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Abstract—The increase of the dimensionality of data sets often lead to problems during estimation, which are denoted as
the curse of dimensionality. One of the problems of Second Order Statistics (SOS) estimation in high dimensional data is that
the resulting covariance matrices are not full rank, so their inversion, needed for example in verification systems based on the
likelihood ratio, is an ill posed problem, known as the singularity problem. A classical solution to this problem is the projection
of the data onto a lower dimensional subspace using Principle Component Analysis (PCA) and it is assumed that any further
estimation on this dimension reduced data is free from the effects of the high dimensionality.
Using theory on SOS estimation in high dimensional spaces, we show that the solution with PCA is far from optimal in verification
systems if the high dimensionality is the sole source of error. For moderate dimensionality it is already outperformed by solutions
based on euclidean distances and it breaks down completely if the dimensionality becomes very high. We propose a new method,
the fixed point eigenwise correction, which does not have these disadvantages and performs close to optimal.

Index Terms—High dimensional verification, eigenvalue bias correction, variance correction, euclidean distance, Principle
Component Analysis, Marčenko Pastur equation, Eigenwise correction, Fixed point eigenvalue correction

✦

1 INTRODUCTION

NOwadays during data acquisition more and
more variants are measured, resulting in a

higher dimensionality of the data, while the number
of observations is not increased proportionally. For
example, in biometrics based on facial images, the
resolution of the images has increased considerably
in the last decades, while the number of test subjects
has not increased as much. There is also a trend
in combining several face representation [1] or even
different modalities, such as face images with finger
prints. But the large number of variants compared
to the number of training samples is not limited to
biometrics, it occurs for example in portfolio selection
[2], radio signal separation [3] and in gene selection
[4] as well. It may seem that the added dimensions
only add information, so any system should perform
at least as good with the added dimensions as without
them. In [5], [6] and [7] it is shown that this is indeed
the case if the data structure is known.

However, this theoretical proof seems very often
to be contradicted in practice as performance does
decrease with increasing dimensionality (known as
the curse of dimensionality [8]). In [9] it is argued that
the proof is based on knowing the data structure of
the data generating process, while in practice only a
training set is available to inver this knowledge from.
Several factors are known to corrupt this inference:
incorrect sampling [9], errors in the measurements
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[10], [11], modeling errors [12] and errors in the
currently used estimators [13], [14].

In this study we focus on the errors in the classically
used estimators and show how these errors deteri-
orate the performance of verification systems based
on these estimators and lead to the observed con-
tradiction between the theoretical benefit of adding
variants in verification problems and the practically
observed curse of dimensionality if this error is the
dominant source of error. However, we will also im-
prove these estimators such that added variants will
indeed improve the verification performance if they
are of similar quality as the already present variants.

It has already been shown that several estimators
do not perform well in high dimensional problems.
In [15] it is shown that Independent Component
Analysis, which uses higher order statistics estimates,
is severely affected by high dimensionality of the
training data. Second Order Statistics (SOS) estimators
can be severely affected by the high dimensionality
as well. One effect is that the estimated eigenvalues
are biased [13], [16], which results in the covariance
matrix becoming singular if the dimensionality p be-
comes larger than the number of samples (N ) used in
the estimation. Inversion of these estimated matrices,
required e.g. in likelihood estimation, cannot be done.

A classical method to prevent the covariance matrix
from becoming singular is to reduce the dimensional-
ity first and then use the covariance matrix estimates
in this reduced space. Often Principle Component
Analysis (PCA) dimensionality reduction [17] is used
for this. In [18] several techniques are discussed which
are more suited for dimension reduction for verifica-
tion. However, most of these techniques are based on
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SOS estimation and, as we will show, can therefore be
severely affected by the high dimensionality as well.

Another approach to the singularity problem is the
use of regularisation [2], [18]. Several methods have
been suggested, commonly based on cost function
minimization of which Stein’s loss function [19], [20],
[21] is a well known example. However, these ap-
proaches do not make use of the theory available on
the true underlying issues of the SOS estimation, as
is given in [13], [14].

An extreme case of regularisation is to abandon the
estimation of covariance matrix completely and use a
euclidean distance measure. Since it requires no train-
ing, it does not suffer from the singularity problem,
however it also lacks the advantage of the structure
that can be discovered in the training data (see [18] as
well). In [22] it was shown that the euclidean distance
outperforms SOS estimates in several statistical tests
for even moderately high values of p.

In the following sections we will study the effect of
increasing p compared to N available for estimation
in verification systems based on SOS, by studying a
log likelihood ratio based verification system using
likelihood estimates based on SOS estimates. In [23]
this problem was studied for the simple case where
one of the distributions has all eigenvalues equal.
The likelihood ratio is a well known criterion in
hypothesis testing [24] and pattern recognition [25]
and the criterion is in use in many fields. This system
we will discuss in section 2.

The problem of high dimensionality is caused by
the added variants to the training data. In section 3 we
discuss how the added variants increase the dimen-
sionality and especially how they influence the SOS
estimates. Although there are several possibilities to
add variants (for example adding variants with less
energy), in the remainder of the paper we assume
that the added variants are similar to the variants
already in the training data, therefore making the bias
the dominant factor in the estimate for very large
dimensionality. We then present an experiment in
section 4 which demonstrates the problems the errors
in the SOS estimates cause in a verification system:
for even marginally large p the estimates are already
outperformed by euclidean distance measures and
after a certain p, the added variants start to decrease
the systems performance until for very large p the
system performs no better than random guessing. Of
course, in practice p is never infinitely large, nor are
all the variants of comparative energy strength, so a
complete breakdown of the system will be rare, but
this does point to a problem in the SOS estimators
that has to be addressed.

In section 4.2 we therefore present not only obser-
vations from the experiment, but also start analysing
these observations, using some hypotheses which can
be derived from the theory on SOS estimation in
high dimensional spaces. The relation between these

hypotheses and the theory on SOS estimation is given
in section 5.

The theory on SOS estimation in high dimensional
spaces can also be used to improve the estimates. In
section 6 we present improvements to the individual
SOS estimates. However, verification depends on two
distribution estimates: one describing the variation
between samples from one class and one describing
the variation between samples from different classes
(a major point in [9]). In the correction of the distribu-
tion estimates, the relation between the two should be
taken into account. In section 7 we present a method,
the eigenwise correction, which can correct the SOS
estimates in a verification system.

In section 8 we repeat the experiment of section 2,
but using the corrections introduced in sections 6
and 7. The proposed corrections lead to a system
converging from the ideal SOS based system for low
p to a euclidean distance measure for very large p,
while outperforming identity matrix regularisation
methods in between. Note that prior information on
the eigenvalue distribution can be used to improve the
its estimates. An example of such an approach can be
found in [26]. In section 9 we draw conclusions.

