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Chapter 1

Introduction: quantum optics of
photonic media

1.1 Light in free space and in dielectrics

We can see things because these things emit or scatter light that is subsequently absorbed in
our eyes. Emission, absorption and scattering of light are examples of interactions of light
with matter. According to classical optics, light is a name for those electromagnetic waves
that happen to be visible for the human eye. Electromagnetic waves can be described
as the solutions of Maxwell’s equations. In free space, solutions of Maxwell’s equations
correspond to plane waves that move in straight lines. In many experiments, especially
those involving interference, light appears to be a wave indeed. In other experiments, light
can best be understood as a stream of particles (photons). This two-sided nature of light
can nowadays be described consistently in one theory, namely in the quantum theory of
light (or quantum electrodynamics). The subject of this thesis is the quantum theory of
light in media other than free space. The rest of this section describes some properties of
optical media that one should wish to include in such a theory.

When the field interacts with matter, the properties of the electromagnetic field are
changed [1]. In air, for instance, light travels just a bit slower than in free space, because
the interactions with the air molecules take some time. The factor 1.0003 by which the
light is slower is the refractive index of air. If one looks even more precisely, one finds that
air shows frequency dispersion: different colors move at different speeds. Violet light has a
refractive index of 1.000298 and red light is faster with a refractive index of 1.000291 [2].

Another process that occurs in air but not in free space is light scattering. Air molecules
and small dust particles scatter red light with long wavelengths less effectively out of sight
than blue and violet light with shorter wavelengths. This explains why the sun appears red
at sunset, when light waves travel a long way through air before reaching our eyes. Light
scattering by air molecules is also the mechanism that explains why at daytime the sky is
blue, because it is scattered light that we see. Light with shorter wavelengths is scattered
more easily by air molecules towards our eyes.

11



12 Introduction: quantum optics of photonic media

Light can propagate forever in free space without disappearing, but in a medium it is
possible that light gets absorbed. Absorption means that light becomes something else than
light, heat for example. Light absorption is more important in fluid or solid media than
in gases: sun glasses are better light absorbers than air. Sometimes the word absorption
is used for scattering, but for this thesis it is important to distinguish the two processes.
Both scattering and absorption can be the cause of extinction, which is loss of light in the
original direction.

In general, a medium can either be described microscopically, in terms of the indi-
vidual atoms or molecules, or macroscopically, with the use of a dielectric function (the
square of the refractive index). In this thesis, the medium is described macroscopically.
With “macroscopic” it is meant that the dielectric function is assumed constant on the
atomic scale but it it is allowed to vary strongly on the wavelength scale of light, as is
the case in photonic media. The medium forms a modified optical environment for “guest
atoms” that do not belong to the medium. Only these atoms are described microscopi-
cally. Guest atoms atoms will interact with light and they will probe the modified optical
properties [1].

Dispersion, absorption and scattering of light in a medium can be described theore-
tically by adding terms in the Maxwell equations. These extra terms model the pieces
of matter from which the medium is built up. The modified Maxwell equations have
different light waves as their solutions. Not only a light wave is different, but also a
photon in a medium is different from a photon in free space. In this thesis it is studied in
particular how the free-space quantum theory of light can be modified in order to describe
photons in inhomogeneous media (including photonic media) or in media that show light
extinction. Furthermore, calculations are presented that show strong modifications of the
optical properties of media in which light strongly scatters off many scatterers.

1.2 Classical and quantum optics

In the past centuries scientist have debated fiercely whether light is a stream of particles or
a wave. Newton developed a corpuscular theory of light (1704) while Huygens worked on
his wave theory (1690). The phenomenon that two light beams can interfere destructively
and constructively, can best be understood if light is a wave. Therefore, the light-as-a-wave
picture had the best cards for a long time after Fresnel’s work on diffraction (1816) and its
experimental verification [2]. Around 1900, it had become even almost impossible to think
of light in terms of particles, because of the enormous success of the classical “Maxwell”
wave theory of light [3]. And even today, classical electrodynamics suffices to explain the
phenomena in many branches of optics [4].

However, observations of the photo-electric effect defied explanation around 1900:
light can induce an electrical current in some metals, but only if the frequency of the light
exceeds a critical value. In 1905, Einstein gave a new argument for the light-as-a-particle
picture by his explanation of this effect [5]: the electrons interact with particles of light
called photons. The energy Eω of a photon equals �ω, where � is Plank’s constant divided
by 2π. Only a photon with energy high enough to overcome the binding potential of an
electron, can kick it out of its bound state and make it detectable as an electrical current.
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For this revolutionary explanation of the photo-electric effect Einstein received the Nobel
Prize of 1921 [3].

Present-day quantum optics describes how light can have the interference properties
of waves as described by Maxwell’s equations, even so for light beams containing only one
photon. The first experimental proof of the particle-nature of light emitted by individual
atoms came relatively recently, in 1986 [6]: light was measured that was spontaneously
emitted by a gas of atoms. It was found that light emitted by a single atom was detected in
only one of two detectors, with equal probability. If the emitted light had been a classical
wave, then one would sometimes have measured light in both detectors at the same time.
The measurements proved that each single atom emitted only a single particle.

Not only the existence of photons but also the fact that they can be entangled is an
important difference between classical and quantum optics. Entanglement surely is one of
the mind-boggling aspects of quantum physics. An entangled system of two parts can not
be treated as two separate objects with well-defined individual properties that already exist
“out there” prior to measurement. A measurement on one part of the entangled system
changes the state of the whole system, including the other part. Entanglement is subtle:
neither the entanglement nor the measurement is some kind of interaction between the two
parts. This last statement is supported by the fact that the entanglement is not influenced
by the distance between the parts. Furthermore, a measurement of only one part of an
entangled system never tells you that it indeed was entangled with something else; only
correlation measurements of both parts tell you so.

There is a by now standard technique to entangle photons. It is based on the process
of parametric down-conversion in nonlinear crystals, which gives pairs of photons with
entangled momenta [7]. The electromagnetic field can also be entangled with an atom.
Impressive examples can be found in cavity quantum electrodynamics, where the final
state of an atom that flies through a micro-cavity depends noticeably on the presence or
absence of a single photon in the cavity [8].

Many fundamental tests of quantum mechanics have been performed in the optical
domain. For example, the famous Einstein-Podolsky-Rosen Gedanken experiments have
been realized with pairs of photons with entangled polarisation directions. The measure-
ments proved that quantum mechanical entanglement indeed exists [9].

Quantum mechanics is nowadays reconsidered and further developed with the new
perspective called “quantum information theory” [7], which encompasses research in quan-
tum computation, quantum communication and quantum cryptography. In all these areas,
the idea is to put quantum entanglement to use, either for a fast and new way of computing
or for inherently safe information transfer. This also drives the field of quantum optics,
because photons would be suitable information carriers. Even without these (future) ap-
plications in mind, it is interesting to study the quantum theory of light in media other than
free space.

1.3 Elements of quantum optics in dielectrics

An inhomogeneous dielectric where dispersion and absorption can be neglected, can be
described by a position-dependent dielectric function ε(r). The harmonic solutions of
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the Maxwell equations are called optical mode functions. The mode functions fλ of the
dielectric are solutions of the wave equation

−∇×∇× fλ(r) + ε(r)(ωλ/c)2fλ(r) = 0. (1.1)

Every mode is assumed to have a different label λ. Light in a certain mode will forever stay
in that mode, unless light interacts with matter not accounted for in the dielectric function.
The latter more interesting situation presents itself when guest atoms are introduced in
the dielectric that can scatter light out of one mode into another. The free-space mode
functions are transverse plane waves (proportional to exp(ik · r)), which are the solutions
of equation (1.1) in the special case that ε equals unity everywhere. These plane waves
can be characterized by a wavelength, a direction, and a transverse polarization direction.

In classical optics, the amplitude and phase of the electric field are determined by a
set of complex numbers, one for each mode. These numbers are the mode amplitudes. If
there is no light, all mode amplitudes are zero; a larger absolute value of a particular mode
amplitude means that there is more light in that mode.

In ordinary quantum mechanics, the position and momentum of a particle become op-
erators that do not commute. These and other operators work on the quantum mechanical
state vectors of the particles. In quantum optics, the electric and magnetic fields also be-
come non-commuting operators. Again, there is a state vector and it describes the quantum
state of light. The electric-field operator has the form [10–14]

E(r, t) = i
∑

λ

√
�ωλ

2ε0

[
aλe

−iωλtfλ(r) − a†λe
iωλtf∗λ(r)

]
. (1.2)

This mode expansion of the electric-field operator is presented already in this introductory
chapter, in order to show how quantum optics describes light both in terms of waves and
of particles. The optical modes in quantum optics are the same harmonic solutions fλ
of the Maxwell equations as in classical optics. The difference with classical optics is
that mode amplitudes have now been replaced by the creation and annihilation operators
aλ and a†λ in Eq. (1.2). The energy operator of a particular mode is �ωλ(a†λaλ + 1/2).
The spectrum corresponding to a particular mode λ is a harmonic-oscillator spectrum with
energy separation �ωλ: the ground (or vacuum) state |0〉 of the electromagnetic field is the
state with no photons present in any mode; the jth excited state of mode λ corresponds to
j photons in that mode. Photons in a dielectric are different from free space because they
are the elementary excitations of different waves than in free space.

The terms in Eq. (1.2) featuring annihilation operators taken together are called the
positive-frequency part E(+) of the electric field; the creation-operator part is called E(−).
In terms of these two quantities, the light intensity operator is given by [15]

I(r, t) = 2ε0c E(−)(r, t) · E(+)(r, t). (1.3)

A measured light intensity (in [J.m−2.s−1]) corresponds to the expectation value of this
operator with respect to the quantum state of light. The detector position r need not be
in the far field. It can be near or even inside the inhomogeneous dielectric (at a position
where ε equals unity).
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1.4 Spontaneous emission

Spontaneous emission is responsible for most of the light around us. Excited atoms will
fall back to a lower energy level by emitting one or more photons. The term “sponta-
neous emission” was invented for this process when only the inadequate classical electro-
magnetic theory was around. In classical optics, if no light is present near the atom, the
electric field is zero. An absent electromagnetic field can not be the external cause of the
emission, which explains the word “spontaneous”. Einstein derived spontaneous-emission
rates from classical theory by using energy-balance arguments, but a full understanding of
spontaneous emission requires quantum optics.

In quantum optics, atoms are surrounded by an omnipresent electromagnetic field.
The field is always there, even when it is in its lowest energy state. In this vacuum state,
no photons are present and no light can be detected. However, the electromagnetic field
fluctuates even when in the vacuum state. Similar ground-state fluctuations occur for the
position and momentum of an electron in a hydrogen atom: both the electromagnetic field
operators and the atomic operators obey their respective Heisenberg uncertainly relations.
An excited atom feels the fluctuations of the ground-state electromagnetic field. These
fluctuations cause the atom to decay “spontaneously” to a lower state. In a semiclassical
picture, exactly half of the spontaneous-decay rate of an atom can be attributed to these
field fluctuations; the other half of the decay rate is caused by the electric field that the
atom exerts on itself, the so-called radiation reaction [16].

The process of spontaneous emission starts with an atom in an excited state and the
field in the vacuum state. After the emission, the atom is in a lower-energy state and
the field can be in any one-photon state that gives the same total energy before and after
the emission. Usually, spontaneous-emission rates Γ or inverse decay times τ−1 can be
calculated with Fermi’s golden rule:

Γ =
1
τ

=
(

2π
�2

)∑
f

|〈f |VAF|i〉|2 δ(ωi − ωf ). (1.4)

The initial state |i〉 and the final states |f〉 are states of both the atom and the field. The
delta function in the rule (1.4) ensures energy conservation. If one assumes the electric-
dipole interaction between the atom and the field, one finds the free-space decay rate
Γ0 = µ2Ω3/(3π�ε0c

3), where Ω is the relevant atomic transition frequency and µ is the
magnitude of the atomic transition dipole. In an inhomogeneous medium, the decay-rate
in terms of the optical modes becomes

Γ =
π

�ε0

∑
λ

|µ · fλ(r)|2 δ(ωλ − Ω). (1.5)

This formula is presented here to show that the spontaneous-decay rate in inhomogeneous
dielectrics depends not only on the atomic transition frequency, but also on its dipole ori-
entation and position in the medium. When averaged over all possible orientations of the
atomic dipole moment, the position-dependent spontaneous-emission rate (1.5) becomes
proportional to the local optical density of states (LDOS) at frequency Ω. The LDOS is a
classical quantity and it depends on the properties of the medium only.
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1.5 Photonic media and photonic band gaps

Some media are designed to modify light propagation very effectively without absorbing
them. These are the so-called photonic media. In order to make them, in the first place
the right building blocks are needed, which must scatter light well. Secondly, the typical
distance between neighboring scatterers must be of the order of the wavelength of light.
Optical modes in a photonic medium differ very much from the free-space plane waves.
The waves can only be calculated by taking the multiple scattering of light into account.

From quantum mechanics it is known that electronic band gaps exist in semiconduc-
tors or metals, because electrons Bragg-reflect off a periodic potential formed by the ions.
It was proposed in 1987 to fabricate the optical analogy: a photonic band gap should exist
in some thee-dimensional periodic dielectric structures with a periodicity on the wave-
length scale of light. These structures are also known as photonic crystals [17, 18].

It would be very interesting to have a photonic crystal with a photonic band gap: light
of frequency inside the band gap will not be able to traverse the crystal in any direction
and will be reflected. Even more interestingly, spontaneous emission by an atom inside the
crystal would be completely suppressed. The inhibition of spontaneous emission can be
illustrated with Eq. (1.5): if modes λ with eigenfrequencies ωλ equal to the atomic transi-
tion frequency Ω do not exist, then the spontaneous-emission rate Γ is zero. Inhibition of
spontaneous emission has been observed before in a medium other than a photonic crystal,
namely in a cavity small compared to the optical wavelength [19]. There is no such size
limitation for photonic crystals.

In model calculations of light emission in band-gap materials, many more unusual
quantum optical phenomena showed up. To name a few phenomena (without explaining
them here), there are predictions of anomalous Lamb shifts, localization of superradiance,
oscillatory spontaneous emission rates, and fractionally populated excited states in the
steady state [20–28]. For some of the phenomena, the frequency of light has to be inside
the band gap, while for others it has to be just on one of the band-gap edges. Predictions
of band-edge effects strongly depend on the shape and analytic behavior of the assumed
optical density of states as a function of frequency [29, 30]. A photonic band-gap crystal
would be a fascinating new playground for quantum electrodynamics.

The material requirements for obtaining a band gap for light are demanding. Usually,
photonic crystals are two-component dielectrics with refractive indices n1 and n2. To
begin with, the material must be strongly photonic, meaning that the refractive index must
vary on the wavelength scale of light and the refractive-index contrast n1/n2 must be high.
Furthermore, the volume fraction of the high-index material should be small [24, 31] and
the crystals preferably should have many unit cells in all three directions. Light should not
get lost by light absorption, if only because a band gap can not be defined in that case [32].
A state-of-the-art fabrication technique of three-dimensional photonic crystals is based
on self-organization of colloidal spheres. Figure 1.1 shows a so-called inverted opal or
air-sphere crystal [33, 34] of titania and air. Already a fivefold reduction of spontaneous-
emission rates has recently been reported [35] for crystals as in figure 1.1. The search for
a full photonic band gap continues until today [35–37].

Photonic crystals with refractive-index variations in only one or two dimensions do
not exhibit full photonic band gaps, but they also strongly modify the propagation of
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Figure 1.1:
Scanning-electron microscopy picture of the
(111)-surface of a three-dimensional fcc air-
sphere crystal of TiO2 (anatase) and air. The
width of the picture corresponds to 10µm.
The TiO2/air refractive index contrast is
(2.7 ± 0.4). The air-spheres overlap each
other partly. The black spots in the incom-
plete air spheres at the surface are the “doors”
of these spheres to the complete air spheres
lying one level deeper. (Picture kindly pro-
vided by L. Bechger.)

light. One-dimensional photonic crystals are also known as Bragg mirrors. Spontaneous-
emission rates inside Bragg mirrors can depend strongly on the atomic position in a unit
cell. Two-dimensional photonic crystals have periodic refractive-index variations in a
plane. Light propagation in the in-plane directions can be fully inhibited so that light
is forced to propagate in the third dimension only. This is how photonic-crystal fibres
work [38].

Photonic crystals are studied both for fundamental reasons as a new playground for
quantum optics and for possible applications in optical communication and opto-electro-
nics [39]. In both cases, it is important to be able to calculate the optical properties of the
realized or imagined structures.

1.6 Multiple light scattering

Light propagation in photonic media is in the multiple-scattering regime, and in the follow-
ing it will be explained what this means. If a plane wave of light scatters off two particles,
as depicted in figure 1.2, then according to Huygens’ principle each particle acts as a sec-
ondary source of light and sends out waves, which for simplicity were drawn spherical in
the figure. If the particles do not scatter strongly or if they are far enough apart, then the
total scattered wave is just the sum of the two waves emitted by the individual particles.
This is called the single-particle scattering regime. Light scattering by air is in this regime.
On the other hand, if light is scattered well by the individual scatterers and if they are close
to each other, then the light scattered by the one becomes a non-negligible source of light
for the other, and vice versa. Indeed, light can go back and forth many times between the
two scatterers. The total scattered wave is no longer simply the sum of the two waves that
the particles would have emitted if they had been alone. This is the multiple-scattering
regime. Light scattering in photonic media belongs to this regime.

The (multiple) scattering properties of a medium can be inferred from the Green func-
tion G(r, r′, t) of that medium: given a light pulse Ep(r, t0) at some initial time t0 before
the pulse has scattered at all, the light pulse (including scattered light) at a later time at a
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Figure 1.2:
A plane wave (denoted by parallel lines)
scattered off two particles, which sub-
sequently act as secondary sources of
light. In the single-particle scattering
regime, the total scattered wave is the
sum of the waves scattered by individ-
ual particles alone. In the multiple-
scattering regime, it is important that the
particles scatter the waves scattered by
the other (and so on). Then the two par-
ticles must be considered as one more
complicated composite scatterer.

position r is given by

Ep(r, t) =
∫

dr′ G(r, r′, t− t0) · Ep(r′, t0). (1.6)

This equation shows how the Green function propagates the initial field to a scattered field
elsewhere in space and later in time. All information of light propagation in the medium
must be included in G for this relation to hold. Because of the property (1.6), one can say
that the Green function is the solution of the scattering problem.

Green functions and optical mode functions fλ can be calculated with multiple-scatte-
ring theory. Starting with the Green function of a known medium, free space for example,
as well as with the properties of the extra particles that scatter light, mode functions and
the Green function of the total system can be calculated. Usually, it is easier to calculate
the frequency-dependent Green function rather than the time-dependent one. The two are
related by a Fourier transformation. However, some interesting properties of a multiply-
scattering medium can be found from the frequency-dependent Green function, so that the
often difficult inverse Fourier transformation is not needed. For example, the local density
of states (LDOS), introduced in section 1.4, can be directly determined from the imaginary
part of the Green function G(r, r, ω).

The optical modes of an infinite photonic crystal are the solutions fλ of the wave
equation (1.1), where the dielectric function ε(r) has discrete time-translation symmetry
in all three directions. Because of the symmetry of the problem, the optical modes are
Bloch modes which can be labelled by an incoming wave vector k and a band index n.
This is very much analogous to the more familiar electronic band-structure problem. The
optical problem is less straightforward because the mode functions are vector functions
and because the optical periodic potential is frequency-dependent. Methods for calculating
band structures were recently reviewed in [40].

As was discussed in section 1.4, orientational averages of spontaneous-emission rates
are proportional to the local optical density of states. The LDOS inside a photonic crystal
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can not be inferred given its band structure, except for frequencies inside a band gap:
in that case the LDOS simply vanishes everywhere in the unit cell. In other situations,
calculations of the LDOS are numerically involved and are therefore restricted to specific
positions in the unit cell [41, 42].

Real photonic crystals have finite sizes and experiments always involve crystal bound-
aries. The calculation of optical modes and other properties of finite crystals requires dif-
ferent methods. The reduced symmetry makes it natural to work in real space rather than
in reciprocal space. Usually, the dielectric environment is discretized and Maxwell’s equa-
tions are solved with finite-difference frequency-domain (FDFD) or time-domain (FDTD)
techniques [40]. In some special cases light propagation can be analyzed further, for ex-
ample for photonic crystals consisting of a finite number of parallel cylinders [43, 44].

1.7 True modes of a beam splitter

The equation (1.5) shows the position-dependent spontaneous-emission rate in terms of
the true modes of a medium. In section 1.6 it was stated that these true modes can be
calculated with multiple-scattering theory. In the following, the true modes of a relatively
simple scatterer, a beam splitter, will be calculated. This example introduces the so-called
T-matrix formalism of multiple-scattering theory. It is a problem in classical scattering
theory to find the relation between the true modes and the free-space modes. However,
scattering theory will also give relations between the operators of the true modes and the
free-space operators [11].

The textbook problem about a beam splitter is how to relate light in the output chan-
nels to the input-ports [15, 45]. Input-output formalisms have been set up for more com-
plicated quantum scattering situations as well [46, 47] and these formalisms are based on
formal quantum scattering theory, such as given in [48, 49]. Input-output formalisms are
useful for describing non-stationary situations. The typical example is a pulse of light that
enters, traverses and leaves a medium. On the other hand, the true-mode formalism is
useful for calculating stationary properties such as spontaneous-emission rates inside the
medium.

The present discussion of the true modes of a beam splitter starts with an even sim-
pler situation, namely with free space. Consider light propagation in one dimension only.
Assume further that the polarization direction of the light is fixed, so that light can be de-
scribed as a scalar wave. Then light propagates in straight lines forever, either to the left or
to the right, as sketched in figure 1.3(a). The optical modes in free space are plane waves,
because plane waves are the solutions of the wave equation for light in free space:[

d2/dx2 + (ωk/c)2
]
e±ikx = 0. (1.7)

The plane wave eikx corresponds to light propagating to the right, with wave vector k and
frequency ωk; light in mode e−ikx propagates to the left. The one-dimensional analogy
for the electric-field operator (1.2) is

E(x, t) = i

∫ ∞

0

dk

√
�ωk

2(2π)ε0

{[
ak,1e

ikx + ak,2e
−ikx

]
e−iωkt − H.c.

}
. (1.8)
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Figure 1.3:
Sketches of optical modes in one dimension. In figure (a), the arrow to the right denotes the plane-
wave mode exp(ikx) and the other arrow to the mode exp(−ikx). In figure (b), each mode of
figure (a) is split into two new modes, corresponding to light propagating to the left or to the right
of the imaginary cut at position x0. There are two input channels (1 and 2) and two output channels
(3 and 4). In figure (c) and (d), a beam splitter is placed at position x0 that reflects part of the
light. Figure (c) shows the “true” mode ψ1, which comes in from the left and is partially reflected
and partially transmitted. Similarly, the true mode ψ2 represented in figure (d) corresponds to light
coming from the right.

For later use, the free-space Green function g0 will be introduced as the solution of the
same wave equation (1.7), but with a delta-function source at the right-hand side of the
equation: [

d2/dx2 + (ωk/c)2
]
g0(x, x′, ω) = δ(x− x′), (1.9)

where the right-hand side is a Dirac delta function. It can be checked that g0(x, x′, ω) is
equal to exp(iω+|x−x′|/c)/[2i(ω/c)], where ω+ equals (ω+ iη) and η is infinitesimally
small and positive.

Suppose now that in free space one would like to measure light in a plane wave-mode,
either at a position to the left of some arbitrary position x0, or to the right of it. Suppose
that the detectors are sensitive to the direction in which the photon is heading. The situation
is sketched in figure 1.3(b): there are four modes corresponding to light moving to the left
or right, at the left or right of x0. The first mode function is a plane wave moving to the
right, proportional to exp(ikx), when x is smaller than x0 and it is zero for larger x. This
mode function can be summarized as θ(x0 − x)

√
2 exp(ikx); the factor

√
2 gives the new

mode function the same norm as the mode exp(ikx) on the whole real axis. The other
three mode functions can be written down analogously. The description of light in terms
of the four half-space modes is equivalent to the two full-space plane-wave modes that
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we started with. In the electric-field operator (1.8), the only thing that changes in the new
representation is the quantity between square brackets, which now becomes

√
2
[
θ(x0 − x)(bk,1e

ikx + bk,4e
−ikx) + θ(x− x0)(bk,2e

−ikx + bk,3e
ikx)
]
. (1.10)

Now add a beam splitter at position x0. The presence of the beam splitter can be
modelled as a delta-function potential of strength V in the wave equation for the optical
modes. The wave equation changes from Eq. (1.7) into{

d2/dx2 +
[
(ωk/c)2 − V δ(x− x0)

] }
ψk,1(x) = 0. (1.11)

The harmonic solutions of this equation no longer are plane waves, but the unknown mode
functions ψk,1 and ψk,2, corresponding to light coming from the left or right, respectively.
As an Ansatz, suppose that the unknown modes have the form

ψk,1(x) = eikx + g0(x, x0, ω)T (ω)eikx0 . (1.12a)

ψk′,2(x) = e−ik′x + g0(x, x0, ω
′)T (ω′)e−ik′x0 , (1.12b)

where the Green function (1.9) shows up. (The reason why the unknown modes are sup-
posed to have this form will be given in chapter 2.) The new terms at the right-hand sides
can be read from right to left: at position x0, the plane wave scatters as described by the
unknown quantity T (ω). Finally, the free-space Green function describes how scattered
light propagates away from the beam splitter. The unknown quantity T (ω) is called the
T-matrix of the beam splitter. With the use of Eqs. (1.7), (1.11) and the definition (1.9)
of the free-space Green function, one can check that the Ansatz (1.12a) indeed gives two
exact solutions of the wave equation (1.11), if

T (ω) = V/[1 − g0(x0, x0, ω)V ]. (1.13)

The T-matrix contains powers of the potential V up to infinite order, as one can see by
expanding (1 − g0V )−1 into an infinite series. The T-matrix can thus be seen as an exact
summation of an infinitely long perturbation expansion in terms of the potential V . The
mode function ψ1(x) corresponds to a plane wave coming from the left that is partially
reflected and partially transmitted, as in figure 1.3(c). Figure 1.3(d) depicts the mode
function ψ2 that corresponds to a plane wave coming from the right.

The free-space plane-wave modes are independent, in the sense that their inner prod-
uct
∫

dx[exp(ikx)]∗ exp(ik′x) is zero for k unequal to k′. Physically, this means that in
free space light in one mode will never jump to another plane-wave mode. From now on
assume that x0 ≡ 0. Now consider the inner product of the two true modes ψ1 and ψ2 of
the beam splitter:

〈ψk,1|ψk′,2〉 =
∫ ∞

−∞
dx ψ∗

k,1(x)ψk′,2(x) (1.14)

= 2πδ(k − k′)
[
1 + Re(W ) + |W |2]+ 2πδ(k + k′)Re(W ),

where W is an abbreviation for T/[2i(ω/c)]. The wave vectors k and k′ are both positive,
so that the term proportional to δ(k + k′) does not contribute to the inner product. Then it
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follows that the inner product (1.14) of the true modes is equal to the inner product of the
free-space plane wave modes if

[
Re(W ) + |W |2] is equal to zero, in other words if

Im T (ω) = −|T (ω)|2
2(ω/c)

. (1.15)

This nonlinear relation of the T-matrix is called the optical theorem of the beam splitter.
The theorem only holds if the potential V representing the beam splitter is a real quantity.
This statement can be checked by inserting the form (1.13) of the T-matrix into the optical
theorem (1.15). A potential V with an imaginary part would model loss or gain of light in
the beam splitter. Thus, the true modes are orthonormal if the beam splitter scatters light
elastically.

In the presence of the beam splitter, the electric-field operator (1.8) can be expanded
in terms of the true modes instead. All that changes in Eq. (1.8) is the term between the
square brackets, which becomes

[ck,1ψk,1(x) + ck,2ψk,2(x)] , (1.16)

where ck,1 and ck,2 are annihilation operators corresponding to the true modes. For each
mode separately, the commutation relations of the creation and annihilation operators are
just like in the standard quantum mechanical treatment of the harmonic oscillator: [c, c†] =
1; operators that belong to different modes commute.

One could measure light to the left or to the right of x0 = 0, and heading towards or
away from the beam splitter. The electric-field operators (1.16) in terms of the true modes
and (1.10) in terms of the half-space modes should therefore be equivalent. By taking the
inner products with ψk′1 and ψk′2 of the assumed equality, one finds that the equivalence
only holds if

ck,1 = [bk,1 + (1 +W ∗)bk,3 +W ∗bk,4] /
√

2, (1.17a)

ck,2 = [bk,2 +W ∗bk,3 + (1 +W ∗)bk,4] /
√

2. (1.17b)

One can check that these relations between operators in different mode expansions can
only be consistent with the standard commutation relations of both the operators c and b
in each expansion, if the optical theorem (1.15) holds.

The example of the beam splitter served to show that an optical theorem holds if
light is scattered elastically; that the theorem guarantees that true modes have the same
orthonormality relations as the original modes without the scatterers. Finally, the impor-
tance of the optical theorem in quantum optics is that it ensures that mode operators of true
modes can consistently be written in terms of the original operators, as shown above.

If the optical theorem does not hold, in the case of absorption or gain in the beam
splitter, then the quantum optical formalism has to be modified. The Kramers-Kronig re-
lations tell that in general, the dielectric function is a complex quantity as a function of
frequency [50, 51]. So one can always find frequencies for which a beam splitter absorbs
a fraction of the light. Quantum optical descriptions of light propagation in absorbing
dielectrics rely on the so-called fluctuation-dissipation theorem: wherever there is absorp-
tion, there are also sources of quantum noise. These noise sources show up in opera-
tor relations like (1.17a) and (1.17b) so as to keep the relations consistent when there is
loss [52].
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1.8 Outlook into this thesis

In the chapters 2 and 3 of this thesis, it is shown how a layered dielectric (or dielectric
mirror) can be modelled as a crystal of infinitely thin planes. Multiple-scattering theory
is used to calculate the propagating and guided modes of this finite one-dimensional pho-
tonic crystal. The formalism allows a relatively easy calculation of the Green function
of such a structure. It is studied how the spontaneous-emission rate of a radiating atom
depends on the atomic position and dipole orientation. Chapter 2 deals with scalar waves.
The T matrix formalism of multiple-scattering theory is introduced. In chapter 3 the for-
malism is generalized to vector waves in order to study the influence of dipole orientation
on spontaneous-emission rates. The free-space Green function must be modified (“regu-
larized”) in order to set up the T-matrix formalism for vector waves.

The subject of chapter 4 is the quantum optical description of light in inhomogeneous
dielectrics, and the interaction of guest atoms with light. The chapter is quite formal and
the dielectric function ε(r) is left arbitrary. Material dispersion and loss of the dielectric
are neglected. Models of finite or infinite photonic crystals with a periodic variation of the
refractive index n(r) belong to this class. Starting from a minimal-coupling Lagrangian,
a Hamiltonian is derived with multipolar interaction between light and the guest atoms.
Special attention is paid to the derivation of Maxwell’s equations after choosing a suitable
gauge in which all (static and retarded) interactions between atoms are mediated by the
electromagnetic field. In the dipole approximation, it is found that a dipole couples to a
field that at first sight is neither the electric nor the displacement field. Results of this chap-
ter justify the calculations of spontaneous-emission rates of chapters 2 and 3. Furthermore,
the results obtained here are the starting point for chapter 5.

Single-atom decay rates change in the presence of a dielectric, but also multi-atom
processes such as superradiance will be modified. This is the subject of chapter 5. The
mode functions and Green function of the dielectric are assumed to be known, determined
perhaps with the use of multiple-scattering theory as in chapters 2 and 3. The T-matrix
formalism of multiple-scattering theory is applied here to study the single- and multi-
atom processes of guest atoms in the dielectric. Spontaneous-emission rates and elastic
scattering of single atoms are considered. The strength of the formalism lies in the fact
that results can readily be generalized to more than one guest atom. This is shown in the
canonical example of two-atom superradiance in an inhomogeneous dielectric.

Finally, in chapter 6, the effects of material dispersion and absorption on spontaneous-
emission rates in a homogeneous dielectric are considered. In a damped-polariton model
for the dielectric, light is coupled to a material resonance, which in turn is coupled to a
continuum into which electromagnetic energy can dissipate (or scatter, if the electromag-
netic field serves as the continuum). From the microscopic model, a complex dielectric
function ε(ω) is obtained that satisfies the Kramers-Kronig relations. Different dielec-
tric functions can be obtained, depending on the interactions between light and matter
and between matter and continuum. Maxwell field operators are obtained in a convenient
way and their form justifies more phenomenological approaches. The formalism is used to
study time-dependent spontaneous-emission rates near material resonances, in a frequency
range where the optical density of states changes rapidly.





Chapter 2

Scalar waves in finite crystals of
plane scatterers

Spontaneous-emission rates in a dielectric structure are position-dependent and propor-
tional to the local optical density of states. The latter can be calculated when the Green
function is known. Here, dielectric slabs are modelled as infinitely thin planes and light
is simplified as a scalar wave. The T-matrix formalism of multiple-scattering theory is
used to find an exact analytical expression for the Green function of a dielectric mirror of
arbitrary number of unit cells N . All the propagating and guided modes of the structure
are found. There are at most N guided modes and their dispersion relations are studied.
The guided modes appear around frequencies corresponding to the first stop band in nor-
mal direction. Local densities of propagating and guided modes are presented, also for
frequencies where the layered structure acts as an omni-directional mirror.

2.1 Introduction

In inhomogeneous materials like photonic crystals, spontaneous-emission rates in general
are position-dependent and proportional to the local density of states (LDOS) [53, 54]. It is
therefore interesting to calculate the LDOS for specific dielectric geometries. Some recent
work in this area was already mentioned in the introductory chapter 1.

In principle, the LDOS can directly be inferred from the Green function of a dielectric.
However, in many cases Green functions are hard or practically impossible to find, for ex-
ample for finite photonic crystals with refractive-index variations in all three dimensions.
Therefore, it is interesting to look for finite photonic systems for which Green functions
can be calculated explicitly. In this chapter, three-dimensional light propagation is studied
for a finite system of periodic dielectric layers, where the refractive index varies in one
spatial direction only. The focus will be on the local densities of states in and around the
structure. We look for a model that is simple enough to allow for analytical solutions yet
realistic enough as to give insight.

25
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Before introducing our model, we briefly discuss some of the relevant work on layered
photonic crystals. Optical properties of dielectric slab structures have been studied inten-
sively [2, 55], both theoretically and experimentally in pure and applied optics [56, 57].
An optically excited atom inside a slab structure can spontaneously emit its photon into
a radiative or a guided mode and both types of decay channels contribute to the to-
tal spontaneous-emission rate [58]. Layered dielectric structures that recently enjoyed
some interest are the so-called “omni-directional mirrors” [59]. With the future pho-
tonic band-gap crystals they share the property of omni-directional reflection of light in
a well-defined frequency interval. Unlike inside a photonic band gap crystal, inside lay-
ered omni-directional mirrors the spontaneous-emission rates do not vanish [60]: in the
frequency interval where light can not enter the structure, spontaneous emission is taken
over by the guided modes. Evidently, reflection experiments alone are not enough to tell
what is going on inside a photonic crystal.

The perfect periodicity of infinite crystals increases the chances for analytical solu-
tions. Analytical properties of finite crystals consisting ofN unit cells are more difficult to
find. Fortunately it is known from transfer matrix techniques [2] how to express transmis-
sion and reflection of N -period Bragg mirrors simply in terms of the number N and the
reflection ρ of a single unit cell [55]. In [61] this result was generalized to non-absorbing
layered structures where the unit cell has an arbitrary refractive index profile. These ana-
lytical results are important. But as we learnt from the omni-directional mirror, the know-
ledge of transmission and reflection is not enough for understanding spontaneous-emission
rates of internal sources: we also need to find the guided modes of finite one-dimensional
photonic crystals consisting of an arbitrary number of unit cells. In [62] a general method
was derived to compute propagating (or radiative) and guided modes and Green func-
tions of multilayer dielectrics with constant refractive indices in each layer. One has to be
very careful not to miss any of the guided modes. The method involves a numerical step,
namely the solution of boundary conditions at each dielectric interface. In our calculations,
we want to avoid such a step.

In the theory of (metallic) diffraction gratings, it proved useful to study the limit of
infinitely thin gratings [63] and there homogeneous layers are called impedance sheets.
We study a Kronig-Penney model of a finite layered photonic crystal. Such models have
been used before in the study of infinite layered photonic crystals in one [64] and two
[31, 65] spatial dimensions; in the latter article also guided modes of the infinite crystal
are considered. Our model differs from these works in that we consider finite crystals in
three spatial dimensions, in a formalism that is particularly suited for finding all the optical
modes in a unified way; the (local) density of states strongly depends on the number of
spatial dimensions considered [42].

We use the T-matrix formalism of multiple-scattering theory (see the classics [48, 66]
or [67] for a recent account.) An advantage of multiple-scattering theory is that the proper-
ties of systems consisting of many scatterers can be given in terms of the properties of the
individual scatterers. Boundary conditions are automatically satisfied if they are satisfied
by the single scatterer. Another advantage is that the formalism simplifies the calculation
of Green functions enormously. The concept of a point scatterer has proved extremely use-
ful for random multiple scattering [68, 69]. Band structures and local densities of states
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of crystals consisting of point scatterers have also been studied [53, 70]. Here we pro-
pose the planar analogue of the point scatterer, the infinitely thin plane, which we coin the
plane scatterer. In this chapter, we consider the scattering of planes by scalar waves and
in chapter 3 vector wave scattering is studied.

The organization of the chapter is as follows: in section 2.2 we introduce the multiple-
scattering formalism which we then apply to a plane scatterers in section 2.3, in particular
to a single plane scatterer in section 2.3.1 and toN plane scatterers at arbitrary positions in
section 2.3.2. An analytical expression for the T-matrix is derived in the special case that
the N planes are at regular distances. The specific model for a plane scatterer that will be
used throughout this chapter is introduced in section 2.3.3. The optical modes of the crystal
of plane scatterers are presented in section 2.4 and both the propagating (section 2.4.1) and
the guided modes (section 2.4.2) are discussed. In section 2.5 the local densities of states
corresponding to both propagating modes and guided modes are presented. In section 2.6
we conclude.

2.2 Multiple-scattering theory for scalar waves

The wave equation for the scalar field ψ0(r, ω) in vacuum is[∇2 + (ω/c)2
]
ψ0(r, ω) = 0. (2.1)

Here and in the following, the frequency ω is understood to contain an infinitesimally small
positive imaginary part. Hereby we choose the causal solutions of the wave equation. The
solutions of Eq. (2.1) are plane waves with wave vector k. With the wave equation (2.1)
the free-space Green function is associated that satisfies[∇2 + (ω/c)2

]
g0(r, r′, ω) = δ3(r − r′). (2.2)

Now it will be convenient to consider Eq. (2.1) as the real-space representation of an
abstract tensor operator L(ω) working on the vector field |ψ0(ω)〉, so that (2.1) in abstract
notation becomes

L(ω)|ψ0(ω)〉 = 0. (2.3)

The advantages of abstracting from a specific representation are that formulas look sim-
pler, that it makes you realize that the identities do not depend on a specific represen-
tation, and that in a later stage a representation can be chosen in accordance with the
spatial symmetry of the dielectric under study. The abstract vector field |ψ0(ω)〉 is analo-
gous to a quantum mechanical state |Ψ〉, whereas the real-space representation of the field
ψ0(r, ω) ≡ 〈r|ψ0(ω)〉 corresponds to the wave function Ψ(r). In the same notation the
Green function g0(ω) satisfies

L(ω) · g0(ω) = 11 (2.4)

Here, 11 is the identity operator in real space and it has the property 〈r|11|r′〉 = δ3(r− r′).
For an inhomogeneous dispersive linear dielectric, the wave equation for the scalar

field is modified as follows:[∇2 + (ω/c)2
]
ψ(r, ω) = − [(ε(r, ω) − 1)(ω/c)2

]
ψ(r, ω) ≡ V (r, ω)ψ(r, ω), (2.5)
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where in the last equality the frequency-dependent optical potential V was defined in terms
of the dielectric function ε(r, ω). We want to solve the “scattering problem”, meaning
that we want to know how the scalar field in vacuum changes due to the presence of the
dielectric. The scalar field |ψin(ω)〉 is modified into |ψ(ω)〉, and the two fields are related
through the Lippmann-Schwinger equation (see reference [71])

|ψ(ω)〉 = |ψin(ω)〉 + g0(ω)V (ω)|ψ(ω)〉. (2.6)

The field |ψ(ω)〉 that satisfies Eq. (2.6) is also a solution of Eq. (2.5). The advantage of
the Lippmann-Schwinger equation is that the solution can be found iteratively in higher
and higher orders of the optical potential V :

|ψ〉 = |ψin〉 + g0V |ψin〉 + g0V g0V |ψin〉 + . . . . (2.7)

So we have a multiple-scattering series for the scalar field in terms of the potential, both
when the potential consists of many scatterers and when it models just a single scatterer.
(In other words, multiple-scattering theory does not require more than one scatterer.) A T-
matrix can be defined that sums up how the field depends on incoming field and scatterer:

|ψ(ω)〉 = |ψin(ω)〉 + g0(ω)T (ω)|ψin(ω)〉. (2.8)

This is a formal definition of the T-matrix, and by combining Eqs. (2.7) and (2.8), the
formal solution for the T-matrix is

T (ω) = V (ω) [1 − g0(ω)V (ω)]−1
. (2.9)

Note that the T-matrix does not depend on the incoming field, which reflects our choice of
only considering polarizabilities of the dielectric that are linear in the incoming field. It is
clear that the scattering problem is solved exactly once the T-matrix is known. If an explicit
form of the T-matrix can not be found, then at least we can make a first order approximation
in the interaction potential V (ω) for the T-matrix. This gives T (ω) � V (ω). We find the
field in the well-known Born approximation when inserting this approximate result into
equation (2.8).

The presence of the scatterer not only modifies already existing field modes from
ψin into ψ, but it can also call into existence new modes that are bound to the scatterer.
In electromagnetism, this means that light is confined in at least one of the three spatial
directions. Such bound modes do not correspond to an incident field and consequently
they are solutions of the Lippmann-Schwinger equation in the absence of an incident field:

|ψ(ω)〉 = g0(ω)V (ω)|ψ(ω)〉. (2.10)

With the help of the formal definition (2.9) of the T-matrix, we can rewrite this homoge-
neous equation as

V (ω)T−1(ω)|ψ(ω)〉 = 0. (2.11)

This equation shows that nontrivial bound solutions of the scalar field will correspond
to the poles of the T-matrix. So the T matrix not only solves the scattering problem for
incident fields but also contains all information about bound modes.
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In the presence of the dielectric the Green function also changes from g0 to g and the
latter satisfies the following equation

[L(ω) − V (ω)] g(ω) = 11, (2.12)

The solution for the Green function analogous to Eq. (2.6) for the scalar field is the Dyson-
Schwinger equation

g(ω) = g0(ω) + g0(ω)V (ω)g(ω). (2.13)

It can be verified that a solution of (2.13) also is a solution of equation (2.12). The problem
how to find such a solution is solved once the T-matrix (2.9) is determined, because an
iteration of Eq. (2.13) analogous to the series expansion (2.7) for the scalar field shows
that the Green function can also be expressed in terms of the T-matrix:

g(ω) = g0(ω) + g0(ω)T (ω)g0(ω). (2.14)

For most types of dielectrics the T-matrix can not be calculated explicitly, not for a
single scatterer let alone for a collection of them, but we will concentrate on physically
interesting situations where explicit solutions can be found. If there is more than one
scatterer, it is useful to first determine the single-scatterer T-matrices for the individual
scatterers. The next step is to find the T-matrix for the whole collection of scatterers in
terms of the single-plane scatterers. The equations (2.13) and (2.14) also hold when the
total potential V (ω) is a sum of single-scatterer potentials Vα(ω). By iterating one finds
that the total T-matrix for an arbitrary number N of these scatterers is

T (N) =
∑
α

Vα +
∑

β

∑
α

Vβg0Vα +
∑

γ

∑
β

∑
α

Vγg0Vβg0Vα + . . . . (2.15)

However, instead of expanding the total T-matrix in terms of powers of single-plane po-
tentials, it is much more convenient to do the expansion in terms of the single-plane T-
matrices:

T (N) =
∑
α

Tα +
∑
β �=α

∑
α

Tβg0Tα +
∑
γ �=β

∑
β �=α

∑
α

Tγg0Tβg0Tα + . . . . (2.16)

The equivalence of both expansions can be checked by expanding the single-plane T-
matrices in the last equation in terms of the single-plane potentials. The expansion (2.16)
is to be preferred to (2.15) when leaving out higher-order terms in the expansion, since
in doing so in (2.16) the multiple-scattering by a single scatterer has been incorporated
exactly, whereas by truncating the series in (2.15) also multiple scattering by single scat-
terers is approximated. Furthermore, in the expansion (2.16) it is more obvious whether
the series can be summed explicitly or not.

This formal section on scattering theory can be summarized by stressing how useful
T-matrices can be. The concept of a T matrix was introduced and it was shown how the
T-matrix entails an exact solution of a scattering problem both for scattered and for bound
modes of light. The same T-matrix also leads to the Green function of the dielectric system
in the presence of the scatterer. Finally, it was explained why single-scatterer T matrices
are useful for setting up a many-scatterer multiple-scattering theory.
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2.3 T-matrix formalism for plane scatterers

2.3.1 General properties of the single plane scatterer

In this chapter we consider scattering of scalar waves. The situation is more complicated
for vector waves, as we will see in chapter 3. Now consider an infinitely thin plane z = zα

that scatters light coming from z < zα. If an incident plane wave |ψin〉 = |k〉 = |k‖, kz〉
with kz real and > 0 scatters from the plane, the in-plane wave vector k‖ is conserved.
The total wave |ψk〉 is called a ‘true mode’ or ‘mode function’ and it has an incoming,
a transmitted and a reflected part. The T-matrix for such a plane scatterer must have the
form

Tα(ω) =
1

(2π)2

∫
d2k‖ T (k‖, ω)|k‖, zα〉〈zα,k‖|. (2.17)

The function T (k‖, ω) describes the light scattering as a function of in-plane wave vector
and frequency. At the moment the function is not specified, but in section 2.3.3 a model
will be derived for it. The T-matrix formalism should not be confused with the transfer
matrix approach, which in the study of layered systems is most commonly used [2, 55]. In
the rest of this section, we express transmission and reflection properties of a single plane
in terms of its T-matrix. Furthermore, we analyze which forms the T-matrix can take if we
assume that energy is conserved in the scattering process.

