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1. Introduction 

Suspensions of polystyrene spheres crystallise 
due to strongly repulsive interactions between the 
spheres. These liquid crystals are expected to be- 
have solid-like reflected by a static modulus and 
a yield stress. Many investigators measured the 
dynamic moduli in a small frequency range [1, 2]. 
They compare the effperimental dynamic storage 
modulus with a theoretical static modulus assum- 
ing them to be identical. Both experiments and 
theory do not investigate the behaviour of the dy- 
namic moduli. 

In the present study the dynamic moduli are 
measured over a wide range of frequencies 
(~t)/2~ • [0.001- 10 Hz]) with a home-made appar- 
atus. The volume fractions of the latex crystals 
ranged from 0.015 to 0.30. We expect an or- 
der-disorder transition to take place in this range 
and a change in the dynamic moduli. 

2. Experimental set-up 

On the basis of a recipe described by Goodwin 
et al. [3] our fluids are prepared by a polymeris- 
ation reaction in water of styrene and potassium 
sulphonate initiator. This reaction produces nega- 
tive-charged polystyrene spheres. The size distribu- 
tion of the resulting spherical latex particles is very 
monodisperse with a radius of 250 nm. The nega- 
tive surface charge is caused by potassium sulfonate 
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end groups which dissolve in water. The sulphonate 
groups are anchored to the particle surface while 
the potassium counterions are dissolved in the 
water. The remnants of the polymerisation reaction 
are washed away by ultrafiltration. With an 
ion-exchange resin all excessive electrolyte is ex- 
tracted from the latex and the potassium counter- 
ions are exchanged for hydrogen ions. After this 
purification the number of counterions ( = number 
of sulphonate groups) is determined by conduc- 
tometric titration of the latex with sodium hy- 
droxide. The surface charge density is then cal- 
culated from this number, the particle radius 
and the volume fraction. Mass fractions were 
determined by drying approximately 1 g of latex 
at 50C.  The volume fraction was calculated 
from the dry weight with a particle density of 
1.05 g/ml. 

The deionisation also maximises the electrostatic 
repulsion between the particles. The total interac- 
tion energy consists of van der waals attraction, 
hard-sphere repulsion and electrostatic repulsion 
and is for low electrolyte concentrations dominated 
by the latter one. Because the particles are locked 
up in a closed volume the electrostatic repulsion 
forces the particles to order in a crystal structure 
(BCC or FCC). 

The dynamic experiments are performed with 
a home-made instrument [4]. In the apparatus 
the latex is confined between two concentric cylin- 
ders. The inner cylinder is oscillating in a forced 
harmonic vibration driven via a torsion spring 
by the motor. The dynamic moduli are determined 
by measuring the amplitude ratio R and the 
phase difference ~o between the cylinder and the 
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motor, 

K I 
G' = (Rcos q) - 1) + = t¢j2, (1) 

U 

K D 
G" = ~ R sin (p - ~{o. (2) 

15 

Here K is the torsion constant of the spring, I is 
the moment of inertia of the inner cylinder, D is the 
damping of the air bearing and U is a geometrical 
factor which are determined by a calibration pro- 
cedure. 

For the experiments shown here the strain ampli- 
tudes are smaller than 0.005 which ensures linear 
experiments in these cases. 

3. Theory 

Here we will focus on the volume fraction de- 
pendency of the static shear modulus (Go) as deter- 
mined from Fig, 2. 

Several researchers have studied the static 
modulus of an ordered suspension theoretically 
[5 8]. Following Buscall et al. [7] the stress in the 
crystal is calculated from 

- ~ Fi i  ri. (3) 
f V i=1 j--1 

j~-i 

Here V is the total volume of the crystal occupied 
by the Nto t particles, F u is the electrostatic force on 
particle i due to its jth neighbour and r~ is the 
position of particle i. 

