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Topological spin transport of electromagnetic waves �photons� in stationary smoothly inhomogeneous iso-
tropic medium is studied. By diagonalizing the photon kinetic energy in Maxwell equations, we derive the
non-Abelian pure gauge potential in the momentum space, which in adiabatic approximation for transverse
waves takes the form of two U�1� Abelian potentials corresponding to magnetic monopole-type fields. These
fields act on circularly polarized waves resulting in the topological spin transport of photons. We deduce
general semiclassical �geometrical optics� ray equations that take into account a Lorentz-type force of the
magnetic-monopole-like gauge field. Detailed analysis of rays in three-dimensional medium with two-
dimensional periodic inhomogeneity is presented. It is shown that rays located initially in the inhomogeneity
plane experience topological deflections or splitting that move them out from this plane. The dependence of the
rays’ deflection on the parameters of the medium and on the direction of propagation is studied.
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I. INTRODUCTION

The remarkable property of Maxwell equations is that,
being the main tool for the description of the classical elec-
tromagnetic waves, they also represent the quantum relativ-
istic Schrödinger-type equations for photons, where the per-
mittivity of a �inhomogeneous� medium and wave
polarization play the roles of the potential energy and photon
spin, respectively. That is why investigating electromagnetic
waves, one can discover some fundamental properties of
relativistic quantum particles with a spin. For example, the
geometrical phase introduced by Berry in the general form,1

had been first described theoretically by Rytov2 and
Vladimirskii3 �see also Ref. 4� in terms of the polarization
evolution of electromagnetic waves. Experimentally, the
Berry phase was observed first also for electromagnetic
waves.5 In what follows, we assume the equivalence of the
notions “photon” and “electromagnetic wave” as well as
their “spin” and “polarization,” respectively.

In recent years, progressively increasing attention has
been given to the phenomena of topological spin transport of
quantum particles �see, for instance, Refs. 6–13 and refer-
ences therein�. These effects are closely related to the general
notion of Berry phase and thus should also show up in elec-
tromagnetic wave transport. Indeed, one can find the first
description of polarization transport phenomena in works by
Zel’dovich et al.,14,15 where the deflections of circularly po-
larized light beams �so-called “optical Magnus effect”� had
been predicted theoretically and observed experimentally in
fibers. Later it was shown �Refs. 16–20� that this effect rep-
resents the topological spin transport of photons. The es-
sence of the phenomenon is that in an inhomogeneous me-
dium, a polarization �spin� current arises that is directed
orthogonally to the local wave vector. It can lead to the to-
pological splitting of a ray of mixed �noncircular� polariza-

tion into two circularly polarized rays. As it was demon-
strated in Refs. 18 and 19, this effect is completely analogous
to the anomalous and spin Hall effects in solids �see Refs.
6–8, 10, 11, and 13�.

In this paper we present a rigorous derivation of the gauge
field for electromagnetic waves �photons� directly from the
Maxwell equations using the standard diagonalization proce-
dure �see Refs. 7, 12, and 13�. As the result, a U�3� non-
Abelian pure gauge potential arises in the momentum space,
which is reduced in the adiabatic approximation to U�2�
�U�1� nontrivial potential. Here U�2� potential corresponds
to the transverse electromagnetic waves and takes the form
of a product of Abelian gauge potentials U2�1�=U�1�
�U�1� with magnetic-monopole-type gauge fields of oppo-
site signs. Thus, the initial three-dimensional �3D� vector
equation breaks up into two scalar Helmholtz equations with
additional gauge U�1� potentials in the momentum space.
These equations describe two eigenstates of a photon with
helicity ±1 �in other words, right-hand and left-hand circu-
larly polarized electromagnetic waves�, that undergoes topo-
logical spin deflections in inhomogeneous dielectric media.
The adiabatic approximation used is equivalent �for station-
ary medium� to the semiclassical, or geometrical optics ap-
proximation; i.e., it implies smoothness of the medium. The
effect of topological polarization deflection in a 3D medium
with periodic two-dimensional �2D� inhomogeneity is stud-
ied. We show that right-hand and left-hand circularly polar-
ized rays located in the inhomogeneity plane can be deflected
in opposite directions orthogonally to this plane due to topo-
logical polarization transport. The deflection strongly de-
pends on the angle of wave propagation, and for the square
lattice has a sharp peak at the angle � /4. For samples long
enough, there are also additional sharp peaks that correspond
to irrational values of the tangent of the angle. If the ray has
mixed �noncircular� polarization, the topological polarization
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transport can lead to its splitting into two circular rays or to
the depolarization.

