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SUMMARY 

A testing procedure for measuring flow 
properties of powders is developed which 
makes it possible to use results from tiaxial 
tests in the Jenike bin theory. For the elabo- 
ration of the results a numerical method is 
used, based upon the Warren Spring equation 
(r/C)‘- = (u + T) /T_ In this equation a and r 
are the normal and shear stresses respectively, 
C and T the cohesion and tension, and N a 
curvature parameter_ A constant K = C/T and 
a constant curvature parameter N are assumed 
for a material. The algorithm used is a least- 
squares method using Newton’s zero finding 
technique. The solutions obtained by this 
procedure are not influenced by the initial 
estimates. 

INTRODUCTION 

In describing the behaviour of a powder in 
bins and other types of bulk storage installa- 
tions, interest has been concentrated on pre- 
dicting the relations between normal and 
shearing forces of the powder during incipient 
failure and steady state flow. 

The best-known theory for designing bins 
is that of Jenike [l] for which U-T vahres of 
a powder are obtained by measurements with 
the flow-factor tester- This gives, via so-called 
yield loci, the necessary information for bin 
design. Although the Jenike flow-factor tester 
is commonly used for measuring the flow 
properties, there is at least some uncertainty 
in the interpretation of the test results. By 
using the triaxial apparatus, principal stresses 
are measured directly, and there is no need 
for assumptions on the direction of the failure 
surfaces_ Furthermore, using the intemaI 

pressure method as described in this article, 
the tests are as easy as in the case of the 
Jenike tester. Elaboration of the results from 
triaxial or Jenike tests by a graphical method 
is greatly influenced by the judgement of the 
esecutor, and gives scatter in the results_ 

Using the Warren Spring equation published 
by Ashton et a!. [2] and adopting the con- 
stant ratio between cohesion and tension sug- 
gested by Farley and Valentin [S] , a numer- 
ical solution for triaxial tests is given, based 
on an article published previously [4] . 

THE TRIAXIAL APPARATUS 

Principles 0 f testing 
The triaxial test is in principle a very simple 

apparatus; a sample of the powder is enclosed 
in a thin cylindrical membrane (Fig. la), and 
at the top and the bottom the membrane is 
closed by metal covers and sealed by O-rings_ 
The following two possibilities are available 
for loading the specimen: 

(a) Loading by external pressure 
This is the procedure commonly used in 

soil mechanics. A pressure cylinder filled with 
water (casu quo air) is placed over the mem- 
brane with the sample. By bringing the water 
under pressure, the sample is loaded by a 
hydrostatic pressure_ An additional vertical 
pressure can be forced upon the sample by 
means of a die on the upper cover, which can 
be increased until the sample fails. 

This loading method is rather complicated, 
and for this reason Jenike has rejected biaxial 
measurements. In most cases the membrane 
must be fiBed in a mould which can onIy be 
removed after supporting the sample by hydro- 
static pressure_ This means that the mould 
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Fig. I.(a) Principle of triaxial tester. (b) Triasial apparatus with internal undetpressure. 
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must be manipulated in the pressure cylinder. 
A further disadvantage is the friction between 
the die and the transit of the die in the pres- 
sure cylinder. This can partly be improved by 
using a rotating die or, better, placing the load 
transducer in the pressure cylinder. An advan- 
tage of this loading procedure is that volume 
changes of the sample can be measured easily 
by the volume of water in the cylinder. 

(b) Loading by internal under-pressure 
(Fig_ 1 b) 
With this approach, an underpressure is 

created inside the sample by a vacuum pump_ 
The pressure cylinder can be eliminated, and 
the atmosphere serves as a hydrostatic pressure. 
Increasing the vertical pressure (as described 
above) causes the sample to fail_ By this pro- 
cedure the sample is completely accessible_ 
The fact that the maximum hydrostatic pres- 
sure which can be obtained is 1 bar is not a 
severe limitation in measurements with pow- 
ders (although it would be in soil mechanics). 
Volume changes of the sample are not directly 
measured, but changes of diameter car be 
established easily at any axial position_ Pow- 
ders tested this way must be sufficiently per- 
meable to attain, within a reasonable r;ime, 
the same negative pressure throughout the 
sample_ Furthermore, the powders must be 
rather dry, for a portion of the water in the 
sample can also be removed when the sample 
is evacuated_ 

