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A counter-rotating Couette apparatus to study deformation
of a sub-millimeter sized particle in shear flow

K. H. de Haas, D. van den Ende,a) C. Blom, E. G. Altena, G. J. Beukema,
and J. Mellema
J. M. Burgers Centre, Rheology Group, Department of Applied Physics, University of Twente,
P.O. Box 217, 7500 AE Enschede, The Netherlands

~Received 13 March 1997; accepted for publication 17 December 1997!

We describe a new counter-rotating Couette apparatus that has been developed for deformation
studies of single sub-millimeter sized particles in shear flow. New features are the adaption to the
low viscosities of water-based systems and temperature control of the device. The inner to outer
radius ratio of the cylinders used is 0.9785 and the height to width aspect ratio of the gap is 4.0,
while the inner radius is 100 mm. Because of the limited particle size a high mechanical accuracy
of the Couette geometry is necessary. The swing of the inner cylinder is less than 2mm and that of
the outer cylinder less than 4mm. We achieved this by carefully choosing the design parameters of
the aerostatic bearing and the coupling between cylinder and motor unit. Furthermore, special drive
units give a shear rate resolution of 0.018 s21, while the maximum shear rate is 100 s21. For a liquid
viscosity on the order of 1 mPas the effective maximum shear rate is 30 s21. We have shown that
deformations as small as (L2B)/(L1B)'0.01 of giant bilayer vesicles~typical radius 10mm!
with lengthL and widthB can be observed with our device. ©1998 American Institute of Physics.
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I. INTRODUCTION

The first deformation experiments on liquid droplets im
mersed in another liquid were carried out by Taylor.1 He
designed a four-roll mill and a parallel-band apparatus
experiments in elongational flow and shear flow, resp
tively. Many other experimental studies followed. Subs
quently, deformation of red blood cells in shear flow w
investigated with a transparent counter-rotating plate-c
viscometer.2 Recently, deformation of synthetic polymer
capsules was measured in elongational flow3 and shear flow4

with a four-roll mill and a counter-rotating Couette appa
tus, respectively. All experiments, except those with r
blood cells, were carried out with particle dimensions on
order of 1 mm.

We present a new counter-rotating Couette appar
which will be referred to as rheoscope. To indicate the ty
cal dimensions of the rheoscope: the inner to outer rad
ratio a/b of the cylinders is 0.9785, the height to width rat
h/(b2a) of the gap is 4.0 and the inner radiusa is 100 mm.
Our aim is to observe deformation of a single sub-millime
sized particle in shear flow. The particles are dispersed
water and because of its low viscosity, dimensions of
apparatus have to be chosen such that Taylor vortices
avoided. The deformable particles we are interested in
giant lipid bilayer vesicles~liquid droplets enclosed by a
lipid bilayer!. The vesicle radii are about 30mm. They are
observed with a microscope. Special attention is paid to
tolerance of the mechanical components because un
trolled vesicle displacements larger than about 100mm have
to be avoided. The mechanical properties of lipid bilay

a!Author to whom correspondence should be addressed.
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depend strongly on temperature so the rheoscope is the
stated. Recently, a similar rheoscope has been develope
Streekstra.5 Special features of our rheoscope are lo
viscosity adaption and temperature control. In addition
more sophisticated solution for observing particles along
vorticity direction of the flow has been chosen.

An alternative would have been the construction
a four-roll mill. However, for our purpose the dimension
of the four-roll mill should be on the order of a few milli
meters and this cannot be realized. This is illumina
in Appendix A.

II. DESIGN CRITERIA

A. Flow field in a counter-rotating Couette device

Figure 1 shows a sketch of the geometry of a coun
rotating Couette device. The inner and outer cylinders h
radii a andb and angular velocities areva andvb , respec-
tively. With the assumption that the velocity of the Newto
ian liquid is zero in theer andez directions, one obtains from
the solution of Stokes’ equations for infinitely long cylin
ders:

v~r !5
vu~r !

r
5~vb2va!

a2b2

b22a2S 1

a2
2

1

r 2D 1va . ~1!

