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Electrowetting-driven oscillating drops sandwiched between two substrates
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Drops sandwiched between two substrates are often found in lab-on-chip devices based on digital microfluidics.
We excite azimuthal oscillations of such drops by periodically modulating the contact line via ac electrowetting.
By tuning the frequency of the applied voltage, several shape modes can be selected one by one. The frequency
of the oscillations is half the frequency of the contact angle modulation by electrowetting, indicating a parametric
excitation. The drop response to sinusoidal driving deviates substantially from sinusoidal behavior in a “stop and
go” fashion. Although our simple theoretical model describes the observed behavior qualitatively, the resonances
appear at lower frequencies than expected. Moreover, the oscillations produce a nonperiodic fluid transport within
the drop with a typical velocity of 1 mm/s. In digital microfluidic devices, where the typical drop size is less than
1 mm, this flow can result in very fast mixing on the spot.
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I. INTRODUCTION

Droplet-based lab-on-chip devices [1] involve manipulation
of discrete droplets confined to microchannels or sandwiched
between two hydrophobic substrates. In this article, we study
oscillations of a sandwiched drop excited by electrowetting
on dielectric (EWOD) [2]. The sandwiched drop oscillates
in different azimuthal shape modes which are comparable to
those of gravitationally flattened drops (puddles). They both
demonstrate star-shaped oscillations. Oscillations of puddles
[3–11] can be excited spontaneously by placing them onto a
hot surface, as first reported by Holter [3]. These oscillations
can also be excited by applying a periodic acceleration field
to the droplet, for example by direct mechanical vibrations or
using surface acoustic waves [12]. The periodic acceleration
is equivalent to that of varying gravity and results in a
time-varying radius. This causes the resonance frequency for
the free oscillations to become a function of time, which in
turn leads to a parametric forcing [7]. Various theoretical
formulations exist that describe such parametrically driven
oscillations [13]. Characteristic of these oscillations is their
frequency, which is half the frequency of excitation.

Unlike the puddles where excitation is often mechanical, the
star-shaped oscillation modes which we describe in this article
are excited purely electrically. By tuning the frequency of the
applied voltage, different modes can be selected one by one.
The amplitude-frequency relation of the oscillations matches
our simple theoretical model, which excludes any nonlinear
effect. Also in this case the drops oscillate with half the
frequency of the contact line excitation. The resonant modes
appeared at substantially lower frequencies compared to the
ones predicted by the model. These deviations in the resonance
frequency were different from sample to sample but small
when low hysteresis substrates were used. We also observed
stick-slip motion of the contact line during the oscillations.
Additionally, a net nonperiodic flow is observed within the
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oscillating drops. This can be a promising tool for on the spot
mixing in digital microfluidic devices.

II. EXPERIMENT

We used glass substrates coated with a conducting indium-
tin-oxide (ITO) layer, an insulating dielectric film of SU8, and
on top of that a hydrophobic Teflon layer that suppresses the
pinning of the contact line giving enough slip to the oscillating
drop. The total thickness d of the SU8 and Teflon coating is
5 μm. The contact angle of water on the Teflon surface was
108◦ ± 2◦ and the contact angle hysteresis ranged between 5◦
and 15◦. A drop of water, containing 10 mM KCl and with
a typical volume 0.5 μL, was placed between the two glass
substrates. The gap between the glass substrates had a height
h as defined by the thickness of the parafilm separation layer,
which ranged from 100 to 450 μm. The experimental setup
is illustrated in Fig. 1. An rms voltage difference of 150 V
(resulting in an average contact angle of 80◦) was applied to the
substrates. The frequency of the applied voltage is swept from
typically 10 Hz to 1 kHz with a rate of 8 Hz/s. While sweeping
the frequency, the shape oscillations of the drop were recorded
using a CCD camera with a frame rate of 10 fr/s. Additionally,
the oscillations of the drop at different fixed frequencies were
recorded using a fast camera (Photron) at a typical frame rate
of 6000 fr/s. In all cases, the drops were recorded in bottom
view. The shape of the drop was extracted from the recorded
images using a homemade MATLAB code.

