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Summary: In hydrostatic extrusion of magnesium it is difficult to get a good consistent surface quality. 
Because a previous study showed that the pressure increase in the extrusion fluid in the inlet zone is not 
enough to create full film lubrication, a contact model is required to describe the interface between billet 
and die in a hydrostatic extrusion process. The contact model has to include bulk strain effects and must 
be suitable for any asperity geometry. The contact model of Westeneng was chosen because it suited these 
requirements best. The fraction of real area of contact α is calculated for the appropriate dataset. Results 
show that α converges to almost one within 40% of the work zone. From the process parameters of the 
hydrostatic extrusion process the die angle and the friction coefficient between billet and die are the most 
important parameters influencing the fraction of real area of contact. Besides this, also the roughness of 
the workpiece material plays an important role in the prediction of real area of contact. 
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1. INTRODUCTION 

Hydrostatic extrusion is an extrusion process where 
the billet is surrounded by a fluid medium. Here, the 
deforming pressure is not directly applied onto the billet 
but on the fluid. The main advantages are the reduced 
friction level at the billet-container interface and the 
increased deformability of materials. 

Magnesium is a material which nowadays has a 
considerable interest. It is used because of its low 
specific mass, which is 2/3 of aluminium and 1/5 of steel. 
A disadvantage is that it is more expensive than 

aluminium. One of the problems with magnesium is that 
it is difficult to deform due to its HCP crystal structure. 
Due to the hydrostatic pressure and the deformation 
characteristics, hydrostatic extrusion is a suitable process 
to deform magnesium. 

Tribological aspects of hydrostatic extrusion have 
mainly been studied in the seventies. For example, 
Wilson & Walowit [1] developed a hydro-dynamic 
lubrication theory for continuous axi-symmetrical 
deformation processes based on the Reynolds equation. 

Previously it was shown that in hydrostatic extrusion 

 
Table 1. Nomenclature 

Am [s-1] material model parameter R [Jmol-1K-1] gas constant 
Anom [m2] nominal contact area T [K] temperature 
Ar [m2] real contact area U [m] rise of the valleys 
d [m] separation vb [ms-1] billet speed 
Db [m] billet diameter α [-] fraction of real contact area 
E [-] non-dimensional strain rate βm [Pa-1] material model parameter 
FN [N] normal force ε [-] nominal strain 
H [Pa] hardness ε&  [s-1] strain rate 
Heff [-] effective hardness η [-] asperity persistence parameter 
l [m] half asperity spacing θ [°] die angle 
n [-] indentation parameter μ [-] friction coefficient 
nm [-] material model parameter ξ [-] fitting parameter 
pnom [Pa] nominal contact pressure σr [Pa] principal stress 
q [Pa] hydrostatic pressure σx [Pa] principal stress 
Q [m-2] asperity density σy [Pa] compressive yield stress 
Qm [Jmol-1] activation energy of deformation φ(z) [m-1] asperity height distribution function 
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of magnesium it is not possible to generate full film 
lubrication in the deformation zone [2]. Therefore a 
contact model is required to accurately describe the 
contact between billet and die during extrusion.  
 
2. CONTACT IN CONICAL DIE 

The hydrostatic extrusion process can be divided into 
three regions. The first zone is the inlet zone where no 
plastic deformation takes place, this is studied in [2]. The 
second zone is the work zone where the actual plastic 
deformation occurs. This zone is the subject of this work. 
The third zone is the outlet zone, where the pressure 
drops to atmospheric pressure and the material leaves the 
press. In this study, a contact model focussing on the 
work zone will be developed.  

The axes are defined as in Figure 1. The billet material 
is in a cylindrical stress state over the whole billet 
volume, see also [3]. The principal stress directions are 
depicted as σx and σr in Figure 1. The friction stress at the 
interface is assumed to be Coulomb, i.e. pμτ = . Further, 
the die angle is taken constant. 

 

3. CONTACT MODEL 
As in most metal forming operations the tribological 

system consists of a smooth hard surface (the die) against 
an initially softer rough surface (magnesium billet). One 
of the most significant features of hydrostatic extrusion 
is the bulk deformation of the billet. This means that the 
contact model should include bulk strain effects. Contact 
models which include this effect are developed by 
Wilson [4], and Sutcliffe [5] for wedge shaped asperities 
with equal height. Further work has been done by 
Westeneng [6], who developed a contact model for the 
deep drawing process assuming purely plastic deforming 
asperities. The advantage of this model is that it includes 
bulk deformation, volume conservation, asperity 
persistence and can be used on any asperity geometry. 