2 VERIFICATION USING SECOND ORDER AP-
PROXIMATIONS
The purpose of a verification system is to test a claim
that a sample x is resulting from a class c. A common
approach to this problem is to use the likelihood ratio:

R (x, c) =
p (x̄ = x|c̄ = c)
p (x̄ = x|c̄ �= c)

(1)

and only accept a claim if this ratio is above a thresh-
old. Because a threshold is applied, p (x̄ = x|c̄ �= c)
can be replaced with p (x̄ = x).

By varying the threshold a trade off can be made
between the rate of the genuine claims (x belongs
to class c) being rejected (False Rejection Rate (FRR))
and the rate of imposter claims (x belongs to another
class) being accepted (False Acceptance Rate (FAR)).
According to the Neyman-Pearson lemma [27] this
test is optimal for deciding whether x is originating
from class c or not for a given FAR [28].

The likelihood ratio approach requires the estima-
tion of the distribution p (x, c) and p (x) for which
usually a training set is available. One problem is that
number of samples (N ) in the training set is limited,
so determining both the distribution model and its
parameters is problematic. A common strategy is to
only determine the mean and the SOS of the training
set and simply choose the distribution model.

As distribution model usually the Gaussian distri-
bution is used, for three reasons: firstly, it is a well
known distribution, which has been in use in statistics
and other areas for a long time. Secondly, it is fully
determined by the mean and the SOS. Thirdly, since
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the Gaussian distribution has the highest entropy for
given SOS [29], it is the best approximation according
to the maximum entropy principle [30].

In a verification system, the sample model is usually
extended as follows: the samples are composed of two
parts, a within and a between part, via x = xw + μc.
xw is used to model variations between samples
originating from the same class and its distribution is
approximated by a normal distribution N (0,Σw). The
between part μc is used to model variations between
samples of different classes and its distribution is
approximated by N (μt,Σb). The distribution of x
then becomes N (μt,Σt) with Σt = Σw +Σb. If these
distributions are used in equation 1 and we take the
logarithm, then the log likelihood ratio becomes:

L (x, c) = − (x − μc)
T Σ−1

w (x − μc)

+ (x − μt)
T Σ−1

t (x − μt) (2)

aside from a constant and some scaling.
The parameters of these distributions have to be

estimated. The class means μc are estimated by the
sample mean of all the samples in the training set
belonging to class c, the total mean is estimated by
μ̂t = 1

C

∑C
c=1 μ̂c. Σw and Σb are estimated by the

sample covariance matrices in (3) and (4) respectively,
where l (xk) returns the class label of xk.

Σ̂w =
1

N − C

N∑
k=1

(
xk − μ̂l(xk)

) (
xk − μ̂l(xk)

)T(3)

Σ̂b =
1

C − 1

C∑
c=1

(μ̂c − μ̂t) (μ̂c − μ̂t)
T (4)

To use these estimates to estimate L (x, c), these
estimated covariance matrices have to be inverted.
The inverse of a covariance matrix Σ is given by
E ·D−1 ·ET where Σ = E ·D ·ET. E is an orthogonal
matrix of which each column is an eigenvector of Σ.
D is a diagonal matrix, with the eigenvalues of Σ on
the diagonal. If a model parameter is decomposed, its
results are denoted by population eigenvalues λ and
population eigenvectors. If an estimate based on train-
ing samples is decomposed, its results are denoted by
sample eigenvalues l and sample eigenvectors.

To study the effect of the SOS estimation errors
on the verification performance, we need to know
which parts of the data have the largest influence
on the likelihood ratio. This can be determined by
determining for which unitary vector w the projection
of x on this vector results in the largest variance
of L

(
wTx, c

)
. Using the fact that E {L (x, c)} = 0 it

follows after some calculations that

E {
L2

(
wTx, c

)}
= 4

wT · Σb · w
wT · Σt · w (5)

This shows that the likelihood ratio is the most sen-
sitive to projections with the largest between class
over within class variance ratios. The fraction in

equation 5 is the generalized Rayleigh quotient used
in Linear Discriminant Analysis (LDA) to find the
most discriminating subspace in the data [25], so LDA
can be considered as applying PCA dimensionality
reduction based on the variance of L (x, c) instead of
the variance of the samples themselves. This is very
similar to the argument used in [9] to develop the
Asymmetric Principle Component technique.

3 INCREASING DIMENSIONALITY BY
ADDING VARIANTS
A major point in this study is the increase of the di-
mensionality of the training data by adding variants.
However, there are several operations that increase
the number of variants. The first option is to add
variants with similar characteristics, that is an equal
amount of energy and similar discriminative capacity.
The second option is to add variants with a very
different energy and discriminative capacity. Without
loss of generality we assume in the later case that
the added variants have considerably less energy
and discriminative capacity. A third option is to add
variants with much less energy, but which have a
higher discriminant power. For the moment we focus
on the first two options, which are the extremes.

An example close to adding variants with similar
characteristics is the fusion of two biometric modal-
ities (for example face and fingerprint data) or two
representations of one modality. An example close to
adding variants with lower energy is using images
with higher resolution. In natural images usually the
most energy is in the lower frequency components
[31], [32], which are already present in the low reso-
lution images. The added variants, representing the
high frequency components, then have less energy.
The discriminative capacity of the added variants
is hard to judge without detailed study, but since
biometric modalities have reasonable comparable per-
formance, it is reasonable to assume they do not differ
too much in discriminative capacity.

In our study it is important how the added variants
change the SOS of the data. In the first option, in
which the added variants have similar energy and
similar discriminative capacity, increasing the dimen-
sionality can be modelled by resampling of the eigen-
value distribution. That is, the number of eigenvalues
increases, but their corresponding empirical distribu-
tion stays more or less the same, where the empirical
distribution Gp (l) for a set of eigenvalues l, is given
by 1

p

∑p
k=1 u (l − lk). Increasing the eigenvalue set

shown in figure 1a by this method is demonstrated in
figure 1b. This closely matches the General Statistical
Analysis (GSA) framework [13], [14].

The second option, in which the added variants
have lower energy, can be modeled by extending the
tail of curve describing the eigenvalues instead of
resampling it as shown in figure 1c. This matches the
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Fig. 1. Demonstration of the two methods to increase
the dimensionality of the data. In method one the
curve of the eigenvalues is fixed, so increasing the
eigenvalue set given in a is extended by the lighter bars
in figure b. In method two, the curve is extended to find
the new eigenvalues, as is shown in c.

spiked population model presented in [33], [34], [35].
The distorting effect of the increased dimensionality
now depends on the fall of of the eigenvalue curve: if
the curve falls off rapidly, the larger eigenvalues will
not or only marginally become biased with increasing
dimensionality [35], just like adding a null space to the
data, so effectively p was not increased at all.

