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Abstract

In a �ow-shop problem with transportation times and a single robot n jobs consisting of m
operations have to be processed in the same order on m machines. Additionally, transportation
times are considered if a job changes from one machine to another. We assume that unlimited
bu2er space exists between the machines and all transportations have to be done by a single
robot. The objective is to determine a feasible schedule with minimal makespan.

New complexity results are derived for special cases where the processing or transportation
times are constant values. Some of these may also be interpreted as new results for special cases
of the classical 3-machine �ow-shop F3||Cmax with constant processing times at certain stages.
? 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

A �ow-shop problem with transportation times and a single robot is a generalization
of the classical �ow-shop problem and may be formulated as follows:
We are given m machines M1; : : : ; Mm and n jobs j=1; : : : ; n. Each job j consists of

m operations Oij (i = 1; : : : ; m) which have to be processed in the order O1j → O2j →
· · · → Omj. Operation Oij has to be processed on machine Mi without preemption for
pij¿0 time units. Each machine can only process one job at a time.
Additionally, transportation times are considered. They occur if a job changes from

one machine to another, i.e. if operation Okj is processed on machine Mk and afterwards
Ok+1; j on machine Mk+1, a transportation time tjk¿0 arises. These transportation times
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may be job-dependent or job-independent (tjk = tk). We consider the case where all
transportations are done by a single transport robot R which can only handle one job
at a time. Thus, con�icts between transportations may arise and a job may have to
wait for the robot before its transportation. We assume that empty moving times of the
robot are negligible, i.e. if the robot moves empty without carrying a job no additional
times are considered. All values pij and tjk are supposed to be non-negative integers.
We assume that we have unlimited bu2er space between the machines. Each machine

Mk has an unlimited output bu2er where jobs processed on Mk and waiting for the
robot may be stored. The jobs are automatically transferred into this bu2er and no
further times for this transfer are considered. Additionally, each machine Mk has an
unlimited input bu2er where jobs awaiting processing on Mk may be stored.
The objective is to determine a feasible schedule which minimizes the makespan

Cmax = maxnj=1 Cj, where Cj is the Gnishing time of the last operation Omj of job j.
To describe special cases of this problem we extend the �|�|�-notation of Graham

et al. [5]. In the �-Geld we write R1 to indicate that one robot is available for all
transportations. In the �-Geld we add information about the transportation times: tjk
means that the transportation times are job- and machine-dependent, tjk = tk denotes
machine-dependent but job-independent transportation times. In practice this situation
may occur for jobs of the same size where the transportation times only depend on the
travel distances between the machines. tjk =T indicates that all transportation times are
equal to a constant T . If we have only m=2 machines, the robot always transports from
M1 to M2. Therefore, the index k in the notation tjk is dropped and the transportation
times are denoted by tj. If they may take only two values T1; T2, we write tj ∈ {T1; T2}
in the �-Geld. In practice this situation may occur if we are given two types of jobs,
some “big” and some “small” jobs where it takes longer to transport the big jobs than
the smaller ones.
Throughout the paper we will also consider the special cases where all operations

Oij have unit processing times pij=1 or constant processing times pij=p. We have to
distinguish these cases since, due to the integrality of the data, these cases are di2erent
from the complexity point of view. For simplifying the presentation, in the second
case we will also normalize the data in such a way that pij = 1 holds and allow the
transportation times to be rational numbers.
In recent years various models have been proposed where the interactions between

classical job scheduling decisions and transportation aspects are considered:
• Many authors concentrated on cyclic �ow-shop scheduling problems for robotic cells
without any bu2ers (for an overview see Crama et al. [2]). In most cases repetitive
manufacturing is studied where the long-run average cycle time has to be minimized.
For special situations polynomial algorithms have been obtained by Sethi et al. [14],
Crama and van de Klundert [1], and Hall et al. [6]. Robotic cells with a single unit
of bu2er behind each machine have been studied by Finke et al. [3].

• Considering the case in which suOcient robots are available for transportation leads
to problems where the transportation times only correspond to minimal time-lags
(delays) between operations of the same job. In this case the transportation stage
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becomes a non-bottleneck one and there are no con�icts between jobs awaiting trans-
portation. In this situation Johnson’s algorithm for problem F2||Cmax [7] can be used
to solve problem F2|tj=T |Cmax as well as the permutation variant of F2|tj|Cmax (Mit-
ten [12]). The non-permutation variant is much harder, since Yu [16] has shown that
problem F2|pij = 1; tj|Cmax is already strongly NP-hard. Additionally, he showed
that F2|tj ∈ {T1; T2}|Cmax is strongly NP-hard and F2|pij = 1; tj ∈ {T1; T2}|Cmax

is polynomially solvable.
• For �ow-shop problems with transportation times, limited bu2er space and a single
robot, some polynomially solvable special cases have been described by Panwalkar
[13] and Levner et al. [11]. Kise et al. [9] and Stern and Vitner [15] considered the
two-machine case with an additional no-wait condition which can be formulated as
a specially structured traveling salesman problem.

• For the �ow-shop environment with a single robot and unlimited bu2er space only
one complexity result is available. Kise [8] has shown that problem F2; R1|tj=T |Cmax

is NP-hard in the ordinary sense.
This paper is organized as follows. In Section 2 we consider problems with two

machines and strengthen the result of Kise [8] by showing that F2; R1|tj = T |Cmax is
strongly NP-hard. Furthermore, we show that F2; R1|pij = p; tj|Cmax is NP-hard in
the strong sense and that F2; R1|pij = p; tj ∈ {T1; T2}|Cmax and F2; R1|pij = 1; tj|Cmax

are polynomially solvable. In Section 3 we consider the problem F; R1|n¿m− 1; pij =
p; tjk = tk |Cmax with m machines and show that it is polynomially solvable. The paper
ends with some concluding remarks.

