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Abstract

We study the equationEfc of flat connections in a given fiber bundle and discover a specific geometric struct
it, which we call aflat representation. We generalize this notion to arbitrary PDE and prove that flat representa
of an equationE are in 1–1 correspondence with morphismsϕ :E → Efc, E andEfc being treated as submanifold
of infinite jet spaces. We show that flat representations include several known types of zero-curvature form
of PDEs. In particular, the Lax pairs of the self-dual Yang–Mills equations and their reductions are of thi
With each flat representationϕ we associate a complexCϕ of vector-valued differential forms such thatH 1(Cϕ)

describes infinitesimal deformations of the flat structure, which are responsible, in particular, for param
Bäcklund transformations. In addition, each higher infinitesimal symmetryS of E defines a 1-cocyclecS of Cϕ .
Symmetries with exactcS form a subalgebra reflecting some geometric properties ofE andϕ. We show that the
complex corresponding toEfc itself is 0-acyclic and 1-acyclic (independently of the bundle topology), which m
that higher symmetries ofEfc are exhausted by generalized gauge ones, and compute the bracket on 0-c
induced by commutation of symmetries.
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Introduction

Nonlinear PDE in more than two independent variables with nontrivial invariance properties is a
challenge for those who are interested in geometry of differential equations and related topics. Ev
chosen “at random”, such an equation will be of no interest, butnatural (whatever it means) equation
arising in physics and geometry may provide the researcher with the desired results. Thinking
second source (geometry), a first idea is to consider equations describing geometrical structur
integrable distributions, complex structures, etc.) and, by definition, possessing a rich symmetry
One of the simplest equations of this type is the equationEfc describing flat connections in a certa
locally trivial fiber bundle.

Let π :E →M , dimM = n, dimE = n+m, be a smooth locally trivial fiber bundle over a smoo
manifoldM . A connection ∇ in the bundleπ is aC∞(M)-linear correspondence that takes any vec
field X on M to a vector field∇X on E in such a way thatπ∗(∇X)θ = Xπ(θ) for any pointθ ∈ E.
A connection is calledflat if

∇[X,Y ] = [∇X,∇Y ]
for any two vector fieldsX andY onM .

Let U ⊂ M be a local chart, such thatπ becomes trivial overU , with local coordinatesx1, . . . , xn,
v1, . . . , vm in π−1(U), x1, . . . , xn being coordinates inU . Then∇ is determined bynm arbitrary functions
vαi = vαi (x1, . . . , xn, v

1, . . . , vm) by the relations

∇(∂xi)= ∂xi +
m∑
α=1

vαi ∂v
α, i = 1, . . . , n,

where and below∂xi = ∂/∂xi, ∂vα = ∂/∂vα, etc., while the condition of flatness is expressed in the f

[∇(∂xi),∇(∂xj )]≡
m∑
α=1

(
∂vαj

∂xi
+

m∑
β=1

v
β

i

∂vαj

∂vβ

)
∂vα −

m∑
α=1

(
∂vαi

∂xj
+

m∑
β=1

v
β

j

∂vαi

∂vβ

)
∂vα = 0,

i, j = 1, . . . , n. Thus, flat connections are distinguished by the following system of nonlinear equa

(1)
∂vαj

∂xi
+

m∑
β=1

v
β

i

∂vαj

∂vβ
= ∂vαi

∂xj
+

m∑
β=1

v
β

j

∂vαi

∂vβ
,

1 � i < j � n, α = 1, . . . ,m. This is a system ofmn(n − 1)/2 equations imposed onmn unknown
functionsvαi .

A strong motivation to study this equation is the following. If one assumes that the coefficientsvαi of
a connection are expressed in terms of some functionsfk in a special way, then the flatness is equival
to a systemE of differential equations onfk such that each solution toE gives a flat connection. It is we
known that many integrable nonlinear PDEs arise exactly in this way. Treating the equationsE andEfc

with their differential consequences as (infinite-dimensional) submanifolds of the corresponding
jet spaces, we obtain a smooth map

(2)ϕ :E → Efc,
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which preserves the Cartan distribution. Such a map generates onE an additional geometric structu
which we call aflat representation. In particular, the identical map id :Efc → Efc determines a canonica
flat representation forEfc itself.

Thus Efc is a sort of universal space where integrable equations live (or at least a broad c
them). In particular, we show that coverings (generalized Lax pairs) of equations in two indep
variables as well as the Lax pairs of the self-dual Yang–Mills equations and their reductions lead
representations. Therefore, studying the geometry ofEfc may help to obtain new knowledge on integra
systems, and in this paper we begin the study. Despite the fact that locally any flat connection
obtained from a trivial one by means of a local automorphism of the bundle, there is no natural
parameterize all flat connections, and this makes the geometry ofEfc nontrivial.

We show that each flat representation (2) leads to several complexes of vector-valued diff
forms on E constructed by means of the Nijenhuis bracket. One subcomplex denoted byCϕ is of
particular interest, since its 1-cocycles are infinitesimal deformations of the flat representation, th
cocycles being trivial deformations. As usual, higher cohomology contains obstructions to prolon
of infinitesimal deformations to formal deformations [4]. In particular, zero-curvature representatio
Bäcklund transformations dependent on a parameter provide an example of a deformed flat repres
and determine, therefore, some 1-cohomology classes ofCϕ.

In addition, each higher infinitesimal symmetryS of E defines a formal deformation and, therefo
a 1-cocyclecS in Cϕ . Symmetries with exact cocyclescS form a Lie subalgebra with respect to t
commutator. If morphism (2) is an embedding then it is precisely the subalgebra of those sym
which are restrictions of some symmetries of the equation of flat connections. If (2) is coming f
covering ofE then this subalgebra consists of symmetries which can be lifted to the covering equ

The complexCid corresponding to the identical flat representation id :Efc → Efc itself is a new
canonical complex associated with the bundleπ :E → M . Symmetries ofEfc are in one-to-one
correspondence with 1-cocycles of this complex.

We prove that

(3)H 0(Cid)=H 1(Cid)= 0

independently of the topology ofM andE. This implies that the higher symmetries ofEfc are in one-to-
one correspondence with 0-cochains, which are sections of some vector bundle overEfc of rankm. That
is, symmetries are determined locally bym-tuples of smooth functions onEfc. This is similar to the cas
of an infinite jet space. Due to their coordinate expression, it is natural to call themgeneralized gauge
symmetries. The commutator of symmetries induces a bracket on 0-cochains, and we write dow
bracket in explicit terms.

Note that only for a few multidimensional equations the complete description of symmetries is k
We mention the paper [2], which proves that symmetries of the vacuum Einstein equations
spacetime dimensions are also freely determined by 5-tuples of smooth functions on the equatio

The paper is organized as follows. In Section 1, we review some facts on the geometry of PD
the Nijenhuis bracket. In Section 2, we introduce the equation of flat connections and comple
vector-valued forms on it. We prove (3) and deduce the description of symmetries ofEfc in Section 3. In
Section 4, we introduce flat representations in general and prove the above facts on their defor
and relations with symmetries. The bracket on 0-cochains ofCid is computed in Section 4.4. Finally,
Section 5, we show that coverings of PDE and the Lax pair of the self-dual Yang–Mills equations
flat representationsϕ and study the map from symmetries to 1-cocycles ofCϕ for these examples.
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1. Basic facts

This is a brief review of the geometry of PDE. We refer to [3,9] for more details.

1.1. Notation agreements

Let M be a smooth manifold andπ be a smooth fiber bundle overM . Throughout the paper we us
the following notation:

• D(M) denotes theC∞(M)-module (and Lie algebra overR) of vector fields onM . A distribution on
M is aC∞(M)-submodule of D(M).

• More generally, ifP is an arbitraryC∞(M)-module, then D(P ) denotes the module ofP -valued
derivations:

D(P )= {
X ∈ HomR

(
C∞(M),P

) ∣∣X(fg)= fX(g)+ gX(f ), f, g ∈C∞(M)
}
.

