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A Novel Nonlinear Programming Model
for Distribution Protection Optimization

Eduardo Zambon, Débora Z. Bossois, Berilhes B. Garcia, and Elias F. Azeredo

Abstract—This paper presents a novel nonlinear binary pro-
gramming model designed to improve the reliability indices of a
distribution network. This model identifies the type and location
of protection devices that should be installed in a distribution
feeder and is a generalization of the classical optimization models
given in the literature. This new approach is more flexible and
leads to better placement solutions. Numerical results of the tests
performed on real feeders are presented for analysis. Further-
more, we make the reliability data of the 36 feeders that were used
in our work available to the research community.

Index Terms—Nonlinear integer programming, power distribu-
tion protection, power distribution reliability.

I. INTRODUCTION

R ELIABILITY of distribution networks is a permanent
concern for electric utilities and is usually evaluated

and regulated by an utility board or similar commission. To
quantify the quality of the utilities’ services, reliability indices,
such as the ones presented in [1], can be used. In this paper, we
focus on two of the most commonly used customer oriented
indices: system average interruption frequency index (SAIFI)
and system average interruption duration index (SAIDI).

To reduce the effects of failures in power distribution, protec-
tive devices, such as reclosers, fuses, and isolating switches can
be installed, increasing the reliability of a network and, there-
fore reducing its SAIFI and SAIDI indices. This paper presents
a method to minimize the SAIFI or SAIDI index of a distribu-
tion feeder. It does so by identifying where the protective de-
vices should be installed and which types should be used, while
ensuring that operational and cost constraints are satisfied.

A significant amount of research has been developed about
the topic presented here. For brevity’s sake, we limit our litera-
ture review to works that focus on mathematical programming
models. To our knowledge, Soudi and Tomsovic were the first
to present a mathematical programming model to minimize the
SAIFI index of a feeder [2]. Initially, the authors propose a bi-
nary programming model with a nonlinear objective function
subject to linear constraints. From now on, we shall refer to a
problem with those characteristics as a nonlinear binary pro-
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gramming (NLBP) model. To employ a commercial software
package that can solve linear integer programming problems,
they use a simple technique to transform the nonlinear objec-
tive function to a linear one, thus ending with a linear model of
binary decision variables. Here, we call that a linear binary pro-
gramming (LBP) model. To limit the amount of complexity of
the LBP problems to be solved, Soudi and Tomsovic perform a
heuristic division of a distribution feeder in one main line and
zero or more lateral lines, each classified in one of three cate-
gories. A shortcoming of the model by Soudi and Tomsovic is
that it does not take into account the interrelated effects of fail-
ures between the main line and the laterals, which can lead to
suboptimal solutions. Additionally, Soudi and Tomsovic briefly
discuss some “utility practices” [2] that were used to define the
heuristic division employed. However, it should be noted that
each utility has its own set of practices that may be different
from the ones employed in the model by Soudi and Tomsovic,
hence hindering or even preventing the use of the model given
in [2] by some utilities.

In [3], Soudi and Tomsovic present a similar variant model
that can be used to minimize the SAIFI or an average system
interruption frequency index (ASIFI) index of a feeder, or min-
imize the cost of protective device acquisition while ensuring
some desired indices levels. Later, in [4], these same authors dis-
cuss the worst-case analysis for the computational effort needed
to solve their model and show how the feeder division can bound
the problem complexity. Finally, in [5], Soudi and Tomsovic
propose the use of goal programming, together with their orig-
inal model, to search a balance in the optimization of more than
one reliability index simultaneously.

Following the work of Soudi and Tomsovic, Bupasiri et al.
[6] developed an NLBP model to minimize the total mone-
tary cost of distribution reliability. That total cost is the sum of
outage costs, life-cycle costs of equipment, and investment costs
on protective devices. Bupasiri’s formulation is more complete
than the original one by Soudi and Tomsovic [2] since it explic-
itly handles the effect of isolating switches on the SAIDI index.

