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It is well known that, when a stationary vapor bubble is subject to a sufficiently intense acoustic
field, it will grow by rectified heat transfer even in a subcooled liquid. The object of this paper is to
study how translation, and the ensuing convective effects, influence this process. It is shown that,
depending on the initial temperature distribution and other factors, convection can cause a
destabilization of the bubble or its faster growth. Significant effects occur in parameter ranges
readily encountered in practice. The phenomena described can therefore be exploited for bubble
management, e.g., by increasing the condensation rate or promoting faster bubble growth and
coalescence. In a saturated or a superheated liquid, heat rectification and convection reinforce each
other and the bubble growth is accelerated by a translatory motion. ©2002 Acoustical Society of
America. @DOI: 10.1121/1.1508789#

PACS numbers: 43.25.Yw@AJS#
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I. INTRODUCTION

A vapor bubble subject to a sound field in a subcoo
liquid exhibits the phenomenon of rectified heat transfer,
which it can either grow, or collapse at a slower rate th
without sound~see, e.g., Wang, 1974; Khabeev, 1976; Ak
lichev et al., 1979; Patelet al., 1985; Gumerov, 2000; Hao
and Prosperetti, 1999; Haoet al., 2001; Prosperetti and Hao
2001, 2002!. Similarly, in a superheated liquid, sound caus
a faster growth than would occur in a constant pressure
vironment. The process is quite similar to the perhaps be
known rectified diffusion of mass~see, e.g., Fyrillas and
Szeri, 1994!.

The physical origin of this behavior is due to the opp
site effect of two competing mechanisms, which justifies
adjective ‘‘rectified’’ given to this phenomenon. When th
bubble is compressed, some vapor condenses, the su
temperature rises, and heat is conducted away into the a
cent liquid. When the bubble expands during the followi
half cycle, evaporation causes a temperature drop of
bubble surface, with a consequent heat flux from the liqu
The net result of these opposing processes exhibits a
toward an energy gain by the bubble because (i ) the spheri-
cal geometry forces a thicker boundary layer—and henc
smaller heat flux—during compression, and (i i ) the surface
area available for the phase change is bigger during ex
sion than during compression.1

In view of the reliance of these effects on heat trans
between the bubble and the liquid, it may be expected
they would be strongly influenced by a translational mot
of the bubble. This expectation is borne out by the results
this paper, which presents a numerical investigation of
process under the simplifying assumption of a spher
bubble. Depending on conditions, in a subcooled liquid,

a!Author to whom correspondence should be addressed; electronic
prosperetti@jhu.edu. Also with Department of Applied Physics, Twe
Institute of Mechanics, and Burgerscentrum, University of Twen
AE 7500 Enschede, The Netherlands.
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find that convection can either make the bubble more la
or increase its growth rate. The bubble condenses if i
abruptly exposed to cold liquid and the velocity is suf
ciently large. A bubble which survives this initial stage, o
the other hand, may grow faster than without translation. T
explanation for this paradoxical finding is that, as explain
before, the amount of heat transferred is greater during
expansion phase than the compression phase. During th
pansion phase the bubble is cooler than its surroundings
therefore, convection helps to increase its vapor content

With this study we continue the investigation of the b
havior of vapor bubbles under the joint action of acous
and flow fields started in Hao and Prosperetti~1999! and
continued in subsequent papers~Hao and Prosperetti, 2000
Hao et al., 2001; Prosperetti and Hao, 2001!. This series of
studies responds to the practical need of vapor bubble m
agement under microgravity conditions, both to increase
critical heat flux in boiling and to control the void fraction o
flowing two-phase cryogenic mixtures~Oka et al., 1992;
Ervin et al., 1992; Sitteret al., 1998a, b!.

II. MATHEMATICAL FORMULATION AND NUMERICAL
METHOD

The mathematical model is based on our earlier w
~Hao and Prosperetti, 1999, 2000!; here we only present a
summary of the formulation.

The bubble is assumed to remain spherical, with a rad
R(t) determined by a form of the Rayleigh–Plesset equat
which accounts for weak liquid compressibility effects:

S 12
Ṙ

c
DRR̈1

3

2
S 12

Ṙ

3c
D Ṙ2

5
1

r
S 11

Ṙ

c
1

R

c

d

dt
D @pb2P~ t !#. ~1!

Here dots denote time differentiation,r andc are the liquid
density and speed of sound,pb is the pressure on the liquid
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side of the interface, andP(t) is the ambient pressure whic
we will take in the form

P~ t !5P`6PA sinvt, ~2!

in which P` is the static pressure,PA is the acoustic pressur
amplitude, andv is the angular frequency of the sound fiel
the upper sign is chosen when the initial phase of the so
is compressive, and the lower one when it is expansive
will be seen that the phase of the sound field is very imp
tant in the initial stages of the process. We assume the v
pressure in the bubblepV to be spatially uniform and in
saturated conditions with respect to the bubble surface t
peratureTS ; thus

pV5psat~TS!5pb1
2s

R
14m

Ṙ

R
, ~3!

in which s andm are the surface tension and viscosity co
ficients; here and in the following we append the subscripV
to quantities pertaining to the vapor, and the subscript
indicates quantities evaluated along the saturation line.