As an example, consider that the eigenvalues are
distributed exponentially, so λk = e1−k. The total
variance of the data is given by

∑p
k=1 λk = 1−e−p

1−e−1 ,
which for p → −∞ converges to 1 + 1

e−1 , so the bulk
is small compared to the first few eigenvalues and
therefore the bias can only be marginal.

On the other hand, if the curve falls off much
slower, then the bulk composed by the smaller eigen-
values will get large enough to also fully affect the
estimation of the largest eigenvalues [35] and the
results of increased p are similar to the increase of
p by interpolation of the eigenvalue curve [36].

An example of this phenomenon is if the eigen-
values are set to λk = e0.1·(1−k) + 0.01. For p → ∞
the total data variance becomes arbitrarily large. This
variance is distributed over the N−1 non zero sample
eigenvalues, so at least the largest sample eigenvalue
becomes arbitrarily large and is therefore a heavily
biased estimate of the largest population eigenvalue.

In [9] it is argued that a common curve of the
eigenvalues of facial image data is given by 1 over
f, where f is the index of the eigenvalue. Such a curve
has a slowly decaying tail, and the total variance in
such data is given by

∑p
k=1

1
k . For arbitrarily large p

this also becomes arbitrarily large and therefore even
the largest sample eigenvalue is severely biased for
sufficiently large p. To demonstrate that even lmax, the
largest sample eigenvalue gets biassed for a 1 over
f distribution, we estimated lmax from 50 randomly
generated data sets with a 1 over f distribution of
λ with p = 1000 and N = 20. lmax was 1.17 on
average, with a standard deviation of 0.12. However,
for moderately N the required p for which the bias
significantly affects lmax is much larger than in any
real practical situation, so for most practical problems,

only the smallest sample eigenvalues will be signifi-
cantly biased as is the case in [9]. None the less for
the limit p → ∞ the estimation adheres to the limits
derived in the following sections.

On top of that, as we reported in [12], we have
strong clues that such a curve is caused by data
generation model errors instead of the true underlying
parameters. And since the curve extension option is
a mixture between the curve resampling and adding
a null space, we examen only curve resampling.

For the discriminative capacity of the added vari-
ants we have three options: give the added variants
more, less or the same discriminative capacity, where
adding features with the same discriminative capac-
ity seems to be the most informing to us. The first
option of adding variants with more discriminative
capacity seems illogical to us, since if it is known
that some features are more discriminative, then they
would normally be considered first and the lesser fea-
tures would be added later on, which corresponds to
adding features with smaller discriminative capacity.

However, in practice the discriminative capacity
of the variants will be unknown beforehand, so on
average the added variants will have approximately
the same discriminative capacity. If the added features
do have a lower discriminative capacity, then the
results presented in the coming sections give an upper
limit on verification performance.

4 SECOND ORDER STATISTICS ESTIMATION
IN HIGH DIMENSIONAL SPACES
4.1 A verification experiment with PCA dimen-
sionality reduction
In this section we experimentally demonstrate the
weaknesses of the PCA dimensionality reduction in
high dimensional verification problems under the
curve resampling approach by performing a verifica-
tion experiment with synthetic data. By using syn-
thetic data we can focus solely on the errors intro-
duced by the sample covariance matrix and not be dis-
turbed by the other known problems, such as outliers
in the data [10], [11], the eigenvalue bias introduced
by incorrect sampling of some of the involved classes
[9] and modeling errors [12]. We use a verification
system equal to the system described in the previous
sections and vary the dimensionality p of the samples
in several iterations between a value much lower than
the fixed N and a value considerably larger than N .
If p > N , at least p − N eigenvalues are zero and the
singularity problem occurs as noted in section 1.

To solve the singularity problem, we perform PCA
dimensionality reduction solution prior to verification
and compare the verification performance with two
limit cases: a theoretical optimum limit and a reg-
ularisation limit. In the theoretical limit we assume
perfect estimation and replace the covariance matrix
estimates with the population covariance matrices. In
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the second case we do not estimate any second order
structure, but we set the sample covariance matrices
equal to scaled versions of the identity matrix. This
is the limit of regularisation methods and it turns the
probability measures into a euclidean distance such
that the log likelihood ratio becomes:

L̂reglim (x, c) = − 1
l̄w

x̂T
wx̂w +

1
l̄t

x̂T
t,zmx̂t,zm (6)

where x̂w = x − μ̂c, x̂t,zm = x − μ̂t. l̄w and l̄t are the
mean of the eigenvalues of Σ̂w and Σ̂t respectively.

We perform the experiment for two different
choices of the fixed eigenvalue description curve. In
both configurations we use 100 classes with 5 samples
per class for training (which implies a fixed number
of samples for both Σ̂w and Σ̂b) and test with another
100 classes with 20 samples per class. In the first
configuration we choose a 2 cluster like distribution:
10% of the between eigenvalues have a value of 0.5,
the remaining 90% have a value of 0.05, but we
smooth the borders between the two clusters so the
eigenvalue scree plot follows a tanh curve. The within
eigenvalues are chosen such that the total covariance
matrix equals the identity matrix.

In the second configuration we choose the within
and the between covariance matrices such that the
total covariance matrix has eigenvalues λt,k =
(1 − α) e−12.5(k/p) + 0.01 (1 + 4α). The between eigen-
values are set to λb,k = 0.1λt,k, making the within
eigenvalues λw,k = 0.9λt,k.

The trade off between FAR and FRR as described
in section 2 can be made based on the Receiver
Operating Characteristic (ROC) curve. However, since
we want to study the verification performance for
many different configurations, we determine only the
Equal Error Rate (EER) rate, which is the point on the
ROC curve where FAR equals the FRR. The analysis
in the remainder of the paper support the idea that
the results can be extended for other points on the
ROC curve as well.

4.2 Results

Figure 2 shows the results of tests in which we fixed
the number of components retained after dimension-
ality reduction. Figure 2a shows the EER versus p
curves for the 2 cluster configuration, Figure 2b shows
the curves for the exponential configurations (α = 0).
We also performed tests in which we fixed the total
amount of variance retained after the reduction, but
the results are lower bound by the best performing
reduction to a fixed number of dimensions, so we do
not show the results here. The 150 curve for α = 0.7
shows that both distributions represent extremes: with
increased constant the exponential curves moves to-
wards the two cluster curve.

