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We formulate and prove a generalization to indefinite metric spaces of Uhlhorn’s version of 
Wigner’s theorem. 

1. Introduction and results 

Let V be a n-dimensional complex vector space, n 2 3, with a scalar product 

denoted by (, ), which is linear in the second factor. 

Let 77 be a Hermitian non-singular linear operator on V. The indefinite 

metric of V is given by 

(Gk 4) = ($7 774) v$J, 4 E V. (1.1) 

Actually, this metric is a non-singular metric (which includes both the definite 

and indefinite cases). 

If I,!J E V and $# 0 then the ray + is defined by 

~={A~~AEC,hfO}. (1.2) 

The rays # and 4 are said to be orthogonal (denoted by (I,$ - 4) = 0) if 

(I,$ 4) = 0 and non-orthogonal (denoted by (9 - 4) # 0) if (+, 4) # 0. This 

definition is independent of the choice of I/I E +Q and #J E 4. The rays 

Ilr,, . . . , a,%k are said to be independent if and only if I,!J~, . . . , +!I~ are linearly 

independent. This definition does not depend on the choice of I,!+ E +&, i = 

1,. . . , k. 

The rays of V form the projective space V. A mapping T: V+ V is called a 

symmetry transformation if 

i) T is a bijection from V onto V, 

ii) (+-c$)=O~((T+-T+)=O V+,+fZ V. 
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An operator % on V is called semilinear if 

i) % is a bijection from V onto V, 

ii) %(*+4)=%*+%4 V*,4E V, (1.4) 

iii) %(A$) = l(A)%@ V* E V, VA E Cc , (1.5) 

where the mapping b: C + @ is determined by 0% and satisfies 

l(A)=A VAE@, (1.6) 

or 

l(A)= ,i VA E cc. (1.7) 

It is clear that to each semilinear operator Du there corresponds a bijective 

mapping T: V+ V defined by 

T+= %$. (1.8) 

% is said to induce T. We now have the following theorems: 

Theorem 1. For each symmetry transformation T there exists a semilinear 

operator 0% which induces T, 

Theorem 2. Two semilinear operators % and 0%’ induce the same mapping 

T: V+ V if and only if % = A%’ for some A E @ with A f 0. 

Theorem 3. A semilinear operator % induces a symmetry transformation if and 

only if 

t(%h “214) = Gx~, 4,) v*, 4 E v (1.9) 

for some real constant C. 

So there is a l-l correspondence between the symmetry transformations T 

of V and those rays of semilinear transformations of V which contain a 

semilinear operator 021 such that either 

t%*t $4) = (4,4> v+, 4 E v, (1.10) 
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or 

VW> %4> = (4, Ilr) VJtk 4 E v, (1.11) 

or 

(a*, e+> = -& 4> v*, 4 E v, (1.12) 

or 

(a*, %4) = 34, *) VJ/? 4 E v. (1.13) 

In Wigner’s original theorem’), where 7 is the identity operator and n is 

allowed to take the value 2, condition (1.3) reads 

N*@)=Vti*T4) v+,+E V, (1.14) 

where (+ - 4) is defined by 

(1.15) 

which definition is independent of the choice of + E + and 4 E 4. This 

theorem has been generalized for indefinite metric spaces by Bracci, Morchio 

and Strocchi*). Uhlhorn3) proved a stronger version of Wigner’s theorem: for 

n 2 3 he replaced condition (1.14) by condition (1.3). So he actually showed 

that if n 2 3 the conditions (1.14) and (1.3) are equivalent if n is the identity 

operator. This is the reason for our definition of symmetry transformation of V. 
Our theorems are the generalization of Uhlhorn’s version of Wigner’s theorem 

for indefinite metric spaces, so actually they combine the generalizations of 

Wigner’s theorem of refs. 2 and 3. 

The aim of this paper is to provide a complete proof of these theorems. This 

proof is a modification of the proof of Uhlhort?). In order to make this paper 

self-contained also those parts of Uhlhorn’s proof which need no modification 

are given in full detail. An application of our theorems is given in ref. 4. 

2. Proof of theorem 1 

Since the proof of theorem 1 is rather long we start with an overview of the 

proof, stating several lemmas which we will prove further on. In this section T 
denotes a fixed symmetry transformation. 

2.1. Outline of the proof 

A basic lemma is the following: 
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Lemma 1. The rays +,, . . . , t+$ are independent if and only if the rays 

W,, . . . , T& are independent. 

Let S be a mapping from V into V with the property that SO = 0 (0 denotes 

the null vector) and S+ is an element from the ray Ti,b for each non-zero 

$ E V. Thus S induces T. Let V’ denote the set v\(O). Then we have the 

following lemma: 

Lemma 2. There exists a complex function w on V’ X V’ with the properties 

for any pair of independent vectors $, $ E V. 