III. RESULTS

A. Shape modes

Different oscillating shape modes are observed depending
upon the frequency of the applied voltage. At low voltage,
the drop did not oscillate. When the voltage is increased
above 100 V, the drop depins from the substrates and starts to
oscillate. The bottom view images of the different oscillation
modes of the drop are shown in Fig. 2. The n = 1 mode is
not shown because it is just a translation. By sweeping the
frequency, the drop shape gradually passes through several
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FIG. 1. (Color online) Illustration of the experimental setup. The
values of h, d , and R are given in the text. The arrow represents the
direction of observation.

modes from n = 2 to 8. We model the drop shape oscillations
as described in the following section.

B. Modeling the shape modes

The full modeling has been described in the Appendix. In
short, we consider a sandwiched drop of height h, radius R,
density ρ, viscosity η, and surface tension γ . Gravity and the

(a) (b)

(c) (d)

(e) (f)

(g) (h)

1 mm

FIG. 2. Observed drop shapes corresponding to the different
resonant modes, n. Images (a)–(h) represent drop shapes at modes
1,2, . . . ,8 at f = 0, 25, 54, 128, 211, 300, 404, and 464 Hz,
respectively.

nonlinear terms in the Navier-Stokes equation are neglected.
Moreover, we assume the Hele-Shaw approximation, so the
vertical component of velocity �v is taken as zero and the
flow profile in this direction is parabolic. Hence, the resulting
equation of motion reads in cylindrical coordinates,

ρ
∂

∂t
�v(r,φ,t) = −∇P (r,φ,t) − 12η

h2
�v(r,φ,t). (1)

The pressure P inside the drop can be determined indepen-
dently by solving the Laplace equation, ∇2P = 0. The general
solution for the pressure is given by

P (r,φ,t) = p0(t) +
∞∑

n=1

pn(t) (r/R0)n cos(nφ + δn). (2)

The time-varying coefficients pn are determined from the
pressure at the rim of the drop, which is balanced by the
Laplace pressure due to the curvature of the interface and the
pressure due to external driving. The curvature is calculated
from the radial displacement along the azimuthal angle φ only,
because the curvature along the height of the drop is assumed
to be independent of φ. Substituting P in Eq. (1), one can
solve the shape of the drop as the sum of a series of oscillation
modes,

Rrim(φ,t) = R(t) +
∞∑

n=1

cn(t) cos(nφ + δn), (3)

where cn is the amplitude of mode n. A general expression
for small cn values which neglect any nonlinear effect can be
obtained by solving the differential equation

c̈n + 1

τ
ċn + ω2

ncn = 0, (4)

where ωn = ω0

√
n(n2 − 1) is the natural frequency of mode

n, ω0 =
√

γ /ρR3, and τ = ρh2/(12η) is the relaxation time
due to viscous dissipation as described in the Appendix.

In our device, the oscillations are induced by an externally
applied electric field. The voltage applied on the electrodes
produces periodic disturbances to the drop contact line by
ac (alternating current) electrowetting. In electrowetting, the
applied voltage pulls the contact line outward, consequently
decreasing the contact angle θ of the drop as described by the
Young-Lippmann equation,

cos θ (t) = cos θ0 − εU 2(t)

2dγ
, (5)

where θ0 is the equilibrium contact angle, ε is the permittivity
of the dielectric layer, and U (t) = U0 sin(ωUt) is the applied
ac voltage. The periodic forcing at the contact line by ac
electrowetting results in a pressure modulation at the rim of
the drop, which will vary in the azimuthal direction, due to
imperfections, or pinning sites, on the substrates. A general
expression of this pressure modulation can be written as

P (el)(φ,t) =
∞∑

n=1

p(el)
n (t) cos(nφ), (6)

where p(el)
n (t) = p̂(el)

n eiωt is the time-varying pressure compo-
nent that oscillates with frequency ω = 2ωU because cos θ (t),
and thus the Laplace pressure variation, is proportional to U 2.
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The amplitude cn of the driven oscillations is determined by
the transfer function

Tn(ω) = ρRω2
0

∣∣cn/p̂
(el)
n

∣∣
= n√

[(ω/ω0)2 − n(n2 − 1)]2 + [
ω/

(
τω2

0

)]2
. (7)

Therefore, when we ramp the frequency from 0 to 2 kHz, the
drop oscillations pass through many modes whose amplitudes
are described by Eq. (7).

