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a b s t r a c t

This paper studies the inventory system of a retailer who orders his products from two supply sources, a

local one that is responsive and reliable, but expensive, and a global one that is low-cost but less reliable. The

deliveries from the global source only partially satisfy the quality requirements. We model this situation with

a dual-sourcing inventory model with positive lead times and random yield. We propose a dual-index order-

up-to policy (DOP) based on approximating the inventory model with an unreliable supplier by a sequence of

dual-sourcing models with reliable suppliers and suitably modified demand distributions. Numerical results

show that the performance of this heuristic is close to that of the optimal DOP. Moreover, we extend the

heuristic to models with advance yield information and study its impact on the total inventory costs.

© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

Rising in tandem with the prevalence of outsourcing activities,

supply risk has recently attracted a great deal of attention from the

OR research community. One important type of risk in outsourcing

processes is the uncertainty regarding the order quantities that turn

out to be usable at the buyer companies. This uncertainty is often

referred to in the literature as yield uncertainty. Many factors may

lead to yield uncertainty. When goods are transported from a global

supplier, yield uncertainty is often related to damage that occurs dur-

ing transportation due to humidity, collision and other reasons. Part

of the goods received may also fail to pass the quality inspection of

the buyers. For example, in the semiconductor industry, the yield

rate may drop below 50 percent due to strict requirements on quality

(Grasman, Sari, & Sari, 2007).

Yield uncertainty significantly increases the difficulty of inventory

management. Often, big OEMs and retailers in Europe and the US, use

responsive but more expensive local suppliers to mitigate the yield

uncertainty caused by the low-cost global suppliers.

This paper focuses on the inventory system of a retailer who

sources from two suppliers: one global and one local. Both suppliers

have positive lead times. The global supplier is unreliable in the sense

that his deliveries only partially satisfy the quality requirements.
Thus, the goods need to pass quality inspection in order to be iden-
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ified as usable items. Due to delays in quality inspection, the usable

ortion of an order is not known when the order is placed. In this paper

e assume that failures of different units in an order are independent

nd that the failure probability is the same for all units. We are inter-

sted in the sourcing strategy that minimizes the average total inven-

ory costs and in the impact of advance information about the quantity

f the usable items on this strategy. To the best of our knowledge, this

odel has not been previously discussed in the OR literature.

Since the optimal policy for the simpler dual-sourcing model with

ositive lead times and full returns does not have a simple form

Whittemore & Saunders, 1977), we focus on finding a simple and

fficient heuristic for our model. According to Veeraraghavan and

cheller-Wolf (2008), the dual-index order-up-to policy (DOP) per-

orms close to the optimal policy in a dual-sourcing model with full

eturns. We therefore propose a DOP, establishing the order-up-to

evels by using a sequence of dual-sourcing models with reliable sup-

liers and suitably modified demand distributions. We then show

ow to extend this heuristic to incorporate advanced information on

he yield quantities.

.1. Related literature

Yield uncertainty has attracted a great deal of attention in inven-

ory management research in the past several decades. Three types of

andom yield have been considered in the literature: binomial yield

Inderfurth & Vogelgesang, 2013), stochastically proportional yield

Agrawal & Nahmias, 1997; Bollapragada & Morton, 1999; Henig

Gerchak, 1990; Huh & Nagarajan, 2010; Inderfurth & Transchel,

007; Inderfurth & Vogelgesang, 2013; Li, Xu, & Zheng, 2008) and
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nterrupted geometric yield (Inderfurth & Vogelgesang, 2013). Bino-

ial yield is used when failures of different units in a batch are in-

ependent and occur with the same probability. In situations where

random process affects whole batches, stochastically proportional

ield is used instead. Models using interrupted geometric yield as-

ume that good items are generated independently with a fixed prob-

bility until a failure occurs, and that thereafter all items are defective.

Most papers consider the effect of random yield in single-sourcing

odels with zero lead time. Henig and Gerchak (1990) studied the

ptimal policy and showed that it has an order point, but does not

ave the order-up-to structure. Bollapragada and Morton (1999) and

nderfurth and Transchel (2007) proved that the infinite-horizon

eriodic-review model can be reduced to a newsvendor problem.

owever, a closed-form solution cannot easily be found, since the

demand distribution’ in the newsvendor problem depends on the

rder quantities. Li et al. (2008) gave upper and lower bounds for

he optimal reorder point and order quantity in an infinite-horizon

odel. Cheong and Song (2013) studied the value of the yield in-

ormation in a newsvendor problem with stochastically proportional

ield. They compared the ordering decisions and overall profits when

ifferent levels of yield information are available (i.e. no information

t all, known expectation and variance of the yield factor and known

istribution of the yield factor).

Since the optimal policy is difficult to find even when the lead time

s neglected, numerous heuristics have been proposed. Bollapragada

nd Morton (1999) studied several myopic heuristics. Huh and Na-

arajan (2010) found the optimal policy within the class of ‘linear

nflation rules’ and proved that the average total cost is convex in the

rder-up-to level for any given inflation factor.

For positive lead times, Inderfurth and Vogelgesang (2013) pro-

osed a linear inflation rule for which the optimal critical stock level

s derived based on a normal approximation of the difference between

he lead time demand and the yield of the pipeline orders. Inderfurth

nd Kiesmüller (2013) proposed two methods to derive optimal or

ear-optimal critical stock levels: one method based on modeling

he on-hand inventory by a Markov chain and the other method

ased on fitting a normal or gamma distribution to the on-hand

nventory.