The energy equation in the liquid is

]T

]t
1u•“T5D¹2T, ~4!

whereT is the liquid temperature,D is the liquid thermal
diffusivity, andu is the liquid velocity field in the bubble res
frame. This equation is solved subject to the condition
undisturbed temperature far from the bubble,T→T` for r
→` while, at the bubble surface, conservation of ene
dictates that~Hao and Prosperetti, 1999!

4pR2k
]T

]r U
r 5R(t)

5L
d

dt S 4

3
pR3rVD1

4

3
pR3rVcs

dTS

dt
.

~5!

Herek andL are the liquid thermal conductivity and late
heat, respectively, whilecs5cpV2L/TS is the specific hea
of the vapor along the saturation line;cpV is the vapor spe-
cific heat at constant pressure. For most of the calculat
reported below, the initial temperature field equalsT` every-
where, including the bubble surface.

We assume the bubble to move rectilinearly with velo
ity U with respect to the liquid at rest at infinity. Keeping
mind the temperature dependence of viscosity, we find
typical Reynolds numbers in the cases we consider are o
order of several hundreds, which justifies the approximat
of potential flow except possibly in the last stages of the to
condensation of a bubble. Therefore we assume that, in
rest frame of the bubble,

u5“F2
R2Ṙ

r
2Ur S 11

R3

2r 3D cosuG , ~6!

whereu is the polar angle measured from the front stag
tion point andr is the distance from the bubble center. In th
paper we will mostly take the velocity of the bubble to be
constant.

For the solution of the energy equation~4! we use the
same method of Hao and Prosperetti~2000!: the temperature
field is expanded in a series of Legendre polynomials
1788 J. Acoust. Soc. Am., Vol. 112, No. 5, Pt. 1, Nov. 2002
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SN~r ,t !PN~cosu!, ~7!

and the coupled equations for the variousSN that arise upon
substitution into~4! are solved by expanding eachSN in a
series of Chebyshev polynomials; the resulting equations
solved by collocation. The reader is referred to the refere
for details.

In the numerical implementation of this scheme we ty
cally use 8 terms in the Legendre expansion~7! and 16 terms
in the Chebyshev expansion for theSN’s with 16 collocation
points. These values have been chosen on the basis of
dard convergence tests. The resulting ordinary differen
equation systems are solved by the backward differentia
algorithm of the LSODE package which automatically s
lects the time step.

In the limit cases of no sound or no translational velo
ties, we have verified that the code developed for this w
gave the same results as those used in our earlier pa
dealing with these limit cases~Hao and Prosperetti, 1999
2000!. Those codes had been validated against analytica
lutions and independent numerical solutions.

III. NUMERICAL RESULTS

The role of convection in the different stages of the p
cess under study is quite different and, accordingly, we tr
separately phenomena taking place during the first
acoustic cycles and over a longer time period.

A. Short-time behavior

Figure 1 compares the evolution of two bubbles, initia
both with a radiusR(0)50.5 mm, subject to a sound fiel
with acoustic amplitudePA530.4 kPa (PA /P`50.3) and
frequencyv/2p51 kHz; the liquid is water atT`595 °C

FIG. 1. Nondimensional radius versus time of bubbles translating with c
stant velocity in water at 95 °C and 101.3 kPa static pressure in a 1 kHz,
30.39 kPa sound field. The upper line is for a velocity of 0.2 m/s, and
lower line for 0.3 m/s. The radius is normalized by the resonant radius
stationary bubble equal to 2.367 mm; the initial radius is 0.5 mm. The in
phase of the sound field promotes expansion.
Y. Hao and A. Prosperetti: Translating vapor bubbles in sound fields
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and P`5101.3 kPa, so that the subcoolingDT5Tsat(P`)

2T` ~in which Tsat is the saturation temperature atP`) is
5 °C. The Jakob number, defined by

Ja5rcpL

Tsat~P`!2T`

LrV,sat~P`!
, ~8!

in which cpL is the liquid specific heat andrV,sat(P`) is the
saturation vapor density atP` , is 15.2 approximately. The
upper curve is for a bubble translating with a constant vel
ity of 0.2 m/s, while the lower curve is for a translatio
velocity of 0.3 m/s;2 the radius is normalized byRres, the
linear resonant value for a stationary bubble~Hao and Pros-
peretti, 1999! which here is 2.367 mm. The initial Pe´clet
number, defined by

Pe5
2R~0!U

D
, ~9!

has values 1184 and 1777 in the two cases. The first bu
grows by rectified diffusion of heat while the other one e
ecutes oscillations around a decreasing mean radius un
eventually condenses completely. For comparison, it may
noted that, without sound, condensation is completedt
53.0 ms (vt/2p53.0) for U50.2 m/s and att52.5 ms
(vt/2p52.5) for U50.3 m/s.

