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Abstract
The present work describes the electrical, mechanical and acoustical behavior of a thin honey-comb structure

as an acoustic source. The acoustic source has to operate in the low frequency, quasi-static regime and is

driven by a piezoelectric stack actuator. In addition, a two-way energy flow between the actuator and a

connected amplifier is investigated. In particular, the effectiveness of energy recovery from the reactive

components of the acoustic source is evaluated to improve the overall radiation efficiency. A lumped model

is used to represent the acoustic source that is excited by a stacked piezoelectric element. The required power

supply and resulting radiation efficiency are evaluated when a conventional analogue amplifier is used. The

result is compared to the case in which some parts of the stored power are recovered and sent back to the

connected switching amplifier. The study reveals 20% increase in the radiation efficiency and more than

80% decrease in the amount of required input power through recovering the reactive power in the system.

1 Introduction

Designing acoustic sources, especially at low frequencies, has been recently investigated in specific applica-

tions; in active sound absorption or active noise control sources with severe space constraints, for example,

for use in ducts. A flat acoustic source driven by voice coil actuators is introduced by reference [1] and is

implemented to achieve a uniform, rigid body displacement [2]. This loudspeaker is supposed to generate

a flat frequency response at low frequencies. Piezoelectric patch actuators have also been evaluated as the

driving parts of this loudspeaker [3]. The electromagnetic actuators, which are used in the structure of this

acoustic source, cause a large level of power dissipation.

Piezoelectric stack actuators are often used in smart structures due to their compact size and high efficiency.

Potentially, they consume less electrical energy and have less energy loss than electromagnetic actuators.

Various researches have been conducted to characterize piezoelectric elements. In [4–11], parametric iden-

tification of piezoelectric components is investigated. According to these studies, the stiffness, capacitance

and other properties of piezoelectric actuators strongly depend on the electromechanical operating condi-

tions. Moreover, the nonlinearity effects and thermo-electro-mechanical behavior [12] of piezoelectric stack

actuators have been studied as well, especially at highly dynamic operations.

Piezoelectric stack actuators can particularly be used as the excitation part of acoustic sources. Therefore,

piezoelectric stack elements can provide a large driving force with small displacement. In the present work,

the conventional voice coil actuators in the structure of the suggested thin honey-comb acoustic source [1]
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are replaced with the stacked piezoelectric elements; thus, it is expected that the overall efficiency of the

loudspeaker can be improved.

However, piezoelectric stack actuators used in the structure of loudspeakers make the simulation procedure

more complex. On the one hand, piezoelectric actuators are assumed to be purely capacitive at low fre-

quencies [13–16]. As a result, a major portion of supplied power is stored in the reactive components of

the piezoelectric elements. On the other hand, inefficient amplifiers connected to the piezoelectric devices

can restrict the system to undergo large level of power loss [17]. Therefore, various amplifiers have been

designed to improve the efficiency of the piezoelectric actuators by recovering the reactive power [18, 19].

In the present work, the electrical-mechanical-acoustical behavior of a single piezoelectric stack actuator is

analytically and numerically explored. Then, as a case study, the performance of this actuator as the excita-

tion part of a thin honey-comb acoustic source is investigated by using a lumped model. The performance

of this loudspeaker is evaluated when the actuator is connected to analogue and switching amplifiers. The

radiation efficiency of the acoustic source and the required power supply for the two different amplifiers are

compared. By applying class D amplifiers with power recovery, a major portion of the reactive power stored

in the piezoelectric element can be recovered due to the two-way power flow between the actuator and the

connected amplifier [17]. Moreover, it is expected that the reactive power stored in the various mechanical

and acoustical components of the acoustic source can also be recovered by using the switching amplifiers.

Consequently, an improvement in the overall efficiency of the loudspeaker is expected. In the rest of this

paper it is assumed that only those class D amplifiers are used that are capable of recovering the power.

2 Piezoelectric stack actuators

A piezoelectric stack actuator consists of several layers that are electrically in parallel and mechanically

in series. In order to use it in the structure of an acoustic source, its parameters have to be characterized.

Therefore, in this section, a multi-layer piezoelectric actuator is modeled both analytically and numerically.