Also based in the original model by Soudi and Tomsovic [2],
Silva et al. [7] present another NLBP model to optimize the
SAIFI index of a feeder. Silva’s model considers the interrelated
effects of failures between the main line and the laterals. Silva
uses the same form of feeder division proposed by Soudi and
Tomsovic, originally devised to limit the interrelated effects of
failures between each part, only to arrive at a final model that
seeks to exactly take these interrelated effects into account.

Again, based in [2], Sohn et al. [8] propose an NLBP model
to minimize the total cost of reliability. Sohn’s model is sim-
ilar to that of Bupasiri’s [6] and handles the effects of isolating
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Fig. 1. Simple seven-section feeder [2].

switches in the objective function, since it has terms to repre-
sent maneuvers, such as upstream and downstream restoration.
As in [7], they wish to take the interrelated effects between the
main line and laterals into account. The authors also employ the
same form of division of Soudi and Tomsovic.

This paper presents a new NLBP model to minimize the
SAIFI or SAIDI index of a distribution feeder. As in [7] and
[8], we seek a model that can fully represent the interrelation
of protective devices. We, however, depart from the established
notation and feeder division of [2], and end up with a general-
ized model that can handle the one from Soudi and Tomsovic
as a particular case. From now on, for brevity, we shall use
the term ST model to refer to the original model of Soudi and
Tomsovic proposed in [2], and the term ZB model to refer to
our model presented here.

II. PROBLEM DEFINITION

In this section, we present some concepts required to state the
problem definition. Some of these concepts are defined in [1].
We briefly give them here for completeness.

A. Network Structure

Regarding the distribution task within itself, we can assume
that a substation is the source of electrical power. The distribu-
tion network served by the substation is subdivided in one or
more distribution feeders. Each feeder, in turn, is split into one
or more sections. A section encompasses a geographic region
and is formed by the primary and secondary distribution cabling,
transformers, capacitors, voltage regulators, etc. In our alloca-
tion problem, we can safely abstract from most of this phys-
ical configuration: only some general information is required
for each section, as detailed in Section III.

Since this is the most common form of network configuration,
we assume that each feeder of the substation is radially operated
(i.e., we consider that the substation is the only source of electric
power in the network and that each feeder is isolated from each
other). For simplicity, we do not take switching between two
feeders connected through normally open switches into account,
such as downstream restoration.

From the aforementioned considerations, we can represent a
feeder using a tree structure, as shown in Fig. 1, where each
node represents a numbered section of the feeder, and each edge
shows a dependency on the power flow between the two nodes.

This feeder in Fig. 1 is the same one presented by Soudi and
Tomsovic in [2]. Section 11 is marked as the root of the tree
and is considered to be part of the substation. Usually, a breaker
is installed in . Since the feeder is radially operated, the feeder
tree root can be regarded as the source of the electric power,
which flows toward the tree leaves. From now on, we shall use
the terms section and node, and distribution feeder and feeder
tree interchangeably.

B. Failures and Interruptions

An interruption is defined [1] as a complete loss of electrical
power to one or more customers. Each interruption can be clas-
sified by its duration as either momentary or sustained. As de-
fined in the IEEE Standard 1366 [1], to be considered momen-
tary, an interruption should not exceed 5 min; otherwise, it is a
sustained one. The failures that occur in the distribution feeder
are also divided in two types: 1) temporary and 2) permanent.
Temporary failures are events that clear themselves away after
a short period of time. As an example of this type of failure, we
can consider a brief short circuit between two phases of an over-
head line. A temporary failure can cause either a momentary or
a sustained interruption, determined by the type of the protec-
tion device it activates. Permanent failures are the ones caused
by more serious events, such as the fall of a pole. A permanent
failure always causes a sustained interruption to occur, and re-
quires the dispatch of a repair crew to fix it.

A failure always propagates upstream, toward the root of the
feeder tree, until it reaches a node where a protection device is
installed. Taking Fig. 1 as an example: assuming that no protec-
tive device is installed except at node 11, a failure in section 41
would propagate through nodes 14, 13, and 12, until reaching
the breaker at 11.