A similar behavior is shown in Fig. 2, wherePA

540.52 kPa (PA /P`50.4) andv/2p50.2 kHz; the other
parameters have the same value as before andRres

513.47 mm. At this lower frequency the duration of th
compression phase, during which the bubble loses mas
longer, and a velocity of 0.24 m/s~lower line, Pe51,420) is
sufficient to cause a complete condensation after a
cycles while forU50.2 m/s the bubble grows. The behavi
shown in these figures is typical of the phenomena enco
tered during the initial stages of the process object of
study. However, a bubble that survives the first few cyc
may actually grow faster when translating. We will addre
this point shortly. For the time being, we limit our analysis
the initial stages as in Figs. 1 and 2.

FIG. 2. As in Fig. 1 withPA540.52 kPa andv/2p50.2 kHz; upper line
U50.2 m/s, lower line 0.24 m/s; hereRres513.47 mm.
J. Acoust. Soc. Am., Vol. 112, No. 5, Pt. 1, Nov. 2002 Y. Ha
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Similar results are found in dependence of other para
eters as well. The effect of different acoustic pressures wi
fixed velocity,U50.3 m/s (Pe51,777) are shown in Figs. 3
and 4. At 1 kHz~Fig. 3!, with acoustic pressure amplitude
PA535.46 kPa~upper curve!, rectified heat transfer is suffi
ciently strong to prevent the bubble from collapsing, but
PA is reduced to 30.39 kPa, the bubble ultimately conden
At 0.2 kHz ~Fig. 4!, the bubble is more labile and one nee
a higher pressure amplitude,PA545.57 kPa~upper curve!,
to stabilize it. The effect of frequency is explored directly
Fig. 5, for the same initial radius and subcooling,PA

540.52 kPa,U50.24 m/s, and acoustic frequencies of
kHz ~upper curve! and 0.2 kHz. In all these cases the min
sign ~initial expansion! is taken in~2!.

The general behavior is similar also for smaller bubbl
Figs. 6 and 7 are analogous to Figs. 1 and 4 forR(0)
50.1 mm. In Fig. 6~1 kHz! the acoustic pressure amplitud

FIG. 3. Nondimensional radius versus time of bubbles translating at 0.3
in water at 95 °C and 101.3 kPa static pressure in a 1 kHz, sound field. The
upper line is for an acoustic pressure amplitudePA535.46 kPa, the lower
one for PA530.39 kPa. The radius is normalized by the linear reson
radius,Rres52.367 mm, and the initial radius is 0.5 mm. The initial phase
the sound field promotes expansion.

FIG. 4. As in Fig. 3 withv/2p50.2 kHz (Rres513.47 mm); upper curve
PA545.57 kPa; lower curvePA540.52 kPa.
1789o and A. Prosperetti: Translating vapor bubbles in sound fields
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is 40.52 kPa and, therefore, the bubble can withstand a
ger velocity ~0.35 m/s, upper line! without condensing.
When the velocity is raised to 0.42 m/s, however, rectifi
growth is impossible. An example at a lower frequen
v/2p50.2 kHz, for two pressure amplitudes~50.65 kPa, up-
per curve, and 44.57 kPa! is shown in Fig. 7: upon compari
son with the bigger bubble of Fig. 4, it is seen that a stron
forcing is needed to stabilize the bubble. Both Figs. 6 an
display the prominent presence of harmonics of the driv
sound. These are a nonlinear effect and set in when the g
ing radius makes the bubble resonant with harmonics of
sound frequency~Hao and Prosperetti, 1999!.

These results are affected by the initial temperature
tribution around the bubble. As an example, in Fig. 8
consider the collapsing bubble of Fig. 1 forU50.3 m/s in an

FIG. 5. Normalized radius versus time of bubbles translating at 0.24 m
water at 95 °C and 101.3 kPa static pressure in a 40.52 kPa sound field
upper line is forv/2p51 kHz (Rres52.367 mm), the lower line forv/2p
50.2 kHz (Rres513.47 mm). Since the resonant radius depends on
quency, unlike the other figures, here the radius is normalized by the in
value,R(0)50.5 mm. The initial phase of the sound field promotes exp
sion.