Dual sourcing is often used in practice for balancing cost and ser-

ice level or for mitigating yield uncertainty. Due to the complexity of

he problem, however, the literature focusses on models with full re-

urns. Whittemore and Saunders (1977) proved that when the differ-

nce between the lead times is larger than one, the optimal policy does

ot have a simple structure. For general lead times, Veeraraghavan

nd Scheller-Wolf (2008) proposed a dual-index order-up-to policy

DOP), and showed that the DOP performs close to the optimal policy.

he main difficulty in finding the optimal order-up-to levels in a DOP

s that, due to different lead times, the expedited inventory position

ay exceed its order-up-to level. The distribution of this excess, called

he overshoot, is difficult to find. Veeraraghavan and Scheller-Wolf

2008) showed that for any given difference between the order-up-to

evels, if the distribution of the overshoot were known, the optimal

xpedited order-up-to level could be found by solving a newsven-

or problem. In order to find the distribution of the overshoot, they

elied on simulations. Arts, van Vuuren, and Kiesmüller (2011) gave

n approximation of the distribution of the overshoot, which is ex-

ct when the difference between the order-up-to levels is one or

pproaches infinity. Sheopuri, Janakiraman, and Seshadri (2010) gen-

ralized the DOP and studied three new policies which outperform

he optimal DOP in their numerical experiments. Tagaras and Vla-

hos (2001) considered a heuristic which uses the order-up-to rule

or the regular supplier and places orders with the expedited sup-

lier only when the likelihood of a stockout is very high. Allon and

an Mieghem (2010) studied a continuous review model and pro-

osed a tailored base-surge policy (TBS). This policy sources from the

heap, offshore supplier at a constant rate (to meet a base level of
emand) and from the responsive, nearshore supplier only when on-

and inventory is below a certain level (to manage demand surges).

hey presented bounds on the optimal cost and an asymptotically

ptimal policy for a high-volume system. Janakiraman, Seshadri, and

heopuri (2014) proved that the TBS policy is optimal for periodic

eview inventory systems in which demand follows a two-point dis-

ribution and the probability of a high demand is sufficiently small.

oreover, if demand can be represented as a sum of two random vari-

bles, the base and the surge demand, and the last one occurs with a

mall probability, the TBS policy performs close to the optimal. Chen,

eng, and Seshadri (2013) incorporated price-dependent demand in

ulti-period models with more than one unreliable suppliers and

egligible lead times. They proved that for general demand models,

here exists a time-dependent reorder point for each supplier such

hat a positive order is placed for almost every inventory level be-

ow the reorder point. They also studied sufficient conditions under

hich the optimal policies have a strict reorder point structure or the

ptimal order quantities are decreasing in the inventory level.

Other papers related to ours studied the optimal policies for

he single-sourcing inventory systems in which the realized de-

and is known to the decision maker only after a certain number

f periods (Bensoussan, Çakanyildirim, & Sethi, 2006; Bensoussan,

akanyildirim, & Sethi, 2007a; Bensoussan, Çakanyildirim, & Sethi,

007b; Bensoussan, Çakanyildirim, Feng, & Sethi, 2009; Bensoussan,

akanyildirim, Sethi, Wang, & Zhang, 2011). In contrast, we focus on

ual-sourcing models in which the usable quantities of the orders

laced with the offshore supplier are not immediately known when

he orders are placed.

.2. Statement of contribution

We consider yield uncertainty in a dual-sourcing model with pos-

tive lead times, which to the best of our knowledge, has not been

tudied previously in the literature. For this model we propose a dual-

ndex order-up-to heuristic. In order to account for yield uncertainty,

e find the order-up-to levels based on a sequence of dual-sourcing

odels with full returns and suitably modified demand distributions.

hen compared to the optimal DOP, our heuristic gives promising

esults. We further extend our heuristic to models with advance yield

nformation, and study its impact on the total costs.

The remainder of the paper is organized as follows. Section 2 for-

ulates the dual-sourcing model with positive lead times and yield

ncertainty, and gives some preliminary results on the DOP. Section 3

escribes in detail our heuristic for the case where the yield becomes

nown only at the moment of delivery. Section 4 extends the heuris-

ic to models with advanced information regarding the yield quan-

ities. Section 5 presents numerical results on the performance of

he proposed heuristic and on the importance of taking into account

he yield uncertainty when designing inventory policies. This section

lso examines the impact of the advance yield information on the

otal inventory costs. Section 6 contains a summary of our results and

oncluding remarks.

. Model and preliminaries on dual-index order-up-to policies

We consider an infinite-horizon periodic-review inventory model

ith two suppliers, one regular (denoted as ‘r’) and one expedited

upplier (denoted as ‘e’). The lead time lr of the regular supplier is

arger than the lead time le of the expedited supplier, while the per-

nit ordering cost cr of the regular supplier is lower than the cost

e of the expedited one. Assume that there is no fixed ordering cost

or either supplier and that cr is paid for every ordered unit from the

egular supplier. Moreover, the regular supplier has binomial random

ield, which means that, out of an order Xr
n placed with him, only a

andom portion B(Xr
n, p) turns out to be usable upon delivery, where

is the long-run average fraction of usable items. In Sections 2 and 3
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Table 1

Notations and descriptions.