The model of Westeneng consists of two parts, the first 
part only incorporates normal loading. The second part 
adds the bulk strain effect. The normal loading part will 
be explained in section 3.1 and the bulk strain effect in 
section 3.2. 
 
3.1. Normal loading 

In the contact model volume conservation is assumed, 
this means the volume of the indented asperities is equal 

to the volume of the rise of the valleys. Furthermore it is 
assumed that the valleys rise with a constant value U, 
this is validated by experiments of Pullen & Williamson 
[7] and Westeneng [6]. The contact model is based on an 
energy balance. The system can be seen in Figure 2. 

During contact there are four energy contributions, two 
external and two internal. There is external energy 
required to indent the contacting asperities. And the rise 
U of the asperities which would lead to a height above 
the contacting level needs to be prevented. These 
asperities will only rise until they are in contact with the 
die, this is also an external energy contribution. 
Furthermore there is an internal energy contribution 
absorbed by the indented asperities. And at last there is 
an internal energy required to raise the valleys. These 
four energies need to be balanced, as indicated in 

equation (1). 

 rise
internal

absorbed
internal

riseprevent
external

indent
external WWWW +=+  (1) 

Evaluating this equation with the above mentioned 
assumptions leads to the following system of equations 
[6], a short derivation can be found in Appendix A. 
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Figure 2. Rough surface in contact with smooth 
surface, taken from [6]. 

Figure 3. Contact situation including bulk strain,
taken from [6]. 
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The asperity persistence parameter η models the 
resistance of asperities against deformation at higher 
loads. When 0=η  no energy is needed to raise the 
valleys, when 1=η  a maximum amount of energy is 
needed to raise the valleys. In agreement with Westeneng 

P=η  is chosen to model the proportional increasing 
persistence with load. 

ξ is an fitting parameter based on two shape factors 
and an energy factor. When a general relation for the 
normal force is assumed 

 n
N zBzF Δ=)( , (5) 

ξ can be calculated as a function of d, U, φ(z) and n, and 
can be found in Appendix B. For more details the reader 
is referred to [6]. 

 This leads to a system which requires as input: pnom, 
H, η, φ(z) and n. With ξ(d,U,φ,n) and equations (2) to (4); 
d, U and α can be calculated. 

 
3.2. Bulk strain 

The bulk of the material deforms plastically during 
hydrostatic extrusion. In case of bulk strain it is easier for 
the asperities to deform. This can be expressed as a 
decreasing effective hardness and increasing real area of 
contact comparing to the situation with only normal 
loading. This effect is shown in Figure 3. The effective 
hardness is defined by Wilson [4] as 

 
k

p
H nom

eff α
= . (6) 

As discussed earlier, Wilson and Sutcliffe already 
developed contact models including bulk strain. These 
models are based on wedge shaped asperities of equal 
height. Wilson [4] assumed a plane stress situation and 

Sutcliffe [5] assumed a plane strain situation in the 
asperities. In this work the asperities are in a plane strain 
situation. Wilson’s method is an upper bound method, 
the effective hardness will be overestimated and 
therefore the real contact area is underestimated. On the 
other hand Sutcliffe’s method will underestimate the 
effective hardness and overestimate the real area of 
contact. 

To calculate the influence of the strain ε on the real 
area of contact, the strain is incrementally increased with 
dε. In each increment a new value for α can by calculated 
by 

 ( )SS dU
E
l

d
d

−= ϕ
ε
α , (7) 

l can be calculated from the asperity density and the 
non-dimensional strain rate E as defined by Wilson [4] 
and Sutcliffe [5]. The choice of the definition of E will 
determine  if the found α is an upper or lower bound. 
With this updated α the new separation d and rise of the 
valleys U can be calculated. This is repeated until the 
required strain ε is reached. The flow diagram can be 
seen in Figure 4. An example of the effect on α as a 
function of natural strain for pnom/H = 0.5 can be seen in 
Figure 5. 

3.3. Input parameters in the model 
To be able to apply this contact model to the work 

zone of the hydrostatic extrusion of magnesium process, 
several input parameters are required. Most are process 
parameters like the hydrostatic pressure, the dimensions 
of the billet and extrusion ratio. The used values can be 
found in Table 2. The asperity density Q is needed to 
calculate the half asperity spacing l. Q, as well as the 
roughness, is measured from a residual billet. The 
roughness is modelled with a Gaussian distribution with 
a variance σ2. In the analysis an adapted version of 
Sutcliffe’s definition of the non-dimensional strain E is 
used from Korzekwa [8]. 