FIG. 6. As in Fig. 1 for an initial radiusR(0)50.1 mm. The acoustic
pressure amplitude is 40.52 kPa; upper line,U50.35 m/s, lower line
0.42 m/s.
1790 J. Acoust. Soc. Am., Vol. 112, No. 5, Pt. 1, Nov. 2002
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initial temperature field given, forR<r<R1d, by

T~r ,u,0!5T`1@Tsat~P`!2T`#S 12
r 2R~0!

d D 2

, ~10!

with d/R(0)50.5 ~solid line!. The dashed line is the sam
result plotted in Fig. 1, withT(r ,u,0)5T` . With the initial
temperature distribution~10! the bubble grows. Asd/R(0) is
reduced, the growth process is found to slow down.

These results illustrate the sensitivity of the bounda
between stable and unstable bubbles to the precise in
temperature distribution in the bubble neighborhood.3 In this
regard, the situation is similar to that encountered in Hao
Prosperetti~2000! for bubbles in the absence of sound.
view of the marked dependence of the phenomenon on s
details and of the abundance of parameters and phys

in
he

-
al
-

FIG. 7. As in Fig. 4 for an initial radiusR(0)50.1 mm;U50.3 m/s; upper
line PA550.65 kPa, lower line 44.57 kPa.

FIG. 8. Nondimensional radius versus time of bubbles translating with c
stant velocityU50.3 m/s in water at 95 °C and 101.3 kPa static pressure
a 1 kHz, 30.39 kPa (PA /P`50.3) sound field for two initial temperature
distributions. For the dashed lineT(r ,u,0)5T` , while, for the solid line,
the initial temperature distribution is given by~10! with d/R(0)50.5. The
radius is normalized by the resonant radius of a stationary bubble equ
2.367 mm; the initial radius is 0.5 mm. The initial phase of the sound fi
promotes expansion.
Y. Hao and A. Prosperetti: Translating vapor bubbles in sound fields
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properties, it is somewhat futile to attempt a complete qu
titative characterization of the stability limit. Thus, we on
present a rather crude characterization of parameter spa
Figs. 9@R(0)50.5 mm# and 10@R(0)50.1 mm# for an ini-
tial temperature equal toT`595 °C everywhere andP`

5101.3 kPa. The figures show approximate stability lines
the (PA ,U) plane for different sound frequencies: for acou
tic amplitudes above these lines the bubble grows by re
fied diffusion of heat, while it eventually collapses fo
smallerPA’s.

These results have been obtained with an initially exp
sive phase of the sound field@minus sign in Eq.~2!#, as the
bubble behavior is strongly affected by this phase. A typi
near-threshold behavior with an expansive initial phase@mi-
nus sign in Eq.~2!# is shown in Fig. 11, whereR(0)

FIG. 9. Approximate location of the stability boundary for a vapor bub
translating with velocityU in a sound field with pressure amplitudePA for
different values of the sound frequency; the initial bubble radius is 0.5 m
The liquid is water atT`595 °C and P`5101.3 kPa and, att50,
T5T` , everywhere. The bubble grows by rectified diffusion for acous
amplitudes above the lines. The initial phase of the sound is expan
@minus sign in Eq.~2!#. The curves are labeled by the sound frequency
Hz.

FIG. 10. As in Fig. 9 forR(0)50.1 mm. The curves are labeled by th
sound frequency in kHz.
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50.1 mm, PA530.39 kPa, U50.2 m/s and Tsat2T`

55 °C. Both for 1 kHz~dashed line! and 2 kHz~thick solid
line! the bubble condenses completely after a first expans
but, for 2.05 kHz, there is sufficient rectified heat transfer
stabilize the bubble and actually promote growth~the latter
not shown in the figure!. Figure 12 is for an initial compres
sion phase@plus sign in Eq.~2!#: in the absence of soun
~dash-and-dot line! or at 100 Hz~short dashes! a relatively
slow condensation takes place; at the higher frequencies
kHz ~long dashes! and 3.8 kHz~thick solid line! condensa-
tion is more rapid, while at 3.9 kHz a strong growth is e
countered.

It is interesting to briefly examine the consequences
the assumption of spatially uniform vapor conditions insi
the bubble. In order to study this issue precisely, it would
necessary to account for the vapor flow induced by the tra
lation of the bubble, which is a nontrivial task. Thus, w

.

ve

FIG. 11. Examples of the initial bubble behavior with an expansive so
phase @minus sign in Eq.~2!# with R(0)50.1 mm, PA530.39 kPa,U
50.2 m/s andTsat2T`55 °C; 1 kHz~dashed line!, 2 kHz ~thick solid line!,
2.05 kHz. The threshold for growth lies between 2 and 2.05 kHz.