2. Flow-shop problems with two machines

In this section we consider problems in which we have two machines M1; M2, one
robot R and n jobs j with processing times p1j on M1 and p2j on M2. Further-
more, for each job j a transportation time tj from M1 to M2 is given. This problem,
F2; R1|tj|Cmax, is equivalent to the classical three-machine �ow-shop F3||Cmax where
the second machine corresponds to the robot R.
In the Introduction we have stated that we do not consider empty moving times. It

is easy to see that for m= 2 machines the more general situation with empty moving
times t′21 	= 0 (arising for the robot when it moves back from machine M2 to M1 after
having transported a job) is equivalent to our model without empty moving times.
Given a problem with t′21 	= 0, we construct an instance of the corresponding problem
with t′21 = 0 by adding t′21 to all transportation times tj. Each feasible schedule for the
resulting problem can be transformed into a feasible schedule for the original problem
and vice versa: we shift the whole schedule on machine M2 by t′21 time units to the
left (right), which changes the objective value by only a constant.
For problem F2; R1|tj|Cmax we may restrict the search for an optimal solution to

permutation plans, since for problem F3||Cmax an optimal permutation plan always
exists. The objective value of a permutation � is given by the value of a critical path.
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Such a path contains at Grst some operations on the Grst machine, then on the robot
and Gnally on the second machine:

F(�) =
n

max
k=1

n
max
l=k

{
k∑

�=1

p1�� +
l∑

�=k

t�� +
n∑

�=l

p2��

}
: (2.1)

In the following sections we consider two special cases of this problem and show
that they are both NP-hard in the strong sense. In the Grst case we have arbitrary
processing times of the jobs, but constant transportation times; in the second we have
arbitrary transportation times, but constant processing times of all operations. These
two cases correspond to the classcical 3-machine problems F3|p2j = p2|Cmax and
F3|p1j = p3j = p|Cmax. In Sections 2.3 and 2.4 we consider special cases of prob-
lem F2; R1|pij =p; tj|Cmax which are polynomially solvable. In the Grst case we have
only two transportation time values T1 and T2, and in the second case we assume unit
processing times pij = 1.

2.1. Problem F2; R1|tj = T |Cmax

In problem F2; R1|tj = T |Cmax we have arbitrary processing times on M1 and M2,
but all transportation times tj are equal to a constant T . The equivalent version of this
problem with empty moving times t′21 has been shown to be NP-hard in the ordinary
sense by Kise [8]. In the following we strengthen Kise’s result by showing that the
problem is strongly NP-hard. Within the proof of the result we will use the following
reformulation of the objective value (2.1) for a permutation � in the considered special
case of equal transportation times:

F(�) =
n

max
k=1

n
max
l=k

{
k∑

�=1

p1�� + (l− k + 1)T +
n∑

�=l

p2��

}
: (2.2)

Theorem 1. Problem F2; R1|tj = T |Cmax is NP-hard in the strong sense.

Proof. We will show that the strongly NP-complete problem 3-PARTITION is re-
ducible to the decision problem of F2; R1|tj = T |Cmax.
3-PARTITION (3-PART): Given 3m positive numbers a1; : : : ; a3m with

∑3m
i=1 ai=mb

and b=4¡ai ¡b=2 for i=1; : : : ; 3m, does there exist a partition I1; : : : ; Im of the index
set {1; : : : ; 3m} such that |Ij|= 3 and

∑
i∈Ij ai = b for j = 1; : : : ; m?

W.l.o.g. we can assume that in the instance of 3-PART ai ¿ 1 holds for all i (if
this is not the case, we scale the data in an appropriate way). Given an arbitrary
instance of 3-PART, we construct the following instance of the �ow-shop problem
F2; R1|tj = T |Cmax with n:=4m+ 1 jobs:

job 0 : p10 = 1; p20 = 3b;
job m : p1m = 3b; p2m = 1;
jobs 1; : : : ; m− 1 : p1j = 3b; p2j = 3b for j = 1; : : : ; m− 1;
jobs m+ 1; : : : ; 4m : p1; i+m = ai; p2; i+m = ai for i = 1; : : : ; 3m:
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The transportation time T is set to T = b and we ask for a permutation � with
F(�)6y:=2 + (4m+ 1)b= 2 + nb.
We show that a permutation � for the constructed instance with F(�)6y exists if

and only if 3-PART has a solution.
Assume that I1; : : : ; Im is a solution of 3-PART. Then we deGne a permutation � as

follows:

Obviously, this permutation � fulGlls F(�)6y.
Conversely, assume that the �ow-shop problem has a solution � with F(�)6y. By

setting k = 1; l= n in (2.2) we get for all permutations �:

F(�)¿p1�1 + nT + p2�n¿1 + nb+ 1 = y:

Thus, for a permutation � with F(�) = y we may conclude that
(1) job 0 is processed at the Grst position, since p1i ¿ 1 for i 	= 0,
(2) job m is processed at the last position, since p2i ¿ 1 for i 	= m,
(3) machine M1 processes jobs in the interval [0; 1 + (n− 1)b] without idle time,
(4) robot R transports jobs in the interval [1; 1 + nb] without idle time,
(5) machine M2 processes jobs in the interval [1 + b; 2 + nb] without idle time.
W.l.o.g. we can assume that the jobs 1; : : : ; m− 1 are processed w.r.t. increasing num-
bers. Let I1:={i1; : : : ; ik} be the set of jobs scheduled between jobs 0 and 1. We have
I1 	= ∅, since otherwise there would be an idle period on the robot between jobs 0 and
1, which contradicts (4).