Now define the mapping %: V+ V by $0 = 0 and 

Here $0 is some fixed vector from V’. It is clear that 92 induces ?Y 

Lemma 3. a(*+ +)= %+!I+ %+ VJI, C#J E V. 

Lemma 4. % is a bijection from V onto V. 

Lemma 5. %(A$) = t(A)%+ VA E C, Vg E V 
for some mapping 5: @ + Cc. 

Lemma 6. The mapping 5 from the preceding lemma satisfies 

l(h)=h VAEC, 

or 

&(A)=h VAEC. 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

(2,g) 

The lemmas 3, 4, 5 and 6 imply that 021 is semilinear. Since % induces T, 
theorem 1 has been proved. 
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2.2. Proof of lemma 1 

Let $,, . . . , (elk be vectors from the rays &, . . . , t,bk respectively. The rays 

$1, . . . , I& are independent if and only if the vectors (CI,, . . , I+!J~ are linearly 

independent. The following proposition is obviously true: 

The vectors &, . . . , I,!+ are linearly independent if and only if $,, . . . , J,!J_~ 

are linearly independent and there exists a vector 6 such that (+ki, 4) = 0 for 

i = 1, . . . , k - 1 and (+kk, 4) #O. 

Let c$’ = n-l~#~. Then (Ilri, 4’) = ($i, ~4’) = ($i, 4). SO the following proposition 

is true: The rays JIr,. . . , a& are independent if and only if the rays 

*1, . . . , +k_, are independent and there exists a ray 4’ such that (k, 4’) = 0 

for i = 1,. . . , k - 1 and (&, 4’) f0. 

Lemma 1 is true for k = 1. Suppose that it is true for k = p. We will show 

that it is true for k = p + 1. The rays 91,. . . ,+ p+l are independent if and only if 

the rays +,, . . . , ICI, are independent and there exists a ray 4’ such that 

(+icri, 4’) = 0 for i = 1, . . . , p and (1+4~+r, (6’) # 0. By our assumption and by eq. 

(1.3) this is true if and only if T+,, . . . , T&, are independent and there exists a 

ray T+’ such that (T+i, Tc$‘) = 0 for i = 1, . . . , p and (Tt,bp+l, T4’) f 0. This is 

true if and only if Tt,b,, . . . , T+,+, are independent which proves lemma 1. 

2.3. Proof of lemma 2 

Let 4 and 4 be two linearly independent vectors. The three vectors I+!J, C$ and 

6 + C#J are linearly dependent but pairwise linearly independent. From lemma 1 

it follows that S+, SC#J and S(I,!I + 4) are linearly dependent but pair-wise linearly 

independent. Thus 

S(~+4)=A(~,4)S~+CL(~,I,)S4, (2.9) 

where the complex numbers A (I& C#J) and p (&4) are uniquely determined by t+G 

and C#I and are non-zero. Since we also have 

w + +I) = A (4% (L)W + P (4, ccl)W 9 (2.10) 

it follows that 

CL(@,4)=A(4,Ijl). (2.11) 

For any pair of linearly independent vectors JI and 4 we define 
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From the eqs. (2.9) (2.11) and (2.12) we immediately obtain eq. (2.3). 

Let $, C#J and 5 be three linearly independent vectors. (Remember that 

dim V 2 3). Then we can write 

Interchanging + and C$ in this expression gives 

S(dJ + $ + 5) = 44% 4 + CCI + 5)W + 4th + 534 + * + t%J(Gr, dJ + ow 
+w(rcr+5,~+*++5)w(5,*+5)S5. (2.14) 

Since SI,!J, S+ and St are linearly independent (lemma 1) the coefficients of S+ 

in eqs. (2.13) and (2.14) are equal: 

o(tk (I, + 4 + 5) = w(JI + 64 + G + S)w(4, (I/ + s> . (2.15) 

It follows that 

(2.16) 

for any three linearly independent vectors $, 4 and 5. Then 

and it follows, since w(I,!J, 5) f 0, that for any linearly independent I,!J and 4 

449 4J)4#% 4) = 1. (2.18) 

Now let + and I#J be two linearly dependent vectors from V’. We define 

~($7 4) by 

where 5 is any vector such that + and 5 are linearly independent. 

We have to show that this definition is independent of the choice of 5. Let x 

be another vector such that I,$ and x are linearly independent. If +, 5 and x are 
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linearly independent then 

If +!I, 5 and x are linearly dependent then choose a vector 5 such that i,l~, 5 and 5 

are linearly independent. Then also the vectors I,!J, x and 4’ are linearly 

independent. Thus we have, as above, 

and thus 

44, x)d_x7 4) = 4tk5)457 4). (2.23) 

This shows that the definition of eq. (2.19) is independent of the choice of 5. 

From this definition it follows that eq. (2.1) is true. We still have to prove eq. 