C. Characterization of oscillations

The drop shape is extracted from the recorded images by
collecting the Cartesian coordinates (xn,yn) of N points on
the rim. From the (xn,yn) list, first the center of mass is
calculated. Next, the radius rn and angle φn are calculated
from the extracted data points by considering the center of
mass of the drop as the origin. Using these r and φ values,
the average radius R and the coefficients cn are calculated
as explained in the Appendix. In any recorded shape, all cn

values for n up to infinity are present. However, when the drop
oscillates in a particular shape mode, all the cn values except
for that particular mode are small. By inserting the calculated
values of R and cn in Eq. (3), we can reconstruct the measured
shape of the drop as shown in Fig. 3.

Once the values of cn and R have been determined, the
normalized amplitudes cn/R of the oscillations are calculated.
They are plotted in Fig. 4 as a function of the frequency
f = ω/2π . The peak of the curve corresponds to the eigen-
frequency fn = ωn/2π of mode n. For each mode, Eq. (7)
has been fitted to the measured ratios cn/R with fn = ωn/2π

and Qn = τωn as fitting parameters. Here, fn determines the
position of the peak and Qn the width of the peak. The fitted
values have been plotted versus mode number in Fig. 5. Fitting
the expressions fn = f0

√
n(n2 − 1) and Qn = Q0

√
n(n2 − 1)

to these points, we obtain f0 = 59 Hz and Q0 = τω0 = 0.48;
see the lines in Fig. 5.

FIG. 3. (Color online) Boundary of a drop oscillating in the n = 3
mode. The red dots are the measured data points. The curves are the
calculated boundaries by using cn and R obtained from the measured
data points as described in the main text: n = 0 (circle), n = 0,1,2,3
(thin red line), and n = 0,1,2, . . . ,10 (thick blue line).
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FIG. 4. (Color online) The amplitude of oscillations vs the fre-
quency of the applied voltage for eigenmodes n = 2 (red diamonds),
3 (green up-triangles), 4 (dark blue circles), and 5 (light blue
down-triangles). The line is a fit to the data using Eq. (7). A
maximum in the amplitude corresponds to the resonance frequency.
The height and equilibrium radius of the drop were 100 ± 20 μm
and 0.58 ± 0.05 mm, respectively. The contact angle hysteresis of
the substrate was about 5◦.

The values of f0 and Q0 can be calculated using the
relations given below Eq. (4). With η = 1 m Pa s, ρ =
103 kg/m3, and γ = 0.07 N/m, we obtain f0 = 95 ± 10 Hz
and Q0 = 0.50 ± 0.2.

As we can observe from Fig. 5, the measured values for
the quality factors are in good agreement with the calculated
values. However, the resonance frequencies obtained from the
measurements (the fitted values) are well below the calculated
ones. We investigated this deviation with many different drops
having different radius and height, observing a similar effect.
The deviation varied from experiment to experiment. When the
hysteresis of the contact angle on the surface is large (∼15◦),
the deviation is also relatively large while the oscillation
amplitude is small and a higher voltage is required to start

FIG. 5. (Color online) The resonance frequencies fn = ωn/2π

(blue filled circles) and quality factors Qn = τωn (red filled squares)
of mode 2 to 5 as obtained from Fig. 4. The open symbols with
error bars represent the model predictions for h = 100 ± 20 μm and
R = 0.58 ± 0.05 mm, respectively. The lines are the best fit to the
data points from Fig. 4.
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FIG. 6. (Color online) Displacement vs time for the dominating
modes 2–5 in panels (a)–(d), respectively. The frequency f of the
applied voltage was (a) 80 Hz, (b) 220 Hz, (c) 370 Hz, and (d)
640 Hz. The oscillations contain small contributions from all other
modes. Contributions of the modes up to n = 8 are shown. The
height and radius of the drop were 200 ± 20 μm and 0.6 ± 0.05 mm,
respectively.

the oscillations. In contrast, with fresh surfaces having a low
hysteresis (∼5◦), the deviation is small and oscillations have a
larger amplitude for a given voltage.