FIG. 12. Examples of the initial bubble behavior with a compressive so
phase @plus sign in Eq. ~2!# with R(0)50.1 mm, PA530.39 kPa, U
50.2 m/s andTsat2T`55 °C; no sound~dash-and-dot line!, 100 Hz~short
dashes!, 1 kHz ~long dashes!, 3.8 kHz ~thick solid line!, 3.9 kHz.
1791o and A. Prosperetti: Translating vapor bubbles in sound fields
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content ourselves with considering the difference betw
homogeneous and nonhomogeneous conditions for a sta
ary bubble. Figure 13 shows a typical result. The conditio
are: R(0)50.5 mm, PA540.9 kPa (PA /P`50.4), v/2p
51 kHz, T`595 °C andP`5101.3 kPa. The solid line is
for spatially uniform vapor conditions, while the dashed li
accounts for vapor nonuniformity according to our earl
model for a stationary bubble~Hao and Prosperetti, 1999!. It
is seen here that spatial nonuniformity gives rise to a so
what slower growth. This result is not surprising: there is
tendency to develop stronger vapor temperature gradi
near the interface during condensation than evaporation
cause the departing vapor tends to ‘‘wash them out’’@for
explicit results on the temperature distribution inside
bubble, see Prosperetti and Hao~2002!#. Now, during con-
densation, the bubble surface temperature rises and, th
fore, if the vapor temperature is allowed to be spatially no
uniform, there will be conduction of heat into the vapo
which favors condensation and hence heat loss. In any c
relatively large differences are only found near the resona
radius, where the oscillation amplitude is strongest. The
por circulation neglected in this result would have the eff
of mixing the vapor and may be expected, therefore, to
crease the consequences of spatial nonuniformity.

B. Long-time behavior

It would be wrong to conclude from the results shown
far that translation in a subcooled liquid always hinde
bubble growth. An example is shown in Fig. 14, where t
conditions are as in the previous figure. The solid line is
a stationary bubble, while the dashed line is for a bub
translating at 0.3 m/s. Convection increases the heat
during compression as well as the heat gain during exp
sion: this result therefore implies that the latter effect
greater than the former. That this must be so can be un
stood from the approximate expression derived by Ruck

FIG. 13. Comparison between the growth rate of a stationary bubble m
eled with a uniform~solid line! and nonuniform interior. The conditions ar
R(0)50.5 mm, PA540.9 kPa (PA /P`50.4), v/2p51 kHz, T`595 °C
andP`5101.3 kPa.
1792 J. Acoust. Soc. Am., Vol. 112, No. 5, Pt. 1, Nov. 2002
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stein~1959! for the Nusselt number for flow past a sphere
constant diameter in the limit of large Pe´clet numbers~see
also Legendreet al., 1998!:

Nu5
2Rh

k
52APe

p
, ~11!

in which h is the heat transfer coefficient. The instantaneo
heat transfer is proportional tohR2, i.e., for constantU and
temperature difference, toR21/2R25R3/2, i.e., greater during
expansion.

In all the cases considered so far the bubble velocity w
held fixed. In reality, a translating and pulsating bubble w
have a variable velocity due to changes in added mass, d
and possibly buoyancy. Details of the velocity depende
on bubble volume depend in a subtle way on Reynolds
Weber numbers. A simple model, which we used in an ear
paper~Hao and Prosperetti, 2000!, consists in assuming tha
the bubble remains spherical and the impulse is conserv

2
3 prR3U5 2

3 prR~0!3U~0!. ~12!

Figure 15 compares a constant velocity case,U50.3 m/s
~dashed line!, with a situation in whichU(0)50.3 m/s, but
U at later times is found from Eq.~12!. The pressure ampli-
tude is PA540.9 kPa (PA /P`50.4), v/2p51 kHz, T`

595 °C, P`5101.3 kPa, andR(0)50.5 mm. The figure
shows that allowing the velocity to vary slows down th
growth of the bubble. This result can be understood by n
ing that, according to~12!, the translational velocity in-
creases when the bubble shrinks, which increases heat
while it decreases when the bubble expands, which is
phase of the acoustic cycle during which heat is gained.

In a saturated or superheated liquid, the growth o
bubble is always enhanced by motion relative to the liqu
An example is shown in Fig. 16, where the water is satura
at 101.3 kPa, the acoustic pressure amplitude is 30.39
the frequency is 1 kHz, and the initial bubble radius is 0
mm. The solid line is for a bubble translating at 0.3 m

d-FIG. 14. Comparison between the growth rate of a stationary~solid line!
and translating bubble. The conditions areR(0)50.5 mm, U50.3 m/s,
PA540.9 kPa (PA /P`50.4), v/2p51 kHz, T`595 °C and P`

5101.3 kPa.
Y. Hao and A. Prosperetti: Translating vapor bubbles in sound fields
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while the dashed line is for a stationary bubble; the radiu
normalized by the resonant radius of a stationary bub
equal to 2.71 mm.

IV. DISCUSSION

The numerical results of the previous section, as wel
the theory of rectified heat transfer with no translation~see,
e.g., Gumerov, 2000!, illustrate the complexity of the phe
nomenon under study. It is not possible to give a simple
detailed physical interpretation of the results presented in
previous section: we shall content ourselves with some ra
general arguments.

