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The relaxation processes of height undulations and density fluctuations in a membrane have been
studied by molecular dynamics simulations of a coarse grained amphiphilic bilayer model. We
observe a double exponential decay in their time correlations, with relaxation rates in good
quantitative agreement with the theory by Seifert and Langer �Europhys. Lett. 23, 71 �1993��.
Intermonolayer friction due to slippage between the two monolayers is shown to be the dominant
dissipative mechanism at the high wave numbers, q�10 �m−1, typically encountered in computer
simulations. We briefly discuss the ramifications of the slow undulatory relaxation process for the
calculation of bending rigidities from the static undulation structure factors. The relaxation rates are
sensitive to the surface tension, and at high elongations an oscillatory contribution is observed in the
time correlation of the undulations. © 2006 American Institute of Physics.
�DOI: 10.1063/1.2402919�

I. INTRODUCTION

Membranes are of vital importance to biological cells in
providing mechanical support, hosting proteins, compart-
mentalizing the cell, and acting as semipermeable barriers
between the cell and its environment.1,2 This feat is achieved
by lipids, i.e., molecules with a hydrophilic head group and
one or two hydrophobic tails, which self-assemble into bilay-
ered membranes when dissolved in an aqueous liquid. An
interplay of noncovalent interactions between the am-
phiphilic lipids and with the solvent makes these bilayers
stable yet flexible and dynamical. The twinned nature of a
bilayer is important if biological reasons require the inside of
the membrane to differ from its outside, which seems to be
the case in many membranes.

The mechanical and thermodynamical properties of
membranes are well described by the Helfrich theory,3,4

which regards both bilayers and monolayers as single
smoothly undulating surfaces with free energies consisting of
bending and elastic contributions. The motion of a bilayer
under these internal forces is damped through energy dissi-
pation by shear forces, within the bilayer but predominantly
in the solvent. Combining the Helfrich theory for the mem-
brane with the Stokes approximation for the low Reynolds
number hydrodynamical flow of the solvent, an excited un-
dulation with wave number q in a tensionless membrane is
found to decay exponentially with a relaxation rate �
=�q3 /4�, where � is the bending rigidity of the membrane
and � the viscosity of the solvent.5–8 Following Onsager’s
regression hypothesis,9 the same rate also governs the
Brownian or thermal undulations of a membrane, which
were already observed several centuries ago as the “flicker-
ing” of a red blood cell under an optical microscope.6 Nu-
merous experiments have confirmed this scaling law for �,

including video microscopy of individual giant unilamellar
vesicles,10,11 scattering experiments on highly diluted lamel-
lar and sponge phases,12,13 and spin relaxation measurements
of vesicle solutions.14

More than a decade ago, Evans et al.15 emphasized the
existence of a hitherto “hidden” dissipative process, resulting
from friction forces between the two leaflets of a bilayer as
they slip past one another. This process is of importance in
all shape deformations of bilayers, but especially so for rapid
changes which allow the density distributions of the leaflets
little time to accommodate. Slippage is readily induced in
experiments by forcing the membrane lipids to flow through
a region of high local curvature, e.g., by pulling a tether from
a vesicle,15,16 by the spontaneous retraction of this tether,17 or
by using a fusion pore to connect two bilayers under distinct
tensions.18 In computer simulations, slippage has been
brought about by exposing a bilayer and the surrounding
solvent to a parallel shear flow.19 It is to be expected that
friction also plays a role in biological processes, such as the
conformational changes of erythrocytes as they travel around
the body,1 the cleavage of an animal cell during the later
stages of cell division,2 and the budding of membranes to
form vesicles.20 Typical values for the intermonolayer fric-
tion coefficient b, defined as the proportionality constant be-
tween the slip velocity and the friction force per unit area,
are of the order of �1–10��108 N s/m3.16,18,21,22

Interestingly, theoretical considerations have shown that
the effects of intermonolayer friction are also relevant at the
small slip velocities occurring during the thermal undulations
of a bilayer. Seifert and Langer23,24 derived the equations of
motion for a planar bilayer, explicitly treating the bilayer as
two coupled monolayers, yielding two exponentially decay-
ing relaxation processes with �1 and �2 as the slow and fast
relaxation rates, respectively. For low wave numbers, the
aforementioned solvent-dominated mechanism was recov-a�Electronic mail: w.k.denotter@utwente.nl
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ered as the slow relaxation process, �1=��q3, with the fast
relaxation scaling as �2�q2. In this paper, the focus will be
on the high and intermediate wave number regimes, as these
cover the length scales attainable in computer simulations of
atomistic and coarse grained bilayer models.25 The theory of
Seifert and Langer predicts for this case that the slow relax-
ation process results from energy dissipation by intermono-
layer friction, �1�q2, while the fast rate now scales as �2

�q3. A more detailed discussion of these dissipative mecha-
nisms will be given in Sec. II. Experiments supporting this
theory are sparse, however. Spin-echo measurements on a
dense lamellar stack of bilayers, interspersed by water layers
of �10 Å thickness, seem to favor the predicted quadratic
dispersion relation at high q values, although the confirma-
tion of theory is not clear-cut in this particular setup.23,26,27

Other high-wave-number studies, such as atomistic molecu-
lar dynamics �MD� simulations28 and neutron spin-echo ex-
periments on semidilute lamellar phases,29 have been fitted
with the conventional relaxation rate ��q3, which according
to the current theory should hold true only for the low q,
solvent-dominated relaxation process.

Evans and Yeung16,30 derived equations of motion for
axially symmetric bilayer configurations in order to study
both the pulling of a tether from a vesicle and the thermal
undulations of a vesicle. A related theory specifically aimed
at the latter case has been put forward by Bivas et al.31 Like
for planar bilayers, a double exponential decay is predicted,
where again for large wave numbers the slow relaxation is
dominated by intermonolayer friction. The video microscopy
experiments by Pott and Méléard22 provided the first �and to
the best of our knowledge also the only� confirmation of the
existence of two relaxation processes in vesicles. Quantita-
tive analyses, however, yielded intermonolayer friction coef-
ficients exceeding previous measurements by one or two or-
ders of magnitude, depending on the theoretical model used.
Miao et al.32 argued that this deviation might be diminished
by a reinterpretation of the elastic modulus, whose apparent
value decreases drastically with increasing length scales.33–36

An oscillatory component in the experimental relaxation
data, clearly visible against the small amplitude of the slow
decay process, has not been explained yet.

