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Oneof themain problemsin theanalysisof measuredspectrais howto reducetheinfluenceof noisein dataprocessing.We
showa deconvolution,a differentiationanda FourierTransformalgorithmthat canberun on a small computer(64 K RAM)
andsuffer less fromnoisethan commonlyusedroutines.This objectiveis achievedby implementingsplinebasedfunctionsin
mathematicaloperationsto obtain global approximationpropertiesin our routines. The convenient behaviourand the
pleasantmathematicalcharacterof splinesmakesit possibleto performthesemathematicaloperationson largedatainputin a
limited computingtime on a small computersystem.Comparisonis madewith widely usedroutines.

1. Introduction Our schemeis basedon global approximation
of a trial function composedof splines on the

Numerical deconvolution, differentiation and measuredspectrum.In global approximationthe
Fourier transformationare common practicein line regionsover the entirespectrumbecomecor-
dataprocessing.The routinesused for theseoper- related.This propertysuppressesuncorrelatedfre-
ationsare sensitiveto noise andmay evengive a quencies,suchas noiseinherentin measuringand
non-uniquesolution as in the caseof deconvolu- highfrequencyoscillationsinducedby the numeri-
tion. Although Fast Fourier Transforms is a cal manipulations.Approximationwith polynomi-
powerful tool to manipulateor to analysemea- als, such a Lagrange and Hermite polynomials
sured data [1,2], deconvolution based on FFT (e.g. ref. [5] and referencestherein),cannot pre-
routines suffer heavily from noise amplification vent theinduction of local high frequencyoscilla-

[3,4]. Differentiation,performedin apoint to point tions,becauseof the local characterof this type of
manner,can only be performedafter intensively approximation.
smoothing.Discrete Fourier Transform routines Using splines in solving the deconvolution
lay constraintson the frequencyinterval obtained, problemhasbeenperformedbeforeby Dierckx [6]
The numerical implementationof these mathe- who usedLagrangeMultipliers to obtain an ap-
matical exact defined operationsare responsible proximation.According to Chornik et al. [4] this
for their sensitivity to high frequencycomponents requiredthe use of a large computer.Differenta-
and limits its useandperformance. tion of noise-containingdata, using splines, has

The main objectiveof this paperis to show an beensubjectof studybefore(Gutman[7]). How-
improvementof the algorithm of theseroutines ever, his definition of splines is numerical less
and reduce their sensitivity to high frequency convenientas ours.
components.This goal is approachedby imple- As shownbefore[8,91we usean iterativemini-
menting spline functions and non-linear least mizing procedurebased on a modified Leven-
squaresminimization.Within this schemeinterest- berg—Marquardtroutine (LM) [10]. The inversion
ing mathematicalpropertiesare found which im- of an operatoras the convolution, which resultsin
provethe efficiency of the routines, a deconvolutionroutine is obtainedby letting an
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operator. e.g. the convolution, act on the trial spline basedFourierTransformimplementationis
function before computing the minimum of the shown in sectionsix and in sectionsevenconclud-
least squaresdifferencewith the measuredspec- ing remarksare presented.
trum. An inversion of the operator is obtained
without explicit knowledgeof the inverted oper-
ator. We show alsothat the self-consistentcalcula- 2. Splines
tion of the spline coefficients in the LM routine
canbe expressedin termsof a constantsymmetric Global approximationof a function D * ( ~)
Toeplitz matrix [11]. This leads to the ability to canbe achievedby constructinga function D(.v. c)
use larger input arrays of data in our programs on a basisof piecewisecontinuousfunctions[5.12].
and to improve the executiontime significantly. These functions are connectedto each other in

The deconvolution routine with splines [8.9] such a way that their sum and their derivatesare
reducesthe ambiguousinfinite set of mathemati- continuousto a certain order (k — 1) over the
cal solutions to a finite set of physical relevant entire function. k is the order of the piecewise
solutions,such as the set of boundedcontinuous continuousfunction. A very convenientdefinition
functions. The continuity of the solution is im- of thesepiecewisecontinuousfunctionsare splines
portant for the physical interpretationof the de- [5,8,9]. Thesesplines. B,1’(x), definedon a subin-
convolutionresult. terval (x. x, k) of the entire interval (x,. x