Vesicles are observed in the gap at half the cylinder heighh
along thez-axis. Thus, the plane of observation is perpe
dicular to thez-axis. The cylinders have to be long enough
prevent significant distortion of the flow field from Eq.~1!.
In practice their heights are limited by the working distan
of the microscope objective. The angular velocities of t
1 © 1998 American Institute of Physics
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cylinders have opposite sign, which results in a cylindri
layer at distancer 0 with zero angular velocity:

r 05Aa2b2~vb2va!

b2vb2a2va

. ~2!

In this layer the shear rate is

ġ5r
]v

]r U
r 0

52
b2vb2a2va

b22a2
. ~3!

If the gap widthd5b2a is small compared toa, the shear
rate is approximately independent of radial distancer .

When the angular velocity of the inner cylinder is lar
enough, Taylor vortices arise. The critical Reynolds num
in case of infinitely long cylinders is6

Re5
rvd

h
541.3

b1/2

~b2a!1/2
, ~4!

with h the solvent viscosity,r the density, andv the liquid
velocity at the inner cylinder. This is the well-known resu
for a Searle geometry,7 where only the inner cylinder is ro
tating. The critical angular velocity is:

va,c541.3
h

ra

b1/2

~b2a!3/2
. ~5!

Taylor vortices first appear near the edges of the cylinde8

at shear rates that are one decade smaller than predicte
Eq. ~5!. The vortices extend towards the center of the g
when shear rate is increased. In a counter-rotating geom
the critical Taylor number should be calculated from line
stability equations.9 In this case the critical angular velocit
is higher10 than that predicted by Eq.~5!. Thus, takingva,c

as one tenth of Eq.~5! one obtains an underestimation of th
critical angular velocity. The occurrence of secondary flo
has been tested experimentally, see Sec. IV.

B. Mechanical accuracy

In practice it is impossible to create a perfectly cylind
cal layer where the angular velocity of the liquid is zero. D
to imperfections in the cylinder walls, bearings, and conn
tions with the drive units, the distancer 0 will depend on
angular position, height, and time. An estimate of the p
sible distortion of the liquid velocity at distancer 0 in theeu-
direction can be found as followed. When both cylinders
at rest, and the inner cylinder is displaced by a small dista
e from concentricity, a fluid volume 2eah will be pushed
aside. Half of this volume passes each side of the inner

FIG. 1. Sketch of the counter-rotating Couette geometry which facilita
observations from above the gap.
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inder. The velocity and therefore the displacement in theeu

direction of the liquid at each side will be approximate
parabolic. The largest displacement is found at the cente
the gap:Dx5 3

2Dxav. The average displacementDxav is the
displaced volume divided by the gap areahd, so

Dx<
3ae

2d
. ~6!

This estimate is the basis for the accuracy of the mechan
parameters.

We allow a maximum vesicle displacement ofDxmax

5100mm in theeu direction. This corresponds to the micro
scopic window of observation, so the vesicle will still b
monitored. The dimensions of the geometry are given in
next section. Substitution of these values in Eq.~6! gives e
'1.5 mm. We have to bear in mind that the displacement
the vesicle is a sum of contributions of several distortions
this value is an upper limit.

In practice a motor axis is always connected sligh
excentrically to a cylinder, and in one cycle it has a sm
swing. Thus, a radial force in theer direction and an axial
force in theez direction result in addition to a torque. Thes
cause the cylinder to swing. To reduce this swing, each
inder is kept in position by a bearing, and a flexible coupli
is mounted between the bearing and the motor. The bea
and coupling parameters have been designed to minimize
cylinder swing to about 1mm.

We can also give an estimate for the necessary accu
of the angular velocity of the cylinders. When we have
distance ofr 0' 1

2(a1b), the velocity of the liquid caused by
a deviationDv of the angular velocity of one of the cylin
ders is given by

Dv'
a

2
Dv. ~7!

This estimate is the basis for the design accuracy of the d
units. We allow a maximum vesicle velocityDvmax5100
mm s21 in the eu direction.