Descriptions Descriptions

n Period index Dn Demand of period n

In Net inventory level at the end of

period n

Ib
n Net inventory level after orders

arrive and before demand is re-

alized in period n

ce Per-unit ordering cost of the ex-

pedited supplier

cr Per-unit ordering cost of the

regular supplier

le Lead time of the expedited sup-

plier

lr Lead time of the regular supplier

h Holding cost per unit per period b Penalty cost per unit per period

Xe
n Expedited order placed in pe-

riod n

Xr
n Regular order placed in period n

ze Expedited order-up-to level zr Regular order-up-to level

� Difference between the order-

up-to levels

p Success rate of the binomial

yield distribution

fU Probability density function of

random variable U

FU Cumulative distribution func-

tion of random variable U

Û Probability generating function

of U
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we assume that the yield quantities are known only when the orders

physically arrive. In Section 4 we loosen this assumption and allow

advance yield information. Demand in different periods, denoted as

Dn, n = 1, 2, . . ., is considered to be independent and identically dis-

tributed, with E(D) < ∞. Revealed demand is fulfilled from on-hand

inventory and unsatisfied demand is fully backlogged. Backlogged de-

mand is charged a penalty cost b per unit per period, and inventory

carried to the next period is charged a holding cost h per unit.

The sequence of events in each period n is as follows:

• The physical arrival of both the expedited order placed le periods

in the past (i.e. Xe
n−le

) and a binomial portion of the regular order

placed lr periods in the past (i.e. Xr
n−lr

).
• Placement of new orders with the suppliers according to the in-

ventory policy applied.
• Realization of demand of this period, which is then either fulfilled

or backlogged.
• On-hand inventory is charged a holding cost and backlogged de-

mand is charged a penalty cost.

We are interested in finding an efficient dual-index order-up-to

policy (DOP) that minimizes the long-run average total cost given by

limN �→∞ 1
N

∑N
n=1 TCn, with

TCn = ceXe
n + crXr

n + hI+n + bI−n ,

where a+ = max(a, 0) and a− = max(−a, 0).
A DOP is characterized by two order-up-to levels: one for the

expedited supplier, ze, and one for the regular supplier, zr . In each

period n ≥ lr − 1, there are lr − 1 regular and le − 1 expedited orders

in the pipeline, denoted by 〈Xr
n−lr+1

, . . . , Xr
n−1〉and 〈Xe

n−le+1
, . . . , Xe

n−1〉,

respectively.

We define the expedited inventory position in period n, IPe
n, as the

sum of the net inventory level when deciding the order quantities

and all of the orders due to arrive in the next le periods. We define

the regular inventory position in period n, IPr
n, as the sum of the net

inventory level when deciding the order quantities and all of the

orders due to arrive in the next lr periods. More precisely,

IPe
n = Ib

n + (Xe
n−le+1 + · · · + Xe

n−1)+ (Xr
n−lr+1 + · · · + Xr

n−l−1) (1)

IPr
n = Ib

n + (Xe
n−le+1 + · · · + Xe

n−1)+ (Xr
n−lr+1 + · · · + Xr

n−1), (2)

where l = lr − le and Ib
n is the net-inventory level after orders arrive

and before demand is realized in period n. Clearly, Ib
n − Dn = In.

Note that (1) and (2) express the exact inventory positions in the

case with full returns. When there is yield uncertainty, however, the

exact order quantities that will turn out to be usable in the next lr
periods are unknown. In this case, the inventory positions defined

above overestimate the real ones. In order to compensate for this, we

will adjust in our heuristic the demand in each period.

When the DOP is applied, in each period n, first an expedited order

Xe
n is placed in order to restore the inventory position IPe

n to the target

level ze. Observe that when Xe
n is decided, Xr

n−l
enters the information

horizon. Thus, one first checks if there is a surplus (i.e. whether IPe
n +

Xr
n−l

> ze). If this is the case, no expedited order is placed. Otherwise,

an expedited order equal to the deficit Xe
n = ze − (IPe

n + Xr
n−l

) is placed.

Then the expedited order Xe
n is added to the regular inventory position

and a regular order Xr
n = zr − (IPr

n + Xe
n) is placed.

Similar to the literature on dual-sourcing models with full re-

turns, we call the quantity On = (IPe
n + Xr

n−l
− ze)+ the overshoot. The

overshoot and the inventory positions of the regular and expedited

supplier satisfy the following equations:

IPe
n + Xr

n−l + Xe
n = ze + On (3)

IPr
n + Xe

n + Xr
n = zr. (4)
 i
rom (3) and (4), we obtain

l−1

k=0

Xr
n−k + On = �, (5)

here � = zr − ze.

The following result can be proven for a model with yield uncer-

ainty.

roposition 1. The distribution of the overshoot is a function of �,

ndependent of ze.

The proof is similar to the proof of Lemma 5.1 in Veeraraghavan

nd Scheller-Wolf (2008) and is therefore omitted.

The optimal DOP for the model with yield uncertainty can be found

y formulating the problem as a Markov decision process. However,

ince a state contains all of the pipeline information, the optimization

roblem becomes intractable for large lr .

Notations used in this paper are summarized in Table 1.

. A dual-index order-up-to policy with modified demand

the DOPMD heuristic)

We propose a DOP in which the order-up-to levels are found based

n a sequence of dual-sourcing models with full returns and modified

emand distributions. We call this heuristic the DOPMD heuristic. The

ain steps of the DOPMD can be described as follows:

1. For each �, find the optimal ze(�) and zr(�) in an approximate

dual-sourcing model with full returns and modified demand.

2. Find the pair (ze(�), zr(�)) with the lowest total costs.

ext we explain in more detail Step 1 of the heuristic.

.1. Approximate dual-sourcing model

Note that in a dual-sourcing model with uncertain returns, the

ollowing recursion holds:

n = In−1 + Xe
n−le

+ B(Xr
n−lr

, p)− Dn

= In−1 + Xe
n−le

+ Xr
n−lr

− (Dn + B(Xr
n−lr

, 1 − p)).