In the following we will show that k=3 and
∑

i∈I1 ai=b hold. We use the variables
C�
ij denoting the completion time of job j on machine Mi in the permutation �. The

values of these variables for the jobs in the set I1 are given by

C�
1i� = 1 +

�∑
�=1

p1i� ¡ 1 + � · b
2
¡ 1 + �b (� = 1; : : : ; k);

i.e. the robot transports jobs 0; i1; : : : ; ik without idle time in the interval [1; 1+(k+1)b].
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• If k62 holds, we have C�
11 =1+

∑k
�=1 p1i� +3b¿ 1+3b and the robot Gnishes the

transportation of job ik at time 1+ (k +1)b and, thus, not after time 1+ 3b. Hence,
the robot has an idle period between jobs ik and 1, which contradicts (4).

• If k¿4 holds, we have
k∑

�=1

p2i� ¡ k · b
2
≤ k · b

2
+ (k − 4) · b

2
= (k − 2)b:

On the other hand, job 1 cannot start on M2 earlier than time 1+ (k +2)b, since jobs
0,1 and all jobs of I1 have to be transported before. Thus, the time period between the
completion time C�

20 = 1 + 4b of job 0 on M2 and the starting time of job 1 on M2 is
not completely Glled with jobs from I1, which contradicts (5).
Thus, we must have k=3. This implies that job 1 is transported by the robot in the

interval [1 + 4b; 1 + 5b], i.e. job 1 starts on M1 not after time 1 + b.
Therefore,

∑
i∈I1 p1i6b. On the other hand, job 1 starts on M2 not before 1 +

5b. Since we have no idle time on M2 in [1 + b; 2 + nb], we must have 4b + 1 +∑3
�=1 p2i�¿1+5b. Therefore,

∑
i∈I1 p2i¿b. Since p1i=p2i=ai, we have

∑
i∈I1 ai=b.

Analogously, we show that the remaining sets I2; : : : ; Im separated by the jobs 1; : : : ; m
contain 3 elements and fulGll

∑
i∈Ij ai = b for j = 2; : : : ; m. Thus, I1; : : : ; Im deGne a

solution of 3-PART.

2.2. Problem F2; R1|pij = p; tj|Cmax

In problem F2; R1|pij=p; tj|Cmax we have constant processing times of all operations
on M1 and M2, but arbitrary transportation times between the machines. For the sake
of simplicity we normalize the data in such a way that we have unit processing times
on M1 and M2, but rational, job-dependent transportation times tj¿0 from M1 to M2.
Now, the objective value (2.1) of a permutation � reduces to

F(�) =
n

max
k=1

n
max
l=k

{
k +

l∑
�=k

t�� + (n− l+ 1)

}

=
n

max
k=1

n
max
l=k

{
l∑

�=k

(t�� − 1)

}
+ n+ 2:

If minnj=1 {tj}¿1 holds, the transportation times dominate the processing times and
we have F(�) =

∑n
j=1(tj − 1) + n + 2 for each permutation �. If maxnj=1 {tj}61

holds, the transportation times are dominated by the processing times and we have
F(�) = maxnj=1{tj − 1}+ n+ 2 for each permutation �. Since both values are a lower
bound for the problem, each permutation is optimal in these cases.
DeGning sj:=tj−1, the decision version of our problem corresponds to the following

problem:
P1: Given are n rational numbers s1; : : : ; sn¿−1 and a threshold value y. Does there

exist a permutation � with F̃(�) = maxnk=1 maxnl=k {
∑l

�=k s��}6y?
We will prove that our problem is NP-hard by showing that P1 is NP-complete.
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Theorem 2. Problem F2; R1|pij = p; tj|Cmax is NP-hard in the strong sense.

Proof. We will show again that the strongly NP-complete problem 3-PARTITION
is reducible to problem P1.
W.l.o.g. we can assume that in the instance of 3-PART b¡ 1 holds (otherwise we

scale the data in an appropriate way). Given an arbitrary instance of 3-PART, we
construct the following instance of P1 with n:=4m− 1 integers:

si:=ai for i = 1; : : : ; 3m;

sj:=− b for j = 3m+ 1; : : : ; 4m− 1:

We ask for a permutation � with F̃(�)6y:=b.
Assume that I1; : : : ; Im is a solution of 3-PART. Then we deGne

�:=
(I1; 3m+ 1; I2; 3m+ 2; I3; : : : ; Im−1; 4m− 1; Im):
b −b b −b b b −b b

Obviously,
∑l

�=k s��6b holds for all 16k6l6n.
Conversely, assume that P1 has a solution � with F̃(�)6b. In � the m − 1 items

3m+ 1; : : : ; 4m− 1 can divide the remaining items {1; : : : ; 3m} into at most m subsets
Ij. If less than m subsets are separated by these items, at least one subset Ij exists with
|Ij|¿4 and F(�)¿

∑
i∈Ij si ¿

∑
i∈Ij b=4¿ 4 · b=4 = b, which contradicts F̃(�)6b.