The measurements used in this article are 
all made by internal underpressure. An appa- 
ratus using external pressure, but without the 
difficulties mentioned above, has been devel- 
oped, and will be described in a future publica- 
tion_ 

Testing procedure 
Unlike the Jenike tester, a predicted pro- 

cedure for measurements with triaxial appa- 
ratus for purposes of bunker design does not 
exist. For this reason a testing procedure is 
developed which makes it possible to compare 
results from triaxial apparatus with the results 
from Jenike shear tests. The testing procedure 
consists of the following stages: 

(a) Preparation of the sample 
A sufficient amount of the powder is sieved 

out (to break possible contaminated parts) and 
layered into the mould with the membrane. 

. . 
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Fig. 2. Possible curves during tbe consolidation state. 

After each layer the sample is lightly pressed 
with a stamper_ 

(b) Preconsolidation 
A hydrostatic pressure upr is created with 

the vacuum pump (casu quo the press cylinder) 
and the mould is removed. This hydrostatic 
pressure upr is higher than the pressures used 
in the nest stages, and is meant to hydro- 
statically preconsolidate the sample to a uni- 
form density near the critical density of the 
respective yield locus_ The magnitude of opr 
is not known a priori, but must be established 
in some previous eests. 

(c) Consoiida tion 
The pressure opr is reduced to a=., and the 

verticai pressure is enlarged by displacement 
of the sample against the upper die. The extra 
vertica! force is measured by a force-transducer 
fixed to the die. Displacement is continued 
until the sample reaches a steady-state flow 
situation, which is characterized by a con- 
stant value of the masimum vertical pressure. 
In this stage, the sample is (at least in the 
neighbourhood of the later failure area) in a 
critical density. 

When the extra vertical pressure A o,, (casu 
quo force) is plotted against the vertical dis- 
placement of the sample, the three curves of 
Fig. 2 are possible. For curve “a”, the vertical 
pressure goes over a maximum and the sample 
is weakened. In this case, the sample has been 
overconsolidated during the preconsolidation 
stage. Curve “b” indicates a rather long con- 
tinuing consolidation, together with a rela- 
tively big vertical displacement and geomet- 
rical deformation of the sample before the 
steady state is reached. This means that the 
preconsolidation pressure (I?~ has been too 
low. For curve “c”, a rapid consolidation 
occurs with very low geometrical deformation 
of the sample. This is the desired form of the 
test, and can be attained by the right adjust- 
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ment of the hydrostatic pressure during the 
preconsolidation stage. 

(d) Shear 

The extra vertical pressure is removed, and 
the hydrostatic pressure reduced to the desired 
value Ui < fSEO. Displacement of the sample is 
now continued until the additional vertical 
pressure goes through a maximum. In this 
shear stage, a curve type “a” is always found, 
for the sample is overconsolidated. 

It is obvious that the testing procedure out- 
lined above has the merit of establishing the 
consolidating stresses in a steady-state flow 
situation. It is just the main consolidating 
stress in this state that characterizes the para- 
meter of the yield locus to be measured. 

COMPARISON WITH THE JENIKE FLOW-FACTOR 
TESTER 

Although the Jenike flow-factor tester gives 
quick and reproducible results when used for 
measuring flow properties of powders and 
granular material, there is some uncertain%- in 
the interpretation of the test results The pro- 
cedure has the following principal deficiencies: 

(a) Jenike assumes that the measured val- 
uesofoandr are points of the yield locus, 
which implies that the horizontal plane must 
coincide with a yield plane in the material_ 
The correctness of this assumption cannot be 
verified experimentally- If the upper ring, 
filled with powder, is removed from the base 
ring, an inspection of the exposed surface 
reveals a layered surface, The layers of this 
surface are not horizontal_ 

(b) The plastic failure of the material ties 
place in a lens-shaped area around the hori- 
zontal plane- The size of this area cannot be 
measured easily and varies in different tests- 
~1easuring the displacement of the lid gives 
little indication of the variation of density in 
the failure zone; only a tendency can be found- 

(c) By preconsolidation (twisting), a dis- 
placement is imposed on the material in the 
cell, which varies over the height of the sample. 
This implies that the density can also vary 
over the height_ - 

(d) Depending on the ratio of diameter to 
height of the cell, it is reasonable to assume 
that the normal stress is constant over the 
section of the cell_ Owing to the introduction 

Fig. 3. hleasured M&r circles and yield locus. 

of the shear force, the distribution of the 
shear stress over the section is not so well 
defined. This situation can be improved, by 
dividing the shear force over the iid and the 
upper ring, but the improvement achieved by 
this procedure cannot be established. 