The experimental evidence for current theories on the
thermal motion of a tensionless membrane and the alleged
prominent role played herein by the phenomenological fric-
tion coefficient are therefore indicative but not conclusive. In
this paper, we use molecular dynamics simulations of a pla-
nar coarse grained bilayer to validate the theory. A concise
description of several highlights of this study has appeared in
Ref. 25. In Sec. II we recapitulate the main points of the
theory, while the bilayer model and the applied analysis rou-
tines are briefly introduced and discussed in Sec. III. Our
simulation results are presented in Sec. IV, followed by an
extensive discussion and summary in Sec. V.

II. THEORY

The equations of motion for a bilayer with friction forces
between its two monolayers were first derived in the early
1990s by Seifert and Langer23,24 for a near-planar membrane

and independently by Evans and Yeung16,30 for an axially
symmetric configuration. In this section we present a concise
overview of the major steps in the first of these to provide
the necessary background information and to highlight sev-
eral points which will turn out to be of importance in the
numerical analysis, culminating in two autocorrelation func-
tions that can be compared against our simulation results.

Conforming to Seifert and Langer, we write the free en-
ergy F of a bilayer as a sum of two terms, expressing the
contributions of each of the two monolayers. The free energy
of each monolayer is next written as an integral of the Hel-
frich free energy densities f± along the corresponding so-
called neutral surfaces S±,

F =� f+�h+,	+�dS+ +� f−�h−,	−�dS−. �1�

Here h± is the height above the ground plane of the upper
�
� and lower ��� monolayers, and 	± is the corresponding
surface number density of amphiphiles. It is our aim in this
section, again in conformity with Seifert and Langer, to re-
write the above free energy as an integral over a single sur-
face S, for which we choose the midplane of the bilayer, i.e.,
the surface with height h= �h++h−� /2,

F =� f�h,�+,�−�dS , �2�

where �± are projected densities defined below. The reason
for doing this is twofold. First, on bending bilayers, not only
will both monolayers bend, but besides this one monolayer
will expand while the other gets compressed. Yet we want to
attribute the total free energy cost of this process to a bend-
ing term in the free energy of the bilayer. Second, because
intermonolayer friction is associated with motion at the mid-
surface, it will be convenient to have available densities �±

at this surface.

A. Statics

In the Helfrich model3,4 the free energy surface density f
of a curved monolayer is expressed as the sum of a bending
term and a density term, which are decoupled by definition if
the curvature H and the density 	 are defined relative to the
so-called neutral surface of the monolayer. In the case of a
bilayer, this applies to each of the two monolayers indepen-
dently,

f± =
�m

2
�2H±�2 +

km

2
�	±

	0
− 1�2

. �3�

The superscript 
 and � refer to the upper and lower mono-
layers, respectively, of a symmetric bilayer membrane with
zero spontaneous curvature. The bending rigidity �m and
elastic modulus km are material properties of one monolayer,
as is the equilibrium density 	0. Using the Monge
representation4 for the heights h±�x� of the nearly flat neutral
surfaces, with x= �x ,y� denoting the two Cartesian directions
parallel to the bilayer, the mean curvatures of the monolayers
are readily calculated as H±= 1

2�x
2h±. The saddle-splay free

energy resulting from the Gaussian curvature has been ig-
nored in Eq. �3� because this term is constant by the Gauss-
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Bonnett theorem. The free energy of the bilayer is obtained
by integrating f+ and f− over the corresponding neutral sur-
faces and adding the results �see Eq. �1��. Instead of using
two neutral surfaces, it is much more convenient to refer all
quantities to just one surface, for which the midsurface of the
bilayer h�x�, with mean curvature H= 1

2�x
2h, is conveniently

chosen. If the two neutral surfaces are at a fixed distance d
from the midsurface, measured parallel to the normal, then
H±=H�1±2Hd� to first order4 in d. By summing the bending
free energies of the two monolayers, we find that the bending
free energy of the bilayer equals �m�2H�2 to lowest order in
H, and so has a bilayer bending rigidity equal to twice the
monolayer value, �=2�m. Next, we define monolayer densi-
ties �±�x� also relative to the midsurface. Area changes in-
curred during projections of particle positions onto the mid-
plane, due to the curvatures of the involved surfaces, are
accounted for by4 �±=	±�12Hd�. Since we are interested
in fluctuations, it is convenient to introduce ��= ��+

−�−� /2	0 and ��= ��++�−� /2	0−1. The elastic energy den-
sity of the bilayer then reads

felas = felas
+ + felas

−

	 km����2 + km����2 + 4km��Hd + km4d2H2 �4�

to lowest order in the three fields. Since intermonolayer fric-
tions are induced by fluctuations of ��, and coupling terms
between �� and �� are absent in the free energy, the dynam-
ics of �� is decoupled from that of �� and H.

For nearly flat bilayers the integration of f = f++ f− over
the midsurface is readily achieved by using Fourier transfor-
mations along the xy plane. For the undulations we write
h�x�=
qhq exp�iq ·x�, where for real h�x� the complex coef-
ficients are related by hq=h−q

* , with the asterisk denoting
complex conjugation. Similar expressions apply to the den-
sities. These transformations turn the bilayer free energy sur-
face density into a summation over independent modes, f
=
qfq. For a single mode along the x axis with wave number
q, on which we shall henceforth concentrate for notational
convenience, the free energy takes the form

fq =
1

2�hq

�q
�

�q
��

T

� �̃q4 − 2kmq2d 0

− 2kmq2d 2km 0

0 0 2km
��hq

�q
�

�q
��

*

, �5�

where �̃=�+2kmd2 is an effective bending rigidity.
The structure of the energy matrix Eq in the above ex-

pression is a consequence of the chosen variables. In terms
of the normalized densities relative to the monolayer neutral
planes, �±=	± /	0−1 or the corresponding �� and ��, the
energy matrix would have been diagonal. Although these
fields are advantageous when describing the thermodynamics
of the bilayer, they are less appealing in a study on bilayer
dynamics. Of course, both choices agree on free energy
changes going with conformational fluctuations, be it with
different interpretations of the bending and elastic contribu-
tions. If, for example, an initially flat bilayer is uniformly
bent into a cylinder with curvature radius R=1/ �2H�, the
unprojected densities become �±= ±d /R and acquire an elas-
tic free energy of 2kmd2�2H�2 per unit area, on top of the
bending energy of 2�m�2H�2. The projected density fluctua-

tions �� and ��, on the other hand, remain unchanged while
the bending-induced elastic energies are implicitly accounted
for by the augmented bending rigidity �̃.

