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SPIN-LATTICE RELAXATION IN POTASSIUM CHROMIUM ALUM 
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A comparison is made between the results of low-frequency relaxation measurements on potassium chromium alum 
placed in liquid helium and in vacuum, respectively. It is found that only a part of the lattice oscillations is involved in the 
spin-lattice relaxation process. The spin-lattice relaxation time was found after correcting the time constants of the 
vacuum measurements by experimental shortening factors. The differences between the spin-lattice relaxation time and 
the time constants from the liquid-helium measurements can be explained for the greater part by the finite thermal con- 
ductivity of the liquid helium. 

1. Introduction 

Potassium chromium alum was one of the first 
compounds studied in magnetic relaxation experiments. 
The relaxation behaviour of the magnetically, strongly 
diluted alum was found to be in accordance with estab- 
lished spin-lattice relaxation theories, but up to now 
the relaxation phenomena in the concentrated salt 
have not been satisfactorily understood. It is quite 
possible that thermal conduction in the crystal and 
the surrounding medium strongly influences the spin- 
lattice relaxation of magnetically concentrated salts, 
resulting in an observed relaxation time which differs 
considerably from the spin-lattice relaxation time [ 11. 
Differential susceptibility measurements on samples 
in direct contact with liquid helium, combined with 
similar measurements on these samples in vacuum, 
make it possible to obtain information about the 
thermal conduction effects as well as about the internal 
relaxation process [2]. In the present paper we des- 
cribe the results of such an experiment on undiluted 
KCr alum. New effects in spin-lattice relaxation have 
been found and these will possibly.contribute to the 
understanding of the relaxation phenomena in the 
concentrated compound. 

From crystal structure measurements and electron 
spin resonance experiments it can be concluded that 
the Cr3+ ion in KCr(S04),.12H20 is in a cubic elec- 

trical crystalline field with a small trigonal distortion 
[3]. By the combined effect of this trigonal field and 
the spin-orbit coupling the ground quadruplet is split 
into two doublets with a difference in energy of about 
0.15 cm-l. The nearest orbital level is at about 
10 000 cm-l. Because the zero-field splitting is much 
less than kT the expression for the direct process 
relaxation time of this multilevel system is given by [4] 

rzf = AH3 coth (p&H/2kT), (1) 

where g is the spectroscopic splitting factor and 0 the 
Bohr magneton. The field dependence of eq. (1) was 
found for cesium chromium alum [5] but up to now 
not for KCr alum. 

The relaxation behaviour of KCr alum has been 
studied by means of various resonant measuring tech- 
niques [6-lo]. The temperature dependence of the 
direct process was found in the strongly diluted com- 
pound. At a higher concentration of magnetic ions it 
was observed that the temperature dependence of the 
relaxation time is given by Tm4, with (Y > 1. 

Using the low-frequency induction technique 
Kramers et al. [ 111 measured a Tm3 dependence for 
the relaxation time of a powdered sample of magneti- 
cally undiluted KCr alum at a field of 3370 Oe. These 
non-resonant relaxation measurements were carried 
further by Van den Broek and Van der Mare1 [ 121, 
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who affirmed that the direct spin-lattice relaxation 
process is not predominant in the concentrated salt. 
They derived the relaxation time constant rabS obtained 
from the absorption curve in the conventional way 

proportional to T- 3.65. Using the Eisenstein model 
for the relaxation [ 131 they tried to explain the non- 
ideal shape of the absorption curves which was found 
for T > T*, but in order to obtain a fairly good agree- 
ment between calculated and measured curves the 

value for the thermal conductivity of the lattice had 
to be taken as considerably smaller than was measured 
by Bijl [ 141. The ideal shape of the absorption curves 
for T < T,, was thought to be the result of the pene- 
tration of superfluid helium into the crystal through 
narrow channels and cracks, which would greatly 
improve the heat contact with the cooling liquid. 