Furthermore the local pressure acting on the asperities, 
pnom is necessary in the described model. The material is 

 

 

Figure 5. The fraction of real area of contact as
a function of the natural strain for pnom/H=0.5. 
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plastically deforming under the condition of hydrostatic 
stress. This means that the difference between the 
principal stresses is equal to the flow stress. The 
correction for the geometry of the die gives 

 
θμ

σ
tan1−

= y
nomp , (8) 

where pnom is the perpendicular component of the 
difference between the acting stresses. The used flow 
stress of magnesium will be explained in the next section. 

Finally a friction coefficient is required for the contact 
between billet and die. This experimental value is 
obtained from a friction test with magnesium contacting 
a ball bearing ball at 300 °C in lubricated conditions. The 
used input parameters can be found in Table 2. 
  

Table 2. Input parameters, reference dataset 
Hydrostatic pressure q 0.6 GPa 
Billet speed vb 18 mm/s 
Billet diameter Db 73 mm 
Extrusion ratio  8.5 
Die angle θ 90° 
Friction coefficient μ 0.35 
Temperature T 300 °C 
asperity density Q 3·109 m-2

 
 
4. MATERIAL MODEL OF MAGNESIUM AZ31 

As described previously, the flow stress of magnesium 
is a required input parameter for the contact model. In 
hydrostatic extrusion of magnesium, AZ31 is the most 
used alloy. Therefore, for the calculations in this work 
AZ31 is used. Unlike most materials, magnesium’s flow 
behaviour is dependent of different parameters such as 
strain and stress direction (tensile or compressive). 
Especially at low temperatures and high strain rates a 
distinct stress peak can be found in the true stress – true 
strain curves. After the elastic zone, the material first 
shows strain hardening followed by work softening. Li, 

[9], modelled the flow stress of AZ31 from compressive 
tests in the for this case appropriate temperature range. 
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With Am, βm, nm and Qm strain dependent constants as can 
be found in [9]. Since the strain rate can be calculated 
from the billet geometry and the press speed, with 

equation (9) the flow stress σy can be determined. 
The temperature influences the flow stress of the 

magnesium. During extrusion the temperature of the 
billet will rise from approximately 180 °C at the 
beginning of the work zone to 400 °C at the exit of the 
work zone. The exit temperature depends on the amount 
of plastic deformation, i.e. the extrusion ratio. In this 
research the temperature is taken constant throughout the 
work zone for reasons of simplicity.  
 

 
 
 

Figure 6. Fraction of real area of contact for
the reference dataset. 

Figure 8. Influence of the die angle θ on
the fraction of real area of contact. 
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zone. 
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5. RESULTS 
The described contact model is applied to hydrostatic 

extrusion of AZ31 with the process parameters as in 
section 3.3, the resulting fraction of real area of contact α 
can be seen in Figure 6. For the definition of the work 
zone see Figure 1, 0 and 1 represent the beginning and 
the end of the work zone. As can be seen from Figure 6 α 
is initially already high and has already converged to 1 at 
40% of the work zone.  

 
As explained previously, the effective hardness is 

expected to decrease in the work zone because of 
increasing bulk strain. The effective hardness is depicted 
in Figure 7, and is indeed decreasing until α has 
converged to 1. If all the material is in contact Heff 
remains constant. 

Furthermore, the influence of several process 
parameters is studied. The hydrostatic pressure q has no 
influence on the real area of contact and the effective 
hardness, however it will have a strong effect on 
billet-die friction (not shown). The influence of the 
extrusion speed is very limited, it only affects the flow 
stress of the magnesium, which is dependent of the strain 
rate. The influence of the die angle however is significant. 
As explained previously the pressure perpendicular to the 
billet surface is needed for the contact model, and the 
vertical component of this pressure is determined by the 
flow stress. This means that for higher die angles the 
vertical component is relatively smaller, therefore the 
pressure perpendicular to the surface is higher and α = 1 
will be reached earlier in the work zone. This effect is 
shown in Figure 8. 