The single piezoelectric stack actuator with a clamped support at one end and an external force at the other

end is simulated. When the applied force is zero, the piezoelectric actuator behavior resembles free vibration.

Moreover, by modeling a sweep in the external force, the electromechanical response of the actuator is

simulated in a semi-bocked condition. Increasing the amplitude of the external force continues until the

applied force equals the piezoelectric blocked force. This force is the maximum force that can be applied to

a piezoelectric element; therefore, under this force the amount of displacement of the element is zero. Hence,

the actuator experiences a fully-bocked situation and cannot move any more.

2.1 Analytical model

There exist some methods to analytically model the electromechanical performance of a piezoelectric stack

actuator. The most common one is to directly model the piezoelectric element based on constitutive equa-

tions. Another approach is using the equivalent electrical circuits of these kind of actuators.

2.1.1 Constitutive equations

One possible form of the piezoelectric constitutive equations is expressed as follows [13]:

Sij = sEijklTkl + dkijEk

Di = diklTkl + ǫTikEk

(1)

where Sij , Tkl, Di and Ek denote the strain tensors, stress tensors, electric displacement field and electric

field components in the piezoelectric device, respectively, with i, j, k, l = 1, 2, 3, which show the direction of

applied tensors and fields. Moreover, dkij , s
E
ijkl and ǫTik represent piezoelectric constant, elastic compliance
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constant and dielectric permittivity, respectively. The superscripts E and T indicate that the respective

constants are evaluated at a constant electric field and at constant stress, respectively. According to Eq.(1),

not only does the strain field in the piezoelectric materials depend on the stress field, but it is also a function

of electric field. Moreover, the electrical displacement field is related to both the stress tensor and the applied

electrical field.

2.1.2 Equivalent electrical circuits

As an alternate method, it is common to use equivalent electrical circuits for modeling the piezoelectric

actuators instead of directly solving the constitutive equations; thus this approach is beneficial for simulating

all the electrical, mechanical and acoustical domains simultaneously.

There are two main equivalent electrical circuits representing the electrical-mechanical-acoustical behavior

of the piezoelectric actuators: three-port Mason and KLM electrical circuits. These models are identical

to a three-port transfer function [16] – two ports for the mechanical input and output terminals, and one

port for the input electrical current and voltage – which is able to predict all resonance and anti-resonance

frequencies of the piezoelectric materials; however, these circuits are only valid for one piezoelectric layer.

If multi-layer piezoelectric actuators are needed, some modifications are required to convert both introduced

three-port circuits into two-port transfer functions. Our analytical simulation is carried out based on two

equivalent electrical circuits of the Mason model represented in Fig. 1, and the parameters of the circuits

are defined in Table 1. The first model is the simplified version of the circuit suggested by [14, 15], and

the second one, which also takes the acoustical load of the air into consideration, is based on the circuit

introduced by [16]. The second model is termed ”Mason complex”. In fact, the equivalent electrical circuit of

a piezoelectric material consists of both electrical and mechanical parts which are interchangeable provided

that a suitable conversion ratio is applied. Furthermore, in order to obtain more realistic results, the electrical

and mechanical losses of the piezoelectric material have to be added to the model eventually.

To complete the analytical investigation, in the next step, the velocity of the free end of the vibrating piezo-

electric actuator calculated from the equivalent electrical circuits is used to compute the acoustical variables

of the actuator. Therefore, the sound pressure level on the free end of the piezoelectric actuator is calcu-

lated by evaluating the radiation impedance coupled with the resulting velocity of the free surface of the

piezoelectric device which is computed via the analytical model. By considering the origin in the center of

the vibrating surface, one can compute the SPL on the z = 0 plane by applying the following two equa-

tions [20–22]:

Zrad = ρ0c0A(Rrad + iXrad) (2)

Rrad = 1−
2J1(2ka)

2ka

Xrad =
2K1(2ka)

2ka

(3)

for estimating the radiation impedance that is valid for vibrating pistons, where a is the radius of the piston, k

is the wave number, and J1 and K1 are Bessel and Struve functions of the first kind, respectively. In addition,

ρ0 and c0 represent the density and speed of sound in the medium, respectively, and A is the facing surface

of the piston which is in interaction with the medium.

