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Abstract - A method for the. complete numerical 
solution of the Maxwell equation in a multifilamentary 
wire carrying and a transport current and subject to 
applied fields of any direction compared with the axis 
of the wire. both current and applied fields of 
arbitrary time dependence has been developed. First 
results show unexpected differences from analytical 
models which were used in the past and are reviewed in 

this paper. From both approaches current degradation 
effects can be estimated and loss contributions 
resulting from combined action of applied field and 
current can be calculated. 

1. INTRODUCTION 

The present confidence in the reliability of 
composite superconductors has led to the design and 
construction of large and complex magnet systems. 
Accelerators, like the Tevatron and HERA rings do 
operate or will soon be in operation. The tokamak TORE 
SUPRA is in operation for some years. T-15 is in a test 
phase. Still larger systems are in a design phase and 
prototype components are constructed and subject to 
testing. Superconducting Magnetic Energy Storage, SMES, 
is reconsidered as a useful system for levelling off 
the imbalance between daily energy production and 
energy consumption patterns. 

In all these, and other not-mentioned magnet 
systems the electrodynamic behaviour of the strands 
used in the composite cables is basic to the final 
performance. In this paper we will reconsider the 
demands for these strands and outline some general 
aspects of their electromagnetic response. A proper 
model, suitable for solving the electromagnetic 
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response consists of the following elements: 
a. The position and time dependence of the applied 

field 
b. Constitutive equations describing the local j-E 

relations 
c. The conductor layout. 

As a results the following answers should be 
obtainable: 
a. The low-loss current carrying capacity 
b. The local and overall heat production. 

Calculations of this type normally are performed under 
isothermal conditions. In principle, however, also the 
temperature distribution inside the conductor, possibly 
ending in a catastrophic temperature increase or 
quench, have to be evaluated. But this will not be the 
subject of this paper. 

The current pattern inside a composite can be 
decomposed in three basic components each of which can 
be time dependent. 

The transport current I, = J,j, dA. 
Induced currents, which have closed loops inside 
one specific filament referred to as magnetization 
currents. 
Induced currents which have closed loops 
consisting of superconducting and normal or matrix 
material. These currents are referred to as 
coupling currents. Under very special conditions 
also closed current loops entirely in a normal 
conducting region may be induced. But we will also 
consider these as coupling currents. 

A break down of the heat production or total loss in 
transport current loss, magnetization loss and coupling 
current loss is only useful if no interaction between 
the various currents would exist which is normally not 
the case. Measurements to estimate magnetization and 
coupling loss contributions are therefore usually 
performed in absence of a transport current. The term 
eddy current loss is avoided because in the framework 
outlined above there is no need for it and it may be 
confusing since it is not defined there. 
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11. THE MODEL 

Throughout the rest of this paper we will use 
three coordinate systems simultaneously for clarity. If 
we follow the path of one strand in a fully transposed 

cable the local applied field components will vary 
periodically since the direction of the strand will 
change compared with the general direction of the 
applied field. Moreover, if a multi coil system like a 
tokamak is considered, also other period lengths of the 
applied field have to be considered. In Cartesian 
coordinates we therefore can write, 

BA = (E:, E;, Et), 
with the z-direction along the axis of the strand. Each 

of the components of BA are a periodic function of z .  

Since it is convenient to solve the Maxwell equations 
in cylindrical coordinates, they are also introduced in 
the usual way. 

I B̂ , =B, sin((p) + B, ~,(pr) sin(pz) + 

’ (1) 

B: =B: + B, Io(pr) cos(pz) + 

B, I,(pr) sin(Fp) cos(pz) 

Here Bo Bi, B,, B, and B, are functions of t only. Io 
and I, are Bessel functions of the second kind. Two 
cases will be considered, B = i*e-iot the periodic time 
dependence and B = 0 for t < 0, and B = ut for t 2 0 to 
study the transient phenomena. 

(P’ 

The five coefficients defined above refer to the 
following cases: 

Bo defines a uniform applied field parallel to the 

wire. 

B, defines a uniform applied field perpendicular 
to the wire (BC = B,) 

B, defines a periodic applied field parallel to 
the wire with period length L and p = 2n/L 

B, defines a periodic applied field perpendicular 
to the wire again with period length L. 

These five coefficients can be chosen independently. 
Note that the components of BA are chosen to satisfy 
8.d = VxBA = 0. 

A third coordinate system is necessary to describe 
the constitutive equations. If we consider a local 
system with one component in the r-direction of the 
wire, one component parallel to the filament direction, 
and the third component perpendicular to the previous 

ones, we can write the constitutive equations 

j = (or Er, El, aj, + U,, Ell 1. 
The transformation of j from this local system to 
cylindrical coordinates is given by 

jr = or Er 

jV = jll sin @ + U 

jz = j,, cos t,h + U 

E + ovz EZ (P(P (P 

E + ozz EZ. 
cpz (P 

Here: tg $ = 2nr/L, = pr, L, is the twist length, 

(P(P 

(Pz 

o = ol cos2* + o,, sin2* 

U = (cl1-cL) sin @ cos @ 

o zz  = cl sin2# + U,, cos2*. 
In this expression or, cl and o 
The most important component of 3 is j 

are independent. I, 

I1 . 
jll = a J, + o,, Ell. 

