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Modal Fields Calculation Using the Finite 
Difference Beam Propagation Method 

Frank Wijnands, Hugo J. W. M. Hoekstra, Gijs J. M. Krijnen, Member, IEEE, and RenC M. de Ridder 

Abstract-A method is described to construct modal fields for 
an arbitrary one- or two-dimensional refractive index structure. 
An arbitrary starting field is propagated along a complex axis 
using the slowly varying envelope approximation (SVEA). By 
choosing suitable values for the step-size, one mode is maximally 
increased in amplitude on propagating, until convergence has 
been obtained. For the calculation of the next mode, the mode just 
found is filtered out, and the procedure starts again. The method 
is tested for one-dimensional refractive index structures, both for 
nonabsorbing and for absorbing structures, and is shown to give 
fast convergence. 

I. INTRODUCTION 
EAM Propagation Methods (BPM’s) are very powerful B to simulate the propagation of light in structures which 

cannot be treated analytically. Two frequently used BPM’s are 
the Fourier Transform BPM (FTBPM) [1]-[3] and the Finite 
Difference BPM (FDBPM) [4]-[6]. There are various methods 
to perform a modal analysis for an arbitrary refractive index 
structure. Two-dimensional transfer matrix methods can be 
used for two-dimensional structures [7]-[ lo], whereas three- 
dimensional structures require other methods. One method 
comes down to solving an eigenvalue problem with the dimen- 
sion of the matrix to be diagonalized being equal to the number 
of grid points of the cross section [ll].  Another method, 

The waveguide structure to be analyzed is in general z-  
dependent. Since we are interested in finding the modal fields 
at a cross section of the structure for a given value of z ,  
the given cross section will be extended in the direction of 
propagation, leading to a z-invariant “calculation structure.” 

The method is tested for one-dimensional refractive index 
structures. The method can be easily generalized to two- 
dimensional refractive index structures. The only difference 
is that the matrix problem is not a tridiagonal matrix problem 
anymore in that case and hence a different matrix solver should 
be used than in the one-dimensional case. An efficient itera- 
tive matrix solver method is the (preconditioned) conjugate 
gradient method [ 161. Another, noniterative, matrix solution 
method is the Alternating Direction Implicit method [ 171, [ 181. 
A combination of these two methods gives a very efficient 
algorithm, of which the results will be published elsewhere 
[19]. The paper is organized as follows. In Section I1 the 
method is described, both for nonabsorbing and for absorbing 
structures. Results for some one-dimensional structures are 
presented in Section 111. A discussion of the results follows 
in Section IV. 

11. THE METHOD 

by Yevick and I-Iermansson [121, consists of propagating a 
field distribution along an imaginary propagation direction 
(throughout this paper, the propagation direction is along the 
(in general complex) z-axis). The idea is that the guided mode 

A. Propagation Along a Real h i s  with FDBPM 

TE-polarization and a time dependence term eiwt, we have 
In this paper the two-dimensional case is treated. Assuming 

with the highest effective index gets the maximum amplitude 
increase during propagation. They use as propagation scheme 
the FTBPM. 

It is the aim of this paper to show that the FDBPM is quite 
suitable for solving the modal fields equation. The advantage 
of the FDBPM is its fast convergence. For the FDBPM the 
matrix problem can be solved such that selected guided modes 
can be blown up, as will be shown in this paper. To do so, 
one may need a large propagation step, which is allowed in 
the FDBPM. Hence the number of propagation steps in order 
to blow up a selected mode is in general much smaller for the 
FDBPM than for the FTBPM. Moreover, the FDBPM gives 
much more accurate results for large index contrasts (see, e.g., 
11 31-[151). 
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V2E(z,  z) + k,2n2(z, z )E(z ,  z )  = 0. (1) 

A scalar field distribution E ( z ,  z) can be written, according 
to the slowly varying envelope approximation (SVEA), as 

~ ( z ,  z )  $(z, z)e-ilconoz (2) 

where no is a suitably chosen mean refractive index. Substi- 
tuting (2) into (1) yields 