II. “MAGNETIC MONOPOLE” GAUGE FIELD IN
MOMENTUM SPACE IN MAXWELL EQUATIONS

A. Diagonalization of Maxwell equations and appearance
of a gauge potential

Let us consider a monochromatic electromagnetic wave in
a stationary isotropic inhomogeneous medium characterized
by the refractive index n�R�=���R� �� is the dielectric con-
stant of the medium, and R is the coordinate vector�. Max-
well equations for the wave electric field E have the form

�curl curl − k0
2n2�E = 0, �1�

where k0=� /c. If we introduce the dimensionless momen-
tum differential operator

p = − ik0
−1 �

�R
, �2�

Eq. �1� takes the form

− p � �p � E� − n2E = 0. �3�

�For monochromatic electromagnetic waves and Maxwell
equations, it is more convenient to define the momentum
with factor k0

−1 rather than with Planck’s constant �.�
Equation �3� is a relativistic Schrödinger-type equation

ĤE = 0, �4�

with matrix-valued Hamiltonian differential operator �here
and below we mark matrices by hats�

Ĥ�p,R� = Î�p2 − n2�R�� − Q̂ . �5�

Here Qij = pipj, Î is 3�3 unit matrix, p= �p�, and −n2 and

Îp2− Q̂ play the roles of the potential energy and nondiagonal
kinetic energy of the electromagnetic wave �photons�, re-
spectively. Note that the photon Hamiltonian operator in
quantum electrodynamics is quite similar to Eq. �5� and has
the same nondiagonal part.21

Obviously, nondiagonal Hamiltonian �5� mixes up differ-
ent independent eigenstates of the wave. To find these eigen-
states and to describe their evolution, we diagonalize the
Hermitian Hamiltonian �5� using the general procedure with

an unitary matrix Û�p� �see, for instance, Refs. 7, 12, and

13�. Matrix Û is built of the orthogonal set of unit eigenvec-

tors of matrix Ĥ and can be chosen as

Û =�
py

�px
2 + py

2
−

pxpz

p�px
2 + py

2

px

p

−
px

�px
2 + py

2
−

pypz

p�px
2 + py

2

py

p

0
�px

2 + py
2

p

pz

p

� . �6�

With similarity transformation with Eq. �6�, the nondiagonal

part Q̂ of Hamiltonian �5� becomes diagonal:

Û−1Q̂Û = �̂ 	 diag�	1,	2,	3� = �0 0 0

0 0 0

0 0 p2� . �7�

One can see that two eigenvalues of Q̂ coincide with each
other and are equal to zero, 	1,2=0, while the third one is
equal to 	3= p2. It follows from Eqs. �5� and �7� that eigen-
values 	1,2 correspond to transverse electromagnetic waves
with local dispersion law p2=k0

2n2 �or �2=k2c2, where k is
the local wave number�, while the eigenvalue 	3 corresponds
to the longitudinal wave, which can exist only at resonances
where n=0.22 In what follows, we assume that such resonant
points �if they exist� are well off the region of propagation,
and longitudinal waves are not excited. The transverse wave
state is double degenerated that represents a polarization de-
generation of electromagnetic waves: a phenomenon well
known in geometrical optics of isotropic media,22 and corre-
sponds to the spin degeneration of energy levels of relativ-
istic quantum particles. Note also that unitary transformation

with Û�p� is equivalent to the local rotation of the coordinate
frame in such a way that the z axis in each point is directed
along p �it can be seen from the comparison of Eq. �7� with
the initial matrix Qij = pipj�. Therefore, in the new coordinate
frame the electric field E of the longitudinal state is directed
practically along the z axis, while the electric field of the
transverse states lies almost in �x ,y� plane �see below�.

Transformation �6� being applied to Eq. �4� with Hamil-

tonian �5� after the substitution E= ÛE yields:

�Îp2 − �̂ − Û−1n2Û�E = 0. �8�

If momentum p and coordinates r are ordinary commuting
numbers, the potential part of the Hamiltonian �8� is a scalar:
n2. However, when electromagnetic wave �or quantum par-
ticle� is concerned, the momentum and coordinates are non-
commuting quantities that can be represented by differential
operators. Therefore, in p representation in Eq. �8�, we have

Û−1�p�n2�R�Û�p� = Û−1�p�n2
ik0
−1 �

�p
�Û�p�

= n2
ik0
−1Î

�

�p
+ k0

−1Â�
= n2�ÎR + k0

−1Â� , �9�

where

Â�p� = iÛ−1�Û

�p
�10�

is a pure gauge non-Abelian potential induced in the momen-
tum p space by the local gauge transformation

Û�U�3�.7,12,13 In accordance to the gauge field theory and
Hamiltonian mechanics, in Eq. �9� R are canonical �or gen-
eralized in classical mechanics� coordinates that correspond
to the “usual” derivatives ik0

−1� /�p. At the same time, ob-
servable �i.e., related to “the center of the particle”� coordi-
nates r̂ correspond now to the covariant derivatives:
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r̂ = ik0
−1 D

Dp
= ik0

−1Î
�

�p
+ k0

−1Â . �11�

Matrix-valued coordinates r̂i commute with each other,
�r̂i , r̂ j�=0, because the potential �10� is a pure gauge one, and
corresponding field tensor is zero �see Refs. 7 and 13�.