If the variables Dn + B(Xr
n−lr

, 1 − p) were independent and their

istribution was easy to calculate, the order-up-to levels could be

ound based on a model with full returns and demand in each pe-

iod defined as D′
n = Dn + B(Xr

n−lr
, 1 − p). However, a regular order

epends on the orders placed in the previous lr periods, thus mak-

ng it difficult to find the distribution of Xr
n. Therefore, we propose
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pproximating Xr
n based on the order quantities in a single-sourcing

odel with yield uncertainty. Before describing the heuristic in more

etail, we first analyze the distribution of the order quantities in a

ingle-sourcing model with yield uncertainty. Let D̂ be the probabil-

ty generating function of the demand.

emma 1. Under the order-up-to policy, in a single-sourcing periodic-

eview inventory model with binomial random yield, the sequence of

rders Qn, n = 1, 2, . . . converges almost surely to a random variable Q

ith probability generating function Q̂(z) = ∏∞
k=0 D̂(qkz + 1 − qk)where

k = (1 − p)k, and mean E(Q) = E(D)
p .

roof. When the order-up-to policy is applied, the following relation

olds for the order quantities Qn, n = 1, 2 . . .,

n+1 = B(Qn−lr+1, 1 − p)+ Dn. (6)

By using iteratively (6), we obtain

n+1 =

 n

lr �∑
k=0

Rn,k, (7)

ith Rn,k = B(Dn−klr , qk), where qk = (1 − p)k. Note that since demand

n different periods is i.i.d., the distribution of Rn,k does not depend

n n. For simplicity, we will hereafter omit the index n and refer to

n,k as Rk. We will show that Sm = ∑m
k=0 Rk converges almost surely,

hich implies that Qn converges almost surely.

The probability-generating function R̂k of Rk is given by R̂k(z) =
ˆ(qkz + (1 − qk)). Since

(Rn+1 ≥ 1

n2
) = 1 − P(Rn+1 = 0)

= 1 − D̂(1 − (1 − p)n+1)

= (1 − p)n+1E(D)+ o((1 − p)n+1),

(D) < ∞ and 0 < p < 1, based on Borel Cantelli lemma (Proposition

.8, Çinlar, 2011), we can conclude that Sn converges almost surely,

nd thus Qn converges almost surely to a random variable Q .

The probability-generating function of Q is given by

Q̂(z) =
∞∏

k=0

R̂k(z) =
∞∏

k=0

D̂(qkz + 1 − qk).

sing the monotone convergence theorem, we conclude that

(Q) = E(
∞∑

k=0

B(Dk, (1 − p)k) =
∞∑

k=0

(1 − p)kE(D) = E(D)

p
. (8)

emark. Since E(Qn) = 1−(1−p)

⌊
n
lr

⌋
+1

p E(D), it follows that Qn also con-

erges in mean to Q .

Let F∞ be the limiting distribution function defined by Q̂ and let

Un, n = 1, 2, . . .} be a sequence of independent random variables dis-

ributed according to F∞. Note that Xr
n is usually smaller than Un, since

art of the orders in the single-sourcing system is delivered by the ex-

edited supplier in the dual-sourcing case. For a given �, we propose

pproximating Xr
n by X̃r

n where

r̃
n = B(Un, α(�)), for α(�) ∈ [0, 1]. (9)

ntuitively, according to this approximation, each unit that would be

rdered from the regular supplier if he were the only supplier is now

rdered with probability 1 − α(�) from the expedited supplier. The

ortion we order from the regular supplier depends in general on �,

s indicated by Proposition 1 and Eq. (5). For the moment, assume

hat a suitable α(�)has been found. Then the variables D′
n defined by

′
n = Dn + B(Un, α(�)(1 − p)) (10)
re independent and identically distributed. Hence, we can construct

dual-sourcing model with full returns and i.i.d. demand given by

10). We will call this model the approximate model associated with �.

Observe that in the approximate model we increase the actual

emand Dn in each period by a quantity that approximates the unre-

urned part of the regular order that arrives in the current period. This

llows us to compensate for the fact that the real inventory positions

re overestimated.

Next we discuss a procedure to find a suitable α(�). According to

qs. (8) and (9), the following holds: E(X̃r
n) = α(�)E(Un) = α(�)E(D)

p .

his gives us an approximation of the expected order quantity in

he original model, namely, EXRapp = α(�)E(D)
p . In our heuristic, we

odify α(�) iteratively until either EXRapp converges to the average

egular order quantity derived by simulating a dual-sourcing model

ith full returns and modified demand D′
n or a certain number of

terations is reached. In order to find a suitable initial value of α(�),
e use Eq. (5) to derive that

∑l−1
k=0

E(Xr
n−k

) = � − E(On). If Xr
n is ap-

roximated by X̃r
n, we get α(�)lE(D)

p ≈ � − E(On). Since E(On) ≥ 0, we

et the initial value of α(�)at min{1,
�p

lE(D)
}. The iterative procedure is

escribed in detail in Algorithm 1. In our experiments, convergence

s always reached in a few iterations.

lgorithm 1

Initialization: α(�) = min{1,
�p

lE(D)
}, EXRsim = 0,EXRapp = �,

K=Nr. of iterations, k = 0

while |EXRsim − EXRapp| > ε and k ≤ K do

EXRsim ← the average regular order quantity derived by simula-

tion in a dual-sourcing model with full returns and demand defined

as (10)