III. THE APPARATUS

Figure 2 displays a schematic of the rheoscope. T
rheoscope consists of two similar units attached to a fram
microscope, and a thermostate. Each unit consists of a
inder, an aerostatic bearing, a play-free Oldham coupli
and a drive unit. Each cylinder is coupled to the inner axis
the aerostatic bearing. These bearings have been chose
cause there is no stick-slip effect, no play, and the axial
radial stiffnesses can be made arbitrary high. Each bearin
connected through an Oldham coupling with the axis o
drive unit. This coupling has a very high torsional stiffnes
but a rather low axial and radial stiffness, and has no p
As a result displacements other than a rotation are ha
transmitted. Much attention has been paid to the frame
guiding mechanisms in order to get a rigid and precise c
struction. The accuracy of the mutual alignment of the a
of the inner and outer cylinder depends strongly on the p
cision of the construction.

s

e or copyright; see http://rsi.aip.org/about/rights_and_permissions
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The unit with the inner cylinder can be moved upwa
for cleaning, filling, and disconnecting the cylinders. T
different parts will be discussed shortly.

A. Couette geometry

The Couette geometry is also shown in Fig. 2. Its v
ume is about 40 ml. The geometry is made of stainless s
and is closed by an optical glass plate ring. Therefore
liquid-to-air interface does not influence the vesicle ima
The ring moves along with the outer cylinder, so the flo
field is approximately symmetric with respect to the plane
half the cylinder height. The cylinder heights are limite
because the vesicle should be observed near half the h
of the gap and the working distance of the microscope
jective is limited.

As a rule of thumb, the gapd5b2a should be at leas
four times smaller thanh, so the distortion of the flow field
near the vesicle, caused by the edges of the cylinders
small. This can be visualized in Fig. 3. The flow field h
been calculated using Stokes’ equations for creeping flow
explained in Appendix B. For simplicity, the problem

FIG. 2. Schematic of the rheoscope: 1. Drive unit, 2. Play-free Oldh
coupling, 3. Bearing axis, 4. Airostatic bearing, 5. Rigid coupling, 6. In
cylinder, 7. Outer cylinder, 8. Thermostate, 9. Frame, 10. Table, 11. Tur
wheel and screw threads, 12. Microscope, 13. Long-distance objective
14. Glass-plate ring.

FIG. 3. Flow pattern in the Couette geometry according to Stokes’ equa
for creeping flow, withh54d andvb /va521. The lines of constant an
gular velocity are displayed:v520.8va ~——!, v520.4va ~– – –!, v
50 ~— —!, v50.4va (• • •), andv50.8va ~— –!.
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solved in two dimensions, with omittance of the curvature
the cylinders. Furthermore, the velocity gradient of the liqu
at the liquid boundary (r 5a, 2h/2,z,Dh2h/2) and (r
5a, h/22Dh,z,h/2) has been chosen to be consta
HereDh50.05h is the width of the fluid gap atr 5a above
and below the inner cylinder andz50 is defined at half the
cylinder height. The lines indicate cross sections of the ar
of constant angular velocity. In this configuration we ha
h54d, and there is a region near half the height of the c
inders where the flow field is approximately equal to that
linear shear flow. The deviation of the shear rate in the la
of zero angular velocity is less than one percent whe
vesicle is situated no more than 2.5 mm from the cente
the gap.

From Eq. ~5! it follows that the critical shear rate fo
which Taylor vortices appear, is sufficiently large when t
cylinder radii are large enough and when the gap is sm
enough. With the aforementioned considerations, the dim
sions of the instrument have been determined. In the de
ġ5100 s21 has been taken as the critical shear rate.

Both cylinders are coupled to the inner bearing axes,
are detachable. This could not be avoided, because other
the aerostatic bearings cannot be assembled, moreove
glass plate is vulnerable and should be replaceable. Ine
bly this creates a loss of accuracy. The accuracy of the r
of the separate cylinders was measured to be better th
mm, but the coupling still causes a swing. This swing turn
out to be reproducible within 2mm, therefore we have
grinded the cylinder walls while they were connected to
aerostatic bearings. The swing of the inner cylinder has b
reduced to about 2mm and of the outer cylinder to about
mm.

