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Abstract- -New analytical results are presented concern- 
ing the electromagnetic response of a composite supercon- 
ducting wire in fields parallel to the wire axis. The ba- 
sic elements of a description are the Maxwell equations 
supplemented with constitutive equations. The problem 
is non-linear due to  the non-linearity in the constitutive 
equation describing the superconducting filaments. We 
show that by analytical means the non-linear behaviour of 
the wire can be studied. The new method gives an exact 
description of the response of a wire with non-conducting 
matrix material surrounding filaments with zero filament 
radius. For a composite wire it provides a very good ap- 
proximation. 

I. INTRODUCTION 

the wire is twisted with twist length L,, we define a second 
local coordinate system with one unit vector, 41 , parallel 
to the filament direction. With $ representing the local 
twist angle, i .e .  tan$ = Pr, with P 2?r/L,, the t r ans  
formation between both systems reads: 

(Z,, 6'1, ell) = (Z,, cos $Z+ - sin $5, , sin $E'+ + cos $Z,) 

The normal conducting matrix material surrounding the 
filaments has an isotropic linear electrical conductivity U .  

The non-linear constitutive equation describing the super- 
conducting filaments is given by: 

fields [7]. Here-j, and Ell are the superconducting cur- 
rent density and !he electric field parallel to the filament. 
If IEllI 5 E1 the filament is denoted unsaturated, else it 
is denoted saturated. The constitutive equations for the 
composite finaly read: j, = 61 E, and 

In [l] a general model and calculation technique are pre- 
sented for calculating the electromagnetic response of com- 
posite superconducting wires. The geometry considered 
is an infinitely long, circular, composite superconducting 
wire with its axis parallel with the cylindrical z-axis. We 
also consider this geometry and the presented model. 

The wire (radius R) consists of many filaments of su- 
perconducting material (radius Rf ) embedded in normal 
conducting matrix material. The critical state model [2] 
describes the non-linear constitutive relation of a filament. 
In composite superconducting wires, Carr descibes the 
electromagnetic response by averaged quantities where the 
averaging takes place over an area containing a filament 
and the surrounding part of the matrix [3]. Input for the 
model is a constitutive equation for a single superconduct- 
ing filament, which can be found applying the critical state 
model. C a d s  model will be used in this paper. 

Wires subjected to parallel applied a.c. fields have not 
been studied very comprehensively [4, 51. Recent ref- 
erences, containing mainly numerical results, show non- 
expectedeffects [l, 61. In [l] a first comparison betweennu- 
merical and analytical data is given. However, the applied 
analytical method is linear. The new analytical method 
includes the non-linear conductivity properties. 

We first present the set of equations describing the prob- 
lem. Then we explain the basic idea's behind the new ana- 
lytical method and apply the method to several situations. 
For a comprehensive treatment, see [7]. 

11. SET OF EQUATIONS 

( j+ ,  j z )  = (Prj, + a+@+ + u4z E,, j ,  + b+t + E,) 

with j ,  = qjii cos$, 61 = (1 - q)/(l  + q)o, u11 = (1 - 
~ ) u ,  644 = u~ + Ausin' 4, 64. = Ausin 4 cos$, U,, = 
611 - Aasin2 $, and Au = 611 - 61. Here q is the volume 
fraction of superconducting material. We consider a thin 
insulating layer present between filament and matrix. 

In the rest of the paper we consider zero filament ra- 
dius, except where especially denoted. Then Ell is zero in 
the unsaturated region, resulting in: E, = -PrE+. The 
current density then follows from: 

(jr,.i+,jz) = (uLEr,Prjs + a l E + , j s  + a l E z )  

The applied magnetic field is chosen to be rotational 
symmetric and uniform in space ( i . e .  4-2 invariant): 
(B:, B$, B,") = (0, 0, f(t)). Two cases are considered with 
respect to the time dependence: f ( t )  = at, with a a con- 
stant, or f ( t )  = Bo sinwt, i . e .  BP changes linearly in time 
or is harmonic. The 4-z  invariant Maxwell equations read: 

