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Caizhi Cao, Harrie Kreuwel, and T. J. A. Popma

This paper describes how to calculate the power distribution emitted by luminescent particles which are
mixed in the film of the waveguide, i.e., the percentage of the power transported by each guided mode, emitted
to the cladding and the substrate. For our sample, they are -20%, 25%, and 55% separately. Some calculated
results have been proved: the powers of the TE and TM modes of the luminescent waveguide in the same
order are almost the same; the order of the film mode is lower; its power is larger.

I. Introduction
The problem of luminescent dye molecules placed in

the vicinity of optical waveguides has been investigat-
ed,",2 and several patents have been granted that take
advantage of luminescent light coupled into wave-
guides.3 In this paper a luminescent substance is
mixed in polyvinyl film; when the film is embedded
between substrate and cover, it becomes an activated
luminescent waveguide (Fig. 1). After absorbing the
energy from incident light, the luminescent particles
will emit some energy. The power transported by each
guided mode, emitted into the cladding or the sub-
strate, is an important question.

These excited particles can be considered as dipoles.
Their total radiated power and the angular radiation
pattern which are close to a plane interface, are re-
viewed by Lukosz and Kunz.4 Based on that, the
dipoles are placed between two interfaces. It can be
developed into a dipole in a multilayered structure.

To resolve this problem, we use two methods at the
same time:

(1) A ray optical model of light propagation. 4 The
power ratio between cladding and substrate can be
obtained.

(2) The conception of the mode and electromagnet-
ic theory.5 The power ratios of each mode to the
substrate mode can be obtained.

These two methods have their own advantages in
some areas and cannot completely solve this problem,
but there is a common area in the substrate, and some
results calculated by both methods are the same. We
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combine these two calculations, and thereby obtain
the whole power distribution.

II. Method 1: Angular Power Distribution
The structure of a waveguide is shown in Fig. 2. The

symbols n,, nf, and n, represent the refractive indexes
of cladding, film, and substrate, while h is the thick-
ness of the film. An electric dipole at distance x0 from
interface 2 emits an electromagnetic wave in all direc-
tions. If we consider only the right-hand side, two rays
will be emitted at angle a,. After reflection and refrac-
tion one (or more) times, the rays will be radiated into
the cladding and the substrate at angles a2 and a3,
respectively.

If the electromagnetic field amplitude at x0 is taken
as unity, and the phase as zero, the amplitudes and
phases after every reflection and refraction are shown
in Fig. 2. The reflection coefficients on interfaces 1
and 2 are represented by r12 and r13 , while the trans-
mission coefficients on these interfaces are t12 and t13 .
These coefficients depend on the angle of incidence
and polarization of light and are given by Fresnel for-
mulas as follows:

Kjnf cosal - n, cosa2

Klnf cosal + n, cosa2

K2 nf cosal - n, cosa2

K2 nf cosa, + n, cosa 2 '

2Klnf cosal
Klnf cosa1 + nc cosa 2 '

2K 2 nf cosal

K2 nf cosal + n, cosa 2

where

K = K2 = 1 for TE,

K = nc/nf, K2 = n n for TM.

(1)

(2)

(3)

(4)

(5)

(6)
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Fig. 1. Luminescent waveguide.

thickness of the film is so small that the rays going out
to the cladding appear to originate at point o'. The
transmittivity on interface 1 is

n, cosa2

= Kinf cosal (8)

The power distribution is

P(a2) = Tj2P.(aj)dj/d%2 = T12P(al)n2 cosa2/(n2 cosal). (9)

Here P(a2 ) is the power radiated within a unit solid
angle, dQ = sina2da2d, in direction a2. P (a,) is the
power radiated within a unit solid angle in direction a,
in an unbounded medium.

The situation is rotationally symmetric about the X-
axis so we only take account of the XOZ plane ( = 0)
to calculate the radiative power per unit do to repre-
sent the whole situation. The radiative power per unit
d5 in the cladding is

/2
P = 2 o P(a2) sina2da2. (10)

We can consider three orientations of the dipoles
separately and normalize by the total power emitted
by one dipole. No matter how the dipole is placed, the
total power emitted by one dipole is the same (see
Appendix A).

