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Abstract

Paper presents an 1D model for the heat transfer in a limited but significant region of an actuator–sensor structure for the determination
of fluid and flow characteristics. As an essential step for the design of this structure, the usefulness of the model in the framework of
the structure’s functionality is underlined. In the first part of the work, the main heat transfer mechanisms are detailed by qualitative and
quantitative evaluations. The 1D model is derived from the heat rate balance of the region we are interested in. In the second part of the
work, we compare the data obtained by simulating the 1D model with the experimental data. Also, some full 3D simulations of the fluid
flow and heat transfer are made using a commercial software package. Part of these numerical results are compared with the corresponding
experimental data. The modeling errors are discussed for both sets of comparisons. Finally, we comment the merits of the 1D model versus
the 3D approach. The results obtained herein might be directly used for various thermally based actuators and sensors for flow control and
measurement both in micro and macro world.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

The first flow sensor based on silicon technology was
presented in 1974 by van Putten and Middelhoek[1], the
fluid streaming around the sensor. After that, various thermal
based sensors for flow measurement have been presented. In
the 1990s, the development tends towards the fabrication of
complex micro fluidic systems (micro flow sensors, pumps
and valves in a system). Therefore, there is a need for a
flow sensor that can measure very small flow rates. The
result of this challenge is a new class of micromachined
flow sensors which have an integrated micro duct. In this
type of micromachined flow sensor, the fluid streams inside
the sensor. The first sensor of this type was presented by
Petersen in 1985[2].

Flow sensors, like many others within the micro-electro-
mechanical-system (MEMS) category display permanent
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evolution, from dedicated sensors (for a particular charac-
teristic) to complex structures (designed for the evaluation
of many characteristics of the fluid and its flow). This as-
pect is discussed in[3], where the authors developed a new
measurement concept. Its core is an actuator–sensor struc-
ture (briefly structure). The concept is illustrated with a
structure designed for the evaluation of fluid and flow char-
acteristics. The study of the heat transfer in this structure is
considered herein.

In this paper, the geometry and functionality of the struc-
ture are described firstly. We comment on its design steps
and on the necessity of developing a local 1D model for
the heat transfer in the structure. We detail the heat transfer
mechanisms implied in the structure’s functionality. They
are evaluated for the practical ranges in which our struc-
ture is designed. The thermal balance of the region defining
the structure’s functionality is detailed, from which the 1D
model is developed. Some comparisons between the exper-
imental data when various gases are used (e.g. carbon diox-
ide, nitrogen, helium) and the modeling results are included
to validate the 1D model.

Also, a full 3D simulation of the fluid flow and heat trans-
fer is discussed. Its results are compared with the results
offered by the 1D model for the region where this model is
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Nomenclature

a, b dimensionless constants
A cross-sectional area (m2)
Bi Biot number
cp constant pressure specific heat of the

fluid (J kg K)
C, c dimensionless constants
dz differential element of the resistive line (m)
D hydraulic diameter of the resistive line (m)
g gravitational acceleration (m s−2)
Gr Grashof number
h convection heat transfer coefficient

(W m−2 K−1)
H depth (high) of the structure (m)
I intensity of the direct electric current (A)
J current density of the direct electric current

(A m−2)
k thermal conductivity (W m−1 K−1)
Kn Knudsen number
L width of the structure (length of the

resistive line) (m)
N number of resistors
Nu Nusselt number
Pr Prandtl number
R electrical resistance (�)
Re Reynolds number
qconv(z) convective heat rate for the differential

element dz of the resistive line (W)
qfluid(z) conductive heat rate through the fluid to

the silicon substrate for the differential
element dz of the resistive line (W)

qJoule(z) Joule heat rate generated by the differential
element dz of the resistive line (W)

qrad(z) radiative heat rate for the differential
element dz of the resistive line (W)

qsolid(z) conductive heat rate through the differential
element dz of the resistive line to the
silicon substrate (W)

q̇ volumetric heat rate (W m−3)
s Seebeck coefficient (V K−1)
Ta ambient temperature (K)
Te(z) temperature of the resistive line in the

point z (K)
Tr recovery temperature (K)
�T(z) temperature differenceTe(z) − Ta in the

point z of the resistive line (K)
u velocity component in thex-direction

(m s−1)
Vav cross-sectional averaged velocity of the

u-component of the velocity vector
(m s−1)

w width of the resistive line (m)
x, y, z Cartesian coordinates (m)

Greek letters
α temperature coefficient of resistance of the

resistive line (K−1)
β volumetric coefficient of thermal expansion

of the fluid (K−1)
δ, γ dimensionless constants
ν kinematic viscosity of the fluid (m2 s−1)
ρ electrical resistivity (�m)
θ characteristic angle of the hexagonal

duct (◦)

Subscripts
e associated with the equivalent material
f associated with a fluid
i integer

valid, but with the experimental data, too. Therefore, the 1D
model validation is based on the experimental data and also
on the 3D simulation.

