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Flow of an Oldroyd-fluid in a contracting channel with a moving boundary*) 
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Abstract: The industrial process of coating flat surfaces with polymeric 
substances is numerically simulated by solving the full equations of motion for a 
flow through a contraction with a moving boundary. The four-constant Oldroyd 
constitutive equation is used to represent the viscoelastic fluid. 

Some adjustments to existing finite-difference methods are made in such a 
way as to avoid singular iterative matrices during the solution process. 

Results are presented for flow situations with Weissenberg numbers up to 
about three times larger than any previously published results for this problem. 
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1. Introduct ion 

In production processes, in which a thin layer of  
material is coated onto a flat surface, sharp-edged 
plates close to the moving surface being coated are 
used to control the thickness of  the coated layer. The 
materials used in coating are polymer melts and 
polymer solutions which are often visco-elastic in 
behaviour.  It often happens that these coated surfaces 
show an irregular structure even when a smooth 
surface is desired. It is known that some of these 
effects are due to the high shear rate of  the fluid 
between the moving surface and the fixed controlling 
plate. 

In this paper we are especially interested in studying 
the effects which are due to the shear thinning and the 
elastic properties of the fluid. For this purpose we use 
the four-constant Oldroyd model as the constitutive 
equation. 

As a first step in modelling the physical situation of 
the coating process we consider the flow in a planar 
contraction with a moving boundary as shown in 
figure 1, the flow being induced by the parallel 
moving plane boundary.  To understand the flow be- 
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haviour we examine streamline patterns and velocity 
profiles for various fluid parameters.  

2. Formula t ion  o f  the equat ions  

2.1 Fundamentals 

To describe the behaviour of  visco-elastic fluids 
with long memory  effects under all possible deforma- 
tions implicit rheological models have to be used [1]. 
Such a set of  equations is provided by the so-called 
Oldroyd constitutive equations [2]. The complexity of  
the equations of  motion and the necessity of  taking 
into account the implicit nature of  the constitutive 
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equation require that the method of solution be 
numerical. 

Generally, these equations can be written in integral 
or differential form. For the numerical solution of 
both forms we may utilize either a finite-difference or 
a finite-element approach. All methods should 
produce similar results. Apart from the difficulties 
peculiar to each method, all these methods fail, 
without exception, to produce proper solutions for 
high values of elastic parameters, that is, for 
Weissenberg-numbers greater than of  order unity. 
Serious efforts have been made to overcome these 
difficulties [4, 6]. By some adjustments to the existing 
finite-difference methods [1, 5, 6] it has been possible 
in this work to obtain solutions with elastic para- 
meters that are two or three times larger than those 
previously possible for the flow geometry considered 
[10]. The relevant adjustments and reasons for their 
success are described. Such modifications are general- 
ly possible, independent of the particular flow situa- 
tion considered. 

21 ~ 2 2 ~ 0 and /~0 /> 0) and r/0 is the zero-shear 
viscosity. 

The following substitution is used for the stresses 
before they are substituted into eq. (1): 

P/k = fiik + 2rloeik. (5) 

With the pressure eliminated from eq. (1) and using 
eq. (5) the following equation can be obtained: 
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where x, y are cartesian coordinates (fig, 1), 

02 02 
A -  + - -  ~o= - A q ~ ,  (7) 
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2.2 Equat ions  and boundary  condit ions 

In cartesian tensors the equations of motion for 
steady flow can be written as 

Oui Op OP/s 
PUs - + , d )  

Ox s Oxi Ox s 

P6 = - P a 6  + P6 ,  (2) 

where PU is the total stress tensor, p an arbitrary 
isotropic pressure, p the density and OU the Kronecker 
delta. The four-constant Oldroyd constitutive equa- 
tion is 

' + poP/~keij = 2r/0 1 + 22 e 0 
D t  

(3) 

where e 0- is the rate of  strain tensor and ~ / D t  is the so 
called upper convected time derivative introduced by 
Oldroyd [2]. When operating on a cartesian tensor 
this is given by 

Obij Ol~ i O~lj ~ b i j  _ Obij + Z l m _  bm j _ bi m 
t 0 t OXm OXm Ox m 

(4) 

where vi is the velocity vector, 21, 22 and P0 are 
material constants each with dimensions of  time (with 

with ~ as the stream function satisfying the continuity 
equation: 

Oq~ Oq~ 
u - ; v = - , (8) 

as ox 

u, v are velocity components. 

