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Introduction 

It is well known that experimental data on samples of non-linearly visco- 
elastic materials subjected to oscillatory straiu of sufficiently small amplitude 
can be interpreted on the basis of linear viscoelasticity theory. Indeed, Coleman 
and No11 [l] have shown that the theory of linear viscoelasticity has a proper 
asymptotic status within the general theory of simple materials with fading 
memory. Furthermore, most, if not all, constitutive equations which have been 
discussed in the literature for non-linear viscoelastic materials degenerate into 
some special form of linear viscoelasticity for oscillatory motions of sufficiently 
small amplitude and/or frequency. 

The question addressed in this paper is the following one: what is, in general, 
the maximum amplitude of oscillatory strain allowable if linear viscoelasticity 
theory has to be obeyed to within a preassigned degree of approximation? And, 
more crucially, does this maximum amplitude of strain depend on the value of 
the imposed frequency or does it not? 

The problem to be discussed is related to a classification of constitutive 
equations which has been discussed by Marrucci and Astarita [2] ; they have 
shown that a rather large category of constitutive equations which have appear- 
ed in the literature do not enjoy the smoothness properties embodied in the 
theory of simple materials with fading memory, and do not degenerate into 
linear viscoelasticity in what is considered the proper asymptotic limit. 

Available experimental evidence [ 3,4 ] seems to indicate that the maximum 
allowable strain J/,, is independent of the imposed frequency. At a recent 
meeting, however, experimental evidence obtained with an eccentric rotating 
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disk viscometer was presented [ 51, showing that +,, increases with decreasing 
frequency at very low frequencies, while it is constant at large frequencies. 
The same authors also presented a simplified analysis, showing that such behav- 
ior is to be considered typical of simple materials with fading memory. 

Physical statement of the problem 

In this section, a simple physical picture of the problem considered is pre- 
sented, from which the main results of this work can be deduced by intuition. 

A simple material with fading memory may be regarded as one where the 
stress at any one time depends on the strains imposed at all times prior to, 
and including, the instant of observation. The memory of the material is fading 
in the sense that strains imposed in the “distant” past have less influence on 
the present stress than those imposed in the “recent” past. In order to obtain 
a very crude picture, one may think that the material forgets the distant past 
and remembers only the recent past. Of course, “distant” and “recent” need 
to be understood with respect to some appropriate yardstick for the memory 
span of the material, say with respect to some “natural time” A of the material. 

Now suppose such a material is subjected to an oscillatory strain of ampli- 
tude J/ and frequency o. Consider first the case where OA >> 1, so that the 
material “remembers” more than one cycle of strain. Under such conditions, 
past strains will appear as “small” to the material only if the amplitude of 
strain $ is small enough; hence, one would expect the maximum allowable 
strain I//,, to be independent of the frequency w. 

Conversely, consider the case where OA << 1, so that the material only 
remembers a small fraction of a cycle, in fact a fraction equal to WA. Under 
such conditions, past strains (relative to the present configuration, as appro- 
priate if fluid materials are considered) will appear as small to the material 
provided they are small over a fraction oh of a cycle. Since the strains im- 
posed over such a fraction are no larger than wAt+!~ (where $ is the amplitude 
of strain over the whole cycle), one would expect $,r to be inversely propor- 
tional to w, as originally suggested by Jongschaap et al. [ 51. 

The argument above of course hinges crucially on the assumption that the 
present stress is determined by the history of strain. If, on the contrary, one 
chooses to postulate that the present stress is determined by the history of 
strain rates, a different conclusion would be reached. In fact, since the strain 
rate in an oscillatory motion is proportional to $w, the conclusion would be 
drawn that $,, is inversely proportional to w at all values of w, as indeed 
some constitutive equations would predict. 