Conclusions and remarks for the practical usage of this
1D model for the design of our actuator–sensor structure
are included at the end. Also, we underline the importance
of this model for the design purposes of various thermally
based actuators and sensors for flow control and measure-
ment both in micro and macro world. The usage of this
model is restricted to the situation where the fully developed
laminar flow of the incompressible and Newtonian fluids is
concerned in connection with small temperature differences.

2. Description of the structure

A sketch of the structure we are designing is shown in
Fig. 1. Its frame is made from two〈1 0 0〉 Si wafers bonded
together, both containing an etched groove. The structure
looks like a hexagonal duct defined by the orientation of the
silicon crystal planes withθ = 54.74◦.

One electrical resistive line is placed across the duct in
the region of the fully developed laminar flow. It consists
of N resistors made of Pt film deposited on a Si3N4 carrier
bridge placed along thez-axis over the width of the duct.

Sample used for experiments has the following dimen-
sions: length along thex-axis is 40 mm, width along the
z-axis isL = 1 mm, depth along they-axis isH = 502.2�m
andN = 25. For assuring a fully developed flow for a large
range of the fluid types and velocities, the resistive line is
placed at 30 mm from the entrance. Main dimensions of the
structure cross-section driven in the middle of the resistive
line are shown inFig. 2. Actually, the entrance and the exit
are practically built as two holes through the top wafer.

The fabrication process of this structure and the experi-
mental work are described elsewhere[4,5].

The voltages across each resistor are measured. The com-
putational block controls the resistors to operate as tempera-
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Fig. 1. Sketch of the structure.

ture actuators and as temperature sensors. This block evalu-
ates the characteristics we are looking for (like velocity (u),
kinematic viscosity (ν) and thermal conductivity (k) of the
fluid) using the data provided by the resistors and a priori
information as: the model of the structure, the activation of
the actuators, the evaluations fulfilled by the sensors and the
initial information about the fluid and its flow.

Carbon dioxide, helium and nitrogen have been used as
the measurement fluids for the experiments. We consider
their Prandtl numberPr as 0.75, 0.68 and 0.71, respectively.

The direct currentI passing the resistive line is smaller
or equal than 2.5 mA for nitrogen, but smaller or equal than
5 mA for carbon dioxide and helium.

For carbon dioxide, helium and nitrogen, the Reynolds
number Re takes a value in the range 31–155, 11–59
and 27–136, respectively, because the averaged veloc-
ity Vav is in the range 0.396–1.98, 2.176–10.88 and
0.66–3.3 m s−1, respectively, in the experimental work de-
scribed in[5].

Fig. 2. Heat transfer mechanisms and main dimensions of the structure
cross-section.

Therefore, we consider a laminar flow of an incompress-
ible and Newtonian fluid through this duct. Actually, this is
the usual regime for the micro fluidic devices[6].

The ambient temperatureTa is 300 K throughout this pa-
per. We consider the ambient temperatureTa equals the fluid
free stream temperature (temperature of the fluid far away
from the resistive line vicinity). Temperature differences less
than 40 K relatively to the ambient temperature have been
experienced inside the structure.

3. Design steps of the structure

The design of the structure depends on two physical phe-
nomena: the fluid flow through the structure and the heat
transfer in the fluid and in the solid part. They should be con-
sidered independently from each other in the case of small
temperature differences.

Two consequences of the small temperature differences
have immediate implications upon the design steps.

One consequence is that all physical properties are weakly
temperature dependent. Actually, we consider their values at
320 K because the structure temperature (K) might vary in
the range 300–340 K. For this range, the physical properties
of the materials used in the structure’s fabrication as well
as the physical properties of a large number of fluids might
modify with maximum±4% if we consider 320 K as the
reference temperature[7,8].

Another consequence of the small temperature differences
is that the measurement procedure does not modify the char-
acteristics of the fluid and of the flow.

The design steps of the structure are formally described
in [3], the second consequence mentioned above being the
main applicability condition for this formalization.

Firstly, we analyzed the fluid flow through the structure.
An analytical formula for the velocity fieldui corresponding
to each resistorRi is detailed in[9]. Then, the Poiseuille
number for hexagonal ducts is discussed in[10]. Finally, we
use these results for the heat transfer analysis. This task is
addressed herein.

Practically, the final target of the design is to describe
simply the dependencies of the characteristics mentioned
above onRi as these entities are directly measured. Be-
cause these dependencies are implied by the heat transfer
in the fluid and in the solid part, a simple approach should
be developed for the heat transfer analysis in the resistive
line.

We develop an 1D model for the heat transfer in the resis-
tive line. This model takes into consideration the main heat
transfer mechanisms in the structure correlated with the fluid
flow, but gives only local information we are looking for,
namely the dependencies of the characteristics mentioned
above onRi.

Our approach contrasts with the classical approaches
based on 2D or 3D models in the heat transfer and fluid
flow domains[11]. Some essential advantages for using this



140 N. Damean et al. / Sensors and Actuators A 105 (2003) 137–149

1D model are: short computation time during simulation
and its suitability for the optimization implied by the design
steps as well as for the identification problems raised by
the determination of the characteristics we are looking for.
Its main disadvantage might be that it has a limited usage
in respect of the modeling errors. This aspect should be
verified a priori by experiments as well as 3D simulations.
Both verifications are included herein.