We conclude this section with three minor points. �i� As
already noticed above, the bending and density terms in Eq.
�5� are not fully decoupled: the presence of the two off-
diagonal elements in Eq shows that a mixed contribution
remains which accounts for elastic energy contributions in
the bending of an asymmetric, ���0, bilayer. �ii� The struc-
ture factors of a tensionless bilayer are known to scale as
�hq�2�=kBT /�q4, which has amply been confirmed by
simulations.28,37–40 By applying the equipartition theorem to
Eq. �5�,

��hq

�q
�

�q
��

T

�hq

�q
�

�q
��

*

� = kBT�1/�q4 d/�q2 0

d/�q2 �̃/2km� 0

0 0 1/2km
� , �6�

one finds that this scaling law still holds. Note that the right
hand sides of Eqs. �5� and �6� apply to a membrane of unit
area; for a bilayer of total area A the free energy gains a
factor A and the expectation values acquire an extra factor of
A−1. �iii� Had we endowed the monolayers with a spontane-
ous curvature c0

±, the bending free energies would have read
fbend

± = ��m /2��2H±−c0
±�2, where c0

±= ±c0 due to the opposite
orientations of the two identical monolayers. The bilayer
then still has no spontaneous curvature, while its bending
rigidity would have been �=2�m�1−2c0d�. The remainder of
the above analysis is unchanged and offers no opportunity of
determining �m and c0 independently.

B. Dynamics

Seifert and Langer23,24 and Evans and Yeung16 solved
the equations of motion of a bilayer using the Stokes ap-
proximation, i.e., by neglecting inertial forces and balancing
driving forces with friction forces.

For the solvent at either side of the bilayer, the Stokes or
creeping flow conditions read

��r
2u± = �rp

±, �7�

�r · u± = 0, �8�

with u±�r� and p±�r� being the flow and pressure fields at r
= �x ,y ,z�, respectively, and � the viscosity of the solvent. At
the bilayer, which for convenience is treated as a flat bound-
ary at z=0, the two flow fields are matched by a continuous
normal velocity, which obviously equals the normal velocity

of the bilayer, uz
±�x ,0�= ḣ�x�. However, if the two monolay-

ers are allowed to slip, the tangental velocities are discon-
tinuous. Assuming stick boundary conditions at the solvent-
bilayer interfaces, which was shown to be a realistic
approximation in our earlier simulations of bilayers under a
parallel shear flow,19 one arrives at u±�x ,0�=v±�x�, with v±

being the lateral velocities of the two monolayers. The re-
sulting flow field in the solvent can be expressed as a sum of
waves which are oscillatory along the bilayer plane and ex-
ponentially decaying with the normal distance to the
bilayer.23 The stress tensors T± in the liquid follow, as usual,
as the sum of the hydrostatic pressure and shear terms.
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The equations of motion of the bilayer read23

�f

�h
= Tzz

+ − Tzz
− , �9�

�x� �f

���� = �s�x
2�v+ − v−� + �T+ + T−� · êz − 2b�v+ − v−� ,

�10�

���

�t
	 −

1

2
�x · �v+ − v−� . �11�

These equations, together with those of the liquid phases,
form a complete set. In particular, no continuity equation for
�� is needed, since �� does not occur in any of the above
equations, nor in the free energy derivatives �f /�h and
�f /��� �see Eq. �4��.

The first of the above equations is obtained by balancing
all normal forces, i.e., the forces within the bilayer and the
difference between the liquid stresses at either side of the
bilayer.23 The left hand side denotes the change of surface
free energy density upon a locally homogeneous bending of
the surface. Expressing the free energy density in terms of
the projected densities �� and ��, which remain constant
during a homogeneous bending, this change can simply be
calculated as the functional derivative �f /�h. After a Fourier
transformation, the derivative �f /�hq

* is readily evaluated
from Eq. �5�, while the introduction of the solvent flow field
reduces the two terms on the right hand side to Tzz

±

= 2�qḣq. One thus arrives at the equation of motion for hq.
Equation �10� is obtained by subtracting the tangental

force balances of the upper and lower monolayers.23 The first
term on the right hand side describes viscous forces within
the monolayers, slowing down the flow fields v± of the am-
phiphiles, with �s as the surface shear viscosity.19,41 In the
second term on the right hand side one recognizes shear
forces acting on each of the monolayers, exerted by the liq-
uid above and below the membrane, again under the assump-
tion that stick boundary conditions apply. As discussed by
Evans and Yeung,16 for thermally undulating bilayers at
wave lengths exceeding the bilayer thickness, these first two
force contributions on the right hand side are negligible com-
pared to the third term and they are henceforth ignored. The
last term on the right hand side gives a phenomenological
expression for the friction force between two sliding mono-
layers, with b denoting the friction parameter. The left hand
side describes lateral forces within the monolayer resulting
from gradients in the surface pressure, which in turn are
caused by variations in the densities.

The last equation �Eq. �11�� is the difference between the
mass conservation equations of the two monolayers. In prin-
ciple, the density difference can also relax by “flip-flops,”16

the exchanging of amphiphiles between the two monolayers,
but such events are rare in the current simulations. Inserting
the Fourier transform of Eq. �11� into the right hand side of
the Fourier transform of Eq. �10�, one obtains the equation of
motion for �q

�.

Combining the results of the above steps, Seifert and
Langer23,24 arrived at a coupled set of equations of motion
for the height and the projected density difference,

�

�t
�hq

�q
� � = − � �̃q3/4� − kmqd/2�

− kmq4d/2b kmq2/2b
��hq

�q
� �

� − Mq�hq

�q
� � . �12�

Modes with different wave vectors evolve independently.
The two relaxation rates �1,2 of this coupled set, where �1

��2 for all q, are readily obtained by solving the character-
istic equation of the matrix Mq. Figure 1 shows these eigen-
values as functions of q, using the parameters of the bilayer
model simulated here. By Taylor-expanding the exact ex-
pressions, one recovers the two limiting regimes of the plot,