&Ez = &Bo (&rEg)/r  = -&B, 
4 B z  =  PO^+ (&rB+)/r = ~ o j z  

cere B' consists of an applied field g A  and induced field 
B'. We immediately get E, = B, = 0 irrespective of the 
time dependence of BP [6]. The boundary conditions read: 

( 2 )  
2TRB4(R, t )  = p o P ( t ) ,  (3) 

Manuscript received August 24, 1992 Bz(R,t)  = B,A(R,t) = f(t) (4) 

We introduce the cylindrical coordinate system ( r ,  4, z )  
with the z-coordinate parallel to the wire axis. Because E+(r = O , t )  = B#(r = O , t )  = 0 
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Eq.(3) defines the applied current IA( t ) .  Eq.(4) follows 
from rotational symmetry [7]. 

The calculations are performed using the standard pa- 
rameter setting: R = m, L, = 10-l r i ,  q = 0.5, 
t~ = lo9 O- lm- l ,  j ,  = lo9 a = 1 T s - l ,  Bo = 4 T ,  
w = 1 s - 1  and IA = 0. 

111. BASIS OF THE NEW ANALYTICAL METHOD 

For the given setting we can neglect the normal currents 
compared to the superconducting currents. This means 
that we only consider the twisted superconducting fila- 
ments and no transient effects (following from normal cur- 
rents) are present [q. Then the total non-linear problem 
consists of two piecewise linear problems: 1) the unsatu- 
rated and 2 )  the saturated regime. 

The general form of the solutions in both regimes can 
be found independently. The only (numerical) input is the 
number and general position(s) of the interface(s). Using 
the boundary conditions and matching the solutions in 
separate regions, gives the total solution, containing the 
position(s) of the interface(s) between the different regions. 

In earlier literature the non-linear effects are removed in- 
troducing a linear surface current: saturation is neglected 
and the total wire is considered unsaturated. This approx- 
imation is only valid for very small saturated regions. 

We consider the applied field linearly increasing in time 
and harmonic in time. Also an applied current will be 
considered. The basic idea, however, remains the same. 

IV. B,” = a t ,  IA = 0 

B,” increases linear in time: f ( t )  = a t ,  with a > 
0. The initiakconditions _correspond to the virgin state: 
Z(t  _< 0) = B(t  _< 0) = 0. The solutions for increasing 
and decreasing applied field are anti-symmetrical, because 
I A  = 0. 

We first consider the physics of the problem. At time 
t = 0 the wire is completely unsaturated. As t increases 
a negatively saturated region, that starts at the wire sur- 
face, grows inwards, while the interior remains unsatu- 
rated, see Figure 1 .  The position of the interface between 
the unsaturated and the negatively saturated region is de- 
noted by Rl( t ) .  When the applied field reaches the level: 
B,” = p07jc/(2p) [6], also a positively saturated region 
(interface Rz(t))  grows from the center of the wire out- 
wards. This saturation in the inner region occurs after a 
change in B,” independent of &B,” [SI. 

We start with one interface R I .  The unsaturated re- 
gion is given by 0 5 r 5 R I .  The unsaturation con- 
dition implies: atB+ = Pr&BZ. Starting from the vir- 
gin state we obtain: B+ = PrBz, so BI is zero. With 
g(z) E d m ,  we obtain: E4 = -aln(g(r))/(P2r) 
and B, = ayt/gz(r). 

In the negatively saturated region RI < r 5 R, we find 

E+ = -a(? - Ri) / (2r )  - aln(g(R1))/(P2r) 
E, = Ez(R1) 

B* 

t 

Figure 1: The posit 
a > 0, as function of 
4nat / (P  o rl je L, ) ) 
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sions in the negatively s 
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r/R 
Figure 2: Position of the interfaces for Bf = Bo sin wt [SI. 

atP3Rq - P2poIA/(2r), while the second relation is still 
given by eq.(8), with R3(t = 0) = R. 

VII. RESULTS AND CONCLUSIONS 

We first compare numerical and analytical results. For 

Figure 3: Positions of the interfaces R1 and R3 for Bf = 
Bo sinwt; numerical (n) and analytical (a) data. 