• Λi(M) is the module ofi-differential forms onM while

Λ∗(M)=
dimM⊕
i=1

Λi(M)

is the corresponding algebra (with respect to the wedge product∧).
• Γ (π) (resp.,Γloc(π)) is the set of all (resp., all local) sections ofπ . In particular, whenπ is a vector

bundle,Γ (π) is aC∞(M)-module.

1.2. Jets and equations

Let π :E → M be a fiber bundle andθ ∈ E, π(θ) = x ∈ M . Consider a local sectionf ∈ Γloc(π)

whose graph passes through the pointθ and the class[f ]kx of all local sections whose graphs are tang
to the graph off at θ with order� k. The set

J k(π)= {[f ]kx | f ∈ Γloc(π), x ∈M}
carries a natural structure of a smooth manifold and is called themanifold of k-jets of the bundleπ .
Moreover, the natural projections

πk :J k(π)→M, [f ]kx �→ x, πk,k−1 :J k(π)→ J k−1(π), [f ]kx �→ [f ]k−1
x ,

are locally trivial bundles. Ifπ is a vector bundle, thenπk is a vector bundle as well while allπk,k−1 carry
a natural affine structure. So, we have an infinite sequence of bundles

· · · → J k(π)
πk,k−1−−−→ J k−1(π)→ ·· · → J 1(π)

π1−→ J 0(π)=E
π→M

and its inverse limit is called themanifold of infinite jets and denoted byJ∞(π). In an obvious way, one
can consider the fiber bundlesπ∞ :J∞(π)→M andπ∞,k :J∞(π)→ J k(π). Using the notation simila
to the above one, we can state thatJ∞(π) consists of classes of the form[f ]∞x .

Let f ∈ Γloc(π); then one can consider the sectionsjk(f ) ∈ Γloc(πk), k = 0,1, . . . ,∞, defined by
jk(f ) :x �→ [f ]kx and called thek-jet of f . Consider a pointθ = [f ]∞x ∈ J∞(π) and the tangent plan
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to the graph ofj∞(f ) at θ . One can show that this plane does not depend on the choice off and is
determined by the pointθ only. Denote this plane byCθ .

LetX ∈ D(M). Then by the above construction there exists a unique vector fieldCX ∈ D(J∞(π)) such
thatCXθ ∈ Cθ and(π∞)∗CXθ =Xx for anyθ ∈ J∞(π) andx = π∞(θ). Thus we obtain a connectionC
in the bundleπ∞ called theCartan connection. The distributionCD ⊂ D(J∞(π)) generated by the field
of the formCX, X ∈ D(M), is called theCartan distribution.

Proposition 1. The Cartan distribution is integrable in the formal Frobenius sense, i.e., [CD,CD] ⊂ CD.
The Cartan connection is flat, i.e., [CX,CY ] = C[X,Y ] for any X,Y ∈ D(M).

Remark 1. Consider a pointθk ∈ J k(π), k > 0. Then it is completely determined by the po
θk−1 = πk,k−1(θk) = [f ]k−1

x , f ∈ Γloc(π), and the tangent plane to the graph ofjk−1f at θk−1.
Consequently, sections of the bundleπk,k−1 :J k(π) → J k−1(π) are identified with horizontaln-
dimensional distributions onJ k−1(π). In particular, sections ofπ1,0 :J 1(π) → E are just connection
in the bundleπ .

A kth orderdifferential equation imposed on sections of the bundleπ is a submanifoldE0 ⊂ J k(π) of
the manifoldJ k(π). Any equation may be represented in the form

E0 = {
θ ∈ J k(π) | (∆E)θ = 0, ∆E ∈ Γ (π∗

k (ξ))
}
,

whereξ :E′ → M is a bundle andπ∗
k (ξ) is its pullback. The section∆E = ∆ can be understood as

nonlinear differential operator acting fromΓ (π) to Γ (ξ): ∆(f )= jk(f )
∗(∆E) ∈ Γ (ξ), f ∈ Γ (π). Of

course, neitherξ , nor∆ is unique.
The lth prolongation of E0 is the set

E l = {[f ]k+lx | the graph ofjk(f ) is tangent toE0 with order � l at [f ]kx ∈ E
}
,

l = 0,1, . . . ,∞. Restricting the mapsπk+l andπk+l,k+l−1 to E l and preserving the same notation
these restrictions, we obtain the sequence of maps

· · · → E l πk+l,k+l−1−−−−−−→ E l−1 → ·· · → E0 πk,0−−→E
π→M.

Without loss of generality, one can always assumeπk to be surjective. Imposing natural conditions
regularity, we shall also assume that allE l are smooth manifolds, while the mapsπk+l,k+l−1 :E l → E l−1

are smooth fiber bundles (such equations are calledformally integrable). Everywhere below theinfinite
prolongation E∞ will be denoted byE .

It can be shown that any vector field of the formCX, X ∈ D(M), is tangent toE . This means that th
Cartan connection restricts from the bundleJ∞(π)→ M to E → M and determines onE a horizontal
n-dimensional integrable distribution, theCartan distribution on E . We denote byCDE ⊂ D(E) the
submodule generated by the vector fields lying in the Cartan distribution onE . Its maximal integral
manifolds are the infinite jets of solutions ofE . A (higher) symmetry of E is aπ -vertical vector field on
E preserving the Cartan distribution, i.e.,S ∈ D(E) is a symmetry if and only if

(a) S(f )= 0 for any functionf ∈ C∞(M)⊂ C∞(E);
(b) [S,Y ] lies in CDE wheneverY ∈ D(E) lies in CDE (in fact, from (a) it follows that[S,CX] = 0 for

anyX ∈ D(M)).
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The set symE of all symmetries forms a LieR-algebra with respect to the commutation of vector fie
In the trivial caseE = J∞(π) we denote this algebra by symπ . A complete description of symmetries
given by the following

Theorem 1. Let π :E → M be a locally trivial fiber bundle. Then there exists a one-to-one
correspondence between symπ and sections of the pullback π∗

∞,0(π
v), where πv :T vE → E is the

vertical tangent bundle to E. If E0 ⊂ J k(π) is an equation given by a differential operator ∆ :Γ (π)→
Γ (ξ) and satisfying the above formulated conditions, then symE is in one-to-one correspondence with
solutions of the equation

(4)'E(ϕ)= 0,

where ϕ is a section of the pullback π∗
∞,0(π

v) restricted to E while 'E is the linearization of ∆ also
restricted to E .

Remark 2. We call ϕ the generating section of a symmetry. It may be considered as an elemen
the moduleΓ (πv) ⊗C∞(E) C

∞(J∞(π)). When π is a vector bundle, this module is isomorphic
Γ (π∗∞(π))= Γ (π)⊗C∞(M) C

∞(J∞(π)).

1.2.1. Coordinates
Let U ⊂ M be a local chart with coordinatesx1, . . . , xn andU × R

m be a trivialization ofπ overU
with coordinatesv1, . . . , vm in R

m. Then inπ−1∞ (U) the so-calledadapted coordinates arise defined by

(5)vασ
([f ]lx

)= ∂lf α

∂xi1 · · · ∂xil

∣∣∣∣
x

, f ∈ Γloc(π), x ∈ U , α = 1, . . . ,m,

whereσ = i1 . . . il is a multi-index, 1� iα � n. If |σ | = l � k, thenvασ together withx1, . . . , xn constitute
a local coordinate system inπ−1

k (U)⊂ J k(π).
In these coordinates, the Cartan connection is completely determined by its values on

derivatives and the corresponding vector fields are the so-calledtotal derivatives

(6)C(∂xi)≡Dxi = ∂xi +
∑
σ,α

vασ i ∂v
α
σ ,

i = 1, . . . , n. The Cartan distribution is given by the system ofCartan forms

(7)ωασ = dvασ −
n∑
i=1

vασi dxi,

while the correspondence betweenΓ (π∗∞(π)) and symπ (see Theorem 1 and Remark 2) is expresse
the formula

(8)ϕ = (
ϕ1, . . . , ϕm

) �→ �ϕ =
∑
σ,α

Dσ

(
ϕα
)
∂vασ ,

whereDσ =Dxi1
◦ · · · ◦Dxik

and�ϕ is called theevolutionary vector field with the generating section
ϕ. Finally, if ∆ :Γ (π)→ Γ (ξ) is locally given by the relations

us = F s
(
x1, . . . , xn, . . . , v

α
σ , . . .