We mention that Knudsen numberKn is still low enough
for the continuum flow model to be valid. Velocity-slip and
temperature-jump boundary conditions are not necessary
when solving the momentum and energy equations. This
point has been already discussed in[9].

4. Developing the 1D model of the resistive line

Consideration is given to the heat transfer mechanisms
which might be implied in the structure’s functionality,
namely: heat generation by Joule effect, conduction in the
fluid and in the solid part, (free and forced) convection and
radiation in the fluid.

We evaluate the contribution of each of these mechanisms
and finally we ensemble them in an 1D model describing
the temperature difference of the resistive line.

4.1. General description of the heat transfer
mechanisms into the structure

Full Navier–Stokes equation solvers have been used for
computing the fluid flow in micro ducts[12]. Because of its
small depth, the velocity component and pressure difference
in the lateral direction are negligibly small in comparison
with those in the longitudinal direction of a duct[13].

In Fig. 2, we display the heat transfer mechanisms in the
structure. The structure is operating in the steady-state of
the direct current.

The temperature distribution in the resistive line is deter-
mined from the heat rate balance for a generic differential
element dz. Its various components constitute sources and
sinks[7].

The resistive line is provided with electrical power to
generate Joule heat, whose rate isqJoule. This denotes source
while the loss mechanisms denote sinks.

The componentqsolid describes the rate of the conductive
heat loss through the resistive line to the silicon substrate. In
contrast to the situations normally encountered in ICs,qsolid
in this structure (as in other similar micromachined struc-
tures) is dramatically lowered by virtue of thermal isolation.
With the removal of the silicon substrate, a huge conduc-
tive component directly below and above the resistive line
is eliminated resulting in low power (a few mW) structure
operation as well as thermal time constant (a few ms). The
maximum power operation is about 2.5 mW in our case.
Consequently, the other heat sink mechanisms gain signifi-
cance.

For example, even in the absence of fluid motion, there is
a non-negligible heat rate loss componentqfluid to the fluid
above and below the resistive line. Part ofqfluid may return
to a cooler part of the resistive line. This is significant when
the temperature of the resistive line is highly nonuniform,
as we expect that it happens in our situation.

The componentqconv denotes heat transfer rate by forced
and free convection. Forced convection occurs in the pres-
ence of fluid flow stream, but free convection occurs when
fluid motion is caused by internal buoyancy forces stem-
ming from temperature differences within the fluid, which
give rise to density variations. Free convection may be ne-
glected in many micro structures operating at not too large
temperatures. We are going to prove that this is the case for
our structure. Here we mention only that the buoyancy term
which depends on the magnitude of the Rayleigh or Grashof
number is neglected in the momentum equation since these
numbers are proportional to the third power of the character-
istic length for a convection problem. Therefore, the value
of the Rayleigh or Grashof number is very small for micro
duct flow[13].

The componentqrad denotes the rate of the radiative heat
loss component. It is relatively small at standard environ-
mental temperature and pressure, and for not too large re-
sistive line temperature[7]. We are allowed to neglect this
component as we show later.

Therefore, the heat rate balance for the differential ele-
ment dz is:

qJoule= qsolid + qfluid + qconv + qrad (1)

where a priori each of the terms isz-dependent.
For making the theoretical development easier, we con-

sider the resistive line being manufactured of a single ma-
terial denoted as equivalent material as it is presented in
Fig. 2. The geometry and thermal conductivity of the equiv-
alent material are calculated considering that the thermal
resistances of the both components of the resistive line are
connected in a parallel circuit. For the sake of clearness,
when confusions are possible, we use the subscript ‘e’ to
show that we speak about the equivalent material.

Also, in a similar manner with thermal conductivity, we
may calculate the electrical resistivity of the equivalent ma-
terial. However, we notice that the electrical resistivity of
Pt is much smaller than the electrical resistivity of Si3N4,
therefore we consider the electrical resistivity of Pt for the
equivalent material.

4.2. Design requirements for the resistive line

There are two main requirements for the design of the
resistive line. They concern the power generation and elec-
tromigration[14].

The superior limit of the power is defined by the require-
ment to get relatively small temperature differences (not
more than 40 K) as we discussed before. During the exper-
iments, we noticed that this requirement is met if the val-
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ues of the direct currentI is in the ranges we displayed
previously.

Besides the power requirement, it is essential to make
sure that the current density of the resistive line does not
exceed the electromigration limit of Pt (≈1010 A m−2). The
current density is calculated byJ = I/APt, whereAPt is the
cross-section area of the Pt film from the composition of
the resistance line. Using this formula, we get for the direct
currentI a value of about 10 mA.

The temperature coefficient of resistance of the resistive
line is given in[4,14], with valuesα = 2× 10−3 and 1.8×
10−3 K−1, respectively.

4.3. Simplifications from 3D to 1D model

The simplifications detailed herein are determined by the
necessity in getting an 1D model. It has to be acceptable
both from a physical point of view and for design purposes.