(1) The dipole is placed along the Y-axis and excites
the TE wave for the XOZ plane. So

Pj~aj) = 31(8ir), (11)

and Ki = K2 = 1. We can calculate the angular power
distribution and radiative power per unit d from Eqs.
(7)-(10).

(2) The dipole is placed along the X-axis and excites
,the TM wave, now

Pa(al) = (3/87r) sin 2a1,
Fig. 2. Amplitudes and phases after each reflection and refraction.

Here 12 is the phase shift when the light is reflected by
interface 1, the wave vector value in the film is k =
27rnf/X, where X is the free-space wavelength.

A. Radiation in the Cladding
For 0 a2 90°, corresponding to 0 a <ac =

arcsin(nc/nf), let B = 2hkl cosal, the amplitude in
direction a2 is

t = t 2 exp[i(h - xo)kl cosal][1 + r 2rl3 exp(iB)
+ r 2r23 exp(2iB) + .. .]
+ t 2r13 exp[i(h + xo)k, cosall[1 + r 2r13 exp(iB)

+ r 2r13 exp(2iB) + .. .1
= t 2 exp[i(h - xo)kl cosal]

+ r 3 exp[i(h + xo)kl cosal])/[1 - r12r13 exp(iB)],

2 1 + r 3 + 2r3 cos(2xokl cosal)
tt* = 012 + 2 2

1 + r2r3 - 2r12r13 cosB
(7)

In fact, reflection and refraction only take place a few
times because r 2 and r 3 are not equal to 1 and the

(12)

and K1 = n 2/n2 K2 n2/nf.
(3) The dipole is placed along the Z-axis and also

excites the TM wave. The situation is similar to case
(2), but

P(ad) = (3/8r) cos2ap. (13)

B. Radiation in the Substrate
From Fig. 2 we can obtain the amplitude in the a3

direction:

t = t 3 exp(ix0kj cosal)t1 + r 2r13 exp[i(B - 612)] + * * *.

+ t 3r12 expli[(2h - xo)kl cosal - 61211

X 1 + r 2r13 exp[i(B - 612) + * * *}

= t13fexp(ix 0kj cosal) + r 2 exp[i(2h - xo)kl cosal - 61211/

X 1 - r12r13 exp[i(B - 612)11,

1 + r 2 + 2r 2 cos(B - 2xokl cosa1 - 612)1
= t 1 2

1 + r 2r13 - 2r12r13 cos(B - 612)
(14)

For 0 S a3 < arcsin(nc/ns) corresponding to 0 < a <
arcsin(nc/nf), there are internal reflections at both in-
terfaces: 612 = 0 for TE; 12 = 0,r for TM, so
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2 [1 + r12 + 2r12 cos(B - 2xokl cosa
L=t 1 +r 2 r 3 -2r 12 r3 cosB

For arcsin(n,/n) < a3 < 900, corresponding to arc-
sin(nc/nf) < a < arcsin(ns/nf), there is total reflection
at interface 1, so

tan(612/2) = (nf sin
2
a, -n 2) 

1 2 /(Klnf cosal),

K, = 1 for TE; K = nc/nf for TM,

The transmittivity on interface 2 is

T= * n, cosa3
K2nfcosa1

K2 = I for TE; K2 = n2/nf for TM.

P(a 2 )
(15)

40 50 60 70 80 90
a2 (in degree)

Fig. 3. Angular power distribution in the cladding.
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The angular power distribution in the substrate is

P(a3) = T13 P-(a)d0j/dQ3 T 3P(al)n2 cosa3/(nf cosal). (21)

The expressions for Pa(al) are shown as Eqs. (11)-
(13) for three orientations of the dipole. The radiative
power per unit dk in the substrate is

90 30 20 1 0

a3 (in degree)

Fig. 4. Angular power distribution in the substrate.

2 n/2

P.s+, = 2 o P(ad) sina3da3.

