
Sensors and Actuators A, 25-27 (1991) 691-698 691 

Q-Factor and Frequency Shift of Resonating Silicon Diaphragms in Air 

ALBERT PRAK, FRANS R. BLOM’, MIKO ELWENSPOEK and THEO S. J. LAMMERINK 

Department of Electrical Engineering, University of Twente, P.O. Box 217, 7500 AE Enschede (The Netherlands) 

Abstract 

The dependence of the relative frequency 
shift and the Q-factor of the first two modes 
of vibration of square silicon diaphragms on 
the diaphragm geometry and the air pressure 
is investigated. The experimental results are 
compared with the theory, which is based on 
Lamb’s theory for circular diaphragms. It 
assumes acoustic radiation to be the deter- 
mining mechanism for the energy loss of the 
diaphragm. The experimental results for both 
the frequency shift and the Q-factor as a 
function of the pressure deviate from the 
theory. A possible explanation for this devia- 
tion is the assumption that viscous damping 
plays an important role. It is found that the 
vibrating diaphragm is able to put the whole 
wafer into vibration, which causes several 
interfering effects. This phenomenon limits 
the applicability of vibrating diaphragms in 
resonant sensors. 

Introduction 

In this paper the properties of the trans- 
verse vibrations of silicon diaphragms, 
which are applied in silicon resonant mi- 
crosensors, are studied. In such sensors, the 
resonance frequency of the diaphragm is de- 
termined by the quantity to be measured, 
e.g., a pressure difference [ 1,2] or a mass flow 
[3]. The properties investigated consist of 
three quantities, namely the resonance fre- 
quency in vacuum (fV), the relative shift of 
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this resonance frequency (rfs = (jr -fy)lfV)), 
which is observed when the diaphragm is 
submerged in a fluid, and the quality factor 
(Q), which is related to the energy loss of the 
vibrating diaphragm. The dependence of 
these three quantities on the diaphragm ge- 
ometry and the air pressure is studied both 
theoretically and experimentally. This is done 
for the first two modes of vibration. The aim 
of the research is to obtain design rules for 
optimizing diaphragm geometry for applica- 
tions in resonant sensors. A similar study has 
been carried out in our group for vibrating 
cantilever beams [4]. 

TbfZOry 

The First Mode of Vibration 
The resonance frequency of a clamped, 

square plate without residual stress is well 
known, e.g., [5]: 

fo,, = 1.654 c,h/a’ (1) 

with cp the speed of sound in the plate mate- 
rial (c’, = E/p,( 1 - p*)), h the thickness of the 
plate, a the length of an edge, E Young’s 
modulus, pp the density and p Poisson’s ratio. 
Subscripts 0 and 1 refer to zero residual stress 
and the first mode respectively. 

From the calculation of the impedance of 
a vibrating plate element (i.e., the ratio of the 
force exerted by the element on the fluid to 
the velocity of the element) a complex expres- 
sion results whose imaginary part is related to 
an increase of the inertia of the plate element 
[6]. The total effect is equivalent to increasing 
the mass of the plate by a relative amount 
fi = TJT,, with T, and T, the kinetic energies 
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of the fluid and the plate respectively. For a 
square plate the result is [7] 

PI = 0.6904 5 
P 

with pf the density of the fluid. The viscosity 
of the fluid is neglected in this calculation. 
We find 

The relative frequency shift due to damping 
(rfs, = - 1/4Q:) is neglected. 

The quality factor Q can be calculated 
with the following expression: 

Q =2n 
total energy of the system 

dissipated energy per cycle 

The total energy of the system equals the 
maximum kinetic energy of the plate plus the 
maximum kinetic energy of the surrounding 
fluid. Since the vibration is nearly perpendicu- 
lar to all surface elements, the only pressure- 
dependent damping mechanism to be consid- 
ered is energy loss by acoustic radiation. 
Viscous damping is neglected. In a manner 
completely analogous to Lamb’s calculations 
for circular plates [8], but with a mode shape 
w(x, y) = (1 - 4x2/a2)( I - 4y2/a2), we find 

Q, = 6.415 z PpCrh (1 +B,) 
pf2nfa 

with cf the speed of sound in the fluid. If the 
plate obeys eqn. (l), we can substitute eqn. 
(1) into eqn. (4) to obtain a value for Q, in 
resonance. If for some reason (e.g., stress) the 
plate does not obey eqn. (1) and has a reso- 
nance frequency in vacuum fv, , = RJb., , we 
can write 

Q, = 0,617 !$’ +;I)312 
I 

(5) 

Besides this acoustic damping, there exists 
a pressure-independent damping component 
as a result of internal friction in the crystal 
lattice and energy, radiation into the bulk 
material at the edges of the plate. This struc- 
tural damping component provides an upper 
value for Q,., say Qstr, ], which can never be 
exceeded. 