C. Protection Devices

An electric utility must follow two lines of action regarding
failures in the distribution network: prevention and mitigation.
Prevention covers tasks that should be performed to diminish
the occurrence of faults (e.g., trimming of trees close to over-
head lines). On the other hand, should a failure occur, its ef-
fects must be mitigated to a minimum acceptable level. A single
failure should not cause all of the customers of a feeder to be
interrupted, for example. To handle the effects of failures, util-
ities install protection (or protective) devices along the distri-
bution network. Here, we use the term recloser to represent
the three-phase automatic sectionalizing devices that are treated
equally by the model: line reclosers, breakers, sectionalizers,
and interrupters. Similarly, the term “fuse” is used to represent
low-cost sectionalizing devices that lack reclosing capability.
As noted in [2], after finding a solution to the NLBP problem,
the decision-maker can select which type of three-phase device
to use, based on the type of circuit and coordination concerns.

The relation between failures and protective devices consid-
ered in this work is as follows.

• A permanent failure always causes a sustained interruption
regardless of the type of protective device that it activates.

• A temporary failure can be cleared by a recloser, causing
only a momentary interruption, but will cause a sustained
interruption if it reaches a fuse.
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We also assume that all protective devices operate properly
and that they are installed at the beginning of the sections. Thus,
an interruption in section , where a protective device is located,
affects all customers from that section and all others in the sec-
tions downstream . From now on, every time we say “all sec-
tions downstream ,” we want to include section .

D. Reliability Indices

The most common reliability indices are defined in [1]. The
SAIDI index of a distribution network can be calculated with
the following definition:

Customer interruption durations
Total number of customers served

(1)

and the SAIFI index by

Total number of customer interruptions
Total number of customers served

(2)

Equations (1) and (2) can be used to calculate the SAIDI
and SAIFI indices of a feeder, given the history of interruptions
within a period of time (usually a year.) However, we want to
estimate the value of an index that a given configuration of pro-
tection devices will yield. Thus, we have to define new formulae
for the estimation of a feeder’s SAIDI and SAIFI indices. The
SAIDI index estimation can be calculated by

hours year (3)

and the SAIFI index estimation by

interruptions year (4)

where

set formed by all sections of a feeder;

number of customers in section ;

total number of customers on the feeder;

estimation on the number of hours per year that a
section is without service; and

estimation of the number of interruptions per year
suffered by section .

To estimate and , we need to know the permanent and
temporary failure rates of each section. These rates are usu-
ally obtained from the feeder history of interruptions.

III. PROPOSED MODEL

In this section, we present the developed ZB model. An
example that shows how to apply this model to a distribution
feeder is given in the Appendix.

A. Motivation

To apply the ST model, we must divide a feeder in the main
line and lateral lines, classified in categories one, two, or three.
A category one lateral is short and its effects in the reliability
indices are subsumed in the main line. The model requires a

Fig. 2. Example of the difficulties encountered when the ST model is applied.
(a) After choosing the main line (shown in bold,), the lateral rooted at node 21
has two branches. (b) Section 22 is subsumed in node 21.

fuse to be installed in the tap of a category two lateral and a
protective device (recloser or fuse) to be present in the tap of a
category three lateral. As noted by Sohn et al. [8], due to these
restrictions, the ST model cannot deal with the effects between
sections in the main line and other laterals.

Another limitation of the ST model is that the laterals cannot
have branches. But sometimes this situation can occur in a
feeder and in order to apply the ST model, the effects of the
sections in the lateral branches must be subsumed in other
sections of the lateral, similar to what has been done with
category one laterals. An example where this situation occurs
is shown in Fig. 2. Taking the feeder tree in Fig. 2(a), we define
the main line (formed by sections 11, 12, 13, and 14—shown
in bold) and we obtain two laterals, one beginning at node 21
and the other at node 31. The latter poses no problem since it is
formed only by one section, but the former has two branches
(nodes 22 and 23.) In order to use the ST model in this case,
node 22 is subsumed in section 21 (i.e., the failures rates and
the customers of node 22 are added to the ones of section 21),
forming a new section, labeled in Fig. 2(b). If the
lateral branches are long, this limitation of the ST model is
rather troublesome since it burdens the decision-maker. After
obtaining a solution, he or she must ponder whether the devices’
placement is indeed adequate or if some equipment should be
moved to subsumed sections. Returning to the example, if the
programming problem obtained when the ST model is applied
to the feeder of Fig. 2(b) yields a solution that indicates that a
recloser should be installed in node , the decision-maker
has to decide whether the recloser is to be placed either in node
21 or in node 22.