(2.2). Let 4, 4 and 5 be vectors from V'. Suppose first that 5 is not equal to a 

linear combination of II, and C#J. If Cc, and 4 are linearly independent then 

since I+$ 4 and 5 are linearly independent (eq. (2.16)). If II, and 4 are linearly 

dependent, then eq. (2.24) is true by definition. 

Now suppose that 5 is a linear combination of $ and 4. Let x be a vector 

from V' which is not a linear combination of I/J and 4. Then x is neither a linear 

combination of Cc, and 6, nor a linear combination of C#I and 5. Thus, as in eq. (2.24) 

and 

45, x)d,K 4) = 457 4). (2.26) 

It follows that 

(2.27) 
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where we used eq. (2.18). So also in this case eq. (2.24) is valid. This proves 

lemma 2. 

2.4. Proof of lemma 3 

The mapping %, which is defined in section 2.1, satisfies 

if at least one of the vectors Cc, and C$ is the null vector since %O = 0. Suppose 

that I,!J and C#J are linearly independent vectors from V’. Then we obtain, using 

eqs. (2.2) (2.3) and (2.4) 

Suppose now that $ and 4 are linearly dependent vectors from V’. Let 5 be a 

vector such that 5 and $I are linearly independent. Then 

~(dJ+d+O=“u(*++)+%f (2.30) 

and 

~(~f~+5)=OU*+~(~+5)=O%*$O%~f0%5, (2.31) 

It follows that 

which proves lemma 3. 

2.5. Proof of lemma 4 

From lemma 3 it follows that 

%(-$) = -%!+ Qtc, E V, 

sinceO=%O=%((r(l-*)=%++a(-IL). 

Let (1, and C$ be two vectors such that %$I = $4. Thus 

(2.33) 

(2.34) 
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From the definition of % it follows that 
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*-&#03Q(G-+)+O. (2.35) 

From eqs. (2.34) and (2.35) it follows that 3, = 4. So the mapping ‘% is an 
injection. 

To show that % is a surjection let J, be some vector from V’, let 4 be the 
ray such that T4 = + and let 5 be an element of V’ such that 5 and C/J are 
independent. According to lemma 1 the rays %& and # are independent. Thus 
the rays %& + and + + %s are dependent, but pairwise independent. Let c be 
the ray such that T&‘= 1,4 + %&. From lemma 1 it follows that the rays 5, 4 and 
6 are dependent but pairwise independent. This implies that there exists C$ E Cp 
and 5 E 6 such that 

5=4+5. 

Then 

(2.36) 

(2.37) 

(2.38) 

(2.39) 

for some A, p E C, it follows that 

A($+ %5)= p*+ %&. (2.40) 

Since (1, and %,$ are linearly independent it follows that A = p = 1, and 
therefore %#J = +. Since %O = 0 it is proved that % is a surjection. This proves 
lemma 4. 

2.6. Proof of lemma 5 

For each + E V’ and each A E C we define l(A, +) E C by 

%(A@) = 5(A, +)a+. (2.41) 

We will prove the lemma by showing that l(A, +) is independent of I/J. Let ,,/J 
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and 4 be two linearly independent vectors. Then 

%(A$ + A4) = %(A@)+ %(A41 = l@, GYQ(c, + 5th 4YQ4. (2.43) 

Since U/J and $4 are linearly independent vectors, it follows from these 

equations that 

l(A, $) = l(A, 4). (2.44) 

Now let I,!J and 4 be two linearly dependent vectors from V’. Let 5 be a vector 

such that Cc, and 5 are linearly independent. Then 

l(A, CCI) = 5(A, 6) = !XA, 4). 

This proves lemma 5. 

2.7. Proof of lemma 6 

Let + be some vector from V’. Then for each A, p E @ we have 

%((A + PM) = S(A + ~)Qrc, 

and 

%(A$+@)= %(A+)= e(/-G)= ~(A)~+++(P)W. 

It follows that 

~(A+cL)=~(A)+&) VA,PEC. 

Furthermore, we have 

3 (AP+) = ~(AP )“21+ 

and 

Q(A/G) = CC(A)%(&) = DEW> 

from which it follows that 

I = 5(A)5(lJ,) VA, CL E c . 

(2.45) 

(2.46) 

(2.47) 

(2.48) 

(2.49) 

(2.50) 

(2.51) 
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Since the dimension of V is at least equal to three we may choose two 
eigenvectors I/J and C#I of 77 with (+, 4) = 0 whose eigenvalues have the same 
sign. With a suitable choice of (I,!I, t,k) and (4, 4) we then have 

(‘tk $) = (4,4J> # 0 (2.52) 

and 

MCI, 4) = 0. (2.53) 

Let A E C and A f 0. Then 

(2.54) 

From eq. (1.3) it follows 

VW, 34) = 0 3 (2.55) 

VW4 +w) f 0 7 (2.56) 

(%(*+A4)3(*-+))=0. 

