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For a typical area-preserving map we describe the birth process of two twin Poincare- 

Birkhoff chains, i.e. two rings consisting of center points alternated by saddles, wound around 

an elliptic fixed point. These twin chains are not born out of the elliptic fixed point, but in the 

plane, from an annular region where the rotation number has a rational extremum. This 

situation generically occurs near a 1: 3 resonance. We find that the birth of two twin PB chains 

in such an annular region requires first the birth of two “dimerized” chains of saddle-center 

pairs, by a tangent bifurcation. The transition from two dimerized chains to two PB chains 

involves the breakup of homoclinic saddle connections and the formation of heteroclinic 

connections; it amounts to the reconnection phenomenon of Howard and Hohs. 

Our results can be regarded as a supplement to the Poincare-Birkhoff theorem, for the 

case that the twist condition is not satisfied. 

1. Introduction 

Over the years, area-preserving maps with one variable parameter have been 
studied extensively, as representations of Hamiltonian systems with two de- 
grees of freedom [ 1,2]. Most of these maps are non-integrable and show a rich 
dynamical structure. In a previous paper [3] we have described the squeeze 
effect, the collapse of the stable island around an elliptic fixed point at the 1: 3 
resonance. In this paper we will discuss a phenomenon which is linked to this 
squeeze effect: the birth of two twin Poincare-Birkhoff chains, when the 
rotation number has a rational extremum outside the elliptic fixed point. An 
early version of the present paper can be found in ref. [4]. 

Poincare-Birkhoff chains (or PB chains for short) are very common in 
area-preserving maps. As a typical example let us consider the conservative 
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Henon map: 

i 

X n+l = 2CX” +2x; - y, ) 

(1) 
Y x,7 n+l = 

which has an elliptic fixed point in the origin (x, y) = (0,O) for all parameter 
values 1 > C > - 1. In fig. la we have shown the neighbourhood of the fixed 
point for C = 0.25, exhibiting a typical PB chain consisting of five elliptic points 
alternated by five hyperbolic points, which together form two orbits of period 
5. Every elliptic point is surrounded by a small island, which is embraced by 
the two heteroclinic connections between the neighbouring hyperbolic points. 

Apart from this PB chain the elliptic fixed point in the origin is surrounded 

-+ r, 
c 

‘b 0.20 0.40 0.60 

Fig. 1. (a) Several orbits in the neighbourhood of the origin for the H&non map (1) at C = 0.25. 

We see a Poincart-Birkhoff chain consisting of five centers alternated by five saddles. (b) The 

rotation number p(rO, n/4) versus r,, for the situation depicted in fig. la. The large plateau at p = 4 

corresponds to the PoincarC-Birkhoff chain. 
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by many more orbits which stay close to it, and which together constitute a 
stable island. All these orbits rotate around the origin and can be characterized 
by a rotation number p, which is defined as follows: 

withO<qP,,--‘Pn_r<2Ir, (2) 

where (r, cp) are the polar coordinates of (x, y). The rotation number gives the 
average fraction of a revolution that is made per iteration, for an orbit starting 
at (rO, cpO). By definition we have 0 s p(r,, cpO) < 1. In fig. lb we have shown 
p(r,, cpo) as a function of rO, with ‘pO = rr/4 fixed, for the situation of fig. la. 

A few general comments about this curve are in order. When p(rO, cpO) has 
an irrational value, the orbit goes round and round without ever hitting exactly 
upon its starting point again. In that case we can get a densely filled curve (a 
torus) without any gaps, or a Cantor-type curve with innumerable gaps. Both 
are called quasiperiodic [5,6]. In between these curves we also find rational 
values of p(ro, cpo), that is p(ro, rp,) = p/q, with p and q coprime integers. In 
that case the orbit is either periodic with period q, or it is a satellite of such an 
orbit (i.e. any bounded orbit with the same rotation number). The periodic 
orbit is either elliptic or hyperbolic. If it is elliptic, the satellite region consists 
of the islands around the periodic points. This explains the plateaus in the plot 
of fig. lb. In theory, one expects a plateau at every rational value p/q, but in 
practice one can only see the plateaus with q not too large, because the width 
of the plateaus decreases rapidly for growing q. If the orbit is hyperbolic, it is a 
little bit more complicated to point out the satellite region. But the stable 
manifolds of each of the saddle points certainly belong to it, and one may 
assume that these contaminate the whole region embedded by the (tangled) 
saddle connections. 

