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ABSTRACT: A biaxial testing device for sheet metal has been developed that can impose a combination of
plane strain and simple shear deformation. The specimen has a large width to height ratio and a small height
to thickness ratio. The forces in tensile and shear direction are easily measured and the tensile stress and shear
stress can easily be derived. For a full description of stresses, however, the stress in lateral direction should also
be known. This stress is a result of the constraint, imposed by the large width to height ratio and cannot be
measured directly. The strain in the specimen is measured on the surface. By imposing the Drucker normality
principle, the direction of the tangent to the yield surface is known and the unknown stress increment in lateral
direction can be obtained. Computer simulations are performed to test whether the intended approach can
recalculate all stress components from measurement of 3 in-plane strains and just 2 stresses. Without hardening,
good results are obtained for a complete interval between the pure shear point up to a point between uniaxial
stress and the plane strain point on the yield locus. With hardening, the algorithm requires a lot of data points
to avoid drifting from the exact solution. It is noted that, although the normality rule is used, it is not necessary
to have an a-priori knowledge of the yield function.
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1 INTRODUCTION

In metal forming in general, and especially in sheet
metal forming, the shape of the yield surface determ-
ines the distribution of plastic deformation in a work-
piece. Not only anisotropy, but also the ratios between
yield stresses in e.g. shear, uniaxial, plane strain and
equi-biaxial tension determine the relative thinning or
thickening in different areas of a product. Many au-
thors demonstrated the large influence of the shape of
the yield surface on the right-hand-side of a forming
limit curve, see e.g. [1, 2].
Hence, for modelling of plastic deformation the yield
surface, or for plane stress deformation the yield locus
should be determined accurately. In this paper we
only consider plane stress situations. Clearly the
shape of the yield locus can not be determined by uni-
axial tensile tests only. The equi-biaxial yield stress
can be obtained with a hydraulic bulge test or a nor-
mal compression test. More flexible tests are tests
with a cruciform specimen [3, 4] and combined plane
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Figure 1: Plane strain and simple shear specimen (gray
part is clamped).

strain–simple shear tests [5, 6]. With these tests a
complete section of the yield locus can be scanned
as presented in [7].



2 THE PLANE STRAIN–SIMPLE SHEAR TEST

In Figure 1 the specimen that is used for the com-
bined plane strain–simple shear test is depicted. The
thickness of the sheet is 0.8–1.2 mm. The specimen
is clamped, such that only the 45 mm wide by 3 mm
high area deforms. The comparatively large width
of the specimen imposes a plane strain deformation
when stretched in the y-direction.
A disadvantage of this test is that only the plane strain
tensile force and the shear force and consequently the
corresponding stresses σy and σxy can be measured
directly. The lateral stress σx , needed to maintain the
plane strain condition cannot be measured in the ap-
plied specimen. Furthermore, in a combined plane
strain and shear deformation, the principal stress dir-
ections change during the test and this needs to be
considered for anisotropic material.

3 THEORY OF PLASTIC DEFORMATION

The standard model of plastic deformation is con-
sidered, using a yield function φ = φ(σ , ε

p
eq). It is

assumed that the yield surface, described by φ = 0
is smooth and only isotropic hardening is included
through the equivalent plastic strain ε

p
eq. During

plastic deformation the stress must remain on the
yield surface, hence:

φ(σ , ε
p
eq) = 0 (1)

and

dφ =
∂φ

∂σ

: dσ +
∂φ

∂ε
p
eq

dε
p
eq = 0 (2)

Furthermore, we assume that Drucker’s normality
principle holds, which requires that the plastic strain
rate is perpendicular to the yield surface:

ε̇
p

= λ̇
∂φ

∂σ

(3)

The elastic strain rate is obtained from the generalised
Hookean relation

σ̇ = D : ε̇
e or ε̇

e
= C : σ̇ (4)

in which the 4th-order compliance tensor C = D−1.
For plane stress situations, the stress and strain tensor
can be represented in vector format as

σ =

{

σx
σy
σxy

}

ε =

{

εx
εy
γxy

}

(5)

If the material is assumed to behave elastically iso-
tropic, the compliance matrix for a plane stress situ-
ation then becomes:

C =





1
E −

ν
E 0

−
ν
E

1
E 0

0 0 1
G



 (6)

Finally, the total strain rate is additively decomposed
in the elastic and plastic strain rate

ε̇ = ε̇
e
+ ε̇

p (7)

4 DETERMINATION OF LATERAL STRESS

In the combined plane strain–simple shear test, the
total strain and the stresses σy and σxy are measured
directly. In order to define the complete stress state,
also the lateral stress σx must be determined. To de-
termine σx the principle of normality is used. The ba-
sic idea of the method is that the stress must remain at
the yield locus, of which the tangent is locally defined
by the plastic strain increment. The plastic strain in-
crement on its turn depends on the elastic strain incre-
ment and hence on the stress increment. The infinites-
imal case is represented in Figure 2(a). The principle
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Figure 2: The plastic strain is perpendicular to the yield
surface.

of normality is used in an incremental way. For the
first point on the yield locus all quantities have to be
known, including σx . This can be determined from
the elastic constitutive relation (4). From here on the
yield locus is traced step by step. This can be seen in
Figure 2(b).

