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To understand the functioning of living cells, it is often helpful or even nec-

essary to exploit inherent timescale disparities and focus on long-term

dynamic behaviour. In the present study, we explore this type of behaviour

for the biochemical network of the phosphotransferase system. We show

that, during the slow phase that follows a fast initial transient, the network

reaction rates are partitioned into clusters corresponding to connected parts

of the reaction network. Rates within any of these clusters assume essen-

tially the same value: differences within each cluster are vastly smaller than

that from one cluster to another. This rate clustering induces an analogous

clustering of the reactive compounds: only the molecular concentrations on

the interface between these clusters are produced and consumed at substan-

tially different rates and hence change considerably during the slow phase.

The remaining concentrations essentially assume their steady-state values

already by the end of the transient phase. Further, we find that this cluster-

ing phenomenon occurs for a large number of parameter values and also

for models with different topologies; to each of these models, there corre-

sponds a particular network partitioning. Our results show that, in spite of

its complexity, the phosphotransferase system tends to behave in a rather

simple (yet versatile) way. The persistence of clustering for the perturbed

models we examined suggests that it is likely to be encountered in various

environmental conditions, as well as in other signal transduction pathways

with network structures similar to that of the phosphotransferase system.

Introduction

Understanding the function of complex biochemical

networks is a central part of systems biology. Many

biochemical models are simple to understand because

they have been constructed in reductionist ways and

with the objective of making them tractable through

elementary mathematics. However, as the complexity

of living matter becomes better understood and models

are put to the test experimentally, such simple models

often prove too crude and give way to more realistic

models of higher complexity. This renders the dynami-
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cal behaviour of many biochemical networks impossi-

ble to fathom in full detail and creates an obvious

need for simplified descriptions that strike a balance

between comprehensiveness and tractability [1].

At the same time, the complex pathways that sys-

tems biology investigates often perform well-defined,

biologically coherent functions. Hence, it is plausible

that the nonlinear and potentially complex network

interactions lend these pathways their distinctive func-

tionality. The phosphoenolpyruvate sugar phospho-

transferase system (PTS) is a characteristic example of

how function can emerge from biochemical interac-

tions. The kinetic model developed previously [2] con-

tains 13 state variables, each of which represents the

concentration of a molecular pathway component. The

nonlinear interactions between these components

bestow on the network an enormous potential of

dynamic behaviour, a flexibity that evolution may have

used to select for a precise constellation that befits rel-

evant functions. The PTS has a few distinct functions:

it is a mixed signal transduction, metabolic, and trans-

port pathway involved in transporting various sugars

into enteric bacteria and, at the same time, phosphory-

lating those sugars, and signalling their availability to

the cellular transport and gene-expression machinery;

all of this occurs in a coherent, coupled way [3,4]. It

is, then, of interest to investigate how the enormous

dynamical flexibility of a nonlinear model with 13 state

variables translates into such coherent, if relatively

advanced, biochemical function.

The chasm between complex dynamics and biologi-

cally coherent function is frequently bridged by the

presence of disparate timescales in the dynamical

model in question. This timescale disparity is responsi-

ble for the strong damping of certain dynamic modes

after a short transient, thus allowing the remaining

modes to dictate the long-term dynamic behaviour.

This state of affairs is manifested foremost through

the emergence of approximate, typically nonlinear con-

straints, which apply past a short initial transient and

constrain the concentrations of the constituents of the

network. In terms of the state space, such constraints

correspond to lower-dimensional subsets called slow

invariant manifolds (SIMs), much in the same way

that conservation equations correspond to linear sub-

spaces. Initial states of the system quickly collapse

onto such SIMs, so that the long-term evolution of the

network is dictated by the dynamics on such a SIM.

Detailed descriptions of the theory of timescale separa-

tion and SIMs are provided elsewhere [5,6]. In the

present study, we illustrate these concepts in terms of

a paradigmatic example offered by the irreversible

enzymatic reaction:

Eþ S �k1
k�1

C!k2 Eþ P (1)

The full dynamics of this reaction is governed by a sys-

tem of two ordinary differential equations (ODEs) for

the concentrations of substrate (S) and of enzyme–sub-
strate complex (C). An approximation of the (unknown)

constraint is derived using the Ansatz that, past an ini-

tial fast transient during which complex builds up, it

remains in quasi-steady-state (i.e. it is permanently

balanced with respect to the instantaneous concentra-

tion of substrate). We denote the phase following the

fast transient, in which this balancing occurs and hence

the dynamics is slow, the ‘partially relaxed phase’. The

analytical expression of this quasi-steady-state assump-

tion (QSSA) is the celebrated Briggs–Haldane approxi-

mation [7], C = E0S/(S + KM), where E0 is the total

concentration of enzyme and KM = (k�1 + k2)/k1 is the

Michaelis–Menten constant. The SIM is a curve in the

(S,C)-plane close to the curve described by the Briggs–
Haldane approximation, and trajectories quickly con-

verge to it. An approximation of the dynamics of S on

this curve is generated by Michaelis–Menten kinetics

based on the Briggs–Haldane approximation, dS/

dt = �VmaxS/(S + KM), where Vmax = k2E0 is the maxi-

mum velocity [8,9]. For many practical purposes, and as

long as certain conditions are satisfied [10,11], the

dynamical behaviour of the pathway in Eqn (1) is

adequately described by this single ODE for S.

The QSSA outlined above remains the most promi-

nent method to simplify biochemical models by taking

their multiscale structure into account. The limitations

of the QSSA have been discussed extensively in the lit-

erature [11,12]. In the present study, we employ an

extension of the QSSA called the zero-derivative princi-

ple (ZDP), which has been demonstrated to capture the

essential nonlinear dynamics on the SIMs of biochemi-

cal systems more accurately [13]. Using it, we analyze

the reaction rates of the PTS during the partially

relaxed phase, that is, after the concentrations have

gone through a short phase (fast transient) where they

change appreciably and have entered a second phase

where their change is far more gradual. In particular,

we compute these rates on (an approximation of) a

one-dimensional SIM, aiming to determine the system

dynamics past the fast transient. We find that these

rates evolve coherently: they belong to one of two dis-

tinct clusters, each of which is characterized by the

magnitude of the rates it encompasses. In that sense,

the complexity of the full system dynamics is reduced

by the timescale disparity evident in it. In particular,

through the action of the fast contracting dynamics,

the network state evolves in a way that makes the reac-
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tion rates cluster. This clustering phenomenon also

reflects on the concentrations of the network constitu-

ents. Specifically, a large part of the network is parti-

tioned into disjoint clusters whose constituents are

nearly-equilibrated already by the end of the transient

phase and hence well before the system has equilibrated

fully. The remaining constituents form interfaces, that

is, regions separating neighbouring clusters, and their

concentrations are far from equilibrium but proceed to

it coherently. In this sense, we find that the slower

dynamics during this final approach to the steady-state

is contained in subnetworks (i.e. the interfaces),

whereas the remaining part of the network can be

viewed as equilibrated for most practical purposes. We

shall demonstrate that clustering of this sort also

appears in systems differing from the PTS both in

kinetic parameter values and in network topology.

We first present our findings regarding the clustering

behaviour of the reaction rates and the concentrations

in the PTS. Subsequently, we demonstrate the robust-

ness of our results by showing this behaviour persists for

a large set of parameter values and also for other model

structures similar to that of the PTS. We then formulate

the clustering phenomenon in these types of systems in

terms of analytical constraints to gain additional insight

into the relationship between the clustering of the rates,

on the one hand, and the particular behaviour of the

concentrations, on the other. This is followed by a dis-

cussion of the results obtained. In the final section, we

describe the PTS model and details of our computa-

tional methodology for investigating clustering.