[2P21c - PBow coswt] (Ri  - R:) + 4kln(R3/R1) = 0 (8) the harmonic applied magnetic field the interfaces R1 and 
R3 are given in Figure 3. The 'jumps' in the numerically 

very good agreement between both results. The maximum 
and minimum value of R1 are strong non-linear functions 
of Bo, as shown in Figure 4. We consider the dissipation 

with condition: R3(Wt = r/2) = R' Using eq'(7) obtained lines follow from discretization errors. There is 
and (8), R I ,  R3 and dRa/dt can be found. 

Notice that R3 is a function of time because of the time 
dependence of the applied field. The twist is responsible 
for the time dependence of RI .  

VI. B? = at,  I A  < 0 

Starting with a virgin wire and no applied magnetic 
field, the current in the wire is decreased. When IA does 
not decrease too much, the center remains unsaturated 
while a negatively saturated region (interface R I )  grows 
from the boundary R inwards. The symmetry between 
the solutions for increasing and decreasing applied mag- 
netic field is broken due to the non-zero applied current. 

Case: a > 0. Increasing the magnetic field results 
in a further growth of the negatively saturated region 
(RI  < r 5 R).  Rl(t)  is given by eq.(5) with a modi- 
fied right hand side: atp3Rf -p2p0lA/(2r).  The effect of 
an applied current can not simply be introduced as an ef- 
fective applied magnetic field because in the last equation 
Bf = at is coupled with RI while I A  is not. 

Case: a < 0. Decreasing the magnetic field results in the 
appearance of three regions: unsaturated (0 5 r 5 R I ) ,  
negatively saturated (RI  < r < R3) and positively sat- 
urated (R3 < r 5 R) ,  similar to the previous sec- 
tion. We obtain eq.(7) with a modified right hand side: 

R4IR and Rl(wt = r/2)/R 

Figure 4: Maximum (Rl(wt = s/2)) and minimum value 
(Rq = Rl(wt = 3n/2))  of RI .  B? = Bo sin wt. 
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in the wire placed in a harmonic applied magnetic field. 
The mean loss per unit length is given by: 

In Figure 5 the scaled loss 27rp/(w2B,2) is given as func- 
tion of Bo. For the numerical data the grid sizes are: 

do-3 
4, 1 

I I I 
I I .  I o!, -1 0 1 2 3 
B1 B2 l O d B 0 )  

Figure 5: 2sp/ (w2B;)  as function of log(&). 

At- = RI50 and A t  = 2?r/200. Also the results of two 
analytical calculations are shown in the figure. The con- 
stant horizontal line is calculated using the surface cur- 
rent approach [l, 61 (method Jll). The other solid line 
follows from the new analytical method (method R I ) .  For 
small values of Bo there is excellent agreement between 
all three results because the saturated region is negligibly 
small, so the problem is linear. On the numerical grid 
no saturation occurs. The only loss term that contributes 
is alE:.  The deviation between the numerical and Jll 
method starts at Bo = B1 because for Bo > B1 outer grid 
cells saturate. The loss terms q E i  and q j l  S E  11 then also 
contribute. Method Jll however, does not take these extra 
losses into account because the surface current is consid- 
ered to be unsaturated. Method R1 already deviates for 
smaller Bo values because it does not have the threshold 
behaviour of first appearence of non-linear behaviour when 
the first outer grid cell saturates. 

For increasing amplitude Bo, the saturated regions pen- 
etrate more towards the center of‘the wire. For Bo = B2 
also a saturated region grows outwards from the center of 
the wire and the losses increase even more. 

For very large values of Bo the term ElljS can be ne- 
glected compared to the Ohmic loss terms. Tke linear be- 
haviour is dominant and the deviation between numerical 
and analytical Jil results decreases. 

For a linear increasing applied magnetic field, Rl( t )  is 
calculated for several values of the filament radius. As 
constitutive equation, we used eq.(l). Figure 6 indicates 

that the saturation effects do not change drastically for 
non-zero filament radius and that they are worse for zero 
filament radius. 

0.8 ol 
B* 0.6 0.71 

0.51 0.4 

0.1 o.21 
R1/R 

Figure 6:  R1 as function of B*(= 4?r 
several values of the filament radius Rj  . 

It can be concluded that the new me 
accurate description of the non-linear res 
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