Another important factor is the friction coefficient μ. 
The effect of μ is similar to the effect of the die angle. 
The higher the friction coefficient the higher the normal 
stress has to be to get the same vertical component which 
has to be the flow stress. This effect is shown in Figure 9. 

Finally the influence of the initial roughness of the 
billet is investigated. This roughness is obtained from a 
residual billet however only at several places. In the real 
process this value will change during the extrusion 

process. This effect is not taken into account. If the billet 
is rougher the material has to deform more to reach α = 1, 
this means more bulk strain or a higher pressure. So for 
the same pressure and strain α will converge slower to 1 
for rougher materials. This effect can be seen in Figure 
10. 

 
6. CONCLUSIONS AND DISCUSSION 

To be able to simulate the contact between billet and 
die in hydrostatic extrusion of magnesium AZ31 a 
contact model is required, which include bulk strain 
effects. The contact model of Westeneng is used because 
it includes these effects and it is suitable for any asperity 
geometry. The work zone of the hydrostatic extrusion 
process is simulated with this contact model. The main 
conclusion is that the fraction of real contact area 
converges very quickly to 1 in the work zone. 
Independent of the variation of process parameters α, the 
fraction of real area of contact, has reached 1 before half 
way through the work zone. 

The influence of the bulk strain can be seen in the 
effective hardness. Due to the plastic deformation in the 
workpiece the material can flow away sideways more 
easily. This can be seen in the decreasing Heff in the work 
zone. 

The influence of the process parameters as hydrostatic 
pressure and press speed is minor or not existent. The 
press speed only has its influence on the flow stress, by 
means of strain rate and temperature. And the hydrostatic 
pressure is irrelevant since only the difference between 
the stresses in the principal directions is important and 
this will always be equal to the flow stress of the material 
since the material is deforming plastically. 

The die angle and the friction coefficient play a 
dominant role in this model because of the assumed 
principal stress directions. For higher die angles this 
results in a higher needed contact pressure and therefore 
a fraction of real contact area which is converging faster 
to 1. For the friction coefficient there is a similar effect. 
The higher the friction coefficient the higher the pressure 
has to be and the quicker α converges to 1. 

Finally, the effect of the roughness of the billet is 
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Figure 9. Influence of the friction coefficient on
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investigated. For billets with higher surface roughness 
the fraction of real contact area converges to 1 slower 
than for billets with lower surface roughness. 

Although the real area of contact is not strongly 
dependent on process parameters, the total friction 
however is strongly influenced by eg. hydrostatic 
pressure.  
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APPENDIX A 

As explained there are four energy contributions, two 
external and two internal. The external contributions 
consist of the indentation of the asperities in contact and 
the prevention of (a part of) the rise of the asperities who 
get into contact because of the rise of the valleys. The 
total energy needed for these two processes can be 
written as 

 ∑
=

Δ=
N

k
kNext zFW

k
1

, (A.1) 

where N is the total number of asperities in contact after 
deformation, 

kNF and kzΔ are respectively the normal 
force and the indentation of the k-th asperity. This can be 
written as 

 kNext zFW Δ= 1ς  (A.2) 

with kzΔ the maximum indentation of an asperity and ζ1 
some kind of energy factor. 

The first internal energy contribution is the energy 
absorbed by the indented asperities. This is equal to 

 ∑
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ΔΔ=
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int zAHW
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 (A.3) 

AΔ  is the area of an asperity, constant for all asperities. 
This can be written as 

 kr
abs

int zHAW Δ= 2ζ  (A.4) 

with ζ2 a shape factor. 
The last internal energy contribution is required to 

raise the valleys. This can be written as 
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with z1 the minimum height of an asperity which comes 
into contact after applying the normal load. This can be 
written as 

 ( ) kr
rise

int zANAHW ΔΔ−= *
3ηζ  (A.6) 

with ζ3 a shape factor, and N* the number of asperities 
who come into contact because of the rise of the valleys. 
Substitution of eq. (A.2), (A.4) and (A.6) in (1) leads to 
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This can be rewritten with expression for ζ1, ζ2 and ζ3 to 
equation (3). 

Equation (2) is the result of the assumed volume 
conservation, the volume of the indented asperities is 
equal to the volume of the rising valleys. Equation (4) is 
the simple calculation of fraction of real area of contact 
compensated for the rise of the valleys. For further 
details the reader is referred to [6]. 
 
APPENDIX B 

Fitting parameter ξ is derived from an energy factor 
and two shape factors, it can be calculated with 
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