Now $ is assumed to vary slowly as function of z (see 
(2)). Hence the term d2$/dz2 in (3) can be neglected. Now 
discretize the field, $j $(sAz,jAz),j  = 1, . . .  , N  and 
introduce the vector \E”, ( \ E ” ) j  $;. Then (3) is integrated 
for the discretized field, using the Crank-Nicolson scheme. 
The result is [5]: 

AZ 
2 

2ikono(\E”+l - \E”) = M(\E”+l+ \E”)-. (4) 
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Here M is a tridiagonal matrix with M i j  = &,Mii = 
&+ki(n:-ni), 1 5 i 5 N , j  = if l ,  Mij = 0 elsewhere. 
Transparent boundary conditions are used [20], and efficient 
interface conditions are applied [14]. For convenience, (4) is 
rewritten in the form 

p+ iMA~/(4kono)]\k"+' = p- iMA~/(4kono)]9". (5)  

Here 1 is the identity matrix. Following the analysis described 
in [15], suppose that the propagating field consists of a single 
guided mode 0" with effective index ne corresponding to the 
discretized structure. Then 0" satisfies 

Substitution of (6) in (5) yields 

(7) 

with Pe 
say 

ken,, DO keno. If m guided modes are present, 

each with propagation constant pej,  then (7) is replaced by 

(9) 

B. Modal Field Solution Using FDBPM 

Consider a starting field distribution consisting of guided 
modes given by (8) and radiation modes. Our task is to find the 
constituent m modal fields et, . . . , Ok-l. In order to find the 
mode 05 (with, in general complex, propagation constant De,) ,  
the idea is to choose AZ such that 4p0 + iAz(@,", - p i )  M 0. 
Fig. 1 shows Ko,K1, defined in (9), as function of AZ = 
~ T , T  E R+, for a bimodal nonabsorbing waveguide (Test 1 
in Section 111). From Fig. 1 one sees how the values for AZ 
should be chosen in order to increase the relative amplitude of 
a certain mode. The method used to find all guided modes is 
based on the inverse iteration method [17]. It works as follows. 
For convenience, (4) is rewritten as 

for the sth iteration step. Now suppose one wants to find 
the complex eigenvector 0 j  and the corresponding complex 
eigenvalue T (/I,", - p i )  of the matrix M. The search may 
be limited to a certain region of ,&,-values by choosing AZ 
and PO such that the corresponding eigenvectors will blow up. 
E.g., for real refractive index profiles, if we put a lower bound 
on the possible effective indexes of the guided modes, one 
can choose no equal to that bound. Only modal fields with 
Pe, - Po > o will then satisfy /@"+'I > 10'1. If we limit 
ourselves to nonabsorbing and weakly absorbing structures 

- KO 
KI 

cc- 

I ... 
IAzI [mm] 

... ... ... 
Fig. 1. Function h;(lAzl),j = 0 , l  for two modal fields of bimodal 
waveguide described in text and AZ purely imaginary. Here no was taken 
equal to 1.59. 

only, then for modal fields with complex effective indexes 
close to the real axis, the criterion is safe as well. 

The value for AZ is found from i4,&/Az = T,,S 2 0. 
Here TO should be estimated, and T,, s 2 1, can be calculated 
as described below. After having applied (lo), for the next 
iteration step is replaced by 

(1 1) < fS,f" > 
< *s+1, f" > Ts+1 = 7s + 

with inner product < 0, A >E Cy=l[Oj(Aj)*], N being the 
number of grid points. This change of eigenvalue is established 
by changing AZ such that i4/30/Az = T , + ~ .  The approximate 
propagation constant De, ," is determined from the relation 
p e , , s  = d m .  In addition, 
(which is renormalized first). 