Several observations can be made:
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Fig. 2. PCA dimensionality reduction as a solution
to the singularity problem compared with a theoretical
optimum limit and a regularisation limit. The curves
decrease in EER with increasing PCA components
retained until a minimum curve of either 150 or 200
components after which the curves become dashed
and increase in EER with increasing number of PCA
components retained.

4.2.1 Regularisation limit outperforms PCA

PCA dimensionality reduction is already outper-
formed by the regularisation limit for moderate di-
mensionality. Even though the exponential configura-
tion is very different from the identity configurations
assumed by the regularisation limit, for a dimension-
ality of around 400 and higher all PCA dimensional-
ity reduction configurations are outperformed by the
regularization limit. With the 2 cluster configuration,
the difference between the theoretical limit and the
regularisation limit is small and PCA is already out-
performed for p = 100.

To explain this, we hypothesize that in the limit p →
∞ the sample eigenvectors form a random orthogonal
basis and the sample eigenvalues cluster into two sets:
one set of N non zero equal valued eigenvalues and
the remainder are all zero. These hypothesis will be
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discussed in sections 5.2 and 5.1.1. This means that
for sufficiently large p PCA dimensionality reduction
(or any other form of SOS based dimension reduction,
such as in [26]) turns the likelihood calculations into
a euclidian distance calculation in a random subspace
with a dimensionality of at max N , while in the
regularisation limit the probability calculations are an
euclidean distance calculation in the full dimensional
space (equation 6): PCA dimensionality reduction re-
moves information without improving the structure
estimate.

Note that this is especially true for the commonly
considered ”all noise” distribution, where all the
eigenvalues are equal [23]. In that case all structure
found by PCA is based on random structure and
dimension reduction will always under perform com-
pared to the regularisation limit.

4.2.2 EER is not a non decreasing function of p

The EER curves of all PCA dimensionality reduction
configurations show a dip: after a certain value of p,
the EER increases. This is highly remarkable, because
this implies that there is a minimum in EER for the
PCA dimensionality reduction method and adding
more variants after this point hurts performance.

This can be explained as follows: PCA dimension-
ality reduction projects the data on a subspace of a
dimensionality of at max N . However, only for p → ∞
the estimates are solely based on the random structure
in the data: the sample eigenvectors are random and
the sample eigenvalues are uniform in this subspace.
For p ≈ N , the estimates still partially depend on
the population parameters. Therefore the probability
calculations in the subspace estimated for smaller p
values are more accurate and hence the error rates
eventually go up with increasing p.

4.2.3 The PCA solution still breaks down for large p

In case of retaining (almost) all components with
a non zero eigenvalue, the results become highly
unstable for larger values of p. Moreover, the EER goes
up to almost random guessing.

To explain this, focus on the fact that the likelihood
ratio depends on the between class variances over
the within class variances (equation 5). We hypothesis
that for very large p values, the subspace in which the
within class variance estimate is non zero will become
orthogonal to the subspace in which the between
class variance estimate is non zero (see section 5.3
for proof). As a result, if PCA dimension reduction
is applied either the within class covariance matrix is
still singular, or the total covariance matrix is identical
to the within class covariance matrix. In the latter case,
using the fact that

Σ̂−1
nzw,w = Σ̂−1

nzw,t =
p

(N − C) l̄
I (7)

and

μT
t μt + μT

wμw =
1
2

(μt − μw)T (μt + μw) +

1
2

(μt + μw)T (μt − μw) (8)

the log likelihood ratio reduces to

L̂ (c, x) =
2p

(N − C) l̄
(μ̂nzw,c − μ̂nzw,t)

T ·(
xnzw − μ̂nzw,c + μ̂nzw,t

2

)
(9)

where the subscript nzw means that the corresponding
variable is the part in the subspace with non zero
within variance. The likelihood ratio is calculated in
a subspace of dimensionality 1 of the already random
subspace of non zero within class variance, which is
just marginally better than random guessing.

Note that the break down effects already occur
at smaller values of p for the smaller eigenvalues
compared to the larger eigenvalues. This was to be
expected from studies showing that the larger eigen-
values are less affected by the bias [33], [34], [35]. If
the dimension reduction removes more of the smaller
eigenvalues, the breakdown effect occurs for larger p
values, which also explains the commonly observed
overtraining for fixed p, as noted in the next section.

4.2.4 Overtraining for fixed p

The experiment shows that SOS estimation exhibits
overtraining if p becomes large, however in facial bio-
metrics overtraining is often observed for a fixed p: er-
ror rates go up if the number of reduction components
is chosen too large [9], [37]. This effect can be observed
in figure 2 if the curves are considered for a fixed p
larger than approximately 150. For example consider
Figure 2b for p ≈ 250. There is a clear minimum
in EER for a dimension reduction to pred = 150. It
seems that the classical overtraining effect observed
in biometrics is related to the overtraining effect of
SOS estimation in high dimensional data.

In these explanations we used several hypothesis
on the effect increasing p has on SOS estimates. In
the next sections we prove some of these hypothesis,
while others are demonstrated experimentally.

5 OVERTRAINING IN SECOND ORDER
STATISTICS ESTIMATION
In the previous sections we showed that PCA di-
mensionality reduction is a far from optimal solu-
tion of the singularity problems caused by errors
of the sample SOS estimators. The major reason is
that these commonly used sample estimators become
for increasing p more and more based on random
fluctuations in the samples rather than the actual
structure of the data. One effect is that the sample
eigenvalues become significantly biased estimates of
the population eigenvalues as we show next.
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5.1 Eigenvalue bias

Bias is the expected value of the difference between
a parameter value and its estimators expected value.
For eigenvalue estimation this equals to:

E {l − λ} (10)

The bias of an estimator is typically determined
using Large Sample Analysis (LSA): that is to evaluate
(10) under the assumption that N → ∞. Under this
assumption, the sample eigenvalues seem unbiased.
However, in many applications the assumption that
N is large enough to solely determine the statistics of
the estimate is questionable and therefore the results
of LSA may not be a valid approximation.

In practice p is in the same order or larger then
N . Therefore, in GSA it is assumed that N, p → ∞
while p

N → γ ∈ [0,∞). Because the number of
eigenvalues depends on p and p becomes very large
in these analysis, instead of considering the set of
eigenvalues, the corresponding empirical distribution
of the eigenvalues is considered.