The aforementioned problems presented led to the develop-
ment of the ZB model, designed to handle feeders with a generic
tree structure. In a more general approach, our proposed model
can also handle a feeder with arbitrary divisions, thereby in-
creasing the freedom for device allocation.

B. Arbitrary Feeder Division

Before applying the ZB model, we must specify a parameter
for each section of the given feeder. Each is defined as

the first section upstream from on which we can guarantee that
a protective device will be installed. This parameter allows us
to divide the feeder in an arbitrary fashion. In an extreme case,
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we can analyze the feeder without divisions. To do so, it suffices
to define , for all , since we assume that a breaker
is installed at the root of the feeder tree.

It is important to note that the ZB model can give us an
NLBP problem that is equivalent to the one obtained with the
ST model. In this case, the parameters should be defined in
the following way:

• for all on the main line, ;
• for each lateral and for all in is defined as the tap

of .
We call an “equivalent problem,” an NLBP problem that differs
from the one obtained with the ST model but has the same op-
timal solution.

C. Definition

This section presents the definition for the model’s objec-
tive function (OF). Initially, we define three auxiliary variables

, and . These variables simplify the OF formulation and
ease the understanding of the model. Later, these auxiliary vari-
ables are replaced by the decision variables and the final form
of the OF can be found with only some simple algebraic manip-
ulations. Binary variables , and are defined as

if a recloser is installed on section
otherwise

(5)

if a fuse is installed on section
otherwise

(6)

(7)

The main role of (7) is to establish an equality of symbols (i.e.,
instead of writing , we can just write ). From (7), we
note that variable assumes a nonzero value when any protec-
tion device is installed on , and is 0 otherwise. The situation
where has a value greater than 1 is avoided by a proper con-
straint, as shown in Section III-D.

For these three variables, we also define three opposite value
complements , and as

if no recloser is installed on section
otherwise

(8)

if no fuse is installed on section
otherwise

(9)

(10)

The model’s objective function is derived from the SAIFI
index estimation equation. The numerator of (4) can be rewritten
as

(11)

where

set formed by all sections of a feeder;

permanent failure rate of section ;

Fig. 3. Example of each set � and � . (a) The set � is formed by the nodes
along the path between � and � . Both extreme nodes are included in the set. (b)
When � �� � , the set � is formed by the nodes along the path between � and � .
Among the extreme nodes, only node � is included in the set. When � � � , the
set � is defined to be empty.

temporary failure rate of section ;

set formed by the nodes along the path between
and , including both extreme nodes;

set formed by the nodes along the path between
and , including and excluding , when and
is an empty set, otherwise;

total number of customers downstream section .

Since we know the number of customers in each section, the
values of can be calculated a priori for all sections of a feeder.
An example of the composition of sets and is shown in
Fig. 3. The set can be enumerated by starting at node and
following the feeder tree upstream through each parent until the

node is reached. Both extreme nodes are included in the set,
as can be seen in Fig. 3(a). When , that same procedure
can be used to enumerate the set , except that node must
be excluded, as shown in Fig. 3(b). When , the set is
defined to be empty. Since 1 is the neutral element of multipli-
cation, when , the term is considered to be
equal to 1.

The first term of (11) represents the impact of permanent fail-
ures of a given section when a protective device on section
is activated. We can read this term as follows: compute a sus-
tained interruption to all customers downstream section ,
weighted by the permanent failure rate of the section where the
failure occurred , if a protective device is installed in
and there is no other protective device installed between sections

and . The second term of (11) represents the im-
pact of temporary failures of a given section when a fuse on
section is activated, causing a sustained interruption. We can
read this term as follows: compute a sustained interruption to all
customers downstream section , weighted by the tempo-
rary failure rate of the section where the failure occurred ,
if a fuse is installed in and there is no other protective
device installed between sections and .

