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We describe a study of the detuning of the intracavity FM modulation of the homogeneously broadened 
laser applied to CO2 systems. The analysis is done by working in the frequency domain and by describing 
the field in terms of discrete amplitudes and phases. The coupled mode equations are solved for 
modulation frequencies near the axial mode-separation frequency. The asymmetry of the mode-locking 
behaviour due to the dispersive behaviour of the active medium is verified experimentally. We have 
measured both the pulse and the phase shift of the pulse with respect to the modulation signal as a 
function of detuning. The experimental results show clearly the asymmetry with detuning, in agreement 
with theory. 

1. Introduction 
The problem of mode-locking and pulse forming by means of intracavity AM and FM modulation has 
been treated in the past by several authors [1-8]. For homogeneously broadened systems one may say 
that the problem has been approached from two different sides. One way is to work completely in the 
time domain and to assume a Gaussian optical pulse inside the resonator [4, 5]. The pulse parameters are 
then obtained from the requirement that after a complete round-trip through the resonator the pulse is 
unchanged. The other approach is to work in the frequency domain and to describe the field in terms of 
discrete mode amplitudes and phases [1-3]. 

In the present paper we analyse the detuning effects of FM mode-locked COz lasers by working in the 
frequency domain. We derive as a function of the detuned modulation frequency spectrum, pulse phase shift 
with respect to the modulation, the gain, and the shift of the centre modulation frequency of the pulse. 
The theoretical results are analogous to those obtained in the time domain approach [4]. The difference 
is that we start from the discrete set of oscillating modes and show that the amplitude and phase distri- 
bution of these modes satisfy a Gaussian form. Experimentally we measured for the case of a CO2 TEA 
laser the dependence of the pulsewidth on the frequency detuning for two different modulation signals. 
The dependence of the phase shift of the pulse with respect to the periodic modulation on the detuning 
is measured for 1 and 2 atmosphere laser mixtures. The experimental results show clearly a strong 
asymmetry in accordance with the analysis. Small detuning effects turn out to have a large bearing on the 
pulse parameters. 

2. Derivation of the basic equation 
In the following we shall work in the frequency domain, in order to obtain an analytical solution for a 
stationary phase-locked, internally FM modulated, laser system. 

A fruitful analysis is to start with the self-consistency equations of Lamb [ 10], which describe the 
effect of an arbitrary polarization upon the electric fields. In the case of mode-locking the polarization 
includes contributions of both the active medium and the modulation. We shall follow the notation of 
Harris and McDuff [1] in order to arrive at an equation for the complex field amplitudes using the axial 
modes as a basic set. 
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The modulation is an electro-optic device that produces a periodic phase modulation. For our system 
we used a CdTe crystal of 40 mm length and an oscillator with a maximum output voltage of 2000 V. 
The phase modulation of such a modulator can be described by A• t), the in-phase component of the 
susceptibility: 

~X'(Z, t) = ~X'(z) cos COrn t (1) 

where COrn is the modulation frequency. 
In the case where the modulator is located near the out-coupling mirror at z = d and its length is much 

smaller than the distance d between the mirrors we finally find the basic equation for the electric field: 

En +2 eie)n+' 4- En -1 eiC~n-1 -- -~ En eiOn --  On --  7 

where ~n is the phase of the nth mode, L is the single pass power loss, and 

COn• 
l~n - -  ( 3 )  

C 

is the phase retardation of the nth mode caused by the active medium 
t t  

COnXnd 
Gn - 

C 

being the single pass power gain of the nth mode through the medium; 

nAco = ~2 n-CO n 

being the difference between the nth empty cavity mode and the real mode; and 

8 = COn ( a A •  sin knz sin k~ • 1Z dz 
C J 0  

being the modulation parameter. 
In deriving Equation 2 we have omitted the integrals of the form 

f o  AX'(z ) sin knz cos k n +_ lz dz 

(4) 

(5) 

(6) 

because they are negligible for the position of the modulator near z = d. 