The Second Mode of Vibration 
In this mode of vibration there is a nodal 

line parallel to the edge, which divides the 
plate into two equal parts [5]. These parts 
vibrate with opposite phases. For symmetry 
reasons, it follows that there are two second- 
mode vibrations. Theoretically these two res- 
onances have exactly the same frequency; 
however, in practice they will differ slightly 
due to the inhomogeneity of the diaphragm. 
The resonance frequency is [5] 

fo. 2 = 2.04Oh,, = 3.374 hc,/a2 (6) 

If the above results for Q, and rfi, are 
compared with the results for circular plates 
[8], the conclusion is that the shape of the 
plate is only of minor influence. The devia- 
tions are much smaller than the failures as a 
result of the accuracy in the thickness deter- 
mination of the diaphragms, for example. 
The comparison is carried out by replacing 
the diameter of the circular plates by the 
length of the edge of the square plates. If we 
assume this similarity between circular and 
square plates to be true for the second mode 
of vibration as well, we find, starting with 
Lamb’s results for the second mode of a 
circular plate [8], the following expressions 
for pz: 

p2 = 0.3087 !!C! 
PPh 

A relation like eqn. (3) holds for rfi2. For Qz 
we find 

Qz = 
cj 55296 p,h 

---_5(1+8*) 120 p$z4 (211f) 

= o 0284 ppa2c: (1 + 82)5’2 
pfh’c; R: 

Rz is defined like R,, 

(8) 

Application: a Silicon Diaphragm in Air 
The previous results are now applied to a 

silicon diaphragm vibrating in air of 293 K. 
The following constants are used: E = 
1.55 x 10” Pa, p = 0.06, pp = 2330 kgmA3, 
cp=8160ms-‘, pf= 1.18 x 10-5p/p,,kgm-3 
(pu = 1 Pa), cr = 343 m s-‘. c‘ is independent 
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TABLE 1. Theoretical expressions for the relative additive mass /I, the relative frequency shift rfs and the quality 
factor Q for the first two modes of vibration. p0 = I Pa 

General 

rf, = -1.75 x IO-92 
hpo 

rfs, = - 1 

Q, = 

/I2 = 1.56 x lO-9 g 

5.12 x lO6p, 
Q, =7p 

I 

10 *p rfi2 = -7.82 x IO- - 
hp, 

Qz = 
4.16 x IO’ a 

Qz=~ ; p 
z 0 

‘p. Q, = 4.02 ;,‘O-” ; g’2 p 3’2 

z 0 6) 0 

of the pressure. With the expressions (2), (3), 
(5), (7) and (S), the results presented in Table 
1 are obtained. The Table consists of three 
columns. In the first column the general ex- 
pressions are given, in the second the expres- 
sions when b -4 1 (this condition was always 
fulfilled in our experiments), and in the last 
one the expressions when p 9 1 (in practice 
these expressions are not very useful because 
Jr becomes very small). For a silicon di- 
aphragm in air of 1 bar we find 8, = 1 for 
a/h = 2860. The results for a diaphragm with 
a/h = 1000 are presented in Fig. 1. 