B. Aerostatic bearings

We have designed the aerostatic bearings following
design rules of Powell11 and Holster.12 In Fig. 4 one aero-
static bearing is shown. It is a combination of a radial and
axial bearing. The rotor is made of steel~Stavax RHS, Ud-
deholm! and the stator of brass. The rotor is connected to
cylinder with a fitting edge. The connection is locked with
nut-and-screw thread system.

r
g
nd

ns

FIG. 4. Aerostatic bearing.
e or copyright; see http://rsi.aip.org/about/rights_and_permissions
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Important is the high stiffness that is needed in both
radial and the axial directions. The Oldham coupling tra
mits axial and radial forces on the order of several N. T
displacements introduced by these forces should be less
1 mm in the radial direction and a few micrometers in t
axial direction. It turned out that the required nominal valu
of the design parameters areSr54.83107 N m21 and Sa

54.23107 N m21. The axial stiffnessSa is a measure for
the axial displacement of the bearing axis as a consequ
of an axial force. The radial stiffnessSr is a measure for the
radial displacement of the bearing axis as a consequence
radial force. The point of application of the radial forces is
the upper end of the axis, and fulfilling the displaceme
conditions the angular stiffnessK of the bearing should be
on the order of 105 N mrad21. Both the axial and radia
bearings consist of two wreaths of unpocketed orifices. T
relevant parameters are given in Table I, with gap thickn
h, orifice diametersdr andda elucidated in Fig. 4, the num
ber of orifices per wreathn, external pressuresps,r andps,a ,
and air consumptionMr andMa .

For both bearings, we have measured the axial, rad
and angular stiffnesses. These values are accurate to w
25% and are also given in Table I. The inner cylinder
connected with bearing 1, and the outer cylinder with be
ing 2. The axial stiffness of bearing 1 is low compared to
design value, and it consumes more air than the other one
axial gap is probably somewhat larger than the nominal
thickness.

C. Oldham coupling

The main advantage of the play-free Oldham coupling
the high torsional stiffnessSt in combination with low radial
and axial stiffnessesSa and Sr . Figure 5 schematically
shows an Oldham coupling. Its principle is based on fo
beam-shaped springs that are flexible in the directions
pendicular to their longitudinal axes. By adjusting the dime
sions of the springs, the axial stiffnessSa , the radial stiffness

TABLE I. Parameter values of the aerostatic bearings.

Design parameters

Radial bearing Axial bearing Unit

L 100 do 90 mm
B 50 di 53 mm
a 70 mm
h 15 h 15 mm
dr 0.27 da 0.31 mm
n 12 n 24
ps,r2pa 63105 ps,a2pa 33105 N m22

Real parameters

Design Bearing 1 Bearing 2 Unit

Sr 4.83107 2.43107 2.33107 N m21

Sa 4.23107 83106 4.53107 N m21

K 6.43104 73104 5.53104 N mrad21

Mr 2.231024 m3 s21

Ma 2.631024 m3 s21
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Sr , and the torsional stiffnessSt can be attained separatel
There are two restrictions: kinks and material flow as a re
of overload should be avoided.

We choose the nominal torsional stiffness to beSt55
3104 N mrad21. A larger value is useless because it is
the order of the torsional stiffness of the rotor. Furthermo
the nominal radial and axial stiffnesses are chosen to beSr

51.53104 N m21 andSa51.03105 N m21. These values
are substantially smaller than the stiffnesses of the aeros
bearings. With these values the motor-axis is allowed
swing a few tenths of millimeters. The relevant design p
rameters are given in the figure. These parameters fol
from simple rules in static mechanics. The coupling is ma
of spring steel. The values ofSt andSr have been measure
for one coupling and areSt52.53104 N mrad21 and Sr

51.33104 N m21. They are accurate to within 25%.

D. Drive units

A schematic overview of the system of drive units
given in Fig. 6. It consists of a programmable motion co
troller, two amplifiers, two motors, two tacho-generato
two encoders, two gear boxes, and a joystick. The total d
unit system has been composed by Eltromat b.v., Zeven
gen, in The Netherlands.