Results

Rate profiles

The PTS model considered in the present study was

introduced by Rohwer et al. [2]. It is depicted graphi-

cally in Fig. 1. The corresponding kinetic equations

and parameter values are summarized in Tables 1 and

2 and a short discussion is provided in the Materials

and methods. A more detailed discussion is provided

elsewhere [13], where it is also shown that the model’s

slow dynamics is constrained to follow [EIIA�P]. This
last statement is meant in the sense that the concentra-

tions of all reactants (i.e. the state variables) are

parameterized by [EIIA�P] (on the SIM), much like C

is parameterized by S in the enzymatic reaction

according to the Briggs–Haldane approximation. The

accurate approximation of these constraints (the SIM)

is an intricate task; much more so than formulating

the Briggs–Haldane approximation. We hence defer

the corresponding discussion to the Materials and

methods and limit ourselves to plotting the approxima-

tions obtained by employing the QSSA and the newer

ZDP method (Fig. 2). These approximations are

henceforth called the ‘QSSA curve’ and ‘ZDP curve’,

respectively. Additionally, we limit [EIIA�P] to take

values between 10 lM and 35 lM (physically feasible

region) because no constraining curve appears to exist

outside that interval.

To investigate rate behaviour during the slow phase,

we computed the ten reaction rates in the PTS model

at each point of the (numerically tabulated) ZDP

curve. For each rate, the outcome of this procedure is

another curve (the rate profile), which collects the val-

ues of that rate and indexes them by [EIIA�P]. We plot

these rate profiles in Fig. 3B; for any value of [EIIA�P]
and any specific reaction rate can be read the value of

that rate at the corresponding point on the constrain-

ing curve. For comparison Fig. 3A depicts the rate

profiles based on the QSSA approximation; for a dis-

cussion of the differences between the two, see below.

We note that the analysis of the rate profiles (for

this and other models) is the focus of the present study

and that ZDP is used solely to accurately estimate the
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Fig. 1. Biochemical interactions in the PTS model. The 13 compounds are depicted as boxes; their concentrations correspond to dynamical

variables. The concentrations of PEP, Pyr, Glc�P, and Glc are assumed to be clamped (constant). Composite molecular names correspond to

molecular complexes. EI, enzyme I; EIIA, enzyme IIA; EIICB, enzyme IICB; Glc, glucose; HPr, histidine protein; P, phosphate group; PEP,

phosphoenol pyruvate; Pyr, pyruvate. The two larger boxes encompass the rate and concentration clusters.
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SIM (i.e. the locations at which we compute the rates

for the full PTS system). In particular, we do not use

ZDP to reduce the model as was carried out previ-

ously [13].

Clustering of the reaction rates

The QSSA rate profiles in Fig. 3A suggest that v1, …,

v6 assume identical values during the partially relaxed

phase; the same is true for v7, …,v10. Indeed, the

QSSA condition expresses mathematically the demand

that all state variables except for [EIIA�P] be equili-

brated and thus produced and consumed at the same

rate [see Eqn (11) in the Materials and methods, with

m = 0 and x = [EIIA�P]]. Hence, it reads precisely v1 =
… = v6 and v7 = … = v10. A somewhat similar cluster-

ing is found using ZDP [again, see Eqn (11), with x as

above but m = 1]. Clustering persists here also for the

entire interval [10 lM, 35 lM] for [EIIA�P] but clus-

tered rates assume similar (not identical) values. Addi-

tionally, and contrary to QSSA, ZDP groups v5 with

the latter rate cluster. To determine which clustering is

correct, we monitored rate evolution in the full model

for a few different initial conditions. The resulting rate

trajectories of the critical rate v5 and, additionally, of

v6 are reported in Fig. 3C,D. As the system enters the

partially relaxed phase, the rate trajectories collapse

onto the actual rate profiles. Plainly, these trajectories

approach the ZDP rate profiles; in particular, v5 is

indeed grouped with v7, …, v10. This establishes that

ZDP profiles capture accurately actual rate behaviour

in the partially relaxed phase, whereas their QSSA

counterparts do not. To substantiate, as well, that the

ZDP curve correctly predicts the clustering for all ten

Table 1. The PTS model. Top: state variables for the PTS model.

Upper middle: the four free protein concentrations given by the

total protein conservation laws. Lower middle: governing ODEs in

terms of the reaction rates. Bottom: expressions for these reaction

rates. The concentrations of the boundary metabolites, [PEP], [Pyr],

[Glc] and [Glc�P], are assumed to be constant. All concentrations

are measured in micromolar (µM) and time is measured in minutes.

z1 = [EI�P�Pyr] z4 = [HPr�P] z7 = [EIIA�P�EIICB]
z2 = [EI�P] z5 = [HPr�P�EIIA] z8 = [EIICB�P]
z3 = [EI�P�HPr] z6 = [EIIA�P] z9 = [EIICB�P�Glc]

[EI] = [EI]tot � z1 � z2 � z3 [EIIA] = [EIIA]tot � z5 � z6 � z7

[HPr] = [HPr]tot � z3 � z4 � z5 [EIICB] = [EIICB]tot � z7 � z8 � z9

dz1/dt = v1 � v2 dz4/dt = v4 � v5 dz7/dt = v7 � v8

dz2/dt = v2 � v3 dz5/dt = v5 � v6 dz8/dt = v8 � v9

dz3/dt = v3 � v4 dz6/dt = v6 � v7 dz9/dt = v9 � v10

v1 = k1f [EI][PEP] � k1rz1 v6 = k6fz5 � k6r[HPr]z6

v2 = k2fz1 � k2rz2[Pyr] v7 = k7fz6[EIICB] � k7rz7

v3 = k3fz2[HPr] � k3rz3 v8 = k8fz7 � k8r[EIIA]z8

v4 = k4fz3 � k4r[EI]z4 v9 = k9fz8[Glc] � k9rz9

v5 = k5fz4[EIIA] � k5rz5 v10 = k10fz9 � k10r[EIICB][Glc�P]

Table 2. Parameter values. The set of parameter values for the

PTS model reported previously [2] (‘Original’; the units are such

that the reaction rates are measured in µM�min�1), two arbitrary

parameter sets (‘A’ and ‘B’) and the additional parameters of the

models with five, six or seven cycles. Parameters marked with an

asterisk (*) are only present in the models with six or seven

cycles, and those marked with two asterisks (**) are only present

in the model with seven cycles.

Parameter Original A B

[Glc] 500 1000 80

[Glc�P] 50 50 50

[Pyr] 900 87 70

[PEP] 2800 1 40

k1f 1960 10 10

k1r 480 000 0.005 1

k2f 108 000 18 100

k2r 294 50 1

k3f 14 000 10 16

k3r 14 000 0.001 6

k4f 84 000 10 10

k4r 3360 1 1

k5f 21 960 10 60

k5r 21 960 82 5

k6f 4392 10 10

k6r 3384 7 5

k7f 880 10 50

k7r 880 88 5

k8f 2640 10 18

k8r 960 1 3

k9f 260 100 100

k9r 389 1 7

k10f 4800 10 10

k10r 0.0054 1 5

[EI]tot 5 1 10

[HPr]tot 50 1 30

[EIIA]tot 40 1 10

[EIICB]tot 10 1 10

5–7 cycles

k11f 1000

k11r 100

k12f 4000

k12r 2000

k13f* 500

k13r* 480

k14f* 3000

k14r 30

k15f** 800

k15r** 300

k16f** 10 000

k16r** 9000

[E5]tot 20

[E6]tot* 90

[E7]tot** 15
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Fig. 2. Approximate SIMs for the PTS

model. Upper eight panels: QSSA and

ZDP curves (dashed and solid lines,

respectively) for the nine-dimensional PTS

model plotted against [EIIA�P]. Lower four

panels: the four free protein

concentrations plotted against the same

variable. All concentrations are given in

lM. The steady-state is indicated, in each

plot, by a circle. The set of these 12 plots

represents a curve in the full, 13-

dimensional state space.
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Fig. 3. Rate profiles and rate trajectories.