First we need a suitable representation for the plane-scattering problem. The free-
space Green function g0(ω) has the well-known real space representation g0(r, r′, ω) =
− exp (iω+|r − r′|)/(4π|r − r′|) with ω+ ≡ ω + iη so that the Green function corre-
sponds to an outgoing spherical wave. In Fourier representation we have g0(k,k′, ω) =
(2π)3δ3(k − k′)/[(ω+/c)2 − k2]. By the choice of the infinitesimally small positive part
we select the causal Green function whose inverse Fourier transform gives zero for times
t < 0 [72]. In the following, Green functions are implicitly understood to be causal and
the ‘+’-notation is dropped. Now the form (2.17) of the plane scatterer suggests a mixed
representation {|k‖, z〉} where k‖ ≡ (kx, ky) is the wave vector parallel to the planes.
Then the free-space Green function becomes

g0(k‖, z,k′‖, z′, ω) ≡ 〈k‖, z|g0(ω)|k′‖, z′〉 = (2π)2δ2(k‖ − k′‖)g0(k‖, z − z′, ω).
(2.18)

The function g0(k‖, z, ω) will also be called the Green function and it takes the form

g0(k‖, z, ω) =
exp (ikz|z|)

2ikz
, (2.19)

where kz =
√

(ω/c)2 − k2
‖ can be real or imaginary. Using this and equations (2.8) and

(2.17), we find for the mode function

ψk(r) = eik·r
[
1 +

T (k‖, ω)
2ikz

]
, (z > zα) (2.20a)

= eik·r + eikR·r
[
T (k‖, ω)e2ikzzα

2ikz

]
(z < zα). (2.20b)
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The expression between the square brackets in (2.20a) is the transmission amplitude τ(k‖, ω)
in terms of the T-matrix and between the brackets in (2.20b) we have the reflection ampli-
tude ρ(k‖, ω). The reflected wave vector kR equals (k‖,−kz). Thus, we have expressed
transmission and reflection properties of a single plane in terms of its T-matrix.

Until now, we have not assumed that energy is conserved in the scattering process.
Energy conservation puts a restriction on the form that T (k‖, ω) can have, a restriction
which we will now derive. Energy conservation can be quantified with the help of the
energy flux density vector J [45]:

J(r, t) = −α
[
∂ψ∗(r, t)

∂t
∇ψ(r, t) +

∂ψ(r, t)
∂t

∇ψ∗(r, t)
]
, (2.21)

where α is a proportionality constant depending on the choice of units. Since there is no
energy transfer between true modes, the energy current density J · ẑ in the z-direction
should be the same for z > zα and for z < zα for every mode |ψk〉 separately. In terms of
the transmission and reflection, this leads to the requirement |ρ|2 + |τ |2 = 1; in terms of
the T-matrix it reads

Im T (k‖, ω) = −1
2
|T (k‖, ω)|2

kz
. (2.22)

This is the optical theorem for the plane scatterer. Note that it only holds for real kz . The
most general T-matrix satisfying the optical theorem has the form

T (k‖, ω) = − [F−1(k‖, ω) − i/(2kz)
]−1

, (2.23)

where the optical potential F (k‖, ω) for the plane is a real function of its arguments.
Furthermore, for planes that scatter isotropically, we have F (k‖, ω) = F (k‖, ω). The
equations (2.20b) and (2.23) together show that a larger optical potential leads to a higher
reflectivity of the plane.

2.3.2 N plane scatterers

Consider a system of N identical and parallel plane scatterers at arbitrary positions zα, zβ ,
and so on. At first, we do not assume that energy is conserved in the scattering process, so
that the single-plane T-matrices need not be of the form (2.23). Like in the one-plane case,
we want to know mode functions and Green functions of the N -plane system. This we do
by calculating the T-matrix T (N)(k‖, ω). Formally, we have as in the one-plane case that

T (N) = V (11 − g0V )−1. The inverse is as yet unknown but according to Eq. (2.16) it can
be written as an infinite series of products of single-plane T-matrices:

T (N) =
∑
α

Tα +
∑
β �=α

∑
α

Tβg0Tα +
∑
γ �=β

∑
β �=α

∑
α

Tγg0Tβg0Tα + . . . (2.24)

Written out explicitly in the plane representation, the term of third order in the single-plane
T-matrices in this series is

1
(2π)2

∑
α

∑
β

∑
γ

∫
d2k‖|k‖〉〈k‖|T 3(k‖, ω)g0(k‖, zα − zβ , ω) ×

(1 − δαβ)g0(k‖, zβ − zγ , ω)(1 − δβγ)|zα〉〈zγ |. (2.25)
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Now define the matrix Dαβ(k‖, ω) ≡ g0(k‖, zα − zβ , ω)(1 − δαβ) and notice that the
third-order term can be rewritten as

1
(2π)2

∑
α

∑
β

∫
d2k‖|k‖〉〈k‖|T (k‖, ω){[T (k‖, ω)D(k‖, ω)

]2}αβ |zα〉〈zβ |. (2.26)

So we can see the square of the matrix (TD) in the third-order terms. The fourth-order
terms feature the cube of the matrix (TD), and so on. This matrix structure enables us to
sum the infinite series exactly: the T-matrix of N parallel and identical plane scatterers is
given by

T (N)(ω) =
1

(2π)2
∑
α

∑
β

∫
d2k‖

∑
α,β

|k‖, zα〉 T (N)
αβ (k‖, ω) 〈zβ ,k‖|, (2.27)

where
T

(N)
αβ (k‖, ω) = T (k‖, ω)

[
11 − T (k‖, ω)D(k‖, ω)

]−1

αβ
. (2.28)

The problem of finding the T-matrix is now reduced to the much simpler problem of finding
the inverse of the N ×N matrix T(N). For arbitrary positions of the planes, the inversion
must be done numerically. The matrix elements depend on the positions and effective
thickness of the parallel planes, and on the frequency and in-plane wave vector of the
light. Since equation (2.27) is valid for arbitrary positions of the plane scatterers, it could
be the starting point for studying random scattering.

The important special case that will be studied here is the situation where the N
planes are positioned at regular distances a from each other, at positions z1 = a, z2 =
2a, . . . , zN = Na. We then have a three-dimensional optical Kronig-Penney model for
a finite photonic crystal with periodic variation of the refractive index in one dimension.
The regular distances between the planes enable us to do the inversion of the matrix in
equation (2.28) analytically, as we shall discuss now.

Define ν ≡ −2ikz/T (k‖, ω) and x ≡ exp(ikza). Then T (N)
αβ in equation (2.28) can

be rewritten as −2ikzM
−1
αβ with

Mkl ≡ νδkl + (1 − δkl)x|k−l| (2.29)

We should like to know the inverse of this N × N matrix M for arbitrary N and in the
appendix A this mathematical problem is solved. The result is

T
(N)
αβ =

−2ikz

(2 − ν)x2

{
h(α, β) − xh(α+ 1, β) − xh(α, β + 1) + x2h(α+ 1, β + 1)

+
[xh(α+ 1, 1) − h(α, 1)][h(1, β) − xh(1, β + 1)]

1 + h(1, 1)

}
.(2.30)

This is the form of the T-matrix that is used in further calculations. (In appendix A it is
shown how this expression can be rewritten such that certain symmetries of the matrix
elements are more manifest.) The function h(α, β) = hN (α, β) in Eq. (2.30) is defined as

hN (α, β) ≡ (2 − ν)x
2(1 − ν)

N∑
m=1

{
cos [(α+ β)mπ/(N + 1)] − cos [(α− β)mπ/(N + 1)]

(N + 1)(C − cos [mπ/(N + 1)])

}
.

(2.31)
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From the definition of hN it follows that M−1 is a symmetric matrix, as is M. The matrix
elements of T(N) strongly depend on the form of the constant C in equation (2.31) and
for real kz it is given by

C =
2x2 − ν(1 + x2)

2x(1 − ν)
= cos(kza) + sin(kza)

[
2kzRe (T ) + i(2kzIm (T ) + |T |2)

4k2
z + |T |2 + 4kzIm (T )

]
.

(2.32)
Fortunately, the summation in equation (2.31) can be done exactly [73] so that we end up
with a simpler expression for hN :

hN (α, β) =
(2 − ν)x
2(1 − ν)

{
cos [(N + 1 − |α− β|)Ka] − cos [(N + 1 − (α+ β))Ka]

sin [Ka] sin [(N + 1)Ka]

}
,

(2.33)
where the constant K = K(k‖, ω) is defined by Ka = arccos(C). (The arccosine is a
multiple-valued function but the function hN is not; for numerical evaluation of hN the
Chebyshev polynomials are useful.) Evidently, K has dimension

[
m−1

]
and in fact, it

is equal to the Bloch wave vector of an infinite crystal of plane scatterers separated by a
distance a. In general, K is complex. The important point that the Bloch wave vector that
is normally associated with the infinite periodic potential also plays a role in the analysis
of a finite crystal, was also stressed in [61]. Here the Bloch wave vector shows up in an
analytical expression for the T-matrix of a finite crystal of arbitrary sizeN . No restrictions
on the form of the single-plane T-matrix T (k‖, ω) have been applied in the derivation.

Let us now assume that energy is conserved. This is the case when every single plane
has a T-matrix that satisfies the optical theorem (2.23). Then it is evident from equation
(2.32) that the constant C becomes real. Moreover, when the optical theorem holds, a
simpler expression for C can be found by inserting for the single-plane T-matrix the form
(2.23):

C = cos(kza) −
(
F (k‖, ω)

2kz

)
sin(kza). (2.34)

One can see that without energy dissipation, the Bloch wave vector is either real (when
−1 ≤ C ≤ 1) or purely imaginary (otherwise). Imaginary Bloch wave vectors K(k‖, ω)
correspond to transmission stop band regions in (k‖, ω)-space. This will be illustrated in
section 2.4.1.

2.3.3 Model for the single plane scatterer

In the previous subsection, the T-matrix of the single plane scatterer was assumed to be
known. Now we will derive a model for it, starting from a potential in the wave equa-
tion. Consider a dielectric slab of thickness d and dielectric function ε. In principle, the
dielectric function is a frequency-dependent complex function [4], but here we neglect dis-
persion and loss altogether by choosing ε real and constant. Choose the z-axis such that it
is perpendicular to the surfaces, defining the latter as the surfaces z = zα and z = zα + d.
Then the scalar wave equation is[

ε(r)
c2

∂2

∂t2
−∇2

]
ψ(r, t) = 0, (2.35)
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where ε(r) = ε for z between zα and zα + d, and ε(r) = 1 elsewhere. Suppose now that
the thickness of the slab is much smaller than the wavelengths of light we are interested in.
Then we can model the slab as a plane scatterer. We define the product of slab thickness
d and polarizability ε − 1 as the effective thickness Deff of the plane scatterer. We find
the single-plane T-matrix by solving the associated equation for the Green function in
frequency space:[∇2

r + (ω/c)2
]
g(r, r′, ω) = δ3(r − r′) + V (r, ω)g(r, r′, ω) (2.36)

with the negative and frequency-dependent potential V (r, ω) = −(ω/c)2Deffδ(z−zα). It
is easy to check that a solution of the Dyson-Schwinger equation (2.13) is a solution of the
equation above, provided that in (2.13) we take the potential V (ω) = −Deff(ω/c)2|zα〉〈zα|.
We shall now solve the Dyson-Schwinger equation, which in the mixed representation be-
comes

〈k‖, z|g(ω)|k′‖, z′〉 = (2π)2δ(k‖ − k′‖)g0(k‖, z − z′, ω)

+g0(k‖, z − zα, ω)
[−Deff(ω/c)2

] 〈k‖, zα|g(ω)|k′‖, z′〉. (2.37)

If in this equation we put z equal to zα, then we can solve the equation for the Green func-
tion 〈k‖, zα|g(ω)|k′‖, z′〉. If we insert this particular solution back into the equation (2.37)
for general z, then we can also find the Green function for general z: 〈k‖, z|g(ω)|k′‖, z′〉 =
(2π)2δ(k‖ − k′‖)g(k‖, z, z′, ω) with

g(k‖, z, z′, ω) = g0(k‖, z−z′, ω)+g0(k‖, z−zα, ω)T (k‖, ω)g0(k‖, zα−z′, ω), (2.38)

where the frequency- and wave vector-dependent T-matrix equals

T (k‖, ω) =
−Deff(ω/c)2

1 + g0(k‖, 0, ω)Deff(ω/c)2
= −

{ [
(ω/c)2Deff

]−1 − i/(2kz)
}−1

. (2.39)

This T-matrix is of the form (2.23) and hence it satisfies the optical theorem (2.22). Note
that T depends on k‖ rather than on k‖: the optical potential F (k‖, ω) equals (ω/c)2Deff

in this model, so that it depends only on frequency and not on the magnitude or direction
of the wave vector of the incoming light.

A T-matrix of a point scatterer can only be defined after a careful regularization of the
free-space Green function g0(r, r′, ω) because the latter diverges in the limit |r − r′| → 0
[69]. Here, in the T-matrix for plane scatterers (2.39) it is the free-space Green function
g0(k‖, z−z′, ω) that appears in the limit of |z−z′| → 0. Fortunately, there is no divergence
so that we do not need a regularization procedure for plane scatterers.

Now that we have a one-parameter model for the T-matrix of a plane, we can use
equations (2.20a) and (2.20b) to find the transmitted and reflected amplitudes τ and ρ.
The transmission amplitude is

τ(k‖, ω) =
1

1 − iDeff(ω/c)2/(2kz)
. (2.40)

Clearly, transmitted intensities range from one to zero when the effective thickness goes
from zero to infinity.
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Figure 2.1:
Solid line: angle-averaged transmission
through a slab of refractive index n=2.6
and thickness d, as a function d/λ.
Dashed line: angle-averaged transmis-
sion through a plane scatterer with ef-
fective thickness Deff = (n2 − 1)d, as
a function of d/λ.

In the rest of this section, we elaborate on the question how well slabs of finite thick-
ness can be modeled as plane scatterers. We compare both cases by looking at the average
transmission, with the average taken over 4π solid angle. For the plane scatterer the aver-
age transmission can be calculated directly from equation (2.40), giving

〈|τ |2〉av = 1 − (πDeff/λ) arctan [λ/(πDeff)] . (2.41)

Light transmission through a finite slab is described by Airy’s formulae [2] and the angle-
average must be calculated numerically. Figure 2.1 shows the average transmission (for
s-polarized light) of a TiO2 slab of thickness d in air as well as the average transmission
of scalar waves through a plane scatterer with effective thickness Deff = (n2

TiO2
− 1)d.

The transmissions are plotted as a function of thickness d divided by the wavelength λ ≡
2πc/ω; the refractive index nTiO2 is 2.6. Figure 2.1 shows that slabs thinner than λ/20
can be modeled adequately as plane scatterers with effective thickness Deff = (n2 − 1)d.
Thicker slabs show resonances in the average transmission (due to interference effects) that
the plane-scattering model does not describe. To give a concrete example, we consider a
d = 26 nm thick slab of TiO2. If one constructs a Bragg mirror of such slabs alternating
with air with a period of 260 nm, then evidently 10% of the Bragg mirror consists of TiO2,
which is also the typical number for three-dimensional photonic air-sphere crystals [33].
In normal direction the optical path length of the unit cell is 300 nm, so that the Bragg
mirror has its first Bragg reflection at around 600 nm in that direction. At that wavelength
we have d = 0.043λ, so that the single slab can indeed be described as a plane scatterer
(and the Bragg mirror as a periodic array of plane scatterers). Our choice of Deff proceeds
only a bit different: we choose Deff = 0.23λ0, so that for wavelengths around λ0 = 600
nm the plane scatterer has the same average transmission of 32% as the slab. Furthermore,
we choose the distance a between the planes to be 300 nm, so that the (blue edge of the)
stop band in normal direction will be at λ0 = 600 nm.

In our scalar formalism we arrive at the same model for transmission and reflection
of an infinitely thin plane as was found in Ref. [65] in another formalism, for s-polarized
light. There, the authors start from a boundary condition analysis of the Maxwell fields
around a dielectric slab in the limits ε→ ∞ and d→ 0 while keeping the productm = εd
constant. From our calculations and figure 2.1, it follows that it is actually the product
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Figure 2.2:
Absolute values squared of two mode
functions of a system of N = 10 plane
scatterers, as a function of the z-position
in the structure. The dotted line corre-
sponds to a mode with a/λ = 0.50 and
the solid line to a mode with a/λ =
0.51. Modes correspond to incoming
plane waves from z = −∞ in the di-
rection normal to the planes. The effec-
tive thickness of the plane scatterers is
Deff = 0.46a.

Deff = (ε − 1)d that should be kept constant while taking the limits. A comparison
between plane scatterers for scalar and for vector waves will be made in chapter 3 of this
thesis.

2.4 Optical modes

2.4.1 Propagating modes

With the T-matrix in hand in equation (2.30), we can use the solution (2.8) of the Lippmann-
Schwinger equation to calculate the propagating modes of the finite photonic crystal. The
propagating modes in our model are labeled by the wave vector and frequency of the cor-
responding incoming plane wave; actually they are related through (ω/c)2 = k2. The
propagating mode |ψk(ω)〉 corresponding to an N -plane crystal is given by

ψk(r, ω) = eik·r − i

2kz
eik‖·r

N∑
α,β=1

eikz|z−zα|T (N)
αβ (k‖, ω)eikzzβ . (2.42)

If we put N = 1 in this equation, then we find back the mode function (2.20a) for the
single plane. In figure 2.2 the absolute values squared of the mode functions are plotted
for two modes propagating normal to a crystal of N = 10 planes. (We choose the normal
direction, but any direction is possible.) As is clear from the figure, the slight frequency
difference of the modes has an enormous influence on the mode profile in the crystal:
the mode with a/λ = 0.5 is almost completely reflected, as the maximum amplitude of
almost 4 of the almost standing wave at the left hand side of the structure indicates; the
mode with a/λ = 0.51 has an amplitude that grows inside the structure and is almost
completely transmitted. As can be seen from equation (2.42) and from figure 2.2, the
absolute value squared of ψk(r, ω) is a constant for z > Na. This is the (intensity)
transmission |τ |2 through the N -plane system. Since there are no losses, reflection and
transmission add up to one. In figure 2.3 the reflection is plotted for light incoming in the
normal direction, as a function of frequency. The prominent features are the stop bands,
the frequency intervals for which light cannot enter the crystal in this direction. The mode
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Figure 2.3:
Reflectivity |ρ|2 of normally incident
waves by a crystal of N = 10 plane
scatterers separated by a distance a, as
a function of a/λ.

with a/λ = 0.5 of figure 2.2 falls just inside the first stop band in figure 2.3, whereas
the other mode corresponds to the first reflection minimum at the blue side of this first
stop band. The stop bands correspond to frequencies for which the Bloch wave vector
(proportional to the cosine of equation (2.23)) is a complex number. In between the stop
bands, the Bloch wave vector is real and there one finds the reflection maxima and minima
which are characteristic for periodic media. In figure 2.3 higher-order stop bands become
broader. This is because the optical potential Deff(ω/c)2 rapidly grows with frequency
since we do not take the frequency dispersion of Deff into account. Of course, one could
improve on this by taking dispersion into account and writing Deff = [ε(ω)− 1] d, but the
optical theorem (2.22) only holds as long as the complex part of ε(ω) can be neglected.

Transmission and mode profiles of propagating modes in layered systems usually are
calculated with the transfer matrix technique [2, 55]. Here we showed that for a crystal
of plane scatterers one can alternatively use the T-matrix formalism. For presentation
purposes we chose N = 10, but we also considered mode profiles and reflection for two
hundred planes and more planes do not form a problem: the T-matrix elements of N
planes are known analytically and the calculation of the mode function boils down to a
simple summation over the N2 matrix elements T (N)

αβ (k‖, ω).

2.4.2 Guided modes

In the previous section we found a continuum of propagating modes with real wave vector
components in all three directions. The crystals of plane scatterers could also support a
finite number of guided modes that propagate along the planes with in-plane wave vec-
tors k‖ > ω/c so that kz = iκ and k2

‖ − κ2 = (ω/c)2. The imaginary wave vector in
the z-direction makes that guided modes decay exponentially outside the scatterer: unlike
propagating modes, guided modes do not correspond to an incident wave. It is the dis-
persion relations of the guided modes that we concentrate on here; the contribution of the
guided modes to the local density of states is discussed in section 2.5.

As was said in section 2.2, in general the bound states of a scattering system can be
found as the solutions of the Lippmann-Schwinger equation in the absence of an incident
wave [Eq. (2.10)]. In particular, a guided mode |ψκ〉 of the crystal of plane scatterers is
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bound in the z-direction and it satisfies

ψκ(z, ω) =
∫ +∞

−∞
dz1 g0(k‖, z − z1, ω)V (z1, ω)ψκ(z1, ω), (2.43)

with the potential V (z, ω) = −F∑N
n=1 δ(z − na) and F = Deff(ω/c)2 and the free-

space Green function as defined in (2.19). Given a frequency ω and the number of planes
N , this equation will have a finite number of solutions. In order to find them, define the
N -dimensional vector Ψ with components Ψj = ψκ(zj) in which the zj are the plane
positions. Using (2.43), the following homogeneous linear system of equations can be
derived:

N∑
β=1

[
δαβ + g0(k‖, zα − zβ , ω) F

]
Ψβ = 0 for α = 1, 2, . . . , N. (2.44)

Nontrivial solutions of (2.44) only exist if the determinant of the coefficient matrix van-
ishes. Now this coefficient matrix can be rewritten as −F (T(N))−1

αβ with the use of the
general definition of the T-matrix, T ≡ V (11−g0V )−1. So the guided modes can be found
as the poles of the T-matrix. This is the direct connection between the guided modes and
the T-matrix.

The guided modes of a single plane are easy to find. For N = 1, the T-matrix
T

(1)
11 (k‖, ω) of equation (2.30) reduces to T (k‖, ω) as in equation (2.39). The one-plane

T-matrix has a pole κ(1)
1 = (ω/c)2Deff/2. This is the dispersion relation for the guided

mode of a single plane. (One could equivalently present the dispersion relation as ω versus
k‖, but here and in the following, we choose to present ω versus κ.) The dispersion rela-
tion shows that for every frequency, a single plane has one and only one guided mode. The
same single guided mode for a single plane was found in [65] using another formalism;
the case of finite N > 1 was not considered there.

Why does a single plane scatterer have only one guided mode? Dielectric slabs of
finite thickness can support more than one guided mode (depending on its thickness d and
dielectric constant ε). These guided modes other than the first one are orthogonal to this
first one. Their mode functions have their extreme values inside the slab and change sign at
least once inside the slab. In the limit of an infinitely thin slab, the mode functions remain
continuous, so that the maxima, the minima, and the zeroes should coincide on the plane.
Therefore, a plane scatterer can support at most one guided mode.

How many guided modes exist in a crystal ofN plane scatterers? We have just derived
that they occur when the determinant det[(T(N))−1] is equal to zero. With the definition of
the matrix M in equation (2.29) this condition simplifies to det[M(k‖, ω)] = 0. A formula
for this determinant is given in equation (A.14) of appendix A, for an arbitrary number of
planes. The result is that guided modes correspond to solutions of 1 + hN (1, 1) = 0, with
hN (α, β) given in equation (2.33). We assume that the planes do not absorb light and use
the form (2.23) for the single-plane T-matrix. Then the condition for guides modes to exist
becomes

[2κ+ F (k‖, ω)]e−κa sin(NKa)
sin[(N + 1)Ka]

= 2κ. (2.45)
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This single equation determines the number of guided modes that can exist at a certain
frequency for an arbitrary system size N . The frequency-dependence of the equation is in
the Bloch wave vector K and in the optical potential F .

A new guided mode appears at a certain frequency with κ = 0 and when the frequency
becomes higher, this mode becomes more localized to the structure so that κ increases.
Thus, we can count guided modes at their point of first appearance, at κ = 0. There we
find that the condition (2.45) simplifies to sin(NKa) = 0. Now for wave vectors kz = iκ,
the Bloch wave vector satisfies

cos(Ka) = cosh(κa) − [F/(2κ)] sinh(κa), (2.46)

so that with F = Deff(ω/c)2 we find guided modes with frequencies

ωm(κ = 0) =
√

2c2/(aDeff)
√

1 − cos(mπ/N) (m = 0, 1, . . . , N − 1). (2.47)

So it turns out that for a systems of N plane scatterers at a fixed frequency, there are at
most N guided modes. All N guided modes emerge in the frequency interval 0 ≤ ω ≤
2c/

√
aDeff . An increase in the effective thickness of the planes makes this frequency

interval smaller, because at the same frequency the modes have larger κ and are more
localized, just like was analyzed for the single plane above. Or the other way round, for
fixed κ the frequency of a mode becomes lower when the effective thickness increases. In
the limit N → ∞ a band of guided modes is formed. The case of an infinite number of
planes was considered in [65] and there indeed the band at κ = 0 is given by the frequency
interval given above.

Figure 2.4 shows the dispersion of the modes ωm(κ) as a function of κ, in units of the
plane separation a, forN = 10. Actually, the frequencies are plotted as a/λ, and all guided
modes are indeed seen to appear at κ = 0 when 0 ≤ a/λ ≤ (1/π)

√
a/Deff = 0.47. The

figure illustrates that when the product κa is much bigger than one, the planes guide light
independently so that the N modes all have frequencies near the one-plane frequency√

2κ/Deff . For smaller κa, the N planes interact more strongly and the frequencies of
the modes become more separated. So going from right to left in the figure, we go from
N independent single-plane guided modes to N solutions of a genuine N -plane problem.
The physical way to traverse the plot is of course by changing the frequency: at frequen-
cies just below 2c/

√
aDeff there are both well-delocalized and well-localized modes. At

higher frequencies, all guided modes are localized, whereas at lower frequencies the in-
verse decay lengths (κ)−1 are larger so that only delocalized modes are to be expected.
The localization of the guided modes will be illustrated in section 2.5.

Now let us compare figure 2.4 with figure 2.3 which showed the stop bands for light
falling on the planes in the normal direction. The first stop band in normal direction occurs
for light with wavelengths 0.35 ≤ a/λ ≤ 0.50. Light propagation normal to the planes
is strongly suppressed. In this same frequency interval, the four last guided modes of the
structure appear. More generally, for our choice of Deff , all the interesting behavior of
the guided modes appears around the first stop band for light propagating in the normal
direction. Even when the plane crystal blocks light coming from almost all directions, then
light of this same frequency can be guided inside the structure. WhenDeff is decreased, the
stop bands become narrower, whereas the frequency interval in which the guided modes
appear becomes wider.
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Figure 2.4:
Dispersion relations of the guided
modes for a ten-plane system. The κ on
the horizontal axis equals −ikz . The ef-
fective thickness of the plane scatterers
is Deff = 0.46a.

2.5 Local optical density of states

In inhomogeneous dielectrics, the spontaneous-emission rate of a radiating atom depends
on its position and is proportional to a quantity that is often called the local density of states
(LDOS). In quantum optics, many quantum states of light can be associated with what in
this thesis we call an optical ‘mode’, so that the words ‘state’ and ‘mode’ have a different
meaning. Actually, with “density of states” it is meant “density of modes” and indeed the
latter term is sometimes used [60, 61]. But we stick to the familiar term LDOS and assume
that it will not confuse the reader. The LDOS is a function of position and frequency and
will be denoted by ρ(r, ω). (This ρ is different from the reflection amplitude of section
2.3.3.)

For scalar waves in three dimensions, ρ(r, ω) is −2ω/(πc2) times the imaginary part
of the Green function g(r, r, ω). In free space, all modes are radiative (or propagating)
modes and ρ0(r, ω) = ω2/(2π2c3), independent of position. In dielectric structures, the
LDOS is the sum of the local density of radiative modes ρr(r, ω) and of the local density
of guided modes ρg(r, ω), which we will also call the radiative and guided LDOS, respec-
tively. Spontaneous emission (or in this chapter: its scalar analogy) can occur into both
types of modes, the physical difference between the two cases being that light emitted into
a propagating mode eventually can be detected in the far field, whereas light emitted into
the guided modes does not leave the structure.

First we need to know the Green function of the crystal of plane scatterers. Often a
Green function is given and calculated in terms of its mode decomposition, but here we
proceed differently. The same T-matrix (2.30) that gave the propagating and guided modes
when inserted in the Lippmann-Schwinger equation, also gives the Green function when
inserted in the Dyson-Schwinger equation (2.13):

g(k‖, z, z′, ω) = g0(k‖, z − z′, ω) (2.48)

+
N∑

α,β=1

g0(k‖, z − zα, ω)T (N)
αβ (k‖, ω)g0(k‖, zβ − z′, ω).

This is the Green function in the mixed representation and in order to find the LDOS we
must transform it to real space using a two-dimensional inverse Fourier transformation and
then take the imaginary part. The crystal is translation invariant in the x- and y-directions
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so that the LDOS depends on the z-position only. Moreover, in our model (2.39) the
individual planes scatter light isotropically so that also T (N)

αβ (k‖, ω) = T
(N)
αβ (k‖, ω). Then

the integral over directions k̂‖ is trivial; the integral over the magnitude k‖ is split into a
propagating and a guided part, as we present below.

The radiative LDOS is given by

ρr(z, ω) = ρ0(z, ω) (2.49)

− ω

π2c2
Im
∫ ω/c

0

dk‖ k‖
N∑

α,β=1

g0(k‖, z − zα, ω)T (N)
αβ g0(k‖, zβ − z, ω).

The integral is taken over the magnitude of the in-plane wave vectors k‖ with values be-
tween 0 and ω/c, so that all wave vectors contributing to the radiative LDOS are real.

The remaining part of the inverse Fourier transform gives the guided LDOS:

ρg(z, ω) = − ω

π2c2
Im
∫ ∞

ω/c

dk‖ k‖
N∑

α,β=1

g0(k‖, z − zα, ω)T (N)
αβ (k‖, ω)g0(k‖, zβ − z, ω).

(2.50)
Here k‖ > ω/c, so that the integrand in (2.50) is real except at the poles k‖(ω) of the
T-matrix elements. Now the T-matrix elements are written in equation (2.30) in terms
of the functions hN , but it can be shown that the poles of the latter do not correspond
to poles of the T (N)

αβ . The T-matrix elements only have poles when 1 + hN (1, 1) = 0,
corresponding to the guided modes that were found in section 2.4.2. The right-hand side
of the equality (2.50) therefore simplifies into a sum over residues of the integrand at the
guided-mode poles. The infinitesimally small positive imaginary parts of the poles ensure
that ρg(z, ω) ≥ 0.

Now we discuss what the LDOS actually looks like in a system of plane scatterers.
First consider ρr for a single plane located at z = 0. The T-matrix is given in equation
(2.39). Exactly at the position of the plane, the relative radiative LDOS ρr(0, ω)/ρ0(0, ω)
turns out to be equal to the average transmission 〈|τ |2〉av through the plane (equation
(2.41)). As expected, highly reflecting planes affect ρr more strongly. Figure 2.5 shows
the local densities in the neighborhood of the plane. (Although for N = 1 the distance
between the planes a is not defined, we can choose a distance a and scale the plot such
that Deff = 0.46a and a/λ = 0.5.) At z = 0 we indeed have ρr/ρ0 = 0.32, equal to the
average transmission of the plane. Away from the plane, ρr oscillates back to ρ0.

Figure 2.5 also shows the guided LDOS for the single plane at z = 0. With the pole
of the T-matrix located at κ(1)

1 = Deff(ω/c)2/2 + iη, the guided LDOS (2.50) in this case
is

ρg(r, ω) =
(−2ω
πc2

)(−κ(1)
1

4

)
exp(−2κ(1)

1 |z|). (2.51)

So for N = 1, the guided LDOS falls off exponentially as a function of distance from the
plane, with a decay length of [κ(1)

1 (ω)]−1. At the position of the plane the relative guided
LDOS ρg/ρ0 is equal to π2Deff/λ, which is equal to 2.27 for the values of the parameters
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Figure 2.5:
Local densities of states for a single
plane, relative to the free-space value,
for a/λ = 0.5 and Deff = 0.46a.
Both the radiative (dashed line) and the
guided LDOS (dotted line) are shown,
as well as their sum (solid line).

of figure 2.5. So we know how at the position of the plane ρg goes up and ρr goes down
when the effective thickness is increased.

For larger systems, for N = 10 say, the guided modes can either be localized to
individual planes or be delocalized over the entire structure. At least, this was anticipated
in section 2.4.2 when discussing the dispersion relations of the guided modes. Now we
can check this. Figures 2.6(a-b) show the radiative and guided LDOS as well as their sum,
as a function of position in and around the structure, for a frequency such that a/λ = 0.2.
Again, the densities were divided by the free space value for a good comparison. Local
densities of individual modes are plotted in figure 2.6(a). According to figure 2.4 there are
three guided modes at this frequency, with κ(10)

1 a = 0.84, κ(10)
2 a = 0.77 and κ(10)

3 a =
0.48, respectively. From figure 2.6(a) one can learn that each of these three guided modes
is delocalized over all the planes and also that every next guided mode has one extra node
in its mode density. The guided LDOS corresponds to the solid line in figure 2.6(a); it is
the sum of the contributions of the three modes and it does not behave periodically inside
the crystal.

Note that ρg(r, ω) divided by the free-space value varies around 0.7 inside the struc-
ture. The guided modes are therefore an important channel for spontaneous emission. This
is also illustrated by figure 2.6(b), where for the same frequency the guided LDOS, the ra-
diative LDOS, as well as their sum are shown. The frequency is well below the first stop
band in any direction (see figure 2.3). As is clear from figure 2.6(b), inside the structure
ρr(z, ω) is smaller than ρg(z, ω). Notice also that the sum ρr + ρg shows more periodic-
ity in the structure than ρr or ρg separately. Outside of the structure the radiative LDOS
climbs back to the free space value, showing damped oscillations; the guided LDOS drops
down to zero. The decay looks exponential with a decay length of about λ/4. In fact,
the decay is multi-exponential because all three guided modes decay with their own decay
length. Moreover, according to equation (2.50) the exponential decay does not start at the
outer planes only.

Figure 2.7(a) also shows local densities of states, but for a higher frequency such that
a/λ = 0.5. This frequency is interesting, because it is the location of the blue edge of
the first stop band in normal direction, as can be seen in figure 2.3. Light that makes
an angle θ with the normal has a first stop band that is shifted to higher frequencies,
according to Bragg’s law 2a cos θ = λ. At a/λ = 0.5, stop bands of many directions
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Figure 2.6:
Local densities of states for a crystal of plane scatterers with N = 10; densities are divided by the
free-space density. Figure (a) shows the guided-mode LDOS (solid line) at a/λ = 0.2. It is the
sum of contributions from three guided modes: the first (dotted line) without nodes, the second one
(dashed) with one node and the third guided mode (dot-dashed) with two nodes. Figure (b) shows at
the same frequency the guided LDOS (dotted line), the radiative LDOS (dashed) as well as the total
LDOS (solid line).

will overlap. Therefore it is to be expected that ρr(r, ω) is much lower than in free space.
Figure 2.7(a) shows precisely this: the ρr(r, ω) rapidly drops down to almost zero inside
the plane crystal. Actually, what we have in figure 2.7(a) is an omni-directional mirror
[59]. This can be checked by varying the angle of the incoming light in equation (2.42)
(not shown): for all angles ranging from 0 to 90 degrees, the first stop bands overlap at
a/λ = 0.5. Figure 2.7(a) suggests a working definition of a finite omni-directional mirror:
A periodic structure is an omni-directional mirror at a frequency ω when the maximum
value of ρr(z, ω)/ρ0(z, ω) in the middle unit cell is smaller than some previously agreed-
upon value σ � 1. The parameter σ denotes the maximum negligible amount of radiative
LDOS that one accepts inside a finite omni-directional mirror. For example, the structure
of figure 2.7(a) only counts as an omni-directional mirror when we accept a σ of 0.013
or larger. Only for infinite structures can one find omni-directional mirrors with σ = 0.
Although the number N of unit cells does not explicitly enter this definition, it is clear that
increasing N can help to turn a structure into an omni-directional mirror.

Figure 2.7(a) also shows that the guided LDOS ρg(r, ω) does not go to zero in the
omni-directional mirror. At a/λ = 0.5, the maximum number of ten guided modes have
appeared in the ten-plane crystal. Since inside the structure the total LDOS is almost
exclusively made up of ρg(r, ω), spontaneous emission at this frequency occurs into one
of these guided modes with almost 100 percent efficiency. Conversely, the extraction
efficiency ρr/(ρg + ρr) of light spontaneously emitted inside the crystal will be almost
zero at a/λ = 0.5.

Finally, in figure 2.7(b) the frequency is increased such that a/λ = 0.6, above the
first stop band in the normal direction (see figure 2.3). Then incident light in and around
the normal direction can enter the structure again and therefore ρr(r, ω) is nonzero inside
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Figure 2.7:
Radiative (dashed) and total (solid) LDOS of a ten-plane crystal, for a/λ = 0.5 in figure (a) and
a/λ = 0.6 in figure (b). Not shown in both is the guided LDOS, which is the difference between
total and radiative LDOS.

the crystal, as the figure shows. For this frequency, the structure is not an omni-directional
mirror for any reasonable tolerance parameter σ. The combined density of the ten guided
modes has become even more localized to the planes, which is the only thing that happens
to ρg when increasing the frequency even more. Interestingly, in between the planes the
radiative LDOS is small where the guided LDOS is large, and vice versa, so that the
variation in the total LDOS is small. Near the planes, however, the total LDOS is much
larger than the free-space value, mainly due to ρg.

In general, the radiative LDOS can not be increased much beyond the free-space
value, at least for the effective thickness Deff = 0.46a that we consider. This is somewhat
surprising since individual propagating modes can be strongly resonant inside the structure
(see figure 2.2). But ρr(z, ω) is an integral (2.49) over all directions, some of resonant and
others of decaying nature. As it turns out, this does not add up to form a large increase.
Even if the fraction of light spontaneously emitted into a certain direction can be dramati-
cally increased compared to the emission in vacuum, the total emission rate into radiative
modes is not increased much.

A last remark on the mirror symmetry of the LDOS in figure 2.5. The LDOS should
of course be symmetrical in z = (N + 1)a/2. In our formalism, this corresponds to a
symmetry in the T-matrix elements: T (N)

α,β = T
(N)
N+1−α,N+1−β . In particular, this symmetry

should also be found in the residues of T (N)
α,β at the poles κ(N)

m (ω) corresponding to the
guided modes. We could use the symmetry in the plots as a check on our calculations,
because the plots were not made symmetrical ‘by hand’. Note that from Eq. (2.30) it is not
obvious whether the T-matrix elements have the required symmetry at all; in appendix A
it is shown that the matrix elements can be rewritten in a form in which the symmetry is
manifest.



2.6 Summary and conclusions 45

2.6 Summary and conclusions

In this chapter we have used the plane scatterer as our work horse and discussed its range
of validity. We put it to use in the T-matrix formalism of multiple-scattering theory. The
T-matrix of N identical and parallel planes located at arbitrary positions was found as
the inverse of a known N × N matrix, in equation (2.28); using the trick as discussed in
appendix A, in equation (2.30) an explicit expression for the T-matrix elements of a crystal
of regularly-spaced plane scatterers was given.

These analytical results enabled us to find relatively easily both the radiative modes
(in equation (2.42)) and the guided modes (defined by equation (2.45)) of a crystal con-
sisting of an arbitrary but finite number of planes. Not only individual modes, but also
the complete Green function could be found (equation (2.48)). From the Green function,
the local density of states can be calculated, which is the sum of a radiative and a guided
LDOS. The sum of the two determines the local spontaneous-emission rate and the rela-
tive contribution of the radiative to the total LDOS gives you the extraction efficiency of
spontaneously emitted light. Clearly, in order to make a connection with experiments, it is
important to know the Green function of finite crystals. The knowledge of the Green func-
tion and the LDOS is also needed for the interpretation of images recorded with a scanning
near-field optical microscope [74–76]. Here especially the LDOS near the surface of the
crystal is important.

We chose to present results for N = 10. The ten-plane crystal was shown to exhibit
stop bands. Around the frequencies of the first stop band in normal direction, guided
modes appear as delocalized over the whole crystal whereas for higher frequencies they
localize to the individual planes. Around a/λ = 0.5 the crystal is an omni-directional
mirror. We argued to consider a finite periodic structure as an omni-directional mirror if
the maximal value of the radiative LDOS in its innermost unit cell is smaller than some
previously agreed-upon finite value. The LDOS of the crystal of planes is a well-behaved
function of position and frequency. The variations inside a unit cell can be large. Evidently,
the finite translation symmetry of the LDOS is broken for the finite crystals, especially
near the surfaces. The total LDOS shows more translation symmetry than the radiative or
guided LDOS separately, which can be seen as a competition between both types of modes
with different outcomes when going from one unit cell to another.





Chapter 3

Spontaneous emission of vector
waves in crystals of plane
scatterers

The concept of a plane scatterer that was developed in the previous chapter for scalar
waves is generalized to Maxwell vector waves. T-matrices can be defined after a Green
function regularization. Optical modes and Green functions are determined and dif-
ferences with scalar waves are stressed. The theory is used to calculate position- and
orientation-dependent spontaneous-emission rates and radiative line shifts.

3.1 Multiple-scattering theory for vector waves

In section 2.1 a general introduction and motivation to study optical properties of crystals
of plane scatterers was given. Since chapter 2 dealt with scalar waves only and since
light is a vector wave, it is essential to study how the concept of a plane scatterer can be
generalized to vector waves. This is the subject of the present chapter.

The general multiple-scattering theory as introduced in section 2.2 for scalar waves
described by the Helmholtz equation, can be generalized to vector waves that satisfy
Maxwell’s equations. The notation inevitably becomes more involved: scalar quantities
such as frequency ω or components of vectors or matrices such as the wave vector compo-
nent kz will be written in standard font; vectors will be written in bold standard font, for
example the electric field “Ekσ”; finally, matrices or tensors such as the free-space Green
function “G0” will also be written bold but in a sans serif font.

The wave equation for the electric field E0(r, ω) in vacuum is{
(ω/c)2I · −∇ ×∇× }E0(r, ω) = 0. (3.1)

The symbol I denotes the identity operator in three-dimensional space. The solutions of
Eq. (3.1) are plane waves with wave vector k and polarization direction normal to k.
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With the wave equation (3.1) the free-space Green tensor (or dyadic Green function) is
associated that satisfies{

(ω/c)2I · −∇ ×∇× }G0(r, r′, ω) = δ3(r − r′)I. (3.2)

Now it will be convenient to consider Eq. (3.1) as the real-space representation of an
abstract tensor operator L(ω) acting on the vector field E0(ω), so that (3.1) in abstract
notation becomes

L(ω) · E0(ω) = 0. (3.3)

In the same notation the dyadic Green function G0(ω) satisfies

L(ω) · G0(ω) = 11 ⊗ I (3.4)

The identity operator in real space we denote by 11 and it has the property 〈r|11|r′〉 =
δ3(r − r′); confusion with the unit tensor I should not arise; the ⊗ denotes the tensor
product.

In the presence of an inhomogeneous dispersive linear dielectric, the wave equation
for the electric field is modified as follows:{

(ω/c)2I · −∇ ×∇× }E(r, ω) = − [(ε(r, ω) − 1)(ω/c)2
]
E(r, ω)

≡ V(r, ω) · E(r, ω), (3.5)

where in the last equality the frequency-dependent optical potential V was defined in terms
of the dielectric function ε(r, ω). The electric field Ein(ω) is modified into E(ω), and the
two fields are related through the Lippmann-Schwinger equation

E(ω) = Ein(ω) + G0(ω) · V(ω) · E(ω). (3.6)

The field E(ω) that satisfies Eq. (3.6) is also a solution of Eq. (3.5). The solution of
Eq. (3.6) can be found iteratively in higher and higher orders of the optical potential V:

E = Ein + G0 · V · Ein + G0 · V · G0 · V · Ein + . . . . (3.7)

So we have a multiple-scattering series for the electric field in terms of the potential, both
when the potential consists of many scatterers and when it models just a single scatterer. A
(dyadic) T-matrix can be defined that sums up how the electric field depends on incoming
field and scatterer:

E(ω) = Ein(ω) + G0(ω) · T(ω) · Ein(ω). (3.8)

This is a formal definition of the T-matrix as a 3 × 3 tensor, and by combining Eqs. (3.7)
and (3.8), the formal solution for the T-matrix is

T(ω) = V(ω) · [I − G0(ω) · V(ω)]−1
. (3.9)

The scattering problem is solved exactly once the T-matrix is known.
As we saw for scalar waves, there may exist electric field modes that are bound to

the scatterer. Such bound modes are solutions of the Lippmann-Schwinger equation in the
absence of an incident field:

E(ω) = G0(ω) · V(ω) · E(ω). (3.10)
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With the help of the formal definition (3.9) of the T matrix, we can rewrite this homoge-
neous equation as

V(ω) · T−1(ω) · E(ω) = 0. (3.11)

This equation shows that nontrivial bound solutions of the electric field will correspond
to the poles of the T-matrix. So the T-matrix not only solves the scattering problem for
incident fields but also contains all information about bound modes.

In the presence of the dielectric the Green function also changes from G0 to G and
the latter satisfies the following equation

[L(ω) − V(ω)] · G(ω) = 11 ⊗ I, (3.12)

The solution for the Green function analogous to Eq. (3.6) for the electric field is the
three-dimensional Dyson-Schwinger equation

G(ω) = G0(ω) + G0(ω) · V(ω) · G(ω). (3.13)

It can be verified that a solution of (3.13) also is a solution of equation (3.12). The problem
how to find such a solution is solved once the T-matrix (3.9) is determined, because an
iteration of Eq. (3.13) analogous to the series expansion (3.7) for the electric field shows
that the Green function can also be expressed in terms of the T-matrix:

G(ω) = G0(ω) + G0(ω) · T(ω) · G0(ω). (3.14)

The equations (3.13) and (3.14) also hold when the total potential V(ω) is a sum of single-
scatterer potentials Vα(ω). By iterating one finds that the total T-matrix for an arbitrary
number N of these scatterers is

T(N) =
∑
α

Vα +
∑

β

∑
α

Vβ ·G0 ·Vα +
∑

γ

∑
β

∑
α

Vγ ·G0 ·Vβ ·G0 ·Vα + . . . . (3.15)

Again, it is much more convenient to do the expansion in terms of the single-plane T-
matrices:

T(N) =
∑
α

Tα +
∑
β �=α

∑
α

Tβ ·G0 ·Tα +
∑
γ �=β

∑
β �=α

∑
α

Tγ ·G0 ·Tβ ·G0 ·Tα + . . . . (3.16)

The equations of multiple-scattering theory for vector waves were introduced, in the no-
tation that will be used throughout this chapter. The analogies with and differences from
scalar waves can be found when comparing with section 2.2.