The motion controller~DMC-1040, Galil Motion Con-
trol, Inc.! is a card that is plugged into the ISA bus of
personal computer. The card is capable to control four a

The combination of a dc printed disk motor, a tach
generator, an encoder and a gear-box~150:1! has been pur-
chased as one component~S6M4MI/S6T/GHT50829-
2000I5V/, PMI!. Each combination of servo amplifie

FIG. 5. Play-free Oldham coupling.

FIG. 6. System of the drive units based on the DMC-1040 controller:
Amplifier, M: Motor, G: Gear box, L: Load, T: Tachogenerator, E: Encod
P: P.C., and J: Joystick.
e or copyright; see http://rsi.aip.org/about/rights_and_permissions
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~CO502-001, CMC!, motor, and tacho-generator is a stab
subunit. The encoders measure the actual motor speed,
a resolution of 8000 counts per cycle. The accuracy of
complete drive unit system is limited by the 14-bit D/A co
verters in the motion controller. The resolution of this co
troller has been enhanced via the use of two 14-bit D
converter channels per motor unit. One channel accounts
the approximate angular velocity, the other for fine tunin
The steady-state speed noise in the complete system
smaller than 231024 rads21. This resolution is based o
the outcome of Eq.~7! with Dvmax550 mm s21. The nomi-
nal motor torque is 0.14 N m at 3000 rpm. The nomin
gear-box load is 12 N m, while its play has been minimiz
to 1.4 mrad.

The motion controller has to be pre-programmed to
erate on its own. In addition an external computer progr
has been written that enables the user to communicate
the motion controller and to adjust its variables while it
running. In this way the shear rate can be adjusted. The
tion history is saved to a file in order to support the vid
recordings.

In practice the angular velocities of both cylinders a
approximately equal in magnitude, but opposite in sign. T
maximum angular velocity is about 1.0 rad s21, which cor-
responds to a shear rate range of 0.0182100 s21. This mini-
mum value is determined by the steady-state speed nois

When the flow-field distortion in theeu direction near
the vesicle is too large, it is necessary to adjust the flow fi
in order to keep the vesicle in sight. This can be attained
moving the plane of zero angular velocity in the radial dire
tion by superimposing a small angular velocity of equal m
nitude and sign on the motions of both cylinders. The sh
rate is not influenced by this correction. The direction a
magnitude of the velocity correction is controlled with a jo
stick ~DP3-A17 R500, Mo¨ckli1Dettwiler AG!.

E. Microscope

Because the cylinders are non-transparent we have
a microscope with internal illumination. The illuminatio
consists of a halogen lamp~6 V, 10 W!, a condenser lens
( f 518 mm!, a second lens (f 550 mm!, and a semitrans
parent mirror. The optical path is deflected by 90° by a m
ror behind the long working distance objective~253, N.A.
0.5, Zeiss Jena!. The image is projected on a CCD came
~Spindler & Hoyer, CCD 260 SW! without the use of a pro-
jective lens, and is recorded on video~Philips VR 642!. Fig-
ure 7 shows this microscope schematically. In order to p
tion the objective above the gap, the microscope is moun
on a ruler. With a mechanical stage the focus of the objec
can be moved in the radial and axial direction. The work
distance of the objective is 14 mm, and therefore the en
gap height can be covered. The object window that is
served with the camera is 3403260 mm (eu3er).

F. Thermostate

The thermostate is simply a reservoir filled with wat
that is circulated and kept at constant temperature extern
The thermostate is brought in contact with the outer cylin
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by filling the gap between them with water. The temperat
in the Couette gap is controlled within 0.1 °C. When t
applied temperature is about 10 °C above or below ro
temperature, a temperature gradient of a few tenths ofoC has
been measured over the gap.