(A, B) The rate profiles of the PTS model

based on the QSSA and ZDP curves,

respectively. The horizontal axes report

the value of [EIIA�P] corresponding to the

point on the curve at which the rates were

evaluated. (C, D) The rates v5 and v6,

respectively, evaluated on trajectories of

the full model for a few different initial

conditions (grey solid lines), and on the

QSSA and ZDP curves (black dashed and

black solid lines, respectively). (E) The ten

rates evaluated on two trajectories of the

full model starting on the ZDP curve in the

two end points of the physically feasible

region; the rate numbers are equivalent to

those shown in (B).
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rates, we display the full-model evolution of these rates

in Fig. 3E. We also compare these rate trajectories to

the ZDP rate profiles in Table 3.

Clustering of the concentrations

Interestingly, the rates within the two reaction rate

clusters outline connected compound clusters of the

PTS network. These clusters are depicted in Fig. 1,

where we have boxed together compounds whose con-

centrations are controlled by rates belonging to the

same cluster. A necessary consequence of this observa-

tion is that the concentrations of such compounds

should effectively assume their steady-state values

already by the end of the fast transient. Indeed, as

shown in Fig. 1, all network constituents within a

given cluster are produced and consumed at rates that

are approximately equal during this slow phase. As a

result, the overall change in their concentrations dur-

ing that final stage of their approach to their steady-

state values should be rather limited. This expectation,

effectuated by the rate profiles in Fig. 3B, is directly

confirmed by the concentration profiles collected in

Fig. 2.

By stark contrast, the concentrations of molecules

on the interface between the two clusters, namely

[HPr�P], [HPr�P�EIIA], and [EIIA�P], should change

significantly during the partially relaxed phase, because

these are produced and consumed at rates that differ

substantially. This prediction is also directly confirmed

by the concentration profiles in Fig. 2. The range of

values for the three interface concentrations is larger

than those of all other concentrations by at least one

order of magnitude. For example, [HPr�P�EIIA] is in

the range 0–10 lM, whereas [EIICB] is in the range 1–
2 lM, which is in the aforementioned range for [EIIA�P].
Additionally, [HPr�P] + [HPr�P�EIIA] remains approxi-

mately constant in that same range; the same is true of

[HPr�P�EIIA] + [EIIA�P]. This is also to be expected by

the rate profiles because these two composites are pro-

duced and consumed at approximately equal rates: v4
and v6, respectively, for the former and v5 and v7 for the

latter.

It is important to note the ability of QSSA (or lack

thereof) to predict this state of affairs. The QSSA con-

dition erroneously places the interface at EIIA and

EIIA�P: according to the QSSA-generated rate profiles,

these are the sole network components produced and

Table 3. Comparison between rate trajectories and the ZDP rate profiles. The relative differences between the rates on two trajectories of

the full system and the rates on the ZDP curve, di = |vi(ZDP1)-vi(trajectory)|/|vi(trajectory)| for i = 1,…,10, expressed as percentages. The

trajectories were initialized in points on the ZDP curve at each of the end points of the physically feasible region.

[EIIA�P] d1 (%) d2 (%) d3 (%) d4 (%) d5 (%) d6 (%) d7 (%) d8 (%) d9 (%) d10 (%)

10.001 0.0096 0.0086 0.0069 0.0097 0.14 0.024 0.025 0.036 0.023 0.016

10.999 0.11 0.066 0.024 0.11 0.060 0.46 1.1 0.31 0.29 1.2

11.997 0.028 0.055 0.081 0.026 0.24 0.35 0.33 0.51 0.51 1.2

13.001 0.047 0.064 0.080 0.046 0.22 0.24 0.12 0.38 0.39 0.73

13.996 0.021 0.029 0.036 0.020 0.082 0.11 0.084 0.16 0.16 0.28

15.004 0.0027 0.0046 0.0064 0.0026 0.0094 0.024 0.0094 0.027 0.028 0.050

16.004 0.0014 0.0032 0.0052 0.0013 0.0023 0.024 0.0038 0.021 0.022 0.041

16.998 0.0012 0.0051 0.0094 0.00098 0.0070 0.050 0.0024 0.037 0.038 0.072

18.004 0.000095 0.0046 0.010 0.00033 0.023 0.065 0.00094 0.039 0.04 0.076

19.002 0.0013 0.0032 0.0095 0.0015 0.040 0.072 0.0038 0.035 0.035 0.069

20.000 0.0021 0.0013 0.0077 0.0022 0.055 0.074 0.0060 0.029 0.029 0.056

20.996 0.0023 0.00082 0.0050 0.0023 0.068 0.073 0.0075 0.021 0.021 0.043

21.999 0.0016 0.0034 0.0013 0.0014 0.079 0.069 0.0086 0.014 0.014 0.029

22.998 0.00014 0.0067 0.0039 0.00074 0.088 0.064 0.0095 0.0076 0.0075 0.017

24.003 0.0042 0.012 0.012 0.0054 0.095 0.056 0.010 0.0018 0.0017 0.0057

25.003 0.014 0.022 0.030 0.017 0.10 0.044 0.011 0.0031 0.0033 0.0036

25.997 0.064 0.070 0.11 0.073 0.10 0.021 0.011 0.0071 0.0073 0.011

26.996 0.10 0.068 0.15 0.11 0.11 0.097 0.011 0.010 0.010 0.017

27.997 0.041 0.021 0.051 0.046 0.11 0.15 0.0097 0.013 0.013 0.022

29.002 0.031 0.010 0.031 0.034 0.11 0.088 0.0080 0.014 0.014 0.025

29.999 0.027 0.0049 0.022 0.030 0.10 0.069 0.0050 0.014 0.014 0.026

30.999 0.026 0.00075 0.015 0.028 0.10 0.057 0.00032 0.013 0.013 0.024

32.002 0.026 0.0031 0.0098 0.028 0.095 0.048 0.0061 0.010 0.010 0.020

32.997 0.027 0.0068 0.0048 0.029 0.088 0.040 0.012 0.0058 0.0054 0.013

33.993 0.0083 0.0028 0.000046 0.0087 0.079 0.013 0.0026 0.00037 0.00029 0.0011
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consumed at different rates. Indeed, it can be con-

firmed that all nine choices for x [see Eqn (11) in the

Materials and methods] yield distinct interfaces that all

are incorrect. For example, if x is selected equal to

[HPr�P], then QSSA posits that v1 = … = v4 and v5 =
… = v10 and hence identifies HPr and HPr�P as the

interface compounds. Plainly, none of these predic-

tions reflects reality. Nevertheless, the QSSA curve

depicted in Fig. 2 correctly identifies the clustered

compounds (changing only slightly) and those on the

interface (changing appreciably). Clearly, the predic-

tions based on the QSSA-generated rate profiles and

the QSSA curve are contradictory and QSSA is incon-

sistent. Among these sets of predictions, it is the latter

that adequately represents reality and must be trusted.