EXRapp ← α(�)E(D)
p

α(�) ← min{1,
pEXRsim

E(D) }
k ← k + 1

end while

.2. Finding the order-up-to levels in the approximate dual-sourcing

odel

According to Veeraraghavan and Scheller-Wolf (2008), in a dual-

ourcing model with full returns, for any given �, the optimal z∗
e(�)

s equal to the newsvendor fractile of the sum of lead-time demand

nd the stationary overshoot. In our case, the lead-time demand

s equal to
∑l

k=0 Dn+k + ∑l
k=1 B(Ur

n+k−lr
, α(�)(1 − p)). Observe that

(Ur
n−lr

, α(�)(1 − p)) is not part of the lead-time demand, since we

lace new orders only after the exact value of B(Ur
n−lr

, α(�)(1 − p))
s known. Similar to Veeraraghavan and Scheller-Wolf (2008), the

tationary (cumulative) distribution of the overshoot is defined as

(O ≤ x) = limN �→∞ 1
N

∑N
n=1 I(On ≤ x), where I denotes the indicator

unction, and is found by using simulation. Note that in order to re-

uce computation times, the distribution of overshoot could also be

pproximated as described in Arts et al. (2011). This, however, is not

he focus of this paper.

Section 5.1 verifies the performance of the DOPMD by comparing

t with the optimal DOP for the given model.

. Models with advance information on the yield quantities

In the above model, the exact yield quantity of each regular or-

er is assumed to be known only when the order physically arrives.

his situation arises when the quality inspection takes place at the

rdering company. In this section we examine models with advance

ield information, where the exact yield quantities are known before

he orders physically arrive. Advance yield information can be ob-

ained by investing in the suppliers’ facilities and authorizing them

o perform the quality inspections.
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Assume that when there is advance yield information, the yield

quantity of a regular order Xr
n is known in period n + li and li < lr . In

this case, the recursion of the net-inventory level can be rewritten as

In = In−1 + Xe
n−le

+ Yr
n−lr

− Dn, (11)

where Yr
n−lr

is the realized yield quantity of Xr
n−lr

. Note that with ad-

vanced information, the exact yield quantities of the pipeline orders

{Xr
n−lr+1

, . . . , Xr
n−li

} are known. Therefore, in the definition of the in-

ventory positions given by (1) and (2), the regular orders (of which

the exact yields are known) are replaced by the yield quantities.

In adapting the DOPMD heuristics to incorporate advance infor-

mation, we distinguish two cases, namely li ≤ l and li > l.

4.1. The information lead time is smaller than the difference between

the lead times (i.e. li ≤ l)

When li ≤ l, IPe
n given by (1) represents the real expedited inven-

tory position. Define On as (IPe
n + Yr

n−l
− ze)+. Based on the recursion

of In in (11) and the definition of On, we get

In+le = In +
le−1∑
k=0

Xe
n−k +

lr−1∑
k=l

Yr
n−k −

le∑
k=1

Dn+k

= Ib
n +

le−1∑
k=0

Xe
n−k +

lr−1∑
k=l

Yr
n−k −

le∑
k=0

Dn+k

= IPe
n + Xe

n + Yr
n−l −

le∑
k=0

Dn+k

= ze + On −
le∑

k=0

Dn+k (12)

Moreover, we can write the recursions of the inventory positions

as below:

IPe
n+1 = IPe

n + Xe
n + Yr

n−l − Dn = ze + On − Dn

IPr
n+1 = IPr

n + Xe
n + Xr

n − B(Xr
n−li+1, 1 − p)− Dn

= zr − (Dn + B(Xr
n−li+1, 1 − p)).

It then follows that

Xe
n+1 = (Dn − On − Yr

n−l+1)
+ (13)

Xr
n+1 = Dn + B(Xr

n−li+1, 1 − p)− Xe
n+1 (14)

Based on Eqs. (13) and (14), we can prove the following proposition.

Proposition 2. The distributions of Xr
n, Xe

n and On are independent of ze

for given �.

The proof follows the same line of reasoning as that of Lemma 5.1

in Veeraraghavan and Scheller-Wolf (2008), and is therefore omitted

here.

Using Eq. (12) and Proposition 2, we propose finding the op-

timal z∗
e(�) in a newsvendor problem as in Veeraraghavan and

Scheller-Wolf (2008). More precisely, z∗
e(�) = F−1

D(le+1)−O
( b

b+h
) where

FD(le+1)−O(·) is the cumulative distribution function of
∑le

k=0
Dn+k − On.

The distribution of On needs to be estimated or approximated by one

of the methods proposed in dual-sourcing models with full returns.

As we did in the previous section, we rely on simulation to estimate

this distribution. The pair (�, z∗
e(�))with the lowest cost can now be

found by a one-dimensional search.

4.2. The information lead time is larger than the difference between the

lead times (i.e. li > l)

When li > l, both IPe
n and IPr

n overestimate the real inventory po-

sitions. Recall that in the DOPMD, the modified demand distributions
re found based on the distribution of the order quantities in a single-

ourcing model with yield uncertainty. When yield information is

vailable, the order quantities in the single-sourcing model satisfy

he following relation:

n+1 = Dn + B(Qn−li+1, 1 − p)

=

⌊
n
li

⌋
∑
k=0

B(Dn−kli , (1 − p)k)

ased on Lemma 1, we conclude that the limiting distribution of

n exists and coincides with F∞(·) derived in Section 3. Similar

o the case without advance yield information, for any given �,

(�) is found by using Algorithm 1; then the optimal z∗
e(�) is de-

ived as the newsvendor fractile of the sum of lead-time demand

nd the stationary overshoot, where the lead-time demand equals
le
k=0

Dn+k + ∑le
k=lr−li+1

B(Un−lr+k, α(�)(1 − p)). Since in the case with

dvance yield information the exact yield quantities of the regular or-

ers {Xr
n−lr+1

, . . . , Xr
n−li

} are known, the lead-time demand does not

nclude
∑lr−1

k=li
B(Un−k, α(�)(1 − p)) (as it did in the case without yield

nformation). The distribution of the overshoot is found by simula-

ion. The lowest-cost pair (�, z∗
e(�) is found by a one-dimensional

earch.