)
, s = 1, . . . ,m′,
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wherem′ = dimξ andus are coordinates in the fibers of the bundleξ overU , then

(9)'∆ =
∥∥∥∥∑

σ

∂F s

∂vασ
Dσ

∥∥∥∥, α = 1, . . . ,m, s = 1, . . . ,m′,

is its linearization. To get the expression for'E it suffices to rewrite (9) ininternal coordinates onE .

1.3. Nijenhuis bracket

LetN be a smooth manifold and consider theZ-graded module D(Λ∗(N))=⊕dimN
i=0 D(Λi(N)) over

C∞(N) of Λ∗(N)-valued derivations. First note that for any vector fieldX ∈ D(N) and a derivation
Ω :C∞(N)→Λi(N) one can define a derivationX Ω :C∞(N)→Λi−1(N) by

(X Ω)(f )=X Ω(f ), f ∈ C∞(N),

(the inner product, or contraction), whereX Ω(f ) is the usual inner product of a vector field a
a differential form. Further, ifω ∈ Λj(N), then the inner productΩ ω ∈ Λi+j−1(N) is defined by
induction oni + j :

X (Ω ω)= (X Ω) ω− (−1)iΩ (X ω)

with an obvious base. Note thatΩ is an operation of gradingi − 1.
Now, let us define theLie derivative LΩ :Λj(N)→Λj+i (N) by

LΩ(ω)= d(Ω ω)+ (−1)iΩ (dω).

Proposition 2. For any elements Ω ∈ D(Λi(N)) and Ω ′ ∈ D(Λi′(N)) there exists a uniquely defined
element ❏Ω,Ω ′❑ ∈ D(Λi+i′(N)) satisfying the identity

[LΩ,LΩ ′ ] = L❏Ω,Ω ′❑,

where [LΩ,LΩ ′ ] denotes the graded commutator.

The element❏Ω,Ω ′❑ is called theNijenhuis (or Frölicher–Nijenhuis) bracket of Ω andΩ ′ (see [7]).
The module D(Λ∗(N)) is a graded Lie algebra with respect to this bracket, i.e.,

(10)❏Ω,Ω ′❑+ (−1)ii
′❏Ω ′,Ω❑= 0,

(11)
�
Ω, ❏Ω ′,Ω ′′❑� = �❏Ω,Ω ′❑,Ω ′′�+ (−1)ii

′�
Ω ′, ❏Ω,Ω ′′❑�,

wherei, i′ andi′′ are the degrees ofΩ ,Ω ′ andΩ ′′, respectively. Note that for “decomposable” eleme
of D(Λ∗(N)), i.e., for elements of the formΩ = ω⊗X, ω ∈Λ∗(N), X ∈ D(N), acting onf ∈C∞(M)

by (ω⊗X)(f )=X(f )ω, one has

❏ω⊗X,ω′ ⊗X′❑= ω ∧ω′ ⊗ [X,X′] +ω ∧X(ω′)⊗X′ −X′(ω)∧ω′ ⊗X

(12)+ (−1)i dω ∧ (X ω′)⊗X′ + (−1)i(X′ ω)∧ dω′ ⊗X,

whereX,X′ ∈ D(N), ω ∈Λi(N), ω′ ∈Λi′(N).
LetU ∈ D(Λ1(N)). Then the operator∂U = ❏U, ·❑ : D(Λi(N))→ D(Λi+1(N)) is defined. If❏U,U❑=

0, then, due to properties (10) and (11), the operator∂U satisfies the condition∂U ◦ ∂U = 0 and thus we
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(13)0→ D(N)
∂U−→ D

(
Λ1(N)

)→ ·· · → D
(
Λi(N)

) ∂U−→ D
(
Λi+1(N)

)→ ·· ·
with the corresponding cohomology groupsHi

U(N).

1.4. Coverings

Let ξ :N → M and ξ ′ :N ′ → M be two fiber bundles endowed with flat connections∇ and ∇′
respectively. Assume thatN ′ is fibered overN by some smooth surjectionτ :N ′ → N andξ ′ = ξ ◦ τ .
We say that the pair(N ′,∇′) covers the pair(N ′,∇′) (or τ is acovering) if for any x ∈M , X ∈ D(M)

andθ ′ ∈N ′ one hasτ∗(∇′X)θ ′ = (∇X)τ(θ ′). A coveringτ is calledlinear if

1. τ :N ′ →N is a vector bundle;
2. vector fields of the formC′X, preserve the space Lin(τ )⊂ C∞(N ′), where Lin(τ ) consists of smooth

functions onN ′ linear along the fibers ofτ .

If N = E , ξ = π∞ :E → M and∇ = C is the Cartan connection onE , we speak of acovering over
E . In local coordinates, any covering structure overE is determined by a set ofτ -vertical vector fields
X1, . . . ,Xn onN ′ such that the conditions

[Dxi +Xi,Dxj +Xj ] = 0

hold for all 1� i < j � n, whereDxα are the total derivatives given by (6). In this case, ifτ is
finite-dimensional then the manifoldN ′ is locally also isomorphic to an infinitely prolonged different
equation called thecovering equation with the Cartan connection∇′ and the total derivativesDxi +Xi .

A detailed discussion of the theory of coverings over nonlinear PDE can be found in [3,11].

1.5. Horizontal cohomologies

The notion of the Cartan connection can be generalized. Namely, consider an infinitely pro
equationπ∞ :E →M and two vector bundlesξ , ξ ′ overM . Let∆ :Γ (ξ)→ Γ (ξ ′) be a linear differentia
operator. Consider the pullbacksπ∗∞(ξ), π∗∞(ξ ′) and denote the corresponding modules of section
Γ (π, ξ), Γ (π, ξ ′), respectively. Then there exists a unique linear differential operatorC∆ :Γ (π, ξ)→
Γ (π, ξ ′) satisfying the local condition

j∞(f )∗C∆(ϕ)=∆
(
j∞(f )∗(ϕ)

)
for anyf ∈ Γloc(π) such thatθ = [f ]∞x ∈ E and anyϕ ∈ Γloc(π, ξ) in the neighborhood ofθ .

In particular, ifξ = ξ ′ :
∧i

T ∗M →M is theith external power of the cotangent bundle, element
the moduleΓ (π, ξ)⊂ Λi(E) are calledhorizontal forms while the module itself is denoted byΛi

h(E).
Taking the de Rham differentiald :Λi(M)→Λi+1(M) and introducing the notationCd = dh, we obtain
the complex

0→ C∞(E) dh−→Λ1
h(E)→ ·· · →Λi

h(E)
dh−→Λi+1

h (E)→ ·· · →Λn
h(E),
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[8]):

e

thehorizontal de Rham complex of E . Its cohomology at theith term is denoted byHi
h(E) and called the

horizontal cohomology. In the adapted coordinates we have

(14)dh(f dxi1 ∧ · · · ∧ dxik )=
n∑
i=1

Dxi (f ) dxi ∧ dxi1 ∧ · · · ∧ dxik , f ∈C∞(E).

Proposition 3. If E = J∞(π), π :E → M , then Hi
h(E) for i < n is isomorphic to the ith de Rham

cohomology of the manifold E.

Remark 3. Let τ be a linear covering overE and P = Γ (τ). Then one can extend the horizon
differential todh :Λi

h(E)⊗P →Λi+1
h (E)⊗P and thus obtain horizontal cohomologies with coefficie

in P .

For more details on horizontal cohomology see [10].