IV. PERFORMANCE

A. Example of deformation of a lipid bilayer vesicle

Figure 8 shows an example of a deformed lipid bilay
vesicle~vesicles were prepared with a method similar to th

FIG. 7. The microscope and illumination optics: 1. Long distance objec
~253, N.A. 5 0.5!, 2. Mirror, 3. Semi-transparent mirror, 4. Lens (f 550
mm!, 5. Condenser lens (f 518 mm!, 6. Halogen lamp, 7. CCD-camera, 8
Mechanical stage for radial direction, 9. Mechanical stage for axial dir
tion, 10. Ruler.

FIG. 8. Examples of a deformed vesicle with 55mm radius:ġ 5 0.0 ~a!, 1.0
~b!, 2.0 ~c!, 4.0 ~d!, 6.0 ~e!, 8.0 ~f!, 10.0 ~g!, 12.0 ~h!, and 15.0~i! s21.
e or copyright; see http://rsi.aip.org/about/rights_and_permissions
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of Reeves and Dowben;13 dimyristoyl-phosphatidylcholine
~DMPC! lipids were purchased from Lipid Products Lt
U.K. and used without further purification!. This is one of
the largest vesicles that we observed with our rheosco
These images have been digitized with a frame-grabber
the quality of the bitmaps has been improved. The vert
direction in the pictures corresponds to the radial direction
the gap. In the pictures the fluid at the upper side flows to
left, and at the lower side it flows to the right. The vesicle
spherical at rest, while it turns into an ellipsoid with increa
ing shear rate. For small deformations its orientation is ab
45° but this orientation decreases slightly with increas
shear rate. Present, but not visible in the figure, is ta
treading: the lipid bilayer moves around the interior of t
vesicle.

Figure 9 shows a schematic image of a deformed ves
in shear flow. The interesting parameters are the lengthL of
the long vesicle axis, the lengthB of the short axis, and the
anglef between the long vesicle axis and theeu direction.
The deformation can be characterized by Taylor’s deform
tion parameter:14

D5
L2B

L1B
, ~8!

and has been extracted from the images of Fig. 8. In Fig
the shear rate dependence of the deformation paramet
shown. The results of the deformation studies will be p
sented in a forthcoming paper.15

B. Observation of the vesicle

Observation of a vesicle with a light microscope is n
trivial, because the vesicles are almost transparent. We
built a conventional light microscope with internal illumina
tion. Part of the light is reflected on the bottom of the Co
ette geometry, so effectively we have obtained a combina
of internal and transmitted illumination. With this configur
tion we are able to observe most vesicles, especially w
their radii are larger than 20mm. Of course, the visibility is
also better for vesicles with interfaces consisting of m
than one bilayer. The microscope has to be focused cont
ously during the whole experiment.

C. Vesicle positioning

When the geometry has been filled with a diluted vesi
dispersion, in the absence of a shear flow, we see a slow
~on the order of 1mm s21) of the vesicles as a result o

FIG. 9. Image of a deformed vesicle. The dashed line marks the plan
zero velocity.
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small temperature gradients. When the applied tempera
is about 10 °C above or below room temperature, a temp
ture gradient of a few tenths ofoC has been measured ov
the gap. The thermal motion of the vesicles is sufficien
slow to adapt the focus of the microscope or to correct
velocity with the joystick. However the drift of the vesicl
restricts the measuring time to several minutes, because
vesicle has to be observed near the center of the gap.
shear rate scan through the entire range of shear rates
only a few minutes, so this is not a serious restriction.

The cylindrical layer of zero velocity is easily observe
and its position in the gap can be measured. The layer pro
closely resembles the calculation presented in Fig. 3.