Most of the difficulties can be avoided by 
making use of the triaxial apparatus. Here 
principal stresses are directly measured and 
the Mohr circles can be drawn immediately, 
so there is no need for assumptions on the 
direction of the failure surfaces_ The biggest 
Mohr circle of the yield locus is defined by 
the stresses in the consolidation stage when 
the vertical pressure reaches the steady state_ 
Further circles touching the yield locus are 

defined during the shear stage when the ver- 
tical pressure reaches its maximum value. 
The yield locus can now be constructed as 
the envelope of the Mohr circles, ending at 
the Mohr circle from the consolidating stage 
(Fig. 3). 

THE ELABORATION USING THE WARREN 
SPRING EQUATION 

The calculation of the Warren Springpara- 
meters Ci, K and N 

In the U-T plane the semicircles obtained 
from measurements with the triavial appa- 
ratus can be described by (Fig. 4) 

{o - ( (Jij f $) 1” + p = ($L) 2 (1) 

(i = 1, 2 , _-_ n; j = 1,2, ___ mi) 

in which the values elj and dij, \titll a certain 
scatter, correspond with the jth circle belong- 
ing to the ith locus. They are now treated as 
simple numerical quantities. 

In Fig. 4, YL denotes a yield locus and 
Pij the distance between A and B, with MB J_ 
YL; then a least-squares solution of the 
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Fig- 4_ U-i plane with one measurement_ 

Warren Spring equation is obtained by mini- 
mizing 

C C WijPij 
2 j 

with wij being a weight factor_ 
However. it proved that, with some mini- 

mahzation methods 151, in no case was con- 
vergence achieved by straightforward filling 
in the value pij. Another method was then 
adopted which, though rather cumbersome, 
has up to now always achieved convergence. 

Consider the measured values cij and dij/2 
(in abridged notation u1 and r respectively), 
see Fig_ 5. Now let co and re be estimates for 
A with 

I- 

UIJ = CT1 -l-_ 
2 

and 

then the Warren Spring equation 

(4) 

(5) 

with K = Ci/Ti can be computed via a method 
described in [4] _ 

From these parameters, the coordinates 
(uc, rb) are known. The line perpendicuhx to 
the yield locus, through (CF. 0) and (ao, rb), 
now becomes 

1 1 - =- = 

N(oo + T) = , (6) 
'0 

The line through (CT&~, 0), the centre of the 
Mohr circle, and parallel to the line through 
(cP, 0) and (a,,, T;), is defined by 

N(o0 + T) T= 
6 

(~-u&x) 

Fig. 5. Elaboration using the Warren Spring equation. 

This line intersects the semicircle in (us ~ i-x )_ 
The coordinates of (uN, rEI) then become 

I-i; 
UN = Uh¶ - d 

J(rb)2 + W(co + T)I- 

iN = r 
2 

-((anf -UK) 
2 

(9) 

These values serve as new values and are used 
to recompute a new set of parameters. 

The process is terminated if 

C(0, - ue)2 < E 
ii (10) 

with E being a small number. 
This iteration fulfils two requirements_ First, 

the computed parameters are correct in a least- 
squares sense [4], and second they satisfy 
the requirement that the distances pij must 
be measured perpendicular to the yield locus, 
as the yield locus must be the envelope of the 
Mohr semicircles. Further, a weight factor 
may be introduced which is used by the 
algorithm to find new param eter values. 