To investigate the dynamics of the oscillations, we recorded
the shape evolutions of a drop (R = 0.6 mm) with time while
a fixed sinusoidal frequency was applied. This frequency
was chosen such that the drop oscillates in one of the
dominant shape modes. The measured oscillation amplitudes,
normalized by the equilibrium radius, are given in Fig. 6
for n = 2 [panel (a), f = 80 Hz], 3 [panel (b), 220 Hz],
4 [panel (c), 370 Hz], and 5 [panel (d), 640 Hz]. It can be seen
that in a particular shape mode, other modes also contribute.
We examined all the modes up to n = 8. Contributions from
the nonresonant modes are in fact very small, as shown in
Fig. 6. From Fig. 6, and also Fig. 4, it is clear that the

oscillation amplitudes decrease with increasing n. Moreover,
the oscillations are not purely sinusoidal, as noticed for n = 2
and 3 in Figs. 6(a) and 6(b). The amplitude increases sharply,
stays almost constant for a while, and then decreases. This
indicates that the contact line is pinned for a while during
oscillations. A fast Fourier transform (FFT) analysis reveals
(data not shown) small contributions from higher frequencies.
For example, an FFT analysis for the n = 2 mode in Fig. 6(a),
which was driven at 80 Hz, oscillates at 78 ± 3 Hz also with a
relative contribution of 12% from the n = 3 mode at 250 Hz.
Similarly, the n = 3 mode, driven at 220 Hz, oscillates at
234 ± 11 Hz with a relative contribution of 14% from the
n = 5 mode at 650 Hz. The n = 3 and 4 modes oscillate
with a frequency of 374 ± 21 and 631 ± 60 Hz, respectively.
With increasing mode number, the oscillations become more
sinusoidal and contributions from higher frequencies are
negligible, so they cannot be detected [see Figs. 6(c) and 6(d)].

IV. DISCUSSION

In electrowetting, the electrostatic force at the contact
line depends on the square of the voltage. Therefore, the
contact line moves outward both in the positive and negative
half of the voltage cycle. This means that a voltage with
an angular frequency ωU perturbs the contact line with a
frequency ω = 2ωU . However, our measurements (Fig. 6)
show that the drop oscillates with half the driving frequency,
i.e., with ω = ωU . This implies that the drop is not directly
driven by electrowetting but by some other (most probably
parametric) forcing which is induced by electrowetting. A
possible explanation could be a periodic variation of the
average radius R of the drop [10]. In the linear theory as
presented, R is constant and the cn values are supposed to be
small with respect to R. But in fact, the amplitudes cn/R can
be of the order 0.5. In that case, the average radius must vary
too, due to volume conservation of the drop:

V = πhR2 + 1

2
πh

∞∑
n=1

c2
n(t).

Therefore, one can represent R as a time-varying quantity
of the form R = R0 + δR cos(2ωt), where R0 is the mean
value of R and δR is the perturbation in R. Substituting this
expression in ωn and omitting the higher-order terms, one
obtains

c̈n + 1

τ
ċn + ω2

n [1 − 3δ cos(2ωt)] cn = 0, (8)

where δ = δR/R and ωn is the natural frequency of the
drop for R = R0. This is a classical parametric oscillation
equation [10,14]. Taking the forcing frequency close to 2ωn,
a general solution of Eq. (8) can be written in the form
cn(t) = eat cos(ωt), where eat is exponentially growing if
a > 0. Hence, cn increases with time and parametric oscilla-
tions are excited when δ > 2/(3ωnτ ) [14]. The parametric res-
onances occur at frequency ωn while the contact line is excited
at 2ωn.

