretical 
methods, like the use of Green’s functions and the quasiclassical formalism in 
superconductivity, which are both introduced in the first Chapter.  

A microscopic model for double-barrier junctions 

In Chapters 2 and 3 a theoretical description of double-barrier junctions is given. 
Chapter 2 focuses on the supercurrent while Chapter 3 focuses on time-dependent 
transport properties, which are important for the understanding of current-
voltage characteristics. 
 In the case of diffusive interlayer transport (dirty limit), the Usadel 
formalism can be used to calculate the supercurrent as a function of temperature, 
interlayer thickness, barrier transparencies and the interlayer critical 
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temperature. In practice, also ballistic interlayer transport can occur (clean 
limit), in which case the Gor’kov equations are solved. 
 The clean and dirty limit results coincide when the resonance width of the 
electron interference between the barriers exceeds typical other energy scales, 
such as the Andreev energy levels. In this so-called coherent regime, the 
interlayer material properties do not influence the transport. The product of 
critical current Ic and normal state resistance RN is then proportional to the 
barrier transparency and is larger than it is for standard SIS junctions. In the 
clean limit the electrons and holes lose phase-coherence for increasing barrier 
heights and IcRN becomes proportional to the square of the barrier transparency. 
In this case, dirty limit calculation results only differ a constant factor from the 
clean limit results. 
 The total supercurrent can be calculated under non-equilibrium conditions as 
well by integrating the spectral supercurrent with an appropriate energy 
distribution function. The spectral supercurrent and the energy distribution 
function are time-dependent functions when a voltage is applied over the 
junction. The current-voltage characteristics can be obtained in the coherent 
regime within the formalism of multiple Andreev reflections (MAR) and by 
means of the Keldysh formalism in the general case. Typical features that are 
derived are the presence of excess or deficit current as compared to Ohmic 
behavior at a large bias voltage. The influence of the barrier heights and inelastic 
scattering on the transport properties is investigated. Knowing the conductivity 
at low values of the bias voltage is important for understanding hysteresis in the 
current-voltage characteristics. 

What can be learned from the double-barrier junction experiments? 

The double-barrier Josephson junction fabrication process only requires small 
adaptations as compared to the standard fabrication process of SIS junctions in 
the Nb/Al technology. The fabricated junctions do not show leakage current, 
have a homogeneous current distribution of about 9 A/cm2, and show no 
hysteresis in the current-voltage characteristics. 
 Experiments on these low critical current density junctions (and experiments 
by other groups on junctions with higher critical current densities) demonstrate a 
verification of the microscopic model for the supercurrent. The measured 
supercurrent as function of temperature is well described by the theory and the 
model makes the extraction of transport parameters possible, such as the barrier 
transparency and interlayer critical temperature. 
 The non-hysteretic current-voltage characteristics of these low critical current 
density junctions are also well described by the model. The presence of inelastic 
scattering explains the relatively large conductivity at a low bias voltage. An 
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inelastic scattering time in the interlayer of about 0.3 ns at 4.2 K can be 
determined from the measurement results. Both the inelastic scattering at low 
values of the critical current density as well as the opening of Andreev channels 
at a high critical current density explain the absence of hysteresis in these 
regimes. With the experimentally determined transport parameters a quantitative 
description of the non-monotonic hysteresis dependence on voltage can be given. 

