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The behaviors of large, dynamic assemblies of macroscopic particles are of direct relevance to geophysical and
industrial processes and may also be used as easily studied analogs to micro- or nano-scale systems, or model
systems for microbiological, zoological, and even anthropological phenomena. We study vibrated mixtures
of elongated particles, demonstrating that the inclusion of differing particle “species” may profoundly alter a
system’s dynamics and physical structure in various diverse manners. The phase behavior observed suggests
that our system, despite its athermal nature, obeys a minimum free energy principle analogous to that observed
for thermodynamic systems. We demonstrate that systems of exclusively spherical objects, which form the
basis of numerous theoretical frameworks in many scientific disciplines, represent only a narrow region of a
wide, multidimensional phase space. Thus, our results raise significant questions as to whether such models can
accurately describe the behaviors of systems outside this highly specialized case.
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Introduction. Arrays of athermal objects which interact
solely through repulsive collisions can provide useful mod-
els for industrial processes [1], assemblies of microscopic
particles [2], and even biological systems [3–8], reproducing
complex natural phenomena, such as autonomous organization
[9] or the potentially dangerous crowd-swarming of humans or
animals [8]. We study beds of spherical and elongated particles
rendered mobile through interactions with a vibrating surface.
Where previous studies focus largely on shallow or quasi-
two-dimensional systems and identical particles [2,4,5,10–13],
we extend our investigation to fully three-dimensional binary
mixtures, showing novel manners in which local and global or-
dering may be altered through variations in particle geometry.
Using positron emission particle tracking (PEPT) [14], we are
able to observe particle behaviors even deep within the large,
opaque, and densely packed systems investigated [15,16].
Insights gained from the systems explored carry implications
for various fields [1–9,17–20] and, with further study, may lead
to a better ability to understand, and even control, numerous
industrial and natural processes.

Experimental details. We study 11 distinct particle
“species” with lengths 3.0 � l � 23.8 mm, diameters 2.0 �
d � 5.0 mm, and aspect ratios p = l

d
∈ [1.0,11.9]. The

particles are carefully chosen to resemble one another as
closely as possible: all are formed of chrome steel, ensuring
equal density and surface properties, and a similar degree
of triboelectric charging for all species; a spherocylindrical
shape is chosen for elongated particles because spheres can be
considered a special case of this geometry; finally, the chosen
geometries also ensure consistent convexity and angularity,
properties known to affect system dynamics [21,22]. The large
particle mass negates air effects [23]. Particles are housed in
a 120 mm square-based cuboidal container of height 200 mm.
Unless stated otherwise, all data presented pertain to this
system geometry. The system is vibrated vertically, providing
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energy to the particles. Various combinations of frequency, f ∈
[11.4,216.0] Hz, and amplitude, A ∈ [0.05,0.96] mm, are used
to provide a range of peak driving velocities, v = 2πf A ∈
[0.02,0.42] ms−1. Although the dimensionless acceleration,
� = 4π2f 2A

g
, determines the onset of surface motion in a

vibrated system [24–26], the onset of full fluidization is
characterized by v [27–29], which we take as our key control
parameter. Preliminary experiments show the system behavior
to be independent of the specific combinations of f and
A used to produce a given v. Our systems are investigated
using PEPT, a noninvasive technique capable of analyzing,
with submillimeter accuracy and millisecond-scale temporal
resolution [14], the dynamics of particulate systems in all
spatial dimensions. A single particle, identical to all others
of its species, is radioactively labeled with 55Co, producing
back-to-back γ rays which allow its motion to be tracked
[14,30]. Through appropriate time averaging [15], the tracer’s
motion may be used to extract information pertaining to the
system as a whole, including residence profiles [15] and
mean-squared displacements [31], two quantities specifically
explored here. Although not necessary to the understanding
of this Rapid Communication, the interested reader may find
information regarding the PEPT technique and the manners
in which it may be applied to produce whole-field data in
mono-, bi- or polydisperse systems in Refs. [14], [15,31], and
[16,32,33], respectively. Residence profiles are produced from
PEPT data by recording the system’s steady state for a period
�10 800 s at constant v and plotting time-averaged results
corresponding to the system’s spatial distribution of particles
for pairs of repeated experiments. While there exists a constant
flux of particles into and out of any given region of the system,
the layers formed remain constant, allowing accurate profiles
to be produced.

