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Global Exponential Stabilization of a Two-Dimensional
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Abstract—In this study, a nonlinear PDE pool-boiling model of two spa-
tial components (2D) is considered. An output-based P-control law is ap-
plied to stabilise unstable equilibria of the system. Subsequently, the local
and global stability of the closed-loop system are analyzed and the respec-
tive regions in parameter space where local and global exponential stability
can be obtained are determined.

Index Terms—Global exponential stability, Lyapunov analysis, non-
linear, PDE, pool-boiling.

I. INTRODUCTION

The everlasting desire to produce smaller and more powerful chips,
has made an efficient heat removal mechanism an indispensable part
of the design. Computer and electronics manufacturers have reached
a stage where forced single-phase liquid cooling does not suffice any-
more [1]. Key objective is maintaining device temperatures within op-
erating limits under highly-dynamic conditions. Boiling heat transfer
is the pre-eminent heat transfer mechanism to solve this problem, as it
allows for cooling capacities substantially beyond that of conventional
methods [2]. Moreover, as boiling heat transfer happens at constant
temperatures, irrespective of the heat flux, it can also solve thermal con-
ditioning issues in electric vehicles (EVs) [3], [4] and semiconductor
manufacturing [5], [6].
However, full exploitation of boiling heat transfer for thermal man-

agement is severely limited by the risk of “burn-out”, the sudden for-
mation of a vapour blanket on the heating device that leads to a cata-
strophic temperature jump and, in consequence, an abrupt collapse of
the cooling capacity [7]. Insight into the complex boiling dynamics un-
derlying “burn-out”,which occurs upon exceeding the so-calledCritical
Heat Flux (CHF), and ways to actively control it is imperative to over-
come this hazard. This motivates the present study, which aims at sta-
bilization of unstable modes in boiling heat transfer applications under
dynamic conditions. The present study expands on [8]–[10] by applying
a standard controller, i.e., an output-based P-controller, to the 2D non-
linear system that describes the boiling process induced by the device.
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Fig. 1. Schematic representation of a pool-boiling system.

Global exponential stability of the infinite-dimensional system is estab-
lished by means of a Lyapunov analysis. stabilization is to be accom-
plishedbyuniform adjustment of the heat supply to the system.This heat
supply represents the heat produced by the to-be-cooled device [11].
Pool boiling serves as physical representation for cooling applica-

tions based on boiling heat transfer. It consists of a heater that from
below brings to boil a fixed body of liquid by natural convection. Fig. 1
shows a typical implementation, i.e., a so-called thermosyphon, em-
ployed for micro-electronics cooling [12]. Pool boiling is characterised
by three boiling regimes through which the system progresses with
increasing temperature on the fluid-heater interface: nucleate, transi-
tion and film boiling [13]. Nucleate boiling has by far the highest heat-
transfer coefficient and is the desired state for cooling. If the heat supply
exceeds the CHF, passing through the intermediate state of transition
boiling, it gives way to film boiling. This transition is highly unstable
and causes a sharp increase in temperature and decrease in heat flux due
to the sudden formation of a thermally-insulating vapour film on the
fluid-heater interface that heralds the stable film-boiling state [7]. Tran-
sition thus leads to collapse of the cooling capacity by a dramatic jump
in temperature and must be avoided in practical cooling systems [13].
This paper is organised as follows. In the following section,

Section II, the 2D nonlinear model is introduced and its equilibria and
stability behaviour are recapitulated. Application of an output-based
P-control law and a Lyapunov analysis to establish global exponential
stability of the closed-loop system is discussed in Section III. In
Section IV, the characteristic equation that governs the closed-loop
poles of the system linearized around the equilibria of interest is
derived. Section V gives a recapitulation of the regions in parameter
space where the respective properties can be established. Conclusions
and outlook are given in Section VI.

