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Abstract 

The calculation of Hall potentials m a rectangular Hall plate 1s treated 
for the case m which the device 1s subJect to a magnetic field B that is 
mhomogeneous m the y-dlrectlon perpendicular to the direction of 
mltlal current flow The potentials are presented m the form #&‘) = 
const IwIdth B(y) G(y,?‘)dy for the normal Hall effect (F” 1s the posltlon 
vector) 

Analytical expressions are given for the weight function G (which 
depends on the form of the device), together with graphs for a number of 
typlcal examples An analogous expression IS derrved for the planar Hall 
effect m ferromagnetic thm films 

1 Introduction 

In many apphcatlons of the Hall effect the magnetic fields to be sensed 
are mhomogeneous For instance, when magnetically coded mformatlon 
must be read (magnetic recorder, magnetic ruler or encoder, magnetic card 
reader, etc ) the fields to be sensed decrease rapidly with the distance to the 
medmm which carries the mformatlon In order to desqn the proper layout 
for a sensor m such an apphcatlon, one must have an insight into the response 
of Hall sensors to mhomogeneous fields Responses of Hall transducers of 
any layout can be computed rigorously by means of numerical routines with 
the help of a computer However, a designer’s interest 1s served better by a 
more explicit expedient such as a set of graphs or analytlcal expressions m 
closed form 

Hliisnlk and Kokavec [ 11 presented an elegant procedure to compute 
Hall responses to mhomogeneous fields, leading to tables of numerical data, 
computed once and for all and generally applicable Unfortunately, their 
data concern only voltage differences between the Hall contacts of a trade- 
tlonal device, while for a general approach one needs values of the Hall 
potentials at mdlvldual points of the devrce (an example of this need is even 
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m Sectxon 5) The Hall potential can be defmed as the difference between 
the potentmls with a magnetic field on and off, and under the assumption 
that an mtrmsrc m~~etoreslstlvity IS absent The latter restnctron must be 
made because m the case of an mtrmwc ma~etoreslst~v~ty, it may be necessary 
to dlscnmmate between a Wall and a magnetores~st~ve component of a 
potential, especlalfy rn the case of mhomogeneous apphed fields 

In this treatment we consider an mtrmslc magnetoreslstlvlty either to 
be absent or we ~111 pay speclaf attention to the defmltlon of the potential 
Our first aim wlfl be to derive formulae and graphs which can be used for the 
c~cu~atlon of Hall potentials We have restrrcted ourselves tu the case of 
magnetic fields whrch are mhomogeneous m the y-dxrectron (see Fig 1) The 
results are app~~~ab~e not only for the Norman Hall effect (caused by the 
Lorentz force on the charge tamers) but also for the so-called planar Hall 
effect m ~e~orna~et~c films, our second purpose will be to give a detalled 
treatment of this latter case so that results for the normal and planar Hail 
effect can be compared Fmally, we wrll treat some simple appl~catlons as 
iilustratrons of the use of the described procedures 

2 Formulatmn of the theory 

Hhisnrk and Kokavec [ 2.1 have considered a normal Hall transducer w&h 
the simple rectangular geome~y shown m Fig l(a) and governed by the 
equation 

z=jG +R$.$&G W 

with 2 the curre$ denslty and RH the Hall constant p 1s consrdered to be 
mdependent of B, so an rntrmslc magnetoreslstlvlty 1s absent Next they have 
transposed the boundary problem mto a problem for an mfmlte Hall plate 
by penodlc mn-ror-lmagmg of the apphed magnetic -field which also changes 
stgn on passing a bounds (see Fig l(b)} They state that the bounds 
condrtlons of the part ABCD m both confrguratlons are equal, whrle the 

Rg 1 (a) Startrng confIguratIon a rectangular Ha11 plate w&h Iength I, wldtb EU and 
thickness t The current il fiows In the x-dwectron (b) Extended Hall plate in the sense 
proposed by Mrisnlk and Rokavec [ 1 J The magnetic fields and consequently the electrrc 
fields and current densltles are repeated m such a wag that the rectangle ABCD has 
identlcat boundary condltxons to the Hall plate 1~1 (a) 
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latter problem can be treated m a general way leading to the expression (see 
Appendix 1) 

@HF’) = ; j-&3 V In IF’--7ldS 
S 

(2) 

where ~$~(i;“) 1s the Hall eotentlal at point 7;“, defined as the difference m 
potential with the field B on and off (so that c#J&‘) = 0 for F” at the current 
cont@s) The integral m eqn (2) IS over the (infinite) surface S and Es = 
R,(B X z), the Hali field Under the condltlon that the-Hall angle is small, 
G is approximately equal to iiO, the current density at B = 0 In that case 
eqn (2) can be approximated by 

gB = R,(z X so) 1s the first-order approxlmatlon for the Hall held, while 
en@‘) can be considered as the second-order approxlmatlon of the Hall 
potential. For large Hall angles Hlisnlk and Kokavec devised an iterative 
procedure, but m our treatment we confine ourselves to the second-order 
approxlmatlon With some mathematics eqn (3) can be transformed mto 

RHI @H(7) = - J B(7) 
Y -Y' 