The physical behavior of the structure takes place in the
3D space. The fluid flow behavior is actually reflected in the
thermal behavior of the resistive line.

In view of getting a simple model for describing the ther-
mal behavior of the resistive line, we make two statements
that are justified in the following.

We neglect the effects of the thermal dissipation of me-
chanical energy into thermal energy through viscous fric-
tion. These effects are significant in connection with high
speed aerodynamics in which the fluid velocities are suffi-
ciently high. Such effects are present in both compressible
and incompressible flow. An example of incompressible flow
where the effect of viscous dissipation might be encountered
is in the use of highly viscous oils in lubrication applica-
tions[15]. In our case, we evaluate the dissipative effects by
calculating the difference between the recovery temperature
Tr and the free stream temperatureTa as[15]:

Tr − Ta = Pr0.5
V 2

av

2cp
(2)

Applying Eq. (2)for the gases we used in the velocity ranges
mentioned above, the values we get are smaller than 0.01 K.
Therefore, this omission is justified.

The thermal behavior of the resistive line might be de-
scribed using an 1D model along thez-axis. To check this
hypothesis, we estimate the Biot numberBi for the x- and
y-directions of the resistive line using the general formulae
[16,17]:

Bi = h�

ke
(3)

Nu = h�

kf
(4)

where� is the characteristic length of the resistive line along
the x- and y-directions, respectively, andh the convection
heat transfer coefficient for the same directions. To estimate
h for the both directions respectively, we calculate the aver-

aged Nusselt numberNu using two classical formulae that
might be roughly valid in our situation, namely

Nuw = 0.644Re0.5w Pr0.33 (5)

Rew = Vavw

ν
(6)

for the forced convection along surfaces, and

NuD = 0.75Re0.4D Pr0.37 (7)

ReD = VavD

ν
(8)

in the case of forced convection for external flow normal
to tubes. UsingEqs. (3)–(8), we get values forBi that are
much smaller than unity. Therefore, we might consider that
temperature of the resistive line does not vary essentially
along thex- andy-directions, the only variation is along the
z-direction. This remark entitles us to look for an 1D model
of the thermal behavior of the resistive line instead of a 3D
one.

Each term of the heat rate balance described byEq. (1)is
addressed next.

4.4. Joule heat generation

We use the same resistive line both for actuating and also
for sensing. The actuating function is performed by heating
up simultaneously all the resistors that constitute the resistive
line. The sensing function is performed by each resistor
apart.

We assume that the structure is not subject to magnetic
or mechanical fields; this permits a scalar description for
both electrical and thermal transport coefficients. We further
assume that there is no interaction of carriers with optical
fields.

Under non-isothermal conditions, the presence of a tem-
perature gradient causes additional coupling between elec-
trical and heat transport in semiconductors and metals. The
coupling gives rise to a number of electrothermal effects,
notably, the Seebeck, Peltier, and Thomson effects, whose
magnitude depends on the material type as well as electrical
and thermal operating conditions.

Because the structure involves thin film conductors, sev-
eral assumptions can be invoked to simplify constitutive
(or transport) equations. These are reviewed in[7]. In the
steady-state regime for the resistive line, we get the volu-
metric heat generation:

q̇ = J2ρe(Te) + Te · J · ∇s(Te) (9)

whereρe(Te) and s(Te) denote the temperature-dependent
electrical resistivity and Seebeck coefficient, respectively.

Seebeck coefficient plays a crucial role as it determines
electrical transport in the presence of a temperature dif-
ference and heat transport in the presence of a potential
difference.
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The first term of the right-hand side (r.h.s.) ofEq. (9)
corresponds to the well-known Joule heating (that is ir-
reversible phenomena) and the second term accounts for
both Peltier and Thomson heating (that are reversible phe-
nomena)[15]. Peltier heating describes the heat that goes
along with an electric current at an interface of materials
with different Seebeck coefficients. Thomson heating de-
scribes the heat that accompanies the flow of an electric
current in the presence of a temperature difference, and is
significant only when the Seebeck coefficient is strongly
temperature-dependent[13]. Actually, the second term of the
r.h.s. ofEq. (9) corresponds to the Seebeck effect resulted
as a combination of the Peltier and Thomson effects. Esti-
mating both terms of the r.h.s ofEq. (9), we notice that the
ratio between the first and the second term is in the order of
103. Therefore, we neglect both Peltier and Thomson heat.

We deliberately skip the electrical transport equation that
should join the heat transportEq. (9)in describing the elec-
trothermal behavior of the resistive line. The reason is that
we consider the electrical potential being constant for the
differential solid element dz. This hypothesis is supported
by the small temperature differences along and across the
differential element and also by the operation of the resistive
line underI = constant.

Finally from Eq. (9)we get the Joule heat rate generated
by the differential element of the resistive line:

qJoule= I2ρe(Te)

Ae
dz (10)

where

ρe(Te) = ρe(Ta)(1 + α�T(z)) (11)

and

�T(z) = Te(z) − Ta (12)

because of the small temperature differences in each point
of the resistive line.