2. The equation of flat connections

2.1. More on connections

Let π :E → M be a fiber bundle. Let us consider theC∞(E)-module D(M,E) of C∞(E)-valued
derivationsC∞(M) → C∞(E). Due to the embeddingπ∗ :C∞(M) → C∞(E), for any vector field
X ∈ D(E) one can consider its restrictionXM ∈ D(M,E) to M . A connection in the bundleπ is a
C∞(M)-linear map∇ : D(M)→ D(E) such that∇(X)M =X for anyX ∈ D(M).

Remark 4. If M is finite-dimensional, this definition becomes equivalent to the following one (see
a connection in a bundleπ is aC∞(E)-linear map∇ : D(M,E)→ D(E) such that∇(X)M =X for any
X ∈ D(M,E). In particular, we use this fact to define the connection form below.

Consider the element�U∇ ∈ D(Λ1(E)) defined by

X �U∇(f )= (∇XM)(f ),

whereX ∈ D(E), f ∈ C∞(E). The elementU∇ ∈ D(Λ1(E)) defined by

X U∇(f )=X(f )− (∇XM)(f )

is called theconnection form of ∇. Obviously,�U∇ +U∇ = d, whered :C∞(E)→Λ1(E) is the de Rham
differential.

Recall that a connection∇ is calledflat, if [∇X,∇Y ] = ∇[X,Y ] for anyX, Y ∈C∞(M).

Proposition 4. For any Ω ∈ D(Λ∗(E)) one has ❏U∇,Ω❑ = −❏�U∇,Ω❑, and ∇ is flat if and only if

❏�U∇, �U∇❑= ❏U∇,U∇❑ = 0.

From Proposition 4 and Section 1.3 it follows that to any flat connection∇ we can associate th
complex
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As an
(15)0→ D(E)
∂∇−→ D

(
Λ1(E)

)→ ·· · → D
(
Λi(E)

) ∂∇−→ D
(
Λi+1(E)

)→ ·· · ,
where∂∇ = ❏�U∇, ·❑ = −❏U∇, ·❑, cf. (13), and the corresponding cohomology groupsHi

∇(E).

Remark 5. In any fiber bundleπ :E →M one can considerπ -vertical vector fields defined by

Dv(E)= {
X ∈ D(E) |XM = 0

}
.

Dually, horizontal q-forms can be introduced as

Λ
q

h(E)= {
ω ∈Λq(E) |X1 · · · Xq ω= 0, X1, . . . ,Xq ∈ Dv(E)

}
.

Given a flat connection∇, one can split the module D(E) into the direct sum D(E)= Dv(E)⊕ ∇D(E),
where∇D(E) ⊂ D(E) is the submodule generated by the vector fields∇X, X ∈ D(M). This splitting
induces the dual one:Λ1(E)=Λ1

h(E)⊕Λ1
∇(E), whereΛ1

∇(E) is the annihilator of∇D(E). Finally we
obtain the splittingΛi(E)=⊕

i=p+q Λ
p,q(E), whereΛp,q(E)=Λ

p

∇(E)⊗Λ
q

h(E) andΛp

∇(E) is defined
in an obvious way.

Proposition 5. Let ∂∇ be the differential from (15). Then ∂∇(D(Λp,q(E))⊂ D(Λp,q+1(E)) and thus the
complexes

(16)0→ D
(
Λp(E)

) ∂∇−→ D
(
Λp,1(E)

)→ ·· · → D
(
Λp,q(E)

) ∂∇−→ D
(
Λp,q+1(E)

)→ ·· ·
are defined.

The corresponding cohomology is denoted byH
p,q

∇ (E).

Remark 6. In the sequel, we shall also deal with subcomplexes of complexes (15) and (16).
example, let us indicate the complex

(17)0→ Dv(E)
∂∇−→ Dv

(
Λ1(E)

)→ ·· · → Dv
(
Λi(E)

) ∂∇−→ Dv
(
Λi+1(E)

)→ ·· ·
of verticalΛ∗(E)-valued derivations.

2.1.1. Local coordinates
Let U ⊂ M be a local chart with the coordinatesx1, . . . , xn, v1, . . . , vm in π−1(U) ⊂ E (the case

m= ∞ is included). Then, as it was noted above, a connection∇ in π is given by the correspondence

∂xi �→ ∇xi = ∇(∂xi)= ∂xi +
m∑
α=1

vαi ∂v
α, i = 1, . . . , n, vαi ∈C∞(E).

By definition, one has

(18)�U∇ =
n∑
i=1

dxi ⊗ ∇xi , U∇ =
m∑
α=1

(
dvα −

n∑
i=1

vαi dxi

)
⊗ ∂vα.

Restricting ourselves to vertical complex (17), from (12) and (18) we get

(19)∂∇
(∑

α

θα ⊗ ∂va
)

=
n∑
i=1

dxi ∧
m∑
α=1

(
∇xi

(
θα
)−

m∑
β=1

∂vαi

∂vβ
θβ

)
⊗ ∂vα,

whereθα ∈Λ∗(E).
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2.2. A coordinate-free formulation

Fix a finite-dimensional bundleπ :E →M and recall that connections (see Remark 1) in this bu
are identified with the sections of the bundleπ1,0 :J 1(π)→ E. Consider a pointθ1 ∈ J 1(π1,0). Then it
can be represented as a class[∇]1

θ , θ = (π1,0)(θ1), of local sections ofπ1,0, or local connections in th
bundleπ over a neighborhood of the pointπ1(θ) ∈M .

Clearly, the value of❏�U∇, �U∇❑ at θ is independent of the choice of a representative∇ in the class
θ1 = [∇]1

θ and is determined by the pointθ1 ∈ J 1(π1,0) only. Theequation of flat connections is defined
to be the submanifold

E = {
θ1 ∈ J 1(π1,0) | ❏�U∇, �U∇❑π1,0(θ1) = 0, θ1 = [∇]1

θ

}
.

Indeed, by Proposition 4, a sections of π1,0 determines a flat connection if and only ifs(E)⊂ E .
In adapted coordinates this equation can be rewritten as

(20)

�∑
i

dxi ⊗
(
Dxi +

∑
α

vαi Dvα

)
,
∑
i

dxi ⊗
(
Dxi +

∑
α

vαi Dvα

)�
= 0,

or, equivalently,[
Dxi +

∑
α

vαi Dvα, Dxj +
∑
α

vαj Dvα

]
= 0, 1� i < j � n,

whereDxi , i = 1, . . . , n, Dvα , α = 1, . . . ,m, are the total derivatives corresponding to∂xi and ∂vα,
respectively, by the Cartan connectionC in the fiber bundle(π1,0)∞ :J∞(π1,0)→E.

We shall now describe the element
∑

i(Dxi + ∑
α v

α
i Dvα) ⊗ dxi appearing in Eq. (20) in a new

invariant way. To this end, consider the Cartan connectionCπ in the bundleπ∞ :J∞(π) → M . This
connection takes any vector fieldX ∈ M to the vector fieldCπX on J∞(π). Due to the projection
π∞,0 :J∞(π)→E, we can restrictCπX toE (more precisely, we restrict the mapCπX :C∞(J∞(π))→
C∞(J∞(π)) to the subalgebraC∞(E) ⊂ C∞(J∞(π))). This restriction,(CπX)0, is an element of the
module D(E,J 1(π)), and, by Remark 4, since dimE <∞, we can apply the Cartan connectionC thus
obtaining a vector field onJ∞(π1,0). The sequence of maps

D(M)
Cπ−→ D

(
J∞(π)

) restriction to E−−−−−−−−→ D
(
E,J 1(π)

) C→ D
(
J∞(π1,0)

)
results in a new connectionCfc : D(M)→ D(J∞(π1,0)) in the bundle

π̃ = π ◦ (π1,0)∞ :J∞(π1,0)→M.