2.2 Numerical model

In order to make a comparison, in a case study, a subsequent numerical Finite Element simulation is per-

formed in a 2D-symmetry space with respect to z axis in COMSOL Multi-physics package to solve the

coupled fluid-structure-interaction problem; thus, the piezoelectric multi-layer device is simulated, and its

behavior under, free, bocked and semi-blocked boundary conditions is compared with that of analytical

model. In Fig 2 a piezoelectric stake actuator with one end clamped that is subjected to external force is

represented based on blocked and semi-blocked boundary conditions.
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Symbol Meaning SI Unit Formula

VAC Total AC applied voltage V 75

VDC Total DC applied voltage V 75
Vpiezo Input voltage to the piezoelectric actuator V –

ipiezo Input current to the piezoelectric actuator A –

it Total supplied current to the amplifeir A –

i Input current of the first transformer in the electrical domain A –

u Velocity ms−1 –

e Input voltage of the 1st transformer in the electrical domain V –

Fin Output force of the 1st transformer in the mechanical domain N –

Fout Input force of the 2nd transformer in the mechanical domain N –

Pin Output pressure of the 2nd transformer in the acoustical domain Pa –

Ud Volume velocity m3 s−1 –

U1 Volume velocity trough the air cavity m3 s−1 –

U2 Volume velocity trough the hollows and the perforated plate m3 s−1 –

A Surface area m2 –

RE External resistance Ω 1

C0 Piezoelectric blocked capacity F ǫT (1−K33
2)A

t

t Piezoelectric thickness m N
l

k33 Piezoelectric coupling factor –

√

d2
33

sEǫT

ǫT Dielectric permittivity – –

N Number of stack layers – –

l Piezoelectric length m –

sE Elastic compliance m2N−1 –

d33 Piezoelectric constant CN−1 –

α Conversion ratio Cm−1 Nd33Kp

Kp Piezoelectric stiffness Nm−1 A
lsE

Cp Piezoelectric compliance mN−1 1
Kp

Mp Piezoelectric effective mass kg 1
3mpiezoelectric

ZS Mason complex capacitance kg s−1 sin kl
ℑ(Zrad)ω

ZT Mason complex inductance kg s−1 ℑ(Zrad) tan
kl
2

ω

k Wave number m−1 ω
c

Zmp Piezoelectric mass impedance kg s−1 ωmpiezoelectric

MS Total mass of the structure kg –

CS Total compliance of the structure mN−1 –

RS Total damping of the structure Nsm−1 –

Zcavity Cavity acoustical impedance kgm−4 s−3 Vcavity

ρairc2

ρair Air density kgm−3 1.21
V Volume m3 –

c Speed of sound in air ms−1 343

Zscreen Perforated plate acoustical impedance kgm−4 s−3 ρaircζscreen
A

Zrad Radiation impedance kgm−4 s−3 Eq. (2)

Table 1: Parameters of the equivalent electrical circuit
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(b) Mason complex model.

Figure 1: Equivalent electrical circuits of a stack piezoelectric actuator in free vibration regime with one end

clamped.

External force

Figure 2: Blocked and semi-blocked boundary conditions.

2.3 Comparison between analytical and numerical approaches

The results in Fig. 3 and 4 show the free vibration behavior of the piezoelectric device under fixed voltage

with the amplitude of 75 V AC that is biased by the DC voltage of 75 V. According to the graph in Fig. 3(a),
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(a) Displacement. (b) Velocity.

Figure 3: Mechanical behavior of a single piezoelectric actuator in the free vibration regime with one end

clamped

the free stroke of the piezoelectric actuator remains relatively constant below the resonance frequency and

is predicted to be approximately 16 µm by both models. According to this graph, the displacement behavior

of the piezoelectric device in the free vibration regime at the resonance frequency and at frequencies below

the resonance frequency are in very close agreement. However, above the resonance, the FE model and

the complex form of the Mason circuit can predict similar values of higher eigenfrequencies while the first

analytical model, which is a simplified version of Mason electrical circuit, shows a different behavior in such

prediction. This difference is due to assumption of neglecting the behavior of the piezoelectric element above

the first resonance frequency. According to this assumption, the first model is only valid for frequencies

below the resonance and cannot predict resonances and anti-resonances beyond this range. The velocity of

the top surface of the piezoelectric in the free vibration regime is illustrated in Fig. 3(b). As it can be seen

from the figure, as a result of both analytical and numerical simulations, the velocity experiences a gradual

increase up to the resonance frequency. Figure 3 represents good agreement between the results of COMSOL

simulation and those obtained from applying the analytical method.