The most dangerous phase of the process for the surv
of the bubble is the initial one and, accordingly, we lim
ourselves to this stage. It may be noted, however, that, if
bubble velocity is large enough to move by about one dia

FIG. 15. Comparison between the growth rate of a bubble translating
fixed velocity U50.3 m/s~dashed line!, and a variable velocity calculate
from ~12!. The conditions areR(0)50.5 mm, PA540.9 kPa (PA /P`

50.4), v/2p51 kHz, T`595 °C andP`5101.3 kPa.

FIG. 16. Nondimensional radius versus time of a bubble translating at
m/s in water at 100 °C and 101.3 kPa in a 1 kHz, 30.39 kPasound field
~solid line!; the dashed line is for a stationary bubble. The radius is norm
ized by the resonant radius of a stationary bubble equal to 2.71 mm
initial radius is 0.5 mm.
J. Acoust. Soc. Am., Vol. 112, No. 5, Pt. 1, Nov. 2002 Y. Ha
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eter or more during one cycle of the sound, the surround
temperature field will approximately always be close to t
initial undisturbed distribution and, therefore, the bubble b
havior during the initial stage may be expected to charac
ize also its long-term behavior. A bubble translating with
velocity U will move a distance equal to its diameter after
numberN of acoustic cycles given by

N5
v

2p

2R

U
. ~13!

For R50.5 mm,v/2p51 kHz, N51 whenU has the rather
large value of 1 m/s. These conditions, therefore, are pr
ably not frequently encountered.

In the first place, it is obvious that no rectified he
transfer is possible unless the liquid becomes tempora
superheated during the expansion phase of the sound.
the aid of the Clausius–Clapeyron relation, this conditi
gives

PA>LrV

Tsat2T`

Tsat
. ~14!

For water atT`595 °C andP`5101.3 kPa, we findPA

>18.2 kPa. When this relation is barely satisfied, there
only a small fraction of the sound cycle during which th
liquid is momentarily superheated. Clearly, if this interval
time is too short, the energy gain will not be sufficient
compensate the loss during the remainder of the cy
Hence, one may expect that the estimate~14! will actually be
lower than the true threshold; this conclusion is in agreem
with the behavior shown in the previous figures.

Another condition for stability is that the bubble shou
not condense completely during the compression half-cy
of the sound, before the expansion phase renders the li
temporarily superheated. To estimate this low-frequen
limit, we may use a simplified form of the heat balance at
bubble surface:

q5rVLṘ, ~15!

whereq is the liquid-side heat flux. This relation is based
the assumption that the vapor-side heat flux is negligible

TABLE I. Bubble collapse time for stationary vapor bubbles in water
95 °C and 101.3 kPa as calculated numerically and as estimated from
~17!.

R0 ~mm!
Collapse time~ms!

~Numerical!
Collapse time~ms!

@Eq. ~17!# Ratio

50 0.0788 0.052 1.51
60 0.09 0.075 1.2
70 0.112 0.102 1.1
80 0.141 0.133 1.06
90 0.178 0.168 1.06

100 0.22 0.21 1.05
200 1.06 0.83 1.28
300 2.69 1.87 1.44
400 5.14 3.32 1.55
500 8.5 5.18 1.64
600 12.8 7.47 1.72
700 17.8 10.2 1.75
800 23.4 13.3 1.76
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sound
TABLE II. Comparison of the approximate expression~18! for the frequency above which a bubble would survive the first compression phase of the
field, evaluated both in terms of Ja@Eq. ~8!# and Jae @Eq. ~19!#, with numerical results obtained with an initially compressive phase of the sound field@plus
sign in Eq.~2!#. The liquid is water at 95 °C and 101.3 kPa and the bubbles are stationary.

R0

~mm!
PA

~kPa!
Numerical

~First cycle!
Numerical
~Growth!

Eq. ~18!
with Ja

Eq. ~18!
with Jae

0.5 20.26 100610 Hz 3.760.1 kHz 98.8 Hz 288 Hz
0.5 22.29 10161 Hz 12565 Hz 98.8 Hz 306 Hz
0.5 30.39 130610 Hz 130610 Hz 98.8 Hz 374 Hz
0.1 20.26 3.260.1 kHz 17.560.5 kHz 2.47 kHz 7.2 kHz
0.1 22.29 3.360.1 kHz 4.260.1 kHz 2.47 kHz 7.8 kHz
0.1 30.39 3.660.1 kHz 3.660.1 kHz 2.47 kHz 9.3 kHz
th
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that all the heat conducted into the liquid accounts for
latent heat released by the saturated vapor condensing a
bubble surface. If, following Florschuetz and Chao~1965!,
we use forq the estimateq.k(Tsat2T`)/ApDt, we find

R~ t !

R~0!
5122JaA Dt

pR2~0!
, ~16!

from which, upon settingR(tc)50, one deduces the follow
ing estimate for the characteristic bubble collapse timetc :

tc5
p

4Ja2
R2~0!