The reason we call it P 2+lc will be seen later. For the
guided mode, the denominator in Eq. (15) is zero, so
this method is useless.

We take an example to show the calculated results.
This waveguide sample was made by dipping a fine
solution of rhodamine 6G and polyvinyl in acetone and
n, = 1, nf = 1.54867, ns = 1.51, h = 5.30 Am. We
calculated the angular power distribution and power
per unit dek for three cases. The angular power distri-
bution in the cladding and in the substrate is plotted in
Figs. 3 and 4. In the cladding we assumed that x0 = 0;
0.1 h; ... h, then averaged the results. The distribu-
tion curves in Fig. 3 are so smooth that eleven positions
are enough. The distribution in the substrate fluctu-
ates and is sensitive to dipole position x0, so we needed
to take more positions, for example, 1001 points, to
calculate the average value.

Seen from another point of view of the mode, 0 < a3
< arcsin(n,/n,) corresponds to the right-hand side of
Fig. 4, which is part of the substrate cover mode. The
left-hand side is the substrate mode, corresponding to
arcsin(n,/n) <a 3 <900. If the substrate has a certain
thickness, the right-hand side will pass through the
substrate to air, which we call the lower cladding.
When using the prism to couple out the film modes, the
left-hand side will also be coupled out.

The powers of these two parts can be calculated by

900

Ps = Ja~rcsin~ P(a3) sina3da3,
arcsin(nj.nJ)

arcsin(n'P/nS)

P = P(a3) sina~da3.

(23)

Here P, is the power in the substrate, while PI, is the
power in the lower cladding. In this example, the
angle arcsin(n,/n,) is equal to 41.47°.

The total power distribution of the substrate, clad-
ding, and lower cladding can be calculated using Eqs.
(23), (10), and (24). We assumed the power in the
substrate to be 1 to normalize the powers in the clad-
ding and lower cladding for two TE, TM polarizations
separately. According to the statistics for isotropical-
ly oriented dipoles, there is a third possibility for the
dipole oriented at the X-axis, 1/3 at the Y-axis and 1/3
at the Z-axis. We can calculate P., Py, and P, sepa-
rately, then take the average. P., Py, and P, represent
the power excited by the dipole oriented at the X-, Y-,
and Z-axes. The average power radiated per dipole is

P = 1/3(P + P + P),

the power of TE, PTE = PY, and the power of TM

PTM = Px + PZ.

(25)

(26)

The calculated results of this sample are listed in
Table I.

III. Method 2: The Power Distribution of Modes
Seen from another point of view, the field generated

by a dipole of strength J in Fig. 2 can be expressed as

E = > ejEj exp(iojz) + rad mod,

H = E ejHj exp(ifljz) + rad mod,

(27)

(28)

(24) where] is the order of the guided mode. Here we omit
the factor exp(iwt) and abbreviate the substrate mode
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Table 1. Power Distribution In Substrate and Cladding

cladding lower cladding substrate

TiE 0.1823 0.2593 1

InM 0.2107 0.2325 1

and substrate cover mode, because first we only con-
sider the film modes.

We use the reciprocity theorem, 6

V (HlE; + H;E,) = J E; + J2* El, (29)

for the derivation of Eq. (29), see Appendix B. We
insert Eqs. (27) and (28) into Eq. (29) as E1, H1 , and E2,
H* are equal to the fields of the jth film mode on the
source-free waveguide, so = 0, and

E = E; exp(i#ljz),

(30)
H; = H; exp(ifljz).

Using the orthogonality condition and the power ex-
pression

Ej X Hk 2dxdy

(31)

= E; X H 2dxdy = {N j k,2 t~~j, = k,

and the formula

jV * Adv = f, A nds,

we have

- 4 Njej = JJ Jl .E; exp(-i#jz)dv,

so

e= 1 -I J . E exp(-ipjz)dv.