3. Steady-state solution for the homogeneously broadened line 
in the following we look for an analytical solution of Equation 2 for the case in which we are dealing 
with a homogeneously broadened line. Due to the interactions of the radiation field with the inverted 
medium the gain profile changes over its full frequency range. In general it turns out that the frequency 
width of the pulse is small as compared to the line-width. This is illustrated in Fig. 1, where the gain and 
the mode amplitudes are plotted against the frequency. This means that in the frequency region of 
interest we may, to a good approximation, expand the gain profile and the phase retardation of such a 
line profile to the second order. 

This can be done in terms of the mode number n. Thus the gain and the phase retardation for the 
nth mode will be given by 

Gn ~ Go 4- riG1 + �89 (7) 

(8) 

In looking for an analytical solution of Equation 2 it has been argued [11] that for small detuning the 
quadratic terms in Equation 2 take over the effects of the linear terms on the field distribution and the 
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Figure I Schematic presentation of the 
mode spectrum with respect to the optical 
line. The centre pulse frequency (n = O) has 
a frequency shift r /w i th  respect to the line 
centre. 

mode amplitudes assume the Gaussian form. Therefore we describe the fields of  the laser modes by a 
general Gaussian distribution: 

En e ion = Eo exp (-- an 2 + ion) (9) 

where the constants a and 0 may be complex; i.e. a = al + ia2 and 0 = 0a + i02. From this we obtain: 

En+ 1 e iOn+l 4-En_ 1 e ion-1 = En eien [ e x p ( - - 2 n a - - a + i O ) + e x p ( 2 n a - - a - - i O ) ] .  (10) 

The arguments of  the expressions on the right-hand side of  Equation 10 are small, as will be seen later on. 
Therefore we expand the last expression up to second order. We obtain: 

En + 1 e ion+, + En_ I e i4)n-~ = E n e ion (2 -- 2a + a z + 4na 2 -- 0 2 -- 4naOi). (1 1) 

By comparing Equations 2 and 1 1 and making use of  Equations 7 and 8 we equate terms of  the same 
order o f  n for the real and imaginary parts. Then we obtain the following six equations: 

2 - - 2 c q  + c ~ - - c ~ 2 - - 0 ~  +022 - 2d~) n 4__s (12) 
6c 5 

L Go 
-- 2a2 -- 20102 + 2ala2 - (13) 

6 6 

401~2 + 4~102 - Ca + 2 d A c  ~ (14) 
6 c6 

G1 
- - 4 0 t e l  + 4~202 - (15) 

6 

(16) 
1 

26 

1 
8ala2 - G2. (17) 

26 

In solving this set of  equations we have to consider two different situations, which are described by the 
sign of  the modulation parameters 6. For a positive value of 6 we are dealing with a pulse that passes the 
modulator when its phase perturbation is at or close to its maximum value. The other situation, given by 
a negative value of  6, corresponds to the passage of  the pulse at or close to the minimum of the phase 
perturbation. The pulse forming at these two different situations is sometimes called the positive and 
negative mode, respectively [4]. The two solutions give different values for al  and as. It turns out that 
the frequency shift r /o f  the centre pulse frequency changes sign by changing the sign of  6. The values of  
the pulse width and pulse-band width as a function of  the detuning frequency do not depend on the 
sign of  6. The two solutions are similar. 

We shall consider here only a positive value of  6. 
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From Equations 16 and 17 we find for the as: 

1 
al - 4X/6 [ -  r + (@~ + G~) 1/211/2 (18) 

and 
1 

0~2 = ; - ~ [ r  + (@a + G~),/z]l/2" (19) 

The sign of a2 depends on the sign of G2. In practical situations with a mode centre frequency close to 
the line centre where G2 is negative we have to use the positive sign in Equation 19, otherwise the 
negative sign. 

For values of ~2 4= 0 we are dealing with a frequency chirp in the light pulse, i.e. in the time domain 
there is a linear frequency shift during the pulse. 