Results. Figure 1 shows examples of the diverse states
produced by differing particle combinations. The states of our
systems are found to be dependent on both the relative particle
length l1

l2
and diameter d1

d2
, as well as on individual species’
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FIG. 1. Typical particle ordering in side views (b)–(h) or top
views (a) and (i) for (a) any single-species region of vertically aligned
cylinders; binary systems with d1 �= d2 for particles with (b) similar
p and (c) strongly differing p; (d) binary systems with d1 = d2;
sphere-rod mixtures with (e) drod < dsphere and (f) drod > dsphere; (g)
system in (f) with a lower concentration of cylinders [φc = 0.5 as
opposed to φc = 0.9 for (e) and (f)]; (h) and (i) same system as (c)
in a cylindrical container. All rod-rod systems shown comprise two
vertical HCP layers of particles.

aspect ratios p1 and p2. The multidimensional parameter space
to which our system is subject causes an overlap of distinct
states for any two-dimensional (2D) representations. As such,
in Fig. 2, we show two individual 2D projections on the l1

l2
- d1
d2

and p1-p2 planes such that the influence of all parameters
can be clearly observed. All data in this figure were acquired
using a number of particles equivalent to two hexagonal
close-packed (HCP) layers of vertically aligned particles for
each species present. Since the total number N and mass of
particles will vary for different binary mixtures, a fixed driving
strength v will produce differing degrees of excitation for the
various systems; thus, for consistency, each system was driven
using the minimal v for which full fluidization was observed.

(i) Description of the states. The configurations formed by
our system can be categorized into six main states. State A
corresponds to a purely spherical (PS) system exhibiting the
well-known size segregation [34–37] whereby large (small)
particles of equal density migrate to higher (lower) regions,
with no local ordering. In state B, we observe microphase
separation: particles segregate vertically, forming distinct
bands, each comprising only a single species, displaying
strong alignment [Fig. 1(b)]. We denote C as a subset of
state B in which species with large aspect ratios demonstrate
exclusively horizontal alignment [Fig. 1(c)]. In state D, parti-
cles align vertically with no clear banding [Fig. 1(d)]. While
states A–D are seemingly insensitive to the relative volume

FIG. 2. Two-dimensional projections of the phase diagram show-
ing for a range of binary mixtures of spheres and/or spherocylinders,
the ordered states produced for each combination of (a) relative
particle diameter ( d1

d2
) and length ( l1

l2
) and (b) the aspect ratios p1,2 of

the differing constituents. State A: open circles; state B: open blue
diamonds; state C: solid blue diamonds; state D: green diamonds;
state E: crosses. The dashed and dotted lines in (a) show, respectively,
the regions of phase space for which d1 = d2 and d1

d2
= l1

l2
. All states

are defined in the main text.

fraction, φi = NiVi∑
j Nj Vj

, of a given species i (with similar

configurations observed for 0.1 � φi � 0.9), for the special
case of rod-sphere mixtures (p1|2 = 1), we see an additional φi

dependence. For high cylinder volume fractions φc, we observe
state E, comprising an ordered lower region of rods showing
horizontal and/or vertical alignment, and a disordered upper
region comprising all spheres and any cylindrical particles
excluded from the lower bed [Figs. 1(e) and 1(f)]. As φc is
decreased, we see a transition to a disordered, mixed state F
[Fig. 1(g)]. The value of φc at which this transition occurs is
dependent on the strength v with which the system is driven
[see Fig. 3(a)]. The addition of spherical particles is also
found to alter the system dynamics, producing a transition,
under otherwise identical conditions, from the slow, glassy
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FIG. 3. Above: Phase diagram showing the regions of v2-φc space
for which systems of 4 mm spheres and 9.8 × 3 mm cylinders form
the ordered, segregated state E (blue squares) and disordered, mixed
state F (red circles). The dotted line approximates the system’s phase
boundary. For v2 < 0.02 m2s−2, particle rearrangement is suppressed
because the system is no longer fluidized. Below: Mean-squared
displacement M(t) for the cylinders in a monodisperse system
(φc = 1, v = 0.27, state E) and an equivalent cylinder and sphere
system (φc = 0.75, v = 0.27, state F ); the system “doped” with
spheres approximates Fickian diffusion, while the “pure” system
demonstrates subdiffusive behavior, indicating glassy dynamics [47].

dynamics associated with jamming [38–40] to faster, fluid-like
dynamics. This is demonstrated by the differing slope [39,41]
of the mean-squared displacement for the pure-cylinder and
cylinder-sphere cases, as shown in Fig. 3(b).