In a previous paper [ 1 ] we examined a thermal 
conduction model for the relaxation which includes 
the thermal conduction in the liquid helium. Assuming 
the direct process for the spin-lattice relaxation and 
taking the values in ref. 12 for the thermal conductivity 
of the lattice, it was calculated there that rabs is pro- 
portional to T-3.5 for KCr alum. In this paper we 
present the calculations of the influence of the thermal 
conduction in the lattice and in the liquid-helium bath 
based on real experimental values for the thermal 
transport quantities in the thermal conduction model 
and the results will be compared with our liquid-helium 
experiments on KCr alum (section 4). Intrinsic proper- 
ties of KCr alum were derived from the vacuum 
measurements (sections 2 and 3). It will be shown that 
the rate-determining process in the energy transport 
is not the thermal conduction in the lattice but that in 
the liquid-helium bath. 

2. Measurements with the sample in liquid helium and 
in vacuum, respectively 

Dynamical susceptibility measurements were per- 
formed on a cylindrical single crystal of KCr alum with 
a radius of 2.3 mm and a length of about 10 mm at 
four different temperatures. The sample was in direct 
contact with the liquid helium in the first series of 
measurements and in vacuum (this means in helium 
gas with a pressure below low3 torr) in the second 
series. The experimental set-up is described in ref. 15. 
The direction of the applied magnetic field with respect 

to the crystallographic c-axis was arbitrary but was the 
same in both series. 

Following the thermodynamic theory of Casimir 
and Du Pre [ 161 the dispersion and absorption in the 
two situations can easily be derived as a function of 
the frequency. In the case of liquid-helium contact it 
holds that 

x’/xO = 1 - F + F/(1 + w2$, (2a) 

x”/x,, = FwJ( 1 + w2$), (2b) 

and for vacuum conditions 

x’/xo = 1 - F + [C,JC, -I- Cd] F/(1 + 02$), (3a) 

X”/Xo = tcL/(cf$ + cd] Fwv/(l + W2& (3b) 

where x0 is the isothermal susceptibility at magnetic 
field H, F = (C, - CM)/CH, CH and CM being the 
specific heat of the spin system at constant field and 
magnetization, respectively, rs the spin-lattice relaxa- 
tion time, and CL the lattice specific heat. The vacuum 
relaxation time rv is given by 

ry = [CL& + Cd] r,, (4) 

where CL/(CB + CI_) is termed the shortening factor 
of the spin-lattice relaxation time rS. In the experi- 
ments the dispersion and absorption are taken relatively 
with respect to x0 (H = 0). The low-frequency limit of 
the dispersion curve of eq. (2a) then equals x0(H)/ 
xo(H = 0) (denoted by K, which is smaller than 1 due 
to paramagnetic saturation effects) and that of eq. (3a) 

equals [(CM + CJ_ )/(CH + CL )]xo(~/x()(H = 0) 
(denoted by L). The high-frequency limit is in both 
cases equal to (C~/CB)xo(H)/xo(H = 0) (denoted by r). 

Usually the experimental dispersion and absorption 
curves do not have the ideal shape as described by 
eqs. (2) and (3). The deviation from the ideal curves 
is expressed by the deviation parameter which is given 

by dliq = 1 - 2h/(K - r) for the liquid-helium suscepti- 
bility curves and by d,, = 1 - 2h/(L - r) for the 
vacuum curves where h is the maximum value of the 
corresponding absorption curve. The relaxation time 
constant is taken from the frequency at which the 
absorption curve has its maximum. For the liquid- 
helium measurements this time constant is denoted 
by rliq and for the vacuum measurements by 7,, 
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These two experimental time constants are not neces- 

sarily equal to rS and 7,, in the Casimir and Du PrB 
theory, respectively. The results for 71is, 7yac, d,i, and 
d,, are given in figs. l-4, It is seen that the deviation 
parameters in the weak-field range are equal in both 
series of measurements. In the strong-field range 
(H> 5 kOe), however, deviations are present in the 

i 

3JO2 u lo3 3m3 104' 

Fig. 1. The field dependence of 7 and d of KCr alum at 4.21 K: 
liquid-helium contact, 0, 7uq, dliq; vacuum, 0, 7vac, d,,,; 
7vac divided by C,/(cH + CL), 0, ~~1; calculated with us., 

n , Tabs> dabs 

Fig. 3. The field dependence of 7 and d of KCr alum at 2.27 K. 
Symbols according to those in fig. 1. 