In figure 3 an example of the GSA limit in eigen-
value estimation is given. In the example synthetic
data is generated with the population eigenvalues
distributed uniformly between 1 and 3. From this
synthetic data the sample eigenvalues are estimated,
for p = 6 and 100 with N = 30 and 500 respectively,
keeping p

N = 1
5 . The 2 subfigures show the population

eigenvalue distribution Hp (λ) (dashed line) and 4
sample eigenvalue distributions Gp (l) (solid lines) per
setting. In the 6 dimensional experiment large varia-
tions occur between the different sample eigenvalue
distributions, but for p = 100, the sample eigenvalue
distributions have converged, although not to the
population eigenvalue distribution. This is due to the
bias of the sample eigenvalue estimator.
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(b) 100 dimensions

Fig. 3. GSA demonstration

In [13] a description known as the Marčenko Pastur
(MP) equation was given of the relation between the
population eigenvalues and the sample eigenvalues in
the GSA limit for a limited set of distributions of the
samples. In [14] it was proven that this relation holds

for a much larger set. The MP equation is given by:

− 1
v (z)

= z − γ

∫
λdH (λ)

1 + λv (z)
(11)

where v (z) = γ −1
z + (1 − γ) mG (z) and Im {z} > 0.

mG (z) is the Stieltjes transform of G (l): mG (z) =∫ dG(l)
l−z . From this relationship it follows that the bias

depends on the ratio p
N . The higher this ratio, the

more severe the bias.

5.1.1 Eigenvalue bias limits

From the MP equation it is in general rather difficult
to determine the sample eigenvalues corresponding
to a given population eigenvalue set and visa versa.
However, two limit cases can be considered in which
the MP equation can be used to determine the relation
between the sample eigenvalues and the population
eigenvalues: the case in which N >> p and the case
in which p >> N .

If N >> p then LSA is accurate and the bias of l
is insignificant. If p >> N , using the MP equation it
can be proven that l only depends on the average of
the λ, λ̄, and more specific, the sample eigenvalues
split into two clusters: one cluster of N eigenvalues
equal to γ ·λ̄ and a second cluster of p−N zero valued
eigenvalues, as is shown in the next section.

Especially this second limit is used in the explana-
tions of the observations of section 4, since this proves
the hypothesis that using SOS estimates indeed turns
the probability calculations into a euclidean distance
in a N dimensional subspace.

5.1.2 Loss of structure in high dimensional problems

We now prove that if p >> N then the estimated SOS
only depend on λ̄, the population eigenvalue mean.

First note that O
(∥∥∥ 1

v∞(z)

∥∥∥)
= γa only

leads to no contradiction in O
(∥∥∥ 1

v∞(z)

∥∥∥)
=

O
(∥∥∥z − γ

∫ λdH(λ)
1+λv∞(z)

∥∥∥)
, derived from equation (11),

if a = −1. Using this result we can determine the
sample eigenvalue distribution if γ → ∞:

lim
p→∞ v (z) = lim

γ→∞

(
γ

∫
λdH (λ)

1 + λv (z)
− z

)−1

(12)

=
1

γλ̄ − z
(13)

which is the Stieltjes transform of u
(
l − γλ̄

)
, so the

sample eigenvalue set converges to a set of n eigen-
values equal to γλ̄ and p − n eigenvalues equal to 0,
independent of H (λ), if H (λ) has a bounded support.
These findings concur with [38], where the value
of the largest eigenvalue is studied under similar
conditions, and the results of [33], [34], [35] if the bulk
grows large enough.
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5.2 Errors in the eigenvectors
Besides a bias in l, errors also occur in the sample
eigenvector (θ̂): the sample eigenvectors do not align
with the population eigenvectors. In [39] and [40] it
is shown that this misalignment of θ̂ with population
eigenvector (θ) can be studied using the inner product
θT · θ̂ and it is argued that a relation exists similar to
the relation the MP equation describes between the
sample eigenvalues and the population eigenvalues.

The inner products between θ and θ̂ depends on
the ratio p

N as well. We focus on the same two limit
cases as were considered before in the eigenvalue bias
analysis: the case N >> p and the case p >> N .

If N >> p the eigenvectors align, so the inner
product of a sample eigenvector with a population
eigenvector is only non zero if their corresponding
eigenvalues are equal (recall that the sample eigenval-
ues are unbiased, so every sample eigenvalue matches
at least one population eigenvalue).

For the case p >> N we hypothesize the following:

Hypothesis 5.1: Under the same conditions as as-
sumed in section 5.1.2 all structure in the eigenvectors
is lost, making the sample eigenvectors a random
basis.

Although we do not have a complete formal proof
of this hypothesis, we present 3 arguments to support
it. Firstly, all structure of the population eigenvalues
is lost except for their mean during the estimation (see
section 5.1.1), so the same sample eigenvalues would
be observed if all population eigenvalues are equal. If
all population eigenvalues are equal, then any basis is
a valid solution for the population eigenvectors and
thus also for the sample eigenvalues.

Secondly, the same proof showed that the sample
eigenvalues split into two clusters of equal valued
eigenvalues. Therefore, within the two subspaces, hy-
pothesis 5.1 is true.

Thirdly, we demonstrate the hypothesis experimen-
tally. In Figure 4 we show the sum of the squared
inner products of the sample eigenvector correspond-
ing to the largest sample eigenvalue with the pop-
ulation eigenvectors corresponding to the smallest
population eigenvalues. The population eigenvalues
are distributed uniformly between 1 and 2. The curves
clearly converge to the thin black line for larger
p/N , which represents the limit of uniform sample
eigenvector population eigenvectors inner product.

5.3 Limits in high dimensional verification
In section 5.1 we determined l in the limit p → ∞ for a
single distribution and showed that N−1 eigenvalues
are γλ̄ and the remainder are zero. However, the
log likelihood ratio used in verification depends on
two distributions: the within class distribution and
the between class distribution. So for verification it
is more important to determine what the relation is
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Fig. 4. Sum of the squared inner products of the
first sample eigenvector with all the population eigen-
vectors for several p/N ratios. The eigenvectors are
indexed according to their corresponding eigenvalue.

between the within class distribution and the between
class distribution in the limit p → ∞.

To find this relation, we first find the limit esti-
mates of the two distributions separately. It is straight
forward to show that the within class distribution
estimates adhere to the model of section 2, however,
as we derived in [41], the between class estimates are
based on a mixture of the between class distribution
and the within class distribution. But both distribu-
tions are sampled equally, so Σ̂b adheres to the model
of section 2 as well.

Therefore the eigenvalues of both Σ̂w and Σ̂b, lw
and lb respectively, adhere to the limit described in
section 5.1: for large p, lb separate into a cluster of C−
1 eigenvalues of value p

C−1 λ̄b and the rest zero valued.
lw separates into a cluster of N − C eigenvalues of
value p

N−C+1 λ̄w and the rest zero valued.
In section 2 we derived that the samples x are

also normally distributed. However, they are not
independent and identically distributed (i.i.d.) and
therefore the limits derived in section 2 do not apply
to the eigenvalues of Σ̂t, lt, so its limit distribution
has to be determined in another way. In the following
paragraphs we argue that for large p, lt splits into
three clusters: one cluster of the non zero within
eigenvalues, one cluster of the non zero between
eigenvalues and a cluster of null eigenvalues.