Now, as C is decreased one observes that the whole curve of rotation 
numbers is pushed upward (see also ref. [3]). And every time the maximum of 
this curve hits upon a new rational value p/q, one or more periodic orbits with 
period q will be born. 

For the parameter intervals 1~ C 2 -0.25 and -0.5 2 C 2 - 1 the p(r,, nTT/ 

4) curve has its maximum at r0 = 0. This maximum increases for decreasing C 
according to 

p(r, = 0) = & arccos C . (3) 

So for C values within these intervals the new PB chains are born at the origin, 
at values C,,, = cos(21~ p/q), to be pushed outward for decreasing C. This type 
of birth (bifurcation from an elliptic fixed point) is well understood [7,8]. 
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But for the parameter interval -0.25 > C > -0.50 the curve of p(r,, 7~/4) 
has its maximum outside the origin [3,4]. This is illustrated in fig. 2, where we 
have shown the situation for C = -0.40. It should be noted that the values of p 
in this figure lie just below 3. This is not a coincidence, since the maximum- 
outside-the-origin typically occurs as a prelude to the 1: 3 resonance. 

In fact, for the map (1) the maximum value at C = - 0.25 (still at the origin) 
is p = (1/2rr) arccos(-0.25) = 0.2902. For decreasing C the maximum moves 
away from the origin, and increases at the same time, until it reaches the value 
p = 3 at r,, = 0.2929, that is at (x, y) = (0.2071,0.2071). This happens at 
C = 1 - %‘? = -0.4142. At this instant two 3 cycles are born by a tangent 
bifurcation, one hyperbolic and one elliptic. If C is decreased further the points 
of the hyperbolic 3 cycle move towards the origin, squeezing its stable island, 
and bringing the maximum of the p curve back to the origin. At C = - $ the 

‘b 
0.20 0.40 0.60 

Fig. 2. (a) Several orbits in the neighbourhood of the origin for the H&non map (1) at C = -0.40. 

(b) The rotation number p(rO, n/4) versus r0 for the situation depicted in fig. 2a. 
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hyperbolic 3 cycle coincides with the origin (1: 3 resonance), and for C < - 1 it 
emerges again; in its wake a new island appears, now with p > f . This means 
that at C = - 4 the maximum of p breaks through the value f at the origin, and 
for decreasing C the maximum remains at the origin. This has also been 
described in ref. [3]. 

So the periodic orbits with 0.2902 < p < 5 are both outside the origin, every 
time the maximum hits upon a new rational value p/q. And immediately after 
the maximum has pierced through this value there must be IWO PB chains with 
p = p/q, one at each side of the maximum. This is because at both sides the 
twist condition of the Poincare-Birkhoff theorem (see section 3) is satisfied. 
For decreasing C, the inner PB chain moves inward until it dies at the origin (at 
c = cos(27F p/q)), and the outer PB chain moves outward until it falls off the 
island. 

It is the purpose of this paper to describe the birth process of these twin PB 
chains. That is, we are going to investigate what happense between the 
moment when the maximum hits the value p/q for the first time, and the 
moment when the maximum pierces through this value. 

In section 2.1 we present a “movie” of the birth process of two twin PB 
chains with p = & , for the H&non map (1). The birth process involves two 
dimerized periodic chains, different from the usual PB chains. The subsequent 
transition between the dimerized chains and the twin PB chains turns out to 
amount to a reconnection phenomenon which has been observed before by 
Howard and Hohs [9], who treated it on the basis of a radial twist mapping. In 
section 2.2 we comment upon the relevance of this birth process in connection 
with the 1: 3 resonance. Finally, in section 3 we argue that our results can be 
regarded as a supplement to the Poincare-Birkhoff theorem. 