The use of splinesin our method cannotonly can be constructedby a recursive sequenceof
assureglobal approximationbut they canbe gen- variableorder k:
cratedwith a recursivesequencethatcan easily be

ximplemented in a computeralgorithm. Further- B,~(x) = Bk ‘( ~)
more, splines can easily be manipulated~for cx-
ample,the derivativeof a function representedby + x

1 + ~ -~ ~ (x) (1)
splines can be written as a combination of a —

different kind of splines. The Fourier Transform
of a splinerepresentablefunctioncanbe evaluated with
using the timeshift theoremand the FT of one = f < <~,

spline. This modification of the FT improves its B,’ ( x) 0 elsewhere,
numerical behavioursignificantly. The definition
of splinesassuresthat all physical relevant func- k = 2, 3. 4 i = I N.
tions, i.e. continuousand boundedon a certain This is a very convenientdefinition of splinesfor
interval can be representedunambiguouslyby a developingsimplecomputeralgorithms.The num-
set of splinecoefficients[5]. her of intervalsinfluencedby a spline, definedas

All our tests were performed on an Olivetti support,is equal to the order of the spline.
M24 IBM compatiblepersonalcomputerwith an The function D * (x) can be approximatedby
8087 coprocessor(64 K RAM). N splines of order k (eq. (2)). A geometrical

This paper is divided in seven sections. In interpretationof the coefficients C, is straightfor-
section two the mathematical background of ward(see fig. 1).
splinesis presented.In section three the iterative
minimizing method (LM) used is discussed.The N

D(x, c) = ~c,B7(x). (2)implementationof the deconvolutionand differ-
entiation algorithm are given in section four and
comparisonwith widely used methodsare given. When using an equidistantialaxis, with a the
Section five dealswith the continuity problem of length of one interval, the derivative of a spline
the solutionsof the deconvolutionoperationanda function can easily be obtained. It is easily de-
comparisonof our schemewith Fourier Trans- ducedfrom the definition of splinesthat the de-
form baseddeconvolutionroutines is made.The rivative of a function representedby splines of



H. Wormeesteret al. / Algorithmsfor noise-containingdata 21

D * (x) the highfrequencypart(w > 2 ¶/a) cannot
~ be enlargedwithout a much largergrowth in the

amplitude of the low frequency part and thus
suppressesthe build up of noisein D(x, c).

Another convenient relationship can be de-
ducedfrom eq.(4). It can be easily proven from
this eq. (4) that a spline is actuallya convolution
of two splinesof low order.

Bk~t= ~ * B’. (5)
I I I a

Fig. 1. Five splinesof orderfour with differentvaluesfor the Splines of order 8 or higher can therefore be
coefficient on eight intervals.Also is shown the summation.
From the plot the geometrical interpretationof eq. (2) ~ computed faster by convoluting two splines of

straightforward. lowerorder.

order k canbe written as a sumof splinesof order 3. The modified Levenberg—Marquardt routine
k—I:

N+ As an iterativeminimizing method we used inBD(x, C = ~ (c1 — c,_1)B~
1(x) (3) this work a modified Levenberg—Marquardt

a
= routine(LM) [8—10].The LM method statesthat

the direction of searchfor the minimum lies be-
with c

0 and CN+1 equal to zero. In this way a new tweenthe Gauss—Newtonandthesteepestdescent
set of coefficientsis defined. method. It combines the speed of the

A block function, defined on one subinterval
Gauss—Newtonand the absOluteconvergenceof

(x,, x,.,.1), is by definition a first order spline. the steepestdescentmethod. The routine mini-
Using eq. (3), the Fourier transformB’(co) of a mizesthe leastsquaressumF(x, c(m)) 1T1 in a
splineof order k canbe calculatedwith the time- self-consistentiterativeway:
shift theorem. The spline is as an even function
positionedon the zero of the x-axis, f(x ~(m)) =y(x, ~(m)) _y(x)*, (6)

= ~ — ei~~~~z
2) ~(m+i) = ~ + ~ (7)

i~a

= /Bk~1(w) ~f ~a (jTj + X(m)D)6(m) = _JTI(x, ~(m)) (8)
= the setof splinecoefficients,

1 2 wa k1 y(x, C(m)) = trial spectrum,
= I ~sin(~~ ~(~) y(x)* = measuredspectrum,

\wa ~2),
J = Jacobiandefinedas J, (x) = ef(x,, c)/8c

1.,
/ caa k

= a(,sinc(—~-_)). (4) D = diagonalmatrix of J~,
X(m) = sequenceof non-negativerealconstants.