Thus, � must have the form � = (I1; 3m+ 1; I2; 3m+ 2; I3; : : : ; Im−1; 4m− 1; Im) with
m subsets I1; : : : ; Im each containing three elements from {1; : : : ; 3m}. For all these sets
Ij we have

∑
i∈Ij si6b, since F̃(�)6b. From

∑m
j=1

∑
i∈Ij si = mb we get the equality∑

i∈Ij si = b. Thus, the sets I1; : : : ; Im deGne a solution of 3-PART.

2.3. Problem F2; R1|pij = p; tj ∈ {T1; T2}|Cmax

In this section we consider a special case of the problem discussed in the previous
section where we have unit processing times on the machines and the job-dependent
transportation times tj may take only two rational values T1 and T2. W.l.o.g. assume
T1 ¡T2. If T1; T261 or T1; T2¿1, each permutation is optimal, as observed in the
previous subsection. Therefore, it remains to consider the case T1 ¡ 1; T2 ¿ 1.

For the considered problem the objective value of a permutation � can be calculated
by

F(�) =
n

max
k=1

n
max
l=k

{
l∑

�=k

s�� + n+ 2

}
=

n
max
k=1

n
max
l=k

{H�(k; l)} (2.3)

with H�(k; l) =
∑l

�=k s�� + n+ 2 and sj:=tj − 1 for j = 1; : : : ; n.
Let S1:=T1−1¡ 0 and S2:=T2−1¿ 0. A job with sj=S2 will be called an “S2-job”;

a job with sj = S1 will be called an “S1-job”. Since we have only two types of jobs,
we may decompose a permutation � into “S2”-blocks and “S1-blocks”, where a block
consists of a maximal number of consecutive jobs in � with the same sj-value. For
example, the permutation � with s�=(S2; S2; S1; S2; S2; S2; S1; S1; S2) contains the blocks
(S2; S2); (S1); (S2; S2; S2), (S1; S1), and (S2).
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If we have only a single S2-job, obviously, each permutation � is optimal with
objective value F(�)=S2 +n+2. Thus, we may restrict our considerations to the case
in which we have at least two S2-jobs. In the following lemmata we will show that
the search for an optimal permutation � may be reduced to permutations with a special
decomposition into blocks.

Lemma 3. It is su:cient to consider only permutations � with s�1 = s�n = S2.

Proof. Assume that s�1 = S1 and s� = (S1; : : : ; S1; S2; : : :). Let �̃ be the permutation
we obtain by swapping the Grst S1-block with the Grst S2-job �k∗ leading to s�̃ =
(S2; S1; : : : ; S1; : : :). Then we have H�̃(1; 1) = S2 + n + 2 = H�(k∗; k∗) and H�̃(1; l)6
H�̃(1; 1) =H�(k∗; k∗) for all l6k∗. For all other values of k and l we get H�̃(k; l)6
H�(k; l) and therefore, F(�̃) = maxH�̃(k; l)6maxH�(k; l) = F(�). The case s�n = S1
can be treated in the same way.

Since S1 ¡ 0 and S2 ¿ 0, we have

Lemma 4. The objective value (2:3) of a permutation � is achieved by a pair k; l;
where �k is the <rst job and �l the last job of an S2-block.

Let q be the number of jobs j with tj = T2. Then we have n− q jobs with tj = T1.
In the following we distinguish two cases.
Case 1: q¿n=2, i.e. we have more S2-jobs than S1-jobs.

Lemma 5. Let q¿n=2 and b:=�q=r with r:=n−q+1. Then an optimal permutation
exists which contains r S2-blocks of lengths b or b− 1; separated by single S1-jobs.

Proof. Analogously to the proof of Lemma 3, we can show that we need not consider
permutations in which two S1-jobs are neighbored. Therefore we can conclude that
we have r = n − q + 1 S2-blocks, separated by single S1-jobs. Thus, � has the form
s� = (B�

1 ; S1; B
�
2 ; S1; : : : ; S1; B

�
r ) with S2-blocks B�

i of length b�i (i = 1; : : : ; r).
It remains to show that we only have blocks of lengths b and b − 1. Assume that

there is no optimal permutation with only blocks of these lengths. Then in each optimal
permutation we have at least one S2-block B�

i with length b�i¿b+1 or one block with
b�i ¡b− 1. Let � be an optimal permutation with a block of length b�i¿b+ 1. Then
there must be at least one block B�

j of length b�j6b−1 in �. Choose the blocks B�
i ; B

�
j

such that |i− j| is minimal, i.e. all blocks between B�
i and B�

j (if any) have length b.
Let us assume j¿ i; the other case can be treated in the same way.
Due to Lemma 4 the objective value of � can be written as

f(�) =
r

max
k=1

r
max
l=k

{
l∑

�=k

(b�� · S2 + S1)− S1 + n+ 2

}

= :
r

max
k=1

r
max
l=k

A�(k; l): (2.4)
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Let �̃ be the permutation obtained from � by moving one S2-job from B�
i to B�

j . Then

A�̃(k; l) =




A�(k; l); k6i; l¿j or k ¿ i; l¡ j or k; l¿ j or k; l¡ i;
A�(k; l)− S2; k6i6l¡ j;
A�(k; l) + S2; i ¡ k6j6l:

Thus, we have A�̃(k; l)¿A�(k; l) only for i¡ k6j6l. However, for these cases we
can Gnd other terms which dominate the A�̃(k; l)-values.