In order to prove this, we have to determine the
relation between the subspace in which the within
class variance estimate is non zero and the subspace
in which the between class variance estimate is non
zero. According to hypothesis 5.1 the eigenvectors
corresponding to the non zero valued cluster of both
the within estimate and the between estimate span
a random subspace in the sample space and will
be randomly oriented with respect to each other.
Therefore, as shown in section 5.2 any basis vector of
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one of subspaces will have an inner product with any
of the basis vectors of the other subspace proportional
to p−1. The sum of the inner products of the N − C
basis vectors of the non zero within subspace with the
C − 1 basis vectors of the non zero between subspace
will therefore become proportionally to (N−C)·(C−1)

p ,
which vanishes for p → ∞, so the subspaces are
orthogonal in this limit. Since the total covariance esti-
mate is the sum of the within covariance estimate and
the between covariance estimate, the decomposition
of the total matrix leads to three cluster eigenvalue
set as described before.

From these analysis we can also construct a limit
for the eigenvectors of the total covariance matrix:
they are a combination of the between eigenvectors
corresponding to the non zero between eigenvalues
with the within eigenvectors corresponding to the non
zero within eigenvalues and a random basis spanning
the remainder of the space.

The orthogonality also implies a perfect verification
system: every class is separable, a typical overtraining
result. This orthogonality was also the last point re-
quired in the explanations of section 4.

To demonstrate the limit distributions of lw, lb and
lt, we did an estimation experiment with synthetic
data. The distribution parameters of the data are
the same as in the exponential configuration of the
experiment described in section 4. We generated only
10 classes for the training set, with 20 samples per
class. The theoretical limit for this configuration is
shown in figure 5a. Figure 5b shows an estimate for
p = 4000. Although for p = 4000 the estimate has not
yet converged to the limit, it still seems to confirm
that the determined limit is correct.
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Fig. 5. Second order estimation in a verification
scheme for the limit p → ∞.

6 IMPROVED SECOND ORDER STATISTICS IN
HIGH DIMENSIONAL SPACES
In the previous sections we described several effects
an increase of p has on SOS estimation if N is kept
at a fixed value. These effects led to some remarkable
observations in the experiment described in section 4.
In section 4 we also showed, based on the analysis
in section 5, how these observations are related to the
sample estimators used to estimate the SOS. However,

based on these analysis, we can also make improve-
ments on the estimates. In the coming sections we
describe several improvements which finally result in
a system smoothly changing from theoretical optimal
sample estimate if N >> p to the regularisation limit
for p >> N . These improvements are experimentally
evaluated in section 7.

6.1 Bias correction
The eigenvalue bias is a non random distortion of
the estimate of population eigenvalues, so it can be
removed from this estimate. This is schematically rep-
resented in figure 6. In figure 6 the bias introduction is
represented as a function B (λ) which is applied to the
population eigenvalues λ and it results in the sample
eigenvalues l. Bias correction can be thought of as
applying an estimated inverse of B (λ) to l, resulting
in corrected population eigenvalue estimates λ̂c.

Fig. 6. Schematic representation of bias correction.

We use 3 bias correction methods in the remainder
of this article. The first method is the correction
method developed by Karoui in [42]. It is based
on the MP equation, but instead of estimating the
eigenvalues directly, a distribution is estimated which
describes the population eigenvalues in the GSA limit.
From this distribution estimates of the population
eigenvalues themselves still have to be determined.

The second method is the fixed point eigenvalue
correction [43]. It is based on a fixed point approach
of solving the MP equation which determines the
sample eigenvalue distribution of a given population
eigenvalue set. By adjusting the population eigen-
value set such that the sample eigenvalue distribution
estimated by the fixed point method matches the
empirical sample eigenvalue distribution of the data,
an estimate of the population eigenvalues of the data
can be determined.

The third method was developed by Ledoit and
Wolf in [2]. It is based on regularisation, but unlike
many other regularisation algorithms it is able to
handle situations in which p > N .

We compare these algorithms with classical PCA di-
mensionality reduction. In the experiment of section 4
we determined that the reduction to a fixed dimen-
sionality of 150 components leads to some of the best
results for the specific settings of the experiment.

6.2 Correction limits
In the experiment of section 8 we vary p, so all meth-
ods are tested for different ratios of p

N . In section 5.1.1
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we determined that the real bias is hard to determine
in advance, and so is the desired function for bias
correction. However, the two limit cases of N >> p
and p >> N and the case of p ≥ N can already be
determined in advance.

Many more samples than dimensions, N >> p

The sample eigenvalue bias is negligible, so no cor-
rection is required. The correction methods should
therefore converge to the identity function in this
limit, or limγ→∞ B̂−1 (l) = l. For most methods this
is the case except for the Karoui correction, since it
estimates distributions instead of sets.

More dimensions than samples, p ≥ N

The sample estimate necessarily contains N − p + 1
zero valued eigenvalues, even if the population eigen-
values are all non zero. Correction of the sample
eigenvalues should make these eigenvalues non zero.
Moreover, based on the principle of maximum en-
tropy [30], all these zero valued sample eigenvalues
should be corrected to an equal, non zero value.

Many more dimensions than samples, p >> N

Most of the sample eigenvalues will be zero valued
and should be corrected to an equal non zero value.
However, as we have shown in section 5.1.1, the
sample eigenvalues are only dependent on λ̄ in this
limit, all other characteristics of the population eigen-
values are lost. Therefore, according to the principle
of maximum entropy [30], all the sample eigenvalues,
zero valued and non zero valued, should be set to
λ̄, which is also the mean of the sample eigenval-
ues l̄. This turns the likelihood calculations into an
euclidean distance measure in the full p dimensional
space, which is exactly the regularisation limit.

6.3 Variance correction

If eigenvalue bias correction is applied, then very
accurate estimates of the population eigenvalues can
be obtained. However, the SOS are described by
the combination of eigenvalues and eigenvectors: the
eigenvalues give the maxima of the variances of the
data and the eigenvectors describe in which directions
they occur. In other words, the corrected eigenvalues
give an estimate of the variance along the popula-
tion eigenvectors. Since the sample eigenvectors differ
from the population eigenvectors, the corrected sam-
ple eigenvalues do not give an accurate estimate of
the variance of the population distribution along the
sample eigenvectors. With an additional correction,
the variance correction [39], these variances can be
determined. This idea is further studied in [40].