Moreover, the characteristic diagrams of the piezoelectric actuator, such as displacement versus operating

voltage, and displacement versus electrical impedance, are determined and compared with those obtained

by the analytical solution in the free vibration regime in order to observe the electromechanical behavior

of the actuator in frequencies below the resonance. For instance, Fig. 4 represents the Bode diagram of

the electrical impedance of the piezoelectric material. As shown in Fig. 4(a), both numerical and analytical

simulations predict a similar trend for the amplitude of the electrical impedance of the actuator below the

resonance frequency. Likewise, both simulations predict a similar behavior for the changes in the phase of

the electrical impedance starting from -90 degree as shown in Fig. 4(b).

In addition, both the bocked and semi-bocked boundary conditions are simulated in COMSOL. Figure 5

shows the results of such simulations under fixed voltage, similar to the one applied in the free vibration case,

and frequency of 1000 Hz. Furthermore, the figure represents the mechanical behavior of the piezoelectric

material under various external forces. Both the numerical simulation and the analytical model predict

the blocked force to be approximately 1148 N. Moreover, Fig. 5 shows the linear relationship between

the external force and the displacement of the piezoelectric actuator. There is a small offset between the

analytical and numerical results that is due to the estimation of the radiation impedance of the piezoelectric

device according to Eq. (2) in both electrical circuits.
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(a) Amplitude. (b) Phase.

Figure 4: Bode diagram of electrical impedance of a single piezoelectric actuator in the free vibration regime

with one end clamped

Figure 5: The characteristic diagram of a single piezoelectric stack actuator in semi-bocked regime with

one end clamped under various external forces.

2.4 Experiment

In the next step, the suitable setup shown in Fig. 6(a) is used in order to perform experimental tests to verify

the results of both the numerical simulation and the analytical method. During the experiments, the voltage

and current of the piezoelectric actuator are measured at the fixed frequency of 1000 Hz. The free stroke

of the actuator as a function of the applied voltage is shown in Fig. 6(b). From this figure, a comparison

can be made between the models and the experiment. As it is clear from Fig. 6(b), the relationship between

displacement and voltage is linear; however, there is an offset between the results of both models and that

from the experiment. The offset is due to the fact that hysteresis loss is neglected during the modeling.
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(a) Test setup for measuring the free

stroke of the piezoelectric stake ac-

tuator with laser.

(b) Characteristics diagram of a single piezoelectric ac-

tuator in the free vibration regime with one end clamped

under various applied voltage.

Figure 6: Experiment.

3 Amplifiers

To drive piezoelectric actuators, several amplifiers can be used. Due to the reactive nature of these actuators,

a large level of power is stored in the reactive parts of the piezoelectric device when there is no power

recovery [17–19]. Depending on the application, the required amplifier varies from the analogue type to the

switching one. If the precision positioning is desired, analogue amplifiers can provide the best quality of

the output signal. Indeed, they can continuously transfer the supplied power to the piezoelectric elements

during charge and discharge cycles. However, a large portion of supplied power is dissipated in the analogue

amplifier unit since during discharge, the transfered power to the piezoelectric actuator is not needed. As a

result of the power loss, class A amplifiers have poor efficiency below 50%. Therefore, such amplifiers are

mainly used in the applications in which the quality outweighs the poor efficiency.

On the other hand, switching amplifiers are appropriate for applications in which the efficiency is the target.

In fact, they are capable of lowering the power loss in the output stage of amplifier unit and while minimizing

the power required for the piezoelectric element. Moreover, they can recover the reactive power stored in the

piezoelectric device during discharge. Consequently, they can achieve a typical efficiency of 95%.