The large overlapbetweenhigh order (k> 3) For A << 1 the LM iteration behaves like a
splinesalreadysuggesteda smoothbehaviour.Eq. Gauss—Newton method, and for A>> 1 like a
(4) shows the reasonwhy spline approximation steepestdescentmethod. The magnitudeof this
does not suffer from high frequencyoscillations. constant(A) is properly chosen by a sequence
The first sidemaximumin the amplitudespectrum developedby Fletcher [10]. The parameter(A)
of a high order spline is sinc(~r)” (_0~21)k ensuresthat the LM iteration follows the fast
smallerthan the main maximum. During the ap- Gauss—Newtonmethod as closely as possible
proximation of the spline function D(x, c) to without losing convergence.It is obvious that the
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choice of (A) is of ultimate importancefor the — r~
performanceof this method. L~.J

Bik(x~’

4. Implementation [~ITIJ~ ~. -.

4.1. Deconvolution

According to the definitionof the convolution:
S = D * V, with V thebroadeningfunction and D r
the unknownspectrum.we canwrite: . . . L~JLJFig. 2. The iteration schemeof the deconvolution calculation.

— ~. + c,~ k = orderof the spline; N~= numberof splines; N
1 = number

S(x, c) — j D(x — ~)V(~) d~ of left and right boundary splines; N = numberof intervals;

* ~ B5(x) = splineof orderk starting on the ith interval; C~°=
= J ~c Bk(x — ~)v(~)d~. (9) initial choiceof the spline coefficients U; f(x, c)=S— S*:

— ‘ I V = broadening function; D(x, c) = calculated deconvoluted

. spectrum; R = residue of the fit definedasthe square root of
The function F(x, c), which is minimized in the fT(x, c).f(x, c); = constant; A°= initial choice of the

LM methodis definedas: Levenberg—Marquardtconstant, which determinesthe ratio
of the Gauss—Newtonand the steepestdescent minimizing

F(x, c) =flf, f(x, C) = S(x, C) — S*(x), routines.

(10)

whereS*(x) is the measuredarray of datapoints. Using the definition of convolution we derive
As input for the LM routine, the array of data- .,. / —

points composingthe spectrum, is defined as a .1~ / — B,+ *

vector. In the LM routine a set of c, (eq. (2)) is = (~v(~)B(x— v—f * a) di
calculated,from which an approximationD(x, C) J.~ - I

of D*(x) canbe constructed. =J ~—j * a) (13)
It can be proventhat the jTj matrix, which is ‘ -

the numericalheartof of our calculation(eq. (8)), Taking the inner product to derive element i,
is a constant symmetric Toeplitz matrix. In a i +f
Toeplitz matrix the elementsof the diagonalsof
the matrix are equal. ~ ‘i[i. / +i I = f’ ~, = . ji ( .v —j * a).

(14)
Theorem1: jTj is a constantsymmetric Toep-
litz matrix which hasthe form: j ij is a constantsymmetric Toeplitz matrix.

This propertyis responsiblefor speedingup the
executionof the computerprogramand for han-
dling largerarraysof datapoints.Only N elements
of the matrix jTj haveto be evaluatedif N is the
dimension of this matrix instead of N x N dc-

Proof: According to the definitionof splineswe ments.
canwrite: If the matrix j rj in (eq. (8)) had N x N mdc-

B,+1(x) = B.(x +1 * a). (11) pendentmatrix elementswe would haveto use a
Gausselimination procedureto solve it. On a 64

Fromeq. (9) it is easily seenthat K RAM personalcomputerthis meansthat the

8f(x C) largest dimensionof the measureddata array SJT(x) = ~‘ = B1 * V. (12) was 200 points with 25 coefficients ~ With the



H. Wormeestereta!. / Algorithmsfor noise-containingdata 23

a b

0 ~ 0j~ 0

Li U

~
Fig. 3. Testof the(self-)deconvolutionmethodwith artificial data.(a)Top: S(E), convolutionof thedeconvolutedresult D ( E) (top
curve (c)) of spectrum S(E) with the broadeningfunction V(E), bottom: S* (E) input signal of the deconvolutionroutine
(D * (E) * D * ( E) with 10% noiseadded).The residueof the approximationbetweenS and S* ii 3.8x 10 “ per point (200
datapoints).Somecharacteristicparametersusedin our deconvolutionscheme:k = 3, initial c = 0.2, X