7 BIAS CORRECTION IN VERIFICATION
The verification decision as described in section 2
is based on a comparison between the variances of
samples from the same class with variances of sam-
ples between different classes. These variances are
captured in the estimates of Σw and Σt, where Σt

can be split into Σw + Σb.
Estimates of all these matrices are based on a lim-

ited amount of samples and so their eigenvalues are
biased. In this section we show how the corrections
presented in the previous sections can be applied to
these estimates, which we denote by bias correction in
verification (BCIV), improving the verification results.
Only two out of the three sample eigenvalue sets lw,
lb and lt have to be corrected, where lw, lb and lt are
the sample eigenvalues of Σ̂w, Σ̂b and Σ̂t respectively.
The third set is fixed because there is a fixed relation
between Σ̂w, Σ̂b and Σ̂t as shown in [9], [41].

Let the superscript c indicate a corrected estimate.
If lb and lt are corrected, then Σ̂c

w, needed for the
log likelihood ratio (equation 2), follows from the
subtraction Σ̂c

t − Σ̂c
b. This subtraction easily leads

to negative eigenvalues, and therefore this correction
option is not considered any further.

The option to correct lw and lt we denote by
improper BCIV, since in general the bias in lt does
not adhere to the MP equation as shown in section 5.3.
This correction option is still considered though, since
its error is only significant for larger p values or if N
significantly differs from 2C, because if N ≈ 2C, the
effective number of samples for estimating Σw and
Σb are almost the same, and if the distributions of λw

and λb are also quite similar, then the distribution of
the total sample eigenvalues can be approximated by
the MP equation. Based on these considerations and
previous tests in [44], we decided in [45] to perform
the bias correction on Σ̂w and Σ̂t, using the total
number of samples as the amount of samples used
for the estimation of Σ̂t.

The last option is to correct lw and lb. The estima-
tion of Σb is not without problems: in [41] we show
that Σ̂b is an estimate of a mixture of Σb and Σw

instead of a pure estimate of Σb. In combination with
eigenvalue bias, this has several effects:

1) Due to the crosstalk, E
{
Σ̂w + Σ̂b

}
= Σt +

1
Npc

Σw, where Npc = N
C . This leads to erroneous

estimates of p (x), so Σ̂t should be estimated by
Npc−1

Npc
Σ̂w + Σ̂b.

2) The crosstalk changes the directions for which
the likelihood ratio is most sensitive (see the
end of section 2). The crosstalk will change
equation 5 into

4

(
1

Npc

wTΣ̂b,crossw

wTΣ̂ww
+

wTΣ̂b,nocrossw

wTΣ̂ww

)
(14)

where Σ̂b,cross is the estimate of the crosstalk of
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Σw in Σ̂b and Σ̂b,nocross is the between estimate
without the crosstalk. A crosstalk part which is
equal to Σ̂w will give an equal increase of the
variance of L in all directions, so it does not
change the order of the directions according to
the sensitivity of L. However, Σ̂b,cross is esti-
mated from a different part of the samples than
Σ̂w, usually with a different number of samples
as well (N − C for Σ̂w and C − 1 for Σ̂b,cross).
Therefore both the bias of the eigenvalues and
the sample eigenvectors will differ for the two
estimates. In fact, if the data is really noisy
(large within class variances), then the differ-
ences between Σ̂b,cross and Σ̂w solely determine
the sensitivity of the log likelihood ratio.

3) Again due to the difference between Σ̂b,cross and
Σ̂w, simply subtracting a fraction of Σ̂w from Σ̂b

cannot remove the crosstalk. This would have
been possible if no bias was present.

The correction of the lb is however theoretically
sound (see section 5.3). Note that focussing on lw and
lt correction is no solution for the crosstalk problem,
because the difference between Σ̂w and Σ̂t is solely
caused by Σ̂b. So it seems that the lw and lb correction
is the best option for BCIV. However, it runs into
problems if p is close to or larger than N as will be
explained in the next section.

7.1 Correction in null spaces and verification
Due to the difference in effective number of samples
for estimating Σw and Σb a problem arises if p >>N.
We illustrate this problem with a synthetic data ex-
periment where we attempt to estimate SOS from
a training set with p = 800. The samples originate
from 100 classes and for each class 5 samples were
generated. Both the within class and the between
class eigenvalues are uniformly distributed between
0.5 and 0.05 (solid line in figure 7), so there is no
discriminative distinction between the different orien-
tations. However, the sample estimates, given by the
dark dashed line and the light dash-dotted line, do
show a large discriminative difference.

Bias correction of the two separate distributions
reduces this somewhat, as shown by the correction
curves (the lighter dashed line and the light solid line),
but in the null space something odd can be observed:
the bias correction causes a between over within
ratio which is considerably larger than 1, wrongfully
suggesting that that part of the null space is highly
discriminative. In [46] a very similar problem was
observed in a recognition experiment in which the
eigenvalues of an estimate related to Σ̂b are regu-
larised. They found that the entire null space has too
large a weight in the verification decision.

To explain this, note that bias correction leads
to equal valued eigenvalues in the null space (sec-
tion 6.2). The null spaces of Σ̂w and Σ̂b differ both in
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Fig. 7. Naive BCIV example.

number of dimensions (p − (N − C) and p − (C − 1)
respectively) and orientation. Therefore the value with
which the null space of Σ̂w is corrected can be much
lower than the value of the null space of Σ̂b, as the
example demonstrates, resulting in a arbitrarily large
ratio between the last few eigenvalues which then
fully determines verification results (equation 5).

This problem arises because if lw and lb are cor-
rected as just described, the ratio of between over
within variance is not taken into account. We therefore
denote this correction by naive BCIV.

7.2 Eigenwise bias correction in verification
In the previous sections we demonstrated that both
the naive BCIV and the improper BCIV have disad-
vantages. We developed a third method, the eigen-
wise BCIV, which does not suffer from the problems
of either the improper BCIV or the naive BCIV. As
said before, only Σ̂w and Σ̂b are genuine sample
covariance matrices in the sense that these estimates
adhere to the conditions of the MP equation. So
eigenwise BCIV corrects these.

To prevent the problems of naive BCIV, the method
consists of the following steps, shown schematically
in figure 8:

1) Estimate Σ̂w and Σ̂b.
2) Decompose Σ̂w into its eigenvectors Êw and

eigenvalues lw.
3) Correct lw to get a less biased estimate λ̂c

w using
the correction methods from section 6.

4) Use Êw and λ̂c
w to determine Σ̂ww

b , which is the
between covariance matrix if the within data is
whitened.