(a) 

P (Pa) 

Experimental 

Since the purpose of the study was the 
understanding of the behaviour of pure sili- 
con diaphragms, both excitation and detec- 
tion of the vibrations were done externally, 
i.e., no active films were deposited on the 
diaphragm. Excitation was done optother- 
mally with a 830 nm, 30 mW laser diode. 
Optothermal excitation causes an inhomoge- 
neous d.c. heating of the diaphragm, which 
could influence its behaviour. However, ex- 

Fig. 1. Theoretical results for &v(p) (a) and Q(p) (b) for the first two modes of a square silicon diaphragm vibrating 
in air of 293 K. The following parameters are chosen (arbitrary values): a/h = 1000, Q,,, , = IO5 and Qstr,* = 106. In 
both graphs, the dashed lines represent the asymptotes for /I $1 and j B 1 respectively (see Table I). The dashed 
vertical lines correspond to /I = I. At very low pressures, the Q values are determined by their structural values, which 
are presented by the horizontally dashed lines in (b). 

showed 
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that this influence is very small (if measurable 
at all). Detection of the vibration was done 
by means of a Michelson interferometer with 
which vibration amplitudes down to a few 
pm can be measured. The sample was placed 
in a bell jar in which the pressure could be 
varied between 1 and 10’ Pa. 

The diaphragms were fabricated by wet 
chemical etching in aqueous KOH. Di- 
aphragms were made with sides of 4, 8 and 
16 mm and various thicknesses ranging from 
3 to 40 pm. The diaphragms thinner than 
10 pm were etched electrochemically. Etching 
was stopped on a low n-doped epitaxial layer. 
In order to obtain a well-defined electric con- 
tact, which is necessary in the electrochemical 
etch stop process, a thin (approximately 
0.3 pm) highly doped p-layer was diffused 
into the low n-doped epitaxial layer. For the 
diaphragms thicker than 10 pm a simple time 
stop was used. In this way diaphragms with 
very low stress were obtained. We used 2 
inch, 280 pm, (100) wafers, The surface 
roughness of all diaphragms was less than 
1 pm; however, a change of thickness of sev- 
eral pm over the entire area has been ob- 
served at the time-stopped diaphragms. Two 
sample series were fabricated: one with multi- 
ple diaphragms per wafer and the other with 
a single diaphragm per wafer. 

We used different methods in order to 
mount the wafer to its surroundings. The first 
one is to fold a piece of silicone rubber 
around the flat of the wafer which is clamped 
into a metal holder. We call this the soft 
wafer-to-support mounting. The second one 
is to clamp the wafer into the metal holder 

directly. This is called the rigid wafer-to-sup- 
port mounting. 

Results and Discussion 

The Spectra 
Before we present the results off”, rfs and 

Q, we first pay attention to the frequency 
spectra of the diaphragms. A typical spec- 
trum is plotted in Fig. 2. This spectrum is 
of a diaphragm from the first sample series 
(i.e., with more diaphragms per wafer). The 
dimensions of the diaphragm are a = 8 mm 
and h = 12 pm. The resonance marked by 1 
is the first-mode resonance (expected value 
2530 Hz, observed 2520 Hz). At 5600 Hz we 
see the two second-mode resonances (marked 
by 2, expected value 5160 Hz). 

Up to now the spectrum has met our 
expectations. However, we observe a number 
of other resonances. Peaks 3 and 4 (at 1300 
and 1680 Hz) are due to mechanical cross- 
talk between the diaphragm under consider- 
ation and a nearby 16 x 16 mm diaphragm. 
It was found from interferometric observa- 
tions that the whole wafer is put into vibra- 
tion by the vibrations of the excited 
diaphragm. This wafer vibration serves as an 
excitation for other diaphragms, e.g., the 
16 x 16mm diaphragm, The 16 x 16mm di- 
aphragm, in turn, influences the wafer vibra- 
tion and thus vibrations of the 8 x 8 mm 
diaphragm, which is observed in the spectrum 
of the latter. We first see an amplification of 
the vibration at one of the resonance frequen- 
cies (first or higher mode) of the 16 x 16 mm 

Amp1 (dB) 

-40 

-60 

-80 
10 

f (kHz) 

Fig. 2. Spectrum of a diaphragm with a = 8 mm and h = 16 mm. Origin of the resonances: 1, first-mode resonance; 
2, second-mode resonances; 3 and 4, mechanical cross-talk with other diaphragms; and 5, origin unknown. 
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Fig. 3. I;, , as a function of the parameter h/a*. Solid 
line: experiment, dashed line: theory. 

Fig. 4. Typical experimental rfs, (p) curves (solid lines). 
0: fv, , = 4102.0 Hz and Cl: f,. , = 4082.1 Hz. The 
dashed line represents the theoretical curve. 

diaphragm, immediately followed by an at- 
tenuation. This pattern is typical for a set of 
coupled oscillators. 