The absolute and relative error Ar and pr 
respectively are computed by means of the 
following relation: 

Ai = ryr_ - r~ (11) 

AT 
Pi=-- (12) 

TYI. 

in which 

(13) 

The calculation of the relevant quantities for 
design (e.g. bins) is similar to [4] _ 

The procedure outlined above has been 
coded in Algol60 [S] and runs on a DEC 
1070 computer. 
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TABLE 1 

Computed absoluteand relativeerrors forbentonite 

i j Uii(kN/m') dii (kN/m') ~y~~~(kN/rn~) Aiij(kN/m2) Prij C-1 

11 0.30 
1 2 0.30 
I3 0.60 
13 0.60 
1 5 1.20 
16 1.20 
1 7 i.SO 
18 1.80 
I. 9 2.10 
1 10 2-10 
1 11 2.80 

21 0.30 
2 2 0.30 
2 3 0.60 
2 1 O-60 
2 5 l-20 
2 6 1.20 
27 2.00 
2 S 3.00 
2 9 2.60 
2 10 2-60 
2 11 3.20 
2 12 3.20 
2 13 3-60 

31 0.40 
3 2 O-40 
3 3 OS0 
3 -I 0.80 
3 5 1.80 
3 6 1.80 
3'7 2.60 
3 8 2.60 
3 9 3-40 
3 10 3.10 
3 11 4.20 
3 12 1.20 

3 23 5.00 

4 1 0.30 
a 2 0.30 
-t 3 O-60 
4 1- 0.60 
Q 5 120 
4 6 1.20 
4 7 Z-40 
4 S 2-40 
4 9 3.60 
4 10 3.60 
4-11 4.so 
4 12 I-SO 
: 13 6.00 
4 14 6-00 
4 15 i-00 

51 0.30 
5 2 0.30 
5 3 0.80 
5 4 0.80 

4.iO 
- __ 
3.33 
5.45 
5.35 
6.30 
5.80 
'7.50 
T-05 
'7.40 
i-i5 
8.75 

1.78 -0.20 -0.11 
1.91 -0.43 -0.22 
2.09 -0.21 -0.10 
2.08 -Q_lS -0-09 
2.62 -0.07 -Q-o3 
2.54 -0.07 -0.03 
3.18 -0.05 -0.02 
3.11 0.08 0.03 
3.53 0.34 0.10 
3.58 0.24 O.Oi 
3.97 O-18 0.05 

6.60 
7.55 
7.70 

i-70 
S-80 
9.30 

10.25 
10.00 
10.65 
11.45 
12.35 
12.80 
13.65 

2.70 
2.85 
3.08 

3.08 
3-65 
3.73 
4.40 
1-36 
4.84 
a.96 
5-48 
5.54 
6-91 

-0.05 -0-02 
-0.30 -0.11 
-0.15 -0.05 
-0.15 -0.05 
-0.06 -0.02 
-0.20 -0.05 
0.04 0.01 

0.11 0.02 
0.29 0.06 
0.0s 0.01 
0.1'7 0.03 
0.04 0.01 

0.03 0.01 

8.45 

8.90 
10.85 
9.05 

12.10 
11.05 

l-1.10 
13-45 
16-00 
16.75 
17.05 
16.45 
19.80 

3.60 

3.67 
4.24 
3.98 
5.12 
1.96 

5.95 
5.S5 
6.75 
6.Si 
'7.41 
7.33 
8.32 

0.09 0.03 
-0.03 -0.01 
-0.29 -0.07 
0.20 0.05 
0.01 0.00 
0.30 0.06 

-0.05 -0.01 
0.13 0.02 

-0.09 -0.01 
-0.30 -0.04 
0.09 0.01 
0_26 CL04 

-0.22 -0.03 

11.05 4.67 0.09 0.02 
13.05 4.99 -0.45 -0.09 
13.15 5.21 -0.27 -0.05 
12.55 5.12 -0.11 -0.02 
13.65 5-70 -0.01 -0.00 
13.60 5.70 0.00 0.00 
13-85 6.54 0.71 0.11 
17.25 7.07 -0.23 -0.03 
18.85 S-19 0.08 0.01 
17.30 7.86 0.51 0.07 
22.55 9-43 -0.23 4.02 

21.s5 9.32 -0.03 -0.00 
2325 10.28 0.30 0.03 
24.85 10.53 -0.16 -0.02 
26.95 11.46 -0_17 -0.02 

15.85 6.95 O-40 0.06 
17.50 7.21 -0.04 -0.01 

19.75 7.92 -0.31 -0.04 

17.90 7.63 0.19 0.02 

(continued on facingpage) 