�1�q� 	 �
�

4�
q3, q � qc

km�

2b�̃
q2, q � qc,�

�13�

�2�q� 	 �
km

2b
q2, q � qc

�̃

4�
q3, q � qc,�

where qc=2�km /b�̃ is the crossover wave number. The
eigenvectors V1,2�q� corresponding to these eigenvalues re-
veal the physical characters of the two relaxation processes.
At low q the slow first mode describes bending relaxations
slowed down by viscous dissipation in the liquid, in agree-
ment with the classical results for a monolayer membrane,5,6

i.e., �1=�, while the fast second mode represents diffusional
relaxation of density difference variations, damped by fric-
tion between the monolayers. In the neighborhood of qc the
two eigenvectors of Mq gradually exchange their characters.
For the high q regime in which we are interested here, the
slow first mode describes a density relaxation process

FIG. 1. The two relaxation rates of a bilayer membrane as functions of the
wave number. Solid lines represent the theory of Seifert and Langer using
the static and dynamic properties of the current CG model, dashed and
dotted lines indicate the limiting regimes of Eq. �13�, and the arrow marks
the crossover wave number qc. Circles and squares denote the relaxation
rates obtained by fitting the time correlations of the simulated undulations
with a double exponential function �see Fig. 5�. An enlargement of the
simulated slow relaxation rates �1 is presented in Fig. 8.
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damped by intermonolayer friction, and the fast second mode
a viscously damped bending relaxation. Note that the eigen-
values of Eq. �13� are not simply exchanged upon crossing
qc, but acquire a factor of �̃ /� or its inverse. For q�qc the
density equilibrates much faster than the undulations and �
acts as the bending rigidity, while at q�qc the density re-
laxes slower than the undulations and �̃ becomes the effec-
tive bending rigidity. Because of computational limits on the
maximum accessible bilayer dimensions, and hence the low-
est attainable values of q, computer simulations of bilayer
models with molecular details necessarily live in the latter
regime, at best approaching qc from above.25

Evans and Yeung16 derived, in their study of axially
symmetric vesicles and tethers, equations of motion which
are essentially identical to the above expressions. Instead of
density fields, these authors used dilation fields, �±=a± /a0

−1, with a± being the area per molecule and a0 its equilib-
rium value. The focus on curved rather than on nearly flat
surfaces introduces a number of additional higher order cur-
vature contributions in the normal force balance. By using
the approximation �+−�−	−2�� for small �± and keeping
only lowest order terms in h and ��, one recovers the pre-
ceding equations of motion.

Having established the macroscopic equations of motion
of the bilayer, the Onsager regression hypothesis9 is finally
invoked to describe the autocorrelations of thermal fluctua-
tions around equilibrium,27

hq�t�hq
*�0�� = hqhq

*��A1
he−�1t + A2

he−�2t� , �14�

�q
��t��q

�*�0�� = �q
��q

�*��A1
�e−�1t + A2

�e−�2t� . �15�

The weight factors A1
h through A2

� are compiled by combining
Eq

−1 with the matrix Vq of eigenvectors of Mq,

Ai
� =

1

�E−1���

V�i

�

�E−1���V�i, �16�

where �� ,��� �h ,��� denote the components of the vectors
and matrices, and i� �1,2� an ordinal number; the q depen-
dence has been dropped here for convenience. In Fig. 2 the
four amplitudes are plotted against the wave number for the
bilayer model studied here, showing that the first exponen-

tial, with the largest relaxation time, has the largest ampli-
tude. The short relaxation time and relatively small ampli-
tude of the second exponential will complicate the detection
of this mode in the simulations.

III. SIMULATION DETAILS

The membrane and solvent are simulated42,43 using a
coarse grained �CG� model introduced by Goetz and
Lipowsky.44 An amphiphile is represented as a chain of one
head �h� and four tail �t� particles, and the solvent as loose
water �w� particles. The nonbonded interactions are of the
Lennard-Jones type, �LJ=4���r /��−12− �r /��−6�, except for
the repulsive hydrophobic interaction, �rep=��r /1.05��−9,
between tail and water or head particles. All nonbonded in-
teractions are implemented in a shifted-force fashion, hence
the energy and force terminate smoothly at the cutoff dis-
tance of 2.5�. Within the amphiphiles, the particles are held
together by bond interactions �bond�l�=5000��−2�l−��2

while a bending potential straightens the molecule,
�angle�	�=2��1−cos�	��, with no dihedral potential. All par-
ticles have the same mass m, and their number density is
fixed at 2

3�−3. The equations of motion are integrated in
DL�POLY �Ref. 45� using Verlet’s leapfrog algorithm with a
time step of � /500, where �=�m�2 /� is the unit of time. A
Nosé-Hoover thermostat with a relaxation time of 0.4� is
employed to maintain a temperature T=1.35� /kB. For com-
parison with experimental data, Goetz and Lipowsky44 iden-
tified the tail and water particles with a �CH2�3 and two
water molecules, respectively, yielding �=2 kJ/mol, �
=1/3 nm, m=36 a.u., and hence T=325 K. A series of simu-
lations with this simple CG model has revealed that its area
per molecule, elastic modulus, bending rigidity,34,37,38,44 and
edge energy46,47 lie within the range covered by experimental
data and other simulation studies.

It should be emphasized, however, that this computation-
ally attractive amphiphilic model, with its single short tail,
was not designed to accurately represent any particular am-
phiphile, nor was any effort made to tune the force field
parameters to the dynamics of a bilayer. Consequently, it
turns out that the time evolution of this model bilayer is
considerably quicker than that of experimental bilayers,
which are usually comprised of amphiphiles with two long
tails. In a previous study19 with this model we obtained for a
quiescent bilayer an in-plane amphiphilic diffusion coeffi-
cient of D=1.8�2 /� or 1.4�10−5 cm2/s, as compared to
typical experimental values48,49 of �1–25��10−8 cm2/s.
Simulations of bilayers under perpendicular and parallel
shear flows19 yielded, respectively, a surface viscosity of �s

=20�1/2m1/2�−1 or 8.5�10−13 Pa m s and an intermonolayer
friction coefficient of b=3.7�1/2m1/2�−3 or 1.4�106 N s/m3.
The converted values show that the dynamics of the coarse
grained model is two to three orders of magnitude faster than
that of experimental bilayers, for which �s= �1–10�
�10−10 Pa m s and b= �1–10��108 N m3 are
typical.16,18,21,22,41,50 The viscosity of the solvent, �
=1.0�1/2m1/2�−2 or 1.3�10−4 Pa s, is about a quarter of that
of water at this temperature. Of course, the accelerated dy-
namics does not in any way alter the equations of motion of