2. The birth process 

2.1. A typical example 

In this section we present a typical example of the birth process of two twin 
PB chains. As remarked in the introduction, the rotation numbers for the map 
(1) show an out-of-the-origin maximum for the parameter interval - $ > C > 
- 1. The corresponding range of rotation numbers is, via the relation (3), 

0.2902153 . . . < p < f . (4) 

That is, if C is decreased from C = - $ to - 4 the maximum takes on all 
possible values between 0.2902153 . . . and 3. Among these is the rational value 
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3 
m7 which happens to be the maximum value in an interval close to C= 
-0.3063. We will concentrate on this example. Of course, we could also have 
taken other examples, for instance the birth of the twin PB chains with 
p = & = 0.3077. This takes place close to C z -0.345, when the maximum lies 
at r0 ~0.22. Or we could have taken the birth of the twin PB chains with 
p = & = 0.3125, p = & = 0.2941, etc. All these yield the same kind of pictures. 

Figs. 3-7 show five stages of the birth process of the $ chains. Each picture 
is accompanied by a plot of the rotation number along the line cpo = n/4 (or 
x = y), which is a symmetry line for the map (1). 

In fig. 3, at C = -0.306286, we see the situation just before the maximum of 
p(r,, n/4) reaches the value A. The maximum has the form of a sharp peak, 
indicating that the $ orbit which is going to be formed will be very narrow at 
the intersection with the x = y line. This is sustained by the picture of the 
xy-plane, which shows how orbits in the neighbourhood of the maximum begin 
to meander, creating two blobs to the left and to the right of the x = y line, and 
squeezing the orbits together at the x = y line itself. If we would have cut 
through one of the blobs (there are 10 of them in total) we would have 
measured a broad maximum of p. 

In fig. 4, at C = -0.306288, the maximum of p(r,, IT/~) has reached the 
value &_ We see that inside the blobs there have been tangent bifurcations 
creating saddle-center pairs, which together from two periodic & orbits, one 
elliptic and one hyperbolic. A plot of p(yO, (pO) through one of the blobs would 
yield a flat plateau as maximum of p. 

Each saddle point has one homoclinic connection around the island of the 
nearby center point, and one heteroclinic connection with each of its two 

Fig. 3. Detail of the stable island around the origin, for the map (1) at C = -0.306286. The arrows 

indicate the motion under r”, I.e. the map (1) iterated 10 times. All the curves in this picture have 

rotation numbers that are (slightly) smaller than &. Also shown is a plot of the rotation number p 

along the line x = y. To make the two figures correspond as clearly as possible we have plotted p as 

a function of x0 = r,lfi, instead of rO. 
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Fig. 4. The same region as in fig. 3, but now at C = -0.306288. Inside the inner curls of the 

meander we have saddle-center pairs. Also shown is the plot of p along the line x = y. The peak in 

this plot indicates the presence of a heteroclinic saddle connection. 

neighbour saddles. Clearly, the two periodic orbits do not form a PB chain, 
which has two heteroclinic connections between neighbouring saddles. Rather, 
they form a chain of saddle-center pairs, with only one heteroclinic connection 
between neighbouring saddles. We call this a dimerized chain. 

One heteroclinic connection crosses the x = y line, yielding the sharp peak in 
p(r,, r/4). On the scale of our figure this peak cannot be distinguished from a 
cusp. In reality it cannot be a cusp, however, since the heteroclinic tangle has a 
small but finite width. To the right of this peak we see a broad hump rising 
towards 6, anticipating the birth of a saddle-center pair on the line x = y. 
Indeed, the developing meanders in the xy plane also hint in this direction. 