(ii) Limitations of spherical models. The majority of exist-
ing studies and theoretical frameworks concerning particulate
media focus on assemblies of exclusively spherical particles
[42,43], as do numerous simulational and theoretical models
in other disciplines, e.g., colloidal physics [44], astrophysics
[45], and polymer science [46]. However, Fig. 2 shows
that such systems correspond to only a single line in an
expansive parameter space, highlighting the strong influence of
geometric effects on the behaviors of discrete systems. As we
deviate even slightly from this well-explored line, we observe
various states which are unobserved in spherical assemblies,
and behaviors which directly contradict our expectations based

FIG. 4. One-dimensional residence profiles for various binary
systems. Each residence profile F (z) can be considered as a histogram
of the height of particles for a given species [15]. Data are shown
for binary combinations of (a) 9.8 × 3 and 7.8 × 3 mm rods, (b)
23.8 × 2 and 9.8 × 3 mm rods, (c) 9.8 × 4 mm rods and 3 mm
spheres (φc = 0.6), (d) 23.8 × 2 and 7.8 × 3 mm rods, and (e) 4 and
4.5 mm spheres. In all cases, longer spherocylinders (larger spheres)
are represented by diamonds and shorter (smaller) species by squares.
For all pure-sphere and pure-cylinder systems, equal volumes of each
species are used (φi = 0.5).

on PS systems in terms of both the strength and direction of
segregation. For instance, Fig. 4 shows that for nonspherical
particles, conventional size segregation will not consistently
occur based on any measure of size, including particle radius,
length, or volume V . The most remarkable example is perhaps
Fig. 4(c), where particles which are objectively larger in
all aspects (l, d, and V ) segregate downward, in direct
contradiction of our expectations based on systems of spheres.
Figures 4(d) and 4(e) show a marked increase in segregation
for the cylindrical system despite the smaller volume ratio V1

V2
between its components as compared to the PS system.

Discussion and analysis. The states and dynamics of
athermal particulate systems such as those studied here are
notoriously poorly understood [48,49] with, at present, no
accepted theory to explain or predict their behaviors. In
thermodynamic systems such as colloidal suspensions, phase
behavior is determined by the minimization of free energy
[50–52], F = U − T S, with T the system temperature, S

its entropy, and U internal energy. We propose that the
major findings of this Rapid Communication can be explained
through an analogy to the principle of minimum free energy,
with the peak vibrational velocity acting as an effective
temperature. (i.e., T ∝ v2) [26,53].
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(i) Ordered states. In rod-rod systems, an ordered configu-
ration is favorable for two reasons: first, the higher packing
density η leads to a lower mass center and hence lower
gravitational potential energy, thus minimizing U , a mech-
anism already proposed to influence segregative processes
in nonspherical materials [54]. Second, for relatively dense
systems, particle alignment also acts to increase entropy [55]
by allowing the system more translational freedom relative to
an equally dense disordered system. The specific arrangement
achieved seemingly depends on the degree to which a given
configuration can minimize U ; i.e., maximize η. For instance,
since rods with differing diameters cannot pack as efficiently
as rods with equal d [56], a binary system with d1 �= d2 will
form distinct layers of d1 and d2 cylinders (state B) in order
to maximize η. A binary system with d1 = d2 but l1 �= l2,
meanwhile, can maximize η by forming a columnar structure
with no distinct layers (state D). Perhaps the clearest indication
of our systems’ tendencies to maximize η is provided by
studying a system comprising long 23 × 2 mm and short
9.8 × 3 mm rods, with a number of long rods adequate to
produce multiple horizontal layers, but too small to produce a
full vertically aligned layer. Clearly, the optimal arrangement
in our cuboidal container is for the system to form a layered
arrangement of short particles and horizontally aligned long
particles [state C, Fig. 1(d) [57]]. If, however, we house
a similar particle assembly in a cylindrical container, the
inability to form a defect-free horizontal packing means that
the formation of mixed, solely vertically aligned layers now
becomes energetically favorable over state C. The result is an
ordered arrangement such as that shown in Fig. 1(h), where
longer vertically aligned particles coexist with stacks of shorter
particles—an elegant example of a “mindless” system solving
a nontrivial energy minimization problem. The preference
of purely vertical (as opposed to horizontal) alignment for
elongated particles housed in cylindrical systems has been
previously observed in both experiments [10] and simulations
[58] of monodisperse systems, again in agreement with our
expectations based on energy minimization. While systems of
rods can achieve near-ideal packing [11,13], PS systems under
simple vibration cannot achieve the energetically optimal [59]
face-centred cubic arrangement [60–62]. Thus, free energy
in a PS system is minimized by increasing S as opposed to
decreasing U . For binary systems of spheres, the free volume
available to particles is higher in segregated, as opposed
to mixed, states [63] making such a state (i.e., state A)
entropically favorable [64]. The specific arrangement (large
particles above small) can be explained by the presence of
gravity [65]; in systems where g is not important, the direction
of segregation is arbitrary, as expected from thermodynamics
[66].