The power of the jth mode is

P =2 Re( E X H* .2ds)

(32)

(33)

(34)

Eyj(xo) = Ef cos(kfxo - 0),

Nj = - | Ej X Hjd = ' Ef2heff,

(37)

(38)

where Nj is the power per unit guided width of the jth
mode, and heff is the effective film thickness. We
obtain power P of the mode whose effective refractive
index is N, carried by every unit guided width as fol-
lows:

pP - 2C&4J cos 2(kfxo -. 0)
PY=2lheff

- W4J2 cos2(kfxo - 0s)
2kX NHeff (39)

where Heff = heff/X.
(2) TM mode generated by the dipole oriented at

the X-axis. From Eq. (34) we obtain

e = - 1N JEj(xo).

Since (see Appendix C)
Ex = (/we)Hy, e is the dielectric constant of the film,

Hyj(xo) = Hf cos(k/xo - (P)

Nj = ExHydx f

we can obtain

P.= 2 f cos 2(kfxo - Xs)

kJ 2
N cos 2(kfxo-s)

2coeOX nf2lHeff

Here we use the relation

nf= /.

(40)

(41)

(42)

(43)

=2- 1/2 fS J ejI2Ej X Hjdxdy = 2Iejj2N. (35)

We multiply by two because the wave propagates back-
ward and forward.

Now we can calculate the power emitted by three
different oriented dipoles separately.

(1) TE mode generated by the dipole oriented at the
Y-axis. From Eq. (34) we obtain

(3) TM mode generated
the Z-axis. Now

ej = - JEzj(xo).

From Appendix C,

E = -(i/we)aH,/Ox,

(44)

(45)

by the dipole oriented at

(46)

(47)

so

Ezj(xo) = (i/we)Hfkf sin(kfxo - );

where Eyj(xo) is the field of position x0 in the film.
According to the formulas expressed in Ref. 5 (see
Appendix C),

(48)

insert Eq. (48) into Eq. (46), then insert Eqs. (46) and
(43) into Eq. (35). Finally we obtain the power gener-
ated by the dipole oriented at the Z-axis:
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kJ2 (n2 - N2) sin2 (kfxo - f)

2weoX NnfHeff

Comparing Eqs. (39), (44), and (49), the following
factors have the same value:

wA k 1= F, (50)

2kX 2oX 2X-

where , = ,o. We are only interested in the ratios, so
the value of F is not important. We calculate the
second factors in Eqs. (39), (44), and (49).

We can consider the substrate mode in the same way
as the film mode; the only difference is that the effec-
tive refractive index N of the substrate mode is contin-
uous from n, to n. We always choose the transverse
propagation constant k2 in the substrate as an integra-
tion variable. The power of the guided width of every
unit is integrated from k8 = 0 to k2 = k(n 2- n2)1/2.

Now the field in the waveguide can be expressed as

E = film mode

k(n2.-n,2)1/2

+ J e(k,)E(k,) exp[ifl(k,)z]dk, + sub cov mode, (51)

H = film mode

h(n2_n2)1/

+ I e(k.)H(ks) exp[i,3(k,)z]dk, + sub cov mode. (52)

Here we also omit the factor exp(iwt) and abbreviate
the film mode and substrate cover mode.

Equation (31), the orthogonality condition, and the
power expression change to

2||E X H 2dxdy = JJ E X Hk dxdy

= N(k-)B(k - ). (53)

where 6(k, - ks) is the delta function.
The power of the total substrate mode is

P' 1Re IEX H* -dsl
2 ()

= fff e(ks)E(ks)e*(ks)H*(ks)dksdksds

= Jk 2le(ks)I2N(k,)dk,.