Using Equations 18 and 19 we obtain from Equations 14 and 15: 

1 (T-2dAcot[@2+(@~+G~)'/2]l/2+G, [~2+(~+G~)1/2]'/2 ) 
01 = 2X/6(~2z + G~) 1,2 ~ -  

and (2d / 02 = 2N/6(~22 +G22)1/2 T&cot[--~2 +(@22 + a 2 )  1/211/2 +G1[~2 + (@~ +G#) 1/211/2 

(20) 

(21) 

where the upper and lower signs refer to, respectively, the positive and negative values of G2, and 

C 
Acot = &co- ~ @,. (22) 

For mode-locking at the ideal situation we have Aco t = 0. The mode with the highest intensity must be 
found for n = 0, so that according to Equation 9 02 must be equal to zero. This condition gives us the 
relation between Aco t and the position of the pulse centre frequency with respect to the line profile. 
Setting 02 = 0 we obtain from Equation 21 : 

2d [@2 q''- (@2 _.[_ G,~) l /2]  1/2 
--c &wt = =~ G1 [-- @2 + (@~ + G~)x/2]I/= . (23) 

From this equation it is readily seen that for G2 = 0 at the lower frequency side of the profile, where ~2 
is positive, the detuning &cot goes to infinity. This means that by detuning the system for positive values 
of &co t the centre frequency of the pulse will never be smaller than the frequency for which G2 at the 
lower frequency side of the profile becomes zero. For negative values of ACO t the centre pulse frequency 
moves onto the higher frequency part of the profile. It is also seen from Equation 23 that for Aco t = 0 
the value of ~2 must be zero, i.e. the pulse centre frequency coincides with the line centre. The fre- 
quency shift from the ideal situation is not given by &co t, because by detuning the system the pulse 
centre frequency moves away from the line centre, so that the gain at the line centre has to increase in 
order to balance the cavity losses and accordingly @1 will increase. The detuning from the ideal situation 
&coast is then given by: 

r 
Acoaet = Acot + A ~-~ ffl (24) 

where A [c/(2d)] @ 1 is the change of (c/2d)ffl with respect to the ideal situation. It turns out that as 
ACOde t decreases from the zero value the centre frequency of the pulse shifts continuously to higher 
frequencies on the high frequency side of the line profile. Furthermore there is only a small frequency 
range for negative detuning as compared to positive detuning, provided there is sufficient gain in the 
medium. 
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The gain of the system for the pulse can be obtained from Equation 13. Substituting Equations 18-20 
and 02 = 0 we find: 

Co = L +  8(qd + C )1/211'2 + a s  (25) 
8 

The pulse form can be obtained by summing the field over all modes. Thus the total field is given by 

Eto t = ~ E nexp [i(g2 o + n w  m+~)t+i(~n]. 
n 

Making use of Equation 9 we get: 

(26) 

Etot = E0 [ exp i(f2 o + ~)t] ~ exp (--c~n 2 + iOn + incomt ). (27) 
n 

In order to calculate the radiation intensity we have to take EtotEt*ot. The summation over the modes is 
straightforward. For simplicity we increase the time by 01/6o m. In other words we substitute 

t' = t + 01/(-~ (28) 

and omit the prime in the final result. We then find: 

EtotE~o t = C 2 exp ( C~ \-- ~ ] l  (29) 

where 

Because the time duration of the pulse is small it turns out that C can be considered as time-independent. 
The pulse-width, defined as the time between half intensity points, is according to Equation 29 given 

by: 

rp = 2__ (In 2) 1/2 [(2a~ + 2o~) /a l ]  1/2. (3 l) 
COrn 

Using Equations 18 and 19 we obtain 

2 ( ~  + G~) 1/" 
rp = - -  (In 2) 1/26 -1/4 

(.Ore [__ t~ 2 q_ (~2 4_ G2)1/2]1/4 " ( 3 2 )  

From Equation 28 we find that the pulse passes through the modulator at an instant At = 01/tOm 
away from the peak of the modulation cycle. So we find that 

A@uls e = -- 01 (33) 

is the phase difference between the modulator and the pulse. (For positive values of A~bp~se the pulse is 
lagging.) 

The frequency band-width AVpuase of the laser pulse is defined as the frequency between half-power 
points of the mode spectrum. From Equations 9 and 18 we get: 

2P m (2 In 2) 1/2 61/4 

A/)pttlse [-- ~/2 q- (~ t/2 -~- G2) 1/2] 1/4' (34) 
where Urn = corn/2rr. 