Thus, Eq. �8� after substitutions from Eqs. �9� and �10�
takes the form

�Îp2 − �̂ − n2�ÎR + k0
−1Â��E = 0. �12�

Although this equation has a Hamiltonian of a diagonal
form, the potential energy n2 contains a nondiagonal gauge

vector potential Â. This potential describes all nontrivial
�i.e., those that are not determined by the current eigenvalues
of the initial Hamiltonian� evolutions of the different polar-
ization states of the wave. Direct calculation of Eq. �10� with
Eq. �6� leads to the following expressions for the Hermitian

antisymmetric matrices Âpi
:

Âpx
= i�

0 −
pypz

p�px
2 + py

2�
py

p�px
2 + py

2

pypz

p�px
2 + py

2�
0 −

pxpz

p2�px
2 + py

2

−
py

p�px
2 + py

2

pxpz

p2�px
2 + py

2 0
� ,

�13a�

Âpy
= i�

0
pxpz

p�px
2 + py

2�
−

px

p�px
2 + py

2

−
pxpz

p�px
2 + py

2�
0 −

pypz

p2�px
2 + py

2

px

p�px
2 + py

2

pypz

p2�px
2 + py

2 0
� ,

�13b�

Âpz
= i�

0 0 0

0 0
�px

2 + py
2

p2

0 −
�px

2 + py
2

p2
0 � . �13c�

In these expressions, 2�2 sectors that consist of 11, 12, 21,
and 22 elements describe the evolution of the double degen-
erated transverse states; the zero component 33 acts on the
longitudinal state, while the cross-components 13, 23 and 31,
32 describe the transitions between transverse and longitudi-
nal wave states.

B. Adiabatic reduction and separation of eigenstates

As was mentioned above, if the resonance points where
n�r�=0 are far away from the region of propagation, longi-
tudinal waves are not excited. Thus, in the smoothly inho-

mogeneous medium the electric field is almost transverse
�E��Ex ,Ey ,0��, and the longitudinal component of the elec-
tric field Ez is proportional to the small geometrical optics
�semiclassical� parameter22


 =
1

nk0L
� 1, �14�

where L is the characteristic scale of the medium’s inhomo-
geneity. Of the same order 
 are the cross-state terms, which
appear in the motion equations from the matrix operator
�13�. It is known that in this case their contribution to the
state’s evolution is proportional to 
2 �see, for example in
Ref. 23�, and, therefore, in the first approximation in 
 one

should neglect 13, 23 and 31, 32 components of Â. The
initial gauge potential U�3� is then reduced to U�2��U�1�,
which corresponds to the adiabatic approximation �see, for
instance, Refs. 7, 12, 13, and 20�. �As is shown in Ref. 13,
the adiabaticity condition for a nonlocalized �propagating�
particle with stationary Hamiltonian is equivalent to a semi-
classical condition similar to Eq. �14�.� Thus, the transverse
and longitudinal wave states become independent, and Eq.
�12� breaks down into 2�2 matrix equation for the trans-
verse states and a scalar equation for the longitudinal one.
Matrix equation for two-dimensional transverse electric vec-

tor field Ẽ= �Ex ,Ey� has the form

�Îp2 − n2�ÎR + k0
−1Â�tr���Ẽ = 0. �15�

Here Î is 2�2 unit matrix; Â�tr� denotes the “transverse” 2
�2 sector of the corresponding 3�3 matrices Eq. �13�. In

the adiabatic approximation �̂�tr�=0, and it disappears at
conversion of Eq. �12� into Eq. �15�.

As is well known from the Berry phase and spin gauge

field theories, the potential Â�tr�, which corresponds to
double degenerated state, is a U�2� non-Abelian gauge po-
tential, which can be decomposed into full set of noncom-
muting Pauli matrices �see, for instance, Refs. 20, 24, and
25�. However, as one can see from the explicit form of ma-

trices �13�, when it comes to photons, matrix Â�tr� is propor-
tional to the single Pauli matrix �̂2:

Â�tr� = 
 pypz

p�px
2 + py

2�
,−

pxpz

p�px
2 + py

2�
,0��̂2, �̂2 = 
0 − i

i 0
� .