The deviations in the measured and the calculated resonance
frequencies show a weak connection to the contact angle
hysteresis. The deviations are more pronounced at lower
oscillation modes. This means that the deviation is not a fixed
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factor but depends on the oscillation dynamics itself. These
observations led us to the assumption that the deviations in the
resonance frequencies are caused by the stick-slip motion of
the contact line on the substrate. Since the sandwiched droplet
has two contact lines, i.e., on upper and lower substrates,
pinning effects can be considerable. It is well known that
electrowetting reduces contact angle hysteresis [15–17]. While
the dependence on the drive amplitude is well-characterized,
the frequency dependence is more complex and involves
resonances of the free liquid surface [15,17]. In the present
case, the relevant free surface is most likely the free surface
between the two substrates, which was recently shown to affect
the dynamics of contact lines [18]. A quantitative incorporation
of these effects into the present model is, however, beyond the
scope of the present work.

Deviations in the resonance frequency of oscillating drops
due to surface roughness [19–21] and substrate constraints
[22,23] have been reported in the literature. But none of
these references reports such substantial deviations as we
have observed. Experiments with flat drops found in the
literature which have been carried out without sandwiching
them between two substrates [4–11] show no deviations in the
resonance frequency. In those experiments, the drop-surface
interactions were very small, because the drop was either
vertically vibrated or placed on a hot surface exploiting the
Leidenfrost effect [24]. A theoretical study on cylindrical drops
sandwiched between two solid planes reports a substantial re-
duction in the resonance frequencies with increasing hysteresis
due to increasing surface roughness [25]. The influence of
the contact line hysteresis on the oscillations and the shifting
of the resonance frequencies to lower values, i.e., the drop
oscillation with stick-slip motion of the contact line, can still
be investigated further.

Moreover, we observed a nonperiodic net transport of
fluid in the drop during the oscillations. This could be
further explored for efficient mixing in digital microfluidic
devices. In microfluidics [26], mixing is fully determined
by diffusivity due to the low Reynolds numbers associated
with the flow. Since diffusion is a relatively slow process,
fast mixing inside drops is a challenge in microfluidics. In
the literature, various ideas for enhanced mixing have been
explored; see the review by Suh et al. [27]. Mixing in
shaken sessile drops by EWOD [2,28–33] is enhanced due
to a “Stokes-drift”-like mechanism by the capillary waves on
the liquid-air interface [31]. However, these methods are not
suitable for sandwiched drops due to the reduced liquid-air
interface. In this regard, Paik et al. have demonstrated droplet
mixing using EWOD by fusing drops and then moving them
back and forth on a linear array of electrodes [34]. Recently,
Lee et al. demonstrated mixing in electrowetting droplets in a
sandwiched configuration by driving them at different resonant
and at alternating driving frequencies [35].

In our experiments, the average speed of the nonperiodic
drift of the fluid was measured to be 2.1 ± 0.5 mm/s.
Consequently, within half a second the particles travel across
the diameter of the drop. This fast motion will result in a very
fast mixing on the spot. The particle trajectories are seen in
the image of the drop oscillations in Fig. 7. We suppose that
the drift of the fluid is due to the observed random fluctuations
of the center of mass of the droplet during the oscillations.

FIG. 7. An image of the oscillations of a sandwiched drop
obtained by stacking the consecutive frames of the movie. The drop
oscillates in time between the two overlaid three-lobe shapes. The
tracer particles oscillate along with the liquid. However, in addition
they show a net displacement characterized by the dark trajectories
inside the drop. The height and radius of the drop were 100 ± 20 μm
and 0.6 ± 0.05 mm, respectively.

Further, numerical calculations are required to confirm the
mechanism that drives the internal drop flow.

Since the oscillation modes can simply be selected by
changing the frequency, several options can be checked for
enhancing the mixing flows, e.g., applying different wave
forms or fast sweeping of the frequency between two modes
of oscillations. Applying a noisy (random frequencies) voltage
would be like electrically shaking the droplet without any
mechanical intervention.