Theoretical predictions for MgB2 junctions 

The superconductor MgB2 has electrons in two clearly distinct parts of the Fermi 
surface that couple each in their own way with lattice vibrations (phonons). 
Hence, superconductivity arises in two bands, each with its own energy gap. The 
following fundamental question now arises. What is the influence of the existence 
of multiple gaps on the charge transport in structures that are based on MgB2? 
 The magnitude and temperature dependence of the two gaps are calculated 
within the Eliashberg formalism by making use of the electron-phonon coupling 
functions that follow from band-structure calculations. The values for the two 
gaps are 7.1 and 2.7 meV at 0 K, which is respectively larger and smaller than 
would follow from the theory of Bardeen, Cooper, and Schrieffer (BCS) for a 
superconductor with a critical temperature of 39 K. The temperature dependence 
of the smaller gap deviates from the BCS theory as well, due to the positive 
curvature close to the critical temperature. 
 The model of Blonder, Tinkham, and Klapwijk (BTK) describes the current-
voltage characteristics of SIN contacts. When the superconducting electrode is 
made of MgB2, a BTK contribution exists for every band. The total current is 
then given by the weighed average of these contributions. The weighing factors 
are determined from the values for the plasma frequencies. The anisotropy of the 
plasma frequencies explains the large variety in MgB2 spectroscopic measurement 
results. The double-gap in the conductance spectrum can only be observed for 
transport in the direction of the a-b crystal plane. 
 The critical current in a MgB2 Josephson junction is also given by a weighed 
average of band contributions. An IcRN product of 5.9 mV is possible for 
tunneling in the direction of the a-b plane. For transport directions having an 
angle with the a-b plane that is larger than about 10 (like in the polycrystalline 
case) IcRN is 4.0 mV. The supercurrent versus temperature dependence deviates 
in the latter case from the Ambegaokar-Baratoff theory for single-band super-
conductivity. 
 These predictions concerning the superconducting properties of MgB2 and the 
charge transport in MgB2 junctions can be verified experimentally. Especially 
experiments on single-crystals are interesting in this respect. 
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The realization of MgB2 structures 

MgB2 thin films have been realized by means of pulsed laser deposition in an in-
situ two-step process. First, deposition takes place by ablation from a MgB2 
target. Then, a short annealing step takes place at a higher temperature. The 
volatility of Mg and the fact that Mg and B easily oxidize require measures 
during growth, such as the use of extra Mg during pre-ablation, growth, and 
annealing. The critical temperature of the polycrystalline thin films lies below 39 
K, which can be caused by an excess of oxygen impurities or the smallness of the 
grains in the films. The films are smooth and suitable for applications. 
 Structuring of MgB2 thin films on a length scale smaller than 100 nm is 
possible with a Ga focused ion-beam. The realized nanostructures are stable and 
have good superconducting properties, including a critical supercurrent density of 
7�106 A/cm2 at 4.2 K. Superconducting quantum interference has been observed 
in a ring of MgB2 interrupted by two nanobridges. The observed modulation of 
the voltage by an applied magnetic field shows that MgB2 can be applied in 
magnetic field sensors. 
 Multilayer MgB2 Josephson junctions have been realized in which the barrier 
was formed by a layer of 12 nm MgO on a ramp in the MgB2 film. The critical 
current can be modulated by magnetic field. The measured current-voltage 
characteristics and the Shapiro step heights under microwave irradiation are well 
described by the resistively shunted junction (RSJ) model. 

Conclusion about applicability in electronics 

The research in this thesis has answered fundamental questions concerning 
charge transport in double-barrier and MgB2 Josephson junctions. Also 
conclusions can be drawn about the prospective of using these types of junctions 
in superconducting electronic circuitry. 
 The non-hysteretical current-voltage characteristics, combined with the fact 
that the IcRN product can theoretically be larger than in SIS junctions, make 
double-barrier Josephson junctions suitable candidates for superconducting 
electronics. No major adaptations to the standard SIS fabrication process in 
Nb/Al technology are required. 
 The use of MgB2 in superconducting electronics is promising. First MgB2 
applications have been realized and high IcRN products are predicted. Good 
tunnel barriers that fit within the MgB2 thin film fabrication process are required 
for a high IcRN product. Additionally, epitaxially grown thin films would be 
beneficial because of the anisotropic nature of IcRN in MgB2.   
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Inleiding 