�16�

Components of Â�tr� commute with each other, which means

that Â�tr� represents the Abelian potential U2�1�=U�1�
�U�1�. Obviously, we can rotate the reference frame in such
a way that �̂2 transforms into

�̂3 = 
1 0

0 − 1
� ,

and potential Â�tr� becomes diagonal. Such uniform rotation

is executed by the global substitution Ẽ= V̂�tr�� with
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V̂�tr� =
1
�2


1 1

i − i
� , �17�

which diagonalizes Eq. �15�, and therefore breaks it down
into two independent scalar equations:

H±± = 0, H± =
1

2
�p2 − n2�R + k0

−1A±�� =
1

2
�p2 − n2�r±�� ,

�18�

where r±= ik0
−1� /�p+k0

−1A± are the operators of the coordi-
nates of “the photon’s center” �covariant coordinates� analo-
gously to Eq. �11�. Here we denote �	�+ ,−�, a factor of
1 /2 is introduced for convenience, and U�1� gauge potentials
are equal to

A± = ± 
 pypz

p�px
2 + py

2�
,−

pxpz

p�px
2 + py

2�
,0� . �19�

Thus, we have reduced the initial vector problem of the evo-
lution of a polarized wave to two independent scalar equa-
tions �18� with additional gauge potentials �19� �compare
with scalar and vector geometric optics in Ref. 22�.

It is worth noticing that two functions, ±=Ex� iEy �see
Eq. �17�� represent the basis of circularly polarized waves.
This means that only circularly polarized states are the in-
dependent eigenstates of transverse electromagnetic
wave.16–18 It is quite natural because these solutions are the
photon spin eigenstates with helicities ±1.21 Of course we
could apply the transformation �17� directly to the 3D Eq.

�12�. In this case, transformation matrix V̂ is equal to

V̂ =
1
�2�1 1 0

i − i 0

0 0 �2
� . �20�

One can see that columns of this matrix are the eigenvectors
of the z component of the photon spin operator ŝ3.21 This fact
supports our conclusion that functions ±=Ex� iEy corre-
spond to the independent photon spin states.

C. Monopole type field in the momentum space
and noncommuting coordinates

After U�1� Abelian gauge potentials have been found �Eq.
�19��, the corresponding field tensors �Berry curvatures� can
be calculated directly, which yields

Fij
± =

�Aj
±

�pi
−

�Ai
±

�pj
= � eijk

pk

p3 , �21�

where eijk is unit antisymmetric tensor. Equation �21� pre-
sents the magnetic-monopole-like field, although not in the
real but in the momentum space �see, for example, Refs. 1, 4,
7, 8, 12, 13, 18–20, and 26�. Since p space is a 3D one, the
field �21� can be represented as a pseudovector:

F± = �
p

p3 . �22�

Clearly, these fields act �in p space� on the different spin
�polarization� eigenstates of the photon �±� in opposite di-

rections. As is known, such fields cause spin current of par-
ticles orthogonal to their motion.6–8,10–13,18–20 When photons
are concerned, they lead to the topological splitting of right
and left circularly polarized beams �photons�.16–20

In a recent paper,20 non-Abelian spin gauge potential and
field have been derived for a relativistic particle with arbi-
trary spin. For massless particles this field has the magnetic-
monopole-type configuration, which is characteristic for
Abelian U�1� field. As we have shown above for photons,
non-Abelian gauge field U�2� is indeed decomposed into two
independent Abelian U�1� fields.

From Eq. �11� with potentials �19� and fields �21� and
�22�, it follows that coordinates of circularly polarized waves
do not commute �see Refs. 7, 13, and 20�:

�ri
±,rj

±� = ik0
−2Fij

± = � ik0
−2eijk

pk

p3 . �23�

It is important to emphasize that nonzero field tensors �21�
and commutation relations appear owing to the adiabatic re-
duction U�3�→U�2��U�1� in the gauge potential �10� and
�13�. In the general U�3� case, potential �10� and �13� is a
pure gauge one, and the field tensor, as well as the coordinate
commutators, are zero.7,13

D. Semiclassical ray equations, topological spin transport
of photons, and Berry phase

If the variations of the refractive index are smooth
enough, so that the semiclassical condition �14� is satisfied,
Hamiltonian equations of motion for photons �ray equations�
can be derived in geometrical optics approximation,22 and
have the form