Inserting Eqs. (55)-(58) into Eq. (54), power P' of the
substrate mode, which is carried by every unit guided
width, can be obtained:

= Jk(n
2
-n

2
)l

2
j2

= Jo 2 7r#

X
cos 2[kf(xo - h) + f]

1 + [(nf2 - n)/(n2 - N2 )] sin2(oc - kfh)
dk,. (59)

(2) TM mode generated by the dipole oriented
along the X-axis. From Eq. (34) we now obtain

e(k) =-4N( ) JEx(xo) = - J() y(xo); (60)

here we use Eq. (41) again. From Appendix C we know
that

Hy(xo) = Hf cos[kf(xo - h) + XJ,

N(k ) = i3 H
4weon,

(61)

(62)

M = Hf[1 + (qn2/nsf) . (nf n)/(ns -N2) sin2 ( - kfh)]. (63)

Inserting Eqs. (60)-(63) into Eq. (54), power P is

n
2
J

2
k(n.-n,)1

/2

PX = 4 0
2rweonf o

X
3 os 2[kf(xo - h) + O,]dk3

1 + (qsn,/nf2) [(nf2 - ns/(ns -N2)] sin2 ( - kfh)
(64)

where we have again used Eq. (45).
(3) TM mode generated by a dipole oriented along

the Z-axis. Now

e(k) =-4N( ) JE2(xo),

E = -(i/we)aHy/x = (i/we)kfHf sin[kf(x - h) + 0j]

(65)

(66)

Inserting Eq. (66) into Eq. (65), then inserting Eqs.
(65), (62), and (63) into Eq. (54), we can obtain power

Dz.

P -
27rweonf o

X

(54)

We also discuss three different oriented dipoles.
(1) TE mode generated by the dipole oriented at the

Y-axis. From Eq. (34) we now obtain

e(k5) = - 4N(k8) JEy(xo). (55)

From Appendix C we know that

Ey(xo) = Ef cos[kf(xo - h) + 'kj,

N(k8) = E2
4wE-

E2= Ef2 fi + [(nf2 - n2)/(n2 - N2)J sn 2(o - kfh)j.

(56)

(57)

k' sin2 [kf(x0 - h) + O]dk8
J#11 + (qn,'/nf)[(nf2 - n)/( -N

2
)] sin

2
(- kfh)I (67)

For simplicity, let I = ks/k, and from Appendix C we
know that k' = n' k 2

-
2 and f = kN. Inserting these

into Eqs. (59), (64), and (67), the following factors have
the same value [compare with Eq. (50)]:

COg k2
_1 I = 2F

2ir 27rweo X eO
(68)

So we can obtain expressions of the power of the sub-
strate mode as follows:

Fi = 2Fp' (i = x, y, z),

2 (2)1n2 cos 2[kf(x 0 -h) + 0,ldl,
(58) P J _ 12)1/2 1 + [(nf - n)I12] sin2 (C-kfh) (
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Table 11. Effective Refractive Indexes of the Sample

Order 0 1 2 3 4 5

N (TE) 1.54766 1.54465 1.53966 1.53268 1.52381 1.51338

N (TM) 1.54764 1.54456 1.53945 1.53234 1.52331 1.51278

Table 111. Power Distribution In the Film and the Substrate

film mode substrate
0 1 2 3 4 5 mode

TE 0.0590 0.059C6 0.0587 0.0582 0.0569 0.0519 1

TM 0.0596 0.0595 0.0592 0.0586 0.0572 0.0510 1

Table IV. Power Distribution In Percent

film subs- clad- lower
0 1 2 3 4 5 trate ding cladding

TE 3.31 3.30 3.29 3.26 3.19 2.91 56.01 10.21 14.52

TM 3.33 3.33 3.31 3.27 3.20 2.85 55.91 11.78 13.00

W - n)1/2

x = I. 

n -n2)s/2 cos2[kf(x0- h) + 0,Jdl

n'll + [(qn'/n') (nf - n2)/12] sin
2

(6p kh) 

Pz = Io 

n2k2 sin2[kf(x, - h) + (b jdl
X - ) +

k 2n 4(n 2 _12)1/211 + [(qsn 2/n 2) (n 2- n2)/12] sin 2(0, - kh)}

We can say that
(,2 l}) l/2

Pi f r fi(l)dl, (i x, y, z), (72)

where fi(l) represents the integrand functions of Eqs.
(69)-(71).

In the cladding, the value of j3 is from kn, to zero.
From Eqs. (59) and (67), P, and P. are infinity. So the
method is useless for this area.