Een zwakke supergeleidende koppeling tussen twee supergeleiders (S) wordt een 
Josephson junctie genoemd. De zwakke koppeling kan worden gerealiseerd door 
middel van een isolerende tunnelbarrière (I), een vernauwing of een normaal 
metaal (N). Ondanks de barrière is in Josephson juncties een superstroom 
mogelijk, hetgeen een vorm van transport van lading is zonder dissipatie. De 
grootte van de superstroom is een functie van het verschil in fase van de twee 
golffuncties die de supergeleidende condensaten in de elektroden beschrijven.  
 Dit proefschrift beschrijft onderzoek naar elektrisch transport in structuren 
met supergeleiders, normale metalen en isolerende barrières. Het onderzoek richt 
zich daarbij specifiek op twee soorten Josephson structuren, namelijk dubbele-
barrière SINIS contacten (met twee isolerende barrières en een normaal metaal of 
andere supergeleider daartussen) en structuren die zijn gebaseerd op de 
supergeleider MgB2. 
 De vraag hoe ladingstransport plaatsvindt in dubbele-barrière structuren is 
met name interessant door de combinatie van fysische effecten die hierbij een rol 
spelen, namelijk het tunnelen door barrières, normale en Andreev resonanties 
tussen de barrières en transport door het normale metaal. MgB2 juncties zijn 
interessant vanwege de vraag hoe het multiband karakter van de supergeleiding 
in MgB2 zich uit in transportverschijnselen zoals tunnelen en Andreev reflecties. 
Naast deze fundamentele vraagstukken wordt het onderzoek gemotiveerd door de 
technologische relevantie van dubbele-barrière en MgB2 juncties. Beide typen 
Josephson juncties zijn namelijk geschikte kandidaten voor de basiselementen in 
supergeleidende elektronica. 
 De opbouw van dit proefschrift is zodanig dat van beide typen contacten 
eerst een theoretische beschrijving wordt gegeven, alvorens de experimentele 
realisatie en meetresultaten te presenteren. Bij de theoretische modellering wordt 
gebruik gemaakt van methoden uit de kwantumveld theorie, zoals het gebruik 
van Greense functies en het quasi-klassieke formalisme in de supergeleiding, 
welke in het eerste hoofdstuk worden ingeleid. 

Een microscopisch model voor dubbele-barrière juncties 

Het tweede en derde hoofdstuk geven een theoretische beschrijving van dubbele-
barrière juncties, waarbij in het tweede hoofdstuk de superstroom wordt 
bestudeerd terwijl in het derde hoofdstuk wordt ingegaan op tijdsafhankelijk 
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transport, zoals dat van belang is voor het begrijpen van de stroom-spannings-
karakteristiek. 
 Wanneer de beweging van de ladingsdragers in de tussenlaag diffuus van aard 
is, kan het Usadel formalisme worden gebruikt om de superstroom uit te rekenen 
als functie van de temperatuur, dikte en kritische temperatuur van de tussenlaag 
en de transparanties van de barrières. In de praktijk kan echter ook ballistisch 
transport in de tussenlaag optreden (‘schone’ limiet), waarbij de Gor’kov 
vergelijkingen kunnen worden gebruikt als uitgangspunt.  
 De resultaten van de berekeningen in de schone limiet vallen samen met die 
van de diffuse limiet wanneer de breedte van de elektronresonantie tussen de 
twee barrières veel groter is dan andere typische energie-schalen, zoals de energie 
waarbij Andreev interferentie optreedt. In dit geval spelen de materiaal-
eigenschappen van de tussenlaag geen rol in het transport en spreken we van het 
coherente transportregime. Het produkt van kritische stroomdichtheid Ic en 
weerstand in de normale toestand RN is hierbij rechtevenredig met de 
transparantie van de barrière en is groter dan IcRN in SIS juncties. Bij 
toenemende barrièrehoogte verliezen de ladingsdragers in de schone limiet 
fasecoherentie en wordt IcRN evenredig met het kwadraat van de transparantie 
van de barrière. De berekeningen voor de diffuse limiet verschillen hiervan in dit 
geval slechts met een constante factor. 
 Door het integreren van de superstroom per energieniveau (spectrale 
superstroom genaamd) met een specifieke elektronen-energie verdelingsfunctie 
kan de totale superstroom ook in niet-evenwichtstoestanden worden uitgerekend. 
Zowel de spectrale superstroom als de energie verdelingsfunctie zijn 
tijdsafhankelijk zodra een spanning over de junctie wordt aangelegd. Met behulp 
van het formalisme voor meervoudige Andreev reflecties (MAR) voor het 
coherente regime en een beschrijving in het Keldysh formalisme voor het 
algemene geval zijn de eigenschappen van de stroom-spanningskarakteristieken 
uit te rekenen. Een voorbeeld hiervan is de aanwezigheid van een 
stroomoverschot of stroomtekort ten opzichte van de normale geleiding bij hoge 
spanningen. De invloed van de barrièrehoogtes en de invloed van inelastische 
botsingen in de tussenlaag op de geleiding is onderzocht. Kennis van de geleiding 
bij lage spanningen is bijvoorbeeld van belang voor het begrijpen van hysterese in 
de stroom-spanningskarakteristiek.   