2nwt s 
ds 

(x -LX’)2 + (y - y’)2 
(4) 

with I the total current through the Hall plate, w its width and t the thickness 
Note that B(J;“), which 1s directed perpendicular to the xy-plane, can be any 
function of F*’ For the sake of clarity, however, we will confine ourselves to 
the case that B 1s constant m the x-dlrectlon This 1s the sltuatlon which 
marks the applrcatlons mentioned m the mtroductlon (Hl&snlk and Kokavec 
have treated the general problem and, if necessary, the followmg theory can 
be generalized m the same way However, this will be at the cost of the 
slmphclty of the resulting expressions A second reason to restnct to field 
mhomogeneltles m the y-direction will become clear m Section 4 ) 

With B constant m the x-direction, eqn (4) transforms mto 

@H(i') = s l 
+rU/2 

WY 1 G(Y,x', Y', w, WY 
-w/z 

(5) 

Restnctmg ourselves to the case that x’ = 0 (posltlons along the median EF 
of the device) we find for G(= G(y, 0, y’, w, 1)) 



(6) 

or, alternatively 

- artg srnh 
n(y - y’ f Zmzu) 

1 

We have omltted the mathematics steps 

t 5 

+ ~/2-hPIY - Y') - 14. 1 (7) 

which lead from eqn (4) to eqns 
{Ei), (6) and (7) For completeness, however, these are given m Appendix 2 

We have computed a large number of G-values leadmg to the graphs of 

Fig 2 and we have experienced that very fast convergence of the series 1s 
obtamed If series (6) 1s used m Lhe relgrme l/ut > 1 2 and series (7) for l/w < 
1 2, It IS sufflclen t to take the terms m or n = 0 and + 1 to reach an accuracy 
of 0 1% of 27~ m the worst case (mound t/w = 1 2) lncfudmg the terms with 
m or n = +2 will give very accurate results for all practical purposes 

As can be seen from Fig 2, the G-functrons, especially those with Z/w 
small and y’ not close to -tw/Z (pomts along the mtertor of the median), are 
ant~symmetrlc m nature Smce they operate as weight f~~n~t~ons m eqn f5), 
the ant~symmet~ generally leads to a small value of the potent& It can be 
shown that m the hmlt E/w g 1 and y’ not close to the edges, the series (7) 
degenerates mto a few simple terms glvmg 

-4 =%e~Pi+n(Y -Y'WH for --w/2 < y < y’ 

G(Y, CY’, w, 0 = (8) 

4 artg[exp{--n(y - y’)/E}] for y’ < y < u1/2 

Note that m this ftmlt the parameter w has dzsappeared The width of the 
specrmen no longer mfiuences the determlnatl~n of the potentials Phys~~~ly 
thzs 1s explained by the presence of the sh~~t-~~~u~trn~ current boundarzs, as 
a consequence of which the free edges are no longer ‘*seen” from a pomt m 
the mterlor 

At the edges (y” = *w/2) and still under the condltlon J/w + I we fmd 
comparable expressions 
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G(y, 0, w/2, W, I) = -8 artg{exp(ny/Z - 77w/2Z)) (Z/w < 1) 
(9) 

G(Y, 0, -w/2, w, 1) = 8 artg{exp(--ny/Z - 7rw/2Z)} (Z/w < 1) 

As we have seen, the collapse of the G-functions as Z/w -+ 0 1s a con- 
sequence of the short-cu-cultmg contacts In fact the G-functions can be 
correlated with the form effects as computed by Llppmann and Kuhrt [ 2 3 
For that purpose one has to compute 

-c#H(O, w/2) - QH(O, -wa> V Hall 

{@H(O, w/2) -@H(“~-W/2))r/w 9 T = VHall(E/w S 1; 

for homogeneous fields, leading to 

V Hall 
+w/2 

= 

V Hall(Z/w S 1) s 
MY, 0, w/2, w, 0 - G(Y, O,--wD,w Oldy (11) 

-w/2 

This formula neatly reproduces the result of Llppmann and Kuhrt, m the 
limit of small Hall angles 

For Z/w S 1, that IS, for relatively long specimens, series (6) degenerates 
into 

-2nyjw - ri for -w/2 < y < y’ 

WY, CY’, w, 0 = (12) 

-27ryjw + 71 for y’ < y < w/2 

for the xntemor and mto 

G(y, 0, w/2, w, 1) = -27ry/w - R (Z/w S 1) 
(13) 

G(y, 0,-w/2, w, 1) = -2ny/w + n (Z/w > 1) 

for the endpoints y’ = + w/2 Contrary to the case Z/w < 1, the expressions 
for the endpoints are included m the expressions for the mtenor and eqn 
(12) IS not restricted to values of y’ not close to the edges 

The G-functions for mtermedlate values of Z/w cannot be expressed m 
single terms However, for the cases y’ = k w/2 we have found (by trial and 
error) the followmg single-term mterpolatlon formula 

artg 
smh ~T(W - 2y)/2Z 

G(y, 0,-w/2, w, I) = 2n 
cash nw/Z I 

artg(tgh nw/Z) 
(14) 

but this result 1s not exact (The expression for y’ = w/2 can simply be 
demved from eqn (14) with G(y, 0, w/2, w, I) = -G(-y, 0, -w/2, w, 2) ) The 
approxlmatlon can be made better even if eqn (14) IS used for Z/w