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We describe both the internal structure and the width of the periodic windows in onedimensional maps, by considering a 
universal local submap. Both features are found to depend only on the order of the extremum of this submap. Moreover, we 
discuss how the windows are grouped in accumulating families, and we calculate the scaling of the widths within these families. 

1. Introduction 

Windows in chaos are often encountered, both in 
theory and experiments [ l-3 1. It has been claimed 
[ 4,5] that the internal structure of windows is al- 
ways such that the ratio y between the total window 
width and the distance from the opening of the win- 
dow to the first period-doubling bifurcation is equal 
to 9/4. However, in experiments values of y are ob- 
served which significantly differ from 9/4 [ 6-81. 
This discrepancy can be explained by noting that 
Yorke et al. have restricted themselves to mappings 
with a quadratic (z= 2) maximum. The same re- 
striction is present in previous investigations on the 
scaling of window widths [ 9,10 1. In a general situ- 
ation we must allow also for other values of z, as ex- 
emplified by the map 

f(X)=l-ulxl’, z>l. (1) 

In fig. 1 we have shown a part of the bifurcation tree 
of this map for z = 5. The ratio y is here equal to 1.29. 

In section 2 we argue that every window can be 
described by a universal local submap of order z, and 
we use this to calculate the ratio y as a function of z. 

In section 3 we obtain an expression for the width 
of an arbitrary window of period n. 
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Fig. 1. A part of the bifurcation tree for the mapf( x) = I -a (x I’, 
in the case z= 5. For the period-3 window we have indicated the 
values a, and a, associated with the opening and the closing of 
the window, as well as the value a,, where the first period dou- 
bling occurs. The ratio y discussed in the text is given by (a, - a,) / 
(ad-ao). Also indicated is the value d where the 3-cycle is 
superstable. 

Subsequently, in section 4, we consider families of 
windows which accumulate with increasing period n 
at certain values of the parameter a. For these fam- 
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ilies we derive an exact scaling relation, which tells 
us how the widths decrease with growing n. 

2. The normalized submap 

In order to understand the features of a period-n 
window we consider the n times iterated mapping 
f”(x). For example, for the 3-window we consider 
f3(x), as plotted in fig. 2, for z=3. 

Every extremum off’(x) is again of order z, so 
for instance the central extremum can be locally de- 
scribed by 

xPl(,+I)=~Ix,iI=+P. 

Substituting 

(2) 

~,,-~~==~)~I-“(=-‘)sgn~, 

P =-mJ;ll-l/(Z-l) sgn1, 

we obtain the normalized submap 

(3) 

(4) 

24 ,+, = )U,I=-Prz. (5) 

This submap describes fully the behaviour of an 
orbit within the period-n window. Note that m is lin- 
early related with the parameter a of the original map 
( 1 ), which means that any ratio in terms of a cor- 
responds to the same ratio in terms of m, assuming 

of course that the window is small enough to make 
a local description applicable. We shall give the ex- 
plicit form of this linear relation in the next section. 

In fig. 3 we have drawn the normalized submap 
for z=4 at several values of m, which will be used 
in this paper. 

The window is opened at m = m,, where the sub- 
map is tangent to the line Ui+ , = ui. Its value is easily 
calculated to be 

m,=z-ll”-l’ (z-‘_l)* (6) 

Superstability is attained at 6i = 0. The next special 
value of m corresponds to the first period-doubling 
bifurcation: 

md=Z-l/(Z-l)(Z-I+l), (7) 

when the submap intersects the line u;+ , = uj with 
slope - 1. Finally the closing of the window takes 
place when the orbit can escape from the region 
(box) of the local submap. This occurs at 

m,-21/‘Z-” (8) 

From the above results we immediately obtain for 
the ratio y: 

m--m, y=----_=+ 
md-m, 

[ (2z)““_I’+ 1 -z-l]. (9) 

For z= 2 this yields indeed y= 9/4, but for other val- 

Fig. 2. The mapf3(x) for .z=3 at a= 1.86. The boxes indicate 

the regions of the submaps discussed in the text. The smallest 

box, near x= 1, is not discernible in this figure. 
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Fig. 3. The normalized submap u,+! = Iu,[‘-WI for z=4 at the 
values m=m,, m=rii, m=m,and m=m,. 
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ues of z the value of y varies from 1 to +ce. For in- 
stance for z= 1.2, reported from an experiment on 
chemical turbulence [ 111, we get y= 39.9, and for 
~~1.1 we have ~~1328. In fig. 4 we have plotted y 
as a function of 2. 