The power flow for a single piezoelectric stack actuator is shown in Fig. 7. The amount of power required for

the analogue (class A) and switching (class D) amplifiers, which are connected to the piezoelectric actuator,

is represented in this figure. According to Fig. 7(a), class A amplifiers have to be supplied by double the

power required for the piezoelectric element. Eventually, all the input power is dissipated due to the fact that

no power recovery is possible in class A amplifiers. However, when a class D amplifier is used, only 40.8%
of the power needed for the piezoelectric device is required for the amplifier (Fig. 7(b)). In fact, in this case,

the major part of the reactive power, which is stored in the piezoelectric element, is recovered and can be

reused in the next cycle. Therefore, using the switching amplifiers can save significant amount of power.
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Figure 7: Power flow through a single piezoelectric stack actuator connected to analogue and switching

amplifiers.

4 Case study: thin honey-comb acoustic source

4.1 Honey-comb structure

The simulated stack piezoelectric actuator is used as the excitation part of the thin honey-comb structure [1].

As it is shown in Fig. 8, the acoustic source is a vibrating plate. it has a relatively large surface area (60.5 cm
× 41.5 cm) and a relatively small thickness (22 mm). At low frequencies (16 Hz to 1000 Hz), a large volume

displacement is required for the acoustic source in order to radiate a sufficient amount of acoustical power.

If the source is thin, then a relatively large surface area is required. To prevent undesirable bending mode

shapes, the plate is attached to the top surface of a honey-comb structure; thus, the rigid displacement of the

structure is achieved when the first bending mode of the combined structure is not in the range of 16 Hz to

1000 Hz. A perforated plate is attached to the bottom surface of the honey-comb. This plate is in interaction

with a cavity in the lower part of the loudspeaker; as a result, the air inside the cavity can enter and leave

the honey-comb structure through the holes of the perforated plate during the operation of the loudspeaker.

Actuators excite the acoustic source in the out-of-plane direction.
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Figure 8: The acoustic source based on a honey-comb structure with A–A cross section view.

4.2 Lumped model

The lumped model of the whole loudspeaker, including the perforated honey-comb structure, cavity and

single piezoelectric actuator, is analytically modeled. The equivalent electrical circuit of the acoustic source

driven by one piezoelectric stack actuator is shown in Fig. 9, and the parameters of the circuit are defined

in Table1. According to Fig. 9, all electrical, mechanical and acoustical domains are modeled as individual

electrical circuits that are connected to each other by using transformers. In the electrical domain, the biased

AC voltage of 75 V is applied to the amplifier, which is connected to the actuator. The dielectric loss of the

piezoelectric actuator is also taken into account in this model. In the mechanical domain, the mechanical

impedance of the piezoelectric device regarding the ”Mason complex circuit” is considered. In addition, the

mass of the honey-comb structure, and the damping and compliance of the external springs are accounted

for. The acoustical domain contains the acoustic impedances of the cavity, perforated plate and hollows of

the honey-comb structure. Moreover, the radiation impedance of the vibrating plate forms another part of the

acoustical circuit. The real part of the radiation impedance shows the resistivity of the surrounding air. This

real part is responsible for radiating sound in the air. On the other hand, the imaginary part of the radiation

impedance is associated with the load imposed by the air on the top surface of the vibrating plate. The air

load resembles the mass of the air layer on the top surface of the vibrating plate which resists against the

vibration.

4.3 Power supply

To complete the simulation procedure, the effect of connected amplifier on the performance of the acoustic

source is investigated. The power flow chart for the loudspeaker is shown in Fig. 10. There is an improvement

in the performance of the acoustic source when the piezoelectric device is connected to a class D amplifier

compared to the case it is connected to a class A amplifier. Total electrical power required as the input of the

piezoelectric device is:

Ppiezoelectric = 0.5(Vpiezo · i
∗

piezo) (4)
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Figure 9: Lumped equivalent electrical circuit of the perforated honey-comb loudspeaker driven by one

stack piezoelectric actuator.