When the shear rate is larger than about 1 s21 the use of
the joystick is necessary to keep the vesicle in sight. Wh
the shear rate is increased to about 30 s21 we are no longer
able to position the vesicle. This is due to several reaso
The required accuracy for a cylinder to swing less than ab
1 mm has not been reached. Furthermore, we observe
ondary flows when the shear rate is above 15 s21. As men-
tioned earlier it was expected that the shear rate, ab
which distortions of the flow field appear as a result of Ta
lor vortices, can be much smaller than the critical shear r
of 100 s21. We regardġ530 s21 as the upper limit. This
limit is high enough to observe considerable deformation
most vesicles.
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APPENDIX A

In this Appendix we illustrate that a four-roll mill canno
be realized with our design criteria. Depending on the an
lar velocities of the separate cylinders of a four-roll mi
different flow types can be induced. In our case tw
dimensional extensional flow is of interest. The main adv
tage is that an extensional flow field gives a vesicle def
mation that is less complex than in a shear flow field. Th

of

FIG. 10. Deformation of the vesicle from the previous example as a fu
tion of shear rate.
e or copyright; see http://rsi.aip.org/about/rights_and_permissions



th

te
e

e
th
E

nd
n-
w

at
ng

r

es

-

ed.

ary

994.

ci.

u-

J.

1397Rev. Sci. Instrum., Vol. 69, No. 3, March 1998 de Haas et al.

Dow
all four cylinders have the same angular velocityV, of which
two have opposite sign, and the rate of elongation on
symmetry axis becomesė5V.

Onset of turbulent flow has recently been investiga
experimentally.16 The critical Reynolds number for this typ
of flow is

Re5
rėRd

h
537, ~A1!

with solvent viscosityh, densityr, roller radiusR, and d
being the gap between two adjacent rollers. As in the cas
Couette flow, instabilities first appear near the edges of
rollers at elongation rates lower than those predicted by
~A1!. A typical design criterion for a four-roll mill isR
'1.7d. So, with the goal of a maximum elongation rateė
'100 s21, the viscosity and density of water at 25 °C, a
Eq. ~A1!, we obtaind<0.5 mm. This means that the dime
sions of the four-roll mill should be on the order of a fe
millimeters and this is very difficult to realize.

APPENDIX B

To get an impression of the variation of the shear r
over the gap we calculated the flow field under the followi
assumptions:~a! Stokes’ equations can be applied~creeping
flow!, ~b! vu is the only velocity component different from
zero~no secondary flow!, and~c! the curvature of the cylin-
ders is neglected. Then the flow field fora,r ,b and 0
,z,h is described by

]2vu

]r 2
1

]2vu

]z2
50 ~B1!

with the following boundary conditions

vu52v0 ~B2!

for (r 5b, 2h/2,z,h/2), (a,r ,b, z52h/2) and (a,r
,b, z5h/2), and

vu5v0 ~B3!

for (r 5a, Dh2h/2,z,h/22Dh), whereDh50.05h is the
width of the fluid gap atr 5a above and below the inne
cylinder. Assuming that the velocity gradient]vu /]z over
these gaps is constant, the solution of Eq.~B1! with bound-
ary conditions~B2! and ~B3! can be expressed in a seri
expansion17
nloaded 15 Oct 2010 to 130.89.112.87. Redistribution subject to AIP licens
e

d

of
e
q.

e

vu~r ,z!5 (
n50

`

cn cosF ~2n11!pz

h G
3expF2~2n11!p~r 2a!

h G
^

12exp@22~2n11!p~b2r !/h#

12exp@22~2n11!p~b2a!/h#
2v0 ~B4!

with

cn5
8~2 !n sin@~2n11!pDh/h#

~2n11!2p2Dh/h
v0 ~B5!

which can be verified by substitution of Eq.~B4! in Eq. ~B1!
and checking the boundary conditions~B2! and ~B3!.

With Eqs. ~B4! and ~B5! the flow field has been calcu
lated. The summation was truncated once atn5128 and
once atn5200. In both cases the same results were obtain
These are shown in Fig. 3 where lines of constantv5vu /r
are displayed. To investigate the influence of the bound
condition at (r 5a, h/22Dh,z,h/2) the value ofDh in the
calculation was varied between 0.05h and 0.01h. No signifi-
cant changes invu(r ,z) were observed for20.3h,z
,0.3h.
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