4.5. Conductive heat transfer

Our target is to get valid information in view of the de-
termination of fluid and flow characteristics. Therefore, we
intend to get a reliable model under zero and non-zero flow
as well. This necessity is particularly stressed by the partic-
ular behavior of the structures like ours where a significant
percentage of the input power is transferred to the surround-
ings [7].

Using the Fourier law of heat conduction[17] for the
differential element, we get the conduction heat transfer rate:

qsolid = −Aeke
d2Te

dz2
dz (13)

To evaluateqfluid, we have to solve the following 3D heat
conduction equation for the stagnant fluid:

∂2Tf

∂x2
+ ∂2Tf

∂y2
+ ∂2Tf

∂z2
= 0 (14)

Boundary conditions ofEq. (14)are of the Dirichlet type,
including the temperatureTa as well as the temperatureTe
of the differential solid element we consider.

Because of the analytical difficulties in solvingEq. (14),
we use a simple procedure based on the non-dimensional
shape factorG(z) [18,19]:

G(z) =




δ
( z

L

)γ

if z ∈
[
0,

L

2

]

δ
(
1 − z

L

)γ

if z ∈
[
L

2
, L

] (15)

where δ and γ are positive constants that are determined
from the experimental data using a standard least-square
procedure. Therefore, we approximateqfluid like:

qfluid = G(z)kf �T(z)dz (16)

For getting confidence in this approximative approach, the
authors applied it for a similar situation that has been solved
fully analytically.

We approximate our hexagonal structure with a rectangu-
lar one. An analytical 3D model describing the heat transfer
in the resistive line placed in the rectangular duct is given
in [20]. We apply our approximative approach, getting the
values ofδ andγ for the rectangular duct. Then, for each of
N resistors we calculate the relative error between the tem-
peratures calculated by this approach and the temperatures
derived by the analytical approach described in[20]. The
maximum relative error is 0.87% for the gases we used in
the current and velocity ranges we are interested in.

Next, we consider the case of the hexagonal structure
we are designing. The values of and are obtained from the
experimental data given in[4,5]. We getδ = 232.43 and
γ = 1.8. The maximum absolute relative error between
the temperatures calculated with the model described by
Eqs. (1), (10)–(13), (15), (16)and the experimental data is
1.21%.

We stress that theG(z) mapping (defining the conductive
transfer in the fluid) is dependent only on the geometry of the
duct. Thus,G(z) mapping derived here might be useful for
another working conditions if the same structure dedicated
for the fluid flow measurement is implied.

4.6. Convective heat transfer

4.6.1. Free convection heat transfer
We analyze the significance of the free convection over

forced convection as well as over the conductive heat trans-
fer in the fluid. This analysis is imposed by the necessity
to get an acceptable 1D model for the heat transfer in the
structure either in the situation of stagnant fluid and laminar
flow.

Firstly, we estimate the lower bounds for the fluid velocity
that assure pure forced convection. It states that the lower
bound of significant forced convection for a horizontal plate
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along thex-axis is given by the formula[21]:

Grx
Re2.5x

≤ 9.5 (17)

where

Grx = gβ(Te − Ta)x
3

ν2
(18)

Rex = ux

ν
(19)

In Eq. (18), the volumetric coefficient of thermal expansion
β is considered like 2/(Te+Ta), that is a reasonable approach
as stated in[22], it is even valid only for a perfect gas.

We applyEqs. (17)–(19)for each resistance by averaging
alongw, the width of the resistive line. For the three flu-
ids, carbon dioxide, helium and nitrogen, we get the lower
bounds of significant forced convection in terms of the av-
eraged velocities: 1.29 × 10−2, 2.2 × 10−2 and 1.47 ×
10−2 m s−1, respectively. These values are more than 30
times lower than the inferior bound of the averaged velocity
values of the corresponding fluids. We see also that except-
ing the vicinity of first and the last resistor which are not
practically used for measurements, we face only situations
where the forced convection heat transfer dominates the free
convection heat transfer.

Secondly, we analyze the significance of the free convec-
tion over the conductive heat transfer in the fluid.

In [23] it is shown that for heated elements in close prox-
imity to other objects, the effects of the free convection are
suppressed. Namely, it is stated that for Grashof numbers
under 2000, free convection is not important, and most of
the heat transfer is through conduction. For the averaged
Grashof numbers over the width of the resistive line we
get the following values: 3.47 × 10−2, 1.64 × 10−4, and
9.75× 10−3, respectively. From this rough estimation, we
conclude that the free convection heat transfer is insignifi-
cant in comparison with the conductive heat transfer in the
fluid.

Following a more detailed approach, we calculate the ra-
tio between the free convection heat transfer and conduc-
tive heat transfer using the results exposed in[21] for the
free convection heat transfer corresponding to the horizontal
plate andEqs. (15) and (16)for the conductive heat transfer
in the fluid. Averaging over the width of the resistive line,
we get for this ratio a value having the shapec/G(z), where
the constantc takes the values 0.31, 0.1 and 0.23, respec-
tively, for the three fluids we consider. An algebraic calculus
shows this ratio is about 0.3 for the first and the last resistor
and about 0.1 for the second and the second last resistor. Of
course, this ratio is smaller for the other resistors.