When dealing with this connection, we shall use the notation�Ufc = �UCfc and∂fc = ∂Cfc .
It is easily checked that in local coordinates one has

�Ufc =
∑
i

dxi ⊗
(
Dxi +

∑
α

vαi Dvα

)
and we have the following

Proposition 6. The equation of flat connections E ⊂ J 1(π1,0) is distinguished by the condition❏�Ufc, �Ufc❑θ1 = 0, θ1 ∈ J 1(π1,0). All vector fields of the form CfcX, X ∈ D(M), are tangent to its infinite
prolongation Efc ⊂ J∞(π1,0) and thus the restriction of Cfc to the subbundle π̃ :Efc → M of the bundle
π ◦ (π1,0)∞ :J∞(π1,0)→M is flat.
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3. Symmetries of the equation of flat connections

From the last proposition it follows that the connectionCfc determines onEfc the complexes simila
to (16). We are especially interested in the casep = 0 and thus obtain

(21)0→ D(Efc)
∂fc−→ D

(
Λ1
h(Efc)

) ∂fc−→ · · · → D
(
Λ
q

h(Efc)
) ∂fc−→ D

(
Λ
q+1
h (E)

)→ ·· · ,
where∂fc = ∂Cfc .

Consider now inCD(Efc) the submodule of̃π -vertical vector fields. In coordinates, it is spanned
the vector fieldsDvα , α = 1, . . . ,m. Set alsoVq = π̃∗(Λq(M))⊗ V ⊂ D(Λq

h(Efc)).

Lemma 1. The modules Vq are preserved by the differential ∂fc, i.e., ∂fc(Vq)⊂ Vq+1.

Proof. This is easily seen from the definition ofVq . By (19), in coordinates∂fc acts as follows

∂fc(f dxi1 ∧ · · · ∧ dxiq ⊗Dvα)=
n∑
i=1

Di(f ) dxi ∧ dxi1 ∧ · · · ∧ dxiq ⊗Dvα

(22)− (−1)q
n∑
i=1

m∑
β=1

Dvα
(
v
β

i

)
f dxi ∧ dxi1 ∧ · · · ∧ dxiq ⊗Dvβ ,

wheref ∈ C∞(Efc) and, as everywhere below,Di = Dxi +∑
β v

β

i Dvβ = Cfc∂xi is the total derivative
with respect to the connectionCfc. ✷

Consequently, we obtain the complex

(23)0→ V0 = V ∂fc−→ V1 ∂fc−→ · · · → Vq ∂fc−→ Vq+1 → ·· · .
Let us now return back to the equation of flat connections written in the form (20). Since this eq

is bilinear, its linearization in local coordinates is of the form�
�Ufc,

∑
i,α

ϕαi dxi ⊗Dvα

�
+
�∑

i,α

ϕαi dxi ⊗Dvα, �Ufc

�
= 2

�
�Ufc,

∑
i,α

ϕαi dxi ⊗Dvα

�
= 0,

whereϕ =∑
i,α ϕ

α
i dxi ⊗Dvα is the generating section of a symmetry,ϕαi ∈C∞(Efc), or

(24)'Efcϕ ≡ 2∂fcϕ = 0, ϕ ∈ V1.

Proposition 7. The map

(25)symEfc → V1, S �→ ❏�Ufc, S❑
is an isomorphism of the space of symmetries onto the space of 1-cocycles of complex (23).

Proof. Let S ∈ symEfc. SinceS commutes with all total derivatives, we have❏�Ufc, S❑ ∈ V1. Moreover,❏�Ufc, S❑ is a cocycle, since❏�Ufc, ❏�Ufc, ·❑❑ = 0 (sinceS /∈ V , this cocycle may be not exact). The fa
that (25) is an isomorphism onto the kernel of∂fc follows from the above coordinate consideratio
since❏�Ufc, S❑ = −∑i,α S(v

α
i ) dxi ⊗ Dvα andϕαi = S(vαi ) is nothing but the generating section of t

symmetryS. ✷
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Remark 7. It is not surprising that in (24) the symmetry generating section is an element of the m
V1. Indeed, in our case the bundleξ = π1,0 :J 1(π)→E is affine andπv

1,0 (see Remark 2) is isomorph
to the pullbackπ∗

1 (π ⊗ τ ∗), whereτ ∗ :T ∗M →M is the cotangent bundle. Consequently, the modul
generating sections is isomorphic toV1.

Theorem 2. Complex (23) is 0-acyclic, i.e.,

(26)ker
(
∂fc :V → V1)= 0,

and 1-acyclic, i.e.,

(27)∂fc(V)= ker
(
∂fc :V1 → V2).

Corollary 1 (Description of symmetries).Any symmetry (ϕαi ), i = 1, . . . , n, α = 1, . . . ,m, of Eq. (1) is
of the form

(28)ϕαi =Di

(
f α
)−

m∑
β=1

v
α,β

i f β

for arbitrary functions f α ∈ C∞(Efc) uniquely determined by (ϕαi ), where vα,βi =Dvβ(v
α
i ).

In Section 4.4, we shall describe a Lie algebra structure of symmetries in terms of functionsf α .

Proof of Corollary 1. The result immediately follows from Theorem 2 in combination with (
and (24). ✷

To prove Theorem 2, we shall need some auxiliary constructions. Consider the following s
functions onEfc

(29)v
α,A
I =DvADI

(
vα
)
, |I |> 0,

whereDvA =Dvα1 ◦ · · · ◦Dvαl , DI =Di1 ◦ · · · ◦Dik for the multi-indicesA= α1 . . . αl andI = i1 . . . ik,
respectively. In particular,vα,∅∅ = vα andvα,∅i = vαi . It is easily seen that the functionsxi, v

α,A
I form a

system of coordinates onEfc. LetFr ⊂ C∞(Efc) be the subalgebra of functions dependent on the varia

xi, v
α,A
I , |I | � r,

only. Then we have

Fr ⊂ Fr+1,
⋃
r�0

Fr = C∞(Efc).

Evidently, forf ∈Fr one obtains

(30)Di(f )≡
∑

v
α,A
I i

∂f

∂v
α,A
I

modFr .
α,A,I
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We have also the filtrationVq
r ⊂ Vq

r+1 in the modulesVq , whereVq
r ⊂ Vq consists of forms with

coefficients inFr . From (22) and (30) forr > 0 we get

(31)

∂fc(f dxl1 ∧ · · · ∧ dxlq ⊗Dvα)≡
n∑
i=1

∑
I,β,A

v
β,A

I i

∂f

∂v
β,A

I

dxi ∧ dxl1 ∧ · · · ∧ dxlq ⊗Dvα modVq+1
r .

On the other hand, consider the infinite-dimensional vector bundle

π ′ :R∞ × R
n → R

n

with the coordinatesuα,A, α = 1, . . . ,m, A = α1 . . . αl whereαj � 0, along fibers and coordinatesyi ,
i = 1, . . . , n, in the base. The infinite jet bundleJ∞(π ′)→ R

n of π ′ has the adapted coordinates

u
α,A
I =DyI

(
uα,A

)
along the fibers, where, as above,DyI denotes the compositionDyi1

◦ · · · ◦Dyik
of total derivatives.

To any element

s =
∑
i,α

f α
i dxi ⊗Dvα ∈ V1

and an integera � 0 we associate anm-tupleω(s, a)1, . . . ,ω(s, a)m of parameter-dependent horizon
1-forms onJ∞(π ′) as follows.

Let r(s) be the minimal integer such that all the coefficientsf α
i of s belong toFr(s). Replace the

variablesvβ,AI with |I | � r(s)− a in f α
i by uα,AI and denote thus obtained functions byf̃ α

i . We treatf̃ α
i

as functions onJ∞(π ′) dependent on the parametersx1, . . . , xn andvβ,AI with |I |< r(s)− a. Set

ω(s, a)α =
∑
i

f̃ α
i dyi .

We say that an elements ∈ V1 is semilinear if the coefficients ofs are linear with respect to the highe
order coordinatesvα,AI , |I | = r(s).

Lemma 2. The following facts are valid:

1. If s ∈ V1 and ∂fc(s)= 0 then dh(ω(s,0)α)= 0 for each α and for all values of the parameters, where
dh is the horizontal de Rham differential on J∞(π ′).

2. If s ∈ V1 is semilinear, r(s)� 2, and ∂fc(s)= 0, then

dh
(
ω(s,1)α

)= 0.