To discuss the boundary conditions reference is 
made to figure 1. The no-slip condition is assumed at 
all rigid boundaries. At the entrance C D  and at the 
exit A B fully developed flow conditions are assumed 
to exist. The boundary C A  moves with a constant 
velocity U in direction C A .  At C D  the fully devel- 
oped Couette-flow is given by a linear velocity profile, 
the corresponding stream function is of the form 

~ ( y )  = a y ( 1  - ~ y ) ,  (9) 

where a and fl are suitable constants. 
However, at A B the velocity profile is not linear, 

but rather fully developed so that at AB,  v = 0 and 
therefore 

- 0 ( 1 0 )  
Ox 

for all y. 
At all fixed boundaries and regions with fully 

developed flow the stress equations (3) reduce to a set 
at algebraic equations, whose solution is straight- 
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forward. On the moving boundary eq. (3) reduce to a 
set of  ordinary differential equations, which can be 
solved as a two-point boundary value problem, as the 
stress values at the points A and C are known. 

where 

02~  
a = C 0  - 2 ~ 1 )  

0x 0y 

3. Numerical modelling 

The numerical modelling of  eqs. (3), (6) and (7) is 
given in detail in recent publications [1, 5]. Eq. (6) is 
discretized using central differences, eq. (7) using 
central differences for the viscous terms and upwind 
differences for the convective terms. The system (3) is 
discretized using the upwind technique [3]. The 
resulting systems of  difference equations have 
diagonally dominant iterative matrices. The succesive 
over-relaxation method (SOR) is used to solve the 
equations. For each of the variables in the iterative 
process the outer iterate is smoothed using the 
formula 

where a stands for the five different variables and k 
refers to the k th outer  iteration, (~(~)0 ~< ~(~) ~< 1) is 
the smoothing parameter for the variable a and pf~) is 
the unsmoothed k th inner iterative solution of the 
variable a. To determine the convergence of the inner 
and outer iterations we use a convergence criterion at 
all grid points of  the form 

I1 k+l vg rl ?'(cO - < ,~(~), (12) 

w i t h a  = 1 , 2 . . . , 5 .  
e(a) is generally different for different variables as 

well as for inner and outer iterations (see table 1). 
To obtain solutions for higher elastic parameters 

some modifications where made. The first of eq. (3), 
for example, can be written as 

1Pxx + ~ (u 0 + 8 ~ pxx A 
\ Ox Oy / 

= B1Pxy + CIPyy 4- F 1 . (~3) 

After discretization using upwinding the coefficient 
of  Pxx i.e. the L.H.S.  of eq. (13) has the form 

~_~ Iv [ (14) (1 + a) + ;u + ~--ff-, 

when A1 = l + a is positive and 

(1 + a) - ,~1 ~ - ~ -  ;h I Vlh (15) 

when Al is negative. The coefficient of Pyy is similar 
to (14, 15) and that of Pxy is unity. 

In the numerical solution process expressions of  the 
form (14, 15) cannot be allowed to be zero. Let us 
examine the possibility that (14) or (15) be small or 
zero. Physically this means very large or infinite 
stresses, a condition impossible in the continuum. But 
during the solution process 

- a . 1 0 "  ~<(1 + o-) ~< a .10" (16) 

is a possibility, where n is related to the machine 
capacity to hold exponents, and a is any positive real 
number (a ~< 1). The possibility of  (16) can cause 
expressions of the form (14, 15) to have infinitesimal 
values giving values for the corresponding stresses 
that are too large, causing the solution of  system (3) 
to be unstable. A possible way of  avoiding this situa- 
tion is to take the terms aPxx and/or  aPyy to the 
R.H.S. of  the respective equations of  the form (13) 
and give these terms values from the previous iterative 
solution. Theoretically the converged values are the 
same for all the arrangements. 