Grouping the terms of (11), we have

(12)
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Now, the auxiliary variables , and can be replaced by the
decision variables. We define variables and as

if a recloser should be installed on
otherwise

(13)

if a fuse should be installed on
otherwise

(14)

Using (13) and (14), we can rewrite variables and , and
their complements as

(15)

(16)

For variable and its complement, we replace (15) and (16) in
(7) and (10), yielding

(17)

Finally, we use (16) and (17) to rewrite (12). Rearranging the
coefficients of and , we arrive at

(18)

We could have used the normally more intuitive inverse def-
inition for the decision variables and . However, in that
case, the complement would be , and since

is part of a product operator, the number of product terms in
the objective function final equation would have been greater.
Hence, this is our choice for the counterintuitive definition of

and .
To calculate the SAIDI index of a feeder, (18) should be re-

placed by

(19)

where is the mean time to repair the failures of section .

D. Constraints

This section presents only the minimal mandatory set of con-
straints for the model. However, some operational constraints
presented in [2], similar to the ones handling coordination is-
sues, can also be employed.

For every section where we know that a protective device will
be installed, we must consider

(20)

With the remaining sections, we know that it is not possible to
install more than one protective device in each section. Hence,
the following constraint must hold:

(21)

Since a breaker is always installed at the feeder’s root, we
have

(22)

Regarding cost limitations, the following constraint is
required:

(23)

where is the number of available reclosers for allocation on the
feeder, excluding the substation breaker, and is the number
of sections of the feeder.

IV. TESTS AND RESULTS

A. Test Data

To evaluate the ZB model, we applied it to 36 test feeders
selected from the distribution network of the Central Utility of
the State of Espírito Santo, Brazil (ESCELSA). These feeders
were selected because they cover urban and rural counties and
are deemed as good representatives of the characteristics of
the utility’s distribution network. The test feeders are divided
among six substations, marked from A to F. The smallest feeder
is C7, with only eight sections; and the largest one is D1, with
246 sections.

B. Solving NLBP Problems

Due to its characteristics, the ZB model lends itself easily
to mechanization. We developed an automatic model applica-
tion program in the Python programming language that receives
as input the required information of a feeder and delivers as
output the NLBP problem using the GAMS [9] representation.
GAMS is a very popular notational language for the represen-
tation of mathematical programming problems and serves as a
common interface for different solvers, such as the BARON
solver [10]. BARON is a solver based in the branch-and-cut
enumeration method, suitable for solving NLBP problems. The
BARON solver is freely available through the NEOS optimiza-
tion server [11], [12].

Since it allows the greatest level of freedom in the placement
of protective devices, all of the tests were performed without
dividing the feeders. The optimal solutions of these problems
define a lower bound for the indices of each feeder and can be
used in comparison to results obtained with other forms of divi-
sions on the feeders.

C. Results

As a special case of integer programming, NLBP problems
are NP-hard [13] (i.e., they belong to a class of computational
problems that usually take a long time to solve). However, as
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TABLE I
MODELS RESULTS COMPARISON FOR � � �

noted in [4], a careful analysis of the problem characteristics
can point to situations where the required computational time is
greatly reduced. When using the BARON solver in our tests, we
made considerations as follows.

• We give the possibly suboptimal solution of the ST model
as an initial solution for the BARON solver since this re-
duces the required enumeration of the search space.

• As noted in [14], nearly optimal solutions are usually found
within the first minutes of solver execution. In all of the
tests presented here, we limited the BARON execution time
to 5 min.

The results for the tests performed for the allocation of one re-
closer in each of the 36 feeders are presented in Table I.
We did not limit the number of fuses available. The columns
identified as ST and ZB show the feeders indices obtained with
the ST model and the ZB model, respectively. In Table I, an
indicates that the index is the optimal solution, found within the
time limit of 5 min of execution time. The BARON solver failed
with two feeders: C1 (marked with ), after the preprocessing
routine had produced a solution; and F7 (marked with ), before

Fig. 4. SAIDI and SAIFI indices variation.

a feasible solution could be found. Both cases were due to the
limitation of 32 MB of memory available for the BARON solver
in the NEOS server.