3.2 Plane scatterers for vector waves

The elements of the scattering theory are the potential V, the free-space Green function G0,
the T-matrix T, and the incoming electric field Ein. Here we will determine the specific
form that these elements take for dielectrics that can be described as a collection of parallel
planes. First the free-space Green function is determined, followed by the single-plane T-
matrix and finally the T-matrix for an arbitrary number of planes.
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3.2.1 Dyadic Green function in plane representation

A solution for the dyadic Green function can be found in three-dimensional Fourier space
and by translational invariance of free space we have 〈k|G0(ω)|k′〉 = (2π)3δ3(k −
k′)G0(k, ω). The Green function G0(k, ω) that we thus defined satisfies{[

(ω/c)2 − k2
]

I + k2k̂k̂
}·G0(k, ω) = I. (3.17)

Here, k̂ denotes a unit vector in the direction of the wave vector k. Equation (3.17) is a 3×3
matrix equation whose representation diagonalizes in the polarization basis {k̂, σ̂1, σ̂2}
with the longitudinal direction k̂ and two orthogonal transverse directions σ̂1,2. Note that
this representation is co-rotating with the wave vector. The solution of (3.17) is

Gjj
0 (k, ω) =

1
(ω/c)2 − k2

Gk̂k̂
0 (k, ω) = (c/ω)2, (3.18)

where j denotes σ1 or σ2. All six non-diagonal elements of the Green tensor are zero in
this representation.

The spatial Fourier representation is not what we need. As in chapter 2, it is conve-
nient to work in the “plane representation”: in two-dimensional Fourier space in the direc-
tions parallel to the planes and in real space in the ẑ-direction perpendicular to the planes.
For the polarization representation we choose the orthonormal basis {ŝk, v̂k, ẑ}. Here, ẑ
is the unit vector in the z-direction; v̂k is the unit vector in the direction of the projection of
the wave vector k on the plane, so that the wave vector k has a wave vector component k‖
in the v̂k-direction and its full representation is (0, k‖, kz); the sk-polarization direction
is orthogonal to the optical plane that is spanned by the other two basis vectors. Then the
operator L(ω) has the form 〈k‖, z|L(ω)|k′‖, z′〉 = (2π)2δ2(k‖−k′‖)δ(z−z′)L(k‖, z, ω)
and the operator L(k‖, z, ω) has the matrix representation

L(k‖, z, ω) =


 (ω/c)2 − k2

‖ + ∂2
z 0 0

0 (ω/c)2 + ∂2
z −ik‖∂z

0 −ik‖∂z (ω/c)2 − k2
‖


 . (3.19)

The wave vector k‖ is a two-dimensional in-plane wave vector. The Green function in the
same representation becomes 〈k‖, z|G0(ω)|k′‖, z′〉 = (2π)2δ2(k‖−k′‖)G0(k‖, z, z′, ω),
and the matrix equation (3.17) becomes a system of differential equations in the plane
representation:

L(k‖, z, ω)


 Gss

0 Gsv
0 Gsz

0

Gvs
0 Gvv

0 Gvz
0

Gzs
0 Gzv

0 Gzz
0


 = δ(z − z′)


 1 0 0

0 1 0
0 0 1


 . (3.20)

The Gpq
0 are the components of G0 and the arguments (k‖, z, z′, ω) were dropped for

brevity. By choosing this representation, the matrix elements of G0 only depend on the
magnitude and not on the orientation of k‖. Evidently, all components involving an s-label
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are zero except for the ss-component that has an equation that is uncoupled from the rest.
Actually, Gss

0 satisfies the differential equation for the Green function of scalar waves that
we encountered in the previous chapter. So we have

Gss
0 (k‖, z, z′, ω) =

eikz|z−z′|

2ikz
, (3.21)

where kz is not a new independent variable different from k‖, but rather an abbreviation for√
(ω/c)2 − k2

‖. The remaining differential equations are coupled and can also be solved.

It turns out that Gvv
0 is proportional to Gss

0 that is already known. Once Gvv
0 is known,

Gzv
0 immediately follows. When solving for Gvz

0 , the equation for Gvz
0 is satisfied by

the solution for component Gzv
0 that we just found, so that the two these components are

equal. The last nonzero component Gzz
0 can then be expressed in terms of the others and

the results are

Gvv
0 (k‖, z, z′, ω) =

k2
z

(ω/c)2
eikz|z−z′|

2ikz

Gvz
0 (k‖, z, z′, ω) = − k‖kz

(ω/c)2
eikz|z−z′|

2ikz
sign(z − z′)

Gzv
0 (k‖, z, z′, ω) = Gvz

0 (k‖, z, z′, ω)

Gzz
0 (k‖, z, z′, ω) =

k2
‖

(ω/c)2
eikz|z−z′|

2ikz
+ (c/ω)2δ(z − z′). (3.22)

The above method of solving differential equations does not give a clue as to what the
value of the sign-function for z equal to z′ should be. It appears that there is another way
to obtain the results above, one that does give the value of sign(0), namely by using the
Fourier relation between the Green functions in the two representations:

G0(k‖, z, z′, ω) =
1
2π

∫ ∞

−∞
dkz G0(k‖, kz, ω) eikz(z−z′). (3.23)

The integration can only be performed in a representation that does not co-rotate with kz .
The basis of Eq. (3.18) is not adequate, but again the basis {ŝk, v̂k, ẑ} suits well. Again
we find the Green function components of Eq. (3.22), with the additional information that
integrands asymmetric in the variable kz lead to a sign-function that is zero when z equals
z′. The free-space dyadic Green function in the plane representation is now determined.

3.2.2 Attempt to define a T-matrix

The T-matrix of a plane scatterer for vector waves can be found by solving the appropriate
Lippmann-Schwinger (LS) equation (3.6), just as was done in the previous chapter for
scalar waves. A plane wave incident from z = −∞ with wave vector k and arbitrary
amplitude E0 and transverse polarization vector σk = (σs, σv, σz) is scattered by a plane
at z = zα. Because of the symmetry in the in-plane directions, it is convenient to choose
the plane representation for the LS equation. In terms of the Dirac-notation, the electric
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field is a “ket” and the plane representation is found by taking the inner product of equation
(3.6) for the electric field with the ”bra” 〈k‖, z|, and by inserting the unit operator

1
(2π)2

∫
d2k′‖dz′ |k′‖, z′〉〈k′‖, z′| (3.24)

at the positions of the dots in the representation-independent equation (3.6). The incident
field takes the form Ekσ,in(k‖, z, ω) = E0σk exp(ikzz). The solution of the LS equation
corresponding to this incident field is the field Ekσ(ω) and note that it is labelled by
the wave vector and polarization of the incoming field from which it originates. The
plane itself is described by the optical potential V(z, ω) = − [ε(z, ω) − 1] (ω/c)2I ≡
V (ω)δ(z − zα)I. Then the Lippmann-Schwinger equation in the mixed representation
becomes

Ekσ(k‖, z, ω) = E0σke
ikzz +

∫ +∞

−∞
dz′ G0(k‖, z, z′, ω) · V(z′, ω) · Ekσ(k‖, z′, ω).

(3.25)
The integral is very simple because the planes are assumed to be infinitely thin, and we get

Ekσ(k‖, z, ω) − V (ω)G0(k‖, z, zα, ω) · Ekσ(k‖, zα, ω) = E0σke
ikzz. (3.26)

The analogous equation for scalar waves could be solved at this point by putting the posi-
tion z in this equation equal to zα, solving for Ekσ(k‖, zα, ω) and putting back this result
in the above equation to obtain an expression for Ekσ(k‖, zα, ω). However, unlike the
scalar Green function g0, the Green tensor G0 is not defined when the positions z and zα

are identical, because of the delta function in the component Gzz
0 [Eq. (3.22)]. Therefore

it is impossible with this Green tensor to set up a scattering theory for vector waves scat-
tered by infinitely thin planes. In the next section we propose a regularization of the Green
function in order to overcome the problem encountered above. We could just neglect the
delta function, as is sometimes done in other calculations [77], but as we shall see later in
subsection 3.2.4, this procedure does not give the correct results in our case.

3.2.3 Regularization of the Green function

When studying multiple scattering of a wave by objects much smaller than the wavelength,
the assumption that the scatterers are infinitely thin or small can simplify the analysis
considerably. Often it is the only route to analytical results for a truly multiply-scattering
system. Thus, spatially extended physical objects are modelled as mathematical objects
with zero volume. But this simplification comes at a price. One may run into the kind of
problem encountered in the previous section, that a Green function does not have a finite
value precisely at the position of a zero-volume-scatterer. This technical complication can
be remedied by a procedure called “regularization”.

When modelling scatterers not as infinitely thin planes but as mathematical points,
the above problem of unphysical infinities shows up both for scalar and for vector waves.
For point scatterers the problem has been studied extensively and several regularization
schemes have been proposed (see [69] and references therein). In a regularization pro-
cedure usually some cutoff parameter is introduced that modifies the behavior of Green
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functions at distances much smaller than optical wavelengths and infinities are thus re-
moved.

After a successful regularization, two situations can present themselves. In the first
situation, the optical properties are not affected by the procedure, in the sense that the
value of the cutoff parameter can be chosen infinitely large in the final stage. In this first
case, the mathematical problem of an infinity could be solved with mathematics and the
scattering theory is called “renormalizable”.

In the second situation, the cutoff parameter can not be sent to infinity. It should then
be possible to express the finite cutoff parameter in terms of physical quantities. But then
it also works the other way around: physical properties depend on the cutoff parameter. In
this second situation, the theory is not renormalizable and the physical parameters together
with the cutoff parameter form an overdetermined set. The latter situation was found for
point scatterers for vector waves [69]. A T-matrix for a point scatterer could only be
defined when two regularization parameters were introduced, namely a longitudinal and a
transverse cutoff parameter. The longitudinal cutoff is related to a static quantity, namely
the natural size of the scatterer; the transverse cutoff can be expressed either in terms
of dynamic quantities (for example: resonance frequencies) or static quantities, the latter
choice depending on the physical scatterer that is modelled as a point. So much for general
remarks about Green function regularization.

In the rest of this subsection, we regularize the dyadic Green function with compo-
nents as in Eq. (3.22). We propose the same regularization procedure as was done for point
scattering, namely a high-momentum cutoff in three-dimensional Fourier space: instead
of the free-space Green function G0(k, ω) of Eq. (3.18) we use the regularized free-space
Green function G̃0(k, ω), and define the latter in terms of the former as

G̃0(k, ω) =
Λ2

Λ2 + k2
G0(k, ω). (3.27)

Here, the cutoff momentum Λ is assumed to be much larger than any optical momentum, so
that at optical wavelengths G̃0 � G0. Now we are interested what the effect of this cutoff
will be in the plane representation. For the unregularized Green function, we showed that
the plane representation could be found either by solving differential equations (3.20) or
by an inverse Fourier transform (3.23). The latter method is the simplest for finding the
regularized Green function in the plane representation, and we find:

G̃ss
0 (k‖, z, z1, ω) =

Λ2

Λ2 + (ω/c)2

(
eikz|z−z1|

2ikz
+
e−Λ‖|z−z1|

2Λ‖

)

G̃vv
0 (k‖, z, z1, ω) =

k2
zc

2

ω2
G̃ss

0 (k‖, z, z1, ω)

G̃vz
0 (k‖, z, z1, ω) = −k‖kzc

2

ω2
sign(z − z1)G̃ss

0 (k‖, z, z1, ω)

G̃zv
0 (k‖, z, z1, ω) = G̃vz

0 (k‖, z, z1, ω)

G̃zz
0 (k‖, z, z1, ω) =

k2
‖c

2

ω2
G̃ss

0 (k‖, z, z1, ω) +
Λ2 e−Λ‖|z−z1|

2(ω/c)2Λ‖
. (3.28)
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In these equations, Λ‖ is short-hand notation for
√

Λ2 + k2
‖. (Again, the sign-function is

zero when its argument is.) All components of the regularized Green tensor consist of two
parts: an oscillating and a decaying part, as a function of |z − z1|. The decay is very fast
because the decay length Λ−1 is much smaller than the optical wavelength λ = 2πc/ω.
For λ|z−z1| � 1 and Λ  λ, the regularized Green function approaches the unregularized
one. If one would take the limit of Λ → ∞, then all the components in (3.28) approach the
unregularized components of equation (3.22), and in particular the limit of the last term in
Gzz

0 gives the delta function that made the regularization procedure necessary. However,
we keep Λ finite for the moment. Unlike Gzz

0 , the component G̃zz
0 does not have a term

proportional to δ(z − z1), but it has a term that grows with Λ instead. This enables us to
set up a theory of scattering by vector waves from plane scatterers.

3.2.4 T-matrix of a plane for vector waves

In subsection 3.2.2, we stumbled on a problem to define the T-matrix of a plane for vector
waves. After completing the regularization of the Green function in subsection 3.2.3, we
now go back to the Lippmann-Schwinger equation (3.25) and replace the Green function
by the regularized one:

Ekσ(k‖, z, ω) = E0σke
ikzz +

∫ +∞

−∞
dz′ G̃0(k‖, z, z′, ω) · V(z′, ω) · Ekσ(k‖, z′, ω).

(3.29)
Now take z = zα in equation (3.29) and write it out in components:
 Es

kσ

Ev
kσ

Ez
kσ


 = E0


 σs

σv

σz


 eikzzα + V (ω)


 G̃ss

0 0 0
0 G̃vv

0 0
0 0 G̃zz

0




 Es

kσ

Ev
kσ

Ez
kσ


 . (3.30)

Here, G̃ss
0 = G̃ss

0 (k‖, zα, zα, ω) and similarly for the other components. The off-diagonal
elements of the Green tensor are all zero when the position z is equal to zα. Hence the
equation can be solved for every component separately. If we insert this result into the
Lippmann-Schwinger equation for general z, we find

Ekσ(k‖, z, ω) = Ekσ,in(k‖, z, ω) + G̃0(k‖, z, zα, ω) · T̃(k‖, ω) · Ekσ,in(k‖, zα, ω),
(3.31)

where the T-matrix for scattering from a plane by arbitrarily polarized light is given by

T̃(k‖, ω) =




V (ω)

1−V (ω)G̃ss
0

0 0

0 V (ω)

1−V (ω)G̃vv
0

0

0 0 V (ω)

1−V (ω)G̃zz
0


 . (3.32)

This T-matrix is what we were looking for. Now that it is known we can calculate trans-
mission and reflection and local densities of states as well as other physical quantities.

The scattering of the s-polarization component of the light can be considered inde-
pendently from the v̂ and ẑ directions, according to Eq. (3.31). It can be verified with
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Eqs. (3.28, 3.32) that since Λ  (ω/c), the matrix component T̃ ss for all practical pur-
poses is equal to the T-matrix for scalar waves, and the same holds for the Green tensor
component G̃ss

0 : the regularization was not necessary for s-polarized light and fortunately
it does not affect the scattering properties of s-polarized light either.

The need for regularization did show up in the description of scattering of p-polarized
light and it is interesting to analyze how the cutoff influences the scattering properties.
Assume that p-polarized light is impinging on a plane, with amplitude E0, wave vector k,
and the polarization state

σ̂ = p̂ ≡ (kz/k)v̂k − (k‖/k)ẑ. (3.33)

Written out explicitly, the incoming field is

Ekσ,in(k‖, z, ω) =


 Es

kσ,in(k‖, z, ω)
Ev

kσ,in(k‖, z, ω)
Ez

kσ,in(k‖, z, ω)


 = E0


 0

kz/k
−k‖/k


 eikzz. (3.34)

The planes do not mix the s and p-polarization so that the incoming-plus-scattered field
does not have an s-component either. For the nonzero components we find:(

Ev(z)
Ez(z)

)
=
(

Ev
in(z) + G̃vv

0 (z, zα)T̃ vvEv
in(zα) + G̃vz

0 T̃ zzEz
in(zα)

Ez
in(z) + G̃zv

0 (z, zα)T̃ vvEv
in(zα) + G̃zz

0 (z, zα)T̃ zzEz
in(zα)

)
,

(3.35)
where the labels (k‖,σ) were dropped for readability. Now for distances far enough from
the plane so that Λ|z − zα|  1, the term G̃vz

0 T̃ zz falls off as Λ−1 exp(−Λ|z − zα|) and
G̃zz

0 T̃
zz as exp(−Λ|z − zα|), so that for optical purposes these terms can be neglected.

For finite very large Λ we arrive at the following effective description:
 Es(z) − Es

in(z)
Ev(z) − Ev

in(z)
Ez(z) − Ez

in(z)


 =


 Gss

0 0 0
0 Gvv

0 Gvz
0

0 Gzv
0 Gzz

0




 T ss 0 0

0 T vv 0
0 0 0




 Es

in(zα)
Ev

in(zα)
Ez

in(zα)


 ,

(3.36)
where the ss-component of the T-matrix is equal to V (ω) [1 − V (ω)Gss

0 ]−1, and analo-
gously for the vv-component. The Green functions have arguments (k‖, z, zα, ω). In this

effective description, - where the T-matrix is denoted by T rather than T̃ - the cutoff pa-
rameter Λ does not occur anymore. The cutoff was necessary in order to set up a scattering
theory and it shows up in the elements of the scattering theory such as the T-matrix (3.32)
and the regularized Green function (3.28). But it does not show up in the electric field and
precisely this enables us to arrive at the effective description. Note also that in the effective
description the value of Gzz

0 has become irrelevant.
Can the delta function in Gzz

0 (see Eq. (3.22)) just be left out of the theory, as is
sometimes done in other work [77], and produce the same T-matrix? The answer is No.
Leaving out the delta function in the Lippmann-Schwinger equation (3.25) will result in a
nonzero T zz , in contrast with Eq. (3.36). Furthermore, the T matrix would be such that the
transmitted part of an incoming wave would not be parallel to this incoming wave, which
is unphysical. The conclusion is that a regularization of the Green function was necessary,
even when in the end the scattering theory is renormalizable, in the sense described in
section 3.2.3.
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3.2.5 Transmission and energy conservation

The transmission of light through the plane can be found by choosing z > zα in Eq. (3.36).
The transmitted wave can be expressed in terms of the incoming wave as Ekσ(k‖, z, ω) =
τ (k‖, ω) · Ekσ,in(k‖, z, ω), with the transmission matrix

τ (k‖, ω) =


 τss(k‖, ω) 0 0

0 τvv(k‖, ω) 0
0 τzv(k‖, ω) 1


 (3.37)

which has nonzero elements τjj(k‖, ω) =
[
1 − V (ω)Gjj

0 (k‖, zα, zα, ω)
]−1

for j = s, v.

Furthermore, τzv(k‖, ω) = Gzv(k‖, zα, zα, ω)T vv(k‖, ω). With the help of Eqs. (3.22,
3.34, 3.36) one can find that both for s-polarized and for p-polarized light, the transmitted
electric field is a polarization-dependent scalar times the incoming electric field vector.
In other words, after transmission the direction is unchanged but the amplitude can be
different from the incoming wave.

Now we can ask which forms the T-matrix can take such that energy is conserved in
the scattering process. This has been analyzed for scalar waves before and since s-waves
map on scalar waves, we know the optical theorem for the ss-component of the T matrix:

Im T ss(k‖, ω) = −1
2
|T ss(k‖, ω)|2

kz
. (3.38)

The most general T-matrix satisfying this requirement has the form

T ss(k‖, ω) = − [F−1
s (k‖, ω) − i/(2kz)

]−1
, (3.39)

with the optical potential Fs(k‖, ω) being a real-valued function.
Energy conservation of light implies a conservation of the ẑ-component of the Poynt-

ing vector before and after the plane. For reflection and transmission of p-polarized light,
only the matrix element T vv is important and again we are interested in the form that this
matrix element can take. An incoming plane p-wave with polarization (3.33) gives the
electric field (3.36) and with a Maxwell equation the accompanying magnetic field can
also be found. The Poynting vector is then [45]

S(r, t) =
c

2πµ0
Re [E∗(r, t) × B(r, t)] . (3.40)

First transform the equations to frequency space. At the side of the plane where light is
reflected (z < zα), the Poynting vector is then proportional to 1 − (kzc/ω)2|T vv|2/4.
This should be equal to |1− ikz(c/ω)2T vv/2|2, the expression that one finds for the other
side. From energy conservation one can obtain the optical theorem for the scattering of
p-polarized light by a plane:

Im T vv(k‖, ω) =
−kz

2(ω/c)2
|T vv(k‖, ω)|2. (3.41)



3.2 Plane scatterers for vector waves 57

This expression differs from the optical theorem for s-polarized light. Also, the most
general solution of the optical theorem is different:

T vv(k‖, ω) = −
[
F−1

p (k‖, ω) − ikz

2(ω/c)2

]−1

, (3.42)

where the optical potential Fp(k‖, ω) is real.

3.2.6 T-matrix for N planes

The Green function and the T-matrix of a single plane are known now, and with this a
multiple-scattering theory can be set up. Assume now that there are N plane scatterers
placed at arbitrary positions. Assume them to be parallel, so that s- and p-polarized light do
not mix in the scattering process. Consequently, an N -plane T-matrix can be determined
for s- and p-polarized light separately. The N -plane T-matrix for s-waves is equal to the
N -plane T-matrix for scalar waves, which was derived in the previous chapter. Here, we
can concentrate on the N -plane T-matrix of p-polarized light. We repeat the formal sum
(3.16) for a T matrix of N scatterers

T(N) =
∑
α

Tα +
∑
β �=α

∑
α

Tβ ·G0 ·Tα +
∑
γ �=β

∑
β �=α

∑
α

Tγ ·G0 ·Tβ ·G0 ·Tα + . . . . (3.43)

In Eq. (3.43) the Green functions are always sandwiched between T-matrices of planes
at different positions. The values of G0(k‖, zβ , zα, ω) with zβ �= zα are finite. There-
fore, once the single-plane T matrix is defined with the help of a regularization, it is not
necessary to perform another regularization in order to find the N -plane T-matrix. One
could argue that for consistency all Green functions in (3.43) should be replaced by the
regularized ones, for without the regularization the T matrices would not even be defined.
In practice, however, the differences between G0 and G̃0 can be neglected, because the
planes are assumed to be at optical distances apart such that Λ|zα − zβ |  1 even for the
planes α and β closest to each other.

With the explicit form for the Green tensor and the T-matrices known, the series (3.43)
can be summed exactly, each component separately and analogously to the scalar case in
the previous chapter. This gives the central result of this section, the N -plane T-matrix for
scattering by vector waves:

T(N)(ω) =
1

(2π)2

∫
d2k‖

N∑
α,β=1

|k‖, zα〉〈k‖, zβ | T(N)
αβ (k‖, ω) (3.44)

The only two nonzero spatial components of the 3 × 3 T matrices T(N)
αβ are

T
ss,(N)
αβ (k‖, ω) = T ss(k‖, ω)

[
11 −Ds(k‖, ω)T ss(k‖, ω)

]−1

αβ

T
vv,(N)
αβ (k‖, ω) = T vv(k‖, ω)

[
11 −Dv(k‖, ω)T vv(k‖, ω)

]−1

αβ
(3.45)
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The N2 matrix elements (Dj)αβ are defined as (1− δαβ)Gjj
0 (k‖, zα, zβ , ω), for j = s, v.

The calculation T(N) boils down to the inversion of anN×N matrix for the two transverse
polarization directions separately. The ss-component is identical to the T-matrix T (N) for
scalar waves.

The trick of the analytical inversion of T ss,(N) that was presented in appendix A
and used in the previous chapter can be accomplished for T vv,(N) as well: ν = νs ≡
−2ikz/T

ss(k‖, ω) should be replaced by νp ≡ −2i(ω/c)2/[kzT
vv(k‖, ω)]. The deriva-

tion will not be repeated here, but we will give some results. In the first place, the Bloch
wave vector Kp for p-polarized light reflected by planes separated by a distance a is given
by arccos(Cp)/a, with

Cp = cos(kza) +

(
ikz

[
kz|T vv|2 + 2(ω/c)2ImT vv

]
+ 2kz(ω/c)2ReT vv

k2
z(ReT vv)2 + [2(ω/c) + kzImT vv]2

)
sin(kza).

(3.46)
In general, Cp is a complex constant. However, if there is no light absorption in the planes
so that the optical theorem (3.41) holds, then the imaginary part of Cp becomes identically
zero. (For s-polarization we saw the same thing happening: without absorption, Cs is
real.) For p-polarized light with wave vector and frequency such that |Cp| > 1, the Bloch
wave vector is complex. The system of planes has a stop band for this light, meaning that
the light will be 100% reflected when falling on a semi-infinite system of planes. If the
optical theorem indeed holds, then the single-plane T-matrix is of the form (3.42) and the
expression (3.46) can be simplified to give

Cp = cos(kza) −
kzc

2Fp(k‖, ω)
2ω2

sin(kza). (3.47)

3.2.7 A model for the optical potential

The most general T-matrix for p-waves (3.42) features an as yet unspecified optical po-
tential that should be real when energy is conserved but for the rest it can be an arbitrary
function of the in-plane wave vector and frequency. Until now we assumed that the optical
potential F (k‖, ω) was only frequency-dependent and we called it −V (ω), thereby ne-

glecting spatial dispersion and anisotropy that would show up as a k‖- and k̂‖-dependence,
respectively. Both were neglected as early as in the wave equation (3.5).

In chapter 2 plane scatterers were introduced as a simplified model for dielectric slabs
of finite thickness d and nondispersive dielectric function ε(ω) = ε. Recall that the optical
potential for the plane scatterer in this model is obtained via the limiting process of making
the dielectric slab thinner and increasing the polarizability ε−1 while keeping their product
constant and equal to an “effective thickness”. Now for vector waves we use the same
procedure and for both s- and p-polarized light we find the optical potential F (k‖, ω) =
−V (ω) = Deff(ω/c)2, with the effective thickness Deff equal to d[ε(ω) − 1].

One can hope that transmission and reflection properties of a plane scatterer and a
finite dielectric slab do not differ much. In this respect, p-polarized light is different from
s-polarized light. When light in a medium with refractive index n1 meets an interface with
a second medium with refractive index n2 > n1, then there is a typical angle of incidence,
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called the Brewster angle, for which all p-polarized light is reflected. (For s-polarized light
there is no such angle.) The Brewster angle θB depends on the refractive-index contrast in
the following way:

θB = tan−1(n2/n1). (3.48)

In the limiting procedure for going from a finite slab-in-air to an infinitely thin plane-in-
air, the dielectric contrast

√
ε/1 is going to infinity and consequently the Brewster angle

becomes 90◦ in that limit, so that effectively the Brewster effect becomes invisible. There-
fore, in our limiting procedure, a plane scatterer will not have a Brewster angle at the same
angle as the finite dielectric slab that one tries to model with it.

3.3 Optical modes and omnidirectional mirrors

3.3.1 Propagating modes

The optical modes are the harmonic solutions of the wave equation (3.5). These modes are
also the solutions of the Lippmann-Schwinger equation, which is solved once the T-matrix
of the total scattering system is found:

Ekσ(k‖, z, ω) = E0σke
ikzz +

∑
α,β

G0(k‖, z, zα, ω) · T(N)
αβ (k‖, ω) · σkE0e

ikzzβ . (3.49)

The modes that correspond to an incoming plane wave (E0 �= 0) are the propagating modes
(or: radiative modes) and they are labelled by the incoming wave vector k and polarization
σk. The s-polarized modes [with σk = (1, 0, 0)] are identical to the modes for scalar
waves derived in the previous chapter. The p-polarized modes [σk = (0, kz/k,−k‖/k)]
are the new ones.

Mode functions are complex functions of position and mode profiles are their absolute
values squared. Mode profiles for s-polarized light are identical to the mode profiles of
scalar waves that were discussed in chapter 2. We choose the light as incoming from the
left. If in particular we choose light of frequency such that a/λ = 0.5, then the mode pro-
files of s-polarized light will correspond to the scalar mode profile of the same frequency
in figure 2.2. For perpendicularly incident light, there is no difference between s- and p-
polarization. In figure 3.1 the mode profiles for s- and p-polarized light inside a ten-plane
crystal are compared both for an incoming angle of 30◦ and for 60◦. In figure 3.1(a) we
see that at an angle of 30◦ the mode profiles corresponding to both polarizations do not
differ much yet. Both modes decay rapidly inside the crystal structure and are reflected
(almost) completely. Only for the s-wave the polarization directions of the incoming and
the reflected wave are equal, so that the amplitude of its mode profile at the left side of the
crystal is four times the amplitude of the incoming electric field. The Bloch wave vectors
are imaginary for both polarizations.

The situation is different at an incoming angle of 60◦ as shown in figure 3.1(b): there
the mode profile of the s-polarized light again rapidly decays inside the crystal (and the
corresponding Bloch wave vector will again be imaginary), whereas the p-polarized light
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Figure 3.1:
Squares of absolute values of mode functions for s-polarized (solid lines) and p-polarized light
(dashed lines), as a function of position. The light is scattered by a crystal of ten planes with Deff =
0.46a, separated by a distance a. Both modes correspond to light incoming from the left with
a/λ = 0.5. Figure (a): θin = 30◦; figure (b): θin = 60◦.

can propagate inside the crystal (so the Bloch wave vector is real) and the light is trans-
mitted almost completely. For this frequency and incoming angle, the crystal is a good
polarization filter.

Note in figures 3.1(a,b) that the mode profiles of the s-polarized waves are continuous
whereas p-polarized waves form more irregular patterns and are discontinuous at the po-
sitions of the planes. This reflects the boundary conditions that are automatically satisfied
by the modes that we find by multiple-scattering theory: the tangential components of the
electric fields must be continuous and the normal components show a jump at a dielectric
interface. Now the electric field of s-polarized light only has a tangential component and
p-polarized light consists of both a tangential and a normal component. This explains the
differences in the mode profiles for s- and p-waves.

One can also compare reflection by the ten-plane Bragg mirror as a function of fre-
quency for the two polarization directions. This is plotted in figure 3.2. For light incident
perpendicularly to the planes, both transverse polarization vectors are equivalent and ac-
cordingly in figure 3.2(a), s- and p-polarized light show identical reflection characteristics
as a function of frequency. This reflection plot is identical to the one for scalar waves in
the previous chapter. Differences between the two polarizations do appear for non-normal
incidence. In figure 3.2(b) the incident angle is 30◦ and in figures (c)-(d) the incident angle
is increased further. The red edges of the stop bands for s-polarized light move to higher
frequencies and the widths of the stop bands become larger. For p-polarized light on the
other hand, the red edges of the stop bands also shift to the blue, and faster so for larger
incident angles. In contrast, the stop bands for p-light become narrower while moving to
higher frequencies. In figure (d) for an incident angle of 80◦, the first stop band for p-
polarized light has even moved out of the picture, while the s-stop band has become very
broad. It is harder for the ten-plane crystal to stop p-polarized light than to stop s-polarized
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Figure 3.2:
Reflection off a ten-plane crystal, as a function of a/λ, for s-polarized light (solid lines) and p-
polarized light (dashed lines). Incoming angles are 0◦, 30◦, 60◦ and 80◦. The planes have effective
thickness Deff = 0.46a and they are separated by a distance a.

light.
In the previous chapter we showed that a ten-plane crystal can act as an omnidirec-

tional mirror for scalar waves. But is this crystal also an omnidirectional mirror for vector
waves? For s-polarized light we know that there are frequency intervals in which light
coming from all directions is reflected, because the s-waves map on the scalar waves. So
here we need to analyze whether there are also such frequency intervals for p-waves and
if so, whether any s- and p-frequency intervals have an overlap. Only in the latter case can
we speak of an omnidirectional mirror for light.

It is the Bloch wave vector that distinguishes between light that can propagate inside a
crystal and light that feels a stop band: a real Bloch wave vector corresponds to propagat-
ing light and a complex Bloch wave vector to light that is reflected off the crystal. In our
formalism, the Bloch wave vectors are the arc cosines of the constants Cs and Cp. Now
for light of a frequency corresponding to a/λ = 0.5 and planes with Deff = 0.46a we
know that s-waves are reflected omnidirectionally. In figure 3.3 we plot both constants for
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Figure 3.3:
Constants Cs and Cp as a function of
angle of the incoming light, for the pa-
rameters a/λ = 0.5 and Deff = 0.46a.
Regions where −1 ≤ C ≤ 1 corre-
spond to propagating waves inside the
crystal.

this frequency, as a function of angle of the incident light. Unlike for s-waves, for p-waves
there are incident angles larger than the critical angle θc � 55◦ for which the values of Cp

are between -1 and 1. Light incident with these large angles can propagate inside the crys-
tal and therefore the crystal is not an omnidirectional mirror for this frequency. Actually,
this information could already be read off from the mode profile in figure 3.1(b). However,
the conclusion does not only hold for the specific parameter values that we chose: if we
choose Deff larger then θc moves up to larger angles, but it can be shown by expanding
Eq. (3.47) around θin = 90◦ that for every finite Deff and a/λ there always is a finite
interval of angles corresponding to propagating p-polarized light. So strictly speaking,
omnidirectional mirrors for vector waves can not be made with equidistant identical plane
scatterers, but it is possible to block incident light from almost all directions.

3.3.2 Guided modes

We have found the propagating modes of vector waves near plane scatterers but these do
not necessarily form the complete set of modes. As pointed out in section 3.1, a scattering
problem can also have bound modes that do not correspond to incoming light. By sol-
ving the Lippmann-Schwinger equation without an incoming field, modes of scalar waves
bound or guided by one or more plane scatterers were found in section 2.4.2. Later on,
in section 2.5, it was shown that with each guided mode a nonzero local density of states
is associated. One can also turn it around and try and find guided modes by looking for
values of k‖ > ω/c corresponding to a nonzero density of states. It is the latter approach
that we follow here for vector waves, because it directly allows us to use the effective
description (3.36) for the T-matrix.

For vector waves, the local density of states is a tensor proportional to the imaginary
part of the Green tensor G(r, r, ω). In planar geometries the latter can best be found as an
integral over the Green tensor in the plane representation:

G(r, r, ω) =
1

(2π)2

∫
d2k‖G(k‖, z, z, ω). (3.50)

Clearly, the local density of states can only be nonzero if the imaginary part of the in-
tegrand in (3.50) is nonzero. A guided mode manifests itself when this integrand has a
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nonzero imaginary part for a certain k‖ > ω/c. For the crystals of plane scatterers the
Green tensor directly follows from the Dyson-Schwinger equation:

G(k‖, z, z′, ω) = G0(k‖, z, z′, ω)+
N∑

α,β=1

G0(k‖, z, zα, ω)·T(N)
αβ (k‖, ω)·G0(k‖, zβ , z

′, ω).

(3.51)
All the components of G0(k‖, z, z′, ω) become real quantities for k‖ > ω/c. This means
that there is no density of states corresponding to guided modes in free space, and this
comes as no surprise. Therefore, equation (3.51) tells us that the imaginary part of the
Green tensor G can only be nonzero when at least one of the two spatial components of the
N -plane T matrix T(N) has a pole. These components T ss,(N)

αβ (k‖, ω) and T vv,(N)
αβ (k‖, ω)

are given in equation (3.45).
First look for the poles of the component T ss,(N)

αβ (k‖, ω). This is easy, because this

component is identical to the N -plane T matrix T (N) for scalar waves, as presented in
the previous chapter. So we find that there are at most N guided modes corresponding to
s-polarized light in a crystal of N planes. The dispersion relations of these guided modes
are given in figure 2.4.

Are there also guided modes corresponding to p-polarized light in a crystal of N
planes? This question will be addressed in some detail now. We need to find the poles
of the component T vv,(N)

αβ (k‖, ω). They occur when the determinant det[(Tvv,(N))−1] is
equal to zero. An expression for this determinant can be found if one replaces νs by νp

(as defined in section 3.2.6) in the expression A.14 for the corresponding determinant for
s-polarized light. The result is that for p-polarized light a guided mode exists when the
following equation is satisfied:

2(ω/c)2 sin[(N + 1)Kpa] + [κF − 2(ω/c)2]e−κa sin(NKpa) = 0, (3.52)

where κ is defined as −i
√

(ω/c)2 − k2
‖. The Bloch wave vector Kp is still defined as a−1

times the arc cosine of the constant Cp (Eq. (3.47)), but in terms of κ it reads

Cp = cosh(κa) +
κc2F

2ω2
sinh(κa). (3.53)

Equation (3.52) should lead to the dispersion relations ω(κ) for the guided modes, if they
exist. When increasing the frequency, new guided modes appear that at first are only just
captured by the structure so that κ = 0+. As we did for s-polarized guided modes, we
look for the guided modes in this small-κ limit. Note that for κ very small and positive,
the constant Cp can be written as 1 + (χκ)2/2, up to second order in κ, with χ defined as
a
√

1 + Fc2/(2aω2). We can estimate the Bloch wave vector for small κ as follows:

Cp = 1 + (χκ)2/2 + o(κ3) = cosh(χκ) + o(κ3) ⇒ Kp = iχκ/a (3.54)

It follows that for small and positive κ, solutions of equation (3.52) will only exist when
sinh[(N + 1)χκ] equals sinh(Nχκ), or equivalently χ = 0. If for the optical potential
we take F = Deff(ω/c)2, then we find that there are guided modes for p-polarized light
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whenever 1+Deff/(2a) = 0. So in a crystal ofN planes with a positive effective thickness,
there are no guided modes corresponding to p-polarized light. This is in agreement with
the result in [65] for infinite crystals.

In conclusion, all guided modes in the finite crystal of plane scatterers correspond to
s-polarized light and their properties have already been studied in the previous chapter. For
dielectric slabs of finite thickness it is known that s-waves can be guided more easily than
p-waves [60]. The non-existence of guided p-waves for plane scatterers is a manifestation
of this difference between the two polarization directions.

3.4 Spontaneous emission

3.4.1 General theory applied to planes

The spontaneous emission rate Γ of an atom embedded in an inhomogeneous dielectric is
given by [11]

Γ(µ,R,Ω) = π
∑

l

ωl

2�ε0
|µ · El(R)|2 δ(ωl − Ω). (3.55)

This can be found by applying Fermi’s golden rule. The spontaneous-emission rate (3.55)
depends on the atomic transition frequency Ω, on the z-coordinate of its position R =
(x, y, z) and on the magnitude and orientation of its dipole moment µ. The El are the
normal mode solutions of the wave equation (3.5) for the electric field. The spontaneous-
emission rate can alternatively be expressed in terms of the Green function of the medium.
A derivation will be presented in section 5.3.1, but the rate to be found in Eq. (5.36) will
already be used now:

Γ(µ,R,Ω) = − 2Ω2

�ε0c2
Im [µ · G(R,R,Ω) · µ] . (3.56)

Here, G is the dyadic Green function of the electric-field wave equation (3.5). For systems
consisting of dielectric layers (not necessarily plane scatterers), it is easiest to first calcu-
late the Green function in the plane representation G(k‖, z, z,Ω). We only need to Fourier
transform this Green function to real space as in Eq. (3.50) in order to find the Green
function of Eq. (3.56) that determines the spontaneous-emission rates. A slight compli-
cation is that until now we chose a representation for G(k‖, z, z,Ω) which is co-rotating
with the incoming wave vector k‖ that we now want to integrate over. We need a fixed
basis {x̂, ŷ, ẑ} and we can choose it such that the atomic dipole becomes (µx, 0, µz) in
the new representation. We perform the two-dimensional integral

∫
d2k‖ by writing it in

polar coordinates
∫∞
0

dk‖k‖
∫ 2π

0
dk̂‖. By doing the angular integral first, only diagonal

elements of the dyadic Green function survive. The total spontaneous emission-rate is the
sum of two contributions, the perpendicular and the parallel decay rate, which are given
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by, respectively,

Γz(z,Ω) = −3cΓ0µ
2
z

Ωµ2
Im
∫ ∞

0

dk‖k‖Gzz(k‖, z, z,Ω) (3.57)

Γx(z,Ω) = −3cΓ0µ
2
x

Ωµ2
Im
∫ ∞

0

dk‖k‖
Gss(k‖, z, z,Ω) +Gvv(k‖, z, z,Ω)

2
.(3.58)

The parallel decay-rate has a contribution both from s- and p-polarized light (Gss andGvv ,
respectively) whereas the perpendicular decay-rate only has a p-polarized decay channel
(through Gzz). When the dipole is oriented parallel to the plane, the perpendicular decay-
rate is zero, and vice versa. The spontaneous-emission rates in Eq. (3.57) and (3.58) are
integrals over all possible lengths of the in-plane wave vector. Both rates can be subdivided
into a propagating (or radiative) rate corresponding to the integration of k‖ from 0 to ω/c,
and a guided rate which is the integral from ω/c to infinity.

More precisely, we can subdivide the parallel decay-rate into three parts: an s-polarized
radiative rate (sr), a p-polarized radiative rate (pr) and an s-polarized guided rate (sg).
There are no guided modes for p-polarized light and as a consequence the Green tensor
Gzz has no imaginary part (zero density of states) for k‖ > ω/c. The perpendicular
decay-rate Γz is therefore purely radiative:

Γsr
x (z, ω) = −3cΓ0

2Ω

(
µx

µ

)2

Im
∫ ω/c

0

dk‖k‖Gss(k‖, z, z,Ω), (3.59a)

Γpr
x (z,Ω) = −3cΓ0

2Ω

(
µx

µ

)2

Im
∫ ω/c

0

dk‖k‖Gvv(k‖, z, z,Ω), (3.59b)

Γsg
x (z,Ω) = −3cΓ0

2Ω

(
µx

µ

)2

Im
∫ ∞

ω/c

dk‖k‖Gss(k‖, z, z,Ω), (3.59c)

Γz(z,Ω) = −3cΓ0

Ω

(
µz

µ

)2

Im
∫ ω/c

0

dk‖k‖Gzz(k‖, z, z,Ω). (3.59d)

With all the spontaneous-emission rates spelled out now, let us first study spontaneous-
emission rates near a single plane.

3.4.2 Spontaneous emission near one plane scatterer

The Green function in the plane representation can be calculated directly using the single-
plane T-matrix T of section 3.2.6 in the Dyson-Schwinger equation

G(k‖, z, z′, ω) = G0(k‖, z, z′, ω)+G0(k‖, z, zα, ω)·T(k‖, ω)·G0(k‖, zα, z
′, ω). (3.60)

This Green function can be used in the expressions of the previous section 3.4.1 to obtain
spontaneous-emission rates near a single plane.

What happens to the spontaneous-emission rates very close to the plane? (By “close”
it is meant: at distances small compared to the wavelength of light, but still large com-
pared to atomic distances where local-field effects come into play that we do not consider
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Figure 3.4:
Spontaneous-emission rates of dipoles
with zero distance to the single plane
scatterer, as a function of the dimen-
sionless parameter ξ = πDeff/λ. Solid
line: the rate Γx, which is the sum of a
rate into radiative (dashed line) and into
guided modes (dotted line). The rate Γz

is the dash-dotted line.

here.) In the limit that the atomic position z becomes equal to the plane position zα, the
spontaneous-emission rates for the two orientations can be calculated analytically. Let
Γ0 be the spontaneous-emission rate in vacuum, equal to µ2Ω3/(3π�ε0c

3). For a dipole
perpendicular to the planes we find

Γz(zα,Ω) = Γ0

(
2 +

3
2ξ2

)
− 3

2
Γ0

(
1 +

1
ξ2

)
arctan(ξ)

ξ
, (3.61)

where the dimensionless parameter ξ is defined as πDeff/λ. The three contributions to
the parallel decay-rate at the position of the plane can also be expressed in terms of the
parameter ξ alone:

Γsr
x (zα,Ω) =

3
4
Γ0 [1 − ξ arctan(1/ξ)] , (3.62a)

Γpr
x (zα,Ω) =

3
4ξ2

Γ0

[
1 − arctan(ξ)

ξ

]
, (3.62b)

Γsg
x (zα,Ω) =

3πξ
4

Γ0. (3.62c)

In figure 3.4 the relative rates are plotted as a function of ξ. The results can be checked
in two limiting cases: the weakest test is the limit of invisible planes where Deff = 0 and
therefore ξ = 0. Then both Γz and Γx approach the free-space value, as they should. The
other test is the limit of a perfect mirror, when ξ = Deff = ∞. This limit is not visible
in the figure, but we find Γz/Γ0 = 2 and Γx/Γ0 = 0. To be precise, we first have taken
the limit of the perfect mirror and then come closer with the atom to the mirror. In doing
so, the contribution to the spontaneous-emission rate of the guided waves goes to zero.
Taking the limits in the reverse order would give the unphysical result that the contribution
of the guided waves diverges when the positions of the atom and mirror coincide. The
spontaneous-emission rates for atoms near perfect mirrors agree with the values in the
literature [16, 78]. These results can be explained in terms of constructive or destructive
interference of the light emitted by the atom and its perfect mirror image.
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Figure 3.5:
Spontaneous-emission rates of dipoles near a single partially transmitting plane scatterer, relative to
Γ0. Solid lines correspond to total spontaneous-emission rates Γx for dipoles parallel to the plane,
dotted lines are radiative contributions to Γx, and the dashed lines denote Γz . In (a), the effective
thickness Deff of the plane equals 0.46a and in (b) Deff = 10a.

In our model, effects on spontaneous emission become more pronounced when the pa-
rameter ξ is larger and this can be accomplished by choosing a higher frequency. However,
this only makes sense physically in the frequency regime where we can neglect dispersion
in the dielectric function ε(ω) of the dielectric slabs that are being modelled. Otherwise,
the dispersion shows up in the effective thickness Deff = d[ε(ω) − 1], with the effect
that there is a frequency for which the parameter ξ is maximal. Dielectrics do not make
perfect mirrors for high frequencies. Theoretically, this point is important for a consistent
description of quantum optics in dielectrics [79].

In figure 3.5(a), spontaneous-emission rates as a function of position are plotted for
Deff = 0.46a. The values for z = 0 are finite in both cases (although not shown in
figure 3.5) and indeed correspond to Eqs. (3.61) and (3.62a). For both dipole orientations,
far away from the plane the rate approaches the free-space value. Close to the plane,
Γz is increased; the Γx is also larger than Γ0, but this decay-rate consists of a rate into
propagating modes that is less than Γ0 and a guided-mode-rate. The contributions of
radiative and guided s-waves for an atom with µ = µx are the same as for scalar waves
with “scalar dipole moment” µ, but since the total decay-rate Γ0 for vector waves is larger
than for scalar waves, the relative contributions of s-waves to Γ/Γ0 are smaller for vector
waves (by a factor 3/4). In figure 3.5(b), the same rates are plotted, but now for a much
better reflecting plane with an effective thickness ofDeff = 10a. There the limiting values
of spontaneous-emission rates near the plane are approached: Γz climbs up but does not
reach the value of 2Γ0 yet, whereas the propagating part of Γx is practically zero whenDeff

equals 10a. The partial emission-rate into the guided mode has a much larger amplitude
near the plane but falls off much more rapidly away from the plane.
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3.4.3 Spontaneous emission near a ten-plane scatterer

In our formalism we can study spontaneous-emission rates in the vicinity of an arbitrary
number of planes. Here we choose to present results for N = 10, as we did for scalar
waves. The spontaneous-emission rates calculated in this section are based on Eqs. (3.59a-
3.59d). The following Dyson-Schwinger equation gives the relevant Green functions in
terms of the T-matrix of section 3.2.6:

G(k‖, z, z′, ω) = G0(k‖, z, z′, ω)+
N∑

α,β=1

G0(k‖, z, zα, ω)·T(N)
αβ (k‖, ω)·G0(k‖, zβ , z

′, ω).