ṗ = −
�H±

�R
, Ṙ =

�H±

�p
, �24�

or

ṗ = −
�H±

�r± , ṙ± =
�H±

�p
+ k0

−1�F± � ṗ� , �24a�

where dot denotes the derivative with respect to the ray pa-
rameter s, which is connected with the ray length l, as dl
=nds. From now on, momentum p is a dimensionless wave
vector �not a differential operator as above�, p=k0

−1k, while
r± are the coordinates on the rays of circular polarizations. At
that, the dispersion relation p=n is valid. Upon substituting
Hamiltonian �18� into Eqs. �24�, we obtain16–20

ṗ =
1

2

�n2

�r± , ṙ± = p � k0
−1
 p

p3 � ṗ� . �25�

Equations �25� are transformed into standard geometrical op-
tics equations22 if the term proportional to k0

−1 is neglected.
This term represents a Lorentz-type force of the magnetic
monopole-like field �22� in momentum space, which causes
additional deflections of circularly polarized rays: r±=r
+�r±, where r is the coordinates on the zero-approximation
ray. These deflections can be calculated by the integration of
the last term in second Eq. �25� and is presented as the con-
tour integral16–18
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�r± = � k0
−1

C

p � dp

p3 , �26�

where contour C is the wave trajectory in the momentum
space.

Lorentz-type force similar to that in Eq. �25� also arises at
the nonrelativistic electron motion with spin-orbit interac-
tion, where it leads to the anomalous and intrinsic spin Hall
effects.6–8,10–13 In our case, the force splits the trajectories of
right and left circularly polarized waves and, hence, induces
a photon spin current orthogonal to the vector p. Thus, the
term that is proportional to k0

−1 in Eqs. �25� and �26� presents
the topological spin transport of photons, which can be as-
sociated with intrinsic spin Hall effect for photons �see Refs.
18 and 19�. One of the manifestations of the Lorentz-type
force in Eq. �25�, the so-called optical Magnus effect, had
been discovered in Refs. 14 and 15. Recently, Eqs. �25� have
been derived and analyzed in details in terms of geometrical
optics and Berry phase formalism in Refs. 16 and 17, and by
postulating a monopole field �21� and �22� in geometrical
optics equations in Refs. 18 and 19. In the present paper we
present a rigorous derivation of the monopole gauge field
�21� and �22� and transport Eqs. �25� directly from Maxwell
equations.

Note that the Berry phase can also be deduced from the
approach suggested above �see Refs. 13 and 18�. Indeed, the
semiclassical phase is determined in the canonical �general-
ized� coordinates, and for circularly polarized waves equals

�± = k0
0

R

pdR

= k0
0

r±

pdr± − �pA±�p0

p + 
C

A±dp

= k0
0

r

pdr + 
C

A±dp . �27�

Here the connection between observable and generalized co-
ordinates �Eq. �18��, as well as the relations �ṙ±�p �Eqs.
�25� and �26��, and A±�p �Eq. �19��, have been used; p0 is
the initial momentum, and term −�t in the phase is omitted.
The first term in Eq. �27� is the ordinary dynamic phase. The
second term is the Berry phase, which for closed contours
�loops� can be presented as the flux of the field �21� and �22�
through the surface S, which is stretched over the loop C in
p space:

�B = �
C

A±dp = 
S

F±ds . �28�

For noncircularly polarized electromagnetic waves, the Berry
phase leads to the rotation of the polarization plane described
theoretically in Refs. 2 and 3 �see also Ref. 4� and observed
experimentally in Ref. 5.

III. TOPOLOGICAL POLARIZATION SPLITTING OF
RAYS IN A PERIODICALLY INHOMOGENEOUS MEDIUM

As an example of the effects described above, we con-
sider the deflection of rays in a two-dimensionally periodic
medium. An advantage of this system is that being relatively
simple for analytical analysis, it enables one to demonstrate
the most general features of the topological polarization
�spin� splitting in inhomogeneous media. On the other hand,
2D periodic systems are interesting by themselves because
they find ever increasing applications in optronics and nano-
technology �photonic crystals, nanostructured dielectrics,
etc.�. Note that in one-dimensionally inhomogeneous media,
where all rays are flat curves, the topological effects such as
Berry phase and polarization splitting of rays �26� never
occur.16,17

Let us assume that the refractive index of the medium of
propagation is given by

n2�r� = n0
2 + n1

2�cos��x� + sin��y + ��� , �29�

where n1
2�n0

2 and �� �0,2�� is a constant parameter. From
now on we assume that parameters of the system are away
from the resonance ones, and geometrical optics and pertur-
bation methods are applicable. The approximations in use are
certainly applicable when the sample is not too long, and the
backscattering is negligible. The condition of validity of the
geometrical optics approximation Eq. �14� means in the case
Eq. �29� that the period of the medium’s inhomogeneity
should be much larger than the wavelength of the radiation:

�

n0k0
� 1. �30�

To calculate ray deflections �26�, we first find the “zero-
approximation” ray trajectory, which is determined by geo-
metrical optics equations �25� with the last term in the sec-
ond equation omitted. Substitution of Eq. �29� in �25� yields

ṗ =
n1

2�

2
�− sin��x�,cos��y + ��,0�, ṙ = p . �31�

We solve this system of nonlinear differential equations by
the perturbation method under assumption that the variations
of the refractive index are small in amplitude:

� =
n1

2

n0
2 � 1. �32�

If in zero-order approximation in � the ray has the momen-
tum �wave vector� p0= �px0 , py0 , pz0� and crosses the origin
r=0, then in the first-order approximation in � the solution
of Eq. �31� gives the following trajectory of the wave in p
space:

px = px0 +
n1

2

2px0
cos��px0s�, py = py0 +

n1
2

2py0
sin��py0s + �� ,

pz = pz0. �33�

Deflections of circularly polarized rays can be found di-
rectly from Eq. �26� by substituting �33� and subsequent in-
tegration. It also can be estimated using rather convenient
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geometrical method proposed in Ref. 17, where it was shown
that, in the case of closed in p space trajectories, the devia-
tion of the circularly polarized ray is equal to the p gradient
of the Berry phase; i.e.,

�r± = − k0
−1��B

�p
. �34�

The Berry phase grows with the ray length, and its increment
during one period of the cyclic evolution in p space is equal
to the flux of the field F± through contour C �Eqs. �21�, �22�,
and �28��; i.e., to the solid angle � �with the corresponding
sign�, at which contour C is seen from the origin of p space
�see Eq. �28� and Refs. 1 and 4�.

Let us analyze the rays located �in zero geometrical optics
approximation� in the �x ,y� plane. To do this we assume that
pz0→0 is infinitely small value �it is necessary for differen-
tiation in Eq. �34��, and introduce the angle of propagation �
as the angle between p0 and the x axis:

tan � =
py0

px0
. �35�

If the angle �=� /4, i.e., px0= py0= p0 /�2, according to Eq.
�33� the trajectory C in momentum space is a circle in the
�px , py� plane with the center at the point p0 and radius
n1

2 /�2p0 �Fig. 1�a��. �So far we have assumed that �=0 in
Eq. �33��. At infinitely small pz0, this circle is seen from the
origin of p space as an ellipse with the semi-axes �1
=n1

2 /�2n0 and �2=n1
2pz0 /�2n0

2. The area of this ellipse equals
��1�2=n1

4pz0 /2n0
3, while the solid angle equals �

=�n1
4pz0 /2n0

5. Hence, the Berry phase per one period of the
inhomogeneity is equal to

�B0 = �
�n1

4pz0

2n0
5 . �36�

In one period the ray runs the length l0=2�2� /�, and after a
number of periods �when the deflections become noticeable�
Berry phase becomes approximately

FIG. 1. Wave trajectories in the �px , py� plane in the momentum space. Dimensionless units are used �see Eqs. �33��. The signs of oriented
areas of the loops are shown.
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�B � �B0
l

l0
= �

n1
4�pz0

4�2n0
5

l , �37�

where l is the total length of the ray. By substituting Eq. �37�
into Eq. �34�, we obtain

�z± � ±
k0

−1�n1
4

4�2n0
5

l . �38�

Note, that in spite of the fact that the Berry phase �Eqs. �36�
and �37�� equals zero at pz0=0, their momentum gradient
�Eqs. �34� and �38��, is a finite quantity �compare with ex-
amples in Ref. 17�.

Equation �38� means that right-hand and left-hand circu-
larly polarized rays propagating in the �x ,y� plane at �
=� /4 are deflected in the opposite z directions; i.e., the po-
larization topological transport of electromagnetic waves in
periodical medium �Eq. �29�� takes place. If electromagnetic
wave has mixed polarization, the ray will split into two cir-
cularly polarized eigenrays.16–18 The effect, which is of the
order of the small parameter k0

−1�, is nevertheless propor-
tional to length l of the trajectory, and therefore can be sig-
nificant at large distances.