D
. ~17!

As shown in Table I, while this estimate of the collapse tim
is of the right order of magnitude, depending on spec
conditions, numerically it may be off by as much as a fac
of 2. With this caveat in mind, if we settc>p/v for stability,
we find

v

2p
>

2D

pR2~0!
Ja2. ~18!

As the static pressure in the liquid changes due to the p
ence of the sound field, the instantaneous Jakob number
changes; in particular, at the pressure maximum, it has
‘‘effective’’ value given by

Jae5rcpL

Tsat~P`1PA!2T`

LrV,sat~P`1PA!
, ~19!

where the variation ofL, r, andcpL has been neglected fo
simplicity.

A comparison of~18!, evaluated both in terms of Ja an
Jae , with some numerical results is given in Table II.
should be noted that these results have been obtained wi
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initially compressive phase of the sound field@i.e., the plus
sign in Eq.~2!# because otherwise the correct value of t
radius to use would be that at the end of the first expans
which it is difficult to estimate. It is seen that, in general, t
frequency threshold lies somewhere between the two pre
tions of Eq.~18!. This estimate refers to the survival of th
bubble during the first sound cycle but, in the table, we a
show the numerically determined threshold for a sustai
growth of the bubble. The substantial difference between
two numerical thresholds that appears in some cases a
when the acoustic pressure does not exceed by much the
low estimate of Eq.~14!.

The previous estimate is applicable at low translatio
velocities, when the heat loss from the bubble is domina
by conduction. When convection dominates, we may e
mate q from the expression~11! of the Nusselt number
Upon setting in~15!

q5Nu k
Tsat2T`

2R
52k~Tsat2T`!A U

2pDR~ t !
, ~20!

and integrating, we find

R~ t !

R~0!
5S 123JaA DU

2pR3~0!
t D 2/3

, ~21!

from which

tc85
1

3Ja
A2pR3~0!

DU
5

R2~0!

3JaD
A 2p

Pe~0!
. ~22!

The ratio of the two collapse times is

tc

tc8
5

3

8Ja
ApPe~0!, ~23!
f a sou
TABLE III. The numerically calculated collapse time of bubbles translating with constant velocity in water at 95 °C and 101.3 kPa in the absence ond
field compared with the estimate~22!. Note that for smaller bubbles at low velocity the Pe´clet number is too small to justify use of~22!.

R0 ~mm!

Collapse time~ms!

Numerical Eq.~22!

0.2 m/s 0.4 m/s 0.6 m/s 0.2 m/s 0.4 m/s 0.6 m/s

0.05 0.070 0.063 0.055 0.11 0.076 0.062
0.075 0.10 0.09 0.08 0.20 0.14 0.11
0.10 0.18 0.15 0.13 0.30 0.21 0.17
0.25 1.0 0.73 0.60 1.2 0.85 0.69
0.50 3.0 2.2 1.8 3.4 2.4 2.0
0.75 5.6 4.0 3.2 6.2 4.4 3.6
Y. Hao and A. Prosperetti: Translating vapor bubbles in sound fields
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TABLE IV. Comparison of the estimate~25! for the frequency above which a translating bubble would surv
the first compression phase of the sound field, with numerical results obtained with an initially compr
phase of the sound field@plus sign in Eq.~2!#. For each bubble radius, the numerical result in the first line is
threshold for the bubble to survive the first compression induced by the sound field; that in the second lin
threshold for bubble growth by rectified heat transfer. The liquid is water at 95 °C and 101.3 kPa an
acoustic pressure amplitude is 30.39 kPa.

R0 ~mm!

Threshold~kHz!

Numerical~First cycle/growth! Estimate from Eq.~25!, with Jae /Ja

0.2 m/s 0.4 m/s 0.6 m/s 0.2 m/s 0.4 m/s 0.6 m/s

0.5 0.27560.025/ 0.42560.025/ 0.52560.025/ 0.290/ 0.410/ 0.502/
0.70060.050 1.4560.050 1.8560.050 0.150 0.212 0.260

0.1 3.8560.05/ 4.4560.05/ 5.4560.05/ 3.24/ 4.58/ 5.60/
3.8560.05 5.3560.05 8.560.05 1.68 2.37 2.90
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and we may therefore conclude that convection domina
for Pe~0! greater than the critical value

Pec5
64

9p
Ja2. ~24!

The collapse time estimated from~22! is compared with
some numerical results in Table III. The Pe´clet number for
R(0)50.05 mm andU50.2 m/s is 119, well below the est
mate~24! of Pec which, for this subcooling, is 523. This cas
is therefore conduction dominated and, not surprisingly,
estimate based on~22! is rather poor. As Pe increases, ho
ever, the table shows that there is a good agreement with
numerical results.