Therefore, we are entitled to neglect the free convection
heat transfer in comparison with the conductive heat transfer
in the fluid.

4.6.2. Forced convection heat transfer
Besides the conductive heat transfer, the forced convection

heat transfer plays an important role in the heat rate balance
described byEq. (1). The heat transfer from a hot sensing
element immersed in a fluid increases with the flow rate.

Sensors employing the relation between the heat transfer
and the flow are usually referred to as thermal anemometers.
They have been widely used since the introduction of the
hot-wire anemometer in the beginning of this century[24].

Heat is transferred by forced convection from both sur-
faces (upper and lower) of the resistive line.

When there is no flow, the temperature distribution of the
differential element varies alongz-axis only as we concluded
earlier (based onBi number estimation).

In the presence of a fluid flow, the heat transfer from
the surface of the differential element (initially at uniform
temperature) is not distributed uniformly, but is largest at
the upstream side where the flow first encounters the hot
surface. Because of this nonuniform cooling effect, a small
temperature difference is induced over the resistive line. The
uniformity increases with the flow velocity and is sensitive
to the flow direction[25]. Nevertheless, the flow velocity is
relatively small, so we consider that the temperature of the
differential element is uniform also during cooling. This is
supported by the small width of the resistive line.

Above a certain flow velocity in a duct, only a region
of the flow near the resistive line is heated, and a thermal
boundary layer is formed over the sensor. As the thickness
of the velocity boundary layer (and therefore the amount of
flow that is affected) decreases with the increasing velocity,
the heat transfer increases less linearly in relation to the flow
velocity [24].

In the case of a flow with uniform velocity, we calculate
the forced convection heat transfer rate from the differential
element as:

qconv = 2wdz hw(Te(z) − Ta) (20)

wherehw is the local convection heat transfer coefficient at
the ending edge of the differential element. This coefficient
has to be determined next.

As noted in[16], pure forced convection heat transfer may
be expected to be of the form.

Nu = f(Re,Pr) (21)

when the effects of dissipation of mechanical energy through
viscous friction are neglected.

The specialized literature presents some situations that
become classical now for the pure forced convection heat
transfer. Instances in which empirical methods are used, the
resulting formulas are almost invariably presented in the
form described byEq. (21).

However, certain effects such as the temperature depen-
dence of properties, the influences of the starting length, the
effects of the confined flow on the boundary layer, etc., may
necessitate the inclusion of additional parameters. More than
that, the uncertainties in the many fluid properties involved,
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experimental errors, geometrical deviations, surface rough-
ness, etc., may cause considerable deviation between theory
and experiment or scatter in the correlation of experimental
data. As a result, such deviations or scatter of the order of
magnitude of±10% in predicted Nusselt numbers are not
uncommon in forced convection[16].

A common procedure is to useEq. (20), where the local
convection heat transfer coefficienthw is defined based on
the local Nusselt numberNuw as

Nuw = hww

kf
(22)

whereNuw is detailed byEq. (5) and the local Reynolds
numberRew is z-dependent being defined byEq. (23)

Rew(z) = u(z)w

ν
(23)

because the convective heat transfer from a flat plate is con-
cerned.

Eqs. (5), (6), (20), (22) and (23)state that if the fluid flow
is laminar, the heat transfer scales asRe0.5w . It was proved
many years ago that this holds for flat plates[26], and also
for hot-wires[27].

In the field of micro structures, experimental support for
the square root behavior is given in many works, e.g.[12,28].
At low flow rates, however, there is a significant devia-
tion from the square root behavior. In addition, for different
geometries, due to an interaction of a buoyant plume and
the forced convection flow component, unsteady phenomena
may occur at very low velocities[29].

Main reason of these drawbacks is that we tacitly con-
sider that the boundary layer approximation holds for situ-
ations like ours (confined and low velocity fluid flow over
a flat plate). Unfortunately, we notice rather straightforward
that this is not true, since for very low velocities or very
small narrow resistive lines, the boundary layer approxima-
tion does not hold[29].

A simple criterion for the boundary layer approximation’s
validity isRe0.5w � 1 [17,29]. For carbon dioxide, helium and
nitrogen flowing in their velocity ranges, we get thatRe0.5w

belongs to the ranges 2.17–4.85, 1.33–2.98 and 2.04–4.56,
respectively. Therefore, the criterion for the boundary layer
approximation’s validity does not hold in our case.

Apparently, this inconvenience disappears when higher
fluid velocities are considered. Unfortunately, on another
hand, we cannot do anything about the small width of the re-
sistive line, because the boundary layer approximation given
by Eq. (5)does not hold in the immediate vicinity of the tip
of the boundary layer region (as one property of the square
function is that it has infinite slope in the origin)[17].

This feature is being stressed because it is rarely consid-
ered in the boundary layer works that appear in books and
journals[7,30,31]. In conclusion, we should use the results
concerning the boundary theory approximation in a careful
manner by checking the applicability hypotheses first.