(3.63)
The first thing that one should like to do in a formalism for vector waves is to compare the
total emission rates for dipoles parallel (Γx, solid lines) with dipoles perpendicular (Γz ,
dashed lines) to the planes. In figure 3.6(a-d) orientation-dependent spontaneous-emission
rates are plotted for several frequencies. For clarity in the pictures, the positions of the
planes at 1, 2, ..., 10 are not shown as vertical lines this time. The most striking difference
is that Γx becomes very spiky near the planes because of the guided modes to which only
parallel dipoles can couple in the vicinity of the planes. We can also see that Γz , which
is purely radiative, on average increases due to the presence of the planes whereas the
radiative part of Γx on average decreases near the planes. In the previous section we saw
the same trend near a single plane where in the limit of a perfect mirror Γx/Γ0 → 0
and Γz/Γ0 → 2. Figure 3.1 showed that the optical modes of p-polarized light have
discontinuities at the plane positions. There are also discontinuities in the spontaneous-
emission rates, but these discontinuities are too small to be visible in figure 3.6. They are
small because the discontinuities per mode are averaged in the emission rate.

The dotted lines in figure 3.6 are the radiative parts of Γx. These are similar to the
radiative rates for scalar waves, but not identical since in Γx not only s-polarized light but
also p-polarized light contributes. In particular, far away from the planes, the emission
rate of dipoles parallel to the planes consists of 75 percent s-polarized and 25 percent
p-polarized light.

For scalar waves the ten-plane structure can act an omnidirectional mirror, whereas in
section 3.3.1 it was found that it is not an omnidirectional mirror for vector waves. Cor-
respondingly, the radiative LDOS for scalar waves at a/λ = 0.5 dropped down to (almost)
zero inside the ten-plane omni-directional mirror, whereas the emission rates in figure
3.6(c) show that the radiative LDOS for vector waves stays nonzero inside the crystal. In
the inner unit cells, dipoles parallel to the planes emit predominantly guided light, but the
small amount of light that leaves the structure is strongly p-polarized. This is the case
around a/λ = 0.5 only, where s-polarized light is omnidirectionally reflected; at higher
and lower frequencies the emitted light can have both polarization directions.

3.5 Radiative line shifts

Not only spontaneous-decay rates change inside a dielectric medium, but there are also
radiative shifts of the atomic transition frequencies. Both effects will be derived in detail
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Figure 3.6:
Spontaneous-emission rates Γx (solid line) and Γz (dashed) near a ten-plane crystal. The dotted line
is the radiative part of Γx. The figures (a)-(d) correspond to four frequencies: (a) a/λ = 0.2; (b)
a/λ = 0.4; (c) a/λ = 0.5; (d) a/λ = 0.6.

in section 5.3.1. As given in Eq. (5.38), the atomic transition frequency in a medium will
be shifted with respect to the value Ω in free space by an amount

∆(R,Ω) =
(
µ2Ω2

�ε0c2

)
Reµ̂ · [G(R,R,Ω) − G0(R,R,Ω)] · µ̂, (3.64)

which depends both on position and frequency. In a T-matrix formalism, the Green func-
tion is the sum of the free-space Green function and the term G0 · T · G0, see Eq. (3.63).
Line shifts are therefore determined by the latter term only. Proceeding much the same
way as for the decay rates in section 3.4.1, the line shift at position R = (x, y, z) in a
crystal of plane scatterers is found to be

∆(R,Ω) =
(

3cΓ0

2Ω

)
Re

[
µ2

x

2µ2
(Is + Iv) +

µ2
z

µ2
Iz

]
, (3.65)
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Figure 3.7:
Line shifts of the optical transition frequency relative to the free-space value Ω. Shifts are given as a
function of the distance of the atom to a single plane, both for atoms with dipole moments pointing
parallel (solid lines) and perpendicular (dashed lines) to the plane. Shifts are scaled to the free-space
decay rate Γ0. In (a), Deff = 0.46a and in (b) Deff = 10a. In both figures, a/λ = 0.5.

where the integrals Is, Iv and Iz are given by

Is =
∑
αβ

∫ ∞

0

dk‖k‖Gss
0 (k‖, z, zα,Ω)T ss

αβ(k‖,Ω)Gss
0 (k‖, zβ , z,Ω), (3.66)

Iv =
∑
αβ

∫ ∞

0

dk‖k‖Gvv
0 (k‖, z, zα,Ω)T vv

αβ(k‖,Ω)Gvv
0 (k‖, zβ , z,Ω), (3.67)

Iz =
∑
αβ

∫ ∞

0

dk‖k‖Gzv
0 (k‖, z, zα,Ω)T vv

αβ(k‖,Ω)Gvz
0 (k‖, zβ , z,Ω). (3.68)

In these integrals, the magnitude k‖ of the wave vector parallel to the planes goes from
zero to infinity. The matrix elements T s

αβ(k‖, ω) in the integral Is have poles on the real-
k‖ axis corresponding to the guided modes. The real part of Is can be evaluated by taking
the Cauchy principal-value integral at these poles. Although there are no guided modes
for p-polarized light, there is a nonzero contribution to the integral Iz from in-plane wave
vectors larger than Ω/c. There was no such contribution to the spontaneous-emission rate
Γz in Eq. (3.59d). The difference stems from the fact that the decay rate is an on-shell
quantity, whereas line shifts ∆(Ω) have off-shell contributions. In other words, unlike the
rate Γ(Ω), the shift ∆(Ω) also depends on optical modes with eigenfrequencies different
from Ω. Actually, it is a weighted sum over all optical modes.

In figure 3.7(a), line shifts are presented as a function of distance to a single plane, for
dipoles pointing parallel and perpendicular to the plane. Away from the plane, the shifts
show damped oscillatory behavior. The magnitudes are very small, typically ten percent
or less of the free-space decay rate. Close to the planes, the off-shell contributions of
large wave vectors become important. For both dipole orientations, the line shifts even
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diverge when approaching the plane. At distances on the order of 0.1λ and smaller, the
perpendicular dipoles feel larger frequency shifts than the parallel ones. On the other
hand, far away from the plane the shifts are larger for parallel dipoles. Figure 3.7(b) shows
shifts near a plane with much larger effective thickness. The amplitudes of the shifts are
increased as compared to figure 3.7(a), but the overall picture has not changed.

In order to avoid the infinite line shifts at the position of the plane, the cutoff parameter
Λ could have been kept finite. Then the discontinuities in modes and in Green functions
would have become smooth. By keeping Λ  Ω/c finite, only the line shifts at distances
of typically Λ−1 or less are modified and become finite. The emission rates presented in
this chapter already were finite and they will not be affected either at distances greater than
Λ−1 when a finite cutoff is chosen to keep line shifts finite.

3.6 Conclusions and outlook

In this chapter a multiple-scattering theory was set up for the scattering of vector waves by
parallel planes. The Green function had to be regularized and this was done by introducing
a high-momentum cutoff. In the end, the regularization parameter was sent to infinity. An
effective scattering theory for plane scatterers emerged with a nonzero T-matrix that no
longer depends on the cutoff. This is in contrast with point scatterers where two cutoffs
must be kept finite in order to define a nonzero T matrix [69]. The only reason to keep a
finite cutoff for plane scatterers would be to avoid diverging line shifts at the positions of
the planes.

The planar symmetry of the crystal of parallel planes enabled us to separate s- and
p-polarized modes. The scattering by a nonabsorbing plane scatterer satisfies a separate
optical theorem for each polarization. The radiative and guided modes of s-polarized
light could be mapped onto modes for scalar waves. The s-polarized light has continuous
mode functions, whereas the mode function of the p-polarized light is discontinuous at
the positions of the planes. As a consequence, the p-polarization contributions to the
spontaneous emission rate show discontinuities as well. Spontaneous emission rates were
calculated, both for dipoles parallel and perpendicular to the planes.

One could wish to create a crystal such that 100% of the spontaneously emitted light
is guided light. In our model of identical equidistant plane scatterers this will not happen.
If there was only s-polarized light, then it would be possible, as it was for scalar waves
[figure 2.7(a)]. Deep inside an omnidirectional mirror all spontaneously emitted light
is guided light. For vector waves, however, equidistant plane scatterers can not be an
omnidirectional mirror.

Omnidirectional mirrors consisting of dielectric layers do exist [59, 60, 80]. The oc-
curence of omnidirectional reflection is promoted by the fact that a single dielectric layer
and a multilayer stack both reflect p-polarized light at the Brewster angle [55]. This is to
be contrasted with our plane scatterer model where the Brewster angle is shifted away to
90◦. Therefore, the Brewster effect does help slabs but does not help planes to create the
omnidirectional reflector.

What use can plane scatterers be in the future? One obvious idea is to study crystals
built up of non-parallel planes. This turns out to be problematic, however, not so much
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because the planes have an overlap of measure zero, but rather because the scattering of
each plane as a whole must be described in its own plane representation. For that reason
one can not treat the individual planes as wholes. Instead, one is forced to think of the
planes as being built up of infinitely many line scatterers or point scatterers.

Albeit for parallel planes, the plane-scattering formalism can be used to study much
more than was presented here. With the knowledge of the complete Green function, one
could calculate near-field and far-field spectra. One could study the effect of more than
one plane in a unit cell. Furthermore, the planes need not be identical and in fact the result
(3.44) for the T-matrix also holds for planes chosen at arbitrary positions with different
effective thicknesses. The model can therefore be used to study the effect of disorder,
both in the positions and in the effective thicknesses of individual planes. Disorder can be
increased further to study random dielectrics rather than crystals of plane scatterers.

Crystals of plane scatterers can also be used as a model system to study the modifi-
cation of several quantum optical processes of embedded atoms. Transient effects in the
spontaneous-emission rates are a first example, thereby generalizing work done on a one-
dimensional cavity formed by two planes [81]. It is also interesting to study (two-atom)
superradiance modified by the crystal (see chapter 5). Or one could generalize the formal-
ism by allowing light absorption or gain in the planes, by choosing the effective thickness
complex and frequency-dependent. In that case, a quantum optical description would re-
quire the identification of quantum noise operators (see chapter 6) for the planes. Also,
Casimir forces can be calculated between an arbitrary number of imperfect mirrors. For
two passive mirrors in one dimension, these forces are always attractive [82]. For planes
with optical gain, the Casimir force might change sign.



Chapter 4

Multipole interaction between
atoms and their photonic
environment

Macroscopic field quantization is presented for inhomogeneous nondispersive dielectrics,
both with and without guest atoms. It is studied in detail how to obtain Maxwell’s equa-
tions after choosing a suitable gauge. A quantum multipolar Hamiltonian is derived, start-
ing from a classical minimal-coupling Lagrangian. Both photonic and electronic interac-
tions of the atoms are discussed, in particular the dipole coupling of the atoms with the
field.

4.1 Introduction

In this chapter it will be studied how guest atoms interact with a photonic dielectric envi-
ronment that is characterized by a given spatially varying and real dielectric function ε(r).
A quantum mechanical description will be presented in which the guest atoms will be de-
scribed microscopically, whereas the dielectric is described macroscopically. This hybrid
description is more economical and probably gives more understanding of photonic effects
in inhomogeneous dielectrics than a more involved theory would do in which the dielectric
is also described microscopically.

The quantization of the electromagnetic field in vacuum can be found in many text-
books on quantum optics [15, 45]. In [10, 11] the more general problem is addressed how
to quantize the electromagnetic field in a dielectric described by a real dielectric function
ε(r) that depends on position. The term “macroscopic quantization” has been coined for
this procedure where the goal is not to derive a dielectric function from the interaction
of light with the individual atoms that make up the dielectric [13]. Instead, the dielectric
function is a given quantity. Material dispersion and absorption (transitions to nonradiative
states in the dielectrics) are neglected. Certain sum rules [79] for modified spontaneous
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emission rates when averaged over all frequencies will therefore not hold in the present
formalism. Admittedly, the dielectric function is a response function that should be a dis-
persive and complex function of frequency. However, in the finite frequency interval of
our interest, the dielectric function can be taken nondispersive and real. The same approx-
imation is made for example when a mirror is assumed to be perfect, or in the chapters 2
and 3 of this thesis where the effective thicknesses of the plane scatterers were assumed
real and frequency-independent. Also, in most band-structure calculations for photonic
crystals a frequency-independent refractive-index contrast is assumed.

One can furthermore think of glass plates, optical cavities or dielectric mirrors as the
type of dielectrics that can be characterized by a position-dependent dielectric function or
refractive index. In these cases, the refractive index can often be considered as piecewise
constant. Multimode glass fibres used in optical telecommunication do not have piecewise
constant refrctive indices: in the so-called graded-index fibres the refractive index in the
core varies parabolically with the radius [83]. In this chapter, the relative dielectric func-
tion ε(r) is left unspecified (but assume it to be piecewise continuously differentiable) so
that the theory describes dielectrics in both of the situations just sketched.

This rather formal chapter generalizes standard electrodynamics in the Coulomb gauge
[84] to inhomogeneous dielectrics. The results are used in chapter 5 in order to derive a
point-scattering formalism for quantum optics. The present chapter consists of two parts:
the first part starts with the quantization of the electromagnetic field in inhomogeneous di-
electrics without guest atoms. In the second and major part, the guest atoms are added and
a Lagrangian is introduced with minimal-coupling interaction between field and atoms.
In the end a quantum Hamiltonian is obtained with multipolar interaction between light
and matter. In particular it is found to which field a dipole couples in a quantum optical
description of inhomogeneous dielectrics. Even for an atom in free space this has been a
controversial subject. In the discussion at the end of the chapter it is explained why con-
troversy and confusion could arise; the free-space case is compared to the more general
situation that is presented here of an atom in an inhomogeneous dielectric.

4.2 Inhomogeneous dielectric without guest atoms

4.2.1 Classical Lagrangian and Hamiltonian

In this section the quantization of the electromagnetic field in inhomogeneous dielectrics
is briefly reviewed. The goal is to simplify derivations of the original texts [10, 11] and to
derive results that will be useful in the following sections, when guest atoms are added in
the dielectric.

In SI-units, the source-free Maxwell equations in matter are

∇ · D = 0
∇ · B = 0

∇ × H − Ḋ = 0
∇ × E + Ḃ = 0, (4.1)
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where here and in the following the dot denotes a partial time derivative. The fields E,
B, D and H are the electric field and the magnetic induction, the displacement field and
the magnetic field vector. For nonmagnetic inhomogeneous dielectrics, the constitutive
relations are simply B = µ0H and D = ε0ε(r)E. (The generalization of the present
theory to inhomogeneous magnetic materials will be discussed at the end of this chapter in
section 4.5.) As in the case of vacuum, the electric and magnetic fields can be expressed
in terms of a vector potential A and a scalar potential Φ:

E = −∇Φ − Ȧ (4.2)

B = ∇ × A (4.3)

There is gauge freedom in choosing pairs (A,Φ) that lead to the same electric and mag-
netic fields. Now choose the generalized Coulomb gauge which is defined by the require-
ment that the vector potential satisfies

∇ · [ ε(r)A(r) ] = 0. (4.4)

The vector potential or any field satisfying this condition, is called “generalized trans-
verse”, because it satisfies a generalized version of the Coulomb gauge condition ∇·A = 0
in free space. In this gauge, the vector potential must satisfy the wave equation

∇ × ∇ × A +
ε(r)
c2

Ä = 0, (4.5)

in order to be consistent with the third Maxwell equation in (4.1). The scalar potential can
be chosen identically zero in the generalized Coulomb gauge.

A Lagrangian L0 that leads to the wave equation (4.5) for the vector potential is

L0 =
∫

dr L0 ≡ 1
2

∫
dr
[
ε0ε(r)Ȧ2 − µ−1

0 (∇ × A)2
]
. (4.6)

The Lagrangian is the spatial integral over the Lagrangian density L0. The vector potential
is a canonical field variable and its canonically conjugate field can be found as a functional
derivative of the Lagrangian density

Π(r, t) ≡ δL0

δȦ
= ε0ε(r)Ȧ = −D(r, t). (4.7)

(The functional derivative is used somewhat naively here, but the answer is correct, as a
more detailed analysis in appendix B shows.) In other words, the field canonically conju-
gate to the vector potential equals minus the displacement field, which is a transverse field.
The Hamiltonian is the integral over the Hamiltonian (energy) density H:

H0 =
∫

dr H0 =
∫

dr
[
Π · Ȧ − L0

]
=

1
2

∫
dr

[
Π2

ε0ε(r)
+

(∇ × A)2

µ0

]
. (4.8)

This is the Hamiltonian for the classical electromagnetic field in an inhomogeneous di-
electric, without the presence of guest atoms.
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4.2.2 Complete sets and quantum Hamiltonian

For a quantum optical description of the dielectric, the electromagnetic fields can best be
expanded in terms of harmonic solutions of the wave equation (4.5). With each of these
“true modes” one can associate independent canonical variables, for which commutation
rules can be given. The set of true modes is not unique. This freedom will be used below
to choose a particularly convenient set. For example, in vacuum the true modes are plane
waves. There one can choose linear combinations of cosine and sine solutions cos(k · r)
and sin(k · r). The complex exponential exp(ik · r) is only one such linear combination.

Now a convenient set of true modes for the dielectric will be chosen and their or-
thonormality relations derived. Assume that the electromagnetic fields live in a large
quantization volume V that can be chosen infinitely large at a later stage. Let Q be an
abstract operator in Hilbert space which has a local representation in real space:

〈r|Q|r′〉 = δ(r − r′)Q(r), with Q(r) ≡ 1√
ε(r)

∇ × ∇ × 1√
ε(r)

. (4.9)

The operator Q is Hermitian under the normal inner product. All eigenfunctions gλ of
Q have the property ∇ · [

√
ε(r)g(r)] = 0. The subspace of functions in Hilbert space

with the same transversality property is spanned by the eigenfunctions of Q. Now let C
be the operator which is also local in real space and whose action in real space is to take
the complex conjugate. The dielectric function in this context must also be viewed as an
abstract operator ε with local representation in real space: 〈r|ε|r′〉 = δ(r − r′)ε(r) [68].
The real-space representations of Q and C commute, because ε(r) is real. Then Q and C
commute in any representation. From the fact that Q and C commute it follows that an
orthonormal basis of real eigenfunctions {gλ} of Q can be chosen to span the subspace
(with complex coefficients).

As a consequence, the vector potential A can be expanded in terms of a complete
set of real vector mode functions {hλ(r)} ≡ {√ε(r)gλ(r)}, which are the harmonic
solutions of the wave equation (4.5):

−∇ × ∇ × hλ(r) +
ε(r)ω2

λ

c2
hλ(r) = 0. (4.10)

These mode functions satisfy the same generalized transversality condition (4.4) as the
vector potential. The choice of this particular set of mode functions {hλ} simplifies the
quantization of the electromagnetic field, as we will see. (Real mode functions were also
used in [10], without the above motivation.) The functions are labelled with λ, where
λ is understood to count both continua and discrete sets of solutions. As is clear from
Eq. (4.10), unlike the gλ the functions hλ do not satisfy a Hermitian eigenvalue equa-
tion. From the orthonormality of the gλ it follows that the functions hλ(r) satisfy the
generalized orthonormality condition∫

dr ε(r)h∗
λ(r) · hλ′(r) = δλλ′ . (4.11)

The complex-conjugation symbol ∗ was written for future reference, since of course hλ is
real. The integration volume of this integral is the quantization volume V . The equation
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(4.11) will be called a generalized inner product of the modes hλ and hλ′ . The mode
functions scale as (V )−1/2.

In a scattering situation, where ε(r) is a space-filling dielectric function plus a local
modification within a scattering volume Vs, the contribution of the scattering volume to
the integral (4.11) scales as Vs/V , which becomes of measure zero when the quantization
volume V is sent to infinity. As an example, mode functions of a photonic crystal with
a point defect have the same orthonormality relations as the other mode functions in the
absence of the defect.

The functions hλ are complete in the sense that they form a basis for generalized
transverse functions such as the vector potential that satisfy the wave equation (4.5). In
other words, a generalized transverse delta function δT

ε (a distribution) can be defined in
terms of the functions hλ:

δT
ε (r, r′) ≡

∑
λ

hλ(r)hλ(r′)ε(r′). (4.12)

For ε(r) ≡ 1, this expression reduces to the free-space transverse delta function that will
be given explicitly in Eq. (C.5) of appendix C, and which can be written as a dyadic sum
over transverse plane wave modes (see [85], p. 53). Evidently, the generalized transverse
delta function (4.12) is real because the mode functions are real. The “identity” property
(4.12) together with the idempotence property∫

dr1 δT
ε (r, r1) · δT

ε (r1, r′) = δT
ε (r, r′), (4.13)

define δT
ε as a projector in the subspace of generalized transverse functions. The general-

ized transverse delta function is not symmetric in its arguments, because it is transverse in
its second and generalized transverse in its first variable:

∇r ·
[
ε(r)δT

ε (r, r′)
]

= 0 = ∇r′ ·
[
δT

ε (r, r′)
]
. (4.14)

Furthermore, it has the properties that

XT(r) −
∫

dr′ XT(r′) · δT
ε (r′, r) = 0, (4.15a)

XT(r) − ε(r)
∫

dr′ δT
ε (r, r′) · XT(r′)/ε(r′) = 0, (4.15b)∫

dr′ δT
ε (r, r′) · XL(r′) = 0, (4.15c)∫

dr′ ε(r′)XL(r′) · δT
ε (r′, r) = 0, (4.15d)

for any transverse function XT (zero divergence) and longitudinal function XL (zero curl).
These properties follow immediately from the transversality property (4.4) and the or-
thogonality relations (4.11) of the mode functions hλ. These several properties of the
generalized transverse delta function will be used in later sections and in appendix B.
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The vector potential and its canonically conjugate field have normal-mode expansions

A(r, t) = 1/(
√
ε0)
∑

λ

qλ(t) hλ(r), (4.16a)

Π(r, t) =
√
ε0
∑

λ

pλ(t) ε(r)hλ(r). (4.16b)

If the above two expansions are substituted in the Hamiltonian (4.8) and the normalization
condition (4.11) is used, then it follows that

H0 =
1
2

∑
λ

(p2
λ + ω2

λq
2
λ). (4.17)

The Hamiltonian turns out to be a simple sum over the true modes of the inhomogeneous
dielectric, where the energy of each mode corresponds to a one-dimensional harmonic
oscillator with position qλ, momentum pλ and frequency ωλ. This is a generalization to
inhomogeneous dielectrics of the result for free space.

Now comes the quantization step. Classically, the generalized coordinates qλ(t) and
momenta pλ(t) are real variables because A(r, t) and Π(r, t) and the modes hλ are real.
Real variables such as qλ(t) and pλ(t) turn into Hermitian operators in quantum mechan-
ics. The independent canonical pairs satisfy the standard equal-time commutation relations

[qλ(t), pλ′(t)] = i�δλλ′ . (4.18)

With the normal mode expansions (4.16a) and (4.16b), the commutation relation for the
vector potential and its canonically conjugate field can be found immediately:

[A(r, t),Π(r′, t)] = i�
∑

λ

hλ(r)hλ(r′)ε(r′) = i�δT
ε (r, r′). (4.19)

The commutator is a dyadic quantity which turns out to be proportional to the generalized
transverse delta function.

Creation and annihilation operators are introduced as

αλ(t) =
√
ωλ

2�
qλ(t) + i

√
1

2�ωλ
pλ(t) (4.20a)

α†
λ(t) =

√
ωλ

2�
qλ(t) − i

√
1

2�ωλ
pλ(t). (4.20b)

They have standard commutation relations [αλ(t), αλ′(t)†] = δλλ′ and all other inequi-
valent commutators are zero. The Hamiltonian becomes the sum over contributions of
individual modes, �ωλ(α†

λαλ + 1/2). Thus the concept of a photon as the elementary
excitation α†

λ|0〉 of a mode is as useful for inhomogeneous dielectrics as it is for free
space. Number states, coherent and squeezed states etcetera can be defined analogously
as for free space. The only difference for inhomogeneous dielectrics is that their true
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modes are not plane waves. The vector potential and its canonically conjugate field can be
expressed in terms of creation and annihilation operators as

A(r, t) =
∑

λ

√
�

2ε0ωλ

[
αλ(t) hλ(r) + α†

λ(t) hλ(r)
]
, (4.21)

Π(r, t) = −iε0ε(r)
∑

λ

√
�ωλ

2ε0

[
αλ(t) hλ(r) − α†

λ(t) hλ(r)
]
. (4.22)

The forms of the electric and magnetic fields as quantum mechanical operators and their
commutation relations immediately follow from (4.2), (4.3) and the above equation (4.21).
The time-dependence of the operators is simply harmonic, αλ(t) equals α(0) exp(−iωλt),
for example. The quantization of the electromagnetic field has thus been accomplished.

In practice, it can be convenient to use a set of complex true mode functions {fµ}
instead of the real mode functions {hλ}. Since the complex mode functions should also
satisfy the wave equation (4.10) and the generalized orthonormality condition (4.11), the
two sets of mode functions are related through a unitary transformation that only relates
mode function with identical eigenfrequencies:

fµ =
∑

λ

U∗
µλ hλ, (4.23)

where U∗ = U−1. Note that because of the relation (4.23), the generalized transverse
delta function (4.12) can alternatively be expressed in terms of the complex mode functions
fλ. Its effect is the substitution of one hλ by fλ and the other hλ by f∗λ :

δT
ε (r, r′) =

∑
λ

fλ(r)f∗λ(r′)ε(r′). (4.24)

However, after this substitution it is no longer obvious that δT
ε (r, r′) is real-valued.

The electromagnetic fields can also be expanded in terms of the complex mode func-
tions fλ as

A(r, t) =
∑

λ

√
�

2ε0ωλ

[
a
(0)
λ (t) fλ(r) + a

(0)†
λ (t) f∗λ(r)

]
, (4.25a)

Π(r, t) = −iε0ε(r)
∑

λ

√
�ωλ

2ε0

[
a
(0)
λ (t) fλ(r) − a

(0)†
λ (t) f∗λ(r)

]
, (4.25b)

where the new annihilation operator a(0)
µ associated with the complex mode fµ is defined

in terms of the “old” operators as

a(0)
µ ≡

∑
λ

Uµλ αλ, (4.26)

and a
(0)†
µ is its Hermitian conjugate. The commutation relations of a(0)

µ and a
(0)†
µ are

again the standard relations, because U is a unitary transformation. To distinguish a(0)
µ
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from operators to be defined later, the superscript (0) has been added, signifying that no
guest atoms are present. The time dependence of the operators is harmonic.

This completes the quantization of the electromagnetic field in an inhomogeneous
dielectric without guest atoms. The reason not to start the quantization procedure with
complex mode functions is that the associated generalized coordinates and momenta are
not Hermitian. This makes intermediate results more complicated [11, 13, 86]. These
unnecessary complications were avoided here. The relations (4.23) between complex and
real mode functions and (4.26) between their respective annihilation operators are purely
formal, unless both sets of mode functions are given explicitly. It is the mere existence of
the mapping (4.23) of the complex modes onto the real modes that justifies the expansion
of the operators A and Π in terms of the complex mode functions. The choice of real
mode functions made explicit otherwise implicit properties of the delta function δT

ε .

4.3 Inhomogeneous dielectric with guest atoms

In the previous section it was described how to quantize the electromagnetic field in an in-
homogeneous dielectric. Now inside the inhomogeneous dielectric guest atoms are intro-
duced. Their optical response is not included in the dielectric function ε(r) of the medium.
The goal in the following sections is to find the quantum optical description of the com-
bined system, with a multipole interaction between the electromagnetic field and the guest
atoms. There are at least two reasons why the multipolar Hamiltonian is to be preferred.
In the first place, it is more convenient when only approximate calculations can be done
which in the minimal-coupling formalism would give gauge-dependent results [15]; sec-
ondly, atoms are much smaller than optical wavelengths and in the multipole-formalism
this can be exploited well. Actually, atoms are so much smaller than optical wavelengths
that often “atoms” are identified with “dipoles”.

The starting point is the minimal-coupling Lagrangian that produces the Maxwell
equations and the equations of motion for the charges that make up the guest atoms. The
minimal-coupling Lagrangian can be used to find a minimal-coupling Hamiltonian and
this procedure can be found in [10, 87]. A clear exposition is also given in [88]. Here the
Lagrangian will first be transformed to the multipolar form before constructing a Hamil-
tonian. The latter procedure was followed also in [13, 14]. The present work is different
in that a careful treatment of functional differentiation is given and that a qualitative con-
nection of final results with local-field effects will be made. Helpful details of the quan-
tization of the vacuum electromagnetic field in the presence of atoms can be found in the
books [15, 84, 86].
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4.3.1 Choice of suitable Lagrangian

Guest atoms inside an inhomogeneous dielectric can be described by a charge density σg

and a current density Jg which show up as sources in Maxwell’s equations:

∇ · B = 0, (4.27)

∇ × E + Ḃ = 0, (4.28)

ε0∇ · [ε(r)E(r)] = σg, (4.29)

µ−1
0 ∇ × B − ε0ε(r)Ė = Jg. (4.30)

Whatever Lagrangians and Hamiltonians are introduced for the inhomogeneous dielectric
plus guest atoms, they must lead to these four Maxwell equations. Moreover, the particles
with charges qmj and masses Mmj should respond to electric and magnetic fields as given
in the equation of motion

Mmj r̈mj = qmj [E(rmj) + ṙmj × B(rmj)] . (4.31)

We assume that there are no free charges. All electrons (labelled j) are bound to atomic
nuclei (label m) to form neutral atoms that are constituent of the guest atoms. Let Zme be
the nuclear charge of atom m. Then σg and Jg are given by [4]

σg(r) =
∑
m


Zmeδ(r − Rm) − e

∑
j

δ(r − rmj)


 , (4.32)

Jg(r) =
∑
m


−e∑

j

ṙmjδ(r − rmj)


 . (4.33)

These are charge and current densities of the guest atoms alone, as stressed by the subscript
g; the dielectric is completely described by the dielectric function ε0ε(r) and the magnetic
permeability µ0. The guest atoms are assumed to have fixed positions, their nuclei are
their centers of mass and are stationary at positions Rm. From these explicit forms of σg

and Jg or from the third and fourth Maxwell equation follows the equation of continuity
or current conservation, namely

∇ · Jg + σ̇g = 0. (4.34)

Again, the electric and magnetic fields can be defined through Eq (4.2) and (4.3) in
terms of a vector potential A and a scalar potential Φ. Then the first two Maxwell equa-
tions are automatically satisfied. The third and fourth Maxwell equations should follow
from the Euler-Lagrange equations for the scalar and the vector potential, respectively.
The minimal-coupling Lagrangian is

Lmin =
∑
m


∑

j

1
2
meṙ2

mj


+

∫
dr Lmin. (4.35)
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Here the Lagrangian density Lmin describes the electromagnetic field energy and its mini-
mal-coupling interaction with the guest atoms:

Lmin =
1
2
ε0ε(r)

[
Ȧ + ∇Φ

]2
− 1

2µ0
(∇ × A)2 + Jg · A − σgΦ. (4.36)

Indeed, Maxwell’s third and fourth equations can be found from the Euler-Lagrange equa-
tions for the scalar and the vector potentials, respectively. Moreover, the Euler-Lagrange
equations for the canonical variables rmj give the equations of motion (4.31) for the
charged particles. Note that the Lagrangian leads to these equations of motion, before
choosing a gauge to fix A and Φ with: the equations of motion are gauge-independent
results that should not depend on the choice of gauge.

4.3.2 Fixing the gauge

The electric and magnetic fields are defined in terms of a scalar and a vector potential. But
there is gauge freedom, which means that the scalar and vector potentials are not uniquely
defined by the requirement that physical measurable electric and magnetic fields satisfy
Maxwell’s equations. We need to choose a gauge in order to find in the end a quantum
mechanical description of light interacting with the guest atoms. It is not necessary to
choose the gauge already at this point, but is a matter of presentation to do so. In the
conclusions in section 4.7 more will be said about this. As in the situation without guest
atoms in section 4.2, the generalized Coulomb gauge is chosen in which ∇·[ ε(r)A(r) ] =
0. In this section it will be checked whether the equations of motion for the scalar and
vector potentials still lead to the third and fourth Maxwell equations after choosing the
generalized Coulomb gauge. This must be the case, because the choice of gauge should
not change the physical predictions of the theory.

The interaction term

LAΦ ≡
∫

dr ε0ε(r)Ȧ · ∇Φ, (4.37)

of the Lagrangian (4.35) becomes identically zero, because in the generalized Coulomb
gauge it has become an inner product of a transverse and a longitudinal function. The
remaining terms in the Lagrangian involving the scalar potential lead to an Euler-Lagrange
equation that is the generalized Poisson equation for the scalar potential in the Coulomb
gauge:

ε0∇ · [ε(r)∇Φ(r)] = −σg. (4.38)

Clearly, the scalar potential can not be chosen identically zero as in the situation without
guest atoms. The gauge-fixing condition (4.4) for the vector potential, the equation (4.38)
for the scalar potential, together with the definition of the electric field (4.2) in terms of
the two potentials, still lead to the third Maxwell equation (4.29). This is as it should be,
since Maxwell’s equations should not change with the choice of the gauge.

The scalar potential is a function of the positions of the charges that make up the
guest atoms. In other words, one can first solve the coupled equations of motion for
the vector potential and the charges, and from the charge distribution σg(t) thus found,
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the scalar potential Φ(t) can be found as the solution of Eq. (4.38). Therefore, in the
generalized Coulomb gauge the scalar potential is not an independent canonical field. Then
the Lagrangian (4.35) can be simplified as

Lmin =
∑
m


∑

j

1
2
meṙ2

mj


− VC +

∫
dr L′

min, (4.39)

where Eqs. (4.37) and (4.38) were used. The Coulomb interaction

VC =
ε0
2

∫
dr ε(r)(∇Φ)2 (4.40)

is a function of the guest atoms alone; the Lagrangian density in (4.39) becomes

L′
min =

1
2
ε0ε(r)Ȧ2 − 1

2µ0
(∇ × A)2 + Jg · A. (4.41)

Which equation do we find for the vector potential after choosing the generalized Coulomb
gauge? Let us begin at the other end: in order to be consistent with the fourth Maxwell
equation, the vector potential should satisfy

µ−1
0 ∇ × ∇ × A + ε0ε(r)Ä = Jg − ε0ε(r)∇Φ̇. (4.42)

It is not easy to see how the source term −ε0ε(r)∇Φ̇ can appear at the right-hand side
of this equation by functional differentiation of the Lagrangian with respect to the vector
potential. Before choosing the gauge, the source term originated from the interaction term
LAΦ [Eq. (4.37)], which is zero after choosing the gauge. Functional derivatives of zero
should of course be zero. At this point, it seems hard to find the fourth Maxwell equation
after choosing the generalized Coulomb gauge.

In appendix B it is explained in detail that the usual functional derivative must be
replaced by a “constrained functional derivative” after choosing a gauge. This is for math-
ematical reasons rather than a matter of taste or convenience. In the appendix one also
finds simple rules to actually compute these constrained functional derivatives. In par-
ticular, it is shown that the Euler-Lagrange equation for the vector potential indeed gives
(4.42) when the correct functional derivative is used. Interestingly, before choosing the
gauge, the source term −ε0ε(r)∇Φ̇ in (4.42) came from the LAΦ interaction term (4.37)
in the Lagrangian. However, after choosing the gauge the source term is produced by the
constrained functional derivative of the minimal-coupling interaction term

∫
dr Jg · A.

The left-hand side of the wave equation (4.42) is certainly transverse in the general-
ized Coulomb gauge. It is less obvious and sometimes goes unnoticed [13, 88] that the
source term on the right-hand side is also transverse. A mathematical reason is that the
wave equation is found by functional differentiation with respect to generalized transverse
functions. In section B.2 it was shown that these derivatives are always transverse. Phys-
ically, the source term must be transverse because of current conservation, Eq. (4.34).
In [88] it was shown that the vector potential satisfying the wave equation (4.42) can not
be influenced by the longitudinal part of the source term. Here one must conclude that
in the generalized Coulomb gauge a longitudinal part of the source term simply does not
exist.
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4.4 The quantum multipolar interaction Hamiltonian

In the previous sections it was shown that the minimal-coupling Lagrangian produces the
Maxwell-Lorentz equations for the electromagnetic fields and the guest charges, before
and also after choosing the generalized Coulomb gauge. Now the goal is to transform the
Lagrangian in order to obtain a multipole interaction between the electromagnetic field
and the guest atoms. The transformed Lagrangian must lead to the same equations for the
fields and charges, of course. Candidate transformations are transformations where a total
time derivative of a function of the canonical variables is added to the Lagrangian [84].
Such a transformation will be used shortly, but first some new fields must be introduced.

4.4.1 Polarization, magnetization and displacement fields

In the following, it is useful to describe the guest atoms in terms of a polarization den-
sity Pg and a magnetization density Mg, rather than in terms of the charge and current
densities. The former and latter pairs are related through [4]:

σg = −∇ · Pg, Jg = Ṗg + ∇ × Mg. (4.43)

In terms of the new variables, the equation of continuity (4.34) is automatically satisfied.
By using the definitions (4.32) and (4.33) of σg and Jg and by making a Taylor expansion
around the atomic positions Rm in both the left-hand and the right-hand sides of the above
definitions, one can find that

Pg(r) = −e
∑
mj

∫ 1

0

du (rmj − Rm) δ(r − Rm − u(rmj − Rm) ), (4.44)

Mg(r) = −e
∑
mj

∫ 1

0

du u (rmj − Rm) × ṙmj δ(r − Rm − u(rmj − Rm) ).(4.45)

Finite-order multipole expansions of the polarization and magnetization fields can be
found by truncating the Taylor expansion in u of the integrand on the right-hand sides
of the above equations. Such approximations will be made later, in section 4.4.5.

The displacement field D and the magnetic field vector H are given by the constitutive
relations

D ≡ ε0ε(r)E + Pg H ≡ µ−1
0 B − Mg, (4.46)

where in the latter relation it was assumed as before that the dielectric is nonmagnetic so
that the magnetic permeability equals the value µ0 of free space. Note that the dielectric
function ε(r) is a property of the dielectric alone, independent of the guest atoms. On
the other hand, the displacement field (4.46) does depend on the guest atoms because it
includes the polarization field produced by them. The displacement field defined here is
therefore different (although the same symbol is used) from the displacement field that was
defined in section 4.2.1 where no guest atoms were present. In that case, the transversality
of D was evident. The displacement field is also transverse when guest atoms are present,
according to eqs. (4.29) and (4.43) in combination with (4.46).
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4.4.2 Classical multipolar Lagrangian and Hamiltonian

The Lagrangian will be transformed by adding to it the total time derivative

− d
dt

∫
dr Pg(r) · A(r). (4.47)

This is the Power-Zienau-Woolley (PZW) transformation, and its effect is well-known
for free space [84]. The PZW transformation was already applied to inhomogeneous di-
electrics before, in [13]. There it was stated that the polarization density Pg in the La-
grangian density L′ should be replaced by a “reduced polarization density” at this point,
in order to stick to the generalized Coulomb gauge for the vector potential. However, such
replacements are not necessary if functional derivatives with respect to the generalized
transverse vector potential are identified as constrained functional differentiations, and if
computation rules are used accordingly (see appendix B).

After adding the term (4.47), the new Lagrangian Lmulti can be rewritten as

Lmulti =
∑
mj

1
2
meṙ2

mj − VC +
∫

dr Lmulti. (4.48)

The new Lagrangian density Lmulti has the form

Lmulti =
1
2
ε0ε(r)Ȧ2(r)− 1

2µ0
[∇×A(r)]2 +Mg(r) ·∇×A(r)−Pg(r) ·Ȧ(r), (4.49)

where the definition of the magnetization density in (4.44) was used as well as Gauss’s
theorem. The derivation is identical to the free-space case.

In order to find a Hamiltonian, first the canonically conjugate variables must be de-
termined. By reasoning as in section B.3, the constrained functional differentiation of
the Lagrangian Lmulti with respect to Ȧ produces the following field that is canonically
conjugate to the vector potential:

Π(r, t) ≡ δLmulti

δȦT
ε (r)

= ε0ε(r)Ȧ(r) − Pg(r) + ε0ε(r)∇Φ(r) = −D(r). (4.50)

In the latter identity the definition of the electric field (4.2) and the displacement field
(4.46) were used. As in the case without guest atoms, the field canonically conjugate to
the vector potential equals minus the displacement field. The difference is that now the
displacement field also contains the polarization field produced by the guest atoms. The
canonically conjugate field would have been different if the minimal-coupling Lagrangian
had been used.

The canonical momenta pmj corresponding to the coordinate variables qmj of the
guest charges are

pmj = meṙmj − Fmj , (4.51)

where the field Fmj stems from the magnetization density in Eq. (4.44) and is defined as

Fmj ≡ e

∫ 1

0

du u B[Rm − u (rmj − Rm)] × (rmj − Rm). (4.52)
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The magnetic field B is used as an abbreviation for ∇ × A. Note that unlike A and qmj ,
their canonically conjugate variables Π and pmj are not fully electromagnetic or fully
atomic in nature, respectively.

All canonical momenta have now been determined, so that the multipolar Hamiltonian
H ′ can be given in terms of the canonical variables (rmj ,pmj) and (A,Π):

Hmulti =
∑
mj

pmj · ṙmj +
∫

dr Π · Ȧ − Lmulti (4.53)

=
∑
mj

p2
mj

2me
+
∫

dr
P2

g

2ε0ε(r)
+
∫

dr
[

Π2

2ε0ε(r)
+

B2

2µ0

]

+
∑
mj

F 2
mj

2me
+
∫

dr
[
Pg · Π
ε0ε(r)

− M
′
g · B

]
.

Instead of the magnetization Mg, a reduced magnetization M
′
g has been used in the Hamil-

tonian (and the difference has been corrected for by a sign change of the term quadratic in
the magnetic field). The reduced magnetization is defined as the magnetization [see equa-
tion (4.44)] with the ṙmj replaced by pmj/me [13, 84]. It may seem that the Coulomb
term VC (4.40) was forgotten in the Hamiltonian, but that is not the case: the Coulomb
term cancels against the other term quadratic in ∇Φ that one gets when solving Eq. (4.50)
for Ȧ and substituting the result in the Hamiltonian (4.53).

The first term in the Hamiltonian (4.53) represents the kinetic energy of the guest
charges; the second term is the potential energy of the guest atoms, expressed as a polari-
sation energy. Together they constitute the atomic part of the Hamiltonian. Next come the
electric and magnetic field energies, respectively, which together are the radiative part of
the Hamiltonian. The last three terms are interaction terms between guest atoms and the
electromagnetic field. The term quadratic in the magnetic field represents the diamagnetic
energy of only the guest atoms in the nonmagnetic dielectric. It can be safely ignored from
now on since it is much smaller than the other two interactions (see [15], page 312). In
most cases the dominant interaction term is the next one, the inner product of the polar-
ization field with the field Π/[ε0ε(r)]. The last term is linear in the magnetic field and
represents the paramagnetic energy of the guest atoms in the dielectric.

The polarization field Pg [Eq. (4.44)] is simply the sum of the polarization fields Pgm

produced by the individual guest atoms (labeled by m). Therefore, it is natural to split
the polarization energy in Eq. (4.53) into an intra-atomic and an interatomic polarization
energy, respectively [14, 84]:

∫
dr

P2
g

2ε0ε(r)
=
∑
m

∫
dr

P 2
gm

2ε0ε(r)
+
∑
n�=m

∫
dr

Pgn · Pgm

ε0ε(r)
. (4.54)

The intra-atomic polarization energy is the potential energy that keeps an atom together;
the interatomic polarization energy is the only interaction term between neutral atoms in
the multipolar Hamiltonian. The polarization field Pgm(r) (4.44) corresponding to the
individual guest atom m is identically zero outside the smallest sphere surrounding all
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charges that make up this (neutral) atom. In this classical picture, the interatomic polar-
ization energy (also known as contact energy) is zero unless bounding spheres of distinct
guest atoms overlap. Correspondingly, in quantum mechanics the atomic wave functions
of distinct guest atoms have a nonvanishing overlap that falls off exponentially with inter-
atomic distance. The overlap is therefore negligible unless the interatomic distance is of
the order of the size of the atoms.

From now on the guest atoms are assumed more than a few nanometers apart so that
the contact energy can be neglected. Just like in the free-space case [84], in the multipole
Hamiltonian (4.53) for the inhomogeneous dielectric there is no instantaneous interac-
tion term left between well-separated neutral guest atoms: the effect of the Coulomb term
exactly cancelled against other terms. All other interatomic interactions are radiative inter-
actions, mediated by the (retarded) electromagnetic fields D/[ε0ε(r)] and B. Of course,
the multipolar representation should give the same physical predictions as the minimal-
coupling formalism; in [84, 85] this is proved for several observables in free space. The
absence of direct interatomic interactions often makes calculations simpler in the multipo-
lar representation.

4.4.3 In need of a local-field model

The quantum multipolar Hamiltonian will have an atomic and a radiative part, as well as
two interaction terms:

Hmulti = Hrad +
∑
m

[
H

(m)
at + V

(m)
P + V

(m)
M

]
. (4.55)

The aim of this section is to discuss the form of the atomic Hamiltonian H(m)
at ; in sec-

tion 4.4.4 the Hamiltonian will be given in second-quantization notation.
The Hamiltonian for a guest atom inside the dielectric is

H
(m)
at =

1
2me

∑
j

p2
mj +

∫
dr P 2

gm/[2ε0ε(r)]. (4.56)

This Hamiltonian differs from free-space atomic Hamiltonian. This point is missed if one
introduces a “two-level atom” with known transition frequency into the dielectric. The
second term in (4.56) is the potential energy and it consists of longitudinal (Coulomb) and
transverse interactions between the charges. The potential energy is reduced by a factor
ε(r) as compared to free space. This reduction factor is well known for dielectric-filled
capacitors.