It should be noted that the two-dimensionally inhomoge-
neous medium under consideration possesses TE and TM
exact eigenmodes. However, linear birefringence of the TE
and TM modes of the system is proportional to the second
power of the small geometrical optics parameter �14� �see,
for instance, Ref. 27�, and thus should be neglected in the
approximation in use. We emphasize also that the reflection
symmetry of the medium and of the TE and TM eigenmodes
with respect to the z=0 plane does not contradict to the de-
flections of the rays in the z direction. The issue is that there
is no transverse transport of the eigenmodes. However, their
interference in the course of ray propagation leads to the
effective deflection of the circularly polarized ray �which is
superposition of a number of modes�. This is connected with
the reflection asymmetry for the circularly polarized rays.
Indeed, reflection transformation changes the sign of the he-
licity. Maxwell equations are also not symmetrical with re-
spect to the right and left circular polarizations �notice the
opposite signs of gauge fields for right and left polarizations
in Eqs. �19� and �21��. Thus, these asymmetries cause topo-
logical spin transport under consideration.

Propagation of light in 2D photonic crystals has been con-
sidered in a recent paper.19 It was shown that a smooth in-
homogeneity superimposed on the periodic crystal structure
could induce topological spin transport of eigenmodes. In
distinction from Ref. 19, we have shown that polarization
transport of rays can exist in a perfectly periodic system
itself.

To investigate in detail the dependence of the ray deflec-
tion on the angle of propagation � and on parameter �
�which characterizes the position of the ray with respect to
the periodic lattice�, numerical calculation of the integral in
Eq. �26� with Eq. �33� had been carried out. Figure 2 shows
the deflection �z+ of right-hand circularly polarized beam as
a function of the angle of propagation � at two samples of
different lengths L, with �=0. The existence of the well-

pronounced peak around �=� /4 can be understood if one
recalls that the deflection is proportional to the �oriented�
area bounded by the one-period ray trajectory in p space.
The trajectory for �=� /4 is depicted in Fig. 1�a�. If tan �
=m �or cot �=m�, where m�1 is an integer number �in Figs.
1�b� and 1�c�, m=2 and 3, respectively�, the trajectories are
closed lines, and the total oriented area of a one-period cycle
equals zero, as well as Berry phase and ray deflection. At a
longer sample �Fig. 2�b��, a number of resonant-like peaks at
different angles ��� /4 arise. These peaks occur at angles
that correspond to noncommensurable values of px0 and py0;
i.e., to irrational values of tan �. That is why the picture has
random-like structure. Actually, the noncommensurability of
px0 and py0 gives rise to breaking of time-reversal symmetry
�this is necessary for the Berry phase and accompanied phe-
nomena� for the ray under consideration. Indeed, the corre-
sponding trajectories for such rays in p space are open, and
in general enclose nonzero oriented areas. The area changes
its sign at time-reversal transformation. In samples of finite
length, peaks occur at rational values of tan � if L is less than

FIG. 2. Dependence of the deflection �z+ on the angle of propa-
gation � for two samples of different sizes. �a� Sample of 40 peri-
ods of inhomogeneity. �b� Sample of 250 periods of inhomogeneity.
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the period of wave trajectory in an infinite medium. This
condition gives the following estimate for the characteristic
width of the peaks:

�� �
1

�L
� 1. �39�

In the limit L→�, the peaks exist at irrational values of
tan �. Amplitudes and widths of the peaks in Fig. 2 agree
closely with Eq. �38� and estimate �39�, respectively.

Figures 3�a�–3�d� present the dependences of the ray de-
flection �z+ on the angle of propagation � at different values
of parameter �. The maximum value of �z+ decreases with
increasing � and changes sign at �=�. It should be noted
that when �=� /2, the deflection �z± vanishes at �=� /4, but
occurs with the opposite signs just near the �=� /4. It can be
also understood by considering the wave trajectory in p
space. At �=� /2 and �=� /4 it is a line �degenerated con-
tour�, and the zero area corresponds to it. However, when
�=� /2 and �=� /4+� with ����1, the trajectory is an open
curve �for finite L� that is depicted qualitatively in Fig. 1�d�.
Obviously, it encloses a nonzero oriented area, and the sign

of this area correlates with the sign of � �compare with Fig.
3�b��.

Finally, let us discuss the possibility of the experimental
observation of the predicted effect. If, for example, �=1/2,
Eq. �38� gives �z	�z+−�z−�10−1	L /L0 where 	
=2� /k0n0, and L0=2� /� is the period of the inhomogeneity.
Hence, to get �z larger than the wavelength one needs a
sample longer than ten inhomogeneity periods: L�10L0.
�Note that the lengthening of the sample also leads, in accor-
dance with Eq. �39�, to the narrowing of the peak, and can
make it indiscernible�. The splitting could be observed, for
example, by using a converging �focused� beam whose width
near the focal spot is of the order of a few wavelengths.
When the splitting is too small to produce two separate
beams of different polarization, the effect can be evidenced
by measuring the polarization structure of the beam. Indeed,
even small splitting of the “mathematical” ray of the linear
polarization into two circularly polarized rays causes the ap-
pearance of the opposite-sign circular polarizations at the
opposite sides of the initially linearly polarized physical
beam.28 Another experimental possibility is to observe the
propagation of a single circularly polarized beam, and to

FIG. 3. Same as Fig. 2�a� for different �.