It may be noted that the solution often reaches 
convergence in an oscillatory manner especially for 
the stresses. In such cases the convergence is improved 
by using a fairly large smoothing factor for the 
stresses. Most of the stability and convergence 
difficulties appear to originate at and around the 
sharp corner E (fig. 1). In a solution that diverges it is 
found that changes of about 10 or even higher occur 
in the stresses whereas the stream function changes its 
value in the fifth decimal place. However the errors at 
the corner seem to remain localized. It is possible that 
truncation and roundoff  errors play an important  role 
especially when ~1 is large. We note that for A1 = 
0.5 sec the stresses vary from 0 to 1200 dyn /cm 2 
whereas the stream function is fixed by the boundary 
condition and varies from 0 to 0.375 within the field 
of calculation. 

For high Zl-values good starting values are essential 
to obtain convergence. It is best to use the continua- 
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tion method, that is, to solve the equations for 
progressively larger values of  ;tl. It is interesting to 
note that once good starting values are found the 
solution could be made to converge to smaller toler- 
ances if desired. For )t 1 = 0.5 sec (We ~ 2.5) for 
example the solution was made to converge to toler- 
ances of 10 -6 for the stream function and 10 -4 for 
vorticity and stresses. Such small tolerances are 
normally not necessary to decide on convergence but 
show the stability of  the solution. 

4. Numerical results and conclusion 

The equations for the problem are solved in a 
dimensional form. This approach facilitates the 
isolation of shear-thinning viscocity effects from 
those associated with fluid memory. The dimensions 
of the channel in figure 1 are taken as follows: 

A B  = 0.25 cm; 

B E  = 1.0 cm; 

C D  = 0.75 cm; 

F D  = 1.0 cm. 

The plane A C is taken to move with a velocity U = 
1 cm/sec, the contraction ratio A B / C D  is taken to 
1/3. Grid size A B  is divided into 5 equal parts and 
C D  into 15. 

The parameters ,~a, ]t2 and/2o are so chosen that the 
products )~1/20 and )L2/20 are kept constant, when 21 
and )L 2 are  changed. This is done in order that the 
viscosity function has the same form for all values of 
the elastic parameters. Specifically we have taken 
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Fig. 2. Velocity profiles in channel flow direction. Scaling 
factor: 0.2. Newtonian liquid (t/0 = 5 poise) 

r/0 = 5 poise, p = 1 g /cm 3, 

Aa/20 = 0.003 sec 2, 2 2 / / 0  = 0.0005 sec 2. 

These values can be considered as fairly realistic for 
polymer solutions [7]. The equivalent inelastic solu- 
tions can be obtained by taking an appropriate limit. 
This involves making 21 and 22 progressively smaller 
while maintaining the products )h/20 and 22/20 con -  
s t an t  [1]. 

Figures 2 - 5  depict the velocity profiles in the 
channel direction for a Newtonian liquid, non-New- 
tonian inelastic liquid and elastic liquids with 21 = 0.2 
and ;~1 = 0.5 sec respectively, the scaling factor used 
in these figures is 0.2. 

As far as these velocity profiles are concerned, at 
least two main features are important.  The first is the 
oscillatory behaviour of  the elastic fluid in the 
direction of the main flow, immediately before it 
enters the contraction (fig. 5). This effect has already 
been mentioned by earlier workers [1, 5, 10] and also 
been observed experimentally [11]. There is also a 
second sort of  oscillation, namely, across the main 
flow direction. This is clearly seen by comparing the 
plots of  the velocity profiles (figs. 2 -  5) as well as in 
the plots which show the positions of the velocity 
maxima for inelastic and elastic liquids (figs. 6 and 7). 