We take the same sample in which n = 1, nf =
1.54867, n = 1.51, h = 5.30gAm to calculate its power for
the film mode and the substrate mode. First we calcu-
lated the effective refractive indexes of the TE and TM
film modes; results are given in Table II. There are six
modes for TE or TM. These can be checked by experi-
ment.5 7

Then we calculate the average power of the dipole's
position taken at x = 0; 0.OOlh; ... h for each film
mode and substrate mode. We still assume the power
of the substrate mode to be 1 to normalize the film
mode. The power distribution in film and substrate is
given in Table III. The curves shown in Fig. 5 repre-

sent functions fi(l) vs 1 for three cases. Comparing Fig.
5 with the left-hand side of Fig. 4, the curves of both
plots are similar, and we come to the same conclusion:
the power distribution in the substrate fluctuates.

Combining Tables I and III, we finally obtain the
power distribution in each area in percent (see Table
IV).

From this example we can see that
(a) Power in the film is 20%, in the substrate

'55%, and in the cladding -25%.
(b) TE and TM power distributions in the same

order film modes are nearly the same.
(c) The lower the order of film mode the larger is its

power. If there are more film modes, there is not too
much difference in the lower-order modes, but it is
evident that the power of the highest one is much less
than the others. Sometimes it will be difficult to find
the highest one in the experiment.

If the parameters of the waveguide are changed, the
percentage will be changed but not too much. When
the film is thinner, the number of film modes is less and
the power of each mode is larger.

IV. Experiments

A. Experiment 1: Comparing the Powers of the Same
Order Film Mode of TE and TM

When we measured the luminescent spectrum of the
above sample, we also compared the powers of TE and
TM in the same order.

The experimental equipment is shown in Fig. 6. We
used a green Ar laser to improve the Rh6G emittance,
because the peak of the absorption spectrum of Rh6G
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530 600 700 A nm)

Fig. 7. Luminescent spectra of TE and TM in the same mode
(Rh6G).

Fig. 5. f(l) versus 1.

Fig. 6. Power of TE compared with that of TM emitted bylumines-
cent particles.

is near this wavelength. The angle of incidence on the
prism can be adjusted at one of the coupling angles, so
that more energy will be coupled into the film; this also
strengthens the luminescent light coupling out from
the prism. If a piece of paper is positioned at A, we see
several mode lines. We then used a lens and mirror
system to focus one line on the entrance slit of a mono-
chromator. Behind the exit slit of the monochromator
we used a lens to focus the light onto a photodiode as a
detector. For this kind of sample, the same order
mode lines of TE and TM overlap. We can measure
the luminescent spectra of TE and TM in turn by
turning the polarizer, which is placed in front of the
monochromator, and we compare the peaks. The
lock-in technique is used for improving the signal-to-
noise ratio.

The curves, intensity vs X, printed by the X-Y re-
corder, are shown in Fig. 7. The TE and TM powers of
the same order film mode, emitted by Rh6G particles

Fig. 8. Power of each mode is compared.

are almost the same.
results.

This agrees with the calculated

B. Experiment 2: Comparing the Power of Each Film
Mode

The experimental setup is shown in Fig. 8. We used
cylindrical lens 1 as a coupling prism and adjusted the
center of the cylinder to agree with the axis of the
rotary table. A small focus cylindrical lens 2 is also
mounted on the prism table, which is located above the
rotary table. The Ar laser light passes through cylin-
der 2 to make a sharp yellow line on the film. This is
the luminescent light emitted by the Rh6G dipoles
after absorbing the Ar light.

A long black tube, with two pinholes and a detector
connector, is fixed on the rotary table, and its axis is

20 June 1990 / Vol. 29, No. 18 / APPLIED OPTICS 2751
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Fig. 9. Power of each mode.

adjusted through that of the rotary table. A filter is
fixed in front of the tube to absorb the green light from
the Ar source.

To make the gap between the bottom of cylinder 1
and the film uniform, we evaporate a film, for example,
a glass film, on the Rh6G film. Positioning a piece of
paper in front of the filter at 0 - 600, we can clearly see
some mode lines. Therefore we can use the rotatable
detector to measure intensity vs 0 to show the power of
each mode.