4. Lorentzian line profile 
The line profile being known, the pulse parameters rp, AVpulse, A~bpulse, G O and rl, being the frequency 
difference betwen the pulse centre frequency and line centre frequency, can be calculated as a function 
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Figure 2 The ratio rpuls e to the round-trip time T of the optical pulse is plotted as a function of the relative frequency 
detuning for L = 0.1, Vm/AU N = 0.04 and two different values of 6. 

of AOOde t by means of Equations 23-25, 31,33 and 34. In order to do these calculations we have to 
know the line-profile parameters as a function of fT. The pressure-broadened line profile of an atmos- 
pheric CO2 laser can be described by a Lorentzian line profile. For this case the single pass intensity gain 
for the nth mode with frequency con + q~ can be expressed by: 

Gn@on-t ' -~) )  = G [1 + 4 (r/+n--~m]2 ] -' (35) 
A('ON ] J " 

The phase retardation of the nth mode for a round-trip through the medium for this medium given by 

fin - 2@ + nOOm) G[1 + 
AOO N t 

Comparing Equation 7 with Equation 35 we find: 

Go = G(1 +p2)-1 

4(r7 + nOOmi2 ] -1 
~-~-N ~] J (36) 

G 1 = -- 2Gpq(1 + pZ)-2 

G2 = 2Gq2(3p 2 -- 1)(1 + p2)-3, 
where 

27? 2w m 
- p and - q 

ACO N AO0 N 

Similarly we obtain by comparing Equations 8 and 38: 

~o = Gp(1 +p2)-i  

ffl = Gq(1 --p2)(1 +p2)-2 

~2 = 2Gpq2(P 2 - 3 ) ( 1  +pZ)-3. 
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Figure 3 The ratio of the pulse band-width to the line width is plotted as a function of the detuning frequency for 
L = 0.3, Vm/Z~v m = 0.04 and for 1 and 2 atmosphere CO 2 laser mixtures. 

By means of  Expressions 37-42  the pulse parameters are calculated for our experimental parameters 
L = 0.3, vm/zflu N = 0.04 and different values of  the modulation parameter 6 as a function of  the fie- 
quency detuning from the ideal situation. The results are plotted in Figs. 2-6.  It is found that the centre 
mode frequency shift ~7 is practically independent of  the modulation depth parameter 6. The results for 

are plotted in Fig. 6 for 6 = 0.2 up to 6 = 1. It should be noted that for the ideal situation, ACOde t = O, 
where p = O, the pulse parameters are easily derived. Substituting Equation 39 for p = 0 into Equations 
32 and 34 we find for ideal mode-locking: 

2 2)1/2 ( G] I/4 l 
zp -- -- (ln (43) \~1 (vmAvN) I:~ 
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Figure 4 The phase difference between the modulator and the pulse is plotted as a function of the detuning frequency 
for L = 0.3, Vm/Z~Vrn = 0.02 and for 1 and 2 atmosphere CO 2 laser mixtures, 
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Figure 5 The single-pass power gain at the |ine centre as a function of the frequency detuning for L -- 0,3, um[Auzz = 
0,04 and for 1 and 2 atmosphere CO= laser mixtures. 
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Figure 6 The ratio of the centre pulse frequency shift to the line width is plotted versus the relative frequency detuning 
for L = 0.3, um/&p N ----- 0,04 and for 1 and 2 atmosphere CO= mixtures, It turns out that this shift is practically 
independent of the modulation depth parameter, 
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and 

&uprose = (2 In 2) ~/2 (PmAPN) t/2. 

These values are the same as those found [4] for a time domain solution of an optical pulse in a 
resonator. 

(44) 

5. Experimental procedure and observations 
The experimental system consists basically of a CO2 TEA laser and a CdTe crystal for electro-optic phase 
modulation. The TEA laser (1 : 2 : 4 mixture) employs two brass uniform field electrodes of 30 cm length 
and a separation distance of 5 mm, shaped according to the paper of Chang [ 12], with k = 0.01. The 
discharge is fed from a Blumlein circuit with a total capacity of 6 nF and a charge voltage of 20 kV. The 
cavity is formed by one total reflecting mirror with a radius of curvature of 2.5 m and a germanium flat 
with a reflection coefficient of  70%. 