Taking into consideration, the complexity of the physics
involved in such studies like ours, we adopt a simplified

form for Nuw, namely

Nuw = C Reaw Prb (24)

where the constantsC, a andb are determined using a stan-
dard least-square procedure by comparison with the experi-
mental data. This approach is derived from the well-known
King’s law [27].

In Section 5, we get C = 0.339, a = 0.6 and b =
3.9. The maximum absolute relative error between tem-
peratures calculated with the model described byEqs. (1),
(10)–(13), (15), (16), (20), (22)–(24)and the experimental
data is 5.86%, as shown inSection 5.

4.7. Radiation heat transfer

Another heat transfer mechanism that bears consideration
is radiation. In a large majority of micro structures, the heat
transfer by radiation is generally insignificant relative to the
other components at standard (atmospheric) pressure.

To establish an upper bound for radiative heat transfer,
a hypothetical configuration of the resistive line can be
constructed. Assume the emissivity is 1, and that the el-
ement is surrounded by a conformal blackbody cavity at
Ta temperature. This means that the resistive line radiates
heat energy, but receives no energy back through radiation.
For this worst-case situation, usingEqs. (10)–(12)and the
Stefan–Boltzmann law, we getqrad/qJoule = 5.5%, but the
actual value is less. Radiative heat transfer will be neglected
in all subsequent analysis.

At the end ofSection 4, we include a remark concerning
the heat transfer mechanisms. AsEq. (1)states, we consider
the heat transfer rate by conduction in the fluid and heat
transfer rate by (free and forced) convection as two distinc-
tive quantities. In the case of stagnant flow, neglecting the
free convection heat transfer, we notice thatqconv vanishes,
butqfluid plays a central role. For both stagnant flow and fluid
flow, qfluid depends onz, because of the structure’s geom-
etry. Also,qconv depends onz because of the velocity field
of the fully developed laminar flow in a hexagonal duct. As
these two quantities depend onz following distinctive rules,
we consider them in two distinctive terms.

This approach is different than classical approaches for
external free convection flow concerning common immer-
sion geometries (as plates, cylinders or spheres). In these sit-
uations, the heat transfer is described likeNu = Nu0+f (Gr,
Pr), whereNu0 is a constant andf is a function depending on
Grashof and Prandtl numbers[8]. The classical approaches
are developed under the hypothesis that the common immer-
sion geometries are isothermal.

5. Validation of the 1D model

From Eqs. (1), (10)–(13), (15), (16), (20), (22)–(24)we
conclude that the temperature difference along the resistive
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line is given by the linear second-order partial differential
equation with variable coefficients:

�Tzz= �T

Aeke

(
I2ρeα

Ae
− G(z)kf − 2C

(
u(z)w

ν

)a

Prbkf

)

+ I2ρe

A2
eke

(25)

whereG(z) is given byEq. (15)and the parameters’ values
areδ = 232.43, γ = 1.8, C = 0.339,a = 0.6 andb = 3.9.

Eq. (25)is associated with Dirichlet boundary conditions,
in our case the temperature differences of both ends of the
resistive line.

The procedure of getting the values ofδ andγ is described
in Section 4.5. We use these values for getting estimations
for the parametersC, a andb from Eq. (25). This is briefly
described next.

Firstly, we consider nitrogen as the tested fluid. We are
looking for an estimation of the parametera around 0.5, as
Eq. (5)suggests, and also an estimation of the productCPrb.
These two estimations are obtained using the least-square
methodology as the values producing the minimum devia-
tion between the experimental data and the data obtained
by simulating the 1D model described byEq. (25). We de-
note{a, CPrb} N2 the pair of the estimations we obtain for
nitrogen. In the same manner, we proceed for helium and
carbon dioxide, and we get the estimations{a, CPrb} He
and{a, CPrb} CO2, respectively. Analyzing these pairs, we
notice that the estimations of the parametera are very close
to 0.6 for all three gases, so we considera = 0.6 for these
gases.

Secondly, we recalculate for each gas the estimation of
the productCPra in the same manner we did it previously,
but this time we seta = 0.6. We get three estimations of the
productCPrb, namelyCPrb CO2, CPrb He andCPrb N2,
for three gases, respectively. These estimations lead to three
nonlinear equations having two unknowns, namely the pa-
rametersC andb. The unique solution of this system is ap-
proximated using the least-square methodology, so finally
we getC = 0.339 andb = 3.9 for all the three gases.

In the following, the 1D model given byEq. (25)is vali-
dated in two steps.

Firstly, we compare the predictions given by the 1D model
with the experimental data, when the carbon dioxide, helium
and nitrogen are used in velocity and electric direct current
ranges we consider currently.

Secondly, we compare the previous two sets of data with
the results offered by a full 3D simulation of the fluid flow
and heat transfer.

5.1. Experimental verification

We include inFigs. 3–9the comparisons between the
predictions given by the 1D model described byEq. (25)
and the experimental data for three gases and various direct
currents.

Fig. 3. Temperature difference of each resistor for a current of 2.5 mA
and various velocities of CO2.

The experimental work is carried out by Dr. John van
Baar and is described elsewhere[4,5].