If b · S2 + S1¿0, then

A�̃(k; l) = A�̃(i; l)−
k−1∑
�=i

(b�̃� · S2 + S1)6A�(i; l)− (k − i)(b · S2 + S1)6A�(i; l):

If b · S2 + S1 ¡ 0, we distinguish the following three cases:
• l¿ j: A�̃(k; l) = A�(j + 1; l) +

∑j
�=k(b · S2 + S1)6A�(j + 1; l):

• l= j¿k: A�̃(k; j) = A�(k; j − 1) + (b · S2 + S1)6A�(k; j − 1):
• l= j = k: A�̃(j; j) = b · S2 + n+ 26(b+ 1) · S2 + n+ 2 = A�(i; i):
Therefore F(�̃) = maxA�̃(k; l)6maxA�(k; l) = F(�).
The case in which a block B�

i of length b�i ¡b−1 exists can be treated in a similar
way. The result of the lemma follows by induction.

Lemma 5 states that there is an optimal permutation in which the q S2-jobs are par-
titioned into r blocks of lengths b and b− 1. Thus, the numbers xb and xb−1 of blocks
with lengths b and b−1 are given by xb−1=rb−q and xb=n−rb+1. Therefore the prob-
lem reduces to the problem of ordering r blocks, xb with length b and xb−1 with length
b−1, such that (2.4) is minimized. If we deGne ŝj:=b ·S2 +S1 for all blocks of length
b and ŝj:=(b−1) ·S2 +S1 for all blocks of length b−1, we again have the problem of
sequencing r numbers ŝj ∈ {Ŝ1; Ŝ2} with Ŝ1:=(b−1)·S2+S1 ¡Ŝ2:=b·S2+S1 such that

F(�) =
r

max
k=1

r
max
l=k

{
l∑

�=k

ŝ�� + n+ 2

}
− S1; (2.5)

is minimized. The objective functions (2.3) and (2.5) di2er only in the constant S1.
Therefore the problem can be solved recursively.
Case 2: q6 n

2

Lemma 6. Let q6n=2 and b′:=�(n−q)=r′ with r′:=q−1. Then an optimal permutation
exists which contains r′ S1-blocks of lengths b′ or b′ − 1; separated by single S2-jobs.

Proof. Analogously to Case 1 we can show that we need not consider permutations in
which two S2-jobs are neighbored. Therefore, we can conclude that we have r′= q− 1
S1-blocks, separated by single S2-jobs. Thus, � has the form s� = (S2; A�

1 ; S2; A
�
2 ; S2; : : : ;

S2; A�
r′ ; S2) with S1-blocks A�

i of length a�i .
The objective value of � can be written as

F(�) =
r′

max
k=1

r′
max
l=k

{
l∑

�=k

(a�� · S1 + S2) + S2 + n+ 2

}
: (2.6)
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The proof that it is suOcient to consider only permutations with blocks of lengths b′

and b′ − 1 can be done analogously to the proof of Lemma 5.

Lemma 6 states that there is an optimal permutation in which the n− q S1-jobs are
partitioned into r′ blocks of lengths b′ and b′ − 1. Thus, the numbers yb′ and yb′−1 of
blocks with lengths b′ and b′−1 are given by yb′−1=r′b′+q−n and yb′ =n−r′b′−1.
Therefore the problem reduces to the problem of ordering r′ blocks, yb′ with length b′

and yb′−1 with length b′−1, such that (2.6) is minimized. If we deGne ŝj:=b′ ·S1 +S2
for all blocks of length b′ and ŝj:=(b′ − 1) · S1 + S2 for all blocks of length b′ − 1, we
have to sequence r′ numbers ŝj ∈ {Ŝ1; Ŝ2} with Ŝ1:=b′ ·S1 +S2 ¡Ŝ2:=(b′−1) ·S1 +S2
such that

F(�) =
r′

max
k=1

r′
max
l=k

{
l∑

�=k

ŝ�� + n+ 2

}
+ S2 (2.7)

is minimized. The objective functions (2.3) and (2.7) di2er only in the constant S2.
Therefore, also in the second case the problem can be solved recursively.
Using these results we formulate the following recursive procedure Blocks (n; q; S1;

S2; '1; '2), which solves our problem. If a permutation � has the form �=(�̂; '1), then
let Deletelast (�; '1) = �̂.

PROCEDURE Blocks (n; q; S1; S2; '1; '2)
1. IF n= 1 OR q= 1 OR S1; S2¿0 OR S1; S260 THEN

RETURN an arbitrary permutation of the q sequences
'2 and the n− q sequences '1;

2. IF q¿ n
2 THEN BEGIN

3. r:=n− q+ 1; b:=� q
r ;

4. xb:=n− rb+ 1; xb−1:=rb− q;
5. Ŝ1:=(b− 1) · S2 + S1; Ŝ2:=b · S2 + S1;
6. '̂1:=('2; : : : ; '2︸ ︷︷ ︸b−1

; '1); '̂2:=('2; : : : ; '2︸ ︷︷ ︸b; '1);
7. �:=Blocks (r; xb; Ŝ1; Ŝ2; '̂1; '̂2);
8. �:=Deletelast (�; '1);

END

9. ELSE BEGIN

10. r′:=q− 1; b′:=� n−q
r′ ;

11. yb′ :=n− r′b′ − 1; yb′−1:=r′b′ + q− n;
12. Ŝ1:=b′ · S1 + S2; Ŝ2:=(b′ − 1) · S1 + S2;
13. '̂1:=('1; : : : ; '1︸ ︷︷ ︸b′ ; '2); '̂2:=('1; : : : ; '1︸ ︷︷ ︸b′−1

; '2);

14. �:=Blocks (r′; yb′−1; Ŝ1; Ŝ2; '̂1; '̂2);
15. �:=('2; �);

END

16. RETURN �
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Theorem 7. Procedure Blocks (n; q; T1−1; T2−1; (S1); (S2)) solves problem F2; R1|pij=
1; tj ∈ {T1; T2}|Cmax in O(log n) time.