As can easily be seen,
∑le

k=0
Dn+k + ∑le

k=lr−li+1
B(Un−lr+k, α(�)(1 −

))− On is stochastically smaller than
∑le

k=0
Dn+k +

le
k=1

B(Un−lr+k, α(1 − p))− On. As a consequence, the optimal
∗
e(�) derived here are smaller than their counterparts in the case

ithout advance yield information.

. Numerical results

This section first presents numerical results on the performance

f the proposed DOPMD heuristic. It is shown that the average total

osts of the DOPMD are on average only 0.19 percent higher than

hose of the optimal DOP and in 39 out of the 40 instances tested,

he average total costs of the DOPMD are less than 1 percent higher

han those of the optimal DOP. This section then goes on to exam-

ne the importance of taking into account the yield uncertainty when

eciding the inventory policies. Numerical results show that the in-

entory costs that occur when the DOP derived in a model without

ield uncertainty is applied to the model studied here are consider-

bly higher than the costs that occur when the DOPMD is applied.

ast but not least, we present results on the impact of the advance

ield information. According to our experiments, advance yield infor-

ation can lead to cost reductions of up to 1.11 percent. The smaller

he information lead time, the larger the cost reduction is.

.1. Performance of the DOPMD heuristic

This section studies the performance of the DOPMD heuristic by

omparing it with the optimal DOP for the studied model. The optimal

OP is derived by using the two-dimensional search on both the ex-

edited and the regular order-up-to levels. For each pair of the order-

p-to levels, we run the simulation until the 95 percent confidence in-

erval for the average per-period total cost is smaller than 0.1 percent

f its expected value. For the DOPMD, the order-up-to levels are found

y applying the solution procedure described in Section 3. When de-

iving the distribution of the overshoot, we run the simulation until

ither the 95 percent confidence interval for the expected overshoot

s smaller than 0.01 or the standard error is less than 0.001 times the

xpected value for the overshoot. The average total costs correspond-

ng to these order-up-to levels are also derived by simulation. The

topping criterion is the same as that described above for the optimal

OP. One could also derive the average costs from the underlying

arkov process; however, since the state space includes information
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Table 2

Impact of yield rate (cr = 100, b = 495 and D ∼ Pois(2)).

lr p Optimal DOP DOPMD

E(Xr) E(Xe) Average

total cost

E(Xr) E(Xe) Percent above

optimal DOP

2 0.6 0.00 1.99 328.11 0.00 1.99 −0.06

2 0.7 2.18 0.46 320.76 2.53 0.23 0.10

2 0.8 2.42 0.05 286.24 2.43 0.05 0.35

2 0.9 2.18 0.03 257.47 2.22 0.00 0.26

2 1 1.99 0.00 234.13 1.99 0.00 0.25

4 0.6 0.00 2.00 328.30 0.00 1.99 −0.09

4 0.7 1.97 0.62 322.46 1.97 0.62 0.05

4 0.8 2.31 0.14 291.40 2.31 0.14 −0.01

4 0.9 2.17 0.04 264.56 2.13 0.08 −0.12

4 1 1.95 0.04 241.23 1.95 0.04 0.03

Table 3

Impact of regular lead time (cr = 100, p = 0.8 and D ∼ Pois(2)).

b lr Optimal DOP DOPMD

E(Xr) E(Xe) Average

total cost

E(Xr) E(Xe) Percent above

optimal DOP

95 2 2.43 0.05 275.78 2.43 0.05 0.80

95 4 2.38 0.08 282.10 2.31 0.14 0.33

95 6 2.29 0.16 285.28 2.29 0.16 0.22

95 8 2.23 0.21 286.65 2.16 0.27 0.20

495 2 2.42 0.05 286.24 2.43 0.05 0.35

495 4 2.31 0.14 291.50 2.31 0.14 −0.01

495 6 2.29 0.16 293.23 2.12 0.30 0.34

495 8 2.21 0.20 292.34 2.08 0.33 1.07
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Table 4

Impact of demand size (lr = 2, p = 0.8 and b = 495).

cr λ Optimal DOP DOPMD

E(Xr) E(Xe) Average

total cost

E(Xr) E(Xe) Percent above

optimal DOP

100 2 2.42 0.05 286.24 2.43 0.05 0.35

100 4 4.93 0.00 547.12 4.98 0.00 0.52

100 6 7.46 0.00 809.53 7.31 0.14 0.03

100 8 9.94 0.00 1068.79 9.88 0.09 0.01

110 2 2.30 0.15 310.46 2.42 0.05 −0.03

110 4 4.70 0.22 597.30 4.70 0.00 0.06

110 6 7.27 0.13 879.16 7.30 0.14 0.34

110 8 9.93 0.04 1167.93 9.59 0.09 −0.48

120 2 0.00 2.00 328.57 2.42 0.05 −0.12

120 4 0.00 3.99 636.93 4.70 0.23 0.00

120 6 0.00 5.98 944.31 7.30 0.14 0.04

120 8 4.92 4.04 1251.53 9.59 0.28 0.04

Table 5

Impact of penalty cost (lr = 2, p = 0.8 and D ∼ Pois(2)).