4.1 Algorithm without hardening

For simplicity, first hardening is ignored, assum-
ing linear elastic ideally plastic behaviour. Without
hardening ∂φ/∂ε

p
eq = 0, hence from (2) follows:

dφ =
∂φ

∂σ

: dσ = 0 (8)



and, after multiplication with λ̇ and using (3), this be-
comes

λ̇ dφ = ε̇
p

: dσ = 0 (9)

Now (9) is discretised. For a finite strain increment
we substitute 1ε

p for ε̇
p and 1σ for dσ . Then every

change in the stress state is related to a plastic strain
increment that is perpendicular to this change as de-
picted in Figure 2.

1ε
p

: 1σ = 0 (10)

From the additive strain decomposition (7) it follows
that:

(1ε − 1ε
e) : 1σ = 0 (11)

and with the elastic constitutive behaviour (4) this be-
comes

(1ε − C1σ ) : 1σ = 0 (12)

In this equation (for plane stress), 1εx , 1εy , 1γxy ,
1σy and 1σxy are known. It results in a quadratic
equation in 1σx , which can be solved easily. For iso-
tropic elastic behaviour, given in (6), Equation (12)
yields:

−
1

E
(1σx)

2
+

(

1εx + 2
ν1σy

E

)

1σx+

(

1εy −
1σy

E

)

1σy+

(

1γxy −
1σxy

G

)

1σxy = 0

(13)

4.2 Algorithm with hardening

In this section the algorithm described above is ex-
panded with isotropic hardening. This contributes to
the practical value of the algorithm.
For isotropic hardening, the yield function φ can be
written as

φ(σ , ε
p
eq) = ϕ(σ ) − σf

(

ε
p
eq

)

(14)

where ϕ is a homogeneous function of the first order
and σf is the flow stress as a function of the equivalent
plastic strain. The total differential from this equation
is:

dφ =
∂ϕ

∂σ

dσ −
∂σf

∂ε
p
eq

dε
p
eq (15)

The first term in the right-hand-side of this equation
is, up to a constant, discussed in the previous section,
the second term is discussed here.

The equivalent stress and equivalent plastic strain are
defined to be energetically conjugate pairs. The rate
of plastic work per unit volume is then described by

ẇp
= σeqε̇eq = σ : ε̇

p (16)

If plastic deformation occurs, the equivalent stress is
equal to the current flow stress. After discretisation,
the equivalent plastic strain increment is then defined
as

1ε
p
eq =

σ

σf
: 1ε

p
=

σ

σf
: (1ε − C1σ ) (17)

For continued plastic deformation, dφ = 0 in (15). In
incremental form and using Equations (12) and (17)
this leads to

(1ε − C1σ ) :

(

1σ − h
σ

σf

)

= 0 (18)

where h is the hardening rate ∂σf/∂ε
p
eq. If we write

σ = σi +1σ , where σi is the known stress at the start
of the increment, this constitutes a nonlinear equation
in one unknown stress increment 1σx . The hardening
rate h must then be obtained separately, e.g. from a
uniaxial tensile test. If h and σf are taken at the start
of an increment, the equation is again quadratic.

5 VALIDATION

A validation of the proposed method is performed by
calculating the ‘exact’ stresses for known yield func-
tions and a prescribed total strain path. In all cases
first simple shear is applied to get the stress on the
yield locus and subsequently plane strain deformation
is applied to ‘scan’ the yield locus from pure shear to
almost plane strain.
First a Von Mises function without hardening is used.
Eight stress and strain increments are used in Equa-
tion (13) to calculate σx , based on σy and σxy and the
total strain increments. The results are presented with
cross marks in Figure 3. Even with this small num-
ber of (large) increments the curve follows the exact
shape of the yield locus very well. Only when ap-
proaching the plane strain point, the prediction of the
second principal stress deviates markedly.
Next a yield locus with a stronger curvature near the
uniaxial point is used. The size of the strain in-
crements is decreased here, in order to follow the
curvature. The results are presented in Figure 4.
Again the deviation from the exact values is small.
Finally the algorithm is checked for a Von Mises yield
locus with linear hardening. Because of the harden-
ing, also the exact position drifts away from the (ori-
ginal) yield locus. In Figure 5 it is shown that the al-
gorithm does predict the stress path more or less cor-
rectly, but the required increment size is quite small.
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Figure 3: Von Mises yield surface, 1εy = 4.5 · 10−4.
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Figure 4: Yield locus with strong local curvature,
1εy = 2 · 10−4.

6 CONCLUSION

The algorithm that was developed to determine the
stress in an unmeasurable direction in a combined
plane strain–simple shear test gives rather good pre-
dictions of the yield locus if hardening can be neg-
lected. The only assumption in this case is the prin-
ciple of normality. If hardening has to be included,
the energy conjugacy of equivalent stress and plastic
strain is used as well and the hardening curve must
be determined separately. In this case, the current
algorithm requires many small strain increments to
maintain adequate accuracy. In practice it will be dif-
ficult to really measure the very small strain incre-
ments with high accuracy. Therefore it is recommen-
ded to improve the algorithm, such that it will allow
for larger increments.
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Figure 5: Test for hardening, solid line: exact, dashed line:
1εy = 6 · 10−5, dotted line: 1εy = 3 · 10−5.
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