To derive an expression for the static modulus 
a small strain }, is applied to the crystal (here we 
consider a deformation of the crystal in the x-direc- 
tion with the gradient of the strain in the z-direc- 
tion). Then, after making a Taylor expansion of Eq. 
(3) with respect to the displacements caused by the 
strain, we study the xz-component of the stress 
since we are interested in the shear modulus of the 
crystal. By averaging ~ over all possible crystal 
orientations the polycrystallinity is taken into ac- 
count and eventually leads to [9] 

(~.,=) = 6o7 - qb,,N (0" + 4~b'g-~)3 '. (4) 
5~R 

Here ~ is the pair interaction energy between two 
particles with centres at a distance R from each 
other, qS,, is the volume fraction at close packing for 
the crystal structure considered and N is the num- 
ber of nearest neighbours for the crystal structure 
considered. In this derivation the influence of the 
particles at the sample boundary is omitted and 
only the nearest neighbour forces are taken into 
account. These assumptions are validated by the 
strong screening of the interaction energy between 
the particles. For the pair interaction energy we use 
the result derived by Bell et al. [10], who gave the 
expression for the interaction energy between a pair 
of isolated particles placed at a distance R from 
each other, 

~t32 [I- e -  I,-{R 2a) ~(R) = 4~rCrCo ~- (5t 

Here i¢ is the reciprocal of the Debije screening 
length, 4' is the surface potential on the particles 
and rr ~:o is the dielectric constant of the fluid. Since 
expression (5) is derived for an isolated pair of 
particles with low surface potentials it is not dir- 
ectly clear that it can be applied to describe the 
interaction energy between two particles with a sur- 
face potential in a crystal. To elucidate this we first 
mention that the pair interaction energy is fully 
determined by the behaviour of the electric poten- 
tial at the midplane between the two particles 
[10--12]. If the two particles are separated suffi- 
ciently the electric potential and its gradient at the 
midplane can be approximated by a linear super- 
position of two single-particle contributions which 
have the form 

6/ 
~#(r) = ~. - e ~e~-,,~ (6) 

r 

Here r is the distance to centre of the particle, a is 
the particle radius, t / )  a is an apparent surface poten- 
tial of the particle and Ke is the effective screening 
parameter. From the analytic approximation for 
the electric potential at the midplane Bell et al. [10] 
derived equation (5) for the pair interaction energy. 

In the crystal the electric potential "far away" 
from the particles is conceived as a summation over 
many single-particle contributions of the form (6t. 
In order to obtain values for the apparent potential 
4~, and the effective screening parameter ~,e in the 
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crystal the electric potential  is solved numerically 
by integration of the Poisson Bol tzmann (PB) 
equation.  Because of the t ranslat ion symmet ry  of 
the crystal the electric potential  only has to be 
solved in one Wigner  Seitz cell. A c o m m o n l y  used 
technique to simplify the calculation is to replace 
polyhedron cell by a spherical cell of radius h. The 
PB-equat ion which has to be solved numerically is 

V 2 m _  ze (c~e  : " ~ k r - - c b e : < " v * r ) .  (7) 
I:r 'qO 

Here c~ and % are the spatial concentra t ions  of 
the positive and negative ions at the cell boundary,  
- is the valence of the counter ions and of the 
z _ electrolyte, e is the electron charge, k is the 
Bol tzmann factor and T is the temperature .  

The boundary  condit ion on the particle surface is 

d,# _ -~ . (8) 
d#"  r = a  }:r }:O 

Demanding  that the cell is electrical neutral  results 
in the boundary  condit ion on the surface 

d,p = 0. (9) 
dr r=h 

W e  integrate the PB-equat ion with an integra- 
tion scheme based on the one used by Alexander 
et al. ~13]. The result of this calculation is shown in 
Fig. 1 where the solid line represents the calculated 
electric PB-potential  in the cell. 

Since the PB-potent ia l  becomes small near  the 
cell boundary  the PB-equat ion can be linearised to 
the Debije H{ickel (DH) equation.  Consequently,  
near the cell surface, the numerical  PB-potent ial  
can be approx ima ted  by an analytic DH-poten t ia l  
which is shown as a dashed line in Fig. 1. F rom this 
DH-potent ia l  the apparen t  surface potential  ~ ,  and 
the effective screening paramete r  #% are determined.  