The condition of coupling is np sinO = N, where np is
the refractive index of cylinder 1 and N of the lower-
order mode is larger, corresponding to the larger 0.
There are six modes of which the results are shown in
Fig. 9. There are scattered light and substrate cover
continuum besides the modes. In our experiment it
was difficult to separate them. In the small area of the
guided modes, it makes a little difference to the back-
ground. The resolution power of this measurement is
not very good, nevertheless we can still say that the
order of mode is lower, its power is larger. The intensi-
ty of the lower-order mode is higher, but it occupies a
smaller space in the 0 direction. The powers of these
lower-order modes are almost the same, but the high-
est one is much less than others.

C. Experiment 3: Measuring the Angular Power
Distribution in the Cladding

Using the same experimental setup shown in Fig. 8,
we removed cylinder 1. When the rotary table is
turned, we can measure intensity vs 0. The result is
shown in Fig. 10; we did not use the polarizer, so that is
the total angular power distribution. The outline is
similar to the curve in Fig. 3. The power in the perpen-
dicular direction is the largest. The horizon dip angle
is bigger, the power is larger.

V. Conclusions
Theoretical calculation shows that the power in the

film is -20%, in the substrate -55%, and in the clad-
ding -25% for our sample. It has not yet been proved
by the experiment, but according to our calculation,
some results have been experimentally proved:

(1) For a luminescent waveguide, the powers of TE
and TM of the same order mode are almost the same.

(2) The order of film mode is lower, its power is

II~~~~~~~ 

0 ' * * ' 24.5 49 73.5 90
0 (in degree)

Fig. 10. Angular power distribution in the cladding from Experi-
ment 3.

larger. If there are more modes, the powers of these
lower-order modes' are not much different.

(3) In the cladding, the angular power distribution
is: the horizon dip angle is bigger, the power is larger,
and the power in the perpendicular direction is the
largest.

This theoretical analysis may also be useful in con-
sidering other kinds of activated waveguide.

The authors wish to thank J. F.van Weers and J.
Baxter for making part of the experimental equip-
ment.

Appendix A: How to Normalize the Angular Power
Distribution Pas(a) Emitted by an Electronic Dipole in an
Unbounded Medium

The position of the dipole is taken as the origin of the
coordinates, as shown in Fig.11. We examine the time
average Poynting vector S at an arbitrary point
M(r,0), so x = r cos0, y = r sinO sin0, z = r sinG cost,
and the direction cosines are cosa = x/r, cost = y/r,
cosy = zir. The total power Ptot through the surface of
a sphere with radius r can be obtained by integrating
dQ = sin~d~d0 over 0,0 to r and 0, 0 to 27r. Finally, the
angular power distribution P(a) normalized can be
obtained by dividing S by Ptot. We also discuss three
cases separately.

(a) If the dipole of strength J is placed along the X-
axis, the time-average Poynting vector is

S = sin2 ar = Sr.
32ir2cr2

In short, let W = oW4J2/(322r2cr2), so S = W sin2a.
The total power through the surface of a sphere with
radius r emitted by this dipole is

2ur

Ptt = S sinadado = 2W J sin 3ada = (8r/3) W.

So

PQ(a) = SiPtot = (3/87r) sin2
a.

In this case P (a) is rotationally symmetric about the
X-axis, i.e., independent of the azimuth angle 0.

(b) If the dipole is placed along the Y-axis, then S =
W sin2i3, and
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Fig. 11. Dipole positioned on the origin.

sin 1 = 1-cos
2
# = (X

2
+ y

2
)/r

2
= cos

2
O + sin

2
0 cos

2
0.

The total power emitted by this dipole is
2r 

Pt W(cos 2 0 + sin20 cos2k)dOdk = (87r/3)W.

So

P,(a) = SIPtt = (3/87r)(cos
2

+ sin
2
0 cos

2
0).