Thus 

(2.57) 

and it follows that [(A) l(-l/i) is independent of A. 

From eqs. (2.48) and (2.51) it follows that 

[(- ;) = -5 (i) = -[l(h)]-’ 

and thus 

5(h)l(- +) = -<(A)[l(h)]-’ = -l(l)[c(l)]-’ = -1 . 

So we have 

l(i) = 5(A) > (2.61) 

(2.59) 

@*W 
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and since this equation is also true for A = 0, it is true for each A E C. From 

eq. (2.61) it follows that l(A) E W if A E W. From eqs. (2.48) and (2.51) it 

follows that the function l(A) for A E R is monotonically increasing, since, if p 

is positive, 

l(A +P)= l(A)+lbu)= 5(A)+~(~//1.)5(~//1)‘~(A). (2.62) 

From eq. (2.48) it follows that if r E R is a rational number then l(r) = r. If 

A E W and rl and r, are rational numbers such that rl S A C r2 then rl G 4(A) G 

r2. It follows that l(A) = A for each A E Cc. From l(i)[(i) = -1 it follows that 

either l(i) = i or l(i) = -i. If A = A, + ih, with A,, A, E R then 

5(A) = 5(A1) + 5&)5(i) = AI + M(i) . (2.63) 

This proves lemma 6. 

3. Proof of theorem 2 

It is clear that if two semilinear operators %! and %’ satisfy % = A%’ for 

some A E C with A f 0 they induce the same mapping T: V+ V. Let T be a 

symmetry transformation and let 0% and %’ be the semilinear transformations 

which both induce T. Then for any (I, E V’ there is a complex number A(+) 

such that 

a$ = A($)Q’rL 

Let $ and 4 be two vectors from V’. Then 

(3.1) 

e(lC,+~)=A(~+~)~‘(~+~)=A(rC,+~)~’~+A(~+~)~’~ (3.2) 

and 

If (lr and C#J are linearly independent then %‘I+!I and a’4 are linearly in- 

dependent and it follows that A($) = A(4). If (I, and 4 are linearly dependent 

then choose a vector 5 which is linearly independent of t+k Then A(+) = A(t) = 

A(4). So A(+) is independent of J/J, and eq. (3.1) becomes 

%1JI = A%%‘$. (3.4) 

Since this equation is also true if t,b is the null vector it follows that 011 = A%‘, 

which proves theorem 2. 
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4. Proof of theorem 3 

It is clear that a semilinear transformation % which satisfies eq. (1.9) induces 
a symmetry transformation. 

Now suppose that % is a semilinear transformation which induces a sym- 
metry transformation. Thus, 

Define the real number C(4) by 

(4.2) 

for each 4 E V with (#,4) f 0. Let I/I and 9 be two vectors with (I,$ 4) f 0 
and (&4) z 0. Define 

Then (4,t) = 0 and thus 

which implies that 

Interchanging 4 and 1+5 in this equation and taking the complex conjugate gives 

If (4, 4) f 0 it follows from eqs. (4.5) and (4.6) that C(4) = C(4). If (4, $) = 0 
then there exists a A EC such that (4, I,?,+ A+) it 0, (+, I/J+ A+) f 0 and 
(4 + A+, $ + Ac#I) # 0. Then C(4) = C(lc, + A+) = C(4). It follows that C(4) = C 

is independent of 4. 
Thus we have 

for each pair 4, $ E V with (4,4) # 0 and (+, +) # 0. 
Now suppose that 4 and $ are vectors with (4,4) Z 0 and ($, $) = 0. Let A 
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be a vector with (x, x) f 0 and (ti +x, II, + x) # 0. Then 

(w% “u(S + xl> = Cl((4, cc, + x>) = Cl((h +)I + CJx~~~ x>) (4.8) 

and 

w4, a* + ax) = ow> a*,) + Cl((4, x>) . (4.9) 

It follows that eq. (4.7) also holds in this case. It therefore also holds in the case 

where (~$,4> = 0 and (1/1, r,!~) f 0. 

Finally consider the case where C$ and Ic, are vectors with (4, 4) = (@, tj) = 0. 

Let x be a vector with (,y, x) f 0 and (I/J + JY, $ + x) f 0. Then 

(a(4 + x)7 “11t* + xl> = (Q4 Qx> + cm#% x>) + m.,Y, $)I + rtt/y, x>)l 

and 
(4.10) 

(Q(+ + x), a(* + x)> = Gz(+#J + x, * + x>) 

= cW#+ ti)) + 5((& x>) + 5((x, +)I + !C(k x)1) . 
(4.11) 

It follows that eq. (4.7) also holds in this case. Thus eq. (4.7) holds for every 

pair 4, Cc, E V. This proves theorem 3. 
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