cr Optimal DOP DOPMD

b E(Xr) E(Xe) Average

total cost

E(Xr) E(Xe) Percent above

optimal DOP

100 10 2.47 0.01 263.82 2.49 0.00 −0.05

100 15 2.49 0.00 266.01 2.49 0.00 0.14

100 95 2.43 0.05 275.78 2.43 0.05 0.80

100 495 2.42 0.05 286.24 2.43 0.05 0.35

120 10 0.00 1.99 310.27 0.00 1.99 −0.06

120 15 0.00 1.99 312.19 0.00 2.00 0.04

120 95 0.89 1.28 320.96 0.00 1.99 0.24

120 495 0.00 2.00 328.57 0.00 2.00 −0.12

Table 6

Impact of regular ordering cost (lr = 2, p = 0.8 and D ∼ Pois(2)).

b cr Optimal DOP DOPMD

E(Xr) E(Xe) Average

total cost

E(Xr) E(Xe) Percent above

optimal DOP

95 100 2.43 0.05 275.78 2.43 0.05 0.80

95 105 2.49 0.00 290.36 2.43 0.05 0.00

95 110 2.30 0.15 301.92 2.30 0.15 0.07

95 115 2.40 0.05 312.65 2.29 0.15 −0.14

95 120 0.00 1.98 319.70 0.00 1.99 0.52

95 125 0.00 1.99 321.27 0.00 2.01 0.59

495 100 2.42 0.05 286.24 2.43 0.05 0.35

495 105 2.47 0.00 296.91 2.42 0.05 0.50

495 110 2.42 0.05 310.16 2.43 0.05 0.12

495 115 2.04 0.36 321.28 2.04 0.36 −0.07

495 120 0.00 1.98 325.95 0.00 1.99 0.61

495 125 0.00 2.00 328.28 0.00 1.99 −0.13
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n both regular and expedited orders in transit, the dynamic program

ecomes computationally intractable. Since we rely on simulation,

he average total costs obtained by the heuristic may occasionally be

lightly smaller than those obtained by the optimal DOP.

We start with a base case and construct 40 scenarios by modifying

ne or two of its parameters. In the base case, we choose le = 1, lr = 2,

r = 100, ce = 150, h = 5, b = 495, p = 0.8 and D ∼ Pois(2), where

ois(λ) denotes the Poisson distribution with mean λ. Notice that

hen demand follows a Poisson distribution, F∞ is a Poisson dis-

ribution with rate λ
p . All demand distributions are truncated to be

etween 0 and RD, where RD is the smallest integer that satisfies

D(RD) ≥ 0.99. We fix the values of h, ce and le in all instances, and

tudy the respective impact of cr , p, lr , b and demand on the per-

ormance of the DOPMD heuristic. The results are summarized in

ables 2–6. The layout of each table is as follows: Columns 3 and 4

how the average regular- and expedited-order quantities for the op-

imal DOP and columns 6 and 7 give those for the DOPMD heuristic;

olumn 5 gives the average total costs of the optimal DOP and col-

mn 8 reports the percentages by which the average total costs of the

OPMD are higher than those of the optimal DOP.

The performance of the DOPMD is robust in all of the cases we

ested. The average difference between the average total costs of the

OPMD and of the optimal DOP is only 0.19 percent. In almost all of

he cases tested, the difference is smaller than 1 percent.

.1.1. Impact of yield rate

Table 2 shows that the DOPMD performs well for both high- and

ow- yield rates. As can be seen from columns 3, 4, 6 and 7, when the

ield rate is higher than 0.7, the buyer mainly sources from the regular

upplier and uses the expedited supplier only for emergencies. When

he yield rate is lower than 0.7, the buyer exclusively sources from

he expedited supplier. The reason is that when p < 0.7, the actual

rdering cost for each usable unit from the regular supplier (i.e. cr/p)

s larger than that from the expedited one, thereby rendering the

egular supplier less attractive.
.1.2. Impact of regular lead time

The results in Table 3 reveal that the performance of the DOPMD

s robust for different regular lead times. For both policies, when lr in-

reases from 2 to 8, the expected expedited order quantities increase.

owever, in all the tested instances the regular supplier is the main

ource of supply even when lr is large.

.1.3. Impact of demand size

As can be seen in Table 4, the performance of the heuristic is

ot influenced by the demand size. When the average demand rate

ncreases from 2 to 8, the allocation of orders between the suppliers

oes not change significantly. When cr = 100 or 110, both policies

ainly rely on the regular supplier, and when cr = 120, both policies

rder from the expedited supplier.
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Table 7

Impact of ignoring the yield uncertainty.

cr b DOPMD DOP ignoring yield uncertainty

λ lr p E(Xr) E(Xe) Average

total cost

E(Xr) E(Xe) Percent above

DOPMD

100 495 2 2 0.7 2.53 0.22 319.60 2.85 0.00 9.92

100 495 2 2 0.8 2.43 0.05 286.29 2.49 0.00 3.13

100 495 2 2 0.9 2.22 0.00 258.26 2.22 0.00 0.45

100 495 2 2 0.8 2.43 0.05 286.29 2.49 0.00 3.13

100 495 4 2 0.8 4.97 0.01 549.46 4.98 0.00 4.81

100 495 6 2 0.8 7.40 0.06 809.55 7.48 0.00 4.94

100 495 2 2 0.8 2.43 0.05 286.29 2.49 0.00 3.13

100 495 2 4 0.8 2.31 0.14 291.38 2.31 0.14 1.57

100 495 2 6 0.8 2.12 0.30 294.09 2.21 0.22 1.87

80 495 2 2 0.8 2.46 0.01 235.98 2.49 0.00 1.79

100 495 2 2 0.8 2.43 0.05 286.29 2.49 0.00 3.13

120 495 2 2 0.8 0.00 2.00 328.10 2.49 0.00 3.57

100 15 2 2 0.8 2.49 0.00 266.47 2.49 0.00 0.10

100 95 2 2 0.8 2.49 0.00 278.45 2.49 0.00 1.67

100 495 2 2 0.8 2.43 0.05 286.29 2.49 0.00 3.13

Table 8

Impact of advance yield information when li ≤ l (b = 495, lr = 4 and D ∼ Pois(2)).