The motivation for this choice can be found in [17], and is 
briefly recalled below. Suppose one tries to solve the matrix 
problem 

(12) 

is replaced by 

[M - TJIw+' = [-M - rJIW 

for given Q" and 
say 7. Write !Ps and !4!s+1 in terms of the modal fields as 

such that is near one of the eigenvalues, 

with @ k  having eigenvalue T k .  Inserting (13) to (12) gives 

For the next iteration step, write ~ + 2  = cr=&17;@k. Then 

Now if T,,T,+~ M T ,  then by comparing (14) and (15) one 
sees that *s+2 is a better approximation of the eigenvector 

The choice for T,+I in (11) is based on the following 
argument. If *"+l M Oj,  then M*"+' M ~*"+ l .  Next, ~ , + 1  
should be a better approximation of T than 7". Hence (12) can 

oj than *"+I. 
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Fig. 2. Field profiles as function of z after some subsequent propagation steps for bimodal single waveguide structure described in text (Section IU, Test 
1). The starting field, shown in (a), is a superposition of five sine and cosine functions, in combination with an appropriate exponentially decaying function. 
In (d), the TEo mode has converged. In (e), the TEo mode has been filtered out of the starting field, shown in (a), according to (16). 

be approximated as (T~+I - T~)!T!'+' = f". By multiplying 
both sides with (f")*, (11) is recovered. 

achieved, which eventually converges. 
Now that a mode, denoted by Oj,  has been found, the 

next guided mode, if present, is sought. First construct a new 

starting field q0', orthogonal to Oj, defined as 

(16) 

The next problem is to choose a new trial value for Az. If 
the value for AZ is left unchanged, then the new starting 

< W , O j  > 
< Oj,Oj > '  Using this procedure, a sequence of values for Pe, is *O' = q i o  - O j  

in  
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TE;  

0 
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new method slab solver new method slab solver 

ne 6ne ne,r ne$ Sne,, fine,; 

1.59755263 2.3 1.59755259 9.152 2.3 < lo-’ 

1.59146905 -1.8 1.59146917 5.322 -1.8 < lo-’ 

.r [a.u.] 
I 

(8) 
Fig. 2. (Continued) In (h), the TE1 mode has converged. 

T E i  

0 

1 

2 

3 

TABLE I 

non-absorbing absorbing 

new method slab solver new method slab solver 

ne 6ne ne,T ne,% 6ne,T STLe,, 

1.597.5.5302 2.3 1.59755297 9.150 2.3 < lo-’ 

1.59755225 2.3 1.59755220 9.154 2.3 < lo-’ 

1.59150570 -1.9 1.59150539 5.181 -1.9 < 
1.59142826 -2.0 1.59142800 5.505 -1.9 < lo-’ 

5 [..U,] 

I (1  non-absorbing I absorbing I 

field propagates towards another mode than the modes which 
were already found, since these have been filtered out. If this 
filtering process is carried out after each propagation step, 
then every time a “filtered out” mode rises again, its power 
is diminished. Then the same propagation scheme is followed 
as for the previous mode, resulting in a converging value for 
the propagation constant, etc. 

If the power present in q0’ is smaller than some critical 
small value, then all guided modes are considered to be found. 
In case radiation modes were present in Q0, this condition is 

not fulfilled however. There are two ways out of this problem. 
One solution i s  simply to put a lower bound on the effective 
index. Another solution is to first propagate the initial field 
along the real z-axis in order to keep all guided modes but 
to suppress all radiation modes (recall that the structure under 
consideration is z-invariant), and then start our propagation 
along the complex z-axis. Then nearly all of the power in 
Qo would consist of guided modes. It may take a lot of 
propagation steps, however, in order to loose a significant part 
of the radiation modes energy. Therefore we choose to put 
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f 

x [a.u.] 

z [a...] 

( C )  

Fig. 3. Modal fields TE,,j = 0 , 1 , 2 , 3  ((a)-(d)) for the nonabsorbing structure described in text. 

a lower bound on the effective index. If for ten successive 
propagation steps, ne drops below the lower bound, then all 
guided modes are decided to be found. 

Notice that, because the analysis started with (lo), in fact a 
modified version of the inverse iteration method has been used. 
In the standard inverse iteration method one would solve the 
matrix equation 

instead of (10). Tests showed that the two inverse iteration 
schemes give on the average the same results. Since (10) can 
be used both as starting equation for our inverse iteration 
scheme and as propagation equation, we have chosen for 
convenience of implementation to use the inverse iteration 
scheme starting with (10) instead of (17). 