Until now it was tacitly assumed that ε(r) is a given function that characterizes the
dielectric in the absence of the guest atoms. Still, it could be that ε(r) is different locally
from the situation without the guest atoms. Suppose that one neglects local changes on
the grounds that the dielectric function is a macroscopically averaged quantity that does
not change on atomic length scales. Then ε(r) must be unchanged by introducing a guest
atom and the Hamiltonian can be approximated by

H
(m)
at ≈ 1

2me

∑
j

p2
mj +

1
2ε0ε(Rm)

∫
dr P 2

gm. (4.57)
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If the guest atom were a hydrogen atom, then its Bohr radius and dipole moments would
increase by a factor ε(Rm) and its energy levels would be reduced by the same factor,
according to this Hamiltonian. Any visible line in free space would then be shifted to the
infrared in a dielectric. The dielectric would have a huge effect on the atom’s electronic
properties.

Indeed, it has been known for a long time that wave functions of impurity atoms can be
severely modified by the medium from their values in free space [89]. This has important
consequences, for example when doping solid silicon with phosphorus to make an n-type
semiconductor. The high dielectric constant of Si (ε = 11.7) reduces the potential energy
between the outermost electron and the rest of the P atom, so that the electron can enter the
conduction band relatively easily, leaving a P+-ion [90]. Such changes in atomic wave
functions and energies with a broad term will be called electronic effects of the dielectric
on the atom.

Atomic lifetime changes and line shifts can have electronic and photonic explana-
tions. Changes due to modified atomic dipole moments are electronic effects. A macro-
scopic description of the dielectric is too coarse-grained to say anything quantitative about
electronic effects. It is the photonic effects, the changes due to altered properties of the
electromagnetic field, which are of primary interest here. However, only if the electronic
changes of the atoms are somehow either absent or accounted for, can one study the pho-
tonic effects. For example, in a recent study [91] of local-field effects [4, 11, 92–95] in
spontaneous emission, it was important that atomic spectra (and therefore dipole moments)
do not change while varying the refractive index. As a second example, the recently ob-
served fivefold reduction of spontaneous-emission rates inside photonic crystals [35] is a
photonic effect, since possible changes in dipole moments were divided out by choosing a
reference sample with identical electronic effects [96]. Some earlier observations of long
lifetimes in photonic crystals must be attributed to electronic effects, according to recent
calculations [97].

In practice, line shifts are often much smaller than in the estimate in Eq. (4.57) where
local modifications of the dielectric function are neglected. As a first example of local
modifications, outer electronic states of the atom are more affected by the dielectric than
the core electrons. In other words, outer electrons feel a different dielectric function than
the inner electrons. The latter are screened by the former. As a second example, in some
experiments the guest atoms are surrounded by a low-index molecular complex to separate
electronic from photonic effects of the dielectric [91].

The absence of large electronic effects of the dielectric on the atomic properties can
not be explained within the present macroscopic quantization theory. Only from micro-
scopic theories of the dielectric can one derive that the dielectric can not be where the
guest atoms are. In the present context of macroscopic quantization, a model is needed
that does justice to the above two examples of local modifications of the dielectric by the
guest atoms. A real-cavity model is assumed, with atomic-sized holes in the dielectric
function at the atomic positions Rm. In this model, the atomic Hamiltonian (4.56) can
be approximated by (4.57) with ε(Rm) equal to 1. The model captures the observed ab-
sence of large electronic effects of the dielectric on atomic properties of interest, but at the
same time the model has consequences for photonic properties: the local changes in ε will
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give local changes in the mode functions fλ, and therefore in the dipole coupling (4.62)
and also in the spontaneous-emission rates of the guest atoms [11]. Some quantitative
consequences of adopting the real-cavity model will be given in chapter 5.

This chapter first presented the dielectric without guest atoms. Later the guest atoms
were introduced. In this section we see that actually there must be three steps: first cal-
culate the mode functions of the inhomogeneous dielectric. Second, make atomic-sized
holes at the positions where the guest atoms will be introduced. Determine the locally
modified mode functions of the dielectric with the tiny cavities. The third and last step is
the introduction of the guest atoms themselves, which couple to the electromagnetic field
through the modes of step two.

4.4.4 Quantum multipolar interaction Hamiltonian

The goal is now to rewrite important terms of the Hamiltonian (4.53) into a second-
quantization description, where macroscopic quantization has been applied to the elec-
tromagnetic field and microscopic quantization to the guest atoms.

First start with the atomic Hamiltonian (4.57) where ε(Rm) is put to 1. Following
(standard) quantum mechanics, the electron coordinates rmj(t) and their canonical mo-
menta pmj(t) (4.51), as well as the polarization and magnetization fields Pg and Mg, be-
come time-independent operators that work on the time-dependent atomic wave functions.
The single-atom wave functions can be expanded in terms of eigenfunctions (labelled k)
of the atomic Hamiltonian:

Ψm(r1, r2, . . . , rZm
; t) =

∑
k

cmk(t)ψmk(r1, r2, . . . , rZm
). (4.58)

The time-dependence is in the probability amplitudes cmk(t). The time-independent func-
tions ψmk are eigenfunctions of the atomic Hamiltonian (4.57) with ε(Rm) = 1.

Second-quantization notation can now be introduced by promoting the probability
amplitudes cmk(t) and c∗mk(t) in (4.58) to become annihilation and creation operators
with standard anti-commutation relations. These operators become the atomic canonical
variables in the second-quantization picture. (One could even go back and start with a
Lagrangian that identifies Ψm and Ψ∗

m as canonical conjugates [98].) The atomic operators
can be written as sums over matrix elements. For example, the atomic Hamiltonian of
atom m in standard second-quantization notation is H(m)

at =
∑

k E
(m)
k c†mkcmk. Within

the real-cavity model that was adopted, all atomic energy levels Emk in this equation
are numerically the same as in free space. This completes the quantization and second
quantization of the atomic Hamiltonian.

Three terms of the quantum multipolar interaction Hamiltonian (4.55) must still be
given in second-quantization notation. The electromagnetic field can again be quantized by
expanding the vector potential and its canonically conjugate field into a complete set of true
modes. The subsequent quantization steps are as presented in section 4.2.2 in the absence
of guest atoms. The radiative part of the Hamiltonian becomes Hrad =

∑
λ �ωλ(a†λaλ +

1
2 ). The form of this Hamiltonian has not changed by the presence of guest atoms, but there
is a slight shift in its interpretation, since the polarization of the guest atoms is included in
the conjugate field.



90 Multipole interaction between atoms and their photonic environment

The interaction V (m)
P is associated with the polarization field of the guest atom m and

has the form

V
(m)
P = −

∫
dr

Pgm(r) · D(r)
ε0ε(r)

(4.59)

= −i
∑

λ

∑
k,k′

√
�ωλ

2ε0

[
aλc

†
mkcmk′

∫
dr Pgm,kk′(r) · fλ(r) − H.c.

]
,

where “H.c.” stands for the Hermitian conjugate. The quantity Pgm,kk′(r) is the matrix
element of the polarization field Pgm(r) with respect to states ψmk and ψmk′ of atom m.
These atomic states are unaffected by the dielectric, at least in the empty-cavity model
that was adopted in section 4.4.3 and which is also assumed here. Thus, the polariza-
tion field and its matrix elements are functions of the atomic variables alone, whereas the
displacement field depends solely on the electromagnetic canonical variables. The two in-
teracting fields are therefore canonically independent. The interpretation of the interaction
is more subtle, since in the definition (4.46) of the displacement field the polarization of
the guest atoms is included. The interaction V (m)

P therefore includes a self-interaction of
the polarization field.

The second and last interaction term V
(m)
M in (4.55) is associated with the reduced

magnetization field of the mth guest atom:

V
(m)
M = −

∫
dr M

′
gm(r) · B(r) (4.60)

= −
∑

λ

∑
k,k′

√
�

2ε0ωλ

{
aλc

†
mkcmk′

∫
dr M

′
gm,kk′(r) · [∇ × fλ(r)] + H.c.

}
.

Again, the empty-cavity model entails that matrix elements M
′
gm,kk′ of the reduced mag-

netization field do not depend on the dielectric. The magnetic field and the reduced mag-
netization field are canonically independent and M

′
g is not included in the definition of

B. All four terms in the quantum multipolar Hamiltonian (4.55) have now been given in
second-quantization notation.

4.4.5 Dipole approximation

The guest atoms are much smaller than an optical wavelength. One cannot spatially probe
the structure of the atom with light. If light can not tell the difference, one can make the
well-known assumption that the polarization and magnetization fields associated with the
atom are concentrated in its center of mass Rm (the nucleus, say). Mathematically, this
means that the integrands in Eq. (4.44) are approximated by their values in u = 0. These
two values are the first terms of two infinite Taylor expansions in terms of the variable
u. The dipole approximation is made by keeping only the first term. The next terms
would describe the quadrupole interaction. In the dipole approximation, the magnetization



4.5 Inhomogeneous magnetic media 91

(reduced or not) becomes identically zero and the polarization field becomes

Pgm(r) = −e δ(r − Rm)
∑
k,k′

c†mk〈ψmk|
∑

j

(rmj − Rm)|ψmk′〉cmk′

≡ δ(r − Rm)
∑
k,k′

c†mkµ
(m)
kk′ cmk′ . (4.61)

The last equality defines the atomic dipole matrix elements µ
(m)
kk′ of the guest atom m.

These matrix elements are independent of the dielectric environment in the real-cavity
model. With equation (4.59), it follows that in the dipole approximation the interaction
energy of an atom with the electromagnetic field in an inhomogeneous dielectric equals

V
(m)
dip = −

∑
kk′

c†mkcmk′µ
(m)
kk′ · D(Rm)/ε0

= −i
∑

λ

∑
kk′

√
�ωλ

2ε0

[
aλc

†
mkcmk′ µ

(m)
kk′ · fλ(Rm) − H.c.

]
. (4.62)

In the first identity it was used that ε(Rm) equals unity in the real-cavity model (adopted
in section 4.4.3). This gives the important result that inside an inhomogeneous dielectric,
a dipole couples to the field −D/ε0, but necessarily at a position where the dielectric
function equals one. This is a generalisation of the free-space dipole-coupling [84, 98, 99]
and a necessary qualification of the dipole coupling found in [13, 14].

The dipole approximation is excellent for real atoms. For the guest atoms one can also
think of other (larger) quantum systems in interaction with the electromagnetic field. “Arti-
ficial atoms”, also known as quantum dots, are an example. Quantum dots are semiconduc-
tor nanostructures tens of nanometers in size or less in all three dimensions. Quantum dots
are much larger than real atoms and so their dipole moments can be much larger as well
(see for example [100] and references therein). Because of their larger size, quadrupole
moments are more important for quantum dots than for real atoms, especially when excited
in their near field by a scanning near field optical microscope [101].

4.5 Inhomogeneous magnetic media

In the past few years, old and nearly forgotten ideas about so-called left-handed materi-
als [102] have become the subject of intense scientific discussions after a prediction that a
perfect lens could be made with them [103]. Left-handed materials do not exist in nature
and have the exotic property that both their relative dielectric functions ε(r) and their rel-
ative magnetic permeabilities µ(r) are negative. Their index of refraction is also negative
and this leads to many peculiar properties. They will also influence spontaneous-emission
rates of nearby guest atoms in different ways than their right-handed counterparts, accord-
ing to a recent paper [104]. Without diving into this subject here, left-handed materials
make it interesting to generalize the formalism of this chapter to dielectrics with inho-
mogeneous magnetic properties as well. Such generalizations were already considered
in [13, 14] and are relatively straightforward, for reasons discussed below.
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When µ becomes position-dependent, then the only term that will change in the clas-

sical multipolar Hamiltonian (4.53) is the magnetic field energy
∫

dr B2(r)
2µ0µ(r) . (Confusion

should not arise about the symbol µ that is used as the magnetic permeability and as the
magnitude of a dipole µ.) The quantum mechanical description can again be carried out
by choosing the generalized Coulomb gauge. Without guest atoms, the vector potential
satisfies the source-free wave equation

∇ ×
[

1
µ(r)

∇ × A(r)
]

+
ε(r)
c2

Ä(r) = 0. (4.63)

The electromagnetic field in can be expanded in terms of new modes different rom the
modes fλ. The new normal modes mλ are the harmonic solutions of the wave equation
(4.63). These new modes are also generalized transverse, just like the modes fλ of the
nonmagnetic medium. This is what makes the generalization of the formalism to mag-
netic media relatively simple. In second quantization notation, the electromagnetic field

energy becomes
∑

λ �ωλ

(
d†λdλ + 1

2

)
, where d†λ is the creation operator of a photon in

the mode mλ(r). The new modes can have mode profiles that differ much from any of the
modes fλ(r), but otherwise the theory of the medium is not much different. In the electric
and magnetic interactions (4.59) and (4.60) of the electromagnetic field with guest atoms,
the modes fλ can just be replaced by the mλ and the operators c(†)λ by d(†)

λ in order to
take both the electric and magnetic properties of the medium into account. As for non-
magnetic media, in the dipole approximation the magnetic interaction (4.60) is zero; the
electric dipole interaction (4.59) dominates, except for optical transitions with zero dipole
moments. When dipole moments are nonzero, the main effect of the dielectric becoming
magnetic comes from the change in the mode functions. When in the future left-handed
materials will be made with negligible dispersion and absorption in the frequency interval
where ε and µ are negative, then the present formalism will also be applicable to those
exotic materials.

4.6 Dipole-coupling controversy

Many papers appeared in the nineteen-eighties about the equivalence of the minimal-
coupling and the multipolar Hamiltonian in free space, for example [98, 99, 105–114]. The
Hamiltonians sometimes lead to different results in calculations. Some authors argued that
the minimal-coupling Hamiltonian was to be preferred [106], while others proposed to re-
frain from using gauge-dependent equations to stop the confusion [109]. In the multipolar
picture, a controversy arose whether a dipole in free space couples to minus the displace-
ment field (−µ · D/ε0, see [99]) or to the transverse part of the electric field (−µ · ET,
see [115]). The book by Cohen-Tannoudji et al. helped a lot to settle the dust [84]. It is
probably useful to briefly mention a few reasons why confusion is so likely to arise in a
situation which in principle is not difficult.

In the first place, it is important to distinguish canonical variable transformations (new
variables, same Hamiltonian and states) from unitary changes of picture (new Hamiltonian,
new states, same expectation values). This distinction was excellently presented in [99].
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Unlike canonical transformations, picture changes have no classical analogues. Confusion
is likely to arise when after a canonical change a Hamiltonian has exactly the same form as
after a picture change [99]. This is one reason why a controversy about the dipole coupling
term could arise.

A second source of confusion is related to approximations. It was found in sec-
tion 4.4.5 that a dipole at position R inside a dielectric couples to the displacement field

−D(R)/ε0 = − [E(R) + Pg(R)] /ε0, (4.64)

where Pg is the polarization field of the guest atom itself; the equality in (4.64) holds
because the empty-cavity model was assumed so that ε(R) equals one. In free space, a
dipole couples to the same field (4.64). Why then are there still authors that state that in
free space [115] or in a dielectric [11] a dipole couples to minus the electric field? For the
dielectric with guest atoms, the displacement field operator can be expanded as

D(r) = iε0ε(r)
∑

λ

√
�ωλ

2ε0

[
aλ fλ(r) − a†λ f∗λ(r)

]
. (4.65)

The form of this operator is the same as in a dielectric without guest atoms [minus the
equation (4.25b)], except that the equations of motion of the creation- and annihilation
operators in (4.65) have terms involving the atomic variables, which the equations of mo-
tion of their counterparts a(0)

λ and a(0)†
λ do not have. If one approximates the displacement

field (4.65) and its time-derivatives by assuming free-space time-dependence, then for po-
sitions where ε equals one, the displacement field (4.65) is equal to the electric field in the
absence of the guest atoms. In other words, if the guest atoms are taken into account in
Maxwell’s equations, then one finds a dipole coupling to the displacement field, whereas
a coupling to the electric field is found when guest atoms are left out of Maxwell’s equa-
tions. It depends on the observable under study whether the difference between the two
dipole couplings can be neglected or not. An example where only one dipole coupling is
correct will be given in the next chapter in section 5.2.3.

4.7 Summary and discussion

The aim of the chapter was to find a Hamiltonian of guest atoms in an inhomogeneous
dielectric, with a multipolar interaction between the atoms and the field. The multipolar
Hamiltonian is simpler than the minimal-coupling Hamiltonian, because in the former all
interactions between the atoms are mediated by the retarded electromagnetic field. The
main results of this chapter are therefore the quantum multipolar interaction Hamiltonian
(4.55) together with its dipole approximation (4.62). With this Hamiltonian, one can study
how a dielectric environment can change quantum optical processes of resonant atoms.

Another important result is that the macroscopic description of the dielectric could
only be tied up to the microscopic description of the atoms by assuming that the dielectric
function has the value 1 at the atomic positions. If not, the atoms in the dielectric would
have huge frequency shifts. The local modification of the dielectric function will also
change the dipole coupling, because mode functions change locally (see also chapter 5). If
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one would start with the same two- or three-level description of the guest atoms as in free
space, one implicitly already assumes such a model for the dielectric function. Consistency
requires to also choose a local-field model when calculating the mode functions in the
dipole interaction (4.62).

In order to obtain the central results of this chapter, it was necessary to first quan-
tize the electromagnetic field in the dielectric without guest atoms. This has certainly
been carried out before, but after explaining why real optical mode functions can be used
whenever ε(r) is real, the quantization becomes simpler than found in [11, 13, 86]. In par-
ticular, only when real mode functions are chosen are the associated generalized positions
and momenta Hermitian. The field that must be so quantized is the field of the dielectric
with empty cavities at the positions where the guest atoms are to be placed.

The guest atoms were introduced into the theory such that Maxwell’s equations hold
with the atomic charge and current densities as source terms. A minimal-coupling La-
grangian that gives rise to these equations was easily written down. However, after choos-
ing a generalized Coulomb gauge, it was not directly clear how to obtain all Maxwell’s
equations in this particular gauge. In the important appendix B, the mathematical ques-
tion was studied what it means to take a functional derivative after choosing a gauge. It
was shown that the derivative of the minimal-coupling Lagrangian could be found by sol-
ving a certain electrostatical potential problem. As a consequence, the gauge-independent
Maxwell’s equations were found indeed to hold in the generalized Coulomb gauge as well.

The application of the Power-Zienau-Woolley transformation to the minimal-coupling
Lagrangian was shown to produce the multipolar Lagrangian, after the generalized Cou-
lomb gauge had been chosen. Actually, the gauge was chosen earlier than strictly neces-
sary: the choice could have been postponed until the canonical momenta were determined
from the multipolar Lagrangian. The story would have been simpler up to that point.
The difficulty to find all Maxwell’s equations would then show up only after obtaining
the multipolar Lagrangian. The reason to first choose the gauge and then do the PZW
transformation, is that it more clearly shows that the difficulty to find all Maxwell’s equa-
tions was a consequence of choosing the gauge, rather than a consequence of the PZW
transformation.

More generally, the presentation given in this chapter is one among the many possibil-
ities. When going from a classical minimal-coupling Lagrangian to a quantum mechanical
multipolar Hamiltonian, one has to make four steps: one step is to choose a gauge, another
step is to transform the theory to the multipolar formalism. Yet another step is made when
going from a Lagrangian to a Hamiltonian; quantization and second quantization together
are step number four. These are now given in the order in which they occurred in this chap-
ter, but the steps can be interchanged. Not all of the 24 permutations are convenient. All
routes should lead to equivalent final results. In particular, it was shown in detail in [111]
that step two and three can be interchanged for free space: the PZW transformation of the
minimal-coupling Lagrangian is equivalent to a picture change of the minimal-coupling
Hamiltonian. The equivalence will also hold for inhomogeneous dielectrics.



Chapter 5

Point scatterers and quantum
optics in inhomogeneous
dielectrics

A point-scattering formalism is set up which is very convenient when studying quantum
optical processes in dielectrics. The starting point is the multipolar Hamiltonian for guest
atoms inside inhomogeneous dielectrics that was derived in chapter 4. The formalism
will first be used to calculate position-dependent single-atom spontaneous-emission rates.
Then it will be shown how two-atom superradiance can be strongly modified inside an
inhomogeneous dielectric. The emphasis in the chapter will be on the influence that the
dielectric has on the processes which are well-known in free space.

5.1 Introduction

The spontaneous-emission rate of an atom depends on its dielectric environment [1] and
in particular on the precise position of the atom if the medium is inhomogeneous [11, 41,
116–118]. The spontaneous-emission rate is proportional to the local optical density of
states of the medium [53]. Local densities of states were determined from the Green func-
tion in chapters 2 and 3. One of the main objectives in those chapters was to find the Green
functions for inhomogeneous media with the use of multiple-scattering theory. Here, the
goal will be to describe optical processes such as spontaneous emission and superradiance
in terms of the Green functions, rather than to calculate these Green functions themselves.

The system under study in this chapter is the same as in the previous chapter 4: a
collection of resonant guest atoms in a non-absorbing inhomogeneous dielectric. Based
on the final results of that chapter, it will be studied how the guest atoms interact with the
medium and with each other. The concept of a point scatterer proved very fruitful in the
study of multiple-scattering of classical light in free space [68, 69, 94]. Here, the the point-
scattering formalism will be put to use in quantum optics of inhomogeneous dielectrics.

95
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Spontaneous-emission rates and frequency shifts of individual atoms are derived, with
emphasis on the spatial properties of light scattering and emission.

Not only single-atom properties are changed. The dielectric environment also modi-
fies cooperative effects of nearby atoms. The canonical example of cooperative effects is
two-atom superradiance. Here, the effect of an inhomogeneous medium on two-atom su-
perradiance will be studied. The precise measurement of two-atom superradiance in free
space as a function of distance is a fundamental test for quantum electrodynamics [119].
The effects calculated here are a test for macroscopic quantization theories for inhomoge-
neous dielectrics described by a nondispersive and real dielectric function ε(r). A closely
related subject of fundamental and also of technological interest is the influence of the
dielectric environment on the the transfer of an optical excitation from a donor to an ac-
ceptor atom. It has been studied theoretically how two-atom interactions are influenced by
an optical microcavity [120–122]. Here the resonant modes of the cavity play a dominant
role, the modes with eigenfrequencies close or equal to the atomic transition frequency.
Experiments have shown that the dipole-dipole interaction is increased when the atoms
are placed in a cavity at positions R1 and R2 where resonant optical modes have their
maxima [123].

The chapter has the following structure: in section 5.2 the point-scattering model for
interacting guest atoms is introduced; section 5.3 discusses medium-induced modifica-
tions of single-atom properties such as spontaneous-emission rates and elastic scattering.
Generalization to a finite number of host atoms is discussed in section 5.4. The formalism
is applied to two-atom superradiance in section 5.5. As a special case, superradiance in
a homogeneous dielectric is discussed in section 5.6. This is followed by a qualitative
discussion in section 5.7 on line shifts and dipole-dipole interactions in inhomogeneous
dielectrics and in particular in photonic crystals. Conclusions are drawn in section 5.8.

5.2 Atoms as point sources and as point scatterers

The light intensity operator is important in the analysis of almost all quantum optical
experiments. In terms of the electric field it has the form [15]

I(r, t) = 2ε0cE(−)(r, t) · E(+)(r, t), (5.1)

where E(+) is the positive-frequency part of the electric field operator, and E(−) is its
Hermitian conjugate. The intensity operator is also important now that light scattering
and emission by guest atoms in dielectrics is studied: measurable intensities correspond
to expectations values of the intensity operator with respect to the initial state of both the
electromagnetic field and of the guest atoms. The goal in this section is to find a Lippmann-
Schwinger equation for the electric field from which its time and position dependence can
be derived. The result can directly be inserted in equation (5.1) so that intensities (and
intensity correlations) can be found. A Hamiltonian will be proposed in section 5.2.1;
equations of motion are solved in sections 5.2.2 and 5.3.1.
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5.2.1 The Hamiltonian

The Hamiltonian forN atoms inside an inhomogeneous dielectric is the sum of a field part,
an atomic part, and an interaction part between field and atoms. A multipolar interaction
is assumed and the dipole approximation (4.62) is made. Since in the coming derivations
the field operator D(r, t)/[ε0ε(r)] plays an important role, it will be abbreviated in the
following as

F(r, t) ≡ D(r, t)/[ε0ε(r)]. (5.2)

The field operator F will be referred to as the “Field”. At the positions Rm of the guest
atoms, the Field equals the displacement field as defined in equation (4.46), because ε(r) =
1 at those spots. On the other hand, away from the atoms, in a detector for example,
the Field equals the electric field. The details of this subtle distinction can be found in
chapter 4 and become important in section 5.2.3. The Field is the sum of a positive-
frequency part F(+) containing only annihilation operators and its Hermitian conjugate
F(−); it has a simple expansion in terms of the normal mode solutions of the electric field:

F(r, t) = F(+)(r, t) + F(−)(r, t) = i
∑

λ

√
�ωλ

2ε0

[
aλ(t) fλ(r) − a†λ(t) f∗λ(r)

]
. (5.3)

In the absence of the atoms, the time dependence of the creation- and annihilation opera-
tors in (5.3) would be harmonic and the Field would be equal to the electric field E(0). But
now the atoms are there and the total Hamiltonian is

H = HF + HA + HAF, with (5.4a)

HF =
∑

λ

�ωλa
†
λaλ (5.4b)

HA =
N∑

m=1

�Ωmb
†
mbm (5.4c)

HAF = −
N∑

m=1

µm · F(Rm) =
∑
m,λ

(bm + b†m)(gλmaλ + g∗λma
†
λ). (5.4d)

The atomic frequencies Ωm and transition dipole moments µm may be all different, either
because the guest atoms are of different species or because identical atoms feel different
electronic modifications due to the dielectric. Only when an empty-cavity model applies
can electronic modifications be neglected, recall section 4.4.3. The frequencies Ωm are
assumed real, which means that nonradiative broadening is neglected. The atoms are very
simply described as harmonic oscillators with frequencies Ωm. This is a good approxima-
tion as long as saturation effects of the upper atomic state can be neglected. (For a more
realistic modelling of the internal states of atoms one could turn to [124].) The atomic
dipole moments µm are assumed to have a fixed orientation. This assumption is better for
molecules or quantum dots in a solid surrounding than for atoms in the gas phase. For
convenience, the name “atoms” will be used for the guest in the dielectric. The operators
b†m create atomic excitations by annihilating an atom in the ground state while at the same
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time creating the atom in the excited state: in terms of the operators of section 4.4.5, b†m
equals c†m1cm0. The excitation ground state |0〉 for the operators b†m corresponds to the
electronic ground state c†m0|0〉.

The coupling constants between atom m and optical mode λ in Eq. (5.4d) are defined
as

gλm = −i
√

�ωλ

2ε0
µm · fλ(Rm). (5.5)

The field part of the Hamiltonian is a sum (or integral) over harmonic oscillators cor-
responding to the harmonic solutions (“true modes”) of the Maxwell equations for the
inhomogeneous dielectric in the absence of the atoms.

5.2.2 Integrating out atomic dynamics

The goal of this section is to derive a Lippmann-Schwinger equation for the Field inside
the inhomogeneous dielectric in the presence of theN guest atoms. Heisenberg’s equation
of motion leads to the following equations of motion for the Field operators:

ȧλ(t) = −iωλaλ(t) − (i/�)
∑
m

g∗λm

[
bm(t) + b†m(t)

]
(5.6a)

ȧ†λ(t) = iωλa
†
λ(t) + (i/�)

∑
m

gλm

[
bm(t) + b†m(t)

]
. (5.6b)

The Field operators are coupled to the atomic operators and the operators of atomm satisfy
the equations

ḃm(t) = −iΩmbm(t) − (i/�)
∑

λ

[
gλmaλ(t) + g∗λma

†
λm(t)

]
(5.7a)

ḃ†m(t) = iΩmb
†
m(t) + (i/�)

∑
λ

[
gλmaλ(t) + g∗λma

†
λm(t)

]
. (5.7b)

Now take the Laplace transform (or positive-time Fourier transform) of the equations of
motion (with argument −iω), for example

bm(ω) ≡
∫ ∞

0

dt eiωtbm(t). (5.8)

Here and in the following the frequency ω is assumed to contain an infinitesimally small
positive imaginary part so that the above integral is well-defined. The equations are alge-
braic after the transformation.

One can assume that at time zero, the annihilation operators aλ coincide with the a(0)
λ ,

the operators in the absence of the guest atoms. The a(0)
λ have simple harmonic equations

of motion ȧ(0)
λ + iωλa

(0)
λ = 0. After partially integrating, the Laplace transform of this

equation becomes
−i(ω − ωλ) a(0)

λ (ω) = a
(0)
λ (t = 0). (5.9)
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Also in Laplace language, the equations for the atomic operators become

bm(ω) =
ibm(0)
ω − Ωm

+
�
−1

ω − Ωm

∑
λ

[
gλmaλ(ω) + g∗λma

†
λm(ω)

]
(5.10a)

b†m(ω) =
ib†m(0)
ω + Ωm

− �
−1

ω + Ωm

∑
λ

[
gλmaλ(ω) + g∗λma

†
λm(ω)

]
. (5.10b)

The right-hand sides of Eqs. (5.10a) and (5.10b) are used to replace bm(ω) and b†m(ω) in
the Laplace transforms of the equations (5.6a) and (5.6b) for the Field operators. In doing
this, the atomic dynamics is integrated out. With the use of the identity (5.9), one obtains
for the annihilation operators of the Field

aλ(ω) = a
(0)
λ (ω) +

i�−1

ω − ωλ

∑
m

g∗λm

[
bm(0)
ω − Ωm

+
b†m(0)
ω + Ωm

]
(5.11a)

+
�
−2

ω − ωλ

∑
m,λ′

g∗λm

(
2Ωm

ω2 − Ω2
m

)[
gλ′m aλ′m(ω) + g∗λ′m a†λ′m(ω)

]
.

For the creation operators, a similar equation is found, be it with some essential sign
changes:

a†λ(ω) = a
(0)†
λ (ω) − i�−1

ω + ωλ

∑
m

gλm

[
bm(0)
ω − Ωm

+
b†m(0)
ω + Ωm

]
(5.11b)

− �
−2

ω + ωλ

∑
m,λ′

gλm

(
2Ωm

ω2 − Ω2
m

)[
gλ′m aλ′m(ω) + g∗λ′m a†λ′m(ω)

]
.

Evidently, the optical modes are no longer independent because of the interaction with the
atoms. The three terms in the right-hand sides of Eqs. (5.11a) and (5.11b) can respectively
be identified with three reasons why there can be light in mode λ: firstly, because there
is light in the undisturbed mode that has not “seen” the atom; secondly, because the atom
can emit light into the mode λ; the third term describes transitions of light in and out of
the mode λ to and from modes λ′, due to scattering off one of the guest atoms. Since the
relations (5.11a) and (5.11b) are implicit rather than explicit solutions for the operators,
the identification of terms in the equations with scattering and emission processes can only
be approximate.

These results for the creation and annihilation operators can be directly used with
Eq. (5.3) to find the following equation for the Field (including both positive- and negative-
frequency parts)

F(r, ω) = E(0)(r, ω) (5.12)

+
∑
m

K(r,Rm, ω) · Sm(ω) +
∑
m

K(r,Rm, ω) · Vm(ω) · F(Rm, ω).

This is the central result of this section. It is an exact Lippmann-Schwinger equation and it
describes the resonant scattering off and emission by guest atoms inside an inhomogeneous
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dielectric. It has an undisturbed term, a scattering and a source term. The elements of
equation (5.12) must still be explained: the operator E(0)(r, ω) is the electric field in the
absence of the atoms, with both the (+) and the (−) parts; the atomic source operators
Sm(ω) are vectors and have the form

Sm(ω) ≡ µ̂mSm(ω) ≡ µ̂m

(−iµmω
2

ε0c2

)[
bm(0)
ω − Ωm

+
b†m(0)
ω + Ωm

]
, (5.13)

where µ̂m denotes the unit vector in the direction of the atomic dipole moment µm. Notice
that Sm features the atomic creation and annihilation operators at the initial time zero: in
quantum optics, the atomic variables can not be completely integrated out in an “all-light”
picture. Spontaneous emission will be described in terms of these source operators in
section 5.3.

The optical potentials produced by the atoms are dyadics and are given by

Vm(ω) ≡ µ̂mVm(ω)µ̂m ≡ µ̂m

(
µ2

mω
2

�ε0c2

)(
2Ωm

ω2 − Ω2
m

)
µ̂m. (5.14)

The potentials Vm(ω) are tensorial instead of isotropic because the atoms can not be po-
larized in directions perpendicular to their dipole moments. Both the sources and the
potentials have resonances at frequencies ±Ωm. The potentials Vm(ω) can be rewritten as
−(ω/c)2αBm(ω), with the frequency-dependent “bare polarizability” [69] defined as

αBm(ω) =
2µ2

mΩm

�ε0(Ω2
m − ω2)

. (5.15)

The bare polarizabilities are real (except on resonance) and change sign when going
through their resonances at Ωm; the resonances are infinitely sharp because all possible
nonradiative decay processes are neglected; a polarizability is called “bare” precisely be-
cause its resonance is not radiatively broadened.

The last undefined factor in the Lippmann-Schwinger equation (5.12) is the dyadic
quantity K which is given by

K(r, r′, ω) ≡ c2
∑

λ

fλ(r)f∗λ(r′)
(ω2 − ω2

λ)
ω2

λ

ω2
(5.16)

In the denominator, the frequency ω is assumed to contain an infinitesimally small posi-
tive imaginary part iη, so that K has an imaginary part whenever ω coincides with a mode
frequency ωλ. The dyadic K can be interpreted once a few Green functions of the in-
homogeneous dielectric are introduced. This is done in some detail in appendix C. The
relevant results of this appendix are repeated here: the (full) Green tensor G(r, r′, ω) of
the inhomogeneous dielectric is the solution of the wave equation

−∇ × ∇ × G(r, r′, ω) + ε(r)(ω/c)2G(r, r′, ω) = δ(r − r′)I, (5.17)

where the right-hand side is the ordinary Dirac delta function times the unit tensor. The
generalized transverse Green function GT is the solution of

−∇ × ∇ × GT(r, r′, ω) + ε(r)(ω/c)2GT(r, r′, ω) = δ̄T
ε (r′, r). (5.18)
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The source term δ̄T
ε at the right-hand side is the transpose (denoted by a bar) of the gener-

alized transverse delta function (4.12). The generalized transverse Green function GT has
an expansion

GT(r, r′, ω) = c2
∑

λ

fλ(r) f∗λ(r′)
ω2 − ω2

λ

, (5.19)

in terms of the (complex) normal modes of the homogeneous wave function of the di-
electric; the frequency ω has an infinitesimally small positive imaginary part. With these
definitions (5.17)-(5.19), the dyadic K (5.16) can be rewritten as

K(r, r′, ω) = c2
∑

λ

fλ(r)f∗λ(r′)
ω2 − ω2

λ

− (c/ω)2
∑

λ

fλ(r)f∗λ(r′) (5.20)

= GT(r, r′, ω) − 1
(ω/c)2ε(r′)

δT
ε (r, r′). (5.21)

It consists of the generalized transverse Green function (5.19) and a term proportional to
the generalized transverse delta function δT

ε (4.24). Both terms are medium-dependent.
Note that K is generalized transverse in its variable r. In particular, the second term in
(5.21) is not a longitudinal term. Because of its transversality property, K is not equal to
the total Green function (5.17). Nevertheless, both for free space and also for the dielectric,
the definition of the longitudinal Green function [see appendix C, Eq. (C.3)] can be used
to rewrite the dyadic K as

K(r, r′, ω) = G(r, r′, ω) − 1
ε(r)(ω/c)2

δ(r − r′)I. (5.22)

According to this identity, the dyadic K that shows up in the Lippmann-Schwinger equa-
tion (5.12) for the Field only differs from the full Green function of the medium when
its two position arguments r and r′ coincide. The delta function term in (5.22) is a self-
interaction term that arises in the multipolar formalism: the dipole couples not only to the
electric field but also to its own polarization field through the −µ ·D/[ε0ε(R)] interaction
that was derived in the previous chapter. Although it is different from G, the quantity K
will also be called a Green function in the following.

All the elements of the Lippmann-Schwinger equation (5.12) for the Field have now
been explained. Solutions for the Field F(r, ω) will be given in later sections. Once
such a solution is known, also the vector potential (4.25a) and the magnetic field can be
determined right away in terms of the Field, as it turns out by taking the appropriate linear
combinations of creation and annihilation operators (5.11a) and (5.11b):

A(r, ω) ≡
∑

λ

√
�

2ε0ωλ

[
aλ(ω) fλ(r) + a†λ(ω) f∗λ(r)

]
(5.23)

= A(0)(r, ω) +
1
iω

∑
m

GT(r,Rm, ω) · [Sm(ω) + Vm(ω) · F(Rm, ω)] .

Here the vector potential is propagated by the generalized transverse Green function GT,
rather than by K, as in the equation (5.12) for the Field. The magnetic field is the curl of
the vector potential.
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In previous chapters, Lippmann-Schwinger equations were derived in “all-light” for-
malisms that started with a given optical potential as a perturbation. Here instead, the
approach starts one level deeper with a dynamical system of light and matter. The dynam-
ics of the atoms were integrated out in order to mimic an all-light formalism as much as
possible. The optical potential Vm is output rather than input.

A new feature (as compared to Lippmann-Schwinger equations in previous chapters)
is that in equation (5.12) the atoms not only are point scatterers (potentials), but also point
sources. Both appear as two sides of the same coin in one equation. The Field is a sum of
two terms that will be called F1 and F2. The Field F1 contains the undisturbed Field E(0)

plus the Field that is scattered by the guest atoms; F2 is the source Field associated with
the radiation of guest dipoles that are excited at the initial time zero. Expectation values of
F1 only depend on the initial state of the electromagnetic field, whereas expectation vales
involving F2 depend only on the initial atomic state.

5.2.3 Volume-integrated dipole field

As a first application and test of the formalism, the (operator) relation between the Field
and the polarization field of the atoms is now determined. The polarization field Pgm

(4.61) associated with guest atom m in the dipole approximation is

Pgm(r, t) = δ(r − Rm) Pgm(t) = δ(r − Rm) µm

[
bm(t) + b†m(t)

]
. (5.24)

With the help of the equations (5.10a) , (5.10b), and the definitions of the source fields
(5.13) and potentials (5.14), the polarization field in frequency space can be related to
other operators as

Pgm(ω) = −
(
ε0c

2

ω2

)
[ Sm(ω) + Vm(ω) · F(Rm, ω) ] . (5.25)

There exists therefore a simple relationship between the Field and the polarization fields
[use Eq. (5.12)]

F(r, ω) = E(0)(r, ω) − ω2

ε0c2

N∑
m=1

K(r,Rm, ω) · Pgm(ω). (5.26)

Now assume that the sources are in free space. The volume-integral will now be deter-
mined of the Field over a small sphere (denoted by �) containing only the source at Rm,
at its center. This integral is important in many situations, for example when studying
local-field effects. The only contribution to the integral that survives when making the
radius of the sphere smaller, stems from the source m itself. The integral is determined by
the properties of the free-space Green function K0(r,Rm, ω) at positions r close to Rm.
For convenience, the form (5.21) of the function K will be used in the following discussion
rather than (5.22). The transverse Green function GT

0 (r − Rm, ω) in K0 has a vanishing
contribution to the integral, since its pole goes as |r − Rm| at short distances [69]. The
dipole part of the transverse delta function (C.5) has a vanishing solid-angle-integral and
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does not contribute either. What remains is the delta-function part of the transverse delta
function, which gives the radius-independent result∫

�
dr F(r, ω) =

2
3ε0

Pgm(ω). (5.27)

Now the subtlety becomes important that the Field F is equal to the electric field E every-
where except at the positions of the guest atoms. The right-hand side of equation (5.27) is
therefore not equal to the volume-integrated electric field. With the definitions of the dis-
placement field (4.46) and the Field (5.2), one obtains the following relation between the
volume integrals of the electric-field operator and the polarization-field operator around an
atom ∫

�
dr E(r, ω) = − 1

3ε0
Pgm(ω). (5.28)

The static and classical version of this result is presented for example in Jackson’s book
[4], where a delta-function contribution to the static dipole field is added by hand for
consistency; likewise, in the theory for classical point scatterers by De Vries et al. [69], it
is stated that a delta-function contribution must be added by hand to the longitudinal Green
function GL

0 to ensure that the classical analogy of the “sum rule” (5.28) holds. In contrast,
Eq. (5.28) was found here as an operator relation without adding any terms by hand. The
sum rule (5.28) could only be found by using the fact that a dipole couples to the field
−D(R)/[ε0ε(R)] rather than to minus the electric field: in the present calculation there
is only one correct answer to the dipole coupling controversy (see section 4.6).

There is nothing truly quantum mechanical about the sum rule (5.28). In a classical
canonical theory, one would find the same conjugate fields (4.50), dipole coupling (4.62)
and Green function K. However, a canonical formalism is usually by-passed in classical
optics. It is then assumed that a classical dipole couples to the classical electric field and
furthermore that light propagates from a source according to the Green function G rather
than K. In appendix C it is shown that G0 naturally has the correct delta-function term in
its longitudinal part. There is no need to add terms by hand in order to derive Eq. (5.28)
classically.

Incidentally, in obtaining the result (5.28), the definition of the longitudinal Green
function was not used: the dipole couples to a transverse field so that GL

0 does not come
into play. Still, the same volume-integrated electric field could be found when carrying out
the calculations using the form (5.22) for K. The latter form does depend on the definition
of the longitudinal Green function.

5.3 Single-atom properties altered by the medium

An atom in a group of atoms in an inhomogeneous dielectric will have different properties
as compared to free space, because of the dielectric and because of the other atoms. In
this section the effect of the medium on the individual atoms will be considered. The next
step, in section 5.4, will be to study some effects that the medium-modified atoms can
have on each other. Thus, the results of the present section are necessary ingredients for
the many-atom problem.
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5.3.1 Light emitted by a point source

Assume that in the dielectric there is only one guest atom present with dipole moment
µ and transition frequency Ω. The effect of the medium on the scattering and emission
properties of the atom can be found by solving the equation (5.12). The Green function K
in that equation can not be replaced by the Green function G, since the delta function in K
plays a role especially when considering multiple scattering off a single atom. The Field
can be solved exactly from equation (5.12) by successive iterations

F =
[
E(0) + K · S

]
+ K ·V ·

[
E(0) + K · S

]
+ K ·V ·K ·V ·

[
E(0) + K · S

]
+ . . . (5.29)

In this equation, K and V are classical quantities, whereas F, E(0), and S are operators.
The infinite series can be summed, much the same as was done in chapters 2 and 3 for
light scattering by plane scatterers:

F(r, ω) = F1(r, ω) + F2(r, ω), where (5.30)

F1(r, ω) = E(0)(r, ω) + K(r,R, ω) · T(ω) · E(0)(R, ω) (5.31)

F2(r, ω) = K(r,R, ω) · S(ω) + K(r,R, ω) · T(ω) · K(R,R, ω) · S(ω). (5.32)

In this exact solution for the Field, F1 describes light that is either undisturbed or scattered
by the guest atoms; the source Field F2 can be related to spontaneous emission by the
atoms. The solutions of F2 and F1 will be discussed here and in section 5.3.2, respectively.

The single-atom T-matrix is

T(ω) = µ̂T (ω)µ̂ = µ̂

[
V (ω)

1 − µ̂ · K(R,R, ω) · µ̂V (ω)

]
µ̂ (5.33)

and clearly, it depends on the atomic position inside the inhomogeneous dielectric. The
source Field (5.32) can be rewritten as

F2(r, ω) =
K(r,R, ω) · S(ω)

1 − µ̂ · K(R,R, ω) · µ̂V (ω)
, (5.34)

with S(ω) as defined in Eq. (5.13). The time dependence can be calculated of the Field
at the position r due to the presence of the source at R, by doing the inverse Laplace
transformation:

F2(r, t) =
1
2π

∫ ∞

−∞
dω e−iωt (ω2 − Ω2)K(r,R, ω) · S(ω)

ω2 − Ω2 − µ̂ · K(R,R, ω) · µ̂[2µ2ω2Ω/(�ε0c2)]
, (5.35)

This integral in general can not be evaluated further without the explicit knowledge of the
Green function. Light can go from the source at R to a detector at position r following
several paths, dependent on the geometry of the dielectric. The Green function contains
information about all possible paths. For example, if an atom near a mirror emits light, the
light can either directly go to the detector or first reflect off the mirror. Each path has its
own retardation time due to the finite speed of light. Light from all these paths interferes
at position r.
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One can only say something about the the amplitude at position r of the field emitted
by the source when the Green function is known, but the decay rate of the source can
be found already. By making a pole approximation in the frequency poles of Eq. (5.35),
one will find that the source-Field operator will decay exponentially in time. Exponential
decay is only found because all orders in the atom-radiation coupling were taken into
account. The (amplitude) spontaneous-decay rate is

Γ/2 ≡ −µ̂ · Im K(R,R,Ω) · µ̂
(
µ2Ω2

�ε0c2

)
. (5.36)

The decay rate of the intensity of the field is Γ. From the definition of K in Eq. (5.16) it
is clear that this rate is a nonnegative quantity. The delta function term in K (5.22) is real,
so that the imaginary part of K is equal to the imaginary part of the Green function G.
More specifically, since the longitudinal Green function GL (C.3) is real, the decay rate is
proportional to the imaginary part of only GT. The decay rate depends both on the atom’s
position and on its orientation inside the inhomogeneous dielectric. For free space, the
imaginary part of GT

0 (R,R,Ω) is equal to −Ω/(6πc)I [see Eq. (C.7)]. This immediately
gives the familiar free-space spontaneous-decay rate Γ0 = µ2Ω3/(3π�ε0c

3).
The decay rate is accompanied by a shift of the oscillation frequency Ω by an amount

∆′ ≡ µ̂ · Re K(R,R,Ω) · µ̂
(
µ2Ω2

�ε0c2

)
. (5.37)

For two reasons, this frequency shift is infinitely large even in free space. The first reason
is that the delta function term δ(r − Rm)I/[ε(r)(ω/c)2] in the expression (5.22) for K
diverges when r is equal to R. The term was already interpreted as a self-interaction and it
seems to be medium-dependent through the factor ε(r). This is not the case, however, if an
empty-cavity model is assumed so that the dielectric function is equal to 1 at the position
of guest atom (see section 4.4.3). In that model, the self-interaction causes a medium-
independent infinite shift. The other reason why the frequency shift (5.37) diverges is well
known for free space: the Green function G(r,R, ω) diverges when r approaches R (see
appendix C for the explicit form of G0). By a procedure called mass renormalisation, the
combined radiative shift in free space becomes finite [16]. There is yet another reason
why infinite line shifts could appear: in the present formalism the dipole approximation
was made. For consistency and in order to prevent possible infinite line shifts due to the
dipole approximation, the mode expansion of the Green function should be cut off at high
frequencies ωλ = 2πc/a, where a is the size of the atom. This cutoff will not be shown
explicitly in the following. From now on it is assumed that Ω is the observable atomic
frequency in vacuum, being the sum of the “bare frequency” and the radiative shift in
vacuum. Inside a dielectric, the atomic frequency can get a finite shift with respect to the
vacuum value Ω, a shift that is given by

∆ = µ̂ · Re [ G(R,R,Ω) − G0(R,R,Ω) ] · µ̂
(
µ2Ω2

�ε0c2

)
, (5.38)

and it clearly depends on the atomic position and dipole orientation. The expression (5.38)
has already been used in section 3.5 for the calculation of line shifts near a plane scatterer.
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Effectively, after redefining the transition frequency Ω, the factor K in the denominator
of the expression (5.33) for the single-atom T-matrix must be replaced by G(R,R, ω) −
Re G0(R,R, ω).