0 = 100, N~= 27, N = 30,
Nir = 0; (b) broadeningfunction V(E) (D*(E) with 10% noiseadded);(c) top: D(E), result of the deconvolutioncalculation,
bottom: D * (E) original function. Deconvolutionwith theFastFourierTransformroutineof PressCt al. 1111with noiselessfunctions
S and V; (d) deconvolutionwith 256 points,56 zero’sadded;(e) deconvolutionwith 1024 points, 824 zero’sadded.Only partsof the

resultaregiven in (d) and(e) as alargepart is zero.

implementationof the Toeplitz inversion method tions. Shownin figs. 3d and e are the resultsof a
[8], we wereable to achievean input length for the deconvolution with a Fast Fourier Transform
dataarrays S and V of 2000 points in combina- basedroutineas describedby Presset al. [11]. The
lion with 300 coefficientsc, in our program. input for this routinewastakenwithout noise. It

The schemeof our deconvolution routine is is clear from this part of the figure that even
displayed in fig. 2. The implemented computer without noise this routine is not free of artifacts.
programfor deconvolutionwastestedwith artifi- The data array had to be enlarged to obtain
cial noisecontainingdata.Full agreementbetween reasonableresults. We used 200 points in our
the outcomeof the deconvolutioncalculationand deconvolutionroutine,which resultedin the same
the initial artificial datawasachieved.The result, computation time comparedto the best obtained
depictedin fig. 3c, wasobtainedafter sevenitera- deconvolutionresult with the FFT basedmethod.
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Another common usedmethod for deconvolu- normalized Gaussiancurve containing noise is
tion is the Van Cittert method based on the given. It is performedas an approximationof the
Fredhoimintegral [13]. The application to Auger original datawith splines(eq. (2)), followed by a
ElectronSpectroscopyis fully describedby Mad- differentiation as defined in (eq. (3)), fig. 4c. For
denand Houston[14]. They formulatedcriterions illustration the samecurve wasdifferentiatedwith
for a reasonableresult with this method. As our a routine basedon a method of Abramowitzand
input datado not fulfil thesecriterions it is not Stegun[15] and depictedin fig. 4h.
expectedthat this method will give a reasonable
result.

5. Continuity in deconvolution
4.2. Differentiation

Sasseet al. [8] havedescribeda self-deconvolu-
The differentiation routine is rather simple. In tion method S = D * D based on splines. The

fig. 4 a test of the differentiation routine on a problem of self-deconvolutionhas been solved
with the aid of Fourier Transformsand Laplace
Transforms[16—18],in which the main problem

- was the reconstructionof the phase.We want to
a b show that evenby solvingthis problemonehasno

guaranteethat the function obtained is physical
relevant.We takethe moregeneralcaseof decon-

volution S = V * D. If we assumethat S. V and
III ~A D can be representedby splines, it canhe shown

I that there is a relation betweenthe spline coeffi-
I cientsof 5, V and D, respectivelys. v and d.

Theorem 2: When performing a convolution

with splines S = V * D, with V and D corn-
B posedof splinesof halvethe orderof S. there is

a unique relation between the coefficients of
the splines.

C/ .11 Proof: Usingeq. (5) we write:/ ii. ~. 2N—i

S = ~ S,B,~”= V * D = ~ v1dB,~* B”
/ ~I. ,•,HI•~. 1=1 ,.~ 1 /

I = a v d,B,~, (15)

I .~HH1 H. i.I~1
/ ~ There exist a relation betweenthe coefficients

s,vandd: i,j1 N.

Fig. 4. Test of the differentiation routine. (a) Normalized S1 = a V1 d,, I = 1 2 N — 1, (16)
Gaussianof 200 points containingnoise; (b) result of differ- i / = i +1.
entiationusing themethodof AbramowitzandStegun115]; (c)
result of our method after seveniterationsand the analytical
result. We used 21 splinesof 4 order, processtime 15 s: (d) Only thosefunctions S which are able to satisfy
absolutedifferenceof thecurvein (c) enlargedby a factor10. eq. (16) can give solutions in the deconvolution
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problem.It showsthat the deconvolutionproblem lmr
is actually an overdeterminedproblem. N coeffi-
cientss1 alreadydetermineall coefficients d~and
thereis thereforea unique relation betweenthe
first N coefficients s1 and the other N — 1 s,,
independentof the choice of the N coefficientss1 I I I

out of the completeset s~.This internalrelationof 1 Re
spline representablefunctions is not satisfied in
FourierTransformbaseddeconvolutionmethods.
In FourierTransformbaseddeconvolutionalways
a solution exists:

D(w) = S(ca)/V(w). (17) Fig. 5. Polar plot of thespline basedFourier Transformof a
Gaussianfunction.