Dependence on environmental conditions

We next investigate whether clustering can be expected

to occur under different environmental conditions by

investigating the slow dynamics in models with per-

turbed parameter values. Here again, we thoroughly

compared rate trajectories with ZDP rate profiles, as

described above; in all cases, these were essentially

identical past a fast transient (data not shown).

We first increase or decrease ten-fold any one of the

four boundary concentrations [PEP], [Pyr], [Glc] and

[Glc�P]. The rate profiles corresponding to a ten-fold

increase in the concentration of external pyruvate

([Pyr] = 9000 lM) are shown in Fig. 4A,B. As Fig. 4A

shows, the rates cluster and the composition of the
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Fig. 4. Rate profiles and network

partitioning for altered parameter sets. (A–

D) the effects of changing a single

parameter value on the ZDP rate profiles.

The perturbed parameter is

[Pyr] = 9000 lM in (A, B) [Glc] = 5000 lM

in (C); and [HPr]tot = 5 lM in (D). (B) is a

zoom-in of (A) around the steady-state. (E,

F) The corresponding clustering in the PTS

network close to the steady-state for the

cases [Pyr] = 9000 lM and [HPr]tot = 5 lM,

respectively.
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resulting clusters is identical to that for the original

parameter set (original clustering); compare with

Fig. 3B. Figure 4B shows that, close to the steady-

state, these clusters dissolve, yet the rates v1, …, v4
remain clustered together, as do v8 and v9; also, these

two clusters correspond to connected compound

regions of the network, depicted in Fig. 4E. This dis-

solution of the original clusters near steady-state indi-

cates that rates clustered together do not assume

identical values on the SIM but, rather, form bands

that mix with each other close to the steady-state

because all rates must assume nearby values close to

it. Also, for the remaining seven perturbed parameter

sets, the original clustering was observed. In these

cases, the rate profile bands are sufficiently narrow for

the two original clusters to be maintained also near

steady-state. One of these cases (corresponding to a

ten-fold increase in [Glc]) is depicted in Fig. 4C.

We apply the same process after modifying one of

the four total protein concentrations, again by a factor

of ten. We find that the original clustering is repro-

duced in the cases [EI]tot = 50 lM (ten-fold increase in

[EI]tot) and [EIICB]tot = 1 lM (ten-fold decrease in

[EIICB]tot). Two more cases, [HPr]tot = 500 lM (ten-

fold increase in [HPr]tot) and [EI]tot = 0.5 lM (ten-fold

decrease in [EI]tot), result in the original clustering

along the SIM, except for close to the steady-state

where clustering dissolves. Decreasing [HPr]tot to 5 lM
leads to Fig. 4D. Here, v1, …, v6 and v7, …, v10 form

two distinct clusters along the left part of the curve.

As [EIIA�P] is increased past its steady-state value, v5
gradually peels off and proceeds to join the latter clus-

ter, which brings us closer to the original clustering. It

should be noted that the physically feasible region for

this set of parameters is approximately [2 lM, 34 lM]
for [EIIA�P], which renders this deviating behaviour of

v5 biologically relevant. As shown in Fig. 4F, the two

clusters formed on the left part of the curve also parti-

tion the network into connected compound regions.

The exact same pattern is observed for

[EIIA]tot = 400 lM (ten-fold increase in [EIIA]tot). In

the case [EIICB]tot = 100 lM (ten-fold increase in [EI-

ICB]tot), a constraining curve cannot be expected to

exist. A two-dimensional surface would be a far more

natural choice because the two slowest eigenvalues of

the Jacobian at steady-state are complex conjugates.

On a related note, the ratio of the two slowest eigen-

values for [EIIA]tot = 4 lM (ten-fold decrease in

[EIIA]tot) is only 1.4, indicating a SIM that only very

weakly attracts nearby trajectories and is thus of little

use; we do not consider this case further. A similar

investigation of the two cases where all four total

enzyme concentrations are simultaneously either

increased or decreased two-fold results in the original

clustering.

Our results demonstrate that clustering into con-

nected network components occurs for a variety of

substantial changes in the environment. Also, for a

majority of these changes, the original network decom-

position is maintained. Yet, interestingly, certain

changes in the total enzyme concentrations result in a

different composition of the clusters.

Clustering in other signal transduction pathways

Signal transduction pathways consisting of coupled

cycles of phosphorylation, acetylation or ubiquitina-

tion exhibit network structures similar to that of the

PTS. Hence, an emergent question is whether cluster-

ing behaviour may be expected in other such signal

transduction pathways. We first investigate this issue

for networks that also consist of four cycles but con-

tain proteins with kinetic properties differing from

their PTS counterparts. Accordingly, we apply a com-

putational analysis of the type outlined above to mod-

els with the same network structure but with

arbitrarily chosen parameter values. Two such exam-

ples are presented in Fig. 5, where we plot the ZDP-

generated rate profiles and display the corresponding

network partitioning for two arbitrarily chosen param-

eter sets A and B (Table 2); plainly, clustering occurs.

We also performed the same type of analysis for sev-

eral other, similarly arbitrary parameter sets. Cluster-

ing of the network into connected subnetworks

occurred in all cases, with cluster composition depend-

ing on the parameters (data not shown).

Finally, we investigate whether clustering may be

expected also in signal transduction pathways with dif-

ferent numbers of cycles. Specifically, we perform the

same type of analysis for models with three, five, six

and seven cycles; see the general network structure in

Fig. 6. The three-cycle model that we consider was

obtained by excluding the leftmost cycle from the PTS

network and clamping the two leftmost concentrations

to their steady-state values. Models with more cycles

were constructed by adding cycles with arbitrary

parameter values (Table 2). Our analysis reveals that

clustering occurs in all of these models and the clusters

also for these models correspond to connected parts of

the network (Fig. 7).

When can we expect clustering?

The results presented above show that clustering

occurs generically in the signal transduction networks

consisting of coupled cycles of the type depicted in
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Fig. 6. Hence, the question arises as to how the clus-

tering phenomenon and the composition of the clusters

depend on the network properties. In this section, we

address this intricate question partially by relating

clustering in these systems to the particular form of

their stoichiometric matrix and to properties of their

kinetic state equations.

Network structure of PTS-like systems

We first establish a canonical form of the stoichiome-

tric matrix S for networks with an arbitrary number m

of cycles (Fig. 6). This matrix appears in the familiar

evolution equations for the concentrations:

dz

dt
¼ fðzÞ ¼ SvðzÞ (2)

where z is the state vector and the vector v(z) collects

the reaction rates. By inspection of Fig. 6, we see

that the number of state variables can be reduced

from 3 m + 1 to n = 2 m + 1 by using the m linear

conservation relations; see, also, our concrete discus-

sion in Materials and methods on total protein con-

servation for each cycle of the four-cycle PTS

network. We assume that this reduction has been

carried out by eliminating the concentrations of the

free proteins E1, E2, …, Em, in Fig. 6. We addition-

ally order the remaining n state variables and the

rates in a meandering manner from left to right, fol-

lowing the direction of the reactions: the rate at

which A�P is consumed is labelled v1 and the corre-

sponding product, A�P�E1, is labelled z1. With these

assumptions, the network is unfolded into the linear

chain:

A � P �v1 A � P � E1 �v2 E1 � P �
v3

E1 � P � E2 �v4 . . .

�
v2mþ1

Em � P � B �
v2mþ2

B � P
(3)

with A�P and B�P clamped. The matrix S assumes a

form describing that and any other reaction chain:

S ¼

1 �1 0 0 0 . . . 0
0 1 �1 0 0 0

. .
.