Proof. (1) By (31) and (14), equationsdh(ω(s,0)α)= 0 for all α = 1, . . . ,m are equivalent to

∂fc(s)= 0 modV2
r(s).

(2) Let F̃r ⊂ Fr be theFr−1-submodule generated byvα,AI , |I | = r , and, respectively, let̃V1
r ⊂ V1

r be
the subset of forms with coefficients iñFr . Then from the identity

(32)[Di,Dvα] = −
∑
β

v
β,α

i Dvβ
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we obtain

(33)Di

(
v
α,A
I

)≡ v
α,A
I i modF̃|I |.

By (22) and (33), the equation

∂fc(s)= 0 modV2
r(s)−1 + Ṽ2

r(s)

for semilinears impliesdh(ω(s,1)α)= 0. ✷
Lemma 3. Any cocycle s ∈ V1 with r(s)� 1 is semilinear.

Proof. If there is a nonlinear coefficient, we can fix the values ofxi , v
α,A
I , |I |< r(s), such that some form

ω(s,0)α is not linear with respect touα,AI , |I | = r(s), for these values of the parameters. Propositio
implies

(34)H 1
h

(
J∞(π ′)

)= 0.

By Lemma 2(1) and (34), we haveω(s,0)α = dh(w
′) for some function dependent only onuα,AI with

|I | = r(s)− 1. Taking into account (14) and (6), we see thatω(s,0)α is linear. ✷
Lemma 4. For each cocycle s ∈ V1 there exists a cohomological cocycle with coefficients in F1.

Proof. Assume thatr(s)� 2. By Lemma 3, Lemma 2(2), and (34), we have

(35)ω(s,1)α = dh(wα)

for some functionswα ∈ C∞(J∞(π ′)) dependent also on the parametersxi , v
α,A
I with |I | � r(s) − 2.

Moreover, we can assume thatwα depend only on the coordinatesuα,AI with |I | � r(s)− 1. Replace the
variablesuα,AI in wα by vα,AI and denote the obtained functions byw̃α. Consider the vector field

s′ =
∑
α

w̃αDvα ∈ V0
r(s)−1.

Then from (35) and (31) we haver(s − ∂fc(s
′))� r(s)− 1. Proceeding in this way, by induction onr(s)

one completes the proof.✷
Proof of Theorem 2. Let us first prove (26). Letq ∈ V . If r(q) > 0 then∂fc(q) �= 0 by (31). If r(q)= 0,
i.e.,

q =
∑
α

f α
(
x1, . . . , xn, v

1, . . . , vm
)
Dvα,

then∂fc(q) �= 0 is proved by direct computation.
Statement (26) means that it is sufficient to prove (27) locally.
Let s ∈ V1 be a cocycle. By Lemmas 3 and 4, there is a cohomological cocycle

s′ =
∑
i,β

f
β

i dxi ⊗Dvβ ∈ V1
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such that the functionsf β

i belong toF1 and are linear with respect to the coordinatesv
α,A
I , |I | = 1. From

dhω(s
′,0)= 0 we obtain

f
β

i = fi,β
(
x1, . . . , xn, v

1, . . . , vm
)+

∑
γ,A

f
γ,A

β

(
x1, . . . , xn, v

1, . . . , vm
)
v
γ,A

i .

By (22), the equation∂fc(s
′)= 0 is equivalent to

(36)Di

(
f
β

j

)−
m∑
γ=1

v
β,γ

i f
γ

j =Dj

(
f
β

i

)−
m∑
γ=1

v
β,γ

j f
γ

i

for all β, i andj . Comparing Eqs. (1) and (36), one shows that the functionsf
γ,A

β vanish for|A| > 1.
Then a straightforward computation implies thats′ = ∂fc(F ) for someF ∈ V0

0. ✷

4. Flat representations

4.1. Definition and the main property

Consider a formally integrable infinitely prolonged differential equationξ :E → M with the Cartan
distribution CD ⊂ D(E), whereM is the space of independent variables. Aflat representation of E is
given by a fiberingπ :M → N and a flat connectionF in the composition bundleη = π ◦ ξ :E → N

such that for eachX ∈ D(N)

(37)F(X) ∈ CD.

Let x1, . . . , xn′ be local coordinates inN andy1, . . . , ym be coordinates along the fibers of the bundleπ .
Then any flat representation is determined by the correspondence

(38)∂xi �→Dxi +
m∑
α=1

aαi Dyα, i = 1, . . . , n′,

whereDxi , Dyα are the total derivatives onE and the functionsaji ∈C∞(E) satisfy the condition

(39)

[
Dxi +

m∑
α=1

aαi Dyα,Dxj +
m∑
α=1

aαj Dyα

]
= 0, 1� i < j � n′.

Let Efc be the equation of flat connections in the bundleπ and consider a morphismϕ :E → Efc such
that the diagram

(40)E ϕ

ξ

Efc

M

is commutative. Take a pointθ ∈ E . Thenϕ(θ) is the infinite jet of some flat connection∇θ in the bundle
π . This means that any tangent vector toN at the pointη(θ) can be lifted by∇ to M and then by the
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Cartan connection inE to a tangent vector toE at the pointθ . Evidently, this procedure is independe
of the choice of∇ and we obtain a flat representation forE .

The converse construction is also valid, i.e., any flat representation determines a morphismϕ satisfying
the commutativity condition (40). To establish this fact let us consider a pointθ ∈ E of the equationE
and a tangent vectorw toN at the pointη(θ). Then we can construct a vectorθF (w) ∈ Tξ(θ)M by

(41)θF (w)= ξ∗|θ
(
F(w)

) ∈ Tξ(θ)M,

and one hasπ∗(θF (w))=w. Assume now thatE ⊂ J∞(ζ ) for some bundleζ overM and the connection
F can be extended to some connectioñF in the bundleπ ◦ ζ∞ in such a way that̃F also possesse
property (37) (̃F may not be flat). This can be always done. For a pointθ ∈ E , consider the points
x = ξ(θ) ∈ M , x′ = π(x) ∈ N and a neighborhoodU ′ ⊂ N of x′ in N . SetU = π−1(U ′) ⊂ M . Let
θ = [f ]∞x , f ∈ Γloc(ζ ) andUf = j∞(f )(U)⊂ J∞(ζ ). Then, using (41), for any point̃x ∈ U and a vector
fieldX onU ′ we set

(∇θX)x̃ = θ̃F̃ (Xx̃ ′),

whereθ̃ = j∞(f )(x̃) andx̃′ = π(x̃). It is straightforward to check that∇θ is a local connection inπ , its
infinite jet atx depends onθ only and lies inEfc. The mapϕ : θ �→ [∇θ ]∞x is a morphism ofE to Efc and
the corresponding flat representation coincides withF . Thus we obtain

Theorem 3. Let ξ :E →M be an infinitely prolonged equation and π :M →N be a fiber bundle. Then
flat representations of E in the bundle π are in one-to-one correspondence with the morphisms of E to
the equation of flat connections for π satisfying commutativity condition (40).

Remark 8. In local coordinates the construction of the morphismϕ looks quite simple. Namely, let a fla
representation be given by the functionsaαi , see (38). Then we setϕ∗(vαi )= aαi and take all differentia
consequences of these relations, i.e.,

ϕ∗(vαi,σ )=Dσ

(
aαi
)
.

Due to relations (39), these formulas are consistent. Herevαi are the coordinates introduced at the end
Section 2.1.

4.2. Deformations of a flat representation

Integrable equations possess parametric families of flat representations. Let us study this stru
A smooth family of flat connectionsF(ε) in the bundleη is called adeformation of a flat representation

F0 if F(ε) meets (37) andF(0) = F0. Below we also considerformal deformations, which are not
smooth families, but formal power series inε.