II. POOL-BOILING MODEL AND ITS PROPERTIES

In this section the heater-only model proposed by [14] is introduced.
Furthermore, the analysis regarding the equilibria and their stability
properties as done in [14], [15] is recapitulated.

A. Pool-Boiling Model Description

The heat transfer within the two-dimensional (2D) rectangular heater
, see Fig. 2, is considered. Its boundary conditions

are given by and comprises the following
boundary segments: (i) : (constant heat supply extended
with an additional heat supply, i.e., the system input); (ii) :
(adiabatic sidewalls); (iii) : (nonlinear heat extraction by
the boiling process as a function of the heater temperature). The heat
transfer within is modelled by

(1)
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Fig. 2. Heater configuration of non-dimensional model.

Fig. 3. Heat-flux function (heavy line) adopted from [14] and normalised heat
supply (dashed line).

where the field is the non-dimensional temperature
excess beyond the saturation temperature of the fluid and
and . The boundary conditions to this PDE are given by

(2)

where is the nonlinear heat-flux function depicted in Fig. 3.
Its functional form is adopted from [14]. Furthermore,

is the distribution of the temperature excess at the fluid-
heater interface. The nondimensional system parameters are and ,
corresponding with the nondimensional heater conductivity and diffu-
sivity, respectively, , the aspect ratio of the heater and , the ratio
between the CHF and the constant heat supply. These parameters are
non-zero and positive and their derivation is discussed in full detail in
[14]. In Fig. 3 the normalised local heat flux function (heavy
line) is given together with the constant normalised heat supply, given
by , for (dashed line). Physical considerations suggest

, meaning that the model effectively has only three
independent parameters, viz. , (heater properties) and (heating
conditions).
The function comprises three distinct regimes that corre-

spond to one of the local boiling modes and associated mesoscopic1

boiling states: nucleate boiling (left of local maximum;fluid-rich state);
transition boiling (in between both extremes; transitional state); film
boiling (right of local minimum; vapor-rich state).

B. Equilibria and Their Stability

An extensive exposition on the steady states of the 2D heater-only
model and their stability properties is furnished in [14], [15]. Below a
concise recapitulation is provided.
Steady states of (1) for are found via applica-

tion of the method of separation of variables to the Laplace equation

1Here mesoscopic means locally averaged in space and time over intervals
larger than bubble dimensions and bubble lifetimes so as to smooth out micro-
scopic short-term fluctuations [7].

Fig. 4. Fluid-heater interface temperature of the equilibria that exist for
, and (and ). Solid lines correspond with the

three homogeneous equilibria in the respective boiling regimes. Dashed lines
correspondwith the original heterogeneous equilibria, while dashed-dotted lines
with their conjugate solutions.

. This yields a (formal) solution to the steady-state form of
(1), given by

(3)

with coefficients the spectrum of the Fourier cosine expansion

(4)

of the temperature at the fluid-heater interface . These coefficients
are determined by the nonlinear Neumann condition on , upon sub-
stitution of (3) leading to

(5)

for all . Relation (5) is the characteristic equation that
determines the particular properties of the steady states of (1) via their
Fourier-spectrum . If for , implying the equilibrium is
uniform in -direction, (5) simplifies to , meaning
that coincides with the intersection(s) between the boiling
curve (solid line Fig. 3) and the normalised heat-supply (dashed line
in Fig. 3). Here the left and right intersections correspond to stable
nucleate and stable film boiling, respectively. The middle intersection
corresponds to unstable transition boiling. These three equilibria
are termed the homogeneous equilibria, as they are uniform in the
-direction. All other equilibria are non-uniform in the -direction,
i.e., for at least one and are hereafter named the
heterogeneous equilibria. Due to the symmetry of the system con-
sidered, heterogeneous equilibria, given by (3), always emerge as
pairs of solutions. Therefore, each heterogeneous equilibrium is said
to have a conjugate equilibrium, given by . The spectrum

of a heterogeneous equilibrium is always dominated by one
specific Fourier-cosine mode, hence, their denotation by the mode-i
equilibrium (with i the mode that dominates the equilibrium), see [10].
Heterogeneous equilibria only exist in specific regions of parameter
space. In Fig. 4 the homogeneous and the heterogeneous equilibria for
the specific heater , and are shown.
Principal objective of this study is establishing conditions for global

exponential stability of these inherently unstable equilibria.