0 . . . 0 0 1 �1 0
0 . . . 0 0 0 1 �1

2
66664

3
77775

(4)

It is important to note here that the rates in Eqn (3)

are not linear functions of the reactant concentrations,

as for a chain of first-order reactions. Instead, they

involve eliminated variables and hence are quadratic;

the unfolding (3) is only stoichiometric.

A

C D

B

Fig. 5. Rate profiles and partitioning of signal transduction networks with structure similar to the PTS structure. (A, B) The ZDP rate profiles

for the two parameter sets A and B, respectively. (C, D) The corresponding clustering for the same parameter sets, respectively. Vacant

boxes represent dynamical variables; solid ones represent clamped concentrations (i.e. model parameters).
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Clustering in terms of vector field constraints

We have already addressed qualitatively the relation

between relaxation of rates, on the one hand, and con-

centrations, on the other, for the original PTS model.

Here, we formulate a general framework connecting

these phenomena. To do that, we translate the exis-

tence of connected clusters and of coherent behaviour

of the interface into a set of constraints on the vector

field components. In what follows, we suppress the

dependence of f and v on the state z to avoid clutter-

ing the equations.

In a system such as that shown in Eqn (2) with a

stoichiometric matrix of the form shown in Eqn (4),

the vector field components are given by:

fj ¼ vj � vjþ1; 1� j� n (5)

By virtue of these equations, two rates vj and vj+p

cluster together if:

vj � vjþp ¼ fj þ . . .þ fjþp�1 � 0 (6)

In particular, vj and vj+1 belong to the same cluster if

the jth component of f approximately vanishes,

dzj
dt

¼ fj � 0 (7)

so that clustering of these two rates implies near-equil-

ibration of the concentration zj in the slow phase.

Note that these two rates are connected via zj (Fig. 6).

Similarly, vj and vj+3 are always connected when j is

odd, as they then correspond to the consumption and

production rates of an eliminated free protein concen-

tration, and these rates cluster when:

d½Eðjþ1Þ=2�
dt

¼ fj þ fjþ1 þ fjþ2 � 0; ðwith j oddÞ (8)

This constraint is similar to Eqn (7) because it implies

the near-equilibration of an (eliminated) concentration

and yields a connected pair of clustered reaction rates.

In networks of the type shown in Fig. 6, a pair of

reactions vj and vj+p are connected only if they are

related in one of the two ways described above (i.e., if

p = 1 or if p = 3 and j is odd) and hence constraints of

the type in Eqns (7,8) suffice to fully describe con-

nected rate clustering. As we illustrate below for the

original PTS model, these constraints also fully

describe the relaxation behaviour of both the clustered

and the interface concentrations.

For the PTS model with original parameter values,

the rate clustering of Fig. 3B is equivalent to six con-

straints of the form shown in Eqn (7) (j = 1, 2, 3, 7, 8,

9) and two of the form shown in Eqn (8) (j = 3, 5).

The former constraints express near equilibration of

the six non-eliminated, non-interface compounds; the

latter ones express near equilibration of the (elimi-

nated) free protein concentrations [HPr] and [EIIA].

Note that the former constraints and conservation

laws imply that also the other two free protein concen-

trations [EI] and [EIICB] are nearly equilibrated. The

remaining concentrations, namely the interface concen-

trations z4 = [HPr�P], z5 = [HPr�P�EIIA], and

z6 = [EIIA�P], on the other hand, evolve according to:

dz4
dt

¼ f4 ¼ v4 � v5;
dz5
dt

¼ f5 ¼ v5 � v6; and

dz6
dt

¼ f6 ¼ v6 � v7

(9)

As we remarked earlier, these three pairs of rates

involve rates belonging to different clusters, and there-

fore these three concentrations continue changing con-

siderably during the slow phase. From the clustering

constraints, we obtain relationships between these

A

B

C

Fig. 6. General network structure. General structure of the signal

transduction networks considered, consisting of an arbitrary

number of cycles m. (A) The left part of the network and (B, C) the

right part of the network for even and odd m, respectively. The

concentrations of A, A�P, B and B�P are assumed to be clamped.

The molecules whose concentrations represent state variables are

labelled z1, …, z2m+1; reactions are labelled by their rates v1,…,

v2m+2.
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vector field components: subtracting Eqn (7), with

j = 3 and j = 7, from Eqn (8), with j = 3 and j = 5,

yields f4 � �f5 � f6, with each component being non-

zero away from the steady-state. These constraints, or

their equivalent formulation f4 + f5 � f5 + f6 � 0,

imply that z4 + z5 and z5 + z6 are nearly equilibrated

during this slow phase, which is in accordance with

our previous observations. As such, they demonstrate

that these interface concentrations change coherently

driven by [EIIA�P]. We conclude that the eight afore-

mentioned constraints effectively describe all three dif-

ferent aspects of the clustering phenomenon in the

PTS: the clustering of the rates, the near equilibration

of the clustered compounds, and the coherent behav-

iour of the interface concentrations.

The number of constraints shown in Eqns (7,8) also

determines the number of clusters. As seen from the

network structure in Fig. 6, there are n state variables

and n + 1 rates. It follows that the number of clusters

is n + 1 minus the number of linearly independent
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Fig. 7. Rate profiles and partitioning of

signal transduction networks with different

numbers of cycles. (A–D) The ZDP rate

profiles for the models with three, five, six

and seven cycles, respectively. (E–H) The

corresponding clustering for the same

parameter sets, respectively.
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constraints of either form: Eqn (7) or Eqn (8). For

example, in the PTS model, the number of rates is ten,

the number of independent constraints is eight and the

number of clusters is two in accordance with this rea-

soning. If, for a general model in Eqns (2–4), all vec-
tor field constraints are collected in a system of the

form:

Af ¼

a11 a12 . . . a1n

a21 a22 . . . a2n

..

. ..
. . .

. ..
.

ak1 ak2 . . . akn

2
66664

3
77775

f1

f2

..

.

fn

2
66664

3
77775

¼

a11f1 þ a12f2 þ . . .þ a1n fn

a21f1 þ a22f2 þ . . .þ a2n fn

..

.

ak1f1 þ ak2f2 þ . . .þ akn fn

2
66664

3
77775
� 0

with k denoting the number of constraints and aij
being positive integers, then the number of linearly

independent constraints equals the rank of the matrix

A. This last remark may be employed to compute the

number of independent constraints for systems much

larger than the PTS.

The above analysis demonstrates that, for the gen-

eric signal transduction networks depicted in Fig. 6,

clustering of the rates is necessarily accompanied by

specific system dynamics: during the transient phase,

the system state quickly adjusts to satisfy approximate

vector field constraints of the form shown in

Eqns (7,8). These constraints subsequently persist

along the SIM, dictating the near-equilibration of clus-

tered compounds and governing the evolution of inter-

face ones. The dissolution of clusters near steady-state

that is observed in certain systems (Fig. 4A,B) corre-

sponds to the abolition of some of these constraints as

the system approaches steady-state. The incorporation

of a rate into a cluster as the system evolves along the

SIM observed in other systems (Fig. 4D) corresponds

to the addition of one constraint during this evolution.

The slow eigenvector as a diagnostic tool for clustering

As we have demonstrated previously, the existence of

clusters can be deduced from SIM approximations.

However, the tabulation of such a curve incurs a cer-

tain computational cost [13]. Here, we propose to

assess the possibility of clustering by means of a simple

local analysis at steady-state.