We will assume 1 = q sign(Ell) if Ell * 0 

fraction of superconductor. 

A region where E,, = 0 is called unsaturated, whereas if 
E,, # 0, a region is called saturated. In unsaturated 
regions the expression for JQ and jz reduce to 

cp 

I r l  < q If E = 0, q being the volume I, 

J,+, = Br Js + cL E 

Jz Js + 01 EZ* 
with J, = r j, cos*, the superconducting component of 
j,. It may be noted that if Ell = 0, EZ = -Br E 
This simplified formulation of the constitutive 
equation, where 7 is a non-linear function of E,, only, 
is known as the anisotropic continuum model of 
Carr [ l l .  More complex expressions for r containing, 
apart from Ell, the filament radius R, and the local 
Perpendicular field rate 8, were described by Rem [21 

and Hartmann [31. No attempts have been made yet to 
include B,, and (E: + E:)”2. the total electric field 
perpendicular to the filament. Also flux creep effects 
are not considered. 

(P‘ 

111. LINEARIZATION OF THE PR0BL.EM 

The non-linear character of the problem resulting from 
the non-linear jll-component of the constitutive 
equation can be removed by assuming that the whole 
interior of the wire is unsaturated. In order to 
account for the boundary condition Er(R) = 0 or 



BP(R) = Bo in rotational symmetric problems a surface 
current J, which also behaves linearly, is introduced. 
J flows in the filament direction and has components Jz 
and JP, with J 

If E,(R-) # 0 the condition E,(R+) = 0 is fulfilled if 

(P 

= BR Jz. 
(P 

aZ J~ + R-' a J = U, E,(R-), 
( P P  

E,(R-) and E,(R+) denote the limiting values for 
r + R, if r < R or r > R respectively. 

A. Parallel field 

The shape of the applied field in Eq. 1 is chosen to be 
rotational symmetric. Then the Maxwell equations read 

t r  -aZ E~ = - a B 

ar E~ - ar E~ = -a B 
t ( P  

a (r E ~ )  = -r a B 

-aZ B = P,, E~ 

az B~ - ar B~ = pr P,, js + P,, cl E~ 

ar(r B 

t z  

(P 

= r (P,, js + P,, sl E=). 
(P 

If we, furthermore, assume that L-' = 0, .i.e. the 
problem is also z-invariant, we immediately get 
E, = B, = 0 irrespective of the time dependence of BA. 

Moreover, it can be shown that EZ + f3rE = 0 implies 
B + BrBz = 0 141. Er = 0 implies that no current 
exchange in the r-direction occurs, irrespective the 
value of s, [5,61. 

(P 

(P 

Two cases can be considered with respect to the 
time dependence: 

BA = 0 t < ~ ,   at t 2 0  or 

B: = B, e-iwt. 

For E a partial differential equation can be obtained, 
(P 

ar f(i + p2rz) arr E~ = (1 + p2r2) p,, el EV. (21 

The solution of this equation involves an infinite set 
of r-values, which are not yet determined if B: = a t 
Is assumed. In the stationary case, i.e. t > tmX, tmx 

is the largest t-value, the solution reads 

E@ = -a ln(1 + p2r2) / 2 p2r 

with 

(1  + p2r2)1n(l + p2r2) + p (R -r ' 'I 
f = p r g  

h = 2 f3 g / (1 + f3'r'). 

From (2) it can be seen, that if el = 0 (t = 0) 
saturation occurs first if r = 0 and 

 at=^,, j , L p / 4 n .  

Thus saturation in the inner region occurs after a 
change in B: independent of the rate of change of B:. 

In case a sinusoidal time dependence of B: is 
assumed B: = Bo-e-iwt it is useful to put 

E = iw g, E = -iw f3r g 
(P 

B = B ar(rg), B~ = f ar(rg), p,, js = k. 
(P 

Writing 

8 = A 1 a, , 
n=O n=O 

k = A 1 b, U', , with U = fir 

the following recurrence relations for a, and b, exist: 

a-, = b-, = 0 

4(n+l)(n+2) a,,, = 

a,, = 1 

4(n+112 a, + iot(a, + a,,- -[ 
I b, = p2 [ (2n+1I2 a, + iwt a,, 

T = P,, U 1  / p 2  

The constant A follows from the boundary condition for 
BA = 0 

(P 

The loss power per unit of length can be determined 
from the real part of the Poynting vector 

XR 
PO 

If we write 

S = - E x Bo. 

the real and imaginary part of p = p' + p" can be 
plotted for OT and f3R as a parameter. Fig. 1 shows 
these curves. For pR = 0, i.e. no twist, the curve for 
a pure metallic bar is found whereas for BR + 0, i.e. 
the filaments degenerate in rings, the semicircle of a 
paramagnetic material is obtained. 

cl0 js = 2 f3 a t / (1 + ,3'r2)'- h(r) 
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Fig. 1. Representation of the Poynting vector in terms 
of a complex permeability for a uniform 
parallel applied field. 