To test the validity of (9) for finite windows, we 
have presented the results of a direct numerical cal- 
culation of (a,- a,) / (a,, - a,) for the mapping ( 1) 
for z = 3 in table 1. These results should be compared 
to the analytical estimate y= 1.558078..., which fol- 
lows from (9). It turns out that already for the n = 5 
windows the agreement is within 0.5 percent. 
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Fig. 4. The ratio y as a function of z. 

3. The width of a period-n window 

In order to obtain a simple estimate of the width 
of a period-n window we go back from the normal- 
ized submap to the local description of the mapf ” (x) 
given by (2 ). All we need is to find the coefficients 
I and p in terms of a. This then yields the width 
a,-a, of a period-n window: 

a, 
K-P0 

-ao=dp/dal._,, 

(10) 

a”, being the value of a where we have a superstable 
n-cycle, with cycle elements Zoo, Z,, etc. In the second 
step we have used the substitution (4). 

To determine 1 and dp/da we consider f "(x) in 
the neighbourhood of a= d,. Expanding f”(x) 
around Z. (which equals 0 for the map ( 1) ), we get 

n-1 
A=-aL=-a ,IsI, f '(Zi). (11) 

Here the quantity L"("- ‘) corresponds to the so- 
called reduced Lyapunov exponent introduced in ref. 

141. 
To find an expression for dp/da we observe that 

,D is the vertical distance of the central extremum of 
the map f "(x) to the line x=y, which must locally 
be equated to the small quantity f "(To ) -&,. 

Expanding around a = a,, we have 

Table I 
Numerical values of (a, - a,) / ( ad - a,) and of the width (a,-~,) in comparison with the theoretical estimate according to ( lo), ( 1 1 ), 
( 13), for several windows of the mapf(x) = 1 -ujx13, labeled by the period n and the value of a where superstability is attained. The 
values of (a,-a,)/(~,,-a,) should be compared to y(3) = 1.558078..., obtained from (9). 

n a. (a,-a,)/(~,-~,) G--a, Estimated width 

9 1.6244412677 1.56221 6.92576x 10-d 6.87617x 1O-4 
7 1.6393215347 1.56191 3.98982x lo-’ 3.95715x IO-3 
5 1.6859164319 1.55189 1.97357x 1o-2 1.98226x lo-* 
3 1.8191725134 1.52052 6.69091 x IO-* 7.08386x 1O-2 
5 1.9149538511 1.55031 4.37745x 10-3 4.43110x 10-3 
4 1.9699611643 1.54469 4.53773x 10-3 4.64018x lo-’ 
5 1.9950086217 1.55269 3.09031 x 1o-4 3.11878x lO-4 
6 1.9991688636 1.55586 2.10759x lo-’ 2.11558x 1O-5 
7 1.9998615079 1.55717 1.43626x 1O-6 1.43849x lO-6 
8 1.9999769191 1.55770 9.78007x lo-’ 9.78631 x 1O-8 
9 1.9999961532 1.55793 6.65681 x 1O-9 6.65855x 1O-9 
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P= 
d[%(a) -201 

da a=dn 

(a-&)+0( (a-ii,)2), 

(12) 

and after some algebra (see ref. [ 121) we obtain 

dp df"(To -Too) 

da a=dn= da o=dn 

which can be used in combination with ( 10) and 
( 11) to estimate the window width. 

In table 1 we compare the estimate widths, using 
( 11) and ( 13 ), of some important windows for z= 3 
with the results of a direct numerical calculation of 
~,-a,. It turns out that already for the n = 6 win- 
dows there is agreement within 1 percent. 