In fig. 5, at C = -0.306290, this birth is a fact. Now, there are two dimerized 
chains, one on the inside of the meanders and one on the outside. These 

0.45 

r’ 
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Fig. 5. The same region as in figs. 3 and 4, but now at C = -0.306290. We have saddle-center 

pairs in the inner curls of the meander as well as in the outer curls. Also shown is the plot of p 

along the line x = y. The peak indicates a heteroclinic saddle connection, and the plateau indicates 

the saddle-center pair. 
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meanders are quasiperiodic orbits with p < $. They are now on both sides 
surrounded by $, orbits, as is also evident from the plot of p(rO, IT/~) along the 
x = y line. The peak indicates the heteroclinic saddle connection of the inner 
dimerized chain, and the plateau corresponds to the saddle-center pair of the 
outer dimerized chain. The slopes of p(r,, n/4) near the peak and the edges of 
the plateau are very steep. 

Note that the two dimerized chains together contain two elliptic and two 
hyperbolic orbits of period 10. This is just the number needed for the creation 
of two PB chains; only the points should be re-arranged. This will be the next 
step in the birth process. 

In fig. 6, at C = -0.306297, we are extremely close to the marginal situation. 
The saddles and the centers are on the verge of being re-arranged into two PB 
chains. The plot of p(~,,, n/4) along the x = y line shows an uninterrupted 
plateau, extending from the heteroclinic saddle connection, through the island 
(which is responsible for almost all of the width of the plateau) to the saddle. 
In this plot there is no visible trace of a meander anymore, though in the 
xy-plane we can still discern one meandering curve which is almost degener- 
ated to an array of triangles. 

Finally, in fig. 7, at C = -0.306299, the two newly arranged PB chains have 
moved apart, and between them we see a closed curve with rotation number 
p > A. This is also clear from the plot of p(r,, n/4) along the x = y line. The 
saddle region of the outer PB chain, which lies on the line x = y, has negligible 
width and appears only as a point in this plot. The plateau is due to the island 
of the inner chain. A plot of p(r,, cpO) for other values of cpo will in general 
show two plateaus at the value &, separated by a region where p has a 
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Fig. 6. The same region as in figs. 3-5, but now at C = -0.306297. It illustrates the marginal 

situation; at this moment the saddles and centers are being rearranged to form two Poincart- 

Birkhoff chains. Also shown is the plot of p along the line x = y. It exhibits an uninterrupted 

plateau. 
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Fig. 7. The same region as in figs. 3-6, but now at C = -0.306299. The two Poincart-Birkhoff 

chains have moved apart, and between them one sees a curve with rotation number p > $. The 

plot of p along the line x = y shows clearly that the maximum has finally pierced through the value 
L 10 . 

maximum. (One of these plateaus is reduced to a point if we cut exactly 
through a saddle.) 

In conclusion, we have seen that the birth of two twin PB chains requires the 
birth of two dimerized chains first. In fig. 8 we have illustrated the successive 
stages of the process. 

First one dimerized chain appears, then a second, and after that the centers 

Fig. 8. Schematic representation of the five stages of the birth process of two twin PB chains, 

corresponding to figs. 3-7. 1. Preparation; 2. one dimerized chain; 3. two dimerized chains; 4. 
marginal situation; 5. two PB chains. 
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of the two chains are interchanged due to the breakup of the homoclinic 
connections and the formation of new heteroclinic ones. This yields two PB 
chains. 

The birth scenario found above turns out to be very similar to the one 
presented in ref. [9], to describe the reconnection phenomenon in a radial twist 
map with a non-monotonic twist function: x,+ 1 = x, - K sin 0,) On+ 1 = 6, + 
f(% x,+1 ) with f(a, x) = x - ax*. The main difference is that the scenario for 
this map does not contain a regime with only one dimerized chain. Further- 
more, in ref. [9] the relation to the rotation number and the 1: 3 resonance was 
not discussed, nor the connection with the Poincari-Birkhoff theorem. 