The position-dependent radiative shifts are a mechanism of inhomogeneous broad-
ening of the detected light. Experimentally, it is hard to single out the radiative shift (a
photonic effect) from electronic line shifts (due to changes in the atomic wave functions
inside the medium). Electronic shifts usually dominate inhomogeneous broadening. Elec-
tronic line shifts are absent in the empty-cavity local-field model, but in practice the model
is not expected to work so well that radiative shifts can be detected. Electronic effects are
minimized if the guest atoms are in the gas phase (inside an air-sphere crystal for exam-
ple). Their positions are not fixed then and collision and Doppler broadening mechanisms
come into play, unless the atoms are strongly cooled. For these reasons it will be hard to
observe a position-dependent radiative shift in a dielectric.

5.3.2 Light scattered by a point scatterer

Spontaneous emission of point sources in the dielectric has now been discussed by study-
ing the source field F2. There is also the other contribution F1 to the Field, consisting of
the undisturbed electric field and a scattered field:

F1(r, ω) = E(0)(r, ω) + K(r,R, ω) · T(ω) · E(0)(R, ω). (5.39)

In this equation, the atom appears as a point scatterer with an internal resonance [69] in
the optical potential V (ω) that appears in the definition (5.33) of the T-matrix. The Field
F1 feels both the inhomogeneous dielectric and the optical potential due to the atom. The
scattered Field term has poles at ±ωλ and also at the poles of the T-matrix. The first
poles describe direct light scattering off the guest atoms, whereas the poles of the T-matrix
describe resonance fluorescence of light that is first captured by the atom and subsequently
is re-emitted. These two processes can be disentangled by separating the frequency poles
(straightforward, but not spelled out here), followed by an inverse Laplace transformation.
As for the source Field in Eq. (5.35), the frequency poles are simple but the full time-
dependence can only be calculated when an explicit form of the Green function is known.
For the part of F1 featuring the annihilation operators, one finds

F(+)
1 (r, t) = E(0)(+)(r, t) +

∑
λ

µ2

2π�ε0c2

√
�ωλ

2ε0
a
(0)
λ (0)fλ(r) · µ̂ ×

∫ ∞

−∞
dωe−iωt

{
− 2Ωsω

2
λK(r,R,Ωs) · µ̂

Ω2
s − ω2

λ + Γ2/4 − iωλΓ
· 1
ω − ωλ

+
Ω2

sK(r,R,Ωs) · µ̂
Ωs − ωλ − iΓ/2

· 1
ω − Ωs + iΓ/2

+
Ω2

sK∗(r,R,Ωs) · µ̂
Ωs + ωλ + iΓ/2

· 1
ω + Ωs + iΓ/2

}
(5.40)

Here, Ωs is the shifted frequency defined as Ω + ∆; ∆ and Γ were defined in Eqs. (5.38)
and (5.36), respectively. The negative-frequency part F(−) of the Field equals [F(+)]†.
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The three terms between curly brackets in (5.40) correspond to three optical processes.
The first term describes elastic light scattering by the guest atom inside the inhomoge-
neous dielectric; the second term has an exponentially decaying time dependence and cor-
responds to resonance fluorescence; finally, the third term is also exponentially decaying
and moreover it is nonresonant because of the (Ωs + ωλ) in the denominator. This third
term corresponds to an utterly improbable process that one could call anti-resonance fluo-
rescence; in a rotating-wave approximation this process would disappear. After neglecting
this third term, all the ω-poles in the integral (5.40) have positive real parts, so that (5.40)
can be called the positive-frequency part of the Field F1.

As a further identification of the elastic-scattering term, the free-space far-field differ-
ential cross section dσ/dΩ will now be determined. (Confusion between the solid angle Ω
and the frequency Ω should not arise.) The Green function is known and the frequency in-
tegrals in (5.40) can be performed. For elastic scattering, dσ/dΩ is given by |r|2〈Is〉/〈Ip〉,
where R = 0 is assumed; 〈Is〉 and 〈Ip〉 are the expectation values of the scattered intensity
at position r and of the pump intensity, respectively [15]. Assume monochromatic polar-
ized pump light with wave vector kp, frequency ωp = kpc and polarisation direction εp

in a coherent state |αp〉. The pump light intensity is �ωpc|αp|2, where Eq. (5.1) was used
for the intensity operator. The average intensity of the scattered light (with polarisation
direction εs) can be found by inserting the first term between curly brackets of Eq. (5.40)
also into Eq. (5.1) and taking the expectation value. This leads to the differential cross
section

dσ/dΩ =
(µ · εp)2(µ · εs)2

4π2�2ε20c
4

· Ω2
sω

4
p

(Ω2
s − ω2

p + Γ2/4)2 + ω2
pΓ2

. (5.41)

This cross section is proportional to ω4
p in the Rayleigh limit ωp/Ωs � 1 and it is inde-

pendent of the pump frequency in the Thomson limit ωp/Ωs  1. The present formalism
gives the correct behavior in both these limiting cases, because the rotating-wave approx-
imation was not made. At resonance, the present T-matrix formalism is better than the
Kramers-Heisenberg dispersion formula [15, 85] when applied to elastic scattering, be-
cause radiative broadening is included here.

The fluorescent light [the second term between curly brackets in Eq. (5.40)] has the
same position-dependent emission rates Γ(R,Ω) (5.36) and line shifts ∆(R,Ω) (5.38) as
found for spontaneous emission in the source Field. In the fluorescence process the guest
atom is excited by light of frequency ωp in a pulse that passes the atom, after which the
atom decays exponentially, following the atomic dynamics. The shapes of the incoming
pulse and the elastically scattered pulse depend on the interference and time-dependence of
many optical modes. Obviously, a more detailed description of such a pulsed experiment
is required, but it will not be given here.

5.3.3 Single atom as a point source in “homogeneous” dielectric

The general results for single atoms of section 5.3.1 will now be applied in a special case:
the spontaneous-emission rate and radiative shift of a guest atom inside a homogeneous
dielectric will be calculated, both with and without local-field corrections. As in chap-
ter 4, the guest atoms are described microscopically and the dielectric is characterized
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macroscopically by a homogeneous dielectric constant ε(r) = ε = n2. The dielectric can
not be really homogeneous on the microscopic level. This point was already discussed
qualitatively in section 4.4.3 by considering the Hamiltonian for the guest atoms.

First assume that the dielectric is homogeneous everywhere. Let Gmacro be the Green
function for the homogeneous medium with ε a constant everywhere. Compare the wave
equation (C.1) for this Green function when ε(r) = ε with the free-space wave equation
for G0 with ε(r) = 1. It follows that Gmacro(r, ω) is equal to G0(r, nω). This identity
also holds for the transverse (C.7) and longitudinal (C.8) parts separately:

GT
macro(r, ω) = − I − 3r̂ ⊗ r̂

4π(nω/c)2r3
− einωr/c

4πr
[P (inωr/c)I +Q(inωr/c)r̂ ⊗ r̂]

GL
macro(r, ω) =

I − 3r̂ ⊗ r̂
4π(nω/c)2r3

+
δ(r)

3(nω/c)2
I, (5.42)

with the function P (z) defined as ≡ (1−z−1+z−2) andQ(z) as (−1+3z−1−3z−2) (see
appendix C). The spontaneous-emission rate Γmacro that one then finds with Eq. (5.36) is
nΓ0, the refractive index times the free-space rate Γ0. The same rate can be found using
Fermi’s golden rule by assuming that the dipole couples to a field consisting of plane waves
with frequencies ωk = kc/n. The rate nΓ0 follows from the assumption that the dielectric
is homogeneous everywhere. The assumption entails that the local field felt by the guest
atom is equal to the macroscopic Maxwell Field.

What field does a guest atom feel? It was found in section 4.4.5 that a dipole couples to
the Field F rather than to the electric field. This formal result is not under debate here. The
question is rather whether F can be written in terms of an expansion of plane-wave modes
with frequencies ωk = kc/n or that modifications are required in the vicinity of the guest
atom. There are several competing models that give different predictions for the local field
(see [94, 95] for an overview). Here the empty-cavity model will be considered. Some
of the other models require a (partly) microscopic description of the dielectric beyond the
present macroscopic theory. The best known other model is the full-cavity (or virtual-
cavity) model [4]. Recent experiments [91] and microscopic calculations [94] suggest that
the empty-cavity model gives correct predictions when the guest atom cuts out a sphere
that is larger than the size of the constituents of the dielectric.

In the empty-cavity model [11], the dielectric is considered homogeneous with a di-
electric constant ε, except in a sphere with radius R� much smaller than the optical wave-
length. The guest atom sits in the center of this tiny sphere with dielectric function equal
to 1. It was found in section 4.4.3 that the absence of huge chemical shifts of the ener-
gy levels of impurity atoms requires a negligible overlap of [ε(r) − 1] and the relevant
wave functions of the guest atom. The empty-cavity model satisfies this requirement if
R� is larger than the size of the atom. The optical modes in the empty-cavity model are
modified plane waves and they were already calculated in [11]. The reason to present the
calculation here in a slightly different way is to exploit the real-space representation of the
free-space Green function, and to be able to use intermediate results later in section 5.5
about superradiance.

The empty sphere in the homogeneous dielectric can be described by the optical po-
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tential
V� ≡ θ(R� − |r|)(ε− 1)(ω/c)2I, (5.43)

which acts as a local perturbation in the wave equation for the modes. Here, θ(x) is the
step-function. A macroscopic plane-wave mode fmacro

k,σ (r) is equal to σk exp(ik · r)/√ε.
The guest atom couples to the Field at r = 0. In the origin, the mode function f�kσ of the
dielectric-with-hole satisfies the Lippmann-Schwinger equation

f�kσ(0) = σk + (ε− 1)(ω/c)2
∫
�

dr′ Gmacro(−r′, ω) · f�kσ(r′). (5.44)

The Green function in this equation is the sum of the transverse and longitudinal Green
functions (5.42). Now since kR� � 1 is assumed, the short-distance behavior of the
Green function Gmacro is important. In that limit, GT has an integrable divergence, as
follows from Eq. (5.42). The integral over the cavity volume of GT can therefore be ne-
glected. (For the same reason, local modifications of scalar waves due to a tiny empty
sphere would be negligible because the divergence of g0(r) = − exp(iωr)/(4πr) is in-
tegrable as well.) On the other hand, Eq. (5.42) also shows that GL has a non-integrable
r−3 divergence and a delta function term as well. In the Born approximation and in all
higher-order approximations one finds that only the delta-function term of GL gives a fi-
nite contribution; the other term gives zero after the angular integration, because the cavity
is assumed spherical. Therefore the solution of the mode function at the position of the
guest atom is

f�kσ(0) =
(

3ε
2ε+ 1

)
fmacro
k,σ (0). (5.45)

The factor Le ≡ 3ε/(2ε+ 1) is called the empty-cavity local-field factor. From the mode
expansion (5.19) one sees that the imaginary part of the generalized-transverse part of the
Green function G�(0, 0) is enhanced by a factor L2

e as compared to Gmacro(R,R); the
spontaneous-emission rates should be enhanced by L2

e as well [11].
Line shifts in a medium are also caused by interaction of the atom with the local

field rather than with the macroscopic field. Both the free-space Green function (C.7) and
the Green function (5.46) of the dielectric have diverging real parts when both r and r′

approach the atomic position R. However, the difference between the two diverging terms
is zero in that limit. With Eq. (5.38) one finds that there is no additional radiative shift for
light emitted in a spherical empty cavity in a homogeneous dielectric.

Not only spontaneous-emission rates are changed when modes f� must be used rather
than the plane-wave modes fmacro. In principle, the generalized transverse Green function
(5.19), the generalized transverse delta function (4.12) and the longitudinal Green func-
tion (C.3) are all changed. Since the polarizability of the tiny empty sphere (guest atom
excluded) inside the dielectric is negligible, the differences between f�(r) and fmacro(r)
as described in Eq. (5.44) can be neglected for positions r �= R. Consequently, one can
say that

G�(r, r′, ω) = [Le]
n Gmacro(r, r′, ω), (5.46)

where n is the total number of position arguments of the Green function that coincides
with an atomic position R.
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5.4 Several atoms as point sources and scatterers

In section 5.3 it was studied how scattering and emission rates of single atoms can be
influenced by their dielectric surroundings. Only photonic effects were taken into account
and electronic effects were neglected. In the present section it is studied how the medium-
modified atoms can influence each other. Analogous to section 5.3, here the atomic wave
functions are assumed not to overlap each other and to be unaffected by the dielectric.
The general method to solve the Lippmann-Schwinger equation in this more complicated
situation is outlined here. In section 5.5, the formalism developed in this section will
be applied to the problem of superradiance of two guest atoms inside an inhomogeneous
dielectric medium.

The Lippmann-Schwinger equation (5.12) for the Field was already solved for only
one guest atom. With more atoms present, solutions of the Field can be found iteratively
from the implicit equation (5.12). The Field is known exactly and explicitly when the N -
atom T-matrix in the inhomogeneous dielectric can be found. The total Field is the sum of
F1 and F2. The scattered Field F1 solves the homogeneous and the source field F2 the
inhomogeneous wave equation:

F1(r, ω) = E(0)(r, ω) +
N∑

m,n=1

K(r,Rm, ω) · T(N)
mn (ω) · E(0)(Rn, ω). (5.47)

The N -atom T-matrix can indeed be calculated explicitly and has the form

T(N)
mn (ω) = µ̂mT

(N)
mn (ω)µ̂n = µ̂mTm(ω)M−1

mn(ω)µ̂n, (5.48)

where the N ×N matrix M(ω) is defined as

Mij(ω) = [δij − (1 − δij)µ̂i · G(Ri,Rj , ω) · µ̂jTj(ω)] . (5.49)

The basic ingredients of this T-matrix are the Green function G of the inhomogeneous
dielectric and the atomic frequencies and dipole moments. With these, the position-
dependent single-atom T-matrices Tm(ω) and the dipole-dipole interaction strengths µ̂m ·
G(Rm,Rn, ω) · µ̂n can be determined. In the matrix M the Green function K (5.22)
should have shown up instead of the G, if not the factor (1− δij) made them interchange-
able.

The scattering of light by the atoms makes that light does not propagate as described
by G anymore. Equations (5.48) and (5.49) neatly sum up infinitely many scattering events
which are not described by G. The occurrence of G in Eq. (5.49) signifies that light does
propagate as described by G in between the scattering off one atom and the next one. This
is a more general scattering situation than in chapters 2 and 3, where the scatterers were
assumed to be embedded inside free space, and scattering events were connected by the
scalar and dyadic free-space Green functions g0 and G0, respectively.

By using the same iteration that led to the expression (5.47) for F1, the source-field
F2 can also be expressed in terms of the T-matrix:

F2(r, ω) =
N∑

m=1

K(N)(r,Rm, ω) · Sm(ω). (5.50)
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Here, K(N) is the Green function of the inhomogeneous dielectric including the N atoms,
also including self-interactions of the atoms:

K(N)(r, r′, ω) = K(r, r′, ω) +
N∑

m,n=1

K(r,Rm, ω) · T(N)
mn (ω) · K(Rn, r′, ω). (5.51)

At positions r and r′ different from one of the guest atoms, K(N)(r, r′, ω) is equal to
what one would call the total Green function G(N) of both the dielectric and its guests.
The solution (5.50) shows that the source-field K(N)(r,Rm, ω) · Sm(ω) that emanates
from atom m is influenced by the positions, orientations, dipole moments and resonance
frequencies of the (N-1) other atoms from which the light can scatter.

Equation (5.47) is an explicit solution for the operator of the scattered electric field.
The present formalism can therefore be used to study nonclassical light scattered off a
collection of point scatterers in all directions. (Quantum optics of random dielectrics with
a discrete number of modes was studied in [46].) The atomic positions can be considered
as random variables that sometimes have to be averaged over [68].

The scattered field F1 and the source Field F2 have been treated separately, but it is
important to notice that each scatterer is also source: many elastic scatterers in free space
together form an (on average) homogeneous dielectric with complex dielectric function
[68]; the (averaged) source Field operator will serve as the quantum noise source that
keeps the commutation relations of the (average) field operators time-independent. (More
about quantum noise in dielectrics in chapter 6.)

The source field F2 formed by the guest atoms is decaying in time. This section ends
with discussing the different situation of a continuous field produced by a pumped point
source. Unlike the dynamics of the guest atoms, the dynamics of the pumped source is
not included in the Hamiltonian (5.4a). Suppose that we have the same inhomogeneous
dielectric as before with the same guest atoms as before. The novelty is that at position rp

light is emitted from a continuous source Sp:

Sp(r, t) = δ(r − rp)
[
spe

−iωpt + s∗pe
+iωpt

]
. (5.52)

This source is the analogue of the sources (5.13) of the guest atoms. The pumped source
emits light at a frequency ωp. Assume that light, once emitted, does not return to the
pumped source. In that case, the influence of the source on the total Green function of the
dielectric plus guest atoms can be neglected. If the source starts radiating at time zero,
then the emitted field is

E(r, t) =
∫

dr′
∫ t

0

dt′ K(N)(r, r′, t− t′) · Sp(r′, t′)

=
1

2πi

∫ ∞

−∞
dωe−iωtK(N)(r, rp, ω) ·

[
sp

ω − ωp
+

s∗p
ω + ωp

]
. (5.53)

In the last equality, it was assumed that the time twas long enough that sin[(ω−ωp)t]/(ω−
ωp) could be taken to be a delta function [15]. As before, the frequency ω in the denomi-
nators of Eq. (5.53) is understood to have an infinitesimally small positive imaginary part
+iη.
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The source (5.52) and field (5.53) can be either classical quantities or operators. So
(5.52) could be a classical source with an amplitude sp. In principle, this amplitude could
be analyzed into more elementary properties, but here it is treated as a given quantity.
Or the the source (5.52) could be an operator, just like Eq. (5.13). Then the quantum
mechanical state of the source (coherent, squeezed, etcetera) should be a given quantity
here, so that expectation values involving (5.53) can be determined.

5.5 Two-atom superradiance in inhomogeneous medium

5.5.1 Motivation

The general results of section 5.4 for point scatterers and point sources will now be applied
two identical atoms which are positioned in an inhomogeneous dielectric. Two identical
atoms in free space much less than a wavelength apart either cooperatively decay with
twice the single-atom decay rate, or do not decay at all [45, 125, 126]. These superradiance
effects can be viewed as caused by retarded multiple-scattering interactions, see [127–129]
and references therein. Lifetime changes of individual atom pairs as a function of their
distance were measured only recently [119]; for two Ba+ ions that emit at a wavelength of
493 nm and for well-defined separations |R| around 1.5 µm, subradiant and superradiant
lifetime effects of less than ±2% were observed. High-resolution interference experiments
of one and two atoms in the presence of a (distant) mirror were reported recently [130].

The spatial variations in single-atom spontaneous-emission rates can be much larger
than the lifetime changes due to superradiance cited above: inside photonic crystals life-
times can be dramatically different for positions less than half an optical wavelength apart
(see chapters 2 and 3). Moreover, interatomic interactions will also change inside a dielec-
tric. In studies of superradiance of N atoms in photonic crystals, the atoms are assumed
to be confined in a volume λ3, but the inevitable inhomogeneity felt by the atoms is neg-
lected, or treated as a random variable [23, 24]. However, a volume of optical dimensions
is too large to assume identical local densities of states everywhere inside, yet it is too
small to consider the LDOS a random variable. On the wavelength scale of light, the
LDOS in a photonic crystal is an engineered rather than a random variable. It is therefore
an interesting question how two-atom superradiance is modified in an inhomogeneous di-
electric, in the close vicinity of a mirror for example, inside an optical cavity, or inside
a photonic crystal. In the following calculations, the dielectric constant ε(r) will be left
arbitrary (but real), which encompasses the interesting special cases just mentioned.

In the literature on superradiance, the atoms are usually modelled as two-level atoms.
Here they will be modelled as quantum harmonic oscillators in their ground states or first
excited states, for which the point source formalism of section 5.4 is applicable. It is known
that not only two- or more-level atoms exhibit superradiance, but so do quantum harmonic
oscillators. Superradiance has even been observed for classical oscillators such as tuning
forks in acoustics [45]. These models have in common that the atoms (or oscillators)
interact with a common field that is influenced by the radiation reactions of all nearby
atoms together.



5.5 Two-atom superradiance in inhomogeneous medium 113

5.5.2 Calculation of the two-atom source Field

Assume that the two atoms have identical transition frequencies Ω and dipole moments
µ = |µ|; their dipole orientations µ̂1 and µ̂2 need not be identical. The source field of this
two-atom system can be calculated from equation (5.50) of section 5.4:

F2(r, ω) = K(2)(r,R1, ω) · S1(ω) + K(2)(r,R2, ω) · S2(ω). (5.54)

The goal is now to calculate the Green function K(2) of the dielectric including the guest
atoms, in terms of the properties of the medium and of the individual atoms. Once that
has been accomplished, the time-dependence of the source Field will be determined as a
function of the initial excited state of the atoms. In this section 5.5.2 these results will be
derived in rather condensed form; their interpretation is postponed until section 5.5.3.

According to Eq. (5.51), the Green function K(2) is known once the T-matrix T (2)

(5.48) is determined; T (2) can be found by inverting the 2 × 2 matrix M (2) (5.49), in
which the single-atom T matrices occur that are given in equation (5.33) and the Green
function K of the dielectric in (5.22). The calculation therefore starts with the matrix

M (2) =
(

1 −µ̂1 · G(R1,R2, ω) · µ̂2T2

−µ̂2 · G(R2,R1, ω) · µ̂1T1 1

)
. (5.55)

Let J12 be short-hand notation for βµ̂1·G(R1,R2, ω)·µ̂2, with β defined as µ2ω2/(�ε0c2).
Then J21 = J12 and the two-atom T-matrix is

T(2) =
1

1 − T1J2
12T2/β2

(
µ̂1µ̂1T1 µ̂1µ̂2T1J12T2/β

µ̂2µ̂1T2J12T1/β µ̂2µ̂2T2

)
. (5.56)

Each of the four matrix elements of T(2) is a dyadic of the same type as the single-atom
T-matrix (5.33). The frequency dependence in the Green function K(r,R1, ω) will be
dropped and it will be further abbreviated as K(r1); other terms are written in similar
short-hand notation. The Green function K(2)(r1) can be written with Eq. (5.51) as

K(2)(r1) = K(r1) ·
[

I + T(2)
11 · K(11) + T(2)

12 · K(21)
]

+ K(r2) ·
[

T(2)
21 · K(11) + T(2)

22 · K(21)
]
. (5.57)

It is convenient to split off the vector character from the source terms Sj (5.13) by rewrit-
ing them as µ̂jSj . Use Eq. (5.56) to rewrite the T-matrix elements of T(2) in terms of the
single-atom T-matrices. The first one of the two parts of the source Field (5.54) is associ-
ated with light initially residing in atom 1. This part can be written in terms of single-atom
properties as

K(2)(r1) · S1 =
(

1 + T1X1/β

1 − T1J2
12T2/β2

)
[ K(r1) · µ̂1 + K(r2) · µ̂2T2J21/β ]S1. (5.58)

Here, X1 is defined as

X1 = Ω1(ω) − Ω = ∆1(ω) − iΓ1(ω)/2, (5.59)
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and Ω1 = Ω1(ω) is the complex single-atom resonance frequency in the medium. X2

and Ω2 are defined analogously for the second atom. When X1 equals X2, the atoms are
said to be placed at equivalent positions in the dielectric. The source field has now been
expressed in terms of the T-matrices of the individual atoms, but is is rewarding to break
up the T-matrices in parts that depend on the medium alone and parts that depend on the
atoms. The equation (5.58) is written in more elementary quantities as

K(2)(r1) ·S1 =
(ω2 − Ω2)S1

[
K(r1) · µ̂1

(
(ω2 − Ω2) − 2ΩX2

)
+ K(r2) · µ̂2 2ΩJ12

]
(ω2 − Ω2)2 − 2Ω (X1 +X2) (ω2 − Ω2) + 4Ω2 (X1X2 − J2

12)
.

(5.60)
The denominator carries the important information about the resonance frequencies Ω±(ω)
of the two-atom system:

Ω2
± = Ω2 + 2Ω


1

2
(X1 +X2) ±

√(
X1 −X2

2

)2

+ J2
12




�

Ω1 + Ω2 ±

√(
Ω1 − Ω2

2

)2

+ J2
12




2

. (5.61)

Actually, there are four resonance frequencies, both at Ω±(ω) and at −Ω±(ω). The ap-
proximation that was made in the second line of equation (5.61) is good when the res-
onance frequencies change little due to the electromagnetic coupling with the dielectric,
that is when |Ω±(Ω) − Ω|/Ω is much smaller than one. In high-quality optical cavities
the matter-light coupling is so strong that this approximation breaks down and more res-
onance frequencies appear [131]. (Another example will be given in section 5.6.) Now
rewrite Eq. (5.60) as a sum over individual first-order frequency poles. After using the
definition (5.13) of the source operator S1, one has

K(2)(r1) · S1 =
∑
±

( −iµω2

4ε0c2Ω±

)
[ K(r1) · µ̂1(1 ± sinα) ± K(r2) · µ̂2 cosα ]

×
[

(ω + Ω)b1(0) + (ω − Ω)b†1(0)
] [ 1
ω − Ω±

− 1
ω + Ω±

]
. (5.62)

A (complex) angleα has been introduced which measures the inhomogeneity of the medium
as felt by the two-atom system, in comparison with the atom-atom interaction:

sinα ≡ (Ω1 − Ω2)√
(Ω1 − Ω2)

2 + 4J2
12

; cosα ≡ 2J12√
(Ω1 − Ω2)

2 + 4J2
12

. (5.63)

The frequency dependence of α is not shown explicitly. At equivalent positions such as in
free space, the angle α is zero.

The time-dependence of the source field can now be calculated with an inverse Laplace
transformation. The relative change of Ω±(ω) as compared to Ω was assumed small al-
ready. It is therefore natural to make a pole approximation at this point and to replace in
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the denominators Ω±(ω) by Ω± ≡ Ω±(Ω). Notice that the positive-frequency poles in
Eq. (5.62) have negligible contributions to terms proportional to b†1; similarly, negative-
frequency poles hardly contribute to terms involving the annihilation operator b1(0). The
total source Field F2(r, t) is the Field (5.62) that originates from the initial excitation of
the atom labelled 1, accompanied by the source Field that originally came from the second
atom:

F2(r, t) =
∑
±

{
L1±(r, t)b1(0) + L2±(r, t)b2(0) + H.c.

}
. (5.64)

The vectors L1± are defined as

L1±(r, t) ≡ −iµΩ2
±

2ε0c2

∫ ∞

−∞
dω

eiωt

ω − Ω±
× (5.65)

[ K(r,R1,Ω±) · µ̂1(1 ± sinα±) ± K(r,R2,Ω±) · µ̂2 cosα± ] ,

where α± is written as short-hand notation for α(Ω±). The vectors L2± can be found by
interchanging the indices 1 and 2 in the right-hand side of Eq. (5.65), which also causes a
sign change in sinα (5.63). The explicit form (5.64) of the time-dependent source field of
the two-atom system is the central result of this rather dense section. It is this result that
will be interpreted and used in the next section.

5.5.3 Effects of two-atom superradiance

In the previous section 5.5.2, the source field (5.64) was calculated of two near-by reso-
nant atoms inside an inhomogeneous dielectric. Equation (5.1) shows that this is enough
information to calculate the time-dependent intensity of the emitted light at an arbitrary
detector position. Suppose that atom 1 is brought in its (first) excited state at time t = 0
and atom 2 is not excited, so that |Ψ(t = 0)〉 = b†1(0)|0〉. Then from Eqs. (5.1) and (5.64)
it follows that at time t, the expectation value of the intensity operator is given by

〈I(r, t)〉 = 2ε0c| L1+(r, t) + L1−(r, t) |2. (5.66)

The time-dependent intensity that passes at r is a complicated interference pattern of light
coming from four sources, a fast(er) and a (more) slowly decaying source at R1, and also
a fast and a slow source at the atomic position R2. There is interference of light, even
though initially all the light stems from the excited first atom. The situation is different in
Young’s double-slit experiment where there is only interference when both slits are light
sources [15]. In the present case, non-interacting slits are replaced by interacting atoms; a
photon is exchanged between the atoms until it is finally emitted.

When the atoms are far apart, then J12 tends to zero and the two resonance frequencies
Ω± (5.61) are simply the two single-atom frequencies Ω1 and Ω2 with their medium-
dependent radiative shifts ∆1,2 and decay rates Γ1,2. When initially only the first atom is
excited, the probability that the photon once emitted is captured by the far-away second
atom is negligible. Interference will not be observed. Only when both well-separated
sources are excited initially, will interference exist.
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In the other extreme situation, for atoms (almost) on top of each other, one has in free
space that X1 = X2 ≡ X(0) and the decay rates are proportional to −Im[X(0) ± J

(0)
12 ].

The decay rates are 2Γ0 and 0 when the interatomic distances go to zero, since then J12

approaches X(0). Half of the excited-state population remains trapped in the two atoms.
For the two atoms in the dielectric one finds from (5.61) similar results in the limit |R1 −
R2| → 0: the local densities of states felt by the two atoms become almost equal; −ImΩ+

approaches twice the single-atom amplitude decay rate, whereas −ImΩ− has the limiting
value zero.

The intermediate situations of inequivalent atoms at moderate distances is more in-
teresting where neither (Ω1 − Ω2) nor J12 is negligible. In the expression (5.61) for the
resonance frequencies and in the angle α (5.63), a driving term and a detuning can be dis-
cerned. The driving term is J12 and it signifies how important the one atom is as a light
source for the other. The term (Ω1 −Ω2)/2 acts as a detuning: larger local differences felt
by the identical atoms make the resonant transfer of a photon between them less probable.
The driving term and the detuning have the same physical origin and can not be changed
independently. By bringing the atoms very close, they will be tuned better and interact
stronger at the same time.

The effect of detuning can be clarified further by studying the part F2nd
2 (r, t) of the

total source field F2(r, t) that is finally emitted from the initially unexcited second atom.
This part consists of a faster and a slower source term:

F2nd
2 (r, t) =

−iµ b1(0)
2ε0c2

∑
±

∫
dω

±ω2 cosα± G(r,R2,Ω±) · µ2e
−iωt

ω − Ω±
+ H.c. (5.67)

For far-apart atoms without detuning, the cosines are equal to 1 but the two source terms
cancel because both resonance frequencies Ω± are equal; the sum of the two terms in
(5.67) can also be neglected when the atoms are so far apart or so far detuned that |J12| is
much smaller than |Ω1−Ω2|/2: the terms do not cancel, but are negligible separately since
cosα± � 1. In both situations, a negligible fraction of the light is finally emitted from
atom 2 when initially only atom 1 is excited. The single-atom emission (5.35) is found
back in both situations. This leads to an important observation: the cooperative effects of
the two identical atoms will decrease when their local optical environments differ more.
The detuning of the atoms consists not only of differences in line shifts; differences in
local densities of states of the medium add to the (complex) detuning. Since near mirrors
or in photonic crystals the LDOS varies considerably on the sub-wavelength scale, local
differences in LDOS felt by the two atoms will be the cause of considerable detuning and
consequently a diminishing of the cooperative effects.

5.6 Two-atom superradiance in “homogeneous” dielectrics

It has been known since a long time that the interaction between two resonant atoms is
influenced by their dielectric environment [132]. The formalism of this chapter will now
be used to study how two-atom superradiance is modified inside a nondispersive homoge-
neous dielectric medium with ε(r) = ε = n2. The results of two-atom superradiance of



5.6 Two-atom superradiance in “homogeneous” dielectrics 117

0.0 0.2 0.4 0.6 0.8
0.0

0.5

1.0

1.5
 

|  J
1
2
 /  
J

(0
)1

2
 |

 

R
 

/λ

Figure 5.1:
Absolute values of the dipole-dipole in-
teraction J12(R) of parallel dipoles, as a
function of their scaled distance R/λ in
homogeneous nondispersive dielectrics
with refractive index n. |J12(R)| is
given relative to the free-space value
|J(0)12(R)|. The curves are based on
Eq. (5.68). Solid line: n = 1.0; dashed
line: n = 1.5; dotted line: n = 2.0;
dot-dashed line: n = 3.0.

section 5.5 were obtained for inhomogeneous dielectrics, and the homogeneous dielectric
is a limiting case covered in that theory. It is worthwhile to calculate the effects of the
homogeneous medium before going back to the inhomogeneous case in section 5.7.

The atoms are separated by a distance R ≡ |R1 − R2|. Since the dielectric is ho-
mogeneous, the positions of the two atoms are equivalent and detuning due to differences
in the local environment is absent. When local-field effects would be neglected, one finds
that not only emission rates (as in section 5.3.3) but also atomic dipole-dipole interactions
can be described by the free-space Green function G0 with its argument ω replaced by
nω (5.42). In a more precise model, local-field effects are taken into account. The same
local modifications (5.45) that modify the local density of states felt by a single atom in an
empty cavity, also show up in the dipole-dipole interaction J12 between two atoms. As-
sume that the dipole moments µ1,2 are equal in magnitudes µ and orientations and assume
further that µ̂1,2 ·R = 0 (“Σ-configuration”). With Eq. (5.46) one finds the dipole-dipole
interaction

J12(n,R,Ω) = −
(
µ2Ω2

�ε0c2

)
einΩR/c

4πR

{
1 +

ic

nΩR
− c2

n2Ω2R2

}(
3n2

2n2 + 1

)2

. (5.68)

The absolute value of this quantity, relative to the free-space value, is given as as function
of interatomic distance in figure 5.1, for several refractive indices of the dielectric.

The figure shows that J12 depends sensitively on both distance and refractive index.
In the figure, the interatomic distance is scaled relative to the free-space wavelength λ ≡
2πc/Ω of the emitted light. The overall local-field correction L2

e is larger than unity for
n > 1.0. Still, in the near field (R/λ � 0.1), |J12| is smaller than in free space and more
suppressed for higher refractive indices; there is a cross-over regime (0.1 � R/λ � 0.3)
where the dipole-dipole interaction is climbing up to more than the free-space value and
the faster so for larger n, until a maximum is attained in the relative interaction; in the
far field, the only relative enhancement of the interaction originates from the local-field
term L2

e . This far-field limit is to be compared with the recent measurements on two-
atom superradiance in free space, where the atoms were separated by about three optical
wavelengths [119].

Figure 5.1 shows that superradiance is strongly influenced by the medium, at least
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for the dipole orientations chosen. For two guest atoms in a gas, relative orientations R̂
are not fixed and the average interaction is described by the angle-averaged Green function
L2

e〈G0(R, nΩ)〉av., see Eq. (C.9). The angle-averaged dipole interaction then has the same
absolute value as in free space, except for the local-field factor. The averaging procedure
does not apply to individual atom pairs in a solid, which have fixed positions and dipole
orientations.

In figure 5.2(a), line shifts Re(Ω+−Ω) are compared for free space with n = 1.0 and
for a dielectric with n = 2.0. The shifts are divided by the free-space amplitude decay-rate
Γ0/2. The plots are based on Eqs. (5.61) and (5.68). From the figure, it is clear that the line
shifts oscillate as a function of distance, with a larger amplitude in the dielectric and with a
period that is a factor n faster than in free space. Shifts corresponding to Ω− are not shown,
but they can be found easily since the extra shift in the dielectric is zero (section 5.3.3) so
that Re(Ω−−Ω) equals minus Re(Ω+ −Ω). For distances R/λ � 0.1, line shifts become
much larger than Γ0/2. At those short distances, J12 can be approximated by

J12(n,R) =
(

µ2

4π�ε0R3

)
1
n2

(
3n2

2n2 + 1

)2

. (5.69)

The phase factor due to the finite speed of light could be neglected and the frequency
dependence dropped out completely. The medium reduces the interaction by the factor
n−2 but enhances it by the square of the empty-cavity local-field factor.

Since the dipole-dipole interaction �J12 has no frequency-dependence for very close
atoms, in the realm of chemical physics it is often modelled as a static interaction term in
an effective Hamiltonian for the atoms only [133]. It is a well-known effect in molecular
assemblies like J-aggregates [134] and in biological light-harvesting systems [135] that
emitted and absorbed light have frequencies that are shifted significantly (the so-called “J-
shift”) with respect to the single-molecule frequency Ω. Equation (5.69) is in qualitative
agreement with those observations. However, the observed shifts occur in systems where
typical separations are of the order of one nanometer. For these very small distances, (5.69)
can not be expected to be valid quantitatively, because the assumption made in Eq. (5.61)
breaks down that the shifts are small compared to Ω. Furthermore, the assumption that
each atom is embedded independently in a spherical empty cavity inside the host dielectric
will also break down in this limit.

In figure 5.2(b), decay rates Γ± ≡ −2ImΩ± are compared for n = 1.0 and n = 2.0.
The decay rates oscillate as a function of interatomic distance, and faster for larger n. The
limiting value for large distance is the single-particle decay-rate nL2

eΓ0. Twice this value
is the short-distance limit of Γ+, while Γ− tends to zero.

5.7 Discussion: superradiance in photonic crystals

The homogeneous dielectric of section 5.6 was a special case of the results obtained in sec-
tion 5.5. Now reconsider the general case of superradiance in inhomogeneous dielectrics.
As seen in section 5.5.2, two-atom superradiance sensitively depends on the competition
between their medium-induced detuning and their dipole-dipole interaction. The (com-
plex) detuning (Ω1 −Ω2)/2 of two atoms with identical transition frequencies Ω depends
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Figure 5.2:
Line shifts (a) and emission rates (b) of a two-atom system as a function of interatomic distance. In
(a): the solid line is the shift Re(Ω+ − Ω) for n = 1.0, scaled to Γ0/2; the dashed line is the same
plot for n = 2.0. In (b): the solid line represents Γ+/Γ0 for n = 1.0; the dashed line depicts Γ−/Γ0

for n = 1.0; the dotted line is Γ+/Γ0 for n = 2.0; finally, the dot-dashed line shows Γ−/Γ0 for
n = 2.0.

on the radiative shifts ∆(R1,2) (5.38) and on the decay rates Γ(R1,2) (5.36):

Ω1 − Ω2 = ∆(R1) − ∆(R2) − i [Γ(R1) − Γ(R1)] /2. (5.70)

Superradiance will only occur when |Ω1 − Ω2|/2 is smaller than the absolute value of the
dipole-dipole interaction

J12(R1,R2,Ω) =
µ2Ω2

�ε0c2
µ̂1 ·

{
c2
∑

λ

fλ(R1)f∗λ(R2)
Ω2 − ω2

λ

− c2
∑

λ

fλ(R1)f∗λ(R2)
Ω2

}
·µ̂2,

(5.71)
where Eqs. (5.20) and (5.22) were used. This interaction will be discussed briefly. The first
term in (5.71) is proportional to the transverse Green function GT(R1,R2,Ω) (5.19). It
is frequency-dependent and is called the “resonant dipole-dipole interaction” (RDDI). The
second term of (5.71) is proportional to the longitudinal Green function GL(R1,R2,Ω)
(C.3). This second term is the “static dipole-dipole interaction”, or SDDI. Both the reso-
nant and the static dipole-dipole interactions are be described in terms of the generalized-
transverse modes of the dielectric.

The resonant dipole-dipole interaction in Eq. (5.71) can be enhanced when inserting
the atoms into a dielectric (a cavity, for example) with mode frequencies ωλ equal to
Ω. Detailed calculations of the RDDI in optical cavities were performed in [120–122].
Experimental proof of the enhancement of the RDDI inside an optical cavity was given
in [123]. In photonic crystals, mode functions with frequencies in the optical regime are
strongly modified, and so will be the resonant dipole-dipole interaction. Inside a band gap
it is negligible [136, 137] and so is superradiance.



120 Point scatterers and quantum optics in inhomogeneous dielectrics

For free space, only the static dipole-dipole interaction is important at distances smal-
ler than 0.1λ. The distance-dependence of the SDDI inside an optical micro-cavity was
recently measured in [138]. Both for free space and for the homogeneous dielectric of
section 5.5.2, the static interaction varies as R−3. This behavior is determined by optical
modes with large wave vectors. The assumption that the dielectric is nondispersive entails
that kc = nωk also for these large wave vectors and corresponding high frequencies. In
reality, n(ω) approaches 1 in the high-frequency limit. Thus, the dipole-dipole interaction
at very short distances will differ less from the free-space case than was presented in figure
5.1. The same reasoning holds true for any dielectric: dispersion is important for static
interactions at short distances.

The static dipole-dipole interaction will not be modified strongly in a photonic crystal.
In [21, 25] it was even assumed that the short-distance static interaction in a photonic
crystal is the same as in free space because of frequency dispersion. More realistic values
can be obtained by taking dispersion into account explicitly [139, 140]. Radiative shifts
(including Lamb shifts) will also be influenced by frequency dispersion, for the same
reason as given above for the static dipole-dipole interaction. In calculations of Lamb
shifts in photonic crystals [20, 30, 141, 142], frequency dispersion is usually not taken into
account. This makes the values obtained for the Lamb shift less accurate [142].

In [23], the interesting phenomenon of localization of superradiance at the edge of a
photonic band gap showed up in calculations within the so-called “isotropic model”. In
this model, the photonic crystal is assumed to have an isotropic dispersion relation and
a diverging density of states at the band edges. It is known that the model is not very
realistic and that band-edge effects strongly depend on the assumed photonic density of
states [29, 30]. Here it is important to notice that the isotropic model assumes that all
positions in the photonic crystal are equivalent: medium-induced detuning is absent. It
will be interesting to study modified resonant dipole-dipole interactions in models which
do include detuning. A summary of the remarks about modified superradiance in photonic
crystals is given in figure 5.3.

5.8 Conclusions and outlook

In this chapter, it was studied how guest atoms are influenced by a photonic environment
and by each other. This was done in a quantum mechanical model by integrating out
the atomic dynamics and solving the Lippmann-Schwinger equation (5.12) for the Field
operator of the total system. In chapter 4 it was derived that the atoms interact with a
Field that is the sum of the electric field and their own polarisation fields. By taking
into account this self-interaction, it was found in this chapter that the volume-integrated
dynamical dipole field (5.28) of an atom is equal to minus one third of the polarisation
field of that atom. This is an operator relation at finite frequency. Neither in a quantum
nor in a classical theory is it necessary to add terms by hand to obtain the relation. The
quantum and classical derivations follow a different route to the same result.

The spontaneous-emission rate of a single atom in a dielectric depends on the local
density of states of the medium at the position of the dielectric. In section 5.3, emission
rates and line shifts are derived from a T-matrix formalism. An empty-cavity local-field
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Figure 5.3:
Sketch of three forms of total densi-
ties of states with a full photonic band
gap. A quadratic dependence of the
DOS on frequency (as known from ho-
mogeneous dielectrics) is assumed, in-
terrupted by a gap. Well inside the gap
(dashed arrow), spontaneous decay, res-
onant dipole-dipole interaction and su-
perradiance are absent. Strongly modi-
fied superradiance is to be expected for
frequencies at the edges of the band
gap (solid arrows). Steeper band edges
in the DOS will give stronger modi-
fications of the dipole-dipole interac-
tion. For interatomic distances much
smaller than λ, the static dipole-dipole
interaction dominates, which depends
less strongly on the band gap. Fre-
quency dispersion will be important for
the static interaction at short distances.

factor was also (re-)derived for guest atoms in a homogeneous dielectric. The T-matrix
formalism was then generalized in section 5.4 for an arbitrary finite number of guest atoms
in the dielectric. The total Field operator is the sum of an atomic source-Field operator
and an operator for the scattered Field. The source-field operator was used to calculate
spontaneous-emission rates and line shifts. In the future, the formalism can be used to
study multiple-scattered light and the survival of quantum properties of the initial quantum
state of light in the scattered output.

An inhomogeneous medium modifies both the static and the resonant dipole-dipole in-
teractions between atoms. In the multiple-scattering formalism of this chapter, both inter-
actions have been identified in terms of the optical modes of the inhomogeneous medium.
A static potential between the atoms is absent in the dipole Hamiltonian (5.4d) that was
the basis of the calculations. The static and resonant dipole-dipole interactions appear “dy-
namically”, in the Lippmann-Schwinger equation for the two atoms [in Eq. (5.21)]. Both
the static and the resonant dipole-dipole interactions are given in Eq. (5.71) in terms of the
generalized-transverse true modes of the dielectric.

The multiple-scattering formalism has been used to study superradiance in a homo-
geneous medium. Modifications compared to the free-space case depend strongly on the
interatomic distance. The present formalism can be directly used to study dipole-dipole
interactions and superradiance in other specific dielectric geometries, for example in a
Bragg mirror or in an “optical corral” [74, 76].

It is known that inhomogeneous line broadening is detrimental for cooperative ef-
fects [45]. The electronic component to inhomogeneous broadening will often be domi-
nant for guest atoms in a solid environment, but electronic effects were neglected in this
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chapter in order to focus on photonic effects. An important message from the calculations
in this chapter is that differences in local line shifts and in local emission rates will also
reduce superradiance. In photonic crystals, cavities and other dielectric structures, the lo-
cal densities of states can vary strongly with position and frequency. Unlike the electronic
detuning, the photonic component can not be modelled as a random variable: the LDOS is
an engineered quantity that varies at a length scale much larger than an atom, yet smaller
than an optical wavelength.



Chapter 6

Transient QED effects in
absorbing dielectrics

The spontaneous-emission rate of a radiating atom reaches its time-independent equi-
librium value after an initial transient regime. The associated relaxation effects of the
spontaneous-decay rate of atoms in dispersive and absorbing dielectric media are consi-
dered, for atomic transition frequencies near material resonances. A quantum mechanical
description of such media is furnished by a damped-polariton model, in which absorption
is taken into account through coupling to a bath. It is shown how all field and matter ope-
rators in this theory can be expressed in terms of the bath operators at an initial time. The
consistency of these solutions for the field and matter operators are found to depend on the
validity of certain velocity sum rules. The transient effects in the spontaneous-decay rate
are studied with the help of several specific models for the dielectric constant, which are
shown to follow from the general theory by adopting particular forms of the bath coupling
constant.