279 

TABLE 1 (continued) 

i j oij (kN/m*) dii(kN/m*) ~YQ &N/m*) kij (kN/m') Wij C-1 

5 5 1.80 22.55 9.04 
5 6 1.80 21-35 8.86 
- 
: 7 8 3.60 3.60 26.50 25.50 10.81 10.71 
5 9 5.40 30.25 12.62 
5 10 5-40 28.00 12.28 
5 11 i-20 33.65 14.29 
5 12 7.20 31.15 13.91 
5 13 10.00 39.60 16.94 

-0.41 -0.05 
-9.08 -0.01 
-0.23 --Q.o2 
-0.06 -0.01 
-0.24 --il.02 
O-38 0.03 

-0.09 -0.01 
0.61 0.04 

-0.11 -0.01 

TABLE2 

Values of Warren Spring parametenand relevant bin design quantities 

Locusnumber C K N uCco &N/m’) q, (kN/m*) 0, (O) 

1 0.839 0.844 1.155 9.86 3-23 41-13 
2 1.469 0.844 1.155 16.18 5.66 41.98 
3 2.019 0.844 l-155 24.61 i-77 41.75 
4 2.758 0.844 1.155 33.80 10.62 41.21 
5 4.303 0.844 1.155 49.51 16.5'7 41.66 

Fig. 6. Resultsforbentonite. 

RESULTS 

Several cohesive powders were tested in cor- 
respondence with the proposed procedure. The 
diametzr and the height of the sample used in 
the triaxial apparatus are 50 mm and 150 mm 
respectively. 

As an example, the results for bentonite are 
given_ Table 1 represents the measured and 

calculated values of 5 yield loci with the ab- 
solute and relative errors. 

Table 2 shows the Warren Spring parame- 
ters Ci, K, IV together with the consolidation 
pressure u,~, the unconfined yield strength up 
and the effective angle of friction @,_ The lat- 
ter three vahes can be used for bunker design- 



Figure 6 gives a graphical representation of 
the results. 

X comparison with results from the Jenike 
shear cell indicates that the triasial test gives 
up to 20% higher numerical values for the 
unconfined yield strength. The values of 9e 

were in good agreement. In a further publica- 
tion the differences between these two meth- 
ods will be discussed in detail. 

The authors are indebted to Mr. H. J. 
Rietman for the computer pro,al-amming and 
Mr. J. Bosboom for assistance with measure- 
ments_ 

LIST OF SYMBOLS 

eyn_ 

4i (I) diameter of the Mohr circle of 
thejth point of the ith yield locus 
(N/m’) 

G (4) cohesion of the ith yieId locus 
(N/m*) 

E (IO) small number (-) 
K (4a) constant (-) 

mi (1) 

n (1) 
*v (4) 
I- (3) 
x (4) 

number of experiments of the 
ith yield locus (-) 
number of yield loci (-) 
curvature parameter dij/Z 
d&2 
tension of the ith yield locus (-) 

(2) 

(1) 

(7) 

(6) 
(3) 
(9) 

(4) 

(7) 

(11) 
(12) 

weight factor 
effective angle of friction (-) 
major consolidation pressure 

(N/m*) 
hydrostatic pressure (N/m*) 
unconfined yieId strength (N/m”) 
initial stress value of the jth point 
of the ith yield locus (N/m*) 
normal stress corresponding with 
average stress during failure = 
(al + ua)/Z (N/m’) 
corrected normal stress (N/m’) 

estimated normal stress (N/m*) 
corrected shear stress lying on 
circle corresponding with uN 
(N/m*) 
estimated shear stress lying on 
Mohr circle, corresponding with 
a0 (N/m’) 
estimated shear stress lying on yield 
locus, corresponding with u. (N/m*) 
absolute error of shear stress (N/m*) 
relative error of shear stress (-) 

REFERENCES 

1 A_ W. Jenike, Gravity flow of b&k solids. Utah 
Univ. Eng_ Exp. Stn. Bull., 108 (1961). 

3 M. D. Ashton, D. C. H. Cheng, R. Farley and E_ 
H_ H_ Valentin, Rheol. Acta, Q (1965) 206_ 

3 R. FarIey and F. H. H. VaIentin, Powder Technol.. 
1 (196il68) 314_ 

4 J. Eelkman Rooda, Powder Technol., 12 (1975) 
95. 

5 U_ Hcffmann and H. Hoffmann, EiniYihrung in die 
Optimierung. Verlag Chemie. Weinheim. 1971_ 