Proof. The optimality follows from the preceding considerations. It remains to prove
the complexity. In Case 1 we have r= n− q+1¡n− n=2+1=O(n=2). In Case 2 we
have r′ = q− 1¡n=2− 1=O(n=2). Thus, in each case the number of jobs reduces by
the factor 2. Therefore procedure Blocks (n; q; S1; S2; '1; '2) which can be executed in
constant time is called at most O(log n) times. Since the input length of the problem
is O(log n), the algorithm is polynomial.

Example 8. Let n= 78, q= 33, T1 = 0 and T2 = 2:4.
1. Iteration: Blocks (78; 33;−1:0; 1:4; (S1); (S2)): q6n=2, i.e. we get Case 2:

r′ = 32; b′ = 2; yb′ = 13; yb′−1 = 19; Ŝ1 =−0:6; Ŝ2 = 0:4:

This yields 13 S1-blocks of length 2 and 19 of length 1. These 32 blocks are sep-
arated by the 33 S2-jobs. Let '1

1 = (S1; S1; S2) and '1
2 = (S1; S2). Then the optimal

permutation in this step has the form �1 = (S2; �2) where �2 is the optimal permu-
tation of sequences '1

1 ; '
1
2 calculated in the next iteration.

2. Iteration: Blocks (32; 19;−0:6; 0:4; '1
1 ; '

1
2): q¿n=2, i.e. we get Case 1:

r = 14; b= 2; xb = 5; xb−1 = 9; Ŝ1 =−0:2; Ŝ2 = 0:2:

This yields 5 '1
2-blocks of length 2 and 9 of length 1. These 14 blocks are sepa-

rated by the 13 '1
1-blocks. Let '

2
1 = ('1

2 ; '
1
1) and '2

2 = ('1
2 ; '

1
2 ; '

1
1). Then the optimal

permutation in this step has the form �2= Deletelast (�3; '1
1) where �3 is the

optimal permutation of sequences '2
1 ; '

2
2 calculated in the next iteration.

3. Iteration: Blocks (14; 5;−0:2; 0:2; '2
1 ; '

2
2): q6n=2, i.e. we get Case 2:

r′ = 4; b′ = 3; yb′ = 1; yb′−1 = 3; Ŝ1 =−0:4; Ŝ2 =−0:2:

This yields 1 '2
1-block of length 3 and 3 of length 2. These 4 blocks are separated

by the 5 '2
2-blocks. Let '3

1 = ('2
1 ; '

2
1 ; '

2
1 ; '

2
2) and '3

2 = ('2
1 ; '

2
1 ; '

2
2). Then the opti-

mal permutation in this step has the form �3 = ('2
2 ; �

4) where �4 is the optimal
permutation of sequences '3

1 ; '
3
2 calculated in the next iteration.

4. Iteration: Blocks (4; 3;−0:4;−0:2; '3
1 ; '

3
2): Since S1; S260, the recursion terminates

and each permutation of the current sequences is optimal. We may set �4=('3
1 ; '

3
2 ; '

3
2 ;

'3
2) and obtain the optimal permutation �= �1.

2.4. Problem F2; R1|pij = 1; tj|Cmax

In this section we consider another special case of problem F2; R1|pij = p; tj|Cmax

where p = 1. All transportation times tj are supposed to be non-negative integers. If
tj ¿ 0 for all jobs j holds, we have minnj=1 {tj}¿1 due to integrality. Thus, in this case
the transportation times dominate the processing times as discussed before and each
permutation is optimal. In the other case where some tj-values are zero, we assume
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that tj = 0 does not mean that job j does not have to be transported, but means that
the job needs the robot for a very small time, i.e. the robot has to be available for
transportation between processing on M1 and M2.

To solve the problem we divide the jobs j into two disjoint sets J+:={j|tj ¿ 0} and
J 0:={j|tj =0}. In the following we describe an algorithm which constructs an optimal
permutation plan. The algorithm is illustrated by an example where the jobs from J+

are numbered from 1; : : : ; 6 and the jobs from J 0 by a, : : : ; e.
(1) Choose an arbitrary permutation �+ of the jobs from J+. Plan all jobs in such a

way that the robot transports without idle time and such that each job is processed
on M1 immediately before transportation and on M2 immediately after transporta-
tion.

(2) Insert all jobs from J 0 into the empty time periods in �+ on M1 and as early as
possible into the empty time periods on M2. If there are more jobs than empty
time periods on M1, put the remaining jobs to the end of �+.

(3) Reorder the jobs on M2 according to the permutation � of the jobs on M1, resulting
in a permutation plan with the same makespan.

The makespan of the schedule resulting after Step 1 provides a lower bound for the
optimal makespan. It is given by F(�+) = 2 +

∑
j∈J+ tj.