111. RESULTS 
In this section some tests for nonabsorbing and absorbing 

one-dimensional refractive index profiles are presented. In all 
examples, no = 1.59, the wavelength A0 = 27r/ko = 1.32 pm, 
the spacing between successive transverse grid points Ax = 
0.050 pm and the number of transverse grid points is 1024. 

f 
In all tests, the convergence criterion was that six successive 
values of ,Be, should have a difference less than 10-l'. 

Test 1: In the first test, a 5 pm wide symmetric straight 
waveguide is considered with refractive index n = 1.60, 
surrounded by a medium of index n = 1.59. Fig. 2 shows some 
successive propagation steps for this structure. As starting field 
was used a superposition of a number of sine and cosine 
functions. Within 3 1 propagation steps, the two constituent 
modal fields are found. In Table I the effective indexes of the 
TEo and TE1 mode, achieved with our method, are compared 
with the results obtained with a standard slab solver based on 
the transfer matrix method. The results for a guiding structure 
of refractive index n = 1.60 - z l O V 4 ,  with a surrounding 
nonabsorbing medium with n = 1.59, are also given in 
Table I. 

The field correlation factor for TEo andTE1, defined by 
the quantity I < 03 ,~ ,  > 1 2 / / 1  < c3 ,e3  > l 2  (0, and E ,  

being the modal fields obtained by the present method and 
the slab solver, respectively), are 1 - 
respectively. 

Test 2: In the second test the refractive index profile 
is the same as in the first test, except that now there two 
identical 5-pm-wide waveguides, separated by 11  pm. Each 

and 1 - 2 
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non-absorbing 

new method I slab solver 

207 1 

absorbing 

new method slab solver 

TABLE III 

?Le 

1.5975.526330 

1.5975.526320 

1.5914708489 

1.5914669541 

&Le 

2.4 

2.4 

-8 

-1.6 lo-’ 

ne.r 

1.5975525877 

1.5975525867 

1.5914707531 

1.5914666658 

7Le.i 

9.151978 

9.151987 

5.31637 

5.34399 10-5 

2.3 10-7 

2.3 1 0 - ~  

-1.7 10-7 

-1.7 10-7 

-1.3 10-7 

-2 10-8 

Real (ne,r3) and imaginary (ne ) part of the effective index ne,r3 - in, for modal fields of structures described in text. Also the values as 
calculated with a slab solver method are given, in the form 6n, = n,,,lab - ne,,,,. For the nonabsorbing (absorbing) structure, the four successive 
modes were found after 12+14+43+20=89 (12+14+35+20=8 1) propagation steps. 

, 3  ‘ 3  

of the effective indexes of test 1 splits into two values. The 
results are shown in Table 11. 

Test 3: In order to investigate the resolution of our method, 
the two waveguides are separated by 20 pm. The values for 
the effective index are shown in Table 111. 

The four modal field profiles for the nonabsorbing case, 
obtained by the present method, are displayed in Fig. 3. 

The difference between the values obtained with the present 
method and the exact values are due to the discretization in 
the transversal direction. With respect to the coupling length 
in case of the coupled waveguides (Tables 11, III), which is 
inversely proportional to ne, - ne, and ne, - ne3, there is 
nice agreement however between the two methods. As is well 
known, the computation time grows linearly as function of the 
number of grid points for the FDBPM. A considerable increase 
in computer speed can be achieved by first using a coarse 
grid, and once a mode nearly has been found, to use a finer 
mesh [21]. This method has not yet been implemented. For 
two-dimensional refractive index profiles, this option is very 
interesting, since then the number of grid points can become 
quite large. 

IV. CONCLUSIONS 
A modal fields calculation method has been applied to the 

Finite Difference BPM scheme, both for nonabsorbing and 
for absorbing structures. The examples for one-dimensional 
refractive index structures have shown that the method works 
well. All guided modes can be found in a reasonably small 
number of propagation steps. The third example showed that 
also nearly degenerate modes can be found. It is expected 
that for two-dimensional refractive index profiles, this method 
is quite faster than already existing modal fields calculation 
methods. 
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