To find the significance level of the results obtained in our ex-
periments, we used the Wilcoxon signed-rank test [15], a statis-
tical test that is nonparametric (i.e., that can be employed when
we do not know the probability distribution of the data). We per-
formed two Wilcoxon tests, one for each index in Table I, taking
as the null hypothesis that the values from columns ST and ZB
have an average difference of 0. In both tests, the -values ob-
tained were smaller than (i.e., we can reject the null hy-
pothesis with a degree of confidence of greater than 99%). An-
alyzing the results in Table I, we can see that the average im-
provement at the SAIDI and SAIFI indices is approximately
20%. Thus, from the ST/ZB ratio and the Wilcoxon tests re-
sults, we can conclude that the greater liberty on the protection
devices allocation provided by the ZB model indeed leads to
better configurations.

We also performed tests for the allocation of two, three, and
four reclosers in each feeder. The average improvement ratios
for the ZB model over the ST model can be seen in Fig. 4. It
should be noted that when the number of reclosers available
for allocation increases, the ST/ZB ratio diminishes. This oc-
curs because when the number of available reclosers grows, the
average difference between the optimal solution and any other
solution in the state space decreases. In fact, in the asymptotic
case where the number of reclosers to be installed is equal to the
number of sections of the feeder, the ratio is 1.0. Since the ZB
model is more general and less restrictive than the ST model, the
former produces better placements solutions, especially under
tight resources constraints . Additionally, the ZB model
allows the electrical utility to deliver better service with lower
cost: it maximizes the effects of each recloser employed and re-
duces the required amount of such equipment in order to achieve
a target value of a reliability index.

To allow the reproduction of the tests performed and the
validation of the results here presented, we make the data
available for the 36 test feeders. Additionally, this information
can be useful for other researchers in the same field. The
interested reader is referred to the following Internet address:
http://www.inf.ufes.br/~zambon/drd, where besides the feeders
data, the GAMS models and the BARON log files can be
downloaded. These files can also be requested either by e-mail
or traditional mail sent to the address of the first author.
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TABLE II
DATA FOR THE FEEDER OF FIG. 1[2]

TABLE III
DOWNSTREAM CUSTOMERS FOR EACH � SECTION

V. CONCLUSION

This paper presented an NBP model that is more general than
the one proposed by Soudi and Tomsovic [2] and can find better
solutions for the problem of protective device allocation in a
distribution feeder. Moreover, our model can handle arbitrary
feeder divisions and, thus, treat the original model of Soudi and
Tomsovic as a particular case. Numerical results for the tests
performed with 36 distribution feeders show the improvements
in the SAIDI and SAIFI indices obtained with our new model.
Furthermore, we make the relevant data for all of our 36 test
feeders available to the research community.

As a future work, it would be interesting to extend the pro-
posed model here to explicitly handle the effects of isolating
switches, following the models presented in [6] and [8].

APPENDIX

EXAMPLE OF APPLICATION OF THE ZB MODEL

To apply the ZB model to a feeder, the following information
is needed:

• a structural representation of the feeder as a tree of nodes;
• the permanent and temporary failure rates for each

feeder section;
• the number of customers located within the bound-

aries of each section.
To illustrate the model application, we take, as an example, the
feeder from Fig. 1, originally presented in [2]. The data required
are summarized in Table II, also taken from [2].

First, for each section of the feeder, we need to calculate the
number of customers downstream , presented in Table III.

Next, we must decide how to divide the feeder. For this ex-
ample, we want to analyze the feeder without divisions. So we
make for all sections .
To find the objective function for the minimization of the SAIFI
index, we replace the numerator of (4) by (18) and use the data
in Tables II and III, obtaining the objective function given in
(24). For ease of understanding, we included two columns in

(24) that show the and indices, and the corresponding terms
in the equation

(24)

If we have two reclosers available for allocation , the
following constraints must be satisfied:

The optimal solution for the NLBP problem defined by (24)
is an SAIFI of 3.27 interruptions per year.

In [2], Soudi and Tomsovic divide this sample feeder as fol-
lows.

• The main line is formed by the sections 11, 12, 13, and 14.
• Sections 21, 31, and 41 each form a category three lateral.

Should we want to apply that division using the ZB model, we
must make , and for

.
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