Wat kan van de dubbele-barrière junctie experimenten worden geleerd? 

Dubbele-barrière Josephson juncties kunnen worden gefabriceerd door middel van 
enige aanpassingen aan het standaard fabricageproces voor SIS juncties in de 
Nb/Al technologie. De gerealiseerde juncties hebben geen lekstroom, een 
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homogene stroomverdeling van circa 9 A/cm2 over het junctie-oppervlak en geen 
hysterese in de stroom-spanningskarakteristiek. 
 Experimenten met deze juncties met een lage stroomdichtheid (en experi-
menten van andere groepen voor juncties met een hogere stroomdichtheid) laten 
een verificatie van het microscopische model voor de superstroom zien. De 
superstroom als functie van de temperatuur wordt heel adequaat beschreven door 
de theorie en met behulp van het model kunnen transportparameters zoals de 
transparantie van de verschillende barrières en de kritische temperatuur van de 
tussenlaag worden bepaald. 
 Ook de niet-hysteretische stroom-spanningskarakteristiek van deze juncties 
met lage kritische stroomdichtheid wordt goed beschreven door de theorie. De 
relatief hoge waarde voor de geleiding bij lage spanningen kan worden verklaard 
door inelastische botsingen in de tussenlaag. Uit de meetresultaten kan een 
inelastische botsingstijd worden bepaald van circa 0.3 ns bij 4.2 K. De 
inelastische botsingen in juncties met een lage stroomdichtheid en het ontstaan 
van zogenaamde Andreev kanalen bij hogere stroomdichtheden verklaren de 
afwezigheid van hysterese in deze regimes. Met de experimenteel bepaalde 
waarden voor de transportparameters is nu een kwantitatieve beschrijving 
mogelijk van het niet-monotone gedrag van de hysterese als functie van de 
stroomdichtheid. 

Theoretische voorspellingen voor MgB2 juncties 

MgB2 is een supergeleider waarbij elektronen uit twee zeer verschillende 
onderdelen van het Fermi-oppervlak afzonderlijk met de roostertrillingen 
koppelen, waardoor supergeleiding optreedt in twee banden met elk een eigen 
verboden toestandsgebied in het excitatiespectrum (bandgap). De centrale, 
fundamentele vraag is nu wat de invloed is van het bestaan van meerdere gaps op 
het ladingstransport in structuren die op MgB2 zijn gebaseerd. 
 De absolute waarde en de temperatuursafhankelijkheid van de twee gaps zijn 
uitgerekend met behulp van het Eliashberg formalisme op basis van de elektron-
roostertrilling koppelingsfuncties zoals die uit bandenstructuurberekeningen 
volgen. De waarden voor de gaps zijn respectievelijk 7.1 en 2.7 meV bij een 
temperatuur van 0 K, hetgeen respectievelijk groter en kleiner is dan uit de 
theorie van Bardeen, Cooper en Schrieffer (BCS) zou volgen voor een 
supergeleider met een kritische temperatuur van 39 K. De kleinste gap als functie 
van de temperatuur wijkt ook af van de voorspelling van de BCS theorie vanwege 
de positieve tweede afgeleide in de buurt van de kritische temperatuur. 
 De stroom-spanningskarakteristiek van een SIN contact wordt normaliter 
beschreven door middel van het Blonder-Tinkham-Klapwijk model. Wanneer  
MgB2 echter als elektrode dient, zijn er bijdragen aan de stroom voor elke band. 
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De totale stroom is dan een gewogen gemiddelde van deze bijdragen, waarbij de 
wegingsfactoren zijn afgeleid uit de waarden voor de plasmafrequenties van de 
verschillende banden. De plasmafrequenties zijn anisotroop. Dit verklaart de 
grote variatie in spectroscopische waarnemingen in MgB2. De dubbele gap in de 
geleiding-spanningskarakteristiek is alleen waarneembaar wanneer transport 
plaatsvindt parallel aan het a-b vlak van het kristal. 
 Evenzo wordt de kritische stroom in een MgB2 Josephson junctie gegeven 
door een gewogen gemiddelde van bijdragen van elke band. Voor transport in het 
a-b vlak is een IcRN product mogelijk van 5.9 mV. Voor transport in andere 
richtingen (zoals in het poly-kristallijne geval) is dit nog altijd 4.0 mV. De 
temperatuursafhankelijkheid van de superstroom wijkt in het laatste geval 
opnieuw duidelijk af van de theorie voor een supergeleider met slechts één band. 
 De hierboven genoemde voorspellingen omtrent de supergeleidende eigen-
schappen van MgB2 en het gedrag van ladingsdragers in MgB2 juncties kunnen 
experimenteel geverifieerd worden, hetgeen momenteel mogelijk is door de 
beschikbaarheid van MgB2 éénkristallen.  