Theorem 9. The described algorithm constructs an optimal permutation � for problem
F2; R1|pij = 1; tj|Cmax with makespan

F(�) = max


2 +

∑
j∈J+

tj;max
j∈J+

tj + n+ 1


 :

Proof. Consider the schedule after Step 2 (which has the same makespan as the Gnal
schedule). Let l be the last job from J+ which has an idle time immediately before
its processing on M2.
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Case 1: No job of J 0 starts after l on M2. In this case the makespan of the schedule
is given by the makespan of the schedule after Step 1, i.e.

F(�) = 2 +
∑
j∈J+

tj: (2.8)

Case 2: Jobs of J 0 are scheduled after l on M2. By construction all jobs scheduled
before l on M1 are also scheduled before l on M2 (due to the idle time before l).
Thus, jobs of J 0 are also scheduled after l on M1 and no idle times occur before l
on M1. Therefore, the makespan of the schedule after Step 2 is given by the complete
processing and transportation of job l plus the number of jobs scheduled before l on
M1 plus the number of jobs scheduled after l on M2. Since each job j 	= l is either
scheduled before l on M1 or after l on M2 (but not both), we get

F(�) = 1 + tl + 1 + (n− 1) = tl + n+ 1: (2.9)

Furthermore, F(�)¿tj + n+ 1 for all j ∈ J+, i.e. F(�) = maxj∈J+ tj + n+ 1: Since
(2.8) and (2.9) are lower bounds for the optimal makespan, the constructed schedule
is optimal.

Remark. If tj=0 means that the robot is not needed for the transportation of job j, an
optimal permutation plan does not necessarily exist. Obviously, Steps (1) and (2) of
our algorithm solve the problem. Note that by planning the jobs with tj =0 as early as
possible in the empty time periods on M2 in Step (2), some jobs may overtake others
during their transportation. For the example from above we get the following schedule
where jobs b and d overtake jobs 2 and 5, respectively:

3. Flow-shop problems with m machines

In this section we consider a problem in which we have an arbitrary number m of
machines. Since problem F; R1 |pij = p; tjk |Cmax is already NP-hard for m= 2, it is
only of interest to study problems with job-independent transportation times tjk = tk .
We will show that problem F; R1 | n¿m − 1; pij = p; tjk = tk |Cmax or equivalently
F; R1 | n¿m−1; pij=1; tjk = tk rational |Cmax is polynomially solvable. In this problem
we assume n¿m − 1, i.e. the number of jobs is greater than or equal to the number
of transportation stages. From the practical point of view, this case is also the most
relevant case, since in general the number of jobs will exceed the number of machines.
It is suOcient to consider only permutation plans, since the jobs are identical and

overtaking does not reduce the completion times. Furthermore, the objective value is
independent of the permutation and depends only on the sequence of the robot. We
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Fig. 1. The robot sequence Z∗.

describe the robot sequence by a vector Z = (z1; : : : ; zn(m−1)) with z� = k i2 the �th
move of the robot transports the next available job from Mk to Mk+1. The corresponding
schedule is obtained by starting all jobs on the machines as early as possible.
For k=1; : : : ; m−1 let ak :=(1; : : : ; k) and âk :=(k; : : : ; m−1) be the special sequences

in which the robot serves the machines in the order 1; 2; : : : ; k and k; k + 1; : : : ; m− 1,
respectively. In the following we will show that there exists an optimal robot sequence
which contains only these subsequences. Let

Z∗:=(a1; a2; : : : ; am−2; am−1; am−1; : : : ; am−1 = â1︸ ︷︷ ︸
n−m+2

; â2; â3; : : : ; âm−1):

Z∗ consists of
• a “building-up” phase where in each step one more machine is served,
• an “identity” phase where all machines are served regularly, and
• a “building-down” phase where in each step one machine less is served.
In Fig. 1 an example for this robot sequence with n = 6 and m = 4 is given, which
in general is not a Grst-come-Grst-served sequence. The next theorem proves that this
sequence is optimal.

Theorem 10. The sequence Z∗ de<nes an optimal robot sequence for problem F; R1 |
n¿m− 1; pij = p; tjk = tk |Cmax.

Proof. Let l ∈ {0; : : : ; m − 1} be the index with
∑l

�=1 t�61 and
∑l+1

�=1 t� ¿ 1, where
l = 0 if t1 ¿ 1 and l = m − 1 if

∑m−1
k=1 tk61. In the following we will calculate the

objective value of the schedule associated with Z∗.
At Grst we consider the sequence (a1; a2; : : : ; al): The transportations of a1 can be

done in the interval [1; 1 + t1], those of a2 in [2; 2 + t1 + t2], and those of ak in
[k; k+

∑k
�=1 t�] for k=1; : : : ; l. When the robot has transported a job from Mj to Mj+1

it is back at Mj after at most one time unit. Thus, the next job completed on Mj after
one time unit does not have to wait for the robot, i.e. we have a no-wait plan. Only the
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Fig. 2. The no-wait part of robot sequence Z∗.

robot has a waiting time between ak and ak+1 of length +k :=1−∑k
�=1 t� for k=1; : : : ; l