As quoted in the introduction, the experimental evidence strongly supports 
the conclusion that $,, is independent of w. The fact that the low-frequency 
behavior ( ticra = constant) has only been reported in one case [ 51 is probably 
due to the fact that all experiments have been carried out at comparatively 
high frequencies with materials endowed with rather large values of A, say 
under conditions where WA >> 1. 
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Theory 

Consider an incompressible viscoelastic fluid, and let P(s) be the deforma- 
tion gradient carrying the configuration at time t - s into the one at time t: 

dX(t) = F’(s) . dx(t -s), (1) 

where dX is the displacement vector between two material points. The rela- 
tive strain G’(s) is defined as: 

G’(s) = F’(s)~ . P(s) - 1. (2) 

By definition, Gt(0) = 0. A simple fluid is one where the extra stress at time t 
at a point is determined by the history of the relative strain at that point, i.e. 
by the tensor-valued function G’(s) over ~(0, m): 

r(t) = Y{G’(s)}. (3) 

The concept of fading memory is formalized in the following way. First, a 
topology is assigned to the space of strain histories, such that, say, two histo- 
ries are “close” to each other if they differ only in the distant past; second, 
the functional 9 { - } in eqn. (3) is assumed to enjoy certain properties of 
smoothness with respect to the assigned topology. 

Several different ways of performing Step 1 have appeared in the literature, 
see e.g. [ 6,7] ; attention is here focused on the one presented by Coleman and 
Noll [ 1,8] though most of the arguments would apply also to other forms. 

A norm (1 - II for the strain histories is introduced: 

II@(s)ll = [ f [h(s)lG’(s)ll 2 ds11’2 , 
0 

(4) 

where h(s) is an “influence function” (not to be confused with the memory 
function of linear viscoelasticity) which goes to zero fast enough when s + 00. 
The norm II * (I induces a topology in the space of strain histories, since two 
histories G:(s) and G&(s) are recognized as being “close” when the norm of 
their difference is “small”. Only this topology is, in fact, made use of in the 
subsequent theory; consequently, the influence function h(s) is not uniquely 
determined by the functional 9{ * }, since different influence functions can 
induce the same topology. In other words, h(s) cannot be considered a mate- 
rial function for the material described by the functional S{ - } ; and any argu- 
ment to be developed must rely only on the topology induced by the norm 
II - II, and not on any specific analytic form of the influence function h(s). 

If the material considered has always been kept at rest, the strain history is: 

G’(s) = O+(s), (5) 

where O+(s) is the function mapping all SE [ 0, -) into the zero tensor. An 
incompressible fluid which has always been kept at rest exhibits a zero extra 
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stress, say: 

0 = 9 (o+(s)). (6) 

If rjt( 0 ) is assumed to be twice Frechet-differentiable at the rest history, one 
may write: 

r(t) = 6~{O+(s)lGf(s)} +32 , (7) 

where 6 9 is linear in Gf(s) (and can therefore be represented with the classical 
form of linear ~scoel~ticity), and the residual % is of second order in the 
norm of Gf(s): 

1% I = O(llGt(s)i12) (8) 

Now consider an oscillatory motion of amplitude $ and frequency w. For 
such a motion, the magnitude of the relative strain IG’(s)l has the following 
form: 

I.G%)I = J/f(-), (9) 

where the function f( * ) has non-negative values of order unity, and enjoys 
the following two properties: 

f(9) = 0, (19) 

f(ws + 2 1) = ffws). (11) 

Referring to the classification of oscillatory motions of Astarita and Marrucci 
[ 91, for Lagrangian-periodic flows f( - ) is independent of t, while it is not for 
Eulerian-periodic flows; in both cases, it enjoys the stated properties. 

The average value of f( - ) over a cycle: 

s0+2lrlw 
1 

2n 

f=& s s f(t) dt, (12) 
60 f(ws)*=2n 0 

is independent of both so and w. p may depend in general on $, but is of 
order unity when J, tends to zero. Moreover, an easy calculation shows that, 
for small values of the argument, 

f(w) = Kws + O(w2s2), (13) 

where the constant K can be made equal to unity by appropriate definition 
of 9. 

With that much background, the following results are immediately obtained. 
At very high frequencies, one has from eqns. (4) and (12): 

lim flG’(s)ll = [ f [h(s)$f12 ds]1’2 = tfifllIt(s)ll, (14) 
w-+* 0 

where It(s) is the function mapping all SE CO, -) into the unit tensor. 