The mode-locking occurs by means of active mode-locking with an electro-optic device in order to 
produce the required periodic phase modulation. The modulator consists of  a CdTe crystal with both 
ends AR coated and sizes of 40 x 5 • 5. The modulator is driven by an oscillator that delivers a maximum 
voltage of 2000 V to the crystal. The long term frequency stability of the oscillator was within 10 kHz. 
The modulation frequency at 120.42 MHz was controlled by a quartz crystal. The detuning of the sys- 
tem was performed by just changing the distance between the mirrors while the modulator frequency 
remained fixed at this stabilized frequency. The centre mirror separation distance for ideal mode-locking 
is the distance for which the observed beat frequency of the modes of the system with the modulation 
power switched off is equal to the modulator frequency. 

Although the above analyses have been done for steady-state conditions and the experiments were 
done under pulsed-discharge conditions, we notice that the discharge and inversion duration time is long 
enough to obtain a quasi-stationary condition. The observed pulse train consisted of about 20-30 pulses 
with a duration of about 250 ns. The pulse width at the beginning of the train and at the end of the train 
were practically equal. By detuning the laser system for fixed parameters of electrical input energy and 
modulation depth the pulse form disappears abruptly for a small negative detuning. However, for 
positive detuning the pulse form does not disappear, but the height of the pulses decreases only slightly. 
In contrast to AM the output does not disappear for positive detuning of the system. In Fig. 2 we have 
plotted the pulse duration as a function of the detuning for two different values of ~. In order to be able 
to measure the pulse durations with our detection system (a hot-hole detector with a rise time of 200 ns) 
we had to use small values for the modulation parameter ~. From the figure we see that the detuning is 
asymmetrical and that there is an excellent agreement between the calculated and measured values for 
Tpulse- 

The phase shift of the pulse with respect to the modulation signal was obtained by putting both the 
unchanged modulation signal and the pulse on a dual-beam oscilloscope. The phase shift in which we 
are interested is then simply obtained by subtracting from the observed phase shift on the oscilloscope 
its value for the ideal situation with no detuning. The observed values for gas mixtures of respectively 
1 and 2 atmosphere are plotted in Fig. 4. Again we Fred a very good agreement between predictions 
and observations. 

6. Discussion 
It is seen that the pulse parameters change asymmetrically with the detuning frequency and that the 
negative detuning range is small as compared to the positive detuning, which seems to be unlimited 
provided there is sufficient gain. The asymmetry of the pulse behaviour comes from the asymmetry of 
the dispersion of the active medium. 

The condition to be fulfilled for pulse forming by means of mode-locking is to find a way of obtain- 
ing a constant axial frequency separation equal to the modulation frequency. In any laser system the 
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axial mode frequency spacing is not constant for all modes due to the dispersion of the active medium. 
Further, in the case of pulse forming the gain is not constant for all modes due to the gain profile, so 
that in order to maintain over a period a certain mode amplitude distribution there must be a redistri- 
bution of the amplitudes by passing through the modulator. Both the constancy of mode frequency 
and redistribution of the mode amplitudes can be achieved by a non-linear phase spacing between 
the axial modes, given by a2. By this mechanism the modes with higher and lower frequencies will 
pass the modulator effectively at different times. 

In the case of detuning the 'natural' mode spacing is not equal to the modulation frequency. The 
pulse will now not pass the modulator at the extremes of the phase variation of the modulator, i.e. 
A~bpmse =/= 0. The modulator will then give a Doppler shift to the mode spectrum and therefore also 
to the axial mode separation. The phase difference between modulator and pulse would yield a further 
change in frequency each time the pulse passes the modulator. This, however, is not the case, because 
the position of the mode spectrum with respect to the line profile will be such that after a passage 
through the medium the mode spectrum has suffered an opposite frequency change as compared with 
that caused by the modulator. The modes closer to the line centre suffer more gain than those further 
away from the line centre. This means that the pulse centre frequency, i.e. the frequency of the mode 
having largest amplitude, has changed effectively towards the line centre by passing through the 
medium. Since the frequency shift of the modulator is more or less abrupt and the 'correction' in 
frequency occurs continuously by passing through the medium, the phase difference between adjacent 
modes equal to fow o3 m d t  --- 2rr can be reached during the modulation period. 
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