1 

Fig. 4. The field dependence of r and d of KCr alum at 2.00 K. 
Symbols according to those in fii. 1. There is no difference 
between Tabs and ~~1. 

Fig. 2. The field dependence of 7 and d of KCr alum at 3.03 K. 
Symbols according to those in fii. 1. 



56 J. Flokstra et al. ISpin-lattice relaxation in potassium chromium alum 

liquid-helium susceptibility curves but they are absent 
in the vacuum curves. The time constants Tliq .and rvae 
may differ greatly but in order to compare the vacuum 
results with those of the liquid-helium measurements, 

rvac has to be divided,by the shortening factor (see 
section 3). At about 6.5 kOe both the 7nq vs. Hand 
the 7yae vs. H curves show an anomaly, possibly due to 
cross-relaxation effects [4] . 

From the high-frequency limit of the dispersion 
curve [equal to CM/C 

p 
with CM = b/T2 and 

C’, = (b + poCH2)/T , C is the Curie constant] the 
b/poC value could be derived as 4.3 X log A2/m2 
(= 6.8 X lo5 Oe2) which is in good agreement with 
the results of Van den Broek et al. [12]. Using the 
value /_+,C = 109 X 10Wg JK/A2m, the specific heat 
CM is obtained as 468/T2 (J/m3K). 

The maximum of the vacuum absorption curve 
becomes very small at strong fields and low tempera- 

tures. For example, $,, I X0 = 0.01 at H = 3.6 kOe 

and T = 2.00 K. This is the reason that the field range 
for which rvac could be determined is rather restricted. 

3. The shortening factors 

The spin-lattice relaxation time constant can be 
obtained by dividing the experimental vacuum time 
constant rvac by the shortening factor CL/(CH + Cd. 
The first mentioned time constant is denoted by rsl 
because this quantity is not necessarily equal to rS 
(7, and r,, are related to the Casimir and Du PrB theory). 
CH is calculated with the data from the preceding 
section and CL can be taken from the literature as 
CL = 15.07 T3 (J/m3K) 1171. Using these values it is 
found that rd differs greatly from 71iq, especially at 
T = 3.03 K, 2.27 K and 2.00 K and even at weak 
magnetic fields. The low-frequency limit L of the 
vacuum dispersion curve calculated from K(CM + CL)/ 
(CH + CL) is considerably larger than the value ob- 
tained from the vacuum measurements. Therefore 
another method is followed for the derivation of the 
shortening factors. 

Using the definitions for K, L and r (section 2) it 
can be shown that 

CM/CL = (00 (K - L)/@ - r), 

CH/CL = (K - L)/(L - r). 

(5a) 

(5b) 

The ratios of the specific heats are now expressed in 
experimentally observable quantities. The shortening 
factors can be derived using eq. (5b), hence the vacuum 
time constants are now corrected by experimentally 

obtained values for CL /(CH + CL ). 
It is found that at 4.21 K the value of CM/CL is 

slightly dependent on the field, contrary to theoretical 
predictions. Because I agrees very well with KCM/CH, 
which is calculated with b = 468 JK/m3, poC = 109 
X 10eg JK/A2m and the expression for K in the 

molecular field theory [ 181, CL seems to be more or 
less dependent on the field. The results for CL are 
presented in fig. 5. It is worth mentioning that the 
maximum value of CL in fig. 5 (1120 J/m3K) is equal 
to the value obtained by Kapadnis [ 171 by means of 
heat-capacity measurements. The average value of CL 
in the figure is about 1000 J/m3K, so with respect to 
Kapadnis’s value, about 90% of the lattice specific 
heat is involved in the spin-lattice relaxation at 4.2 K. 
At the other temperatures CL also seems to be more or 
less dependent on the field in a manner similar to that 

sq--” 