Let us term the eigenvector of the Jacobian of the

vector field corresponding to the eigenvalue closest to

zero, hence representing the slowest dynamics, the

‘slow eigenvector’. It can easily be shown that this

eigenvector is tangent to the SIM at steady-state.

Hence, by continuity, the vector field on the SIM near

the steady-state is nearly parallel to this eigenvector.

Consequently, in a neighbourhood of the steady-state,

the constraints shown in Eqns (7,8) on the vector field

translate into constraints on the slow eigenvector:

uj � 0 and uj þ ujþ1 þ ujþ2 � 0 ðwith j oddÞ (10)

respectively. Thus, computing that eigenvector at the

steady-state, which can be done at minimal computa-

tional cost, already offers information on the possibil-

ity of clustering.

We demonstrate the use of the slow eigenvector in

deducing clustering in the (original) PTS model. That

vector, at steady-state and normalized to make its larg-

est (in absolute value) component equal to one, is

given by:

u ¼ ½0:00; 0:01;�0:01; 1:00;�0:87; 0:88; 0:04; 0:00; 0:04�

It is plain to see that constraints of both types in

Eqn (10) are satisfied: six constraints of the first type

(j = 1,2,3,7,8,9) and two of the second type (j = 3,5).

As discussed above, this points to precisely analogous

constraints on the vector field, those in Eqns (7,8) with

the same values of j, holding on the SIM and close to

steady-state. These are, indeed, the vector field con-

straints that describe the particular clustering in this

model (see our earlier discussion).

One of the approximate relations above (the con-

straint of the second type with j = 3) only holds rather

approximately. This tells us that, very near the steady-

state, the value of v6 deviates slightly from the values

of the remaining rates in its cluster. In other words,

this cluster sightly dissolves very near the steady-state

(see our previous remarks on cluster dissolution). Nat-

urally, the eigenvector analysis presented here only

applies close to the steady-state; to investigate rate

clustering away from it, SIM approximations need to

be employed.

Discussion

The complexity of biochemical systems in living cells

renders their dynamics unintuitive and their function

difficult to fathom. Constructing simplified views of

their dynamics without obscuring their essential com-

plexity is therefore of perennial interest. The PTS

serves as a prime example of a model with potentially

rich dynamics because it involves a moderately large

number of molecular components interacting nonlin-

early with each other [2]. It is also of great interest
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because it participates in advanced regulatory func-

tions of many prokaryotic cells and has the unique

property of integrating three major types of molecular

processes: metabolism, transport and signalling. There-

fore, it is worthwhile to develop a reduced (but not

oversimplified) overall view of its dynamics.

Previously, we focused [13] on approximating rela-

tions for the PTS model that constrain the system state

during the final, slow, partially relaxed phase of the

approach to steady-state to a single concentration. In

the present study, we developed further the picture

obtained through these approximations by investigat-

ing the reaction rates in this slow phase. We observed

that these rates form two distinct clusters: the rates

within each cluster assume similar values, whereas the

characteristic rate magnitudes for the two clusters dif-

fer. In other words, after a sharp transient when the

rates change quickly, the rates assume the characteris-

tic values corresponding to the cluster that they belong

to. Subsequently, rates within the same cluster remain

approximately equal during the slow approach to the

steady-state, at which they all become equal.

The rate clusters outline two disjoint, connected

subnetworks of the PTS network shown in Fig. 1.

This suggests that rate clustering pertains to the com-

munication between adjacent reactions: apparently,

reactions clustered together communicate well on a

fast timescale and, accordingly, their corresponding

rates are adjusted to their characteristic levels already

at the end of the corresponding transient. The two

subnetworks effectively operate at these distinct levels

during the partially relaxed phase, and thus essen-

tially all network activity is restricted to a three-com-

pound interface separating them. This activity slowly

brings the system to its steady-state, where all rates

are equal.

Clustering paints an intuitively lucid picture of PTS

behaviour during the relaxation phase. It is conceiv-

able, nevertheless, that this picture does not corre-

spond to the actual network behaviour in vivo as a

result of possible uncertainties inherent in the model

(e.g. due to measurement errors or lack of detailed

kinetic information). To settle this issue, we investi-

gated the robustness of the clustering phenomenon

upon altering parameter values. Changing a parameter

value by a factor of ten or four parameter values by a

factor of two also leads to clustering, with cluster con-

stitution varying slightly as a rate or two switches

from one cluster to the other. These results suggest

that the clustering phenomenon per se is rather robust

with respect to variations in the parameter values, and

hence they strengthen the probability that clustering

occurs in the PTS in vivo.

The observation that the PTS is robust vis-�a-vis

small parameter changes indicates, also, how cluster-

ing may depend on natural environmental variations

such as changes in the gene expression pattern, metab-

olism, or availability of extracellular glucose. Interest-

ingly, cluster constitution appears rather robust with

respect to changes in the external metabolite con-

centrations, [PEP], [Pyr], [Glc] and [Glc�P], and more

sensitive to changes in the total protein concentra-

tions, [EI]tot, [HPr]tot, [EIIA]tot and [EIICB]tot. For

example, an increase in [EIIA]tot by a factor of ten or

a decrease in [HPr]tot by the same factor (which may

be the result of differential expression of the corre-

sponding genes) led the fifth reaction rate to switch

cluster over a large part of the curve including the

steady-state (Fig. 4D).

This (limited) variability of cluster constitution sug-

gests that the PTS exhibits a (perhaps similarly lim-

ited) number of different operational modes depending

on environmental conditions. In other words, by

adjusting the gene-expression of certain enzymes

involved in the pathway and hence controlling the

clustering composition, the cell can remove compounds

from the interface between the clusters and add others

to it and thus radically change the dynamics. Because

several of these compounds participate in signaling

cascades that regulate gene expression, such differen-

tial dynamics may, in turn, play a role in that regula-

tion; thus, different cluster compositions could

correspond to different operational modes.

In a similar vein, by arbitrarily picking parameter

values and by considering models comprised of differ-

ent numbers of coupled cycles, we investigated the

likelihood of clustering occurring in other signal trans-

duction pathways similar to the PTS. We observed

clustering in all the cases that we considered (see

Fig. 5). This led to the division of the network into

subnetworks, the molecular components of which were

either all essentially equilibrated or far away from

their steady-state values. We thus confirmed that clus-

tering is a generic phenomenon occurring in a variety

of pathways.

Motivated by these results, we aimed to relate clus-

tering to the properties of more general, PTS-like net-

works (Fig. 6). It turns out that grouping into

connected clusters occurs exactly when certain con-

straints on the vector field [Eqns (7,8)] are fulfilled on

the SIM. Each one of these dictates the near-equilibra-

tion of the concentration of either a state variable [for

Eqn (7)] or a free protein [for Eqn (8)]. This estab-

lishes that, during the fast transient, the rates of

change of certain concentrations quickly approach

zero; the degree to which this occurs generically is that
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of clustering being generic. Finally, we observed that

clustering near steady-state corresponds to fulfillment

of constraints of the aforementioned type reformulated

in terms of the slow eigenvector of the Jacobian of the

vector field. Accordingly, checking the fulfillment of

such constraints at steady-state (a simple computa-

tional task requiring little algorithmic effort) provides

a means to assess the possibility of clustering.