Frequently a peak on the right flank of the 
first-mode resonance was observed. In Fig. 2 
this peak is marked by 5. The origin of this 
peak is not yet understood. 

The First Mode of Vibration 

A graph of fv. 1 versus h/a2 for various 
diaphragms is presented in Fig. 3. The error 
bars result from the uncertainty in the dia- 
phragm thickness. A linear least-square fit 
through the origin gives fv, , a*/h = 11.6 x 103. 
With cf= 8160 m s-’ we find with eqn. (1) 
that fv, , = 1.42/l .65 fo, , = 0.86 fo, , . This low- 
ering of fo, , may result from the fact that in 
practice we do not have clamped edges (as 
the model assumes), but boundary conditions 
somewhere between clamped and simply sup 
ported (in the case of a simply supported 
plate the proportionality constant in eqn. (1) 
is 0.91). In measurements concerning the dia- 
phragms with h < 10 pm we found large devi- 
ations between fv, , and fo, , . These deviations 
probably result from the stress which is intro- 
duced in the fabrication process. These mea- 
surements are not plotted in Fig. 3. Further 
we found that the stress as a result of mount- 
ing the wafer to its surroundings has consid- 
erable influence on fv, , . Fluctuations of 10% 

or more have been observed for the rigid 
wafer-to-support mounting. 

In Fig. 4 the experimental and theoretical 
curves for rfs, as a function of p are plotted 
of a diaphragm with a = 8 mm and h = 
20 pm. The curve with measurements marked 
0 shows results for fv, , = 4102.0 Hz, the 
value which we actually measured. This curve 
shows large deviations from theory over 
a broad pressure range. This phenomenon 
was observed for all samples and is very 
reproducible. 

However, if f,, , is put equal to 4082.1 Hz, 
the measurements marked 0 are found. This 
curve agrees very well with the theory. At 
pressures below approximately 150 Pa, the 
assumed fv., leads to positive values of rfs,, 
i.e., a negative additive mass. The pressure at 
which this phenomenon occurs is the same 
for all samples. As a qualitative explanation 
for this artificial matching of experiment and 
theory, the desorption of material from the 
silicon surface at pressures below 150 Pa 
could be adduced. The new fv, 1 of 4082.1 Hz 
must be interpreted as the resonance fre- 
quency in vacuum if no desorption had oc- 
curred. Quantitatively, however, the effect is 
too large. Desorption of a homogeneously 
spread mass of 27 ng is needed to account for 
the change of the vacuum resonance fre- 
quency. This corresponds to a few hundred 
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-rfs, 

(105 PO) ! . 

a/h 
Fig. 5. rfi, as a function of the parameter a/h at 
p = lOsPa for various diaphragms. Solid line: expcri- 
ment, dashed line: theory. 

monolayers of N2 or H20, a value which is 
not very plausible. 

Another possible reason for the measured 
rfs,(p) curve is the following. In [4] it is 
shown that, for beams, the function rfs(p) 
depends on the dominating damping mecha- 
nism, for example rfs sp in one pressure 
region and rfs x Jp in another. As will be 
reported below, other damping mechanisms 
probably play a role besides the acoustic 
radiation. This means the the dependence of 
rfs on p can deviate from the theory pre- 
sented above. 

in Fig. 5 the value of rfs, at p = 10’ Pa is 
plotted versus the ratio a/h for various dia- 
phragms. The large dispersion results from 
the uncertainty in the thickness of the dia- 
phragms. The theoretical value for the slope 
of the graph equals - 1.75 x 10m4 (Table 
1, /I < 1). A least-square linear fit through the 
origin gives a value of -2.2 x 10m4, which 
agrees with the theory within the experimen- 
tal uncertainty. 