Fig. 5. The specific heat of the part of the lattice which is 
involved in the spin-lattice relaxation as a function of the 
magnetic field at T = 4.21 K. The specific-heat value measured 
by Kapadnis is 1120 J/m3K. 
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Fig. 6. The average fraction of the lattice specific heat involved 
in the spin-lattice relaxation as a function of the temperature. 
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in fig. 5, but the change in CL is not more than 10%. 
In fig. 6 the average fraction of the lattice specific 
heat involved in the spin-lattice relaxation is presented 
as a function of the temperature. At T = 2 K this 
fraction amounts to about 0.6. Obviously, when the 
temperature decreases a smaller part of the lattice 
oscillations is involved in the spin-lattice relaxation. 

Using the experimental shortening factors rsl was 
calculated and the results are presented in figs. l-4. 
It is seen that rsl lies somewhat below rlis over a 
large field range and that the difference between rsl 
and 71iq increases with increasing field. At T = 2.00 K, 
TV coincides with 71iq over the whole field range for 

rvac. This last result indicates that the thermal con- 
ductivity of the lattice does not obscure the spin- 

lattice relaxation. It can be expected that the liquid- 
helium bath plays a part in the relaxation process for 
T > TA resulting in a difference between rsl and 714. 
In the next section the role of the environment will 

be analysed. 

4. Calculations based on the thermal conduction model 

The influence of the heat conduction in the crystal 
and the bath on the time constant rabs obtained from 
the absorption curve was calculated with the thermal 
conduction model dealt with in ref. 1. It was assumed 
that the shape of the sample could be approximated 
by a sphere with a radius of 2.3 mm. The values for 
the specific heats CM, C, and CL (the effective value) 
of KCr alum were derived from our experiments. The 
heat transfer coefficient Q (= &/rFJ> was’determined 
using the values of 7sl in figs. l-4. The thermal con- 
ductivity of the lattice was taken from Bijl’s measure- 

ments [ 141, who found that A, was proportional to 
T* in the liquid-helium temperature range. The magni- 

tude of h, is dependent on the manner in which the 
sample is cooled and therefore the average value of 
30 W/Km was taken for it at 4.2 K. In a forthcoming 
paper [ 151 it will be demonstrated that the thermal 
conduction in the lattice is not the rate-determining 
factor for the relaxation behaviour so it is not neces- 
sary to consider which part of the total thermal con- 
ductivity should be taken if the phonon system does 
not participate in the heat transport as a whole. The 
heat properties of liquid helium are given in the litera- 
ture [ 191. The thermal resistance RK between the 

crystal and the liquid-helium bath was taken as zero. 
The time constants Tabs and the deviation para- 

meters d derived from the calculated absorption curves 
are presented in figs. l-3 for T = 4.21 K, 3.03 K and 
2.27 K, respectively. It can be seen that Tabs > rsl for 
H > 4 kOe and that the difference between these two 
time constants increases with increasing field. 
Obviously, the thermal properties of the liquid-helium 
bath influence the relaxation behaviour for H > 4 kOe. 
The calculated deviation parameters at 4.21 K and 
3.03 K agree well with the experimental ones in the 
strong-field range but at T = 2.27 K the agreement is 
rather poor. At weak magnetic fields the calculated d 
values are zero. At 2.00 K no difference is calculated 
between TV and Tabs, which is the result of the large 

thermal conductivity of the lattice and the bath. At 
this temperature rabs coincides with the experimental 
time constants rliq, but for T > TA there still remains 
a difference between Tabs and rlis. This difference 
could not be attributed to a thermal resistance between 
crystal and bath. 

5. The spin-lattice relaxation time 

The field dependence of the direct spin-lattice 
relaxation process according to eq. (1) is not found in 

the field range up to 10 kOe. In the weak-field range 

physical imperfections and magnetic impurities may 
cause a rapid energy exchange between the spin system 
and the lattice leading to a field dependence of the 
Brons-Van Vleck type [20]. 