The fact that clustering was observed in all models

we investigated suggests that the vector field (or the

slow eigenvector) generically fulfills several constraints

of the aforementioned types on the SIM. Accordingly,

the intriguing issue of understanding why clustering

occurs is equivalent to determining which network

properties dictate that such constraints are generically

fulfilled. This task clearly warrants further numerical

experimentation and theoretical analysis. Accordingly,

one would need to develop a theoretical understanding

of where in the high-dimensional parameter space clus-

tering may occur, then sample those regions exten-

sively and, finally, identify and verify cluster

composition in an automated way. It would be partic-

ularly interesting to map out regions in that space cor-

responding to a given cluster composition and analyze

what transpires when moving from one such region to

another. Our work similarly raises a wide range of

associated questions: does clustering depend or not,

for example, on the reversibility of the network reac-

tions? Further, how does feedback affect clustering? It

is also of interest to investigate whether the clustering

phenomenon may occur in other biochemical net-

works, such as protein kinases cascades and transcrip-

tion regulation networks.

The long-term behaviour of the reaction rates can

also, in principle, be quantified by simulating the

model repeatedly over a long time period. Any initial

condition in the state space yields a trajectory landing

at a point close to a SIM; it then approaches the

steady-state along that SIM. Different trajectories land

at different points, which, nevertheless, cannot be

determined accurately. Hence, investigating individual

time courses becomes cumbersome, particularly when

working with various parameter sets and for models

with a two- or even higher-dimensional SIM. In the

present study, we avoided simulating the model

directly except to evaluate our findings. Instead, we

worked with a numerically determined SIM of suffi-

cient accuracy. We showed that QSSA does not pro-

vide sufficient accuracy as it misclassifies rates and we

hence advise against its use for that purpose; instead,

we employed ZDP curves (of first and higher orders)

that predict the clustering correctly. Tabulating the

reaction rates over such an approximate SIM circum-

vents the aforementioned indeterminacy and removes

unnecessary complications. The only full model simu-

lations performed were intended as checks for our

findings and involved a large number of initial condi-

tions. These unequivocally showed that, past an initial

transient phase, rates indeed tend to cluster and subse-

quently approach their steady-state values coherently,

thus verifying our findings.

The analysis that we report in the present study is

based on deterministic rather than stochastic differen-

tial equations. When molecule numbers are very small,

the average behaviour of nonlinear systems does not

follow the kinetic functions of the averages [14,15].

According to experimental observations, the PTS turns

over some 0.5 mM of glucose-6-phosphate per second,

which, at catalytic turnover times for the PTS reac-

tions of some 10 ms, requires at least 5 lM of the PTS

proteins [2]. For a cell volume of some one cubic

micron, this boils down to more than 3000 molecules

per cell. Assuming that the number of molecules per

cell follows a Poisson distribution, the SD of the con-

centrations of the PTS proteins amounts to a mere

2%. Only in the case of metabolic channelling of the

type that produces hundreds of microcompartments

[16] would fluctuations exceed 50%. Nevertheless, no

evidence for such microcompartmentation of the PTS

exists. Unlike protein kinase cascades, the nonlineari-

ties in the kinetics of the PTS, and certainly of the

partly validated [2] model thereof that we used in the

present study, are not of the type in which fluctuta-

tions of 2% in the number of molecules would have

an experimentally detectable effect. Indeed, the deter-

ministic model we employ did replicate experimental

data that are of biological interest [2]. We conclude

that the clustering discovered with our deterministic

modelling methodology should be realistic.

Materials and methods

The model of the phosphotransferase system

The PTS model reported previously [2] consists of 13 ODEs

that dictate the time evolution of 13 state variables repre-

senting molecular concentrations. The model admits four

exact conservation equations (one per total protein concen-

tration of each phosphorylation cycle) and, consequently,

four molecular concentrations can be eliminated together

with their corresponding ODEs and without loss of infor-

mation. This well-established reduction procedure [17] is

exact, does not alter the kinetic parameters, and results in a

model comprised of nine nonlinear ODEs. Eliminating the

four free proteins, [EI], [HPr], [EIIA], and [EIICB], we

arrived at the model given in Table 1 ([13]). The kinetic
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parameter values reported previously [2] are given in

Table 2 in the column entitled ‘Original’. This reduction

through the conservation relations revealed a first con-

straint on the complexity of the PTS: as long as gene

expression variation is absent, the total protein concentra-

tions are constant and the state space of the PTS model is

not 13-dimensional but, effectively, nine-dimensional.

Approximation of the slow invariant manifold

Previously [13], we investigated further confinement of the

long-term behaviour of the PTS to an even lower-dimen-

sional subset (i.e. to a lower-dimensional SIM containing

the long-term dynamics in the sense described earlier). We

found that, for the nine-dimensional PTS model described

above, there exists a one-dimensional SIM (i.e. a curve).

Consequently, tracking the evolution of a single variable

parameterizing this curve suffices to reconstruct the long-

term behaviour of the full system.

We obtained approximations of the constraining curve

using the zeroth- and first-order ZDP, with the former

being by definition identical to the QSSA and the latter

improving its accuracy. The ZDP curve of order m (ZDPm

curve) was introduced previously [13]. In short, it is defined

as the locus of state space points satisfying the system of

equations:

d mþ1y

dt mþ1
¼ 0 (11)

where y is a vector composed of all but one of the state

variables. We will use x to denote the single state variable

that is not included in this vector: previously [13], we

worked with the choice x = [EIIA�P]. For a fixed order m,

the equations above represent a system of eight nonlinear,

algebraic equations in nine unknowns (the state variables).

The higher the value of m, the better the curve is expected

to approximate the SIM [18,19].

The algorithm used previously [13] to tabulate the QSSA

(i.e. ZDP0) and ZDP1 curves computes the numerical solu-

tions to these equations over a grid for x. These are

depicted in Fig. 2, including the profiles of the four elimi-

nated free protein concentrations. Both curves approximate

well the actual confinement of all molecular concentrations

to [EIIA�P], with the ZDP1 curve doing so more accurately

than its QSSA counterpart [13]. Although the difference

between them remains for the most part small, it is suffi-

cient to lead QSSA to misclassify the rate v5; recall our dis-

cussion in the Results.

Identification of the physically feasible region

As an additional validation of the approximations

described above, we computed higher-order ZDP curves

through the algorithm reported in Appendix S1. Note that

this algorithm improves on the one reported previously [13]

by using algorithmic differentiation [20]. For the PTS

model, the higher-order curves are mostly indistinguishable

from the ZDP1, when [EIIA�P] is larger than approximately

10 lM. This result indicates that ZDP1 provides an excel-

lent approximation to the SIM in that region and thus,

also, that our computational findings based on this approx-

imation are representative of the behaviour of the model.

In the region where [EIIA�P] is smaller than 10 lM, on the

other hand, no attracting SIM appears to exist. The indica-

tions supporting this conclusion are, first, that ZDP curves

of all orders are distinct; and, second, that full model simu-

lations reveal that trajectories do not approach any limiting

curve. Similar computations were performed to (success-

fully) confirm the accuracy of the ZDP curves in other

models.

The fact that all state variables are bounded below by

zero and above by a total protein concentration further

restricts the physically feasible region of the curve. Molecu-

lar compounds containing two proteins (i.e. EI�P�HPr,

HPr�P�EIIA, and EIIA�P�EIICB) participate in two conser-

vation laws and, hence, their concentrations are bounded

above by the smallest of the two corresponding total pro-

tein concentrations. Thus, for the PTS model, [EI�P],
[EI�P�Pyr], [EI] and [EI�P�HPr] are bounded above by

[EI]tot = 5 lM; [HPr] and [HPr�P] by [HPr]tot = 50 lM;
[EIIA�P], [HPr�P�EIIA], and [EIIA] by [EIIA]tot = 40 lM;
and [EIICB], [EIIA�P�EIICB], [EIICB�P] and [EIICB�P�Glc]

by [EIICB]tot = 10 lM. Further, it becomes evident from

Fig. 2 that [HPr], [HPr�P�EIIA] and [EIIA] are negative

and [HPr�P] assumes values above its upper bound when

[EIIA�P] is above approximately 35 lM. Similarly, several

of the variables assume values outside their physically feasi-

ble range for [EIIA�P] less than approximately 5 lM.
Plainly, these parts of the curve lack biochemical signifi-

cance. Factoring in the apparent nonexistence of a SIM in

the region where [EIIA�P] is below 10 lM, we chose to

focus on the region of the curve where [EIIA�P] is in the

interval [10 lM, 35 lM]. We term this the physically feasible

region.