6.1 Introduction

In the previous chapters, frequency-dispersion and absorption of light in dielectrics were
neglected. For example, in the chapters 2 and 3, the optical potentials of the plane scat-
terers were assumed real, so that their T-matrices satisfy an optical theorem and no light
is lost in the planes. In the chapters 4 and 5, the dielectric function ε(r) was assumed
inhomogeneous but real and nondispersive. There is no principal difference between the
electromagnetic field in such inhomogeneous dielectrics and in free space, in the sense
that in both cases the field is a sum (or integral) over individual optical modes. The topic
of this chapter is the quantum optical description of homogeneous dielectrics, which are
described by complex and frequency-dependent dielectric functions ε(ω). These dielectric
functions satisfy the Kramers-Kronig relations [50, 51, 143, 144]. A description in terms
of modes, each corresponding to a single frequency, will no longer be possible.

In quantum optics of linear dielectrics, one tries to describe the material medium in an

123
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effective way with the help of the classical dielectric function ε(r, ω), which, in general,
is a complex function of both position and frequency and in this full generality describes
the propagation and loss of light at each point in the dielectric. Sometimes it is possible to
neglect the spatial variations, dispersion and losses altogether. The spontaneous-emission
rate of an atom in such a simple dielectric is the refractive index n of the medium times
the rate Γ0 in vacuum [117, 145–148], at least if local-field effects are neglected.

The situation becomes more complicated when material dispersion has to be taken
into account [149–155]. Since the Kramers-Kronig relations tell that dispersion and loss
always come together (be it not always at the same frequencies), one should like to include
losses as well in order to describe all frequencies in one theory. The damped-polariton
model [156–159] provides us with such a microscopic theory. From this theory it was
shown that the radiative spontaneous-emission rate equals Γ0 times the real part of the
refractive index at the transition frequency [160].

The quantum mechanical treatment of dissipative systems is more complicated than
the classical one, because of the extra requirement that equal-time commutation relations
do not change over time [45, 161]. Based on the damped-polariton model and on the
fluctuation-dissipation theorem, phenomenological quantization theories were constructed
that meet these requirements. In these theories, the dielectric function is an input func-
tion and the Maxwell field operators satisfy quantum Langevin equations with both loss
and quantum noise terms [162, 163]. With the use of a Green-function approach, the phe-
nomenological quantization theories have been generalized to inhomogeneous dielectrics,
first for multilayer systems [164, 165] and later for general ε(r, ω) [166–170]. Field com-
mutation relations turn out only to depend on the analytical properties of the Green func-
tion. However, the calculation of spontaneous emission inside such a medium would in-
volve the actual computation of the Green function, which for general ε(r, ω) is not easy.

Interesting new effects have been predicted for photonic band-gap systems, such as
photon-atom bound states and non-exponential spontaneous decay at the edges of the gap
[21, 22, 171]. A current debate is whether the Weisskopf-Wigner approximation can be
used in the calculation of spontaneous emission near an edge of a photonic band gap. This
question seems to depend strongly on the analytic or singular behavior of the density of
states at the edges of the gap, which has recently been calculated for face-centered-cubic
and diamondlike crystal structures [29]. If near the edge of the band gap a large part of the
modes has a cavitylike structure, producing nonzero dwell times near the emitting atom,
then an emitted photon has a nonzero probability of being reabsorbed, which would give
Rabi-like oscillations of the atomic population that are missed in the Weisskopf-Wigner
approximation.

Nonexponential decay can also be caused by the interference of possible decay chan-
nels: for short times after the excitation of the atom, a larger frequency interval of the
medium states plays a part in the decay process than for later times. Ultimately, only the
refractive index at the atomic transition frequency plays a role, all in concordance with
the energy-time uncertainty relation. This interference process already happens for spon-
taneous emission in vacuum. However, when the medium has a strong jump in the density
of states around the atomic transition frequency, the interference effect will change sub-
stantially.
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To separate the latter cause of nonexponential decay from the former, it is interesting
to consider the spontaneous emission inside homogeneous lossy dielectrics with strong
and narrow material resonances, where the density of states can also change very rapidly.
Here real reabsorption processes do not play a role. In this chapter, we use the damped-
polariton model formulated by Huttner and Barnett [157, 158] to study the interference
effects of spontaneous emission. If absorption is neglected in the damped-polariton model,
then we are left with the Hopfield model of a dielectric [152, 172], which has a frequency
band gap inside which the refractive index is purely imaginary. The analogy between this
polariton band gap system and photonic crystals was drawn in [173].

The organization of the chapter is as follows: in section 6.2 we introduce the theory
and solve its equations of motion using Laplace transformations. In section 6.3 we show
that the consistency of our solutions depends on the validity of a number of velocity sum
rules, which are then proved. In section 6.4, we find that for long times all field operators
can be expressed in terms of the initial bath operators, and we give an interpretation of the
result. We also show how to relate the result to phenomenological quantization theories.
Before we can discuss transient effects of spontaneous emission in section 6.6, we discuss
in section 6.5 the Lorentz oscillator model and the point-scattering model. We show how
both these models can be found from the damped-polariton theory by choosing a suitable
coupling to the bath. The chapter ends with a discussion of the results and with conclusions
in section 6.7.

6.2 The model and solutions of the equations of motion

The damped-polariton theory describes the interaction of light with an absorbing homoge-
neous medium. The coupling of the matter to a frequency continuum is the cause of the
light absorption. The continuum could be a phonon bath or something else, but for the
moment that is not specified: it is a collection of harmonic oscillators with a frequency-
dependent coupling to the matter fields. Since the medium is homogeneous, the dynamics
can be separated into a transverse and a longitudinal part. In this chapter we concentrate
on the transverse excitations as described by the following Hamiltonian [157, 158]:

H =
∫

d3k ( Hem + Hmat + Hbath + Hint ) , (6.1)

with

Hem = �k̃c a†(λ,k)a(λ,k), (6.2a)

Hmat = �ω̃0 b
†(λ,k)b(λ,k), (6.2b)

Hbath =
∫ ∞

0

dω �ω b†ω(λ,k)bω(λ,k), (6.2c)

Hint =
1
2

∫ ∞

0

dω �V (ω)
[
b(λ,k) + b†(λ,−k)

] [
b†ω(λ,k) + bω(λ,−k)

]
+

i

2
�ωc

√
ω̃0

k̃c

[
a(λ,k) + a†(λ,−k)

] [
b†(λ,k) − b(λ,−k)

]
. (6.2d)
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We use the same notations as in [158]. In particular, k̃c stands for
√
k2c2 + ω2

c , where the
frequency ωc equals α/

√
ρε0, with α the coupling constant between field and matter, and

ρ the density. The resonance frequency ω0 of the polarization field is renormalized to ω̃0,
which is the positive-frequency solution of

ω̃2
0 = ω2

0 + ω̃0

∫ ∞

0

dω V 2(ω)/ω. (6.3)

The k integrals in the Hamiltonian are understood to also denote a summation over the two
transverse polarization directions labeled by λ. The creation and annihilation operators
satisfy standard bosonic commutation relations. The Heisenberg equations of motion for
the bath annihilation operators are

ḃω(λ,k, t) = − i

2
V (ω)

[
b(λ,k, t) + b†(λ,−k, t)

]− iωbω(λ,k, t), (6.4)

and similarly for the creation operators. In the following, we drop the (λ,k) labels. We
solve implicitly for the bath variables as was done in [174] in a classical treatment of the
model,

bω(t) = − i

2
V (ω)

∫ t

0

dt′
[
b(t′) + b†(t′)

]
e−iω(t−t′) + bω(0) e−iωt. (6.5)

The annihilation operators are defined in terms of the (transverse) physical fields

a(t) =
√

ε0

2�k̃c

[
k̃cA(t) − iE(t)

]
,

b(t) =
√

ρ

2�ω̃0

[
ω̃0X(t) +

i

ρ
P (t)

]
, (6.6)

and similarly for the creation operators. Here A and E are the vector potential and the
electric field, respectively,X the polarization field and P its canonical conjugate. Insertion
of the solution (6.5) and its Hermitian conjugate in the equations of motion gives

Ė(t) = (k̃c)2A(t) + (ω2
c/α)P (t),

Ȧ(t) = −E(t), (6.7)

Ẋ(t) = (ωc/α)2ε0P (t) + (ω2
c/α)ε0A(t),

Ṗ (t) = −α2ω̃2
0/(ε0ω

2
c )X(t) + α2ω̃0/(2ε0ω2

c )
∫ t

0

dt′ F (t− t′)X(t′) −B(t).

In the last equation, the bath operator B(t) is defined as

B(t) ≡
√

�ω̃0ρ

2

∫ ∞

0

dω1 V (ω1)
[
bω1(0) e−iω1t + b†ω1

(0) eiω1t
]
, (6.8)

whereas the the function F in the convolution in (6.7) is:

F (t) ≡ 2
∫ ∞

0

dω1 V
2(ω1) sin(ω1t). (6.9)
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We get a system of algebraic equations by taking the Laplace transform, which we denote
by a bar


p −k̃2c2 0 −ω2
c/α

1 p 0 0
0 −ε0ω2

c/α p −ε0ω2
c/α

2

0 0 Q̄(p) p






Ē(p)
Ā(p)
X̄(p)
P̄ (p)


 =




E(0)
A(0)
X(0)

P (0) − B̄(p)


 . (6.10)

Here, Q̄(p) is an abbreviation for α2ω̃2
0/(ε0ω

2
c )
[
1 − F̄ (p)/(2ω̃0)

]
. Through the operator

B̄(p) the bath remains part of the system of equations: this is as far as we can “integrate
out” the bath variables.

Now we can determine the dielectric function ε(ω), which is a classical quantity, by
putting the determinant of the (4 × 4) coefficient matrix to zero. The determinant gives
the dispersion relation

D̄(p) ≡ ε̄(p)p2 + k2c2 = 0, (6.11)

with the “Laplace dielectric function”

ε̄(p) = 1 +
ω2

c

p2 + ω̃2
0 − 1

2 ω̃0F̄ (p)
. (6.12)

The function F̄ (p) is the Laplace transform of F (t), which was defined in Eq. (6.9). From
this we find the dielectric function

ε(ω) = ε̄(−iω + η) = 1 − ω2
c

ω2 − ω̃2
0 + 1

2 ω̃0F (ω)
, (6.13)

with infinitesimal positive η and

F (ω) ≡ F̄ (−iω + η) =
∫ ∞

0

dω1V
2(ω1)

(
1

ω1 − ω − iη
+

1
ω1 + ω + iη

)
. (6.14)

The difference between F (ω) and F (t) is denoted by their arguments. The dielectric
function satisfies the Kramers-Kronig relations and has the property of a response function
that ε(−ω∗) equals ε∗(ω). It can be shown that it has no poles in the upper half plane
provided that the integral in Eq. (6.3) exists. Previous authors [158, 174–176] assumed
that the analytical continuation of V 2(ω) to negative frequencies is antisymmetrical in
frequency. Then Eq. (6.13) reduces to the dielectric constant in [175] where it was shown
to be identical to the more complicated expression in [158].

We combine Eqs. (6.10) and (6.12) and write the Laplace fields in terms of the fields
at time t = 0 with coefficients that are functions of the Laplace dielectric function ε̄(p)
and susceptibility χ̄(p) = ε̄(p) − 1. For the electric field we find

Ē(p) = D̄−1(p)
{
pE(0) +

[
p2χ̄(p) + k2c2

]
]A(0)

+
α

ε0
p

[
p2

ω2
c

χ̄(p) − 1
]
X(0) +

1
α
p2χ̄(p)

[
P (0) − B̄(p)

]}
. (6.15)
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The other Laplace operators can be found in the same way and are listed in appendix D.
The inverse Laplace transform gives the fields at time t in terms of the fields at time t = 0,

E(t) = MEE(t)E(0)+MEA(t)A(0)+MEX(t)X(0)+MEP (t)P (0)+BE(t), (6.16)

where, for instance,

MEE(t) =
1

2πi

∫ i∞

−i∞
dp ept D̄−1(p) p. (6.17)

The operator BE(t) in Eq. (6.16) is the contribution of the t = 0 bath operators to the
electric field. This term will be analyzed in more detail in section 6.4.

The equal-time commutation relations of the field operators are

[A(λ,k, t),−ε0E(λ′,−k′, t)] = [X(λ,k, t), P (λ′,−k′, t)] = i�δλλ′δ(k − k′). (6.18)

All other inequivalent combinations of operators commute. In particular A and X are
independent canonical variables. Hence, we have the property [A,−D] = [A,−ε0E] with
the displacement field D defined as ε0E − αX . With the help of Eqs. (6.16) and (6.18),
we can also calculate nonequal-time commutators, for example:

[E(λ,k, t), E(λ′,−k′, 0)] = MEA(t) [A(λ,k, 0), E(λ′,−k′, 0)]

= − i�
ε0
MEA(t)δλλ′δ(k − k′). (6.19)

In principle we have solved the complete time evolution of the field operators. In
section 6.3 we analyze in more detail their short-time behavior, whereas in section 6.4 we
consider the long-time limit.

6.3 Short-time limit: sum rules

For fixed k, the zeroes of the dispersion relation (6.11) are the poles of the integrand in
Eq. (6.17). We assume that they are simple first-order poles and rewrite the integral (6.17)
as an integral over frequencies ω = ip. Then, using contour integration in the lower
frequency half plane, we find the coefficients for the electric field in Eq. (6.16) as

MEE(t) =
∑

j

Re
[vpjvgj

c2
e−iΩjt

]
,

MEA(t) = −kc
∑

j

Im

[
v2
pjvgj

c3
e−iΩjt

]
,

MEX(t) = −αk
2c2

ω2
cε0

∑
j

Re

[
vpjvgj

c2

(
1 − v2

pj

c2
+

ω2
c

k2c2

)
e−iΩjt

]
,

MEP (t) =
kc

α

∑
j

Im

[
vgj

c
(1 − v2

pj

c2
)e−iΩjt

]
. (6.20)
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Some details of the calculation and a list of coefficients Mmn(t) of other operators can be
found in appendix D. In these expressions, the frequencies Ωj = Ωj(k) are the complex-
frequency solutions of the dispersion relation ω2ε(ω) − k2c2 = 0. All Ωj(k) have a
negative imaginary part. Since ε(−ω∗) = ε∗(ω), it follows that −Ω∗

j (k) is also a solution
of the dispersion relation. We can choose Ωj(k) to be the solution with a positive real
part. The summation over j is a summation over all the polariton branches of the medium.
For each branch, the complex phase velocity is defined as vpj(k) = Ωj(k)/k and the
group velocity as vgj(k) = dΩj(k)/dk. For convenience, we leave out their explicit k
dependence in the following.

From equation (6.16) we can see that the “diagonal” coefficientMEE(t) in Eq. (6.20)
should have the value 1 at time t = 0 and the “off-diagonal” coefficientsMEA(0),MEX(0),
etc. should have the value 0. The coefficients of the other field operators should also follow
this rule. If these constraints are satisfied, the nonequal-time commutators like Eq. (6.19)
get the right equal-time limits as well. The coefficients [Eq. (6.20)] can only have the right
t = 0 limits if certain velocity sum rules are satisfied.

Velocity sum rules can be derived in a systematic way by evaluating the following two
types of integrals:∫ ∞

−∞
dω

(ω + iδ)n

ε(ω)ω2 − k2c2
, for n = −1, 0, 1, (6.21a)∫ ∞

−∞
dω

(ω + iδ)mχ(ω)
ε(ω)ω2 − k2c2

, for m = −1, 0, 1, 2, 3. (6.21b)

Here ε(ω) is an arbitrary dielectric function that satisfies the Kramers-Kronig relations,
so it is not necessarily of the specific form (6.13). The integrals can be evaluated using
contour integration in the complex-frequency plane. We can close the contours either in
the upper or in the lower half plane. Equating the two answers gives a velocity sum rule.
In this way one finds for all wavevectors k∑

j

Re(vgjvpj/c
2) = 1, (6.22)

∑
j

Re(vgj/vpj) = 1. (6.23)

These sum rules can be found from Eq. (6.21a) with n = 1 and n = −1, respectively.
Both relations have been obtained before [152, 158, 177, 178]. The second was coined the
Huttner-Barnett sum rule in [177] because of its importance in phenomenological quantum
theories of dielectrics. A second group of sum rules has the form∑

j

Im(vgjv
2q
pj) = 0, for q = −1, 0, 1. (6.24)

The rules with q = −1 and q = 1 follow from Eq. (6.21b) with m = 0 and m = 2,
respectively; the case with q = 0 follows from Eq. (6.21a) with n = 0.

All of these sum rules are independent of any specific form of the dielectric function
as long as it satisfies the Kramers-Kronig relations. Other sum rules do depend on the
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behavior of ε(ω) for high or low frequencies. For example, from Eq. (6.21b) withm = −1
we find ∑

j

Re(c2vgj/v
3
pj) = ε(0). (6.25)

This sum rule depends on the static limit of the dielectric function. For conductors the
dielectric function is singular at ω = 0 [4], but for dielectric functions that can be found
from the damped-polariton model, ε(0) is finite. Two other sum rules can be derived when
for high frequencies ω2χ(ω) approaches a constant value that we name −ω2

lim. From
Eq. (6.21b) with m = 3, we then find∑

j

Re(vgjv
3
pj/c

4) = 1 + ω2
lim/(kc)

2. (6.26)

Moreover, if ω2χ(ω) + ω2
lim falls off faster than ω−1, then the integral∫ ∞

−∞
dω

ω2
[
ω2χ(ω) + ω2

lim

]
ε(ω)ω2 − k2c2

(6.27)

produces the sum rule (6.24) with q = 2.
Returning now to the time-dependent coefficients (6.20) (and the other ones in ap-

pendix D), one finds, by inspection, that one needs all the above sum rules except Eq. (6.25)
to prove that the coefficients have the right limits for t = 0. In particular, from Eq. (6.13)
it follows that the frequency ωlim as defined above exists in the damped-polariton model
and equals ωc. Then with Eqs. (6.23) and (6.26) we see that indeed one has MEX(0) = 0
in Eq. (6.20).

It is easy to prove the above sum rules in the following one-resonance model:

ε(ω) = 1 − ω2
c

ω2 − ω2
0

. (6.28)

This ε(ω) is real and violates the Kramers-Kronig relations, but it can be considered as
a limiting case of an acceptable dielectric function. The high-frequency limit of ω2χ(ω)
indeed equals −ω2

c . The two sum rules (6.22), (6.23) were shown to be valid for this
model [158] and we want to check Eq. (6.26) as well. The dispersion relation is

ω4 − (ω2
0 + ω2

c + k2c2)ω2 + k2c2ω2
0 = 0, (6.29)

which has two (real) solutions Ω2
+ and Ω2

− with sum (ω2
0 +ω2

c +k2c2) and product k2c2ω2
0 .

It follows that for all k

v3
p+vg+ + v3

p−vg− =
1

4k3

d
dk

(Ω4
+ + Ω4

−)

=
1

4k3

d
dk

[
(Ω2

+ + Ω2
−)2 − 2Ω2

+Ω2
−
]

=
(

1 +
ω2

c

k2c2

)
c4, (6.30)

in agreement with Eq. (6.26). The other sum rules can also be checked for this simple
model. The sum rules [Eq. (6.24)] obviously hold, because all group and phase velocities
are real in this model. In models that respect the Kramers-Kronig relations, these sum
rules are nontrivial.
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6.4 Long-time limit

6.4.1 Field and medium operators

The coefficients MEE(t), etc., in Eq. (6.20) damp out exponentially in time. Every po-
lariton branch has its own characteristic damping time τj(k) = 1/ [Im Ωj(k)]. After a
few times the maximum characteristic damping period with the maximum taken over all
branches, the exponentially damped coefficients can be neglected. We call this the long-
time limit. The speed at which it is attained depends on ε(ω) and on k. For long times,
only the bath operator BE(t) in Eq. (6.16) survives, because it has poles on the imaginary
axis in the complex p plane:

BE(t) = − 1
2πiωc

√
�ω̃0

2ε0

∫ ∞

0

dω1 V (ω1) ×

×
∫ i∞

−i∞
dp ept p2χ̄(p)

ε̄(p)p2 + k2c2

[
bω1(0)
p+ iω1

+
b†ω1

(0)
p− iω1

]
. (6.31)

Hence, in the long-time limit, all field operators are functions of the initial bath operators
alone. For the electric field we find that E(t) tends to El(t), with

El(t) =
∫ ∞

0

dω1

[
E+

l (ω1)e−iω1t + H.c.
]

(6.32)

where the subscript l denotes the long-time limit; “H.c.” means Hermitian conjugate. The
temporal (and spatial) Fourier components of the long-time solutions of the electric and
other fields are

E+
l (ω) = − 1

ωc

√
�ω̃0

2ε0
V (ω)ω2χ(ω)bω(0)
ε(ω)ω2 − k2c2

,

A+
l (ω) =

i

ωc

√
�ω̃0

2ε0
V (ω)ωχ(ω)bω(0)
ε(ω)ω2 − k2c2

,

X+
l (ω) = − 1

αωc

√
�ω̃0ε0

2
V (ω)(ω2 − k2c2)χ(ω)bω(0)

ε(ω)ω2 − k2c2
,

P+
l (ω) =

iα

ω3
c

√
�ω̃0

2ε0
V (ω)(ω2 − k2c2 − ω2

c )ωχ(ω)bω(0)
ε(ω)ω2 − k2c2

, (6.33)

where the superscript + denotes the positive-frequency component of the operator. For
future reference we also give the long-time limit of the electric field operator as a function
of position and time

El(r, t) = −
√

�ω̃0

2(2π)3ε0ω2
c

∫
dk
∑

λ=1,2

eλ(k) ×

×
∫ ∞

0

dω1

[
V (ω1)ω2

1χ(ω1)bω1(λ,k, 0)
ε(ω1)ω2

1 − k2c2
ei(k·r−ω1t) + H.c.

]
. (6.34)
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Similar expressions can be given for the other operators. Notice that these long-time solu-
tions indeed are solutions of the equations of motion (6.7) and of the Maxwell equations.
The canonical commutation relations (6.18) should be preserved in this long-time limit.
Also, the nonequal-time commutation relations like in eq (6.19) should be time-translation
invariant. The commutation relations can be verified with the equality

πω̃0

2ω2
c

V 2(ω) |χ(ω)|2 = Im χ(ω) = Im ε(ω) ≡ εi(ω), (6.35)

which follows from Eqs. (6.13) and (6.14). Since εi(ω) is antisymmetric in ω, all com-
mutators can be shown to be proportional to integrals over the whole real-frequency axis.
Contour integration then leads to the required results.

The solutions found above can be related to those obtained by explicit diagonalization
of the full Hamiltonian of the model. In [158], this diagonalization was carried out by using
Fano’s technique. In that way the field and medium operators were written in terms of
the diagonalizing annihilation operators [called C(k, ω) in [158]] and the corresponding
creation operators. If one replaces the bath annihilation operators bω(k, 0) in the long-
time solutions (6.33) by the diagonalizing annihilation operatorsC(k, ω) and if one makes
similar replacements for the creation operators, the expressions for the field and medium
operators in [158] are recovered.

The long-time solutions can be interpreted as follows: when the dielectric medium is
prepared in a state that is not an eigenstate of the Hamiltonian and if the coupling V (ω) is
nonzero for all the frequencies, then the medium tends to an equilibrium that is determined
by the state of the bath. The time taken for this equilibrium to settle down is the time after
which the long-time solutions can be used for the field operators. So, one can always use
the long-time solutions in the calculations unless the medium has been specially prepared
in a nonequilibrium state a short time before one does the experiment. The interpretation of
the long-time solution will become clearer in section 6.6 where we calculate spontaneous-
emission rates.

In summary, for times long after t = 0, all field operators can be expressed solely
in terms of the bath operators at time t = 0. The time evolution is governed by the bath
Hamiltonian alone. The field operators still satisfy Maxwell’s equations and the canoni-
cal commutation relations. Classical expressions for the Maxwell fields would have died
exponentially to zero in this long-time limit.

6.4.2 Relation with phenomenological theories

The long-time solutions of the field operators can be related to expressions in phenomeno-
logical theories, as we will show presently. In phenomenological quantum mechanical
theories of homogeneous absorbing dielectrics [162–165], a noise current density operator
J is added to the Maxwell equations in order to preserve the field commutation relations

∇× E+(r, ω) = iωB+(r, ω), (6.36a)

∇× B+(r, ω) = −iωµ0D̃+(r, ω) + µ0J+(r, ω). (6.36b)
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The displacement field D̃+ in the last equation is defined in terms of the electric field and
the dielectric function as

D̃+(r, ω) = ε0ε(ω)E+(r, ω). (6.37)

We write D̃ to stress the difference with the microscopic displacement field D in sec-
tion 6.2. After taking the spatial Fourier transform and using B+ = ∇ × A+ and
E+ = iωA+, so that the first of the Maxwell equations is satisfied, one finds from the
second equation

[
ω2ε(ω) − k2c2

]
A+(λ,k, ω) = − 1

ε0
J+(λ,k, ω). (6.38)

The vector potential and all Maxwell fields can be calculated in terms of the noise current
density J . The canonical commutation relations are preserved if for the noise current
density one chooses [162, 163]

[
J+(λ,k, ω), [J+(λ′,k′, ω′)]†

]
=

�ω2ε0εi(ω)
π

δλλ′δ(k − k′)δ(ω − ω′). (6.39)

Instead of using the noise current density, one defines basic bosonic operators

f(λ,k, ω) =
√

π

�ω2ε0εi(ω)
J+(λ,k, ω), (6.40)

so that these operators satisfy simple commutation relations

[ f(λ,k, ω), f†(λ′,k′, ω′) ] = δλλ′δ(k − k′)δ(ω − ω′). (6.41)

Now we turn to the long-time solutions of the field operators that we determined in
section 6.4.1. The long-time solution of the vector potential in Eq. (6.33) obviously is a
solution of the following inhomogeneous wave equation:

[
ε(ω)ω2 − k2c2

]
A+

l (λ,k, ω) =
i

ωc

√
�ω̃0

2ε0
V (ω)ωχ(ω)bω(λ,k, 0). (6.42)

This kind of equation is well known in Langevin theories [45, 161]: the coupling to a bath
gives a damping term (here: a complex dielectric constant) in the equations of motion of
the system. Besides damping, there is an extra term that is neglected classically. This term
is the quantum noise operator, which features the bath operators at time t = 0.

The long-time solution (6.42) can justify the phenomenological equation (6.38) if we
identify

fl(λ,k, ω) = −i V (ω)χ(ω)
|V (ω)χ(ω)|bω(λ,k, 0), (6.43)

where we used Eq. (6.35). We see that up to a phase factor, the bath operators bω(λ,k, 0)
from the microscopic theory serve as basic bosonic operators f(λ,k, ω) in the phenomeno-
logical theories. We want to stress that the identification (6.43) is only valid in the long-
time limit when the medium is in equilibrium with the bath.
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In section 6.2 we saw that −ε0E is the canonical conjugate field ofA and that [A,−D]
gives the canonical result as well. Since we can make the identification (6.43), the same
relations hold in the phenomenological theory that was described in this section. But now
let us calculate the commutator [A,−D̃] with D̃+ defined as in Eq. (6.37) and D̃− as
its Hermitian conjugate. We can use the long-time solutions because the commutation
relations are preserved

[
A(λ,k, t),−D̃(λ′,−k′, t)

]
=

2i�
π
δλλ′δ(k − k′)

∫ ∞

0

dω
εr(ω)εi(ω)ω3

|ε(ω)ω2 − k2c2|2 , (6.44)

with εr(ω) the real part of the dielectric constant. The symmetry of the integrand enables
us to rewrite the right-hand side as an integral over all real frequencies. When using
contour integration, one cannot replace ε∗(ω) by ε(−ω∗), but the analytical continuation
to complex frequencies of ε∗(ω) = ε(−ω) must be used instead[

A(λ,k, t),−D̃(λ′,−k′, t)
]

= i�δλλ′δ(k − k′)
∑

j

Re
[
ε(−Ωj)vpjvgj/c

2
]
, (6.45)

where we assumed, as before, that all poles of the dispersion relation are first-order poles.
Note that ε(−Ωj) depends on the behavior of the dielectric function in the upper half
plane. Contrary to a statement in [163], the commutator does not give the canonical result
because in general there is no sum rule for the right-hand side of the equation. In other
words, (D − ε0E) is canonically independent of E, but (D̃ − ε0E) is not. The operator
(D − D̃) is proportional to the Langevin noise term in the wave equation for the electric
field.

Now let us neglect absorption at all frequencies. Strictly speaking, the limit εi(ω) →
0 is unphysical because it violates the Kramers-Kronig relations, but the limit is sometimes
taken for dielectrics that show negligible absorption at optical frequencies [164, 165, 177].
When ε(ω) becomes real, the solutions Ωj become real and in that limit one has ε(−Ωj) →
ε(Ωj) = (c/vp,j)2. Inserting this in Eq. (6.45) and using the Huttner-Barnett sum rule∑

j Re (vgj/vpj) = 1, we immediately find the canonical result for [A,−D̃]. We compare
this with the results in [177] where the dielectric function is assumed to be real. There a
phenomenological Lagrangian was introduced and the fields A and −D̃ were correctly
identified as a canonical pair. The Huttner-Barnett sum rule was invoked to show that their
commutator indeed had the canonical form. It was concluded that it is misleading that
also [A,−ε0E] has the canonical form. Here we have learnt that this misleading result
is not surprising: in the limit of real dielectric constants and only then, both [A,−ε0E]
and [A,−D̃] can have the canonical form in the same gauge, the reason being that D̃
approaches D in that limit.

6.5 Model dielectric functions

Phenomenological theories as discussed in section 6.4.2 have expressions for ε(ω) as in-
put. In practice, this input will be the outcome of measurements of the dielectric function.
By choosing the appropriate microscopic coupling constants and resonance frequencies in
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the damped-polariton model, one can hope to find a given dielectric function, thus pro-
viding a connection with phenomenological theories. It was argued in [174, 175] that the
well-known Lorentz oscillator form of the dielectric function could not be found from the
damped-polariton theory in this way. We shall reconsider this issue below.

A dielectric function that follows from the damped-polariton Hamiltonian (6.2a) will
have a single resonance because there is only one resonance frequency ω0 in the matter
fields. Experimentally, one may find more resonances in ε(ω). This should not be used as
an objection to the damped-polariton model because, in principle, one could easily extend
the theory with more material resonances. In this section, we consider two of these one-
resonance models.

6.5.1 The Lorentz oscillator model

We want to find microscopic coupling constants in the damped-polariton theory so that the
resulting ε(ω) has the following Lorentz oscillator form

εLor(ω) = 1 − ω2
c,Lor

ω2 − ω2
res + 2iωκ0

. (6.46)

Here ωres is the resonance frequency of the medium and ωc,Lor is a frequency that is related
to the coupling strength between the electromagnetic and the matter field. Identifying ε(ω)
from Eq. (6.13) with εLor(ω), we find, apart from the trivial identification ωc = ωc,Lor,∫ ∞

0

dω1V
2(ω1)

[
1

ω1 − ω − iη
+

1
ω1 + ω + iη

]
= 4
(
ω

ω̃0

)
iκ0 + ∆, (6.47)

where the frequency shift ∆ is defined such that ω2
res = ω̃2

0 − ω̃0∆/2. The coupling
V 2(ω1) is fixed by the identification of the imaginary parts and for all frequencies it equals
V 2(ω1) = 4κ0ω1/(πω̃0). However, if we insert this coupling in the equation for the
real parts, we find that the frequency shift ∆ is infinitely large. Also, the renormalized
frequency ω̃0 in Eq. (6.3) blows up. We can solve this problem by introducing a frequency
cutoff in the coupling, namely, V 2(ω1) = 4κ(ω1)ω1/(πω̃0) with

κ(ω1) =
κ0Ω2

Ω2 + ω2
1

. (6.48)

With this choice one finds ω̃0 =
√
ω2

0 + 2κ0Ω, which clearly has a strong dependence on
the cutoff frequency. The shift ∆ becomes both finite and frequency-dependent

∆(ω) =
4
πω̃0

P
∫ ∞

0

dω1 ω1κ(ω1)
(

1
ω1 − ω

+
1

ω1 + ω

)
= 4κ(ω)

Ω
ω̃0
. (6.49)

The principal-value integral can be evaluated by means of contour integration in the comp-
lex-frequency plane. In this way we arrive at the following expression for the dielectric
function

ε(ω) = 1 − ω2
c

ω2 − ω2
0 − 2Ω [κ0 − κ(ω)] + 2iωκ(ω)

. (6.50)
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We can choose Ω arbitrarily high (but finite). Quite unlike ω̃0, the optical resonance fre-
quency ωres approaches ω0 from above, the higher we choose the cutoff, since one has
ω2

res � ω2
0+2κ0ω

2
0/Ω. Note that the dielectric function (6.50) has the right high-frequency

limit ω2χ(ω) → −ω2
c as required in section 6.3.

It is well known that there are two branches of solutions of the dispersion relation
when the dielectric function is of the form (6.46): an upper and a lower polariton branch.
The dielectric function (6.50) gives rise to another branch: it has a purely imaginary fre-
quency with magnitude of the order of the cutoff frequency. This “cutoff branch” has neg-
ligible k dependence. In fact, the leading k-dependent term for large Ω is 2iω2

cκ0k
2c2/Ω4.

Clearly, the group velocity on this branch is practically zero so that the contribution of the
cutoff branch to the velocity sum rules of section 6.3 can be neglected.

We conclude that high cutoff frequencies can be chosen such that in the optical fre-
quency regime the dielectric function cannot be discerned from a Lorentz dielectric func-
tion with resonance frequency ωres = ω0 and damping constant κ0. The solutions of the
dispersion relation of the upper and the lower polariton branch together satisfy the sum
rules of section 6.3.

6.5.2 The point-scattering model

In general the dielectric function ε(ω) describes the propagation of a coherent light beam
in a fixed direction in an isotropic medium. A complex ε(ω) means that there is extinction,
which can be caused either by scattering or absorption or both. The dielectric function does
not contain information about the extinction mechanism. A well-known dielectric medium
showing polariton behavior is the dilute gas, which can be described as a collection of point
dipoles that scatter light independently. If only one type of elastic scatterers is present,
each having only one resonance, then the dielectric function is given by [68]

εsc(ω) = 1 − 4πc2Γen

ω2 − ω2
res + 2

3 iΓeω3/c
, (6.51)

where n = N/V is the density of the scatterers [not to be confused with the refractive in-
dex n(ω)] and Γe = e2/(4πε0mec

2) is the classical electron radius. This dielectric func-
tion can also be found if one supposes that the medium consists of classical harmonically
bound point charges whose motion is described by the Abraham-Lorentz equation. The
dielectric function (6.51) has the property that the corresponding T-matrix t(ω) satisfies
the optical theorem with t(ω) defined as ε(ω) = 1 − nt(ω)(c/ω)2. However, Eq.(6.51)
is not a proper response function, since it has a pole near the very large positive imagi-
nary frequency 3ic/(2Γe). This can be related to the need for the a-causal phenomenon
called preacceleration to avoid so-called runaway solutions of the Abraham-Lorentz equa-
tion [179].

Although we know that in the damped-polariton theory only proper response func-
tions can be found, we proceed like in the previous subsection and try to find coupling
constants that in the optical regime give rise to the dielectric function (6.51). Equating
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with Eq. (6.13) we get ω2
c = 4πc2Γen and V 2(ω1) = 4Γ(ω1)ω3

1/(3πω̃0c) with

Γ(ω1) =
ΓeΩ4

Ω4 + ω4
1

. (6.52)

Here we have inserted a convenient frequency cutoff from the start in order to keep finite
the frequency ω̃0 and the shift ∆. Contour integration gives ω̃2

0 = ω2
0 +

√
2ΓeΩ3/(3c) and

∆(ω) =
2
√

2
3ω̃0c

Γ(ω)Ω(Ω2 + ω2). (6.53)

The dielectric function has the form

ε(ω) = 1 − 4πc2Γen

ω2 − ω2
0 +
[√

2Ω3(Ω2 − ω2)/(3ω2c)
]
[Γe − Γ(ω)] + 2

3 iΓ(ω)ω3/c
. (6.54)

In this case, the resonance frequency shifts to frequencies lower than ω0 and the shift is
larger for larger cutoff frequencies. However, since the classical electron radius is so much
smaller than an optical wavelength, it is very well possible to choose a cutoff frequency
such that ω0 � Ω � c/Γe. Then for optical frequencies, the dielectric function (6.54)
is of the form (6.51). Note that for high frequencies ω2χ(ω) → −ω2

c for the dielectric
function (6.54), but not for Eq. (6.51).

Again, the frequency cutoff introduces a cutoff branch. In Fig. 6.1 we plot the real
parts of the three solutions Ωj(k) of the dispersion relation. As a measure of the damping,
we introduce κ, which is given by Γeω

2
0/(3c). For the purpose of presentation, the numer-

ical values of both ωc and κ were chosen artificially large for a dilute gas. The frequencies
on the cutoff branch are of the same magnitude as the cutoff frequency Ω, much higher
than the optical regime. The imaginary parts of the upper and lower polariton branches
are plotted in Fig. 6.2. The imaginary part of the cutoff branch is large, negative, and
practically constant for parameters as given in Fig. 6.1. Again, since the group velocity
on the cutoff branch is practically zero, the upper and lower polariton branches together
satisfy the sum rules of section 6.3. In particular, Fig. 6.2 illustrates that the upper and
lower polariton group velocities vg,u and vg,l satisfy the sum rule Im (vg,u + vg,l) = 0.

The cutoff, which was necessary to produce the dielectric function in the damped-
polariton theory, neatly removes the preacceleration behavior associated with a pole in
the upper half plane and leads to a good response function. The form of the coupling
V (ω) given above Eq. (6.52) has the following physical interpretation. By equating the
damped-polariton dielectric function with Eq. (6.51), we assumed that the dilute gas can
be described as a homogeneous dielectric. The light scattering by the gas molecules can
be accounted for by an absorptive coupling to the free electromagnetic field as long as
only single scattering of light is relevant. Then scattered light is lost for propagation
in the original direction. If the matter-bath coupling is dipole coupling, then for optical
frequencies the product V 2(ω1)/ω1 should be proportional to the density of states of the
electromagnetic field, which goes quadratically in frequency. This is indeed the case.



138 Transient QED effects in absorbing dielectrics

0 1 2 3
0

2

4

6

8

R
e

 Ω
 j
(k

)/
ω

 0

kc
 
/ω

 0

Figure 6.1:
Real parts of the three solutions Ωj of
the dispersion relation with ε(ω) as in
Eq. (6.54). Numerical values of the pa-
rameters: Ω = 10ω0, ωc = 0.5ω0

and κ = 0.01ω0. The solid line is the
lower polariton branch, the upper po-
lariton branch is dashed and the cutoff
branch is dotted.
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Figure 6.2:
Imaginary parts of the lower (solid line)
and upper (dashed line) polariton solu-
tions Ωj of the dispersion relation with
ε(ω) as in Eq. (6.54). Numerical val-
ues of the parameters as in the previous
plot. Not shown is the imaginary part of
the cutoff branch, which is also negative
and about a 1000 times larger in magni-
tude.

6.6 Spontaneous emission

The spontaneous-emission rate, in principle, is a time-dependent quantity. In this section
we investigate the transient dynamics of the spontaneous-emission rate of a guest atom in
an absorbing medium when the transition frequency of the guest atom is close to a material
resonance of the medium. We show how our results relate to previous treatments of spon-
taneous emission in absorbing dielectrics, where Fermi’s golden rule was used to show
that the time-independent (equilibrium) value for the spontaneous-emission rate equals
Γ0Re[n(ωA)] [155, 160]. Recently, local-field effects have been included in quantum elec-
trodynamical formulations of the problem [148, 150, 153, 155, 180], but we shall not focus
on them here.

We model the guest atom as a two-level atom with ground state |g〉 and excited state
|e〉 and Hamiltonian HA = �ωA|e〉〈e|. The medium (with fields and bath included) is
described by the damped-polariton model with Hamiltonian HM given by Eq. (6.1). The
total Hamiltonian isH = H0+V withH0 = HM+HA and V = −µA ·E(rA). Here V is
the dipole interaction between the atom and the medium, µA is the atomic dipole moment
operator, and E(rA) is the electric field operator at the position rA of the atom.

Suppose that the damped-polariton system is prepared at time 0 in a state described
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by a density matrix ρM (0). We do not assume that ρM (0) commutes with HM nor that it
factorizes into a product of a density operator for the bath and a density operator for the
undamped-polariton system (as is often assumed for convenience [181]). At time t0 > 0
we bring the guest atom in its excited state and couple it to the damped-polariton system.
Using perturbation theory, one can calculate [45] the time-dependent probability that the
guest atom has emitted a photon at time t > t0. We define the derivative of this quantity
as the instantaneous spontaneous-emission rate Γ(t). It is given as

Γ(t) =
2
�2

Re
∫ t

t0

dt′ eiωA(t−t′)Tr [ρM(0)µ · E(rA, t)µ · E(rA, t
′)] , (6.55)

where µ is now the dipole transition matrix element of the guest atom.
If the guest atom is excited a long time after the initial preparation of the medium, all

transient effects in the electric field have damped out. Hence, the field may be replaced by
its long-time limit El(rA, t), which is given in Eq. (6.34). Since El depends only on the
bath operators at t = 0, we may write Eq. (6.55) in the form

Γ(t) =
2
�2

Re
∫ t

t0

dt′ eiωA(t−t′)Trbath[ρred(0)µ · El(rA, t)µ · El(rA, t
′)]. (6.56)

Here ρred is the reduced density matrix obtained by tracing out the electromagnetic and
material degrees of freedom: ρred(0) = Trem,matρM (0). For the special case that the
initial density matrix ρM (0) factorizes, the reduced density matrix is the bath density
matrix ρbath(0) at t = 0. In general, the initial state of the electromagnetic and material
degrees of freedom at t = 0 does not play a role in the emission rate.

Spontaneous emission in its pure form arises if the reduced density matrix describes
the ground state of the bath. Let us assume this is indeed the case. Upon inserting
Eq. (6.34) in Eq. (6.56) we can perform the t′ integral, the integrals over the wavevec-
tor, and the summations over the polarization directions. This leads to

Γ(t) =
µ2

3π2�ε0c3
Re
∫ ∞

0

dωω3n(ω)
sin[(ω − ωA)(t− t0)]

ω − ωA
, (6.57)

with n(ω) =
√
ε(ω) the complex refractive index.

For times (t−t0) that are large enough, one may replace sin [(ω − ωA)(t− t0)] /(ω−
ωA) by πδ(ω − ωA). However, the time scale at which this replacement is valid depends
on the resonance structure of the refractive index n(ω). Since we want to study just this
time scale, we will not make the replacement. To evaluate the integral, we multiply the
integrand by a convergence factor Ω4/(Ω4 + ω4) with Ω  ωA. The specific choice of
the cutoff frequency Ω will only affect Γ(t) at time differences t − t0 much smaller than
a single optical cycle. We need to use a high-frequency cutoff at this point because the
dipole approximation is incorrect for high frequencies.

For the dielectric function, we take the Lorentz oscillator form (6.50) and we choose
the cutoff frequency in that model to be identical to the one inserted in Eq. (6.57). In
Fig. 6.3, we give the real part of the refractive index that clearly changes rapidly near
ω = ω0. It is a familiar figure and it shows that the refractive index does not change much
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Figure 6.3:
Real part of the refractive index in the
Lorentz oscillator model when ε(ω) is
given by Eq. (6.50) with parameters
κ0 = 0.01ω0, ωc = 0.5ω0, and Ω =
10ω0.

while increasing the cutoff frequency Ω from 10ω0 to infinity. The density of radiative
modes around the material resonance is proportional to ω2Re [n(ω)].

With this model for the dielectric function and the parameters as in Fig. 6.3, we cal-
culated Γ(t) in the case that the transition frequency ωA exactly equals ω0. Since the
integrand in Eq. (6.57) is rapidly fluctuating, it is expedient to use complex countour de-
formation to evaluate the integral. We add an infinitesimal positive imaginary part to
the denominator and split the sine into two complex exponentials. The contour of the
integral with exp [i(ω − ωA)(t− t0)] in the integrand is deformed towards the positive
imaginary axis. The contribution from the pole arising from the convergence factor can be
neglected at time scales t − t0  ω−1

A . Likewise, the integration contour of the integral
with exp [−i(ω − ωA)(t− t0)] is deformed towards the negative imaginary axis. Again,
the pole contribution from the convergence factor is negligible. Further contributions,
which cannot be neglected, arise from the branch cuts of n(ω) =

√
ε(ω) and from the

pole at ωA. The latter contribution yields the equilibrium value Γ(∞) = Γ0 Re n(ωA). In
contrast, the branch cuts yield time-dependent contributions to Γ(t). For large Ω they are
situated at ω1 = −iκ0 +

√
ω2

0 − κ2
0 and ω2 = −iκ0 +

√
ω2

0 + ω2
c − κ2

0. Around ω1 and
ω2, we can approximate the dielectric function by

ε(ω1 − iδeiϕ) � −iω2
ce

−iϕ/

(
2δ
√
ω2

0 − κ2
0

)
, (6.58a)

ε(ω2 − iδeiϕ) � −2iδeiϕ
√
ω2

0 + ω2
c − κ2

0/ω
2
c . (6.58b)

The branch cut at ω1 gives the following contribution to the spontaneous-emission rate:

− Γ0

πω3
A

Re

[
exp
{−iπ/4 − κ0(t− t0) − i(

√
ω2

0 − κ2
0 − ωA)(t− t0)

}
J(t)

]
, (6.59)
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Figure 6.4:
Normalized spontaneous-emission rate
Γ(t)/ [Γ0 Ren(ωA)] in an absorbing di-
electric as a function of time. Choice
of parameters in the Lorentz oscillator
model: κ0 = 0.01ω0, ωc = 0.5ω0,
Ω = ∞. Results are presented for
three transition frequencies ωA: for
ωA/ω0 = 1.0, the solid line represents
the exact numerical result for Eq. (6.57)
and the dashed line is the approximate
analytical expression Eq. (6.61). For
ωA/ω0 = 0.95, the dotted line is ex-
act and the dash-dot-dotted line is the
approximation. The exact result for
ωA/ω0 = 1.05 is the short-dashed line
and the short-dotted line is its approxi-
mation.

where J(t) is defined as:

J(t) =
∫ ∞

0

dλ
e−λ(t−t0)

[√
ω2

0 − κ2
0 − i(λ+ κ0)

]3
√
λ
[√

ω2
0 − κ2

0 − ωA − i(λ+ κ0)
] ×

×
[

2ω2
c

√
ω2

0 − κ2
0 + iλ(λ2 + 4ω2

0 + ω2
c − 4κ2

0)
4(ω2

0 − κ2
0) + λ2

]1/2

. (6.60)

The branch cut around ω2 gives a similar contribution.
The integrals arising from the branch cuts and from the imaginary axis can be evalu-

ated numerically since their integrands are no longer rapidly fluctuating. The on-resonance
result ωA = ω0 is the solid line in Fig. 6.4. We see that the spontaneous-emission rate
builds up until it finally reaches the time-independent equilibrium value Γ0 Ren(ωA).