The same argument as before applied to~22! now gives

v

2p
>

3DJa

4R2~0!
APe~0!

p
. ~25!

This estimate is compared with some numerical results
Table IV whereas, in Table III, separate thresholds are sh
for bubble survival during the first compressive half-cycle
the sound and for bubble growth by rectified heat trans
The first threshold is estimated rather well by~25!. Upon
comparing the results of Tables II and IV, it is seen that,
a stationary bubble, the stability threshold is better predic
by the Jacob number~8! while the effective Jacob numbe
~19! seems to be more relevant for a translating bubble. T
reflects the greater instability of the latter situation.

The stability boundaries in the (PA ,U) plane shown in
Figs. 9 and 10 must correspond to conditions such that
rectified influx of heat due to the sound-induced oscillatio
balances the heat lost through convection. When condit
are such that the bubble lasts many cycles, the heat exch
with the liquid may approximately be considered as go
erned by a Nusselt number of the form~11! averaged over
one cycle. In these conditions since, to lowest order, recti
heat flux into the bubble is a second order effect and, th
fore, proportional toPA

2 ~see, e.g., Wang, 1974; Gumero
2000!, one may expect from~11! a dependence of the stabi
ity boundary on velocity of the formPA

2}AU, i.e., PA

}U1/4. Figures 17 and 18 show the same results as Fig
and 10 replotted in this way. At very low translational velo
ity, conduction dominates, the threshold becomes indep
dent of U and, therefore,PA /U1/4 diverges. To explain the
high-velocity behavior of some of the curves, we obse
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that proportionality of rectified heat transfer toPA
2 can only

be assumed when the bubble lasts long enough to take
averages. If the bubble only lasts a few cycles, this estim
is inapplicable and, indeed, we see in Figs. 17 and 18 t
for some frequencies, the proportionality ofPA to U1/4 is
violated at higher velocities. Nevertheless, we see that th
are velocity and frequency ranges where the predictionPA

}U1/4 is substantiated by the numerical results.
It is evident from many of the examples shown in t

previous figures that the rectified diffusion of heat into t
bubble becomes much smaller past the resonance radius
therefore conceivable that a bubble for which rectified dif
sion is just about strong enough to make it grow below re
nance would start to condense past resonance then g
again once it has shrunk below the resonance radius, an
on. We have searched numerically for this behavior but h
concluded that, if it exists, it requires such a fine tuning
conditions as to be of little practical interest; therefore,
have not pursued the matter further.

V. CONCLUSIONS

In view of the dependence of heat transfer on conv
tion, it is not surprising to find a strong effect of translato

FIG. 17. The data of Fig. 9@R(0)50.5 mm# replotted asPA /U1/4 vs U
according to the argument given at the end of Sec. IV. The horizonta
near-horizontal portion of the curves corresponds to situations in wh
convection dominates the heat transfer from the bubble. The curves
labeled by the sound frequency in Hz.
1795o and A. Prosperetti: Translating vapor bubbles in sound fields
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motion on the process of rectified heat transfer into a va
bubble. The details of the process are complex and dep
on the initial liquid temperature distribution around th
bubble, in addition to the bubble radius, velocity, and sou
field characteristics. This circumstance prevents one fr
making simple statements of general validity. If the liquid
initially subcooled and at a uniform temperature, convect
may destabilize the bubble. For example, in water at 95
and at normal gravity, a 1-mm-diam bubble in a 1-kH
30.39-kPa sound field would grow if moving at 0.2 m
while it would collapse at 0.3 m/s. In a stronger sound fie
35.46 kPa, the bubble would be stabilized even at this hig
velocity, which is of the order of the buoyant rise velocity
such a bubble in normal gravity. Qualitatively, an interest
finding of this study is that the boundary between stable
unstable bubbles occurs in parameter ranges readily enc
tered in practice.

These effects may be useful for bubble managemen
several conditions. For example, in situations where la
bubbles may be easier to control than smaller ones, one
want to promote growth, which facilitates coalescence un
the action of pressure-radiation forces~Haoet al., 2001!. Our
results show that this is possible even in the presence
subcooled convection and give an indication as to the ne
sary acoustic parameters.
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1Dr. Gumerov~private communication! points out that an additional mecha
nism might be the different curvature of the saturation and adiabatic cur
the temperature oscillations have a shift due to the nonlinearity of th
curves which causes an effective liquid-vapor temperature differenc
arise.

2A 0.5-mm-radius bubble in water has a rise velocity of the order of 0.3
under normal buoyancy; larger or smaller velocities are possible du
acceleration of the container, different gravitational fields, the presenc
shock waves, and others.

3We loosely refer to a bubble prevented from collapsing as being ‘‘sta
lized’’ by the action of the sound field. The true equilibrium state cor
sponds to a condition in which mass loss by condensation balances ga
rectified diffusion; it is clear, however, that this equilibrium is unstable.
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