(ii) Phase transitions in sphere-cylinder systems. The
principle of free-energy minimization can also explain the
more complex state E, and its transition from local order
and global segregation to the isotropic mixed state F with
increasing v and/or decreasing φc. Consider first the limiting
case φc → 1. Here, as we have seen, an ordered state is
energetically and entropically favorable. However, for an
adequately large number of spheres, a disordered mixed state
will give a net increase in S compared to an equivalent ordered
state, as spheres will be free to explore the entire system, as

opposed to being constrained to a limited region [cf. Figs. 1(f)
and 1(g)] and rotational freedom becomes entropically impor-
tant for cylinders [55,67]. This alone, however, is not enough to
guarantee a phase transition, as the disordered mixed state will
also decrease η and hence increase U . If our system is indeed
governed by free energy minimization, the order-to-disorder
transition will also require an adequately high T (i.e., large v)
such that (U − T S)disordered < (U − T S)ordered. In short, based
on free energy minimization arguments, we would expect
the following to hold: firstly for fixed v (i.e., fixed T ), an
increase in the volume fraction φc of cylinders should lead
to a transition from disorder to order, as is indeed observed
in colloidal systems [68]. Second, an increase in v for fixed
φc should also result in a transition from order to disorder.
Finally, there should exist a value of v above which our
system is mixed and disordered for all φc, an analog to the
upper critical solution temperature in thermodynamic systems.
Figure 3(a) agrees well with these expectations, sharing key
features with the temperature-composition phase diagrams
of various colloidal, polymeric, and liquid crystal systems
[69,70].

Order-disorder transitions may occur even for φc = 1; for
large v, the bed will expand significantly, lowering η and
allowing rods to rotate more freely while also eliminating
the potential-energy-reducing effects of alignment, thus mak-
ing disorder favorable. This again provides a parallel with
thermodynamic expectations, where the Onsager theory [67]
dictates that a system’s state is a function both of p and η. With
this in mind, it is interesting to consider the limit p → 1, i.e.,
the transition from spherocylinders to spheres. In agreement
with previous studies [11] we observe that the order-disorder
transition shifts to lower v with decreasing p. For spheres, the
transition shifts below the minimum v required for fluidization,
i.e., ordered packing is never favorable for spheres.

Our results suggest that the system configurations observed
correspond to global, as opposed to local, minima in state F,
since repeated experiments starting from randomized initial
conditions invariably provide the same final configuration
(or, more precisely, an equivalent degenerate microstate
corresponding to the same macrostate).

The apparent applicability of thermodynamic concepts to
macroscopic systems is perhaps surprising, yet not unfeasible.
Prior works also suggest such a possibility for systems such
as ours which, though in nonequilibrium, exist in a steady
state and are subject to an analog to temperature [71].
These studies, however, are typically restricted to constrained,
quasi-two-dimensional systems and/or assemblies of spheres
[72–79], the limitations of which we have already discussed.
The systems studied here are closer in size, dimensionality,
and complexity to real-world systems, providing an important
indicator that such a theoretical framework is also likely
to be applicable to many large-scale industrial and natural
processes which, at present, remain poorly understood [48].
Conversely, the existence of macroscopic systems which
obey thermodynamic-like laws may also prove valuable as
analogs for microscopic systems, whose direct study may
prove challenging. For instance, the ability to produce specific
structures simply by manipulating energy and entropy via
particle shape, i.e., “building order from disorder” [80],
shows strong parallels with work performed in colloidal
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systems [52]. Our systems may even serve as useful, easily
studied models for biological systems [4,5]. For example, our
findings regarding the suppression of self-organization and
the dispersion of localized conglomerations of a given species
may have relevance [7] in preventing the swarming of bacteria,
a behavior shown to increase adaptive antibiotic resistance
[81]—one of the great problems facing society today.

Conclusions. In this Rapid Communication, we have pro-
vided insight into a number of largely unexplored states acces-
sible to three-dimensional binary assemblies of macroscopic
spheres and spherocylinders, demonstrating the limitations
of our current understanding of particulate systems based
predominantly on studies of exclusively spherical particles. We
have shown that minor alterations to a system’s composition
can invoke dramatic alterations in its state and dynamics,

including the transition from phase separation to mixing, and
the frustration of “jamming” [17] effects, two observations
of potential relevance to a broad range of industrial processes
[82–85]. All of our findings have been explained in the context
of free energy minimization, suggesting that an analog to
classical thermodynamics may be applicable even to large
three-dimensional systems of dynamic athermal and aspherical
particles.
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