III. NONLINEAR ANALYSIS OF CLOSED-LOOP SYSTEM

stabilization of the unstable equilibria is to be accomplished by ap-
plication of an output-based P-controller to the system. As the heater is
a solid, the temperature can only be measured at its surface. Here only
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measurements at the fluid-heater interface are considered. The output
of the system is therefore defined as the average fluid-heater interface
temperature

(6)

The corresponding output-based P-control law is given by

(7)

The stabilization of the equilibrium is considered. Thereto,
new coordinates are defined. Sub-
stitution in the governing equations yields

(8)

and the boundary conditions

(9)

The RHS of the latter can be bounded point wise in by a linear relation
in , via

(10)

where , and
. To facilitate Lyapunov analysis, the Fourier-

modes of the system are defined as

(11)

where for and for [16]. Note that, since
the infinite series is considered here, no approximations are introduced.
Now the Lyapunov functional candidate

(12)

is considered. Clearly for smooth temperature distributions this is a
positive definite functional. The derivative along its trajectories in the
solution space is given by

(13)

where the integrand in the leading term can be bounded using condition
(10), leading to

(14)

To facilitate the analysis of this equation, the temperature field
is expressed in Fourier-cosine modes according to (11),

(15)

where

(16)

(17)
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Equation (15) implies that the time derivative of the Lyapunov func-
tional candidate will be negative definite if the functionals are neg-
ative definite for all . Therefore, is considered for cases and

.

A.

The functional can be written as

(18)

using the Cauchy-Schwarz inequality, i.e.,
, this can be simplified to

(19)

For exponential stability we need (
). Thereto, we derive the following estimate

(20)

where we use , the Cauchy-Schwarz inequality
and , for . Implementation of
(20) in (19) yields

(21)

with

(22)

Hence, there exists a and such that
if , which is the case if

(23)

So, the regime in parameter space where (23) can hold is given by

(24)

B.

The functionals have the same structure for all . However,
the second term of (17) becomes larger for higher values of , whereas
other values stay of equal magnitude. Therefore, proving
implies , . Hence, only is considered.

(25)

where . Here we use and
, since . This can be simplified

using the Cauchy-Schwarz inequality again, resulting in

(26)

which is negative definite if

(27)

Through it is possible to identify these two inequalities
for each value of , yielding

(28)
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Fig. 5. Stability regimes of the 2D pool-boiling system for . Region is the region where the homogeneous transition boiling equilibrium is stabi-
lizable, Region I is that where this can be done by P-control. Region II and III give the region where, respectively, local and global exponential stability of any
equilibrium can be obtained by P-control. (a) . (b) .

as single inequality which implies that ,
with and , is satisfied. Combining (24) and (28) gives

for
for

(29)

where (note that is not dependent on the system
parameters). If (29) holds, then by (15), (21) and (26) there exists an

such that

(30)

see (11) and (12). Hence, global exponential stability is established.