Numerical solutions 

In the previous subsection an analytical approximation 
for the maximum amplitude not saturating the interior 
of the wire and the loss power were given under the 
assumption that all return current flows in a surface 
shell. Numerical approaches to the problem show that 
some peculiar and unexpected effects are, however, 
present. Fig. 2 shows the time development of the 
saturated regions when a z-invariant B: = sin(ut) is 
applied at t = 0. When ut < n/2 a negative saturated 
region starts in the outer region of the wire. At 
ut = n/2 a positive saturated region starts at r = R 
but the negative saturated region moves inward and 

r/R 
Fig. 2. Numerical solution of the saturation of the 

filaments for a uniform Bt with sinusoidal time 
dependence and no transport current. 

o! 

zi I 1  
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Fig. 3. Numerical solution of the saturation of the 
filaments for a uniform Bt with sinusoidal time 
dependence with a transport current of about 
0 . 2  of the critical current. 

disappears at ut = 3n/2. This pattern repeats each 
period. In this case no transport current is present. 
In Fig. 3 a small transport current is present and, as 
can be seen, the positive saturated regions penetrate 
much further than the negative ones. This means that a 
parallel applied field in an unexpected way reduces the 
current carrying capacity of the wire since at the 
outside a double layer of positive and negative 
saturated current exists. Numerical results for an 

applied field which is periodical in z (Eq. 1) are 
shown schematically in Figs. 4 and 5 .  Fig. 4 shows the 
development of the saturated regions for increasing 
B: = U t. The upper picture shows the boundary of the 
outside region for small t. The middle picture shows 
the start of the development of the inner saturated 
region at B: - cr, j, L,/4n [71 whereas the lower 
picture shows the final state of the saturated regions 
for t + m. In Fig. 5 a schematic picture is given for 
sinusoidal applied non-uniform B: at some time. As in 
the uniform case in the outer region saturation in both 
directions coexists. The investigations are continued 
and more complete results will be published later. 

B .  Perpendicular field 

In analogy with the previous treatment the case of a 
perpendicular applied field can be given. For reasons 
of brevity only the case of z-invariant sinusoidal time 
dependence of the applied field will be presented. For 

more details see [8,9,101. 
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Fig. 4. The development of the saturated regions for 

periodic B: and linear time dependence. For 
further explanation see text. The current 
pattern are indicated. 
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Fig. 5. Momentary solution of saturated regions for 
periodic B: with sinusoidal time dependence. 

The Maxwell equations for this special case read 

a E = i w r B r  
c p =  

-a E = iw B r z  

a r r E  - a  E  io^^ 
cp c p r  

a r r ~  - a  B = r ( ~ j s + p , - , u Q I ~ Z ) .  
cp c p r  

Assuming 

Er = h sin(cp) e-iwt B 

k Js = iOT k COS(Cp) e-iwt, 

with T = p,,u1/B2, we get for the surface current 

cl0 Jz = -iwT R h(R) cos(@) e-iot, 

and the remaining components of E and B 

E = 2 g cos(cp) e-iwt 
c p B  

B = ar(rg) cos(Cp) e-iwt. 
cp 

Putt ing 

g = A 1 n=O 
, k = A 1 n=O b, uZn , with U = Br 

again recurrence relations for a, and b, can be 
derived. 

a, = bo = 1 a-, = b-, = 0 

Bn(n+l)(l-iwr) b, = iwr iwr(Zn+l) b,-l - a,-,] [ 
From the boundary conditions A can be determined to be 

and consequently the power loss per unit length 

If we write again 

the values of p' and p" can be plotted as shown in 

Fig. 6 .  

For small p the p " ( p ' )  curve has an ellipse as a 
limiting envelope whereas for -) m. where the 
filaments degenerate in rings, the relation for a solid 

copper wire 
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AMNOULEDCMENTS p = i + J2(kr)/Jo(kr) 

is obtained. (k2 = iopgl, J, and J, Bessel functions). 
It may be noted that for small o the power loss is The author is very much indebted to Prof. P . J .  

Zandbergen and F.P.H. van Beckum for their continuous 
interest and stimulating discussions in the problems Of 

electrodynamics in composite superconductors and to 
rather than the widely used expression for T where the E.M.J. Niessen and J.A. Eikelboom allowing me to use 
term R2 is omitted. 

U Bt OT' 

p = -  , with T' = [(G;)2 + R2] 
po 1 + ( O T 0 2  

their results prior to publication. 
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