K. YU. BLIOKH AND V. D. FREILIKHER PHYSICAL REVIEW B 72, 035108 �2005�

035108-8



measure the deflection of its center of gravity, which can be
done with an accuracy much higher than the width of the
beam.

IV. CONCLUSION

The first observation of the polarization transport of elec-
tromagnetic waves in isotropic inhomogeneous medium is
due to Zel’dovich et al.14,15 Different theoretical explana-
tions for this “optical Magnus effect” have been suggested
based on the mode approach, ray approximation, and spin-
orbit interaction of photons. Recent theoretical
investigations16–20 show that this effect has a pure topologi-
cal nature and is closely related to the Berry phase. In Refs.
16 and 17, it has been demonstrated in the framework of the
classical geometrical optics, while in Refs. 18 and 19 the
gauge field approach was used. Gauge fields �Eqs. �21� and
�22�� have been introduced in Refs. 18 and 19 out of a gen-
eral reasoning, although without a full rigorous derivation. In
Ref. 20 this field was obtained in a general form for relativ-
istic quantum particles with arbitrary spin. Although the no-
tion of a gauge field for photons was mentioned a number of
times in papers dealing with Berry phase theory, a rigorous
derivation of this field directly from Maxwell equations by
general diagonalization and topological spin transport ap-
proach has been done in the present paper. It can be said that
the results of Sec. II present a complete adiabatic and semi-
classical theory of the topological spin transport of photons
and provide a rigorous ground for the corresponding equa-
tions to be used.

To summarize, a semiclassical theory of the topological
spin transport of photons in stationary inhomogeneous me-
dium has been developed. The first step in the derivation is
the diagonalization of the kinetic energy in Maxwell equa-
tions for monochromatic waves. A non-Abelian U�3� pure
gauge potential in momentum space is induced, which in the
adiabatic approximation breaks down into the product U�3�
→U�2��U�1�, where U�2� potential corresponds to trans-
verse waves. Since photon is a massless particle, U�2� gauge
potential is presented as a product of two Abelian potentials:
U�2�→U�1��U�1�. These potentials describe the evolution
of the right-hand and left-hand circularly polarized waves
that are the photon spin eigenstates with helicities ±1. The
magnetic-monopole-like gauge field tensors corresponding to
these potentials bring into existence a Lorentz-type force in

the semiclassical equations of motion, and, hence, induce the
topological spin transport of photons. As the result, the topo-
logical polarization ray deflection and splitting take
place.16–18 It was mentioned earlier,18,19 that it is analogous
to the spin and anomalous Hall effects for electrons in solids.

As an application of the developed theory the topological
polarization transport of electromagnetic waves in a 3D me-
dium with smooth periodic two-dimensional inhomogeneity
is considered. By solving the geometrical optics ray equa-
tions perturbatively, we show that a circularly polarized ray
located in the plane of inhomogeneity experiences the topo-
logical polarization deflection orthogonal to this plane. The
deflections are of the opposite signs for the left-hand and
right-hand polarized rays, and are extremely sensitive to the
angle of propagation. Examples of the dependences of the
deflection on the angle of propagation and on the position of
the ray with respect to the periodic structure are presented,
and the physical implications of the revealed features are
discussed.

Experimental observation of the effects caused by the to-
pological polarization transport of light presents a real chal-
lenge, because they could mix up with the diffractional
broadening of the physical ray �beam�, which is known to be
of the same order of smallness; i.e., proportional to the wave-
length. When this broadening is larger than the topological
ray splitting the topological polarization transport can induce
right-hand and left-hand circular polarizations at opposite
sides of the single physical ray,28 or can lead to the depolar-
ization of the ray �compare with light depolarization that
occurs due to the Berry phase increment29,30�.

It should be also noted that the polarization deflection and
splitting of rays are strongly connected with the Berry phase
inherent in circularly polarized waves. Therefore our results
can be used in studying the Berry phase in periodic structure.
For example, predicted increase of Berry phase �Eqs. �36�
and �37�� can be detected in two-dimensional periodic struc-
tures �photonic crystals� by measuring the rotation of the
wave polarization plane.
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