If we only take account of the XOZ plane, then 0 = 0,
and calculate the radiation power per unit do to repre-
sent the whole situation as in Fig. 2, P. (a,) = 3/(87r).

(c) If the dipole is placed along the Z-axis,

S = Wsin
2

y,

sin 2 = cos
2
O + sin

2
0 sin

2
0,

27r sr

Ptt= jJ |W(cos2O + sin2O sin24)dekX = (8Xr/3) w.

Table V. Some of the Formulas

TE TM

relation H =E -E =0 E Hx= Hz =O
y

of field Hx= _( /)Ey 

compo- x= Y

nents Hz=(i/),-Ea /ax Iz= -(i/e) H /ax

EY=E cexp(-rC(x-h)3,h'x HY=HCexp[-rC(x-h)), h<x

Ey=Efcos(kfx-0.),Ox<h HY=Hfcos(kfx-)t) 0Pxch

film EY=Esexp(rSx), xc0 HV=Hsexp(rSx), xco

mode tan'Ps= r/kf tan s= (n n ) 2rs/kf

P= _)fdxExrHX=(0/Z.)fheff P=2jdxE xHy r H fheffI'f

h eff=h+l /rS+l'Twc heff=h+l/(rSq6 )+l/(r qc)

qs=(N/nf )2+(N/n ) 2_1

qc=(N/nf) 2+(N/n ) 2_1

Y=E exD[-r C(x-h)] , hx HY=Hexp-r(x-h)], hx

E Yfcos(kf(x-h)+%J3 ,0cxh HY=HfCOSkf(x-h)+c] ,0<x-h

B =Es cos(k sX+f), x<0 HY =HSCos(ksx++), x O

substrate tant = r/kf tan -= (nf/nC) rC/kf

mode 22 2 2 2

E2S=E 2( + f sin2(+kfh)l H2=Hf [1+ qn 5 f sin2(+ ek h)
S f n2_N _f n 2(n 2-N2)C 'f

s ~~~~f s

P= _2 dxE (k )H (k5 ) P=2S dxE(k )H (k)

- E2 (k -k) = L I 2 (k - I
4)/A S S S W CE n2 s s s

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _S
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In this case

P., (a) = S/Ptt = (3/87r)(cos 20 + sin2
0 sin 20).

In our situation s = 0,

Pjai) = (3/87r) cos 2a, = (3/87r) sin(90 - a,).

It is reasonable to assume that the total power emitted
by a dipole is the same, no matter how it is placed.
After normalizing we can compare these three cases.

Appendix B: Derivation of the Reciprocity Theorem
There are two solutions of Maxwell's equations,

E1 ,Hj and E2,H2, so,
V X E1 = -iwuH, (Bi)

V X H = J + ieEl, (B2)

V X E2 = iH2, (B3)

V X H; = J2 -iweE2. (B4)

From [Eq. (B1)] H* + [Eq. (B3)] H1, we obtain
H2 (V X El) + H, (V x E) = 0, (B5)

and [Eq. (B2)] E* + [Eq. (B4)] * El,
E2-(VXH,)+E,-(VXH2) =J,-E;+J;-E,. (B6)

Then from Eqs. (B6) and (B5) and using the formula
V-(aXb) =b-(VXa)-a-(VXb), (B7)

we obtain

V.(Hl XE;+H2XEl) =J,-E;+J2-E,. (B8)

Appendix C: Some Formulas from Ref. 5
For convenience, some formulas from Chap. 2.3 in

Ref. 5 are listed as follows: some symbols and their

defining equations are k is the wave vector in free
space; X is the free-space wavelength; N is the effective
refractive index; A is the propagation constant;

k = 2r/X, = kN; (Cl)

ki (i = c;f;s) is the wave vector in the cladding; film;
substrate; ri (i = c;s) is the attenuation constant in the
cladding; substrate;

k2 = n2k2-2 = -r2

2= k2 _2

k2= n2k2
- 2 = -r ;

(C2)

(C3)

(C4)

OM = c;s) is the phase shift on the border of the
cladding; substrate; heff is the effective thickness.

Table V shows some of the formulas concerned.
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