p li cr DOPMD DOP with advance information

E(Xr) E(Xe) Average

total cost

E(Xr) E(Xe) Percent lower

DOPMD

0.4 1 50 4.45 0.21 298.29 4.53 0.18 2.23

0.4 2 50 4.45 0.21 298.29 4.36 0.25 2.02

0.4 3 50 4.45 0.21 298.29 4.38 0.24 1.65

0.6 1 80 2.68 0.38 308.97 2.99 0.20 1.29

0.6 2 80 2.68 0.38 308.97 2.93 0.22 1.80

0.6 3 80 2.68 0.38 308.97 2.89 0.26 0.95

0.8 1 100 2.31 0.14 291.39 2.22 0.21 0.66

0.8 2 100 2.31 0.14 291.39 2.28 0.17 0.42

0.8 3 100 2.31 0.14 291.39 2.22 0.22 0.40

Table 9

Impact of advance yield information when li > l (b = 495, le = 4, lr = 5 and D ∼
Pois(2)).

p li cr DOPMD DOP with advance information

E(Xr) E(Xe) Average

total cost

E(Xr) E(Xe) Percent lower

DOPMD

0.4 2 55 3.30 0.67 336.71 4.30 0.28 2.21

0.4 3 55 3.30 0.67 336.71 4.59 0.15 1.53

0.4 4 55 3.30 0.67 336.71 4.30 0.28 0.49

0.6 2 85 2.33 0.60 338.41 3.06 0.16 1.30

0.6 3 85 2.33 0.60 338.41 2.78 0.33 0.78

0.6 4 85 2.33 0.60 338.41 3.04 0.15 0.79

0.8 2 115 2.30 0.15 338.47 2.30 0.15 0.74

0.8 3 115 2.30 0.15 338.47 2.04 0.36 0.47

0.8 4 115 2.30 0.15 338.47 2.04 0.36 0.24
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5.1.4. Impact of regular ordering cost and penalty cost

Tables 5 and 6 show that the DOPMD performs well for different

values of the backlogging costs as well as the regular ordering costs. As

the backlogging cost increases, both the optimal DOP and the DOPMD

slightly increase the portion sourced from the expedited supplier.

When the regular ordering cost increases from 90 to 125, both poli-

cies change from single sourcing from the regular supplier to dual

sourcing, and then to single sourcing from the expedited supplier.

5.2. Impact of ignoring the yield uncertainty

This section compares the total costs of the DOPMD and the op-

timal DOP when the yield uncertainty is ignored. In the latter case,

we derive the order-up-to levels by using the solution procedure pro-

posed in Veeraraghavan and Scheller-Wolf (2008). We then apply

them in a dual-sourcing model with random yield and derive the

average costs by simulation.

Table 7 shows the results of 11 instances with different values

of lr , cr , λ, b and p. Our experiments suggest that ignoring the yield

uncertainty can cause significant increases in costs (on average, 3.07

percent in the tested instances). Moreover, the results in columns

3, 4, 6 and 7 suggest that the cost increase is mainly caused by an

inefficient allocation of orders to the suppliers. For example, when

cr = 120 and p = 0.8 (the fourth to the last row), the optimal DOP

when the yield uncertainty is ignored, chooses to single source from

the regular supplier since the per-unit ordering cost of the regular

supplier is much lower than that of the expedited one. However,

when the random yield is taken into account, the expected ordering

cost for each usable unit from the regular supplier is 150, which is

equal to the expedited ordering cost. Since the regular supplier has a

larger lead time, it is inefficient to source from him.

5.3. Impact of advance yield information

This section examines the influence of the advance yield informa-

tion on the total inventory costs. Table 8 shows the cases where li ≤ l

and Table 9 those where li > l.

As can be seen in both tables, the advance yield information leads

to cost reduction, which is larger when the yield rates are lower. In our

experiment, the average decrease of the total inventory costs is 1.11

percent (1.27 percent for the cases where li ≤ l and 0.95 percent for

those where li > l). When the yield rate is low and li ≤ l (for example,

p = 0.4 and li ≤ l), knowledge of the yield quantities even one period

before the orders arrive could lead to 1.65 percent cost reduction
row 3 of Table 8). As expected, the inventory costs decrease when the

nformation lead time decreases. These numerical results are helpful

hen an assessment must be made as to the value of investing in

uality inspection facilities at the supplier’s site.

. Conclusions

This paper studies a dual-sourcing inventory system with posi-

ive lead times and binomial random yield for the slower supplier.

lthough commonly seen in practice, this system has never been

tudied in the literature due to its complexity. We strive to be the

rst to propose an efficient and easy-to-implement policy for this
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nventory system. The heuristic we proposed (i.e. the DOPMD) has

he structure of a dual-index order-up-to policy. To find the order-

p-to levels of the DOPMD, we propose using the full returns in the

nventory positions and increasing demand by a quantity that ap-

roximates the unreturned regular order. The regular order quanti-

ies are approximated by binomial portions of the order quantities

n a single-sourcing model with yield uncertainty. The success rates

f the binomial random variables are found by using an iterative al-

orithm. In all of our numerical experiments, the average difference

etween the costs of the DOPMD heuristic and the optimal DOP is

elow 1 percent. Moreover, we extend our heuristic to models with

dvance yield information and study the impact of the advance yield

nformation on the total inventory costs.
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