Solution of eq. (17), however,can be discontinu-
ousandthereforephysical irrelevant.In a discrete be calculatedwith the aid of the time shift theo-
evaluationcontinuousanddiscontinuoussolutions r
cannotbe distinguished.If a solution is obtained em.
with the spline method the continuity is assured N k

and thereforemore reliablefor physicalinterpre- D(co) = ~ c)B (o) e”~’, (18)
tation. When the solution is discontinuousour
methodwill notbe ableto give a good approxima- x~is the distancefrom thecenterof coordinatesto
tion of the measuredspectrumS* andwill give a the maximumof splinej. With the aid of eq. (4)
continuousresultas closeas possible. the summationcan beperformed.

As an exampleof the spline based Fourier
Transformthe transformof a Gaussianfunction is

depictedin fig. 5. It wasperformedwith 50 splines6. Fourier transform of order 6. The choice of the numberof splines

and its order can be varied over a large interval

In discreteFourierTransformsthere is a rela- without any influence on the result. In fig. 6 the
tion betweenthe length andnumberof points in Fourier transform of the function sinc

2(x —

time spaceand the maximum frequencyand the x
0) cos(x — x0) is given in a polar representation

number of points in the frequencyspace [11]. for our method (1000 points) and obtained by
Attention has to be given to the samplingof the FastFourier transformfor 1024 and 4096 points.
signalor the additionof zero’s to obtain a correct The theoreticalresult for the amplitudeis a shifted
result. The addition of zero’s whenworking with triangle,with height rr and a straight line for the
largedataarraysmaycauselargecomputingtimes, phase. In fig. 7 the Fourier transform of the
The outcomeof the mathematicalexact Fourier function sinc(x— x0) cos(x— x0) (2000points) is
transformationis distorted whenthis transforma- givenin polarrepresentationfor our method(1000
tion is calculatedon a computerdue to the finite points)andFFT (2048and4096 points).Theoreti-
discrete integration of the Fourier integral. We cal this shouldbe a circle, but dueto the windowed
suggesta numerical improvementby implement- input this never can be obtained.The improve-
ing splinesinto the FT algorithm. ment of the schemeof Fourier transformationis

Thesplineis an evenreal function.The Fourier depictedin figs. 6 and7. The frequencyspacingis
Transformtheory statesthat this implies that the chosenarbitrarily. The CPU time neededin our
frequencyspectrumonly hasa realpart, the phase method is approximately1 mm for 1000 points.
is zero. The FourierTransformof a spline repre- This is slow in respectto FastFourierTransform
sentedfunction D(x, c), INca, c), can therefore algorithms, which are able to perform this in
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for a 4096 points containing data array is com-
parable to the time neededfor our method. We
have performed thesetest without noise.As long
as our method can makea good approximationit
will give a good performance.The introductionof

- \\‘\\ noisewould harmthe FFT routinesmore thanour
I I I new FT algorithm,becauseof the global character

of the splinesa kind of inherentwindowing will
U ~—~——=~ ~ \ s takeplace[9] (seefor examplefig. 3).

a b 7. Conclusion

In this paper we have presentedcomputer
- algorithms for deconvolution,differentiation and

/, Fourier Transform of data. The algorithms use
splines in combinationwith a powerful iterative

I : I I .1 minimizing routine. Sincethe method hasa global
I . character,noise amplification can be suppressed

- as is evidently demonstratedin the differentiation

and deconvolutionroutine. This allows us to use
C / d relatively large fluctuating and noise containing

Fig. 6. Polar plots of the Fourier transform of ~Inr
2(x — functionsasinput. Our deconvolutionandself-dc-

x
0) cos(x — ~). (a) Original function of 100 points; (b) Four- convolutionroutinehasbeenprovento be a prom-

icr Transform with our method, 1000 points 121 splines of ising tool to processnoise containing data. We
order4; (c) FFT on 1024 points(24 zeros added);(d) FFT of