Set U = �UF0 ∈ D(Λ1(E)). Consider the submoduleVE ⊂ CD of η-vertical Cartan fields and se
Vq

E = η∗(Λq(N))⊗ V ⊂ D(Λq

h(E)).
LetF(ε) be a (formal) deformation ofF0 = F(0). From (37) it follows that�UF(ε) =U+U1ε+O(ε2),

whereU1 ∈ V1
E . By Proposition 4, we have�

U +U1ε+ O
(
ε2
)
,U +U1ε+ O

(
ε2
)� = 2❏U,U1❑ε+ O

(
ε2
)= 0.
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Therefore, theinfinitesimal part U1 ∈ V1
E of any deformation satisfies the identity

(42)❏U,U1❑= 0.

For any vector fieldV ∈ VE we can consider the formal deformation

(43)eεadV (U)=U + ❏V,U❑ε+ 1

2

�
V, ❏V,U❑�ε2 + · · ·

with the infinitesimal part

(44)❏V,U❑.
Since such deformations exist independently of the equation structure, it is natural to call them,
as their infinitesimal parts❏V,U❑, V ∈ VE , trivial.

Formulas (42) and (44) prompt the following construction. It is easily seen that∂U(Vq

E)⊂ Vq+1
E , and,

therefore, we obtain a complex

(45)0→ V0
E = VE

∂U−→ V1
E

∂U−→ · · · → Vq

E
∂U−→ Vq+1

E → ·· · .
By the construction and formulas (42), (44), its 1-cocycles are infinitesimal deformations, and
1-cocycles are trivial infinitesimal deformations. From the general theory of deformations [4
obtain that obstructions to prolongation of infinitesimal deformations to formal ones belong to
cohomology groups of (45).

Remark 9. Deformations ofzero-curvature representations (finite-dimensional linear coverings) of PD
were studied analogously in [13]. In fact, thegauge complex of a zero-curvature representation introduc
in [12,13] is a particular case of the above construction, since according to Section 5.1 any
dimensional covering determines a flat representations.

4.3. Symmetries and cocycles

Let S ∈ D(E) be a symmetry ofE . SinceS commutes with the fields of the formC(X),X ∈ D(M), the
power series eε adS(U) is a formal deformation ofF , and its infinitesimal part❏S,U❑ ∈ V1

E is a 1-cocycle
of complex (45). Let us setcS = ❏U,S❑. Note that this cocycle is not generally exact, sinceS /∈ VE .

Theorem 4. Symmetries S with exact cocycles cS form a Lie subalgebra in symE .

Proof. Let S1, S2 be two symmetries such that

(46)❏U,S1❑ = ❏U,V1❑, ❏U,S2❑ = ❏U,V2❑, V1, V2 ∈ VE .

Using this and properties (10), (11) of the Nijenhuis bracket, we easily obtain

(47)c[S1,S2] = �
U, [S1, S2]

� = �
U, [V1, V2] + [V1, S2] + [S1, V2]

�
.

Note that[VE ,VE] ⊂ VE and for each symmetryS one has[S,VE ] ⊂ VE . Therefore,[V1, V2]+ [V1, S2]+
[S1, V2] ∈ VE and the cocyclec[S1,S2] is exact. ✷
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Theorem 5. Suppose that the morphism ϕ :E → Efc corresponding to the flat representation F is an
embedding such that ϕ(E) is a submanifold of Efc. Then the cocycle cS is exact if and only if there is a
symmetry S ′ ∈ D(Efc) of Efc such that

(48)ϕ∗(S)= S ′|ϕ(E).

Remark 10. Recall thatE is a submanifold of some infinite jet spaceJ∞(ζ ). It is well known [3] that
under rather weak regularity assumptions each symmetry ofE is the restriction of some symmetry
J∞(ζ ). The above theorem provides a criterion for the similar property in the situation whenEfc is
considered instead ofJ∞(ζ ). In the next section we give examples of both types of symmetries:
exact and non-exactcS . Therefore, generally not every symmetry is the restriction of some symm
of Efc.

Proof. First suppose that (48) holds. By Theorem 2, there isV ∈ V such that

(49)❏U,S ′❑= ❏U,V ❑.
SinceV belongs to the Cartan distribution andϕ is a morphism of differential equations, the vector fi
V is tangent to the submanifoldϕ(E). Denote byV ′ ∈ VE the preimageϕ−1∗ (V ). Then from (48) and (49
it follows that

(50)cS = ❏U,V ′❑,
i.e., the cocyclecS is exact.

Conversely, ifcS is exact then (50) holds for someV ′ ∈ VE . Extendϕ∗(V ′) ∈ D(ϕ(E)) to a vector field
V ∈ V . Then the symmetryS ′ of Efc with the generating section❏U,V ❑ satisfies (48). ✷
4.4. A bracket on the equation of flat connections

The identity mapping

id :Efc → Efc

is a flat representation, and complex (23) coincides with (45) for this flat representation. From the
of Section 3 it follows that symEfc is isomorphic toV . Therefore, the commutator of symmetries indu
a bracket onV . By formulas (46) and (47), it is given by

(51){V1, V2} = [V1, V2] + [V1, S2] + [S1, V2], V1, V2 ∈ V,
where Si is the symmetry with the generating section❏�Ufc, Vi❑. Let us compute this bracket
coordinates.

In adapted coordinates, any element ofV is of the form

Vf =
n∑
i=1

f iDvi , f i ∈ C∞(Efc).

Hence, locally, the bracket{Vf ,Vg} generates a bracket{f,g} on vector-functions defined by{Vf ,Vg} =
V{f,g}. Using (51), we compute{f,g}.
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at
Let

Sf =
∑
|I |>0

S
α,A
I ∂v

α,A
I

be the symmetry ofEfc with the generating section❏�Ufc, Vf ❑. Then by direct computations we obtain th

(52)S
α,A
I =DvA

(
S
α,∅
I

)
,

whereDvA is the composition of the total derivativesDvβ corresponding to the multi-indexA, while

(53)S
α,∅
I i =Di

(
S
α,∅
I

)+
m∑
β=1

v
α,β

I ϕ
β

i ,

whereϕβi = S
β,∅
i , and, as we already know (see (28)),

ϕ
β

i =Di

(
f β
)−

m∑
γ=1

v
β,γ

i f γ .

Substituting these expressions to (51), we obtain the following

Proposition 8. The commutator of symmetries determines the following bracket on the module of smooth
m-dimensional vector-functions on E

(54){f,g}α = Sf g
α − Sgf

α + Vf g
α − Vgf

α.

For any vector-function h= (h1, . . . , hm) the coefficients of the vector field Sh =∑
S
α,A
I ∂v

α,A
I in special

coordinates vα,AI can be computed by the formulas

S
α,A
I =DvA

(
S
α,∅
I

)
, S

α,∅
I i =Di

(
S
α,∅
I

)+
m∑
β=1

v
α,β

I ζ
β

i ,

where ζ βi = S
β,∅
i and ζ βi =Di(h

β)−∑m
γ=1v

β,γ

i hγ , while Vh =∑
α h

αDvα .

5. Examples of flat representations

5.1. Coverings as flat representations and lifting of symmetries

Consider an infinitely prolonged differential equationξ :E →M with the Cartan connection

C : D(M)→ D(E).
Let π :E →M be a fiber bundle of finite rank and consider its pullback with respect toξ

(55)E ′ ξ ′

ξ∗(π)

E

π

ξ
E M
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Suppose that the bundleτ = ξ ∗(π) :E ′ → E is endowed with a covering structure given by a
connectionF : D(M) → D(E ′), τ∗ ◦ F = C. This structure determines a flat representation not of
equationE itself, but of some trivial extension ofE .

Namely, consider the distributionCD1 = τ−1∗ (CDE) ⊂ D(E ′). Clearly, the differentialξ ′∗ projects
CD1 isomorphically onto D(E). Denote byC1 : D(E) → D(E ′) the arising connection in the bund
ξ ′ :E ′ → E. It is easily seen that this connection is flat, and, moreover, the pair(E ′,C1) is isomorphic
to an infinitely prolonged equation withE as the space of independent variables andC1 as the Cartan
connection.