De realisatie van MgB2 structuren 

Met behulp van gepulste laser depositie kunnen dunne lagen MgB2 worden 
gegroeid in een in-situ tweestaps proces. Eerst vindt depositie plaats door ablatie 
vanaf ruw MgB2 materiaal. De dunne film wordt vervolgens gedurende een korte 
tijd in hetzelfde systeem naar een hoge temperatuur gebracht. Het feit dat Mg 
gemakkelijk verdampt en dat Mg en B makkelijk oxideren vereisen maatregelen, 
zoals het aanbieden van extra Mg tijdens pre-ablatie, groei en opwarming. De 
kritische temperatuur van de poly-kristallijne lagen is lager dan 39 K, hetgeen 
kan zijn veroorzaakt door overmatige zuurstof vervuiling en een te kleine 
korrelgrootte. De films zijn echter glad en geschikt voor applicaties. 
 Het struktureren van MgB2 dunne lagen is mogelijk met een gefocusseerde Ga 
ionenbundel tot dimensies kleiner dan 100 nm. Dergelijke nanostructuren hebben 
stabiele en goede supergeleidende eigenschappen, zoals een kritische stroom-
dichtheid van 7�106 A/cm2 bij 4.2 K. Supergeleidende kwantuminterferentie is 
waargenomen in een MgB2 ring die onderbroken is door twee nanobruggen. De 
waargenomen spanningsmodulatie onder invloed van een variërend magnetisch 
veld laat zien dat MgB2 kan worden toegepast in sensoren voor magnetisch veld. 
 MgB2 Josephson juncties zijn gerealiseerd in een multilaag-structuur. Hierbij 
wordt de junctie gevormd door een 12 nm dikke MgO laag op een geëtste helling 
in een dunne laag van MgB2. De kritische stroom door de junctie kan worden 
gemoduleerd met behulp van een magnetisch veld. De gemeten stroom-spannings-
karakteristiek kan goed worden beschreven door het resistief geshunte junctie 
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(RSJ) model, alsmede de hoogte van de zogenaamde Shapiro-stappen in de karak-
teristiek wanneer met microgolven wordt bestraald. 

Conclusie omtrent de toepasbaarheid in elektronica 

Het onderzoek in dit proefschrift heeft fundamentele vragen beantwoord omtrent 
het ladingstransport in dubbele-barrière en MgB2 juncties. Het is echter ook 
mogelijk conclusies te trekken over de vraag of dubbele-barrière en MgB2 juncties 
geschikt zijn voor supergeleidende elektronica. 
 De niet-hysteretische stroom-spanningskarakteristiek, in combinatie met een 
IcRN produkt dat theoretisch gezien hoger kan zijn dan in standaard SIS juncties, 
maakt dubbele-barrière juncties geschikte kandidaten voor supergeleidende 
elektronica, zonder dat grootschalige aanpassingen nodig zijn aan het huidige SIS 
fabricage proces in de Nb/Al technologie. 
 De toepassing van MgB2 in supergeleidende elektronica is veelbelovend. De 
eerste MgB2 applicaties zijn al gerealiseerd en een hoog IcRN produkt is voorspeld. 
Om een hoog IcRN produkt te realiseren, zullen goede tunnelbarrières moeten 
worden gemaakt die bij het fabricageproces van de dunne MgB2 lagen passen. 
Bovendien zou het voordelig zijn om epitaxiaal gegroeide MgB2 lagen te realiseren 
vanwege het anisotrope karakter van IcRN in MgB2 juncties. 
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