IV. LINEARIZED POOL-BOILING MODEL

Stabilization of the equilibrium of interest can also be investigated in
terms of the linearized pool-boiling model derived below. Such anal-
ysis are much less conservative and yield a much larger region of pa-
rameter space where stability can be established, albeit only locally.
To this end, small deviations from the equilibrium ,
i.e., are considered. Standard lin-
earisation methods readily yield

(31)

with boundary conditions

(32)

as linearized counterpart to (1) and (2) in the direct vicinity of ,
where . Here the non-uniform coefficient
(defined in the previous section) reflects the heterogeneity of the equi-
librium, meaning that for the homogeneous equilibria .
Application of the separation of variables method to the closed-loop

error dynamics of the linearized system results in a characteristic equa-
tion given by

(33)

for all , with and for nontrivial
the derivation of which can be found in Appendix A. The sought-after
closed-loop poles consist of the set of eigenvalues that satisfies (33),
with the expansion coefficients of the associated eigenfunctions

(34)

The closed-loop poles of the PDE system linearized around the ho-
mogeneous equilibria can be determined exactly, as for homogeneous
equilibria , the characteristic equation can be decoupled and
solved for each Fourier-mode individually. For heterogeneous equi-
libria the closed-loop (and open-loop) poles can only be approximated
by a finite Fourier-cosine expansion as is discussed in [15].

V. STABILITY REGIMES

The upper bound for existence of heterogeneous equilibria is deter-
mined in [14] and is denoted here by the curve , see Fig. 5.
The lower bound for the region of parameter-space where the homoge-
neous transition boiling equilibrium is stabilizable (denoted Region )
identifies with this bound, as is determined in [17, Chapter 4]. Hence,
the uncontrollable dynamics of the homogeneous transition equilib-
rium only are (locally) stable if no heterogeneous equilibria exist. The
equilibrium, however, can not be stabilized by a P-controller following
(7) in this entire region. This is only possible if , demarcating
Region I where

for
for

(35)

as can be determined using (33), see also [10]. Here follows from
. Finally, local and global stability of any

equilibrium (recall that in the Region three homogeneous equilibria
exist, see Section II-B) stabilized by the P-controller can be obtained
by proper choice of for (Region II) and (Region
III), respectively. Here is according to (29) with substituted by

(note that due to ), see Section III. The
different regions of stabilizability are given in Table I and depicted
in Fig. 5 for . Note that

.
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TABLE I
REGIONS OF STABILIZABILITY FOR THE 2D POOL-BOILING SYSTEM

Since in Region III no heterogeneous equilibria exist, global stabi-
lization of a such equilibria by (7) can not be established in this way.
However, since heterogeneous equilibria always have a con-
jugate solution (where is the dominant wave number
of the equilibrium), both equilibria are closed-loop equilibria too, as

in both equilibria, see (3) and (7). These equilibria thus can not
be stabilized globally by (7), see [17, Chapter 4].

VI. CONCLUSION

In this study, a 2D nonlinear heat-transfer model for pool-boiling
systems is considered. The model involves only the temperature distri-
bution within the heater and models the heat exchange with the boiling
medium via a nonlinear boundary condition imposed at the fluid-heater
interface. This compact model is employed for the design and analysis
of a control strategy for the stabilization of unstable transition boiling
equilibria. To this end an output-based P-control law is introduced that
regulates the system by uniform adjustment of the heat supply as a func-
tion of mean temperature on the top of the 2D rectangular heater.
The local and global stability of the nonlinear closed-loop system are

analyzed. Three regions in parameter space are determined for which
the respective stability properties can be achieved by P-control. For
each region conditions on the feedback gain are determined.

APPENDIX
CHARACTERISTIC EQUATION

The linear closed-loop error dynamics are described by (31) and
(32). This 2D problem admits reduction to a 1D problem in by the
method according to [10]. Solutions of the form

(36)

are sought. Here are the (closed-loop) eigenvalues and
the corresponding eigenfunctions. Substitution into (31), appli-
cation of a Fourier-cosine expansion, separation of variables and
implementation of the boundary conditions on according to
[15] yields , with

, the Fourier-cosine spectral coefficients.
Here and and are integration constants.
Implementation of the boundary condition on gives

(37)

with

(38)

for the eigenfunction. Implementation into the remaining boundary
condition on gives

(39)

with , as characteristic equation that deter-
mines the coefficients and and thus the sought-after eigen-
values and eigenfunctions , see [10].
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