Remark 11. In coordinates, this construction looks as follows. Locally the bundleτ is trivial τ :M ×
W →M . Let xi ,wk be coordinates inM andW respectively. Then the equation(E ′,C1) is obtained from
(E,C) as follows. We assume that the dependent variablesuj in E are functions of not onlyxi , but also
wk , and add the equations∂uj/∂wk = 0.

The bundleπ :E →M and the connectionF constitute a flat representation of the equation(E ′,C1).
Consider complex (45) corresponding to this flat representation. By construction, the modVE

consists ofτ -vertical vector fields onE ′ and (45) in this case is the horizontal de Rham complex of
covering equation(E ′,F) with coefficients inVE (see Section 3). For arbitrary coverings this comp
was studied in [6] in relation with parametric families of Bäcklund transformations.

By construction (55), eachξ -vertical vector fieldY ∈ D(E) is canonically lifted toE ′ as aξ ′-vertical
vector field denoted bŷY ∈ D(E ′). Evidently, for each symmetryS of E the vector field̂S is a symmetry
of the equation(E ′,C1).

Theorem 6. Let S be a symmetry of E and consider complex (45)corresponding to the flat representation
F of (E ′,C1). The cocycle cŜ is exact if and only if there is a symmetry S ′ ∈ D(E ′) of the covering equation
(E ′,F) such that τ∗(S ′)= S.

Proof. If cŜ = ❏�UF , Ŝ ❑= ❏�UF , V ❑ for someV ∈ VE then

❏�UF , Ŝ − V ❑ = 0,

i.e., the vector fieldS ′ = Ŝ − V is a symmetry of(E ′,F). Clearly,τ∗(S ′)= S.
Conversely, ifS ′ is a symmetry of(E ′,F) andτ∗(S ′)= S thencŜ = ❏�UF , V ❑ for V = Ŝ−S ′ ∈ VE . ✷

5.2. Flat representations and symmetries of the KdV equation

Let us illustrate the above construction by the following classical example of covering.
Consider the well-known system

(56)vx = λ+ u+ v2,

(57)vt = uxx + 2u2 − 2λu− 4λ2 + 2uxv + v2(2u− 4λ), λ ∈ R,

associated with the Miura transformation. Its compatibility condition is equivalent to the KdV equa

(58)ut = uxxx + 6uux.
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The infinite prolongationE of (58) has the natural coordinates

(59)x, t, uk = ∂ku

∂xk
, k = 0,1,2, . . . .

The total derivatives restricted toE are written in these coordinates as follows

(60)Dx = ∂x +
∑
k�0

uk+1 ∂uk,

(61)Dt = ∂t +
∑
k�0

Dk
x(u3 + 6uu1) ∂uk.

Evidently, functions (59) andv form a system of coordinates for the infinite prolongationE ′ = E × R

of system (56), (57). In these coordinates, the total derivatives restricted toE ′ areD̃x = Dx + A∂/∂v,
D̃t =Dx +B∂/∂v, whereA, B ∈ C∞(E ′) are the right-hand sides of (56) and (57) respectively. We h
the trivial bundleτ :E ′ → E , (x, t, uk, v) �→ (x, t, uk), equipped with the covering structureτ∗(D̃x)=Dx ,
τ∗(D̃t )=Dt .

By the construction of the previous subsection, this covering determines the following flat repre
tion of the KdV equation.

We assume thatu in (58) is a function ofx, t , v and add the condition∂u/∂v = 0. The infinite
prolongation of this trivially extended KdV equation is the manifoldE × R with coordinates (59) an
v. The Cartan distributionCD1 on E × R is 3-dimensional. The total derivatives with respect tox, t are
given by (60) and (61), while the total derivative with respect tov is just∂v. Then a flat representation
dependent on parameterλ is given by the flat connection

∂x �→Dx +A∂v ∈ CD1, ∂t �→Dt +B∂v ∈ CD

in the bundleE × R → R
2.

The infinitesimal part of this parametric family is

∂A

∂λ
dx + ∂B

∂λ
dt = dx ⊗ ∂v − (

2u+ 8λ+ 4v2
)
dt ⊗ ∂v.

This 1-cocycle is not exact, which reflects the well-known fact that the parameter here is essentia
According to Theorem 6, the cocyclecS corresponding to a symmetryS of (58) is exact if and only

if the symmetry is lifted to a symmetry of system (56), (57). It is well known which symmetries of
can be lifted. Namely, all(x, t)-independent symmetries (including the symmetries corresponding
higher KdV equations) are lifted, while the Galilean symmetry is not. The scaling symmetry can be
only in the caseλ= 0.

Remark 12. For an equationE in two independent variables existence of a nontrivial coverin
an important indication of integrability and often leads to Bäcklund transformations and the i
scattering method [11]. For non-overdetermined equations in more than two independent variabl
are no nontrivial finite-dimensional coverings (this was proved in [12] for linear coverings and in [
arbitrary coverings). The notion of flat representation may serve as a good substitute in this cas
typical example in the next subsection.
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5.3. Flat representations of the self-dual Yang–Mills equations

Consider four smooth vector-functionsAi :R4 → g, i = 1,2,3,4, whereg is a finite-dimensional Lie
algebra. The self-dual Yang–Mills equations are

(62)
[
∂x1 +A1 + λ(∂x3 +A3), ∂x2 +A2 + λ(∂x4 +A4)

]= 0,

which must hold for all values of the parameterλ (see, for example, [15]). Herexi are coordinates inR4.
Denote byE the infinite prolongation of (62) and byC the Cartan connection in the bundleξ :E → R

4.
Fix an actionσ :g → D(W) of g on a finite-dimensional manifoldW . Similarly to Section 5.1, we

construct a trivial extensionE ′ = E ×W of E as follows. Consider the flat connection

C1 = C ⊕ id : D
(
R

4 ×W
)→ D(E ′)

in the bundleξ1 = ξ × id :E ′ → R
4 ×W .

Evidently, the pair(E ′,C1) is isomorphic to an infinitely prolonged equation withR
4 ×W as the space

of independent variables andC1 as the Cartan connection. Consider the bundle

π :R4 ×W → R
2, (a,w) �→ (x1, x2) ∈ R

2,

a = (x1, x2, x3, x4) ∈ R
4, w ∈W.

The bundleπ and the flat connectionF in the bundleπ ◦ ξ1 given by

(63)F(∂xi)= C1
(
∂xi + σ (Ai)+ λ

(
∂xi+2 + σ (Ai+2)

))
, i = 1,2,

constitute aλ-dependent family of flat representations for the (trivially extended) self-dual Yang–
equations (62).

The 1-cocycleC1(∂x3 + σ (A3)) dx
1 + C1(∂x4 + σ (A4)) dx

2 corresponding to the family of fla
representations (63) is not exact, which says that the parameter in (63) is essential.

LetH :E → g be a smooth function; then the formula

(64)GH(Ai)=Dxi (H)− [H,Ai]
defines a higher symmetry ofE . Since in the case whenH depends onxi only (does not depend onAi

and their derivatives) this is a classical gauge symmetry, it is natural to call (64) thegeneralized gauge
symmetry corresponding toH .

By the definition in Section 4.3, the 1-cocycle corresponding to the symmetryGH is

❏�UF ,GH ❑ =
∑
i=1,2

[
Dxi + σ (Ai)+ λ

(
Dxi+2 + σ (Ai+2)

)
,GH

]
dxi

(65)= −σ (GH(A1 + λA3)
)
dx1 − σ

(
GH(A2 + λA4)

)
dx2 = −❏�UF , σ (H)❑.

The last equality in (65) says that this cocycle is exact.
On the other hand, it can be shown that cocycles corresponding to classical conformal sym

of (62) (see, for example, [14]) are not exact.

Remark 13. Some other symmetries of (62) (see [14] and references therein) have been exte
studied, but they arenonlocal and, therefore, lie out of scope of the present article.

Remark 14. Various integrable reductions of the self-dual Yang–Mills equations possess similar t
Lax pairs (see [1,15] and references therein) and, therefore, admit flat representations.
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