285 

At very low frequencies, consideration of eqns. (4) and (13), of the 
Schwarz inequality which, of course, holds for the norm II . II, and of the 
retardation theorem of Coleman and Noll [8] yields: 

o(o) + IIG’(s)ll = [j- [hWWws12 cIsI~‘~ = Kd4ls~ll, 
0 

(15) 

where lim 0(0)/o = 0. 
W-+0 

Considering eqn. (7), one realizes that the maximum allowable strain for 
linear viscoelasticity theory to hold is the value of $ for which the magnitude 
of the residual %! becomes equal to some preassigned (small) positive number 
c. Hence, in view of the results above: 

lim 1% I = 0( ti2), (16) 
W’- 

lim 1% I = 0( G2a2), (17) 
w+o 

which show that the condition 1% I = E is fulfilled, at high frequencies, at some 
upper limit $,, of the amplitude of strain which is independent of w; while at 
low frequencies G,, is inversely proportional t0.o. Hence, the intuitive result 
given in the preceding section has been proved formally. It may be worthwhile 
to point out that the result for o + 0 in eqn. (17) only applies to frequencies 
which are low enough for the series expansion in eqn. (13) to be truncated at 
the first term; this is also the condition for Newtonian behavior to be observed 
[ 81. Hence, the inverse proportionality of J/,, and w is expected to hold only 
at frequencies so low that linear viscoelasticity degenerates into its o + 0 
asymptote (the stress is in phase with the rate of strain); it is not surprising 
therefore, that such behavior has almost never in fact been observed experi- 
mentally. 

Comparison with previous analyses 

Previous analyses of the problem considered here have been presented by 
Marrucci and Astarita [ 21, Gross and Maxwell [ 31 and Jongschaap et al. [ 51. 
Marrucci and Astarita essentially obtained by a rather simple argument the 
result given by eqn. (16), but failed to notice that it only holds at sufficiently 
high frequencies. Both Gross and Maxwell, and Jongschaap et al. considered 
two specific constitutive equations, namely, the Bird-Carreau model [lo] 
and Tanner’s model of network rupture [ 111, and have reached the same con- 
clusions: namely, that the Bird-Carreau model predicts $,, to be inversely 
proportional to o at all frequencies, while Tanner’s model predicts it to be 
independent of o at all frequencies. 

The first conclusion is not surprising. The Bird-Carreau model does not 
describe a simple fluid enjoying the smoothness properties discussed in the 
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preceding section; explicit dependency of the parameters of the model on the 
strain rate places it in the category discussed by Marrucci and Astarita [ 21, 
and, hence, the model does not degenerate into linear viscoelasticity as a simple 
fluid with fading memory. Experimental results belie this prediction of the 
Bird-Carreau model. 

The second conclusion is, at first sight, a paradox, since Tanner’s model is 
a special case of a simple fluid with fading memory, and it should thus obey 
both eqns. (16) and (17), and not eqn. (16) at all values of o. In fact, that is 
exactly what Tanner’s model does, although this has not been recognized in 
[ 31 and [ 51. The fact is that, in addition to the network-rupture hypothesis, 
Tanner’s model has a memory function which is a sum of exponentials. When 
the frequency o becomes much less than the inverse of the largest relaxation 
time A,,,, Tanner’s model degenerates into linear viscoelasticity even if the 
amplitude of strain + is larger than the one corresponding to network rupture, 
provided whmax J/ is smaller; hence, the result embodied in eqn. (17) is 
recovered. Again, the required frequencies are exceedingly low, and, in fact, 
the result embodied in eqn. (16) is presumably valid over the usual experi- 
mental range of frequencies. 

Jongschaap et al. also consider the general case of a simple fluid with fading 
memory, but they chooseto assign a specific form to the influence function 
h(s), say: 

h(s) = exp(-es). (13) 

They then obtain the two asymptotic results for w >> (Y and for w << CY, 
respectively. The analysis suffers from the fact that, since h(s) is not a material 
function, cy is not a material parameter, and therefore comparison of w with (Y 
is, strictly speaking, meaningless. Of course, in view of eqns. (16) and (17), a 
“relaxation time” could be extracted from experimental data as the inverse of 
the frequency at which the extrapolated asymptotes cross each other in a 
log J/cr versus log o plot; yet there is no a priori reason why such a relaxation 
time should be independent of the form of the function f( - ). 
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