FIG. 2. The amplitudes A of the contributions of the slow �1, top� and fast
�2, bottom� relaxation processes to the relaxation of the height �h, solid� and
projected density difference ���, dotted� time correlations, as calculated us-
ing Eq. �16�. Circles and squares denote amplitudes Ah

1,2 obtained by fitting
the autocorrelations of the simulated undulations with a double exponential
function �see Fig. 5�. The crossover wave number qc is marked with an
arrow.
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the bilayer, whose validity we want to put to the test here.
From a simulations point of view, a fast model with a low b
is actually computationally attractive as it makes it easier to
achieve a total run length that well exceeds the slowest re-
laxation time �1

−1�b. Introducing the model parameters into
Eq. �13�, we find that the smallest wave number commensu-
rate with the box dimensions, q	0.18�−1, is more than
double the crossover wave number qc=0.07�−1. The relax-
ation times at this wave number, which are the slowest re-
laxation times of the bilayer, are then estimated at �1

−1

	230� and �2
−1	17�, and lie within the capabilities of cur-

rent simulations.
The simulated bilayer counts N=1152 amphiphiles and

lies parallel to the square ground plane of the periodic box
with sides L�. Surrounding the bilayer are 10 800 solvent
particles, making the box height L� sufficiently large for the
pressure tensor to become isotropic near the middle of the
solvent layer.44 Because Eq. �3� is based on the assumption
that the monolayer densities are free to relax to their equilib-
rium value, 	±�=	0, the bilayer must be prepared in a ten-
sionless state. We therefore varied the box dimensions, at
constant total volume, to nullify the surface tension �s

=L��p�− p��, with p� and p� being the pressures on the box
faces perpendicular and parallel to the bilayer, respectively.
A calculation of the structure factors, to be discussed below,
independently confirms that the bilayer is indeed tensionless
for L� =34.9�. In order to test for system-size dependencies,
a limited number of simulations were ran with a 2048 am-
phiphile tensionless bilayer surrounded by 19 200 solvent
particles.

The positions ri= �xi ,zi� of the Na amphiphilic particles
in the simulated bilayer do not constitute a smooth bilayer
plane h�x� nor smooth density distributions, and some ma-
nipulations are required to extract the appropriate Fourier
coefficients from these coordinates. One route is provided by
a direct Fourier transformation of the particle coordinates,38

hq =
1

Na


i=1

Na

zie
−q·xi. �17�

This approach can only be applied with confidence when the
particles are distributed evenly along the ground plane, a
condition that is met here as the undulations and the density
fluctuations are relatively minor for a small tensionless patch
of bilayer. The corresponding expression for the monolayer
densities reads

	q
± =

1

L�
2


i=1

Na
±

e−q·xi. �18�

Note that this expression, being based on the approximate
bilayer area L�

2, neglects variations in the local surface area
resulting from the undulations of the membrane. The curva-
ture corrections required for the subsequent conversion into
�q

± are neither readily implemented. Although both omitted
contributions to �q

± are expected to be relatively small, as the
total curved surface area of the bilayer exceeds the ground
plane area only by a modest 2.5% in our simulations,34 their
neglect in a density difference calculation has far greater con-

sequences. We return to the merits and demerits of Eq. �18�
in Sec. IV B.

To include the aforementioned small but vital contribu-
tions in the Fourier transformations, we divided the xy plane
into M �M square grid cells, identifiable by their integer
coordinates m= �mx ,my�. The height hm of the bilayer in the
mth cell was calculated as the average z coordinate of all
amphiphilic particles in that cell, and a straightforward Fou-
rier transformation yielded hq. The monolayer densities 	m

±

were obtained by dividing the counted number of particles
per cell by the monolayer area per cell am

± . Because the areas
that follow from triangulation of the heights hm are out of
phase with the cell boundaries used in the particle counts, we
made use of an auxiliary set of heights hm� calculated on a
grid that was shifted relative to the primary grid by half a
cell size in the x and y directions. In order to arrive at �m

± ,
several steps were made. The equilibrium monolayer density
	0 was obtained as the total number of amphiphilic particles
divided by the averaged sum of all areas am

+ and am
− . Next,

the heights hm were analyzed by a nine-point numerical dif-
ferentiation scheme51 to establish the mean curvature Hm per
cell. The projection of the densities furthermore requires the
distance d between the midsurface of the bilayer and the
neutral surfaces of the monolayers. Since there is no readily
available technique for establishing d, we assumed this dis-
tance to be equal to half the monolayer thickness, i.e., a
quarter of the bilayer thickness. Using the average cross-
membrane head-to-head distance as a measure for the bilayer
thickness, we arrive at d=1.75�. Finally, the grid of pro-
jected densities is Fourier transformed and analyzed. Of
course, periodic boundary conditions were used throughout
these calculations. The assignment of the amphiphiles to the
two monolayers was redetermined every time step, to correct
for the rare exchanges of amphiphiles between the layers, by
using a clustering routine42 based on the distances between
the head particles.

IV. RESULTS

A. Statics

The main objectives in this subsection are to establish a
proper grid size for the Fourier transformations and to assess
the impact of the grid procedure, where possible by compari-
son against previous off-lattice calculations. We also deter-
mine the density compressibility of the monolayers.

While smaller grid cells �i.e., larger M� allow one to
probe smaller length scales, the concomitant reduction in the
number of particles per cell increases the impact of statistical
noise on the data. Figure 3 shows the sum density structure
factors ��q

��2� for M =7 and M =10, with the average of 59
and 29 amphiphilic particles per cell, respectively. In the low
wave number regime that we are interested in here, the two
data sets are leveling off at about the same value, in agree-
ment with the prediction of Eq. �6�. The weak M dependence
in this graph probably results from the Fourier transforma-
tion of grid-based averages,34 compounded with noise intro-
duced by the assignment of the particles to the grid cells. The
dynamical sum density structure factors, to be discussed in
the next section, are also very similar for M =7 and 10, sug-
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gesting that both grid sizes are acceptable for our purposes.
Introducing the extrapolated value at low q of ��q

��2�	1
�10−4 into Eq. �6�, we obtain a monolayer compressibility
of km	5.5��−2 or about 160 mJ/m2. Additional simulations
with a 2048 amphiphile bilayer, in order to reach a lower q,
confirmed this value of km.