V. CONCLUSION

We have shown that a drop sandwiched between two
hydrophobic glass plates can oscillate in different shape modes
when driven by electrowetting. These modes can be explained
by a simple linear flow model. Surprisingly, we observed
that the drop oscillates with a frequency half of that of the
driving frequency. The observed oscillations are not fully
sinusoidal varying in time. Although our model describes
the observed behavior qualitatively quite well, the resonance
behavior deviates from our model prediction and also from
that of free, gravity-dominated drop oscillations, presumably
due to the influence of contact line hysteresis. Moreover, we
demonstrated the existence of flows inside the drop. This
can possibly be used for “on the spot mixing” in digital
microfluidics.
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APPENDIX

1. Equations of motion

To analyze the problem, we start with the Navier-Stokes
equation in cylindrical coordinates. We assume that the
velocity component uz perpendicular to the substrates is
zero. We also neglect gravity and the nonlinear terms. The
height-averaged equations of motion are then given by

ρ
∂vr

∂t
= −∂p

∂r
− 12η

h2
vr, (A1)

ρ
∂vφ

∂t
= − ∂p

r∂φ
− 12η

h2
vφ, (A2)

where v is the height-averaged velocity, ρ is the density of the
fluid, η is its viscosity, and p is the local pressure inside the
drop. Here we assumed that the height between the substrates
is much smaller than the drop radius: h � R, resulting in a
parabolic flow profile between the substrates. Moreover, we
write the continuity equation as

∂(rvr )

∂r
+ ∂vφ

∂φ
= 0. (A3)

From the preceding three equations, one can derive that

∇2p = 1

r

∂

∂r

(
r
∂p

∂r

)
+ 1

r2

∂2p

∂φ2
= 0. (A4)

2. Calculating the pressure, p

The solution of the preceding equation can be obtained by a
separation of variables. It gives an infinite number of solutions,

p(r,φ) = p0 +
∞∑

n=1

[pn(r/R)n + p′
n(r/R)−n] cos(nφ + δn).

The coefficients p′
n should be zero to prevent the pressure from

diverging for r → 0. Hence,

p(r,φ,t) = p0 +
∞∑

n=1

pn(t)(r/R)n cos(nφ + δn), (A5)

where the coefficients pn and δn should be determined from
the pressure at the boundary r = R, which is related to the
curvature via the Laplace pressure.

3. The shape of the drop

Substituting Eq. (A5) in the equations of motion, Eqs. (A1)
and (A2), one obtains

ρ
∂vr

∂t
+ 12η

h2
vr = −

∞∑
n=1

npn(t)

R
(r/R)n−1 cos(nφ + δn),

(A6)

ρ
∂vφ

∂t
+ 12η

h2
vφ =

∞∑
n=1

npn(t)

R
(r/R)n−1 sin(nφ + δn).

(A7)

Writing the local displacement as

ur =
∞∑

n=1

cn(t) (r/R)n−1 cos(nφ + δn), (A8)

uφ = −
∞∑

n=1

cn(t) (r/R)n−1 sin(nφ + δn), (A9)

such that vr = u̇r and vφ = u̇φ , we obtain a differential
equation for the coefficients cn,

c̈n + 1

τ
ċn = −npn(t)

ρR
, (A10)

where τ = h2ρ/(12η) is the relaxation time due to the viscous
dissipation inside the drop.

The shape function Rrim(φ) of the deformed drop can be
obtained in first order of ur and uφ from Eq. (A8):

Rrim(φ) = R + ur (R,φ) = R +
∞∑

n=1

cn(t) cos(nφ + δn).

(A11)

From Rrim(φ), the local curvature and hence the Laplace
pressure can be calculated. The curvature can be approximated
in first order as

κ = R2
rim + 2(∂φRrim)2 − Rrim∂2

φRrim[
R2

rim + (∂φRrim)2
]3/2

= (
R − ur − ∂2

φur

)
/R2. (A12)

The pressure at the rim of the drop is the sum of
the Laplace pressure and the external pressure, caused by
the electrowetting effect: pB(φ) = γ κ(φ) + p(el)(φ). Using
Eq. (A12), we can write pB(φ) as

pB(φ) = γ

R2

(
R +

∞∑
n=1

(n2 − 1)cn(t) cos(nφ + δn)

)
+ p

(el)
0

+
∞∑

n=1

p(el)
n cos(nφ + δn)

or

pn = γ

R2
(n2 − 1)cn + p(el)

n . (A13)