(cf. Fig. 2).
Case 1: l= m− 1
In this case each job in the partial sequence

(am−1; : : : ; am−1)︸ ︷︷ ︸
n−m+2

is again transported immediately after Gnishing on a machine, i.e. we have a no-wait
plan.
Case 2: l¡m− 1
We consider the sequence (al+1; : : : ; am−1). The transportations of al+1 can be done

in the interval [l+ 1; l+ 1 +
∑l+1

�=1 t�], those of al+2 in

[
l+ 1 +

l+1∑
�=1

t�; l+ 1 +
l+1∑
�=1

t� +
l+2∑
�=1

t�

]
;

and those of al+k in
l+ 1 +

k−1∑
�=1

l+�∑
�=1

t�; l+ 1 +
k∑

�=1

l+�∑
�=1

t�


 for k = 1; : : : ; m− 1− l;
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since
∑l+1

�=1 t� ¿ 1. This means that the robot transports jobs in the sequence

(al+1; : : : ; am−2; am−1; am−1; : : : ; am−1 = â1︸ ︷︷ ︸
n−m+2

)

without idle time and all machines are served regularly.
Symmetrically, let l̂ ∈ {0; : : : ; m−1} be the index with

∑m−1
�=m−l̂ t�61 and

∑m−1
�=m−l̂−1

t� ¿ 1, where l̂= 0 if tm−1 ¿ 1.
As above we can show that the robot is always busy in the sequence (â1; : : : ; âm−l̂−1).

Furthermore, from index m− l̂ up to index m−1 we have a no-wait plan and the robot
only has waiting times +̂k :=1−∑m−1

�=k t� for k = 1; : : : ; l̂ between âm−k−1 and âm−k .
In the Grst case (l=m−1), the whole schedule is a no-wait schedule in which each

job is transported immediately after processing, i.e.

F(Z∗) = n+ m− 1 +
m−1∑
k=1

tk :

Since a no-wait schedule provides a lower bound for the optimal makespan, Z∗ must
be optimal.
In the second case (l¡m − 1), Z∗ results in the following working and waiting

time sequence for the robot:

(a1; +1; a2; : : : ; al; +l; al+1; al+2; : : : ; am−2; am−1; : : : ; am−1 = â1︸ ︷︷ ︸
n−m+2

;

â2; : : : ; âm−l̂−1; +̂l; â
m−l̂; : : : ; âm−2; +̂1; â

m−1):

Its objective value consists of processing the Grst job on M1, the last job on Mm, all
transportation times and some waiting times for the robot, i.e.

F(Z∗) = 2 + n
m−1∑
k=1

tk +
l∑

k=1

+k +
l̂∑

k=1

+̂k :

We claim that all waiting times
∑l

k=1 +k and
∑l̂

k=1 +̂k in F(Z∗) are unavoidable. We
have shown that the Grst sum

∑l
k=1 +k results from a no-wait schedule for all trans-

ported jobs in the sequence (a1; : : : ; al). Even if we had an unlimited number of robots,
we could not improve this Grst part of the schedule since each job is already trans-
ported as early as possible, i.e. in each feasible schedule the robot has to wait

∑l
k=1 +k

time units in the Grst part of the schedule. Thus, the waiting times for the single robot

are unavoidable. Symmetrically, the waiting times
∑l̂

k=1 +̂k are unavoidable, i.e. Z∗ is
optimal.

Remark. For the case n¡m − 1 the proof of the result in Theorem 10 cannot be
adapted. It is an open question whether an analogous result also holds for this case
(we did not succeed in proving such a result, but neither did we Gnd a counterexample).
Finke et al. [3] considered a robotic �ow-shop cell with a single unit of bu2er

behind each machine where all jobs are identical, i.e. pij=pi holds. They showed that
repeating the sequence am−1 from the middle part of Z∗ minimizes the mean cycle time
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Table 1
Complexity results for �ow-shop problems with a single robot

Polynomially solvable:

F2; R1|pij = 1; tj|Cmax Section 2.4
F3|p1j = p3j = 1|Cmax

F2; R1|pij = p; tj ∈ {T1; T2}|Cmax Section 2.3

F; R1|n¿m− 1; pij = p; tjk = tk |Cmax Section 3

strongly NP-hard:

F2; R1|pij = p; tj|Cmax Section 2.2
F3|p1j = p3j = p|Cmax

F2; R1|tj = T |Cmax Kise [8], Section 2.1
F3|p2j = p2|Cmax

F2|rj|Cmax Lenstra et al. [10]

F3||Cmax Garey et al. [4]

Ct in repetitive manufacturing where initially all machines are occupied by a job. Note
that in our algorithm a single unit of bu2er behind each machine is also suOcient. The
main di2erence between the two results is the objective function. While minimizing the
cycle time Ct in an environment with pij=p becomes trivial (Ct=max {p;∑m−1

k=1 tk}),
it is not obvious how to sequence the robot in a schedule with minimal makespan
when not all machines are initially occupied by a job. Note that the sequence Z∗ is
not makespan-optimal in the more general case pij = pi.

4. Concluding remarks

We have derived new complexity results for �ow-shop problems with transportation
times and a single robot and the objective to minimize the makespan. Some of these
may also be interpreted as new results for special cases of the classical 3-machine
�ow-shop F3||Cmax with constant processing times at certain stages. These results are
summarized in Table 1.
It may be interesting to study some generalizations of the considered problems, for

example, problems with
• di2erent release dates for the jobs,
• two, three or any limited number of robots,
• empty moving times for the robot, or
• other objective functions.
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All known complexity results as well as open problems in the class of �ow-shop
problems with transportation times and a single robot can be found at the web-site
http://www.mathematik.uni-osnabrueck.de/research/OR/class/.
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