where i∗piezo and Vpiezo are the complex conjugate of the current through the piezoelectric device and the

voltage across the piezoelectric element, respectively. Equation (4) can also be formulated by its active and

reactive components as follows

Ppiezoelectric = Pactive,piezo + jPreactive,piezo (5)

in which the active and reactive parts can be computed by using the following equations:

Pactive,piezo = 0.5ℜ(Vpiezo · i
∗

piezo) (6)

Preactive,piezo = 0.5ℑ(Vpiezo · i
∗

piezo) (7)

In case class D amplifiers are used, only 38.9% of the power calculated by Eq. (4) is required. In fact, if

switching amplifiers are used, the total reactive power stored in the capacitance of the piezoelectric actuator,

and a fraction of the reactive power stored in the mechanical and acoustical domains have the potential to be

recovered. The amount of recovered power is evaluated using:

Precovery = PCE ,piezo + k33(PCM ,piezo + Pcavity + Prad,m) (8)

in which, k33 is the coupling factor of the piezoelectric device. Moreover, term PCE ,piezo denotes the reactive

power stored in the capacitance of the piezoeletric actuator and can be calculated as follows:

PCE ,piezo = 0.5ℑ(V 2
piezo · (C0jω)

∗) (9)

where ω is the angular frequency in rad s−1 and C0 is defined in Table 1. The reactive power stored in the

mechanical stiffness of the piezoelectric device, PCM ,piezo, is computed using Table 1:

PCM ,piezo = 0.5ℑ(u2 · Z∗

S) (10)

Reactive power stored in the cavity (Pcavity) and air load on the vibrating plate (Prad,m) are formulated as

follows:

Pcavity = 0.5ℑ(U2
1 · Z∗

cavity) (11)

Prad,m = 0.5ℑ(U2
d · Z∗

rad) (12)
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Figure 10: Power flow through the lumped acoustic source.

let Ud denote volume velocity of the air, then U1 is the volume velocity of the air in the cavity in m3 s−1.

According to Fig. 10 and Eq. (8), the power recovery forms approximately 70.1% of the piezoelectric element

input power. Therefore, only 29.9% power dissipation occurs in the system.

Figure 11 represents the efficiency of the loudspeaker. The efficiency is computed by:

ηrad =
Prad

PE,active
(13)

which is the ratio of the dissipated acoustical power through the sound radiation to the active part of the total

input power and can be calculated using the following equations:

Prad = 0.5ℜ(U2
d · Z∗

rad) (14)

PE,active = 0.5ℜ(Vt · i
∗

t ) (15)

where the total applied electrical power can be represented by using the equations below:

PE,total = 0.5(Vt · i
∗

t ) (16)

PE,total = PE,active + PE,reactive (17)

In Eqs. (15) to (17), Vt and it are the applied voltage to the amplifier and the resulting current, respectively.

In case analogue amplifiers are used, all the supplied power is dissipated eventually in the system since no
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Figure 11: Efficiency of the acoustic source when it is connected to analogue and switching amplifiers.

power recovery is possible. However, according to Fig. 10, when a switching amplifier is used, up to 66.1%
of the actual required power can be sent back to the amplifier and, consequently, the overall efficiency of the

acoustic source is improved. For frequencies below 100 Hz, the efficiency slightly increases. In addition, at

resonance frequency the efficiency can be improved more than 20%.

5 Conclusion

The characteristics of a multi-layer piezoelectric actuator in free, bocked, and semi-bocked boundary con-

ditions are investigated. The study reveals that both Mason circuits are in agreement with the COMSOL

simulation below the first resonance frequency. In addition, it is concluded that only the complex form of the

Mason circuit fully agrees with the numerical model, and is capable of predicting the mechanical behavior

of the piezoelectric actuator above the first eigenfrequency. The experiment validates both analytical and

numerical models; however, there is an offset between both simulations and reality due to the existence of

hysteresis. Then, the actuator, which is modeled by ”Mason complex” circuit, is used as the excitation part of

a thin honey-comb acoustic source. The performance of such an acoustic source is evaluated when analogue

and switching amplifiers are connected to the piezoelectric device. For the particular configuration studied

in this paper, class D amplifiers with power recovery can improve the radiation efficiency up to 35% while

recovering approximately 66% of the reactive power stored in the acoustic source.
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