Substi tut ion of Eq. (5) in Eq. (4) and interpreting 
the screening pa ramete r  1,- as an effective screening 
paramete r  1,~ and the surface potential  • as an 
apparen t  surface potential  ~ ,  the static shear 
rnodulus becomes 

, ( I , : f f R  2 - -  21c<, R - 2) 
Go = 4~:~c~co t l  2 (iD a R 4  e K , ( R  2 a l  

(10) 
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Fig. 1. The electric potential, wilhin the cell. as a function of the 
distance. The numerical sohltion of the PB-equation Isolid line) 
is near the cell boundary approximated by the analytical sohi- 
tion of the DH-cquation {dashed linc). 

with 

- N0,,,/5re. 

4.  R e s u l t s  

The dynamic  moduli  have been measured as 
a function of the frequency for eight different vol- 
ume fractions. The result for the s torage modulus  is 
shown in Fig. 2. 

F rom Fig. 2 it can be seen that  for high volume 
fraction ((/)> 0.10) the s torage modulus  becomes 
nearly constant  for till frequencies. In literature this 
s torage modulus  is assumed to be equal to the 
static shear modulus  of the liquid crystal due to the 
electrostatic forces. 

The only unknown in our  experiments  was the 
excess electrolyte concentrat ion.  By adjusting this 
concentra t ion we titted the static shear modulus  
(10) to the data. A satisfying tit has been achieved 
for an excess electrolyte concentra t ion of 
4.7 × 10 ¢' M and is shown in Fig. 3. This excess 
electrolyte concentra t ion is reasonable  for a latex 
that is purified with an ion-exchange resin. In Fig. 
3 also data  on the static shear modulus  measured 
by Chow and Zukoski  [14] are shown. Here all 
parameters  were known so no free parameters  were 
left to adjust the model to the data. 

Next the theoretical static modulus  is compared  
with the experimental  moduli  determined by other  
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Fig. 2. Storage modulus of a crystallised latex measured for 
a wide range of frequencies lor eight volume fractions. 

Fig. 4. The scaled modulus plotled verst.is /"0,,a.@)(see Eq. 
(11)). Data (ll) measured by us, the other authors cited m this 
figure can be found in Van der Vorst el al. [16]. 
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Fig. 3. The static shear moduhis as a function of the volume 
fl'action. Data (At from Fig. 2 and data (IV], ©) from Chow and 
Zukoski [14]. Solid and dashed lines arc theoretical calcu- 
l a l i , , ' , n s .  

researchers for different particle radii, volume h'ac- 
tions, surface charge densities and excess electrolyte 
concentrations. To investigate the capabilities of 
our model the static shear moduli measured by 
several authors are scaled on a universal curve. 
Rewriting Eq. (10} leads to the scaling equation 

(7o a 2 
C qs.,~ F(lq, a, (/)), (11) 

with 

a n d 

F I G  a, 4~l 

[ ( I Q R )  2 -  2,ccR 2 ] ( ' q ' a ~ a e  <,cr "-<,, 

T h e  resul t  o f  th i s  scaling is s h o w n  in Fig. 4. 

5. Conclusions 

The static shear modulus measured b 5, several 
authors under various experimental conditions is 
reasonably well described by the simple model pro- 
posed here. Deviations may stem from the fact that 
we used a spherical cell instead of the Wigner Seitz 
cell which implies that the static potential sur- 
rounding a particle is also spherical symmetric. 
However, we believe that the main physical aspects 
are incorporated quantitatively in this model. Fur- 
thermore, the pair interaction energy derived for 
a pair of isolated charged spheres with a low surface 
potential is applied successfully to a many particle 
system consisting of particles with a high surface 
potential. Hereto we interpreted the surface poten- 
tial • and the screening parameter t, appearing in 
the expression for the interaction energy as an 
apparent surface potential 4,~, and an effective 
screening parameter ,%. 
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