Rate evolution during the slow phase

To investigate rate evolution during the slow phase, we

computed the ten reaction rates in the PTS model at each

point of the numerically tabulated ZDP curves. For each

rate and each curve, the outcome of this procedure is a

curve (i.e. rate profile) depicting this evolution. We reiterate

that, contrary to our previous study [13], we do not reduce

the PTS model. Our focus remains on the rate profiles for

the full system; ZDP is solely used to accurately reproduce

these profiles.

For the PTS model with the original parameter set, the

ten reaction rates evaluated at a few points on ZDP curves

of different orders are provided in Table 4. Plainly, the

rates on ZDP curves of order one and higher are very simi-
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Table 4. Rates on ZDP curves. Rates (in mM�s�1) on ZDP curves of different orders for the PTS model. The rightmost column shows the

relative differences between the rates on ZDP1 and ZDP10, namely |vi(ZDP1)�vi(ZDP10)|/|vi(ZDP10)| for i = 1,…,10, expressed as percentages.

[EIIA�P] ZDP0 ZDP1 ZDP5 ZDP10

Relative

difference (%)

10 v1 0.4626327 0.4794062 0.4679019 0.4743199 1.1

v2 0.4626327 0.4777641 0.4654758 0.4719415 1.2

v3 0.4626327 0.4748014 0.4619039 0.4683393 1.4

v4 0.4626327 0.4794393 0.4679871 0.4743983 1.1

v5 0.4626327 0.2422319 0.2689657 0.2568164 5.7

v6 0.4626327 0.4259012 0.4069526 0.4124288 3.3

v7 0.2220619 0.2422025 0.1938750 0.2084881 16

v8 0.2220619 0.2223475 0.2545242 0.2405443 7.6

v9 0.2220619 0.2218979 0.2555275 0.2410738 8.0

v10 0.2220619 0.2106357 0.1712739 0.1918297 9.8

12 v1 0.3657928 0.3726226 0.3718795 0.3716279 0.27

v2 0.3657928 0.3719853 0.3711175 0.3708434 0.31

v3 0.3657928 0.3706380 0.3696610 0.3693685 0.34

v4 0.3657928 0.3726260 0.3718904 0.3716402 0.27

v5 0.3657928 0.2396365 0.2417496 0.2424827 1.2

v6 0.3657928 0.3489480 0.3469158 0.3464236 0.73

v7 0.2300091 0.2388801 0.2363438 0.2338406 2.2

v8 0.2300091 0.2303706 0.2332680 0.2340793 1.6

v9 0.2300091 0.2301766 0.2331596 0.2340391 1.7

v10 0.2300091 0.2253186 0.2206510 0.2201538 2.3

14 v1 0.2874100 0.2893295 0.2892756 0.2892612 0.024

v2 0.2874100 0.2891737 0.2890970 0.2890819 0.032

v3 0.2874100 0.2887599 0.2886614 0.2886460 0.039

v4 0.2874100 0.2893262 0.2892737 0.2892593 0.023

v5 0.2874100 0.2391949 0.2393776 0.2394163 0.092

v6 0.2874100 0.2821340 0.2818272 0.2818086 0.11

v7 0.2360564 0.2387545 0.2385828 0.2384875 0.11

v8 0.2360564 0.2362190 0.2365761 0.2366179 0.17

v9 0.2360564 0.2361608 0.2365250 0.2365694 0.17

v10 0.2360564 0.2347049 0.2340630 0.2340170 0.29

15.43568

(Steady-state)

v1 = … = v10 0.2395783 0.2395783 0.2395783 0.2395783 0

18 v1 0.1672805 0.1655923 0.1655919 0.1655920 0.000093

v2 0.1672805 0.1656457 0.1656532 0.1656533 0.0046

v3 0.1672805 0.1660642 0.1660812 0.1660813 0.010

v4 0.1672805 0.1656066 0.1656060 0.1656061 0.00033

v5 0.1672805 0.2410118 0.2410672 0.2410668 0.023

v6 0.1672805 0.1729847 0.1730971 0.1730972 0.065

v7 0.2446597 0.2418586 0.2418555 0.2418563 0.00095

v8 0.2446597 0.2444156 0.2443200 0.2443196 0.039

v9 0.2446597 0.2444748 0.2443785 0.2443781 0.040

v10 0.2446597 0.2459580 0.2461457 0.2461462 0.076

26 v1 0.0097999 0.007855807 0.007860581 0.007860425 0.059

v2 0.0097999 0.007403083 0.007397568 0.007397409 0.077

v3 0.0097999 0.008012380 0.008003242 0.008003084 0.12

v4 0.0097999 0.007933690 0.007939182 0.007939027 0.067

v5 0.0097999 0.2471637 0.2474197 0.2474203 0.10

v6 0.0097999 0.02034939 0.02035340 0.02035326 0.019

v7 0.2547141 0.2497692 0.2497402 0.2497390 0.012

v8 0.2547141 0.2541311 0.2541502 0.2541508 0.0078

v9 0.2547141 0.2542337 0.2542535 0.2542541 0.0080

v10 0.2547141 0.2568049 0.2567741 0.2567733 0.012
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lar in the physically feasible region. Unsurprisingly, the

largest difference between the rates on the various ZDP

curves appears in the point where [EIIA�P] =10, which is at

the border of the region where all ZDP curves are distinct.

Except for close to that point, the rates on ZDP curves of

orders higher than one are virtually indistinguishable from

those of order one. Therefore, for the analysis of this

model, we focused on rate profiles obtained with QSSA

and ZDP1 (Fig. 3A,B) and showed that the latter, as

expected, provided the correct description of the clustering

as rate trajectories collapsed onto the ZDP1 rate profiles

rather than the QSSA counterparts. The ZDP curve that

we refer to in the Results for the PTS model is thus pre-

cisely ZDP1.

Computations for the other models

For the analysis of the models differing from the PTS in

parameter values and topology, also, rate profiles based on

ZDP approximations of the SIMs were computed and vali-

dated. Even for these models, we based our work on ZDP1

curves, except for the models with different numbers of

cycles. There, we found it advantageous to work with the

(even more accurate) ZDP4 curves. For each of the models

that we investigated with respect to dependence on envi-

ronmental conditions, we again used x = [EIIA�P] to for-

mulate the ZDP1 condition and parameterize the

corresponding curve and the rate profiles. For models with

the parameter sets A and B, we set x = z6 and x = z4,

respectively, where the state variables are numbered as in

Fig. 6. For the models with three, five, six and seven

cycles, we set x equal to z2, z6, z4 and z12, respectively. For

all these models, we have checked the validity of these

choices of x as for the PTS model. At times that the curve

was not globally parameterized by a single variable, we

used the more advanced algorithm, which automatically

switches from one parameterizing variable to another,

more appropriate one; algorithmic details are provided in

Appendix S1.
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