2.2. A few comments 

The birth of two twin PB chains is by no means unusual. In fact, in an earlier 
paper [3] we found that it is a necessary prelude to the squeeze effect, which 
occurs at the 1: 3 resonance in every area-preserving map with a non-vanishing 
quadratic part (and sometimes also at the 1:4 resonance). Thus, its implica- 
tions can be observed in many physical systems. One example is the beam- 
beam interaction in a storage ring, in which the transition from two dimerized 
chains to two PB chains has indeed been observed by Gerasimov et al.; see 
figs. 15a and 15b of ref. [lo]. Each chain consists of 10 islands and 10 saddles, 
just as in our example with p = &. Their pictures show that it is quite a 
macroscopic effect, too. 

The link with the 1:3 resonance means that the twin births will generally 
occur for values of p close to 3, but the exact range of rotation numbers is not 
the same for every map. For the generalized Henon map 

X ,,+l=2Cx,+ax~+bx~-Y,, 

Y x, n+l = 

(5) 

(taken from ref. [3]), we have twin births for 

& arccos(C,) < p < 4 , 

where 

c,=++y-j/m with y = a2i3b . (7) 

Note that for a # 0 and b = 0 (i.e. y = 00) we have C, = - d, the same value as 
for the quadratic Hinon map (l), which has a = 2, b = 0. On the other hand, 



.I. P. van der Weele et al. I Birth of twin PoincanGBirkhoff chains 293 

for a = 0 and b # 0 (i.e. y = 0) we get C, = - 1 and (1/2~) arccos (C,) = f . In 
this (non-generic) cubic case the range of rotation numbers as given by eq. (6) 
is reduced to nothing. This is directly related to the fact that in this case we do 
not have a squeeze effect at the 1: 3 resonance [3]. 

Eq. (6) tells us that the lower bound of the range of rotation numbers varies 
with the particular map under consideration, but the upper bound is always f . 
This can be explained as follows. The birth process of two PB chains 
necessarily requires two dimerized chains. But there is no strict law which 
demands that after the first dimerized chain there will always come a second. 
In fact, for p = 3 only one dimerized chain appears; for the map (1) this occurs 
at the value C = 1 - fi = -0.4142. We have described this in detail in ref. [3]. 
In that case, we can neither get two PB chains, nor can any closed curve with 
p > 4 come between the saddles and the centers of the dimerized chain. This is 
because on both sides of a such a hypothetical curve the twist condition of the 
Poincare-Birkhoff theorem (see section 3) would be satisfied, and consequent- 
ly we should have a PB chain with p = 3 on both sides. But there are simply 
not enough center and saddle points to accommodate two PB chains. Thus, 
p = i is the upper bound for the range of rotation numbers associated with twin 
births. 

3. Connection with the PoincarC-Birkhoff theorem 

The Poincare-Birkhoff theorem [l, 2,11-131 states that for area-preserving 
twist maps, given integers p and 4 with q positive, there are at least two 
periodic orbits satisfying 

In other words there are at least two periodic orbits with rotation number p/q. 

If these orbits are isolated then, according to the theorem, one of them is 
elliptic and the other one is hyperbolic, together forming a PB chain. 

The twist condition in this theorem requires that the annular region on which 
the rational value p = p/q occurs is bounded on one side by an orbit with 
p <p/q and on the other side by an orbit with p >p/q. As we have seen, this 
condition is not always satisfied. On the contrary, for a substantial range of 
parameter values every periodic orbit (being created in an annular region 
around the elliptic fixed point) is born from a non-twist situation. In that case 
the periodic orbits are born as dimerized chains, via a tangent bifurcation. If 
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only one dimerized chain appears we have the squeeze effect as described in 

ref. [3]. Otherwise, two dimerized chains appear, either one after the other (as 

for the H&non map described in the present paper) or simultaneously (as for 

the twist map in ref. [9]). The two chains will, upon a change of parameter 

value, be rearranged in the form of twin PB chains, at the very moment that 

the twist condition is going to be satisfied. Indeed, these PB chains could never 

be created if the dimerized chains would not pave the road for them. 

So we see that the birth mechanism described in this paper provides a 

supplement to the Poincare-Birkhoff theorem, in the case that the rotation 

number has a rational extremum outside the origin. 
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