In principle, the electrowetting contribution to the pressure
is independent of φ, but impurities and pinning sites on the
substrate modify the local strength of the electrowetting and
cause a φ dependence. This is taken into account by the p(el)

n

terms for n > 0. Substituting Eq. (A13) in Eq. (A10), we obtain

c̈n + 1

τ
ċn + ω2

ncn = −np(el)
n (t)

ρR
, (A14)

where ωn = ω0

√
n(n2 − 1) and ω0 =

√
γ /(ρR3). The profiles

given by Eq. (A11) can be compared with the experimentally
observed profiles; see Figs. 2 and 3. Mode n = 1 does not
lead to any shape modulation because it represents a pure
translation of the drop.

When driven by ac electrowetting, the driving pressure can
be written as

p(el)
n (t) = p̂(el)

n exp(iωt) (A15)
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with i =
√

−1, and when ω is close to one of the ωn values,
the drop will oscillate in that mode n as described by Eq. (A11)
and illustrated in Fig. 2. Substituting Eq. (A15) in Eq. (A14),
we obtain for the transfer function Tn(ω) = ρRω2

0 |cn/p̂
(el)
n |,

Tn(ω) = n√
[(ω/ω0)2 − n(n2 − 1)]2 + [

ω/
(
τω2

0

)]2
. (A16)

4. Experimental determination of the drop shape

A general expression for the radius of a sandwiched drop
oscillating at frequency ω is given by

Rrim(φ,t) = R +
∞∑

n=1

[Ancos(nφ) + Bnsin(nφ)]cos(ωt),

(A17)

where R is the equilibrium radius and φ is the azimuthal angle
(see Fig. 3). The coefficients An and Bn can be determined
using the orthogonality conditions,∫ 2π

0
Rrim(φ)cos(lφ) = δlnAnπ, (A18)∫ 2π

0
Rrim(φ) sin(lφ) = δlnBnπ, (A19)

where δln is the Kronecker delta function. The coefficients are
given by

An = 1

π

∫ 2π

0
Rrim(φ)cos(nφ)dφ, (A20)

Bn = 1

π

∫ 2π

0
Rrim(φ)sin(nφ)dφ, (A21)

R = 1

2π

∫ 2π

0
Rrim(φ)dφ. (A22)

The amplitude of oscillation of the mode n is given by cn =√
A2

n + B2
n .

To calculate the coefficients An, Bn, and R from the set
of measured data points (xi , yi) of the boundary of the drop,
we start by finding the center-of-mass coordinates of the drop.

The coordinates can be calculated numerically as

xcm = 1

D

N−1∑
i=1

xiyi(xi+1 − xi),

ycm = 1

2 D

N−1∑
i=1

y2
i (xi+1 − xi),

with

D =
N−1∑
i=1

yi + yi+1

2
(xi+1 − xi),

where i = 1,2,3, . . . ,N , with i = 1 and i = N being the
same data point. A1 and B1 are used to correct (xcm,ycm).
By taking (xcm,ycm) as the origin, the coordinates (φi,ri) can
be calculated as

ri =
√

(xi − xcm)2 + (yi − ycm)2,

φi = arctan[(yi − ycm)/(xi − xcm)].

To evaluate Eqs. (A20)–(A22), the N data points
(φi,ri) describing the shape of the drop are numerically
integrated:

An = 1

π

∫ 2π

0
Rrim(φ) cos(nφ)dφ

= 1

π

N−1∑
i=1

∫ φi+1

φi

(ri+1/2 + φr ′
i+1/2)cos(nφ)dφ,

which can be expanded as

An = 1

π

∑
i

1

2
(ri + ri+1)

∫ φi+1

φi

cos(nφ)dφ

+ 1

π

∑
i

(
ri+1 − ri

φi+1 − φi

) ∫ φi+1

φi

φ cos(nφ)dφ.

In a similar way, R and Bn are determined for the different
modes, n. Substituting the above-determined An, Bn, and
R from the experimental data into Eq. (A17), the measured
profile can be reproduced. An example is given in Fig. 3.
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