For each pair experimental curve/modeling curve, we cal-
culate the modeling error as follows. Firstly, for each re-
sistor we calculate the absolute value of the relative error
between the modeling and experimental data result. Lastly,
the modeling error is calculated by averaging overN.

We proceed in this manner for carbon dioxide, helium and
nitrogen for each value of the velocity.

Fig. 4. Temperature difference of each resistor for a current of 2 mA and
various velocities of He.
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Fig. 5. Temperature difference of each resistor for a current of 3.5 mA
and various velocities of He.

We find that the maximum value of the modeling error is
5.86% that is an acceptable error if we take into considera-
tion many simplifications we made in the process of deriving
the 1D model for a system whose behavior is 3D.

InspectingFigs. 3–9, we notice that the biggest relative
differences between the data given by the 1D model and the
experimental data are localized at the extremities of the re-
sistive line, near the wall. This behavior is expected because
the influence of the wall is simplified very much both in the
conductive and convective part of the 1D model.

Fig. 6. Temperature difference of each resistor for a current of 5 mA and
various velocities of He.

Fig. 7. Temperature difference of each resistor for a current of 1 mA and
various velocities of N2.

Another source of error is formed by the uncertainties in
the physical properties of the materials that are used in the
structure’s fabrication as well as in the physical properties of
the fluid. Based on experiments and simulations, we estimate
their influence on the temperature differences at 1%.

5.2. Verification by 3D simulation

We perform some full 3D simulations for the fluid flow
and heat transfer in this structure.

Fig. 8. Temperature difference of each resistor for a current of 1.75 mA
and various velocities of N2.
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Fig. 9. Temperature difference of each resistor for a current of 2.5 mA
and various velocities of N2.

We have used the CFD-ACE+ software package based
on the finite volume method[32].

Because the time consumption of these simulations is big
in correlation with the hardware we used (PC—1 GHz) and
the mesh we have built (163,270 nodes), we consider only
the case when nitrogen is flowing with an averaged velocity
of 3.3 m s−1 and the resistive line is loaded by a direct current
of 2.5 mA.

Some results of these simulations are presented in
Figs. 10–12. We represent the status of the fluid flow (re-
spectively theu-velocity) and the temperature difference
�T when the fluid is in rest and also when it is flowing.

The representations are made around the resistive line in
thex–y plane ofFig. 1. Thus, only a range of 1 mm length of
the duct is represented, but the length of the duct is 40 mm.

From these figures, we see that this vicinity determines
the functionality of the structure.

Similar toFig. 9, we present inFig. 13two sets of curves
corresponding to the fluid in rest and to the fluid flowing
with an averaged velocity of 3.3 m s−1.

Fig. 10. Theu-velocity whenVav = 3.3 m s−1 for N2.

Fig. 11.�T whenVav = 0 m s−1 for N2.

Fig. 12.�T whenVav = 3.3 m s−1 for N2.

These curves show the temperature difference of each
resistor of the resistive line.

Each set of curves consists of three curves corresponding
to the experimental data, the 1D model we derive and the
full 3D simulation we perform.

Fig. 13. Temperature difference of each resistor for a current of 2.5 mA
(experimental/1D model/3D simulation for N2).
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We see that the values of the temperature difference�T
we get from the 3D simulations are generally smaller than
the corresponding experimental data, but the general shape
of the curves corresponding to the 3D simulations are more
similar to the experimental data than the shape of the curves
obtained by the 1D model.

Also, we calculate the absolute values of the relative er-
rors between the data offered by the 3D simulations and the
experimental data for each resistor. On the other hand, we
have calculated previously the absolute values of the rela-
tive errors between the data obtained by the 1D model sim-
ulation and the experimental data for each resistor. From
these calculations, one concludes that the results from the
1D model as well as from the 3D simulations deviate by
about 6% from the experimental data.

6. Conclusions

We present an 1D model for the heat transfer in an
actuator–sensor structure for the determination of fluid and
flow characteristics. The heat transfer mechanisms implied
in the structure’s functionality are detailed. The model
consists in a linear second-order differential equation with
variable coefficients associated with Dirichlet boundary
conditions. This equation is solved straightforward using a
standard finite difference method.

We compare the results derived by this 1D model with
experimental data and also with the results from full 3D
simulations of the fluid flow and heat transfer in the structure.
The agreement we obtained between these curves (for about
6% for the case discussed inFig. 13) is encouraging to use
the 1D model further on in the design of this structure.

The 1D model described byEq. (25)displays also a com-
pact relation between temperature difference, velocity, ther-
mal conductivity and kinematic viscosity of the fluid and the
electric direct current. Therefore, this model is going also to
be used for the design and measurement purposes, because
velocity, thermal conductivity and kinematic viscosity of the
fluid are three characteristics of the fluid we like to estimate.

The 1D model developed in this work is an important tool
for the design of this structure as well as for the measure-
ment purposes because of its compact form. This model is
suitable for structure optimization and also for the identifi-
cation problems implied by the structure’s functionality.

The results detailed herein might be directly used for var-
ious thermal based actuators and sensors for flow control
and measurement both in micro and macro world.
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