4. Scaling within families of windows 

At several points a = a* in the bifurcation tree we 
observe that windows accumulate, with increasing 
period. Since a period-n window is organized around 
the superstable period-n cycle that lies within its bor- 
ders, we can just as well speak of an accumulation of 
superstable cycles. The simplest accumulation point 
of this kind lies at a=2, where the RLnm2 family of 
superstable cycles accumulates [ 9,13 1. Each mem- 
ber of this family has one element (2, = 1) at the 
right-hand side of go and the next n-2 elements all 
lie at the left-hand side of Zo. The occurrence of this 
family can be understood by looking at fig. 5, where 
we have depicted two successive members. In this 
figure we see that the extra periodic points are sys- 
tematically added near the unstable fixed point x*, 
in going from the superstable orbit in the n-window 
to the superstable orbit in the (n + 1 )-window. 

Consequently we have from ( 11) 

~(n)=AIf’(x*)l”, (14) 

where A,+,4 in the limit of large n. Similarly, from 
eq. ( 13 ) it can be shown that 

(15) 

Fig.5.Themapx,+,= l-aIx,l’forz=lS.Theiteratesofasu- 
perstable 4-cycle (dashed lines) and a superstable Scycle (dash- 
dotted lines) are indicated. Extra iterates are added near the fixed 
point x*. 

where B,+ B for large n. A more detailed derivation 
of eqs. ( 14) and ( 15), including an explicit evalu- 
ation of A,, and B, will be presented elsewhere [ 12 1. 
Eqs. (14) and (15), inserted in eq. (lo), yield the 
following scaling relation for the width of the 
windows. 

lim width(n-1) = ]f’(X*) ]Z/(Z-l). 
n-cc width(n) 

(16) 

Forourmap (l)ata=2wehavex*=-1 andhence 
f ’ (2) = 2.2. A similar scaling, which is however only 
valid for z= 2, was reported in ref. [ 9 1. 

Another family of accumulating windows is lo- 
cated near a = a, (z), where a, is the parameter value 
where the two-band chaotic attractor becomes a one- 
band attractor. The members of this family are 
RLRnP3 [10,13].Thatis,thelirstelement (Z,=l) 
is at the right-hand side of Zoo, the second one 
(& = 1 -a) at the left, and all the other n- 3 ele- 
ments lie again at the right-hand side of Zo. The suc- 
cessive members of this family are situated alter- 
natingly above and below a=~,, i.e. the odd members 
accumulate at a, from above and the even members 
accumulate from below. 

For this family the extra periodic points for in- 
creasing n are systematically added near the positive 
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Table 2 
Numerically obtained width ratio factors for the window families RL*-* and RLR”-3 of the mapf(x) = l-0 (xl’, for various values of 
z, as compared to the exact (limiting) scaling factors given by ( 16) and ( 17 ). 

n RL”-= n RLR”-’ 

z=1.5 z=2 z=3 z= 1.5 z=2 z=3 

5 
6 
7 
8 
9 
10 
co 
(exact) 

32.914 16.920 14.684 
22.996 16.312 14.663 
27.903 16.099 14.674 
27.353 16.030 14.686 
27.14 16.009 14.692 
27.1 16.00 14.695 
27 16 14.697 

18 
19 
20 
21 
22 
23 
co 
(exact) 

3.7018 2.7968 2.5246 
3.9060 2.8308 2.5242 
3.7671 2.8094 2.5253 
3.8609 2.8228 2.5240 
3.799 2.8144 2.5252 
3.84 2.820 2.5241 
3.8221 2.8176 2.5246 

fixed point X. The same argument as above yields 
the scaling relation 

lim width(n- I) = If’(X)]““-“. 
n-m width(n) (17) 

For our map f(x)= 1-alxl’ at a=al we have 
X=a,-1 and hencef’(X)=z(2-a,)/(a,-I), see 
also ref. [ 14 1. Similar scaling expressions can be de- 
rived for other accumulating window families. 

In table 2 we present some numerically obtained 
width ratios for both families, for various values of 
z. The deviations from the exact (limiting) values 
given by ( 16) and ( 17 ) are due to the n-dependence 
of the amplitudes A,, and B, in eqs. ( 14) and ( 15). 
An extended discussion of this n-dependence will be 
given in the future [ 12 1. In ref. [ IO] a numerically 
obtained limiting width ratio 7.9384... was reported 
for successive odd members of the RLRnm3 family, 
which accumulate at u=u, from above. This result 
indeed corresponds up to four decimals to our 
squared exact limiting value If ’ (X) I zr/(r- ’ ) = 
7.938918... for z= 2. 
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