4096 points(3096zero’sadded). proved the existence of a constant symmetric
Toeplitz matrix in our spline approximation
routines.This madeit possibleto run them on a

seconds.However, to obtain the samefrequency personalcomputer(64 K) with large setsof data
distribution with suchalgorithms,onewould have andstill havea reasonablecomputationtime.
to takea 50 time larger input array.This meansa Deconvolutionwith FourierTransformroutines
greatreductionin the efficiency of suchalgorithms cannotguaranteecontinuity of thesolution even if
as onehas also to considerthe I/O time.The time the phaseproblem is solved as occurringin self-

EE~ Re

Fig. 7. Polarplots of theFouriertransformof sinc(x — x0) cos(x - I original function ha~20011 poInts (a) Fourier transform with
our method, 1000 points 236 splinesof order4; (b) FFT on 204S points(48 zero’s addeth:(c) FFT on 4096 point.s (2096 zero’s

added).



H. Wormeestereta!. / Algorithmsfor noise-containingdata 27

deconvolution.The physicalrelevanceof the solu- References
tions obtainedis thereforeambiguous.We proved
that our spline basedroutine will only generate [1] M.B. Priestly, Spectral Analysis and Time Series
continuoussolutions and fails if the solution is (AcademicPress,New York, London, 1981).

discontinuous. [2] J. Cullum, SIAM J. Numer. Anal. 8 (1971) 254.

Using the convenient mathematicalcharacter [3] A.F. Carley and R.W. Joyner,J. Electr. Spectr. Related

of splineswewereableto constructa splinebased Phenom.16 (1979) 1.
[4] B. Chornik, R. SopizetandC. le Gressus,J. Electr. Spectr.

FourierTransformroutine. Although our Fourier RelatedPhenom.42 (1987)392.

Transformroutineis slowerthancommondiscrete [5] P.M. Prenter, Splines and Variational Methods (Wiley,

FourierTransformswhenusingthe samelength of New York, 1975).

data, we are free to choosethe frequencyspacing. [6] P. Dierckx, J. Comput.Phys.52 (1983) 163.

To obtain the sameresult with FFT algorithmsa [7] A.J. Guttmann,J. Phys.C 8 (1975) 4037.
[8] A.G.B.M. Sasse,D.G. Lakerveld and A. van Silfhout, J.

largeaddition of zero’s would be necessary,which Vac.Sci. Technol. A 6 (1988) 1045.

slows down the speedof the FFT routine exten- [9] A.G.B.M. Sasse,H. Wormeesterand A. van Silfhout,

sively. Test wereperformedwithout noiseto stress SurfaceIntern. Anal. (in press).

the strengthof our methodin evennice cases.The [10] R. Fletcher,A Modified Marquardt Subroutinefor Non-

quality of the approximationis the only necessary linear Least SquaresFitting, UK Atomic EnergyAuthor-
ity ResearchGroup,TheoreticalPhysicsDivision, AERE.

conditionfor a good performanceof our routine. R. 6799, Harwell, Berkshire (1971).

This canbeeasilyfulfilled for mostof the physical [11] W.H. Press, B.P. Flannery, S.A. Teukolsky and W.T.

relevantdata. Vetterling, Numerical Recipes (CambridgeUniv. Press,
Not only deconvolution problems without London,1986).

knowledge of the deconvolution itselve can be [12] G. Wahbaand S. Wold, Commun.in Stat. 4 (1975)1.
[13] PH. vanCittert, Z. Phys.69 (1931)298.

solvedwith this methodbut manyproblemsof the [14] H.H. Maddenand J.E. Houston,J. Vac. Sci. Technol.47

form, (1976) 3071.
[15] M. Abramowitz andI. Stegun, Handbookof Mathemati-

D(x) = A1 (S(x)) (19) cal Functions(Dover, New York, 1965).
[16] J.A. Taggle, V. Martinez, J.M. Rojo and M. Salmeron,

with A being a well defined operation on an SurfaceSci. 79 (1978) 93.
unknown function D(x) and S(x) as a known [17] H.D. Hagstrumand G.E. Becker. Phys.Rev. B 4 (1971)

spectrum.Often it is not easyor even impossible 4187.

to computeA — explicitly. This classof problems [18] H.D. Hagstrum and G.E. Becker,Phys. Rev. B 8 (1973)

canbe solved in principle by applying the iterative 1580.

schemeof fig. 2.