The temperature dependence of rsl and of 71iq is 
presented for two fields in fig. 7. It is seen that for 
both fields the four Tliq values do not lie on a straight 

line so that it may be expected that the rlis vs. T 
curve has a discontinuity at T = Th. However, the 
four rsl values (at T = 2.00 K, r91 = 71i,) do lie on a 
straight line, which demonstrates that the correction 
method applied to the vacuum time constants has 
been carried out correctly. The spin-lattice relaxation 
time rsl is proportional to Te3e3 at H= 1.8 kOe and 
to T-2.7 at 11 kOe. For T> T,it is found that 
rti4 a T- 3*3 at 1.8 and 11 kOe. Hence, the tempera- 
ture dependence of 71iq is almost equal to that of rsl. 
This implies that the temperature dependence of the 
relaxation time measured by Kramers et al. [ 111 and 
Van den Broek et al. [12] is for the greater part due 
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Fig. 7. 7 vs. T curves of KCr alum; H = 1.8 kOe: 0, rJiq; 0, rsl; 
H = 11 koe: 0, rho; n , rsL. The discontinuity in the rJiq vs. T 
curve at T = Th is not present in the rsr vs. T curve. 

to an internal relaxation process. The magnitude of 
their time constants, however, is influenced by thermal 
conduction effects in the liquid-helium bath. Obviously, 

the direct process is not predominant in KCr alum in the 
temperature range from 2 to 4.2 K for H < 10 kOe. 
The fact that not all the lattice oscillations are 
involved in the spin-lattice relaxation may be an 
indication that relaxation mechanisms in the phonon 

system influence the observed relaxation time constant. 

6. Conclusions 

From the low-frequency final values of the vacuum 
dispersion curves it is found that the entire lattice of 
KCr alum is not effective in the relaxation. At 4.2 K 

about 90% and at 2 K about 60% of the lattice specific 
heat is involved in the spin-lattice relaxation. This 
effect seems to be slightly dependent on the field. 
Equilibrium within the whole lattice system was not 
observed so that it can be concluded from the low- 
frequency limit of the apparatus (1.5 Hz) that the 
time constant of this lattice relaxation process is larger 
than 100 ms. It is evident that the partial involvement 
of the lattice cannot be investigated in relaxation 
measurements with the sample in liquid helium. Recent 
measurements which we performed on cerium magne- 
sium nitrate showed that the lattice of this compound 
is also partially involved in the relaxation process while 
the temperature dependence of the lattice fraction is 
similar to that in fig. 6. 

From the comparison of the deviation parameters 

of the susceptibility measurements with the sample in 
liquid helium and in vacuum, respectively, it can be 
concluded that the deviations in the weak-field range 
are the result of internal processes and that the large 
deviations of the liquid-helium susceptibility curves in 
the strong-field range are due to thermal conduction 
effects. From calculations based on the thermal con- 

duction model it can be concluded that these strong- 
field deviations are due to the bad thermal conduction 
in the liquid helium and that the thermal conduction in 
the lattice plays no part. 

From vacuum measurements the spin-lattice relax- 

ation time rsl can be derived if the time constants rmc 
are divided by the experimental C,/(C, + CL) values. 
In contrast to the 71iq vs. T curve, the rsl vs. T curve 
does not show a discontinuity at T = T,, thus confirm- 
ing that the calculation of rsl from ryac has been 
carried out correctly. The differences between rsl and 
71iq could be partially explained with the thermal 
conduction model. Just as with the liquid-helium 
measurements the vacuum relaxation measuring tech- 
nique also leads to a strong temperature dependence 
for the spin-lattice relaxation timer So it is not the 
thermal conduction that causes this strong temperature 
dependent behaviour. The present vacuum measure- 
ments show that it is worthwhile carefully examining 
the role of the lattice in the relaxation process. 
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