A typical Q,(p) measurement is shown in 
Fig. 6. The results are plotted for two differ- 
ent wafer-to-support mountings of a dia- 
phragm with a = 16mm and h = 16 pm. The 
way in which the wafer is mounted to the 
support appeared to be the determining fac- 
tor for the structural Q-factor. Evidently, 
energy is transported to the support through 

Q, 1 o = 16 mm. h = 16 pm { 

Fig. 6. Experimental results for Q, as a function of p 
for two different wafer-to-support mountings of a dia- 
phragm with a = 16mm and h = 16pm. 0: rigid 
wafer-to-support mounting and 0 : soft wafer-to-sup- 
port mounting. 

the wafer. This is in agreement with the ap- 
pearance of the mechanical cross-talk be- 
tween diaphragms, which we reported above. 
The more rigidly the wafer is mounted, the 
less energy is transported (Q,, increases). 
This is a very important conclusion with re- 
spect to the packaging of sensors with vibrat- 
ing diaphragms. From our measurements it 
was found that for equally clamped dia- 
phragms the structural Q-factor tends to in- 
crease as h decreases. This suggests that the 
structural Q-factor depends on the mass ratio 
of wafer and diaphragm. In general, a pres- 
sure-dependent Q-factor in the high-pressure 
region of rigidly mounted wafers is observed. 
We tried to fit the experimental results in this 
region as (Ql(p) ap-‘, but these fits were 
not satisfactory. In Fig. 6 the exponent e in 
the relation Q, =p -’ has the value 0.4. We 
found experimental values for e between 0.1 
and 0.8. The exponent e tends to increase as 
the dimensions of the diaphragm decrease. 
This suggests a direct .relation between the 
mass of the diaphragm and the exponent e. 
The theoretical value based on the acoustic 
model (e = 1) was never observed. This could 
mean that another damping mechanism is 
dominant. One possibility is, as .Lamb sug- 
gests [8], that viscous processes at the rim of 
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the etched cavity which forms the diaphragm 
play a role. 

The Second Mode of Vibration 
The ratio of the resonance frequencies 

of the second and the first mode was experi- 
mentally determined to be between 1.5 and 
2.4. The scattering around the theoretic- 
al value 2.040 (eqn. (6)) may be caused by 
stress introduced by the wafer-to-support 
mounting. 

The experimental results for rj$ as a func- 
tion of p show the same behaviour as for the 
first mode. Consequently, the same reasons as 
for the first mode can be adduced to explain 
the deviations from the theory. 

The experimentally determined Qz values 
are always smaller than the theoretical ones. 
The pressure dependence is, just as for the 
first mode, less strong than the acoustic 
model predicts. These two observations make 
us suspect that another damping mechanism 
is also dominant for the second mode over 
the acoustic mechanism. 

Conclusions 

Generally, we found poor agreement be- 
tween Lamb’s theory for the pressure depen- 
dence of the resonance frequency and the 
Q-factor of square vibrating diaphragms in 
air. Attempts to ascribe the deviation of the 
experimental rfs(p) to the desorption of gas or 
water are qualitatively successful, but fail 
because several hundreds of monolayers are 
required to account for the effect. An alterna- 
tive explanation for the observed deviation 
from the theory is the inclusion of viscous 
damping. In principle, viscous damping affects 
both the Q-factor and additive mass [9]. How- 
ever, viscous damping is related to normal 
gradients in the velocity of the streaming fluid, 
which intuitively can be neglected in the prob- 
lem described here. To our knowledge there is 
no model available which includes shear 
viscosity in the damping of transversely vi- 
brating plates. Such models have to be devel- 
oped in order to verify if viscosity really can 

account for the observed effects. Viscous pro- 
cesses at the rim of the diaphragm have to be 
included in the model as well. 

Great attention must be paid to the strong 
influence of the mounting on the Q-factor 
and to the considerable cross-talk between 
diaphragms on the same wafer. These effects 
demonstrate that the coupling of the vibrat- 
ing diaphragm to the wafer is very strong. 
The performance of a device based on the 
shift of the resonance frequency of a dia- 
phragm, such as the devices described in refs. 
1-3, sensitively depends on how the dia- 
phragm is mounted. Not only is the reso- 
nance frequency very sensitive to stress (e.g., 
packaging or thermal stress), but also the 
Q-factor depends on how the diaphragm is 
mounted to the rest of the device and on the 
total mass of the device; the Q-factor is di- 
rectly related to the precision with which the 
resonance frequency can be determined. 
These results make the feasibility of large 
vibrating diaphragm sensors questionable. 
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