Figure 6 shows the positions of  the velocity maxima 
for a Newtonian liquid with viscosity of 5 poise, 
whereas figure 7 compares the profiles of  the posi- 
tions of velocity maxima for a non-Newtonian in- 
elastic and an elastic liquid with 2j = 0.5. 

A c 
Fig. 3. Velocity profiles in channel flow direction. Scaling 
factor: 0.2. Non-Newtonian inelastic fiquid 

D 

¢ 
Fig. 4. Velocity profiles in channel flow direction. Scaling 
factor: 0.2. Elastic liquid (21 = 0.2) 

¢o 

Fig. 5. Velocity profiles in channel flow direction. Scaling 
factor: 0.2. Elastic liquid (;~ = 0.5) 
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The elasticity produces distinct changes in liquid 
velocities near the contraction. It is seen that, for 
elastic liquids, higher liquid velocities exist near the 
rigid boundary close to the corner E than for the 
inelastic counterpart.  This gives rise to a sort of  plug 
flow away from the corner at the entrance area. Such 
effects have been predicted by earlier workers and 

also observed in experiments [1, 5, 9]. The plots of  the 
velocity profiles also show that the entry length is 
larger for elastic liquids than for Newtonian and non- 
Newtonian inelastic liquids. 

Figure 8 shows the streamlines for a Newtonian 
liquid with constant shear viscosity, whereas in 
figures 9 to 11 we have plotted the streamlines for 
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Fig. 6. Positions of velocity maxima. Scaling factor: 1.0. Newtonian liquid (r/0 = 5 poise) 
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Fig. 7. Positions of velocity maxima. Scaling factor: 1.0. - Elastic liquid (;tl = 0.5), • - - non-Newtonian inelastic liquid 
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Fig. 8. Streamlines for a Newtonian liquid (r/0 = 5 poise) 
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inelast ic  and  elastic l iquids.  It is in teres t ing to m a k e  
an obse rva t ion  regard ing  the rec i rcu la t ion  a rea  near  
the corner  F .  F o r  the  f low pa rame te r s  ut i l ized in the 
present  ca lcula t ions  this a rea  shows li t t le f low act ivi ty  
and  the size o f  this zone decreases  with increas ing 

elast ici ty.  It is also seen tha t  an increase  in elast ic i ty  
displaces  the rec i rcula t ing area  away  f rom the cross- 
wall  EF, t owards  the para l le l  wall  FD (fig. 8 - 1 1 )  
fa r thes t  f rom the moving  plate .  In o ther  words ,  with 
increas ing elast ic i ty  the s t reamlines  tha t  are  close to  
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Fig. 9. Streamlines for a non-Newtonian inelastic liquid (~/0 = 5 poise, 21 = 0.2 sec, P0 = 0.015 sec, ~ 2 / 2 1  = 1/6) 
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Fig. 10. Streamlines for an elastic liquid (~/o = 5 poise, )t a = 0.4 sec, Po = 0.0075 sec, 22/21 = 1/6) 
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Fig. 11. Streamlines for an elastic liquid (r/o = 5 poise, ~l~ = 0.5 sec, Po = 0.006 sec, 22/~l 1 = 1/6) 
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the wall delay their tendencies to bend towards the 
contraction. A similar situation is observed in experi- 
ments with convergent flows [9]. 

In figure 12 we have given a plot of the number of 
outer iterations against the number of inner iterations 
for stream function, vorticity, stresses in the inner 
region and on the moving boundary. 

Efforts to obtain solutions for a higher relaxation 
time than 0.5 sec were not successful in this work. As 
mentioned earlier divergence was due to the very high 
stress peaks appearing near the sharp convex corner E 
(fig. 1). Nevertheless we were able to obtain solutions 
for elastic parameters (Weissenberg numbers) two to 
three times larger than those given in any earlier 
work. 
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