By increasing the number of grid cells, the range of ac-
cessible wave numbers becomes larger and a decaying tail
which is attributed to protrusions develops,52 i.e., am-
phiphiles sticking out of the smoothly undulating bilayer
shape. At the same time, the local maximum near q
	0.5�−1 becomes more pronounced. Similar plots, with
varying degrees of prominence of the local maximum, have
been reported by a number of authors28,39,40 for the thickness
or peristaltic modes of a bilayer, which for a nearly incom-
pressible bilayer are strongly related to the sum density
modes.

The compressibility can also be derived from the prob-
ability distribution P�	m

± � of the monolayer densities per grid
cell. Following Eq. �3�, the probability of finding a cell with
a given curvature, density, and area is proportional to the
Boltzmann factor exp�−f�Hm ,	m

± �am
± kBT�. Since the varia-

tion in the cell areas is small relative to the fluctuations of
the other two variables, it seems reasonable to make the ap-
proximation am

± = am
± �. Using the independence of bending

and elastic free energies, one then arrives at

P�	m
± � � exp�−

1

kBT

km

2	0
2 �	m

± − 	0�2am
± �� . �19�

Fitting the histogram presented in Fig. 4 with this Gaussian
yields km=5.5��−2, in agreement with the above calculated
value.

Simulation studies of the mechanical properties of bilay-
ers are usually aimed at the calculation of the bilayer area
compressibility,28,37–40,44 KA=a0d�s /da. Several studies38,39

have revealed that the traditional expression for the area, a
=2L�

2 /N, results in a system-size �N�-dependent effective
area compressibility KA� due to the neglect of the excess
surface area stored in the undulations, and alternative calcu-
lation methods have been proposed.34 This effect is also en-
countered in experiments,33,35,36 where for large tensionless
vesicles the effective area compressibility approaches zero. It
is reassuring then to find that the two employed system sizes
yield matching estimates for km. For small undulations

around equilibrium one readily shows KA=2km; hence the
above results correspond to KA=11��−2. This value well ex-
ceeds the effective elastic modulus KA� =7.6��−2 of the 1152
amphiphile bilayer, but does not quite reach the previously
reported value of KA	13��−2 for this CG model.34

Miao et al.32 suggested that the effective compressibility,
rather than the intrinsic compressibility, should enter the
equations of motion of the bilayer �Eq. �12��. The slow re-
laxation rate �1 of our model changes by a mere 10% when
inserting the aforementioned extremes of the compressibil-
ity; a similar impact is also achieved by a 10% variation of
the distance d. Given the uncertainty in the determination of
the latter, it is obvious that the current simulations do not
permit definitive conclusions as to which compressibility
should be used.

For completeness, we note that the bending rigidity of
the bilayer is readily derived by a Fourier transformation of
the height undulations of the bilayer,37 using either the grid-
based approach or the direct transformation of Eq. �17�. The
structure factors are observed to decay as q−4 for wave num-
bers up to about 0.5�−1, in good agreement with the predic-
tion of Eq. �6� for a tensionless state, followed by a slower
decay at higher wave numbers due to protrusions. We refer
the reader to Fig. 4 of Ref. 34 for a plot made by direct
Fourier transformation; the grid-based results are very simi-
lar but truncated in q space due to the chosen grid size M.
The bending rigidity is established at 7�, which amounts to
just over 5kBT.

As a final consistency test, we have calculated the re-
maining diagonal element of Eq. �6�, i.e., the density differ-
ence structure factors. By averaging over the lowest wave
numbers in the 1152 and 2048 amphiphile systems, we find
km� / �̃=0.92��−2 and 1.03��−2, respectively, with a standard
deviation of 15%. These values compare well with the value
of 0.95��−2 obtained from a direct calculation of km� / �̃ us-
ing the aforementioned values of � and km in combination
with d=1.75�. Note that this result should not be interpreted
as a confirmation of the assumed distance d between midsur-
face and neutral surface because the mathematical manipula-
tions leading from Eq. �3� to Eq. �6�, aside from a few trun-
cated Taylor expansions, hold true for any chosen value of d.
Having validated the evaluations of the Fourier transforms hq

and �q
�, we now proceed to study the dynamics of the bilayer.

FIG. 3. Structure factors of the projected sum density fluctuation �� as a
function of the wave number, calculated by subdividing the ground plane of
the simulations box into M2=49 �circles� or 100 �pluses� grid cells.

FIG. 4. Probability distribution of the monolayer densities per grid cell,
calculated using M2=49 grid cells. The smooth line is a fit with the Gauss-
ian of Eq. �19�.
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B. Dynamics

The shear viscosity of a liquid is routinely calculated in
molecular dynamics simulations from the off-diagonal ele-
ments of the stress tensor in a simulation box exposed to a
simple shear flow.42 A similar approach can be used to deter-
mine the rheological properties of the bilayer, to wit, the
in-plane or surface shear viscosity and the intermonolayer
friction coefficient, by imposing perpendicular and parallel
shear flows, respectively, on the bilayer and the surrounding
solvent.19 The resulting numerical values have been men-
tioned already in Sec. III. In combination with the static
properties discussed in Sec. IV A they enabled us to calcu-
late the theoretical relaxation rates and amplitudes depicted
in Figs. 1 and 2. We have now arrived at the point where we
can put these predictions to the test by comparing them
against actual simulation results.

The time correlations of the height undulations are de-
picted in Fig. 5 for the six smallest wave vectors matching
the box dimensions. In view of the expected scaling behavior
at long times �see Eq. �13��, we have scaled the time axis by
q2. The linear-log plot shows that the resulting lines are all
running reasonably parallel, thus confirming that the decay
rate of the slow relaxation process scales nearly quadratically
with the wave number. Similar slopes are also displayed by
the theoretical curves �dotted lines� calculated by Eq. �14�,
using the exact relaxation rates and amplitudes, implying that
the simulated decay rates closely match the �1 derived for
the slow relaxation mechanism. Furthermore, the overall
good agreement between theory and simulation, with the
largest relative deviation occurring for the two wave vectors
running diagonally through the box, also lends support to Eq.
�16� for the amplitude A1

h. For the chosen wave numbers, the
decay of the undulations is thus seen to be dominated by
intermonolayer friction.