The dashed line in Fig. 6.4 is an analytical approximation for Γ(t), which captures the
main features of the on-resonance time dependence at least qualitatively. It is derived by
retaining only the contribution (6.59) in the time-dependent part of Γ(t) as this is dominant
for large t. Moreover, we approximate J(t) by the first term in its asymptotic expansion
for large t− t0. In this way we arrive at the following approximate expression for Γ(t):

Γ(t) � Γ0Re [n(ωA)]

− Γ0Re

[
ωc(ω2

0 − κ2
0)

5/4 exp
{−iπ/4 − (i∆ − κ0)(t− t0)

}
√

2πω3
A(∆ − iκ0)(t− t0)1/2

]
, (6.61)

where ∆ was used as abbreviation for
√
ω2

0 − κ2
0 −ωA. As explained, this approximation

contains only the contribution from the branch cut at ω1; the branch cut at ω2 gives a
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faster decaying term, which goes like e−κ0(t−t0)/(t − t0)3/2. The contributions from the
integrals along the imaginary axis decay even faster.

It can be seen from Eq. (6.61) that the amplitude of the time-dependent part of Γ(t)
falls off as e−κ0(t−t0)/(t − t0)1/2 and also that the amplitude of the extra term is largest
around resonance when ωA �

√
ω2

0 − κ2
0. Away from resonance, oscillations with fre-

quency
√
ω2

0 − κ2
0 − ωA are present. Fig. 6.4 also shows the two off-resonance cases

ωA = 0.95ω0 and ωA = 1.05ω0, where both the exact numerical decay rates and their
analytical approximations show time-dependent oscillations.

The main result of the present discussion is the time dependence of the spontaneous-
emission rate. The time-independent value is not reached instantaneously, but at a time
scale that is governed by the resonance characteristics of the medium. In fact, the smaller
the resonance width κ0, the longer it takes to reach the time-independent value. Typically,
it takes ω0/κ0 optical cycles as follows from the exponential e−κ0(t−t0) in the approximate
expression (6.61). For narrow resonances with ω0/κ0 large, the transient dynamics may
take a substantial amount of time.

6.7 Discussion and conclusions

We have solved the equations of motion for the field operators in the damped-polariton
model using Laplace transformations. The solutions of the field and medium operators
are the sum of a transient and a permanent part. The latter are expressed solely in terms
of the initial bath operators. Long after the initial time, all field and medium operators
are functions of the bath operators alone provided the coupling to the bath is nonzero for
all frequencies. The long-time solutions satisfy quantum Langevin equations in which
the initial bath operators figure as the quantum noise source. The same continuum that
produces the absorption also forms the noise source that keeps the commutation relations
in order. This is conceptually simpler than expressing the quantum Langevin noise in
terms of the creation and annihilation operators that diagonalize the total Hamiltonian of
the damped-polariton model [158].

The effects of the initial state of the field and medium variables on the expectation
values at a later time are noticeable only during a short period that is determined by the
characteristic relaxation times of the damped-polariton modes. Once these transient effects
have died out the expectation values are determined by the reduced density matrix, which
follows from the full density matrix at the initial time by taking the trace over the degrees
of freedom of field and matter (without bath). If the full density matrix at the initial time
factorizes, the reduced density matrix equals the initial bath density matrix.

The method of long-time solutions can be used for other dissipative quantum systems
as well. For models in which the Hamiltonian can be diagonalized completely, it is an
alternative to the Fano diagonalization technique [182]. The latter can be quite complicated
[158, 183], whereas our long-time solutions are found after the simple inversion of a 4× 4
matrix, as one sees from section 6.2 and 6.4. More generally, the long-time method may be
useful for dissipative systems with a bilinear coupling to a harmonic oscillator bath whose
dynamics can be integrated out.

We employed the method of long-time solutions to study transient effects in a medium



6.7 Discussion and conclusions 143

described by a Lorentz oscillator dielectric function. This dielectric function (and that of
the point-scattering model as well) can be derived from the damped-polariton model by
taking a suitable bath coupling. Although a cutoff procedure turns out to be indispens-
able, the essential physics in the optical regime can be represented adequately in this way.
Once the connection with the damped-polariton model has been established, spontaneous-
emission processes by a guest atom in a Lorentz oscillator dielectric can be investigated
by means of the long-time method. Although transient effects due to the initial preparation
of the dielectric have damped out after a few medium relaxation periods, transient behav-
ior of a different type shows up in the initial stages of the decay process. This transient
behavior, which is related to the preparation of the guest atom in its excited state, leads
to a nonexponential decay - or in other words to a time-dependent spontaneous-emission
rate - if the atomic transition frequency is near a resonance of the dielectric. The nonex-
ponential dynamics takes place at time scales that are inversely proportional to the width
of the resonance. As we have shown, the characteristics of the time-dependent decay rate
can be captured in an analytic asymptotic expression of which the qualitative features are
corroborated by numerical methods.





Appendix A

Analytical expression for
T-matrix of N-plane crystal

Inversion.The problem that arose in section 2.3.2 and which is solved in this appendix is
how to find the inverse of the matrix

M ≡




ν x x2 x3

x ν x x2

x2 x ν x
x3 x2 x ν


 . (A.1)

The solution will be for generalN , but matrices are presented forN = 4. Define the upper
diagonal matrix U and lower diagonal matrix L as

U =




0 x 0 0
0 0 x 0
0 0 0 x
0 0 0 0


 ; L =




0 0 0 0
x 0 0 0
0 x 0 0
0 0 x 0


 . (A.2)

Then we have

U2 =




0 0 x2 0
0 0 0 x2

0 0 0 0
0 0 0 0


 ; UN = 0, (A.3)

and similarly for powers of the lower diagonal matrix L. From this, it follows that we can
write the matrix M as

M = ν11 +
N−1∑
p=1

(Up + Lp)

= ν11 + U(11 − U)−1 + (11 − L)−1L. (A.4)

145



146 Analytical expression for T-matrix of N-plane crystal

Now consider the inverse of the matrix product (11−L)M(11−U). Use this and equation
(A.4) to arrive at the following expression for the inverse of M:

M−1 = (11 − U) [ ν(11 − L)(11 − U) + (11 − L)U + L(11 − U) ]−1 (11 − L). (A.5)

In this form, finding the inverse is much easier than before, because the matrix [· · · ] has
only nonzero elements on the diagonal and first off-diagonals. This becomes clearer by
rewriting

M−1 = (11 − U) [Y + Z]−1 (11 − L) = (11 − U)
[
11 + Y−1Z

]−1
Y−1(11 − L), (A.6)

where Y ≡ (ν + νx2 − 2x2)11 + (1 − ν)(U + L) is a symmetric band diagonal matrix
and the matrix Z has matrix elements Zkl ≡ (2 − ν)x2δk1δl1 so that only its upper left
element is nonzero.

The matrix M−1 is known when Y−1 and
[
11 + Y−1Z

]−1
are known. Now Y has

a simple structure and it can be inverted immediately using the transformation matrix
Jkl ≡ √2/(N + 1) sin[klπ/(N + 1)]. It is its own inverse and it diagonalizes Y: we
have Y−1 = JΛ−1J with Λ−1

kl = δklf
−1(k) where the function f(k) is defined as

f(k) ≡ ν(1 + x2) − 2x2 + 2x(1 − ν) cos[kπ/(N + 1)] (k = 1, 2, . . . , N). (A.7)

What remains to be done for the inversion of M is the evaluation of the infinite series

(11 + Y−1Z)−1 = 11 − Y−1Z + (Y−1Z)2 − (Y−1Z)3 + . . . (A.8)

Now since we have

(Y −1Z)kp = (2 − ν)x2δ1p

N∑
m=1

Jkmf
−1(m)Jmp ≡ hN (k, p)δ1p, (A.9)

where in the last equality the function hN (k, p) was defined, we find that
[(

Y−1Z
)n]

kp
=

hN (k, 1)hn−1
N (1, 1)δ1p. Summing up all orders, we find that

(
11 + Y −1Z

)−1

kp
=
[
δkp −

(
hN (k, 1)

1 + hN (1, 1)

)
δ1p

]
. (A.10)

Inserting this into equation (A.6), we have found the inverse of the matrix M. This result
is used in equation (2.30) of section 2.3.2.

Symmetry. The T-matrix elements should have the symmetry T (N)
α,β = T

(N)
N+1−α,N+1−β ,

but in the expression (2.30) for the T-matrix that was used in the calculations, this sym-
metry is not manifest, as was remarked in section 2.5. Here we show how the hidden
symmetry can be pulled out.

All terms in Eq. (2.30) should be brought under one denominator. Rewrite the sines
and cosines in the expression in terms of complex exponentials and introduce new vari-
ables for the exponentials such that the expression becomes a polynomial in the new vari-
ables. In this form it is easier to find that the nominator and denominator have the common
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factors [x − exp(iKa)] and [x − exp(−iKa)] that can be divided out. For the T-matrix
we then find

T
(N)
αβ =

ikz

[
x2 − 2x cos(Ka) + 1

]2
x(x2 − 1) sin(Ka)

H
(N)
αβ , (A.11)

with H(N)
αβ for α > β defined as

H
(N)
αβ ≡ {x sin[(α−N)Ka] − sin[(α−N − 1)Ka]}

{x cos[(N − 1)Ka/2] − cos[(N + 1)Ka/2]} ×

× {x sin[(β − 1)Ka] − sin[βKa]}
{x sin[(N − 1)Ka/2] − sin[(N + 1)Ka/2]} . (A.12)

For α < β the α and β should be interchanged in this expression. When α = β, it can be
shown that an α-independent term ∆Hαα should be added to the expression for Hαβ :

∆Hαα =
−x[x2 − 2x cos(Ka) + 1]−1 [x cos(Ka) − 1]2

{x cos[(N − 1)Ka/2] − cos[(N + 1)Ka/2]} ×

× {x2 sin[(N − 1)Ka] − 2x sin(NKa) + sin[(N + 1)Ka]}
{x sin[(N − 1)Ka/2] − sin[(N + 1)Ka/2]} . (A.13)

From Eqs. (A.12) and (A.13) we can infer that H(N)
αβ = H

(N)
N+1−α,N+1−β , where it is

important to notice that N + 1 − α < N + 1 − β when α > β. It follows that also the
T-matrix has the required symmetry: T (N)

αβ = T
(N)
N+1−α,N+1−β .

Determinant. For section 2.4.2 it is useful to compute the determinant of the matrix
M and this can be done best using equation (A.6): det(M) = det[Y(11 + Y−1Z)]. This
determinant is equal to [1+hN (1, 1)] times the product of all the f(k)’s of equation (A.7).
With equation (2.32) and the definition of the Bloch wave vector this gives

det[M(k‖, ω)] =
[ −1
2x(1 − ν)

]N {
sin[(N + 1)Ka] −

[
(2 − ν)x

1 − ν

]
sin[NKa]

}

×
∏N

m=1

[
cos(Ka) − cos

(
mπ

N+1

)]
sin[(N + 1)Ka]

. (A.14)

Notice that the zeroes of the determinant are not caused by the products of cos(Ka) −
cos
(

mπ
N+1

)
going to zero, because of the sin[(N + 1)Ka] in the denominator. The deter-

minant is zero when the remaining factor in the nominator is zero, which is equivalent to
[1 + hN (1, 1)] = 0.





Appendix B

Functional differentiation after
choosing a gauge

After choosing the gauge, the vector potential is generalized transverse. The Euler-La-
grange equation for the vector potential is therefore an equation of motion of a constrained
system, where the constraint is the gauge condition (4.4). One could try and solve this
problem using the method of Lagrange multipliers [184], but this is not the route that
will be pursued here. Instead, the appropriate definition and computation of functional
derivatives after choosing a gauge will be studied in sections B.1 and B.2, respectively.

B.1 Two definitions of functional derivatives

Before choosing the gauge, the functional derivative of the Lagrangian with respect to the
vector potential is defined as

δL

δA(r)
≡ lim

γ→0

∫
dr′ {L[A(r′) + γ δ(r − r′)I ] − L[A(r′)]}

γ
. (B.1)

The functional derivative of the functional L with respect to the function A describes
the relative changes of L when small variations proportional to δ(r − r′)I are added to
the function A. It turns out that the right-hand side of Eq. (B.1) can be computed as
the partial derivative of the Lagrangian density with respect to A. While doing this, the
Lagrangian density L can simply be considered as a function and A as one of its variables.
Before choosing the gauge, the functional derivative so defined leads to the third and fourth
Maxwell equations.

After choosing the gauge, the interaction term LAΦ (4.37) becomes identically zero,
as noted in the main text. However, its functional derivative as defined in (B.1) with respect
to Ȧ(r) leads to the nonzero answer ε0ε(r)∇Φ(r). An identically zero function should not
have a nonzero derivative. This can only mean that Eq. (B.1) does not define the functional
derivative with respect to generalized transverse functions correctly. The reason is that
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the function space in which the vector potential lives has become smaller by choosing
the gauge: it now lives in the subspace of functions which are generalized transverse.
This also means that functional variations of A should stay inside this subspace. In the
functional derivative (B.1), variations in the whole function space are allowed and clearly
∇r′ · [ε(r′)δ(r − r′)I ] is nonzero.

With every set of constraints a new functional derivative can be associated. Here, only
the gauge-constraint will be considered that functions be generalized transverse. Func-
tional differentiation with respect to generalized transverse functions can be defined as [86]

δL

δAT
ε (r)

≡ lim
γ→0

∫
dr′ {L[A(r′) + γ δT

ε (r′, r)] − L[A(r′)]}
γ

, (B.2)

with the generalized transverse delta function δT
ε as defined in Eq. (4.12). In this new

functional derivative, the functional variations do stay inside the generalized transverse
subspace, since ∇r′ · [ε(r′)δT

ε (r′, r)] = 0. It will be called the “constrained functional
derivative” in the following. Note that the constrained functional derivative must also be
used in free space after choosing the Coulomb gauge (see [84], p. 289); for free space the
generalized transverse delta function reduces to the free-space transverse delta function
δT, given in Eq. (C.5).

B.2 Simple rules to compute constrained functional
derivatives

Now the goal is to find simple rules to compute the constrained functional derivative (B.2)
with respect to generalized transverse functions, just like the normal functional derivative
(B.1) can simply be calculated as a partial derivative. With that goal in mind, note with
the use of Eqs. (4.15a) and (4.15d) that the functional derivative (B.2) is simple in the
following two important cases:

δ

δAT
ε (r)

∫
dr′ XT(r′) · A(r′) = XT(r), (B.3)

δ

δAT
ε (r)

∫
dr′ ε(r′)XL(r′) · A(r′) = 0, (B.4)

where XT and XL are arbitrary transverse and longitudinal functions, respectively. The
second important case makes clear that the constrained functional derivative of zero (inner
products such as LAΦ of transverse and longitudinal fields) indeed gives zero; the first
important case (B.3) shows that the partial-derivative-of-L computation rule still gives
the correct answers for inner products of AT

ε with transverse functions. In combination
with the definition (B.2) of the constrained functional derivative, this justifies the naive
calculation of the canonical field in Eq. (4.7) of section 4.2:

δ

δȦT
ε (r)

∫
dr′ ε(r′)Ȧ2(r′) = 2 ε(r)Ȧ(r). (B.5)
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How can the constrained functional derivative be calculated in the more general situation

δ

δAT
ε (r)

∫
dr′ X(r′) · A(r′), (B.6)

where X is a general vector function? It will now be shown that any vector field X can
be decomposed such that the only two rules of computation needed are the simple cases
(B.3) and (B.4).

Given the vector field X, construct the scalar field σX = −∇ · X. Now find the
potential χ, given the “charge distribution” σX and the dielectric function ε0ε(r), from the
following generalized Poisson equation:

ε0∇ · [ ε(r)∇χ(r)] = −σX(r). (B.7)

This is a well-known problem in electrostatics. There is a unique solution for χ of this
inhomogeneous problem, given the charge distribution and the boundary condition that
the potential be zero at infinity. With the potential χ thus found, define two vector fields
X1 and X2 as

X1 ≡ X(r) − ε0ε(r)∇χ(r), (B.8)

X2 ≡ ε0ε(r)∇χ(r), (B.9)

so that evidently X = X1 + X2. The vector field X1 is transverse by construction of
the potential χ; the field [X2/ε(r)] is of course longitudinal. In summary, the following
theorem was proven: An arbitrary vector field can be uniquely decomposed into a part
which after division by ε(r) is longitudinal, and a transverse part. This theorem is useful
for evaluating the constrained functional derivative, because

δ

δAT
ε (r)

∫
dr′ X(r′) · A(r′) =

δ

δAT
ε (r)

∫
dr′ [X1(r′) + X2(r′)] · A(r′)

= X(r) − ε0ε(r)∇χ(r), (B.10)

where the simple derivatives Eqs. (B.3) and (B.4) were used. The problem of computing
a functional derivative with respect to a generalized transverse function has thus been
reduced to a problem in electrostatics. Note that the constrained functional derivative
(B.10) produces a field that is always transverse. That transverse field is equal to the
transverse part of X if X itself is trnsverse or if ε(r) ≡ 1.

As a corollary of the unique decomposition (B.8) and (B.9) of vector fields, a new and
short proof can be given of the “generalized Helmholtz theorem” [14], which states that
Every vector field Y can be uniquely decomposed as the sum of a generalized transverse
vector field Y1 and a longitudinal field Y2. The proof is simple: given Y, define X =
ε(r)Y. Then apply the previous unique decomposition to X, as in Eqs. (B.8) and (B.9).
Define Y1 ≡ X1/ε(r) and Y2 ≡ X2/ε(r). Then it follows that Y = Y1 + Y2, where
Y1 is a generalized transverse and Y2 is a longitudinal field. This completes the proof.
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B.3 Functional derivatives of the minimal-coupling
Lagrangian

In the special case that the vector field X is the current density Jg produced by the guest
atoms in the dielectric, equation (4.34) shows that the “charge density” σJg equals the
time-derivative of the physical charge density σg, and by the uniqueness of the solution
of the generalized Poisson equation, the potential χ must be identified with the time-
derivative of the physical scalar potential Φ. Therefore, the constrained functional deriva-
tive of

∫
dr Jg · A can now be computed as

δ

δAT
ε (r)

∫
dr′ Jg(r′) · A(r′) = Jg(r) − ε0ε(r)∇Φ̇(r). (B.11)

With this result, the Euler-Lagrange equation for the vector potential from the Lagrangian
(4.39) becomes:

µ−1
0 ∇ × ∇ × A + ε0ε(r)Ä = Jg − ε0ε(r)∇Φ̇. (B.12)

This is precisely the equation that was needed for the vector potential such that the fourth
Maxwell equation holds also in the generalized Coulomb gauge.



Appendix C

Dyadic Green and delta functions

The (full) Green tensor G(r, r′, ω) of an inhomogeneous medium characterized by the
dielectric function ε(r) is the solution of the wave equation

−∇ × ∇ × G(r, r′, ω) + ε(r)(ω/c)2G(r, r′, ω) = δ(r − r′)I, (C.1)

where the right-hand side is the ordinary Dirac delta function times the unit tensor. An-
other useful Green function (which actually is a tensor as well) can be found by projecting
out the left and right-hand sides of this equation with the generalized transverse delta
function (4.12). In doing so, the transverse double-curl term is projected onto itself, see
Eq. (4.15a). The (full) Green function can therefore be uniquely projected onto its gener-
alized transverse part GT that is the solution of

−∇ × ∇ × GT(r, r′, ω) + ε(r)(ω/c)2GT(r, r′, ω) = δ̄T
ε (r′, r). (C.2)

The bar in δ̄T
ε denotes the transpose. The longitudinal Green function GL is now defined

as the difference between G and GT, and has the form

GL(r, r′) ≡ 1
(ω/c)2ε(r)

[
δ(r − r′)I − δ̄T

ε (r′, r)
] ≡ 1

(ω/c)2ε(r)
δ̄L

ε (r′, r). (C.3)

In the last equality of (C.3) the generalized longitudinal delta function was defined as
the difference between the ordinary Dirac and the generalized transverse delta, so that
δT

ε + δL
ε = δI. It is not immediately clear that GL is longitudinal. To prove that indeed

it has zero curl, one can apply the unique decomposition of generalized transverse and
longitudinal vector fields (as explained in appendix B) to

∫
drGL ·X, where X is a general

vector field.
The Green tensor GT of the dielectric can be expanded either in terms of the real

mode functions hλ that were introduced in section 4.2.2, or in terms of complex mode
functions fλ which are used in chapter 5:

GT(r, r′, ω) = c2
∑

λ

hλ(r) hλ(r′)
(ω + iη)2 − ω2

λ

= c2
∑

λ

fλ(r) f∗λ(r′)
(ω + iη)2 − ω2

λ

. (C.4)
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Both these expansions are equivalent by Eq. (4.23), be it that the real and imaginary parts
can be read off more easily in the former form. The term iη in (C.4) makes explicit the
positive and infinitesimally small imaginary part of the frequency ω. With the positive
sign, (C.4) is the causal Green function which transformed back to the time-domain gives
a Green function GT(r, r′, t − t0) which is nonzero only for positive time differences
(t− t0): a cause at time t0 can only have an effect at later times.

For free space, the transverse and longitudinal delta functions appearing in Eqs. (C.2)
and (C.3) are [85]

δT(r) =
2
3
δ(r)I − 1

4πr3
(I − 3r̂ ⊗ r̂) (C.5)

δL(r) =
1
3
δ(r)I +

1
4πr3

(I − 3r̂ ⊗ r̂), (C.6)

where r̂ is defined as r/|r|, the unit vector in the direction of r. The sum of the transverse
and the longitudinal delta function is simply δ(r)I, since their “dipole” parts cancel. The
dyadic Green function G0 for free space is the sum of a transverse and a longitudinal part.
The transverse part is [69]

GT
0 (r, ω) = − I − 3r̂ ⊗ r̂

4π(ω/c)2r3
− eiωr/c

4πr
[P (iωr/c)I +Q(iωr/c)r̂ ⊗ r̂] , (C.7)

with the function P (z) defined as ≡ (1 − z−1 + z−2) and Q(z) as (−1 + 3z−1 − 3z−2).
Using the definition (C.3) of the longitudinal Green function and the free-space transverse
delta function (C.5), the longitudinal Green function is found to be

GL
0 (r, ω) =

I − 3r̂ ⊗ r̂
4π(ω/c)2r3

+
δ(r)

3(ω/c)2
I. (C.8)

The important delta-function term in GL
0 appears naturally and there was no need to add it

“by hand” as is done elsewhere [4, 69]. Both GT
0 and GL

0 have nonretarded dipole terms,
meaning that a change in a source term changes instantaneously the longitudinal and trans-
verse fields elsewhere. It is only their sum that is fully retarded [85]. The same is true for
the Green functions GT and GL of inhomogeneous dielectrics.

In some cases, it is physical to replace the Green functions (C.7) and (C.8) by their
angle-averaged values. The angle-averaged value of (µ̂ · r̂)2 is simply 1

3 . Effectively, the
averaging amounts to replacing r̂ ⊗ r̂ by 1

3 I both in Eq. (C.7) and in (C.8). The angle-
averaged free-space Green function is simply

〈 G0(r, ω) 〉av. = −e
iωr/c

6πr
I +

c2

3ω2
δ(r)I. (C.9)

In the limit r → 0, the imaginary part of this angle-averaged Green function still leads to
the correct free-space spontaneous-emission rates.



Appendix D

Laplace operators and
time-dependent coefficients

In section 6.2 the electric-field operator Ē(p) was given in terms of the operators at t = 0.
Here we give the analogous expressions for the other Laplace operators. Furthermore,
we show how to evaluate the time-dependent coefficients Mmn(t) like in Eq. (6.20) for
the electric-field operator. Finally, we list the expressions for the coefficients of the other
operators.

The expression for Ē(p) in (6.15) has the following analogous expressions for the
other Laplace operators:

Ā(p) =
1

D̄(p)

{
− E(0) + pA(0)

− α

ε0

[
p2

ω2
c

χ̄(p) − 1
]
X(0) − 1

α
pχ̄(p)[P (0) − B̄(p)]

}
,

X̄(p) =
1

D̄(p)

{
−ε0
α
pχ̄(p)E(0) +

ε0
α
p2χ̄(p)A(0)

+
(
k2c2

ω2
c

+
p2

ω2
c

+ 1
)
pχ̄(p)X(0) +

ε0
α2

(p2 + k2c2)χ̄(p)[P (0) − B̄(p)]
}
,

P̄ (p) =
1

D̄(p)

{
−α
[
p2

ω2
c

χ̄(p) − 1
]
E(0) + αp

[
p2

ω2
c

χ̄(p) − 1
]
A(0)

+
α2

ε0

[
p2

ω2
c

χ̄(p) − 1
](

k2c2

ω2
c

+
p2

ω2
c

+ 1
)
X(0)

+p
(
k2c2

ω2
c

+
p2

ω2
c

+ 1
)
χ̄(p)[P (0) − B̄(p)]

}
. (D.1)

If we now apply the inverse Laplace transformation to these expressions, we find the full
time dependence of the operators A, X , and P . The inverse Laplace transformation is
a contour integration over the Bromwich contour that includes the whole imaginary p
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axis. After transforming to frequency variables, the contour includes poles from D̄−1(p),
which are in the lower half plane and moreover poles on the real frequency axis arising
from B̄(p). The latter are important in the calculation of the long-time solutions of the
operators in section 6.4. However, in the calculation of the coefficientsMmn(t), which we
will discuss here, they play no role. For example, the coefficient MAE(t) becomes

MAE(t) = − 1
2πi

∫ i∞+η

−i∞+η

dp eptD̄−1(p) =
1
2π

∫ ∞

−∞
dω

e−iωt

ε(ω)ω2 − k2c2

=
1

4πkc

∫ ∞

−∞
dω

(
e−iωt

n(ω)ω − kc
− e−iωt

n(ω)ω + kc

)

=
1
kc

∑
j

Im(e−iΩjt vgj

c
). (D.2)

Note that MAE(t) is exponentially damped because all Ωj in the exponentials have nega-
tive imaginary parts. The other coefficients can be calculated in a similar way. The results
are

MAA(t) = MEE(t),

MAX(t) = − αk

ω2
cε0c

4

∑
j

Im

[
e−iΩjtvgj

(
1 − v2

pj

c2
+

ω2
c

k2c2

)]
,

MAP (t) =
1
α

∑
j

Re

[
e−iΩjt vgj

c

(
vpj

c
− c

vpj

)]
,

MXE(t) = ε0MAP (t),
MXA(t) = ε0MEP (t),

MXX(t) = −k
2c2

ω2
c

∑
j

Re

[
e−iΩjt vgj

c

(
vpj

c
− c

vpj

)(
1 − v2

pj

c2
+

ω2
c

k2c2

)]
,

MXP (t) = −ε0kc
α2

∑
j

Im

[
e−iΩjt vgj

c

(
vpj

c
− c

vpj

)2
]
,

MPE(t) = ε0MAX(t),
MPA(t) = ε0MEX(t),

MPX(t) =
α2k3c3

ω4
cε0

∑
j

Im


e−iΩjt vgj

c

(
1 − v2

pj

c2
+

ω2
c

k2c2

)2

 ,

MPP (t) = MXX(t). (D.3)

With the sum rules discussed in section 6.3, one can see that the “diagonal” coefficients in
this list equal 1 at time t = 0, whereas the other coefficients have the initial value 0.
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Samenvatting voor iedereen

De Nederlandse vertaling van de titel van dit proefschrift luidt “Kwantumoptica en meer-
voudige verstrooiing in diëlektrica”. Om deze titel te verduidelijken worden in de nu vol-
gende samenvatting allereerst enkele relevante begrippen en vraagstellingen besproken.
Vervolgens wordt een korte opsomming gegeven van in dit werk gepresenteerde resultaten.

Optica en kwantumoptica

Eigenschappen van licht

Wat is licht? Moeilijk te zeggen, maar veel eigenschappen van licht zijn bekend: dat het
zich in rechte lijnen voortbeweegt, mits ongehinderd (zie omslag van dit proefschrift).
En dat wit licht uit golven van verschillende kleuren bestaat, elke kleur licht met een
eigen golflengte. In een regenwolk of in een prisma worden deze afzonderlijke golven
gesplitst. Mensen zien een regenboog met als ene uiterste kleur rood (lange golflengte) en
als andere uiterste violet (korte golflengte). De regenboog houdt aan die randen niet op,
maar ultraviolette en infrarode golven van hetzelfde (elektromagnetische) type als licht
zijn voor mensen onzichtbaar. Een honingbij ziet een andere regenboog dan een mens,
met meer kleuren naast het violet.

Licht is een golf en vertoont interferentie, het verschijnsel dat golven elkaar kunnen
versterken en uitdoven. Het effect zie je bijvoorbeeld wanneer er een laagje olie op water
ligt. Een deel van het licht zal aan de bovenkant van het olielaagje weerkaatsen en een
ander deel aan het olie-water oppervlak. Of er sprake is van wederzijdse versterking of
uitdoving van deze twee golven hangt sterk af van het verschil in afgelegde afstand en
van de golflengte (kleur) van het licht. Een sterk regenboogeffect van olie op water is
te verwachten als het olielaagje ongeveer zo dun is als de golflengte van licht, een halve
micrometer.

Iets minder in het oog springend is dat licht naast kleur ook polarisatie heeft. Licht
is namelijk een transversale golf, wat wil zeggen dat licht dat vooruit gaat, horizontaal of
vertikaal kan trillen. Deze twee polarisatierichtingen zijn niet met het blote oog maar wel
met polaroidfilters te onderscheiden.

De bovengenoemde eigenschappen van licht zijn vrij bekend en de theorie die dat
(en nog veel meer) beschrijft is de klassieke elektrodynamica. Die theorie voldoet in zeer
veel gevallen, maar niet als het licht zich als een stroom deeltjes (“fotonen”) voordoet, wat
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soms het geval is. Het deeltjeskarakter van licht dringt zich in het dagelijks leven niet op,
maar in sommige experimenten wel. Bijvoorbeeld bij het “foto-elektrische effect”: met
de energie die in licht zit kun je elektronen losmaken die aan atomen in een vaste stof
vastgepind zitten. Het effect treedt alleen op als je op de stof met licht schijnt dat een
golflengte heeft kleiner dan een bepaalde waarde. Dit is te verklaren als je aanneemt dat
licht-energie in afzonderlijke pakketjes van welbepaalde hoeveelheden (“kwanta”) wordt
overgedragen aan materie, waarbij de energie in zo’n pakketje afhangt van de kleur licht.

De moderne theorie die beschrijft hoe licht zowel een golf- als een deeltjeskarakter
kan hebben, is de kwantumelektrodynamica. De wisselwerking van zo beschreven licht
met materie (atomen) wordt bestudeerd in de kwantumoptica. Dit proefschrift heeft als
onderwerp hoe de theorie van de kwantumoptica aangepast moet worden als het licht zich
niet in de vrije ruimte maar in een medium bevindt waarin het licht verstrooid of geab-
sorbeerd kan worden.

Atomen als lichtbronnen

Hoe ontstaat licht? Verreweg het meeste licht om ons heen wordt uitgezonden door
atomen, via een proces dat spontane emissie heet. De atomen kunnen zich in verschillende
welbepaalde energie-toestanden bevinden, zoals beschreven door de kwantummechanica.
Een atoom in een hoog energieniveau zal, mits met rust gelaten, op den duur naar een
lagere energietoestand overgaan (“vervallen”). De wet van behoud van energie zegt in
dit geval dat het verschil tussen de hoge en de lage energie niet zomaar verdwenen kan
zijn. Inderdaad zendt een atoom een lichtdeeltje (“foton”) uit met precies de ontbreken-
de energie. Het energieverschil van het atoom bepaalt de golflengte en dus ook de kleur
van het uitgezonden licht. Elk type atoom heeft zijn eigen energieniveaus. Zodoende
zendt elk type atoom zijn eigen kleuren uit. Neem bijvoorbeeld natriumatomen, die als
lichtbron worden gebruikt in straatverlichting. Als de lampen net aangaan en nog koud
zijn, stralen ze alleen zwakrood licht met lage energie uit, maar even later zijn de lampen
heet en vervallen de natriumatomen ook vanaf hogere energieniveaus en schijnen de lam-
pen karakteristiek felgeel. Natuurkundigen kunnen zo aan de hand van gemeten kleuren
licht en hun relatieve intensiteit nagaan welk type atomen het licht heeft uitgezonden en
bij welke temperatuur; sterrenkundigen leiden op dezelfde manier af welke materie in de
ruimte voorkomt en hoe heet sterren zijn.

“Spontane” emissie

Waarom zou een atoom eigenlijk licht uitzenden? Met andere woorden, hoe “weet” een
atoom in een hogere toestand dat het naar een lagere toestand kan vervallen onder uitzen-
ding van licht? Met deze vraag komen we al dichter bij de inhoud van dit proefschrift. In
de klassieke beschrijving van licht en elektromagnetisme is die vraag niet goed te beant-
woorden. Volgens de klassieke theorie kan een atoom weliswaar aangezet worden tot
het uitzenden van licht onder invloed van al aanwezig licht, maar een enkel atoom in het
donker is echt alleen: er is niets dat hem “beweegt” om energie af te geven. Toch stralen
atomen in het donker licht uit. “Spontane emissie” is de naam voor een klassiek onverk-
laarbaar proces.
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Volgens de huidige inzichten is spontane emissie geen spontaan proces. Volgens de
kwantumelektrodynamica, de opvolger van de klassieke theorie, is er overal om ons heen
een elektromagnetisch veld aanwezig. Net als een atoom kan dat veld in verschillende en-
ergietoestanden bestaan. Als het veld zich in de laagste energie-toestand bevindt (ook wel
de “vacuümtoestand” geheten), is er geen licht. Toch is volgens de kwantumelektrody-
namica een atoom in het donker helemaal niet zo alleen: het atoom ziet danwel geen licht,
maar voelt wel fluctuaties in het hem omringende elektromagnetische veld. Het zijn de
zogenaamde vacuümfluctuaties van het elektromagnetische veld die het atoom aanzetten
om zijn licht uit te zenden.

Levensduur

Er is een typische tijdsschaal waarop het atoom overgaat van het hogere naar het lagere
energieniveau onder uitzending van het licht. Deze tijdsschaal heet de “levensduur” van
die overgang. Het is niet zo dat een atoom altijd na precies het verstrijken van die le-
vensduur met het licht op de proppen komt. De levensduur is veeleer een gemiddelde tijd
waarop licht wordt uitgezonden. De kwantummechanica beschrijft het uitzenden van licht
als een statistisch proces en doet met andere woorden slechts uitspraken over de kans dat
het atoom binnen een bepaalde tijd vervallen is. Ook de richting waarheen het licht wordt
uitgezonden is een kwestie van kansen. Einstein nam precies vanwege dit kans-karakter
geen genoegen met de kwantummechanica. Je zou wel een diepere theorie willen hebben
die je precies vertelt wanneer een atoom vervalt, maar zo’n theorie is er tot op heden niet
(en komt er misschien wel nooit).

Diëlektrische materialen

Microscopische en macroscopische beschrijvingen

De golflengte van licht is klein (een halve micrometer, de helft van een duizendste millime-
ter), maar atomen zijn nog een factor duizend kleiner. Over de afstand van een golflengte
van licht zitten in een vaste stof vele honderden atomen op een rij. Door deze schaalver-
houdingen is het in de optica mogelijk om veel materialen macroscopisch te beschrijven,
in termen van een brekingsindex. “Macroscopisch” duidt erop dat je niet de wisselwerk-
ing van licht met alle afzonderlijke atomen beschrijft. De brekingsindex geeft aan hoe de
atomen samen het transport van licht vertragen. Glas heeft bijvoorbeeld een brekingsindex
van 1.5, wat betekent dat licht in glas anderhalf keer trager gaat dan in de vrije ruimte.

Op soortgelijke manier is de wave van publiek bij een sportevenement macroscopisch
te beschrijven: die wave golft met een snelheid van zo’n twintig meter per seconde meestal
tegen de klok in rond het stadion, met een breedte van gemiddeld negen meter (zie [185] en
figuur D.1). Individuele mensen komen in deze beschrijving van stadiongolven net zomin
voor als individuele atomen bij lichtgolven in vaste stoffen. Er bestaan meer “microscopis-
che” verklaringen voor de snelheid van een stadiongolf aan de hand van reactietijden van
voetbalfans; eveneens voor de lichtsnelheid van materie in een vaste stof met behulp van
“reactietijden” en polariseerbaarheden van individuele atomen. In dit proefschrift (met
uitzondering van hoofdstuk 6) zijn brekingsindices gegeven grootheden.
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Figure D.1:
De wave golft door het stadion (Foto:
Universiteit Boedapest).

De macroscopische beschreven materie die een medium vormt voor lichtvoortplanting
wordt met de verzamelnaam “diëlektrica” aangeduid. Diëlektrica hebben de eigenschap
dat licht zich erin kan voortplanten, ook al wordt het licht soms deels geabsorbeerd. Met-
alen worden niet tot de diëlektrica gerekend, want in metalen plant licht zich niet eens één
enkele golflengte voort.

Een diëlektricum kun je karakteriseren met een brekingsindex die in het algemeen
van de plaats en oriëntatie in het medium kan afhangen en verder van alle mogelijke eigen-
schappen van het licht. Niet alle afhankelijkheden zijn even belangrijk in de praktijk. In dit
proefschrift wordt kwantumoptica beschreven in inhomogene diëlektrica (plaatsafhanke-
lijke brekingsindex) en in dispersieve diëlektrica (golflengte-afhankelijke brekingsindex).

Diëlektrica en spontane emissie

In de vrije ruimte hebben identieke atomen dezelfde levensduren. Je zou daarom denken
dat een levenduur een eigenschap van het atoom is. Dat klopt maar voor de helft, want
de levensduur hangt evengoed af van de vacuümfluctuaties die het atoom aansporen om
licht uit te zenden: in de vrije ruimte is het ook al zo dat licht met kortere golflengte meer
fluctuaties voelt en sneller wordt uitgezonden.

De door een atoom gevoelde fluctuaties hangen af van het type diëlektricum waarin
het atoom zich bevindt en ook van de specifieke plaats daarbinnen. Voor de mate waarin
vacuümfluctuaties een atoom tot vervallen aansporen, kan een handig begrip worden in-
gevoerd, namelijk de locale toestandsdichtheid: hoe hoger de locale toestandsdichtheid ter
plaatse van een atoom, des te sneller het atoom (gemiddeld gesproken) zal vervallen.

Zoals boven vermeld, vertelt het klassieke elektromagnetisme niet waarom atomen
vervallen en doet de kwantumelektrodynamica dat wel. Interessant is nu dat de grootte
van de locale toestandsdichtheid wel weer met de klassieke elektrodynamica te berekenen
is. De “oude” theorie blijft daarvoor dus zeer bruikbaar. De hoofdstukken 2 en 3 lopen op
dit in hoofdstuk 5 afgeleide gegeven vooruit en bevatten alleen klassieke elektrodynamica.

Atomen in de buurt van spiegels

Dat andere materie de levensduur van een atoom beı̈nvloedt, biedt de mogelijkheid tot
“spelen” met die omgeving, om de levensduur veel groter of veel kleiner te maken. Zo is
bijvoorbeeld bekend dat dicht bij een spiegel een atoom sneller of langzamer vervalt, al
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naar gelang de afstand en de oriëntatie van het atoom ten opzichte van de spiegel. Ter-
wijl een atoom wil vervallen, merkt hij dat zijn spiegelbeeld hetzelfde doet. Dit kan zijn
levensduur bespoedigen of vertragen, afhankelijk van de kleur van het uitgezonden licht
en de afstand en oriëntatie van het atoom ten opzichte van de spiegel. De typische afstand
waarop een spiegel de levensduur van een atoom beı̈nvloeden kan, is de golflengte van het
uitgezonden licht.

Fotonische kristallen

Een enkel laagje olie op water laat zoals gezegd sommige kleuren licht wel en andere niet
door en geeft zo kleurrijke reflecties. Belangijk daarbij is dat de dikte van het laagje van de
orde van de golflengte van licht is. Een sterker kleur-selectief diëlektricum zou je krijgen
als meerdere van zulke dunne lagen olie en water elkaar zouden opvolgen. Met vloeistof-
fen is dat lastig te realiseren, maar opeenvolgende laagjes vaste stoffen met verschillende
brekingsindices worden wel gemaakt en heten diëlektrische spiegels. Het zijn een soort
ééndimensionale kristallen voor licht. Ze worden gebruikt om licht dat van buiten komt te
reflecteren of licht dat er binnenin ontstaat in welbepaalde richtingen naar buiten te laten
komen.

Het “spelen” met de omgeving van atomen om hun levensduren en emissie-richtingen
te beı̈nvloeden nam in 1987 een spectaculaire wending toen twee natuurkundigen on-
afhankelijk van elkaar bedachten dat er inhomogene diëlektrica gemaakt zouden kunnen
worden waarbinnen licht van bepaalde energieën helemaal niet zou kunnen bestaan. Het
interval van “verboden” energieën heet de “bandkloof” (Engels: “band gap”). Zulke ma-
terialen moeten een sterk variërende brekingsindex hebben op een afstandsschaal van de
golflengte van licht en worden fotonische kristallen genoemd. Alleen als de variaties van
de brekingsindex in drie dimensies voorkomen, dat wil zeggen in lengte, breedte en hoogte,
kan er een bandkloof optreden. Bandkloven voor energieën van elektronen waren in de
natuurkunde al wel bekend; bandkloven voor energieën van fotonen nog niet.

Een atoom dat in een bandkloof-kristal wordt geplaatst, zal licht met energie in de
bandkloof niet kunnen uitzenden. Het elektromagnetische veld kan de energie niet overne-
men, omdat die kleur licht eenvoudig niet bestaat in het kristal. Andersom gesteld, er
bestaan voor die kleur licht geen vacuümfluctuaties om het atoom aan te sporen dat licht
uit te zenden.

Dat spontane emissie tot staan gebracht zou kunnen worden is in de eerste plaats uit
fundamenteel oogpunt interessant. In de tweede plaats kan het ook van praktisch belang
zijn, omdat spontane emissie in sommige gevallen (in een laser bijvoorbeeld) voor ver-
liezen zorgt. Sinds 1987 is naarstig gezocht naar kristallen met een fotonische bandkloof.
De gefabriceerde fotonische kristallen worden steeds beter maar zijn nog niet perfect: een
echte fotonische bandkloof bestaat op het moment van schrijven van dit proefschrift nog
niet.
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Resultaten

Spontane emissie in diëlektrische spiegels

In de hoofdstukken 2 and 3 worden diëlektrische spiegels gemodelleerd als oneindig dunne
spiegelende vlakken. In een verstrooiingstheorie wordt de T-matrix voor een vlak opgesteld.
Voor de T-matrix van een kristal van een eindig aantal vlakken wordt een analytische uit-
drukking gevonden, zowel voor scalaire (hoofdstuk 2) als voor vectorgolven (hoofdstuk
3). De Green functie van het eindige kristal van vlakverstrooiers is op een handige manier
te bepalen en daarmee de plaatsafhankelijke atomaire levensduren.

Licht-materie wisselwerking in inhomogene diëlektrica

In hoofdstuk 4 wordt de overgang van het minimale-koppeling formalisme naar het multi-
poolformalisme uitvoerig behandeld voor microscopisch beschreven gastatomen in macro-
scopisch beschreven inhomogene diëlektrica. Het vinden van de kanonieke variabelen
na keuze van een handige ijk vergt een precieze definitie en berekeningswijze van func-
tionele afgeleides. Een kwantum Hamiltonian wordt gevonden waarin de atomen een
multipool-wisselwerking met het elektromagnetische veld hebben maar geen direkte wis-
selwerking met elkaar. Het precieze veld waaraan een atomaire dipool koppelt wordt
geı̈dentificeerd. Op dit niveau van beschrijving blijkt het onontbeerlijk om een locale-veld
model te hanteren.

Kwantumoptica in verstrooiingsperspectief

In hoofdstuk 5 wordt een puntverstrooiersformalisme opgesteld waaruit de electromag-
netische veldoperatoren kunnen worden bepaald van een inhomogeen medium met daarin
aanwezige gastatomen. Verstrooiing van licht aan gastatomen en spontane emissie van die
atomen volgen uit hetzelfde formalisme. Ook meervoudige verstrooiing van kwantumtoe-
standen van licht kan met dit formalisme worden beschreven.

Er blijkt dat superradiance van naburige atomen onderdrukt kan worden in een inho-
mogeen medium, vanwege lijnverschuivingen van de afzonderlijke atomen maar ook van-
wege verschillen in plaatsafhankelijke levensduren. Zowel de statische als de dynamische
dipool-dipoolwisselwerking tussen de gastatomen wordt door het medium gewijzigd.

Licht in absorberende diëlektrica

Om de commutatierelaties van kanonieke variabelen van een dissipatief system constant
te houden in de tijd, is het in de kwantummechanica nodig om het continuüm waarheen
de dissipatie plaatsvindt mee te blijven nemen in de theoretische beschrijving. Dat is ook
het geval in de kwantumoptica van absorberende diëlektrica. In een reeds bestaand micro-
scopisch model voor een absorberend diëlektricum worden veldoperatoren geı̈dentificeerd
op een manier die handiger is dan via de bekende Fano-diagonaliatie. Door de kop-
pelingssterkte met het continuüm te variëren kunnen verschillende diëlektrische functies
gevonden worden in het model. Nabij sterke resonanties van het medium blijkt spontane
emissie een tijdsafhankelijk proces.
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als directeur van het Van der Waals-Zeeman Instituut toen het asbestprobleem acuut werd.
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voor daarna), Manu Helfer, Juan Lopez Galisteo. Dank voor de goede sfeer.

Dat geldt ook voor de huidige groepsleden: Ivan Nikolaev (kenner van begonia’s en
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Amsterdam een beetje kennen. Vrienden, dank voor de steun, maar juist ook voor alle
leuke dingen die me van mijn werk afhielden. Tijdens het schrijven van dit boekje was ik
niet best bereikbaar. Hoog tijd dat ik velen weer eens spreek.
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heel belangrijk voor me geweest.
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laatste loodjes meegemaakt. Ook je familie leefde mee. Ik was soms humeurig of in mijn
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