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ABSTRACT 

A WELL-KNOWN class of constitutivc relations for cohcsionless granular rr~tetials are the dnuble*slidin% 
models. The double-sliding model proposed by SPEXER (3. Mecfz. Pfys. .Wi& KL 337. 19643 for 
incompresfibie mate&& as wetf as &use of SPENCER and KINGST~ ~Rlml. Arm. fZ 194. 1874) md 
~~~~~~~~~~ and Cowm (J. ~Mxk Hq-3. Sd&fs. 26,269. lCtfS~ 6~ mqxessihie mamids as-e generaked 
lo &scribe the unsteady ffow ofcnhesionless granuiax mate&k. These models are anaiyscd and it is shown 
that they lead to equations that are rtot well-posed. X*lpiications of this finding arc discussed, 

I_ fNTRODWCTfON 

THE STRESSES in cohesionfess granular materials are reasonably well described by the 

Coulomb yield criterion. Various theories have been proposed to describe the kine- 
matic behaviour of granular materials, A well-known model for large, continued 
deformations in two dimensions was developed by SPENCER (1964). 

It postulates that the material is isotropic and incompressibfe and satisfies the 
Coulomb yield criterion. The equations that govern the kinematic behav~Q~r are 
derived from physically plausible assumptions. The deformation is assumed to occur 
by a superposition of two simple shearing motions along the sliplines (where the 
critical ratio of shear to normal stress is attained) and a rotation of the slipline 
field. It was from these principles that SPENCER (1964) derived his so-called velocity 
equation. 

fn Spencer's original model it is assumed that the material is ~nc~rnpr~s~b~~. Various 
generalizations have been proposed to incEude the effect of the compressibility of the 
material: SPENCER and KINGSTON (1974) and MEHRABADI and COWIN (1978). In its 
simplest form the proposal of SPENCER a& KINGSTON (1974) states that the density 
is determined by the mean pressure, whereas M~~R~~~~~ and COWIN (1978) included 
the eRect of the dilatancy, i.e. the volume change indwed by shear de~~~~at~o~~ into 
the doubt+stiding model. 

In contrast to plasticity relations based on a smooth flow potential the double- 
sliding models predict that the stress and deformation-rate tensors are non-coaxial. 
Experimental evidence (DRESCHER and DE .h~st~tlrj DE JONG, 1972 ; ODA and KONJSHI, 
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1974 ; DRESCHER. 1976 ; ALLERSMA, 1985) confirms the existence of this non-coaxiality 
(at least under certain conditions). 

Spencer’s incompressible model has been generalized by MORRISON and RICHMOW 
(I 976) to describe the unsteady flow of granular materials. The same will be done 
here for both models mentioned that include the compressibility of the material. 

The complete system of equations that will be studied here consists of the momen- 
tum equations. the continuity equation, the Coulomb yield criterion. the velocity 
equation and a density equation. 

It will be shown that these equations do not satisfy the Hadamard stability criterion 
(JOSEPH et al., 1985). which requires that plane-wave solutions remain bounded as 
t -+ cc. This means that the double-sliding models are not well-posed. In the case of 
Spencer’s original incompressible model this was previously stated by S~HAEFFER 
( 1987). 

Tensile stresses will be reckoned as positive. this being the usual convention in 
continuum mechanics. The stress tensor is denoted by T and the velocity vector by 
II = (u, 13) r. The rate of deformation tensor D and the vorticity tensor W are defined 

by 

D = i[(Vu)+(Vu)r], (1.1) 

w = f[(Vu) - (Vu)‘]. (1.2) 

In two dimensions the deviator D’ of D is given by 

D’ = D- i(tr D)l. (1.3) 

The deviator T’ of the stress tensor is similarly defined. The mean pressure p is given 

by 

p= -jtrT 

and the invariant r of the stress deviator by 

7’ = itr (T’eT’). 

( 1.4) 

(1.3 

7 A. THE BASIC EQUATIONS AND THE COULOMB YIELD CRITERION 

The momentum equations in the vertical and horizontal direction are respectively 

1 = 3, irT,, & + 7;- + w (2.1) 
and 

(2.2) 

The continuity equation reads 
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(2.3) 

It is assumed that the material is cohesionless and satisfies the Coulomb yield 
criterion, which can be expressed in the Sokolovski variables i/j and p as 

T_r,, = -p[l -sin (4) cos (2$)]. (2.4) 

T,.,. = -p[ I + sin (4) cos (2$)], (2.5) 

T,,,. = p sin (4) sin (2$). (2.6) 

Here II/ is the angle of the direction of the algebraically greater principal stress with 
the (vertical) .\-axis and 4 is the internal friction angle. 

3. THE KINEMATIC BEHAVI~UR 

The generalized double-sliding models consist of two additional equations that 
describe the kinematic behaviour : a velocity equation and a density equation. 

The generalized velocity equation as proposed by MEHRABADI and COWIN (1980) 

is 

T.T-$.T = 2h, [T-D-D-T]. (3.1) 

In (3.1) $ denotes the objective Jaumann derivative 

% = T-W.T+T.W. (3.2) 

In (3.2) the superimposed dot denotes the material time derivative. The parameter h, 
in (3.1) is the so-called non-coaxiality parameter. It is a measure of the non-coaxiality 
between the stress and deformation-rate tensors. In scalar form (3.1) reads 

$ + W,,. = 2 [2 cos (2$ )D,,. -sin (2$ )(D,, - OYV)l. (3.3) 

Two density equations have been proposed : a simple relation between density and 
pressure was given by SPENCER and KINGSTON (1974) and a more sophisticated 
dilatancy relation by MEHRABADI and COWIN (1978). 

SPENCER and KINGSTON (1974) proposed the following relation : 

dp 
& = F(p.p.kH). (3.4) 

Here k, denotes a hardening parameter that describes the stress and deformation 
history. In its simplest form, if the effect of the stress and deformation history is 
neglected, (3.4) reads 

P =f(p). (3.5) 

It will be assumed here that the density is a strictly increasing function of the mean 
pressure p. 
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The Mehrabadi-Cowin dilatancy relation was derived by MEHRABADI and COWY 
(1978) and HARRIS (198.5). It gives a relation between the volume increase induced by, 
shear deformation and the distortional work. This dilatancy equation is 

5 tr (D) = /j tr (T’s D’). (3.6) 

The dilatancy parameter fl is defined by 6 = sin (r)jcos (d, - Y). where v (v G 4) is the 
dilatancy angle. The original dilatant double-sliding model of MEHRARADI and COWIN 
(1978) is retrieved if 11, in (3. I) is given by 

11 I 1-p sin (4) ~ = ._ ._ 
T /S--sin (#)- . 

(3.7) 

The incompressible model of SPENCER (I 964) is a special case of the Mehrabadi- 
Cowin model : it is obtained if I’ = 0 and hence [j = 0. 

4. ANALYSIS OF THE GENERALIZED SPENCER-KINGSTON MODEL 

The generalization of the Spencer-Kingston double-sliding model to the unsteady 

flow of cohesionless granular materials consists of (2.1).--(2.6). (3.3) and (3.5). Sym- 
bolically these equations can be written, after the substitution of (3.5) into (2.3). as 

0 

0 

0 

where w = (u. 13, q?,p). The matrices A and B are given in kppendix A. 

(4.1) 

A plane-wave solution will be substituted into the system of equations (4.1). This 
plane-wave solution has the form 

w = w. exp [i(ctir+ k -x)1. (4.2) 

where k = (h- cos f3), k sin (9))‘and x = (.Y,.I*)‘. 
Disregarding the source term it follows from (4.1) that non-trivial plane-wave 

solutions exist if and only if 

det cos (9)A+sin (3)B- :I = 0, 1 
where I is the unit matrix. 

Equation (4.3) can be solved for W. If all solutions are real (for all 9) then the 
system of equations is hyperbolic. However, if for some ,‘J, one of the solutions has a 
negative imaginary part, then the problem is not well-posed. In this case the solution 
can grow exponentially with time, as can be seen from (4.2). This means that the 
equations do not satisfy the Hadamard stability criterion. 
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The solutions for tr) are given in Appendix B, where it is also shown that no \,alue 
of 11, exists for which the Hadamard stability condition is satisfied. This means that 
the SpencerrKingston double-sliding models are not well-posed. 

5. ANALYSIS OF THE GENERALIZED MEHRABADIFCOWIN MODEL 

The generalization of the Mehrabadi-Cowin double-sliding model to the unsteady 
flow of cohesionless granular materials consists of @.I)-(2.6) (3.3) and (3.6). Sym- 
bolically these equations can be written as 

d 

at 
(5.1) 

where w = (u, c, $, p,p). The matrices C and D are given in Appendix C. 
Again a plane-wave solution will be substituted into the system of equations. This 

plane-wave solution has the form 

w = w. exp [i(wt+ksx)], (5.2) 

where k = (k cos (9), k sin (9))r and x = (.x,J))~. 
Disregarding the source term it follows that non-trivial plane-wave solutions exist 

if and only if 

det cos (B)C+sin (9)D- Fi 1 = 0, 

where the modified unit matrix i is defined by 

T;, = 
1 ifi=,j and i-c5 

0 otherwise. 

(5.3) 

(5.4) 

The Hadamard stability condition again requires that the imagmary part of the 
solutions for 0 is never negative. 

The solutions of (5.3) for w are given in Appendix D, where it is also shown that 
no value of /I, exists for which the Hadamard stability condition is satisfied. This 
means that the dilatant double-sliding models are not well-posed. Therefore the 
statement of MORREON and RICHMOND (1976). that the generalization of Spencer’s 
original model to the unsteady flow of granular materials leads to a hyperbolic system 
of equations, is incorrect. This was also remarked by SCHAEFFER (1987). 



3’ __ N. P. KKWT 

4. Drscussto~ 

It has been shown that the incompressible and dilatant double-sliding models do 
not satisfy the Hadamard stabihty condition. This means that, according to these 
models, the material always shows unstable behaviour. For a simple shearing Aow 
this was also shown by SPENCER (1986). 

Stable flows of granular materials are physically possible. although they may be 
difbcult to produce experimentally as there is a tendency for the formation of shear 
bands. Hence it is concluded that the deformation behaviour of granular materials is 
not described satisfactorily by the double&ding models. 

Apparently the double-sliding models are too restrictive. Possibly a better descrip- 
tion of the material behaviour is given by the double-sliding free-rotating models of 

DE JOSSELIN DE JONG (197 l$ 1977). In these models (3.3) is replaced by 

where h, is given by (3.7) and S2 is an undetermined rotation rate. 

Some experimental support for these models is given by DRESCWER (1976). A 
disad~~a~ta~e of the free-rotating doubly-sliding models is the indeterminacy of the 
rotation rate !2, which makes it impossible to perform definite calculations. 

Micro-mechanical modelling (CHRISTOFFERSEN rt al.. 198 1) could lead to a relation 
between R and other quantities describing the stresses and defo~ation of the granular 
materiai. An alternative to this approach is the numerical modelling of assemblies of 
particles (CUNDALL and STRACK, 1979). Irr this way it may be possible to obtain a 
model satisfying the Hadamard stability condition. but lacking the indeterminacy of 
the free-rotating double-sliding model. 

The author would like ta thank a referee for drawing his attention to the 1986 artiefc by 
Spencer. 
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APPENDIX A 

The matrices A and B from the system of equations (4.1) are given by 

A= 

and 

B= 

0 -2pP sin (4) sin (21/f) 
- 1 tsin ($) cos (2$) 

-lA 
P 

0 -u 2; sin (4) cos (24!1) f sin (4) sin (2$) 

$ sin(2$) ;+ kc,, (2+) --u 0 

--P 0 0 -U 
P 

--t’ 0 2 $ sin (4) cos (2$) isin (4) sin (21(/) 
P 1 

0 2% sin (4) sin (214) 
- 1 -sin (4) cos (2tj) 

-1 
P 

-++ kcos (2$) zsin (2$) -1 0 

0 -P 0 - 11 
P 

where p’ is dp/dp. 

APPENDIX B 

Define z = -(w/k)-cos (9)u--sin (@r,. 
It follows after some lengthy algebra that the solutions of (4.3) are determined from 

z4--A?+B = 0, (Bl) 

where 
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A =isin(4) i: +cos(2G-23) 
I 

+,].[l-sin(4)cos(Z$-V)] (WI 

and 

B = -$sin (4) 
[ 

I+ ‘Gc*s (2+-23) 
1 

[cos (21/,--X-sin ($)I. (B?) 

So -_ is determined from 

-2 - = 3.4$r(.4’-4B)’ ‘1. (B4) 

The solutions for -_ have a non-negative imaginary part if and only if: ‘4 2 0. B 2 0 and 
A’-4B > 0. It is impossible to find h, such that all solutions for z arc always real or have a 
positive imaginary part. This means that the generalized Spencer-Kingston double-sliding 
model always exhibits Hadamard instabilities. 

The matrices C and D from the system of equations (5. I) are given by 

C= 

and 

D= 

--I4 0 

0 --II 

-P 0 

1 - p cos (2$) - p sin (2+) 

--r 0 

0 - I’ 

-2zsin(d)sin(2$) - 1 0 tsin (4) cos (2$)- 

I’ 

2$sin(~)cos(?$) 11 
P 

f sin (4) sin (2ri/) 

- ii 0 0 

0 --u 0 

0 0 0 

~~sin(~)cos(2~) 1 0 . 

P P 
sm (4) sin (2tj) 

2isin (q5)sin (2$) 0 
- I -sin (4)cos (211/) 

I' 

- 2‘ 0 0 

0 - 1' f) 

- p sin (2tj) 1+/7cos(2+) 0 0 0 

APPENIXX D 

Define: = -(w/k)-cos (9)u-sin (S)r. 
It follows after some lengthy algebra that the solutions of (5.3) arc determined from 

C:’ = Dz. WI) 

where 

and 
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o=?Ssin(q5)[sin(d)-cos(2$-23)] 

Since v 6 4 it follows that C > 0. The solutions for z have a non-negative imaginary part if 
and only if D 3 0, which is only possible if 

cos (2$--29) = K[sin (q5)-cos (2rj/-2911, ] (D4) 

where K should be positive. It follows from (D4) that 

l_ l-Bsin(4) and hl h 
t- o-sin (4) 

y?>o. UW 

Hence it is impossible to find 11, such that all solutions z are always real or have a positive 
imaginary part. This means that the generalized dilatant double-sliding model always shows 
Hadamard instabilities. 