The enlargement of Fig. 5 in Fig. 6 shows that, unlike
the long time behavior, the simulated decay on the short �2

−1

time scale deviates from the predicted decay. An initial de-
viation is not entirely unexpected, however, because Onsag-
er’s regression hypothesis is known not to hold on transient
time scales.9 Using time reversal symmetry, one readily
proves that the initial slope of the time correlation function

must be zero, as is indeed observed for the simulation data,
and hence some time must elapse before the theoretical
double exponential decay can set in. But the fast mode of Eq.
�14� has nearly completed its decay to zero by the time
theory and simulation coalesce, after some 20 to 50� de-
pending on q. By fitting the time correlations directly with
double exponential functions, using the two relaxation rates
and two amplitudes as fit parameters, it nevertheless is pos-
sible to make a rough estimate of the fast relaxation rate. In
Fig. 1 we see that the fast rates compare surprisingly well
with theory; as discussed before, the agreement for the slow
mode is very pleasing. The fitted amplitudes for the slow
modes are in line with the numerical values of A1

h �see Fig.
2�, while it is obvious from the fit of Fig. 6 that the ampli-
tudes of the fast process overestimate A2

h.
The Fourier coefficients of the undulations were calcu-

lated twice, using both the direct method of Eq. �17� and the
more involved grid-based method outlined in Sec. III, but we
found no significant differences between the two. On the
other hand, the density difference time correlation proved
much more sensitive to the details of the calculation. The
simplest approach is to treat the bilayer as a flat plane with
lateral density variations, i.e., ignore the undulations alto-
gether, in which case �q

�= �	q
+−	q

−� /2	0 with 	q
± given by

the direct Fourier transformation of Eq. �18�. The resulting
time correlations, however, show little resemblance to the
theoretical predictions of Eq. �15� and rapidly drop by nearly
two orders of magnitude before being engulfed in the back-
ground noise. Relaxation times obtained by fitting these tran-
sient decays range between 4 and 12�, and although of the
same order as �2

−1, they do not support any scaling law in q.
In order to make a fair comparison with theory, we have

analyzed the data again using the elaborate grid method out-
lined in Sec. III. The ensuing time correlations are plotted in
Fig. 7 for M =7, were the time axis is again scaled by q2;
increasing M to 10 hardly affects the plot. The slowly and
exponentially decaying lines run nearly parallel to one an-
other for all six wave vectors, and their slopes are in good
agreement with the predicted relaxation rate �1. The fast ini-
tial decay by some 10% and its nonzero initial slope are
probably due to the strict, yet fairly arbitrary assignment of
the amphiphilic particles to the grid cells. In summary, both

FIG. 5. Normalized undulation autocorrelation functions �solid� for the six
smallest wave vectors commensurate with the box dimensions, i.e., q
=0.18�−1 �top�, 0.25�−1 �middle, shifted down by half a decade�, and
0.36�−1 �bottom, shifted down by one decade�. The dotted lines are calcu-
lated by Eq. �14� using the exact relaxation rates and amplitudes of Figs. 1
and 2, respectively.

FIG. 6. The short-time behavior of the time correlation of the undulations
�solid�, averaged over the two wave vectors with the smallest wave number
matching the box dimensions, q=0.18�−1. A double exponential fit is shown
as a dashed line, with the slow mode of this fit represented by the linear
dash-dotted line. The dotted line is the theoretical prediction �Eq. �14��.
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the undulations and the density difference relax with the an-
ticipated slow rate �1, but because of the necessity of an
intricate grid-based calculation in the latter case, we recom-
mend using the undulations when establishing the relaxation
rates.

C. Stretched bilayers

Simulations of stretched membranes indicate that the
slow relaxation rate is fairly sensitive to the surface tension.
Upon increasing the ground plane area of the box by some
2.6%, exposing the bilayer to a tension of �s=0.21� /�3, the
relaxation rate �1 of the smallest wave number rises by about
two-thirds. At an even higher 6.7% elongation, correspond-
ing to �s=0.54� /�3, the rate has increased to nearly 2.5 times
its original value. A possible explanation for the increase of
�1 might be that the tension alters the structure of the bilayer,
for instance, by reducing the undulations or the extent of
interdigitation of the opposing tails, which in turn could re-
duce the intermonolayer friction coefficient. A direct mea-
surement of b by simulations of stretched bilayers under par-
allel shear19 showed that this is not the case. The inclusion of
a small surface tension in the derivation of Sec. II is fairly
straightforward, though a bit laborious—we have deferred
this derivation to the Appendix. After these modifications,
the predicted tension-dependent relaxation rates �1 are again
in reasonable agreement with the simulation results, espe-
cially for the lowest wave number, as illustrated by Fig. 8.
Interestingly, the simulated time correlations at the highest

tension display a small oscillatory component superimposed
on the slow decay �see Fig. 9�, similar to that observed by
Pott and Méléard22 for undulating tense vesicles. To elimi-
nate thermal noise as a possible source of the oscillations,
this simulation was extended to 105� ��1tsimu	500�, but the
fluctuations persisted. An oscillation is, of course, not cap-
tured by the current linear equations of motion but requires
an extension of the theory to higher order.

V. DISCUSSION AND CONCLUSIONS

We have performed molecular dynamics simulations of
thermally fluctuating tensionless and stretched bilayers using
a coarse grained amphiphilic model. The time correlations of
the undulations and of the monolayer density difference were
found �see Figs. 5 and 7� to agree well with an intermono-
layer friction dominated relaxation process, as predicted by
Seifert and Langer23,24 for these relatively short length
scales. We want to emphasize that the theoretical curves ap-
pearing in these plots are not fitted, but are calculated from
elastic and dynamical properties established in independent
equilibrium and nonequilibrium simulations. Only one pa-
rameter could not be determined beforehand, to wit, the dis-
tance d between the neutral surface of the monolayers and
the midsurface of the bilayer, which we judiciously choose to
be half the monolayer thickness. Because of the good quan-
titative agreement, it is tempting now to extract a value for d
by fitting the theory to the simulated relaxation rates. The 3%
higher value thus obtained confirms our choice and lies well
within the physically acceptable range. This result for a
simple amphiphile of five similarly sized beads does not, of
course, imply that the neutral surface will always lie in the
middle of the monolayer. Furthermore, in actuality d need
not be a constant but is more likely to fluctuate with the
peristaltic motions of the membrane. The indeterminacy of d
complicates the extraction of an intermonolayer friction co-
efficient from the relaxation rates, which might be alleviated
by using22 b=�kmq5 /8��1�2 if both rates can be measured
accurately for a tensionless membrane. Bilayers under ten-
sion are also well described by the theory, except for a small
superimposed oscillatory contribution which still awaits an
explanation.

Stacks of membranes possess an undulation mode whose
relaxation rate13,23,26 �s	��̃ /2�l�q2 is inversely proportional

FIG. 7. Simulated �solid� and theoretical �dotted� time correlation functions
of the projected density difference. See also Fig. 5.

FIG. 8. The slow relaxation rates �1 of a tensionless bilayer �solid line and
circles�, of a bilayer under a 2.6% stretch �dotted line and triangles�, and of
a bilayer under a 6.7% stretch �dashed line and pluses�, as functions of the
wave number. The lines are calculated using the theory described in the
Appendix; the markers are obtained by fitting the simulated time correla-
tions of the undulations for the three smallest wave numbers.

FIG. 9. Normalized undulation autocorrelation functions for the two small-
est wave vectors commensurate with the box dimensions, q=0.17�−1, for a
bilayer stretched by 6.7%. A clear oscillatory contribution is visible, which
is not observed for the tensionless bilayer of Figs. 5 and 6.
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to the intermembrane distance l. In order to be sure that our
relaxation times are not unduly influenced by the periodicity
of the simulation box in the direction perpendicular to the
bilayer, we have also performed simulations of a 1152 am-
phiphile bilayer in a box with twice the original height, re-
taining the overall number density of 2

3�−3. The relaxation
rates differed slightly from those of the original box, but
certainly not enough to support a 1 / l dependence of �1 or �2.
We conclude, therefore, that our simulated relaxation rates
are those of a single freely floating membrane.

Having confirmed the theory on a simplified coarse
grained model, it is instructive to see what its implications
are for a realistic membrane. Based on the typical experi-
mental values16,35 �=4�10−20 J, k=250 m N/m, �
=10−3 Pa s, b=108 N s/m3, and an estimated d	1 nm, we
expect a crossover wave number of about qc=8.6 �m−1.
Since most experiments sample smaller wave numbers, they
are in the regime where the membrane predominantly relaxes
through viscous dissipation in the solvent. This process is
described by both the classical and the current theory, �1

=��q3 for q�qc. Molecular dynamics simulations using a
fully atomistic or a coarse grained model commonly encom-
pass some 1000 amphiphiles, corresponding to28 q
	0.35 nm−1, and therefore relax mainly by intermonolayer
friction. The relaxation times at this particular wave number
are estimated at �1

−1	0.1 �s and �2
−1	0.3 ns, where the

former time scale exceeds most simulations to date. This
leads us to conclude that the intermonolayer friction coeffi-
cient is best calculated by nonequilibrium simulations, i.e.,
by enforcing a velocity difference between the monolayers
and measuring the corresponding friction force.19 These
driven simulations also have the advantage of not relying on
an estimated value for d. We furthermore note that the scal-
ing law for the structure factors, �hq�2�=kBT /�q4, as com-
monly used to determine the bending rigidity �, only applies
if the average is taken over a time scale well in excess of the
slowest relaxation time �1

−1. This criterion is not easily met in
simulations of bilayer patches large enough to display undu-
lations, and consequently the calculated bending rigidity will
often lie intermediate between the intrinsic bending rigidity
� and the effective bending rigidity �̃. In these cases, a free
energy calculation can be used to determine the bending
rigidity.38 An accurate estimate of the intermonolayer friction
coefficient is therefore not only interesting by itself, as a key
parameter in a study on bilayer dynamics, but also because
of its indirect and hitherto largely unappreciated conse-
quences for the calculation of bilayer bending rigidities, and
possibly also other static properties, by molecular dynamics
simulations.
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APPENDIX: BILAYER UNDER STRESS

In this appendix, we outline the changes required to ex-
tend the theory of Sec. II to bilayers under tension. The main
difference is in the free energy density of the stretched
bilayer,53 which will be derived here from the Helfrich
theory �see Eq. �3��. We start by introducing 	̄=N / �2A�, the
mean surface density of the monolayers for a bilayer with a
total curved midsurface area A. Note that this area and 	̄
depend on the configuration �hq� of the bilayer, while the
average 	̄� is a function of the box size L� only, and hence
of the tension. Since experimental bilayers will rupture when
elongated by about 3%,46,54 we will assume that 	̄ is only
slightly smaller than 	0. Repeating the steps of Sec. II A, the
free energy density is then expressed as

f = 

q

fq + 2
km

2	0
2 �	̄ − 	0�2. �A1�

The fq, which are still given by Eq. �5� after redefining the
projected sum density fluctuations as ��= ��++�−−2	̄� /	0,
account for local density fluctuations around 	̄, while the last
term in Eq. �A1� results from the global reduction of the
mean density from 	0 to 	̄ under stress. Next, we Taylor-
expand the latter term around the average 	̄� and use a

Hookean law for the tension, �s=k�	0− 	̄�� /	0, to arrive at
the first step in

k

2	0
2 �	̄ − 	0�2 	 �s

	̄

	0
+ c1�L�� 	 �s


q
q2hq

2 + c2�L�� .

�A2�

In the second step, the area A has been Taylor expanded to
lowest order in the undulation amplitudes, and we made use
of the approximation A0	L�

2 valid for small system sizes and
small tensions. The c1 and c2 collect terms that are indepen-
dent of the configuration; their contribution to the free en-
ergy may be neglected when analyzing membranes with
fixed L�. We thus see that the global elasticity term in Eq.
�A1� is approximately reduced to an additional contribution
�sq

2hq
2 for every fq. The implication for Eq. �5� is that the

top-left element of the energy matrix Eq now reads �̃q4

+�sq
2, while all other elements of that matrix remain

unchanged.53 Physically, these contributions express that in-
creasing hq enlarges the area of the membrane, which at
fixed system size N and fixed ground plane area L�

2 results in
a change of the elastic energy. One readily verifies that the
equipartition theorem now recovers the well-known disper-
sion relation �hq�2�=kBT / ��q4+�sq

2�for a membrane under
tension.28,34,55 Inserting this energy matrix into the otherwise
unchanged equations of motion of Sec. II B, and proceeding
along the lines of that section, one readily recovers the modi-
fied characteristic expression for the relaxation rates. At the
wave numbers accessible by simulations, the surface tension
is found to increase the relaxation rate �1 of the slow relax-
ation process �see Fig. 8�. While the high q limiting rate laws
appearing in Eq. �13� are not affected by the tension, the
low q limiting rate laws change into �1= �km /2b�q2 and
�2= ��s /4��q.
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