5) Decompose Σ̂ww
b into eigenvectors Êww

b and
eigenvalues lww

b .
6) Correct lww

b to get λ̂c,ww
b , again using the meth-

ods from section 6.
7) Combine Êww

b and λ̂c,ww
b to get a new estimate

of the between matrix in the within whitened
space Σ̂c,ww

b without bias.
8) From Σ̂c,ww

b determine the corrected between
matrix in the original input space Σ̂c

b.
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Two assumptions form the basis of this algorithm.
Firstly, the within covariance estimate and the be-
tween covariance estimateΣ̂w and Σ̂b should be based
on independent parts of the samples, which is the
case if the assumed data model described in section 2
is correct. Secondly, scaling of the data before bias
correction is allowed as long as the scaling parameters
are independent from the bias generating process.

So does this algorithm solve the problems of naive
BCIV? The first three steps have no effect on the
discriminative ordering of the null space. In step 4,
both matrices can be considered to be scaled and
rotated, so argminw

T·Σw·w
wT·Σb·w remains unchanged and

therefore the order of the basis vectors according to
their discriminative ability remains unchanged.

In step 6, bias correction is applied, which is order
preserving: the order of the between eigenvalues stay
the same. Since the within class matrix is white,
the ordering of the eigenvectors according to their
discriminating capacity remains the same as well. The
transform back to the original space in step 8 has no
effect on the discriminating ratio, similar to step 4. So,
the null space is still the least discriminating subspace,
and the problems of the naive BCIV are solved.

Fig. 8. Eigenwise BCIV schematically.

8 BIAS CORRECTION IN VERIFICATION AP-
PROACHES COMPARISON
In section 4 we presented an experiment which
showed that if eigenvalue bias is the dominant factor
in SOS estimation, PCA dimensionality reduction is
outperformed by regularization limit for even modest
values of p. In the sections afterwards we presented
explanations of these results based on theoretical and
experimental considerations and we suggested some
improvements of the SOS estimation process. We now
repeat the experiment and include the improvements.

We repeat the experiment of section 4 but we only
use the PCA method with dimensionality reduction
to a fixed number of 150 components and compare it
not only to the theoretical limit and the regularisation
limit, but also with eigenwise BCIV based on the 3
bias correction methods presented in section 6.1: the

karoui correction, the Ledoit Wolf correction and the
fixed point correction. For the fixed point correction,
the smoothing factor s has to be set. Since there is no
pre-described method on how to set s, we determined
a relation for s with p experimentally, which turned
out to be s ≈ min (0.3, 0.006 · p).

Figure 9 shows the resulting EER curves for the
different methods. Again, the PCA method is outper-
formed by the regularization limit for even modest
p values, but it is also outperformed by the other
methods. Moreover, the eigenwise corrections are not
limited to the apparent minimum of the PCA limit,
nor do their EER curves show a dip.
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Fig. 9. EER versus p experiments with different eigen-
value distributions.

The correction methods do seem to match the ideal
behaviour of a transition from close to the theoretical
limit for small p to close to the regularisation limit
for large p. However, they end up slightly above the
regularisation limit, so improvement is still possible.

The eigenwise correction based on the fixed point
method outperforms the other methods for almost all
values of p, but it is also the most complex one. The
Ledoit Wolf method already gives a large improve-
ment over the classical PCA dimensionality reduction,
although its complexity and processing time is lim-
ited. Note that it outperforms the regularisation limit
for values of p between 100 and 500 in the exponential
total eigenvalues configuration. This means it would
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outperform many of the other regularisation methods
as well, since they are equal to the regularisation limit
if p is larger than N used in the estimation.

Furthermore, it should be noted that the Karoui
correction still leaves some of the eigenvalues equal
to zero for p above 100. We solved this problem by
setting these values equal to the smallest non zero
valued eigenvalue estimate, but as can be seen in
the uniform total configuration (figure 9a), the almost
zero valued eigenvalues still deteriorate the results.

9 CONCLUSION AND DISCUSSION
We studied the effect of increasing the dimensionality
p of training data while keeping the number of ob-
servations N fixed under conditions that the sample
eigenvalue bias becomes the dominant problem in the
estimation results. From a good estimator it is ex-
pected that adding dimensions results in an estimate
which is at least as good as the estimate based on
the original data if the added dimensions are of the
same quality, otherwise the estimator could simply be
improved by ignoring the added dimensions.

The classical PCA dimensionality reduction tech-
nique does not display this property if the added
space is equally informing. Using GSA we showed
that this is because if the eigenvalues do not fall off
quick enough, the SOS estimation gets more and more
influenced by random fluctuations in the data instead
of the actual SOS of the data generating process, re-
sulting in biased sample eigenvalues and misaligned
sample eigenvectors. Based on these analysis we sug-
gested several improvements for SOS estimation.

We also argued that estimators should converge
from the population SOS (p << N ) to a regular-
isation limit (p >> N ). Eigenwise BCIV has such
characteristics, although it is slightly worse than the
regularisation limit for p >> N . At lower complexity
and resources cost, the Ledoit Wolf correction already
showed a large improvement compared to the classi-
cal PCA dimensionality reduction method.

If the eigenvalues do fall off fast enough though,
after a certain p the added dimensions have a similar
effect as adding a null space, and PCA dimensionality
reduction can efficiently solve singularity issues.

We do not claim that dimension reduction has no
use in practice, because these results are obtained with
data closely fitting the model. Although it was shown
in [36] that even deviations that can be modeled as
an random matrix addition to the covariance estimate
can still be analysed with random matrix theory, in
[47] we showed that other deviations from the model
can distort the estimation considerably and can easily
explain the 1 over f characteristic [26] of facial image
data. Bias correction actually increases the error rates
in those cases. Real data will most likely contain
these kinds of deviations. Moreover, real data sets also
contain measurement errors, which require robust

estimation techniques as presented in for example
[11], [48]. Also incorrect sampling of some of the
involved classes can lead to a eigenvalue bias as well,
as was shown in [9]. Therefore, BCIV is not as effective
if applied to real data and dimensionality reduction
methods can lead to performance improvements [26].
Furthermore, prior information on the eigenvalue dis-
tribution can be used for specific estimation problems,
like is done in [26] for 1 over f like distribution.

However, if the data model is correct, then the anal-
yses give a lower limit to the errors: we assumed that
the added variants contained similar discriminative
capacity as the original data. If variants are added
which have a smaller discriminative capacity, then the
average discriminative capacity decreases and error
rates reduction is not guaranteed. So even if eigenwise
BCIV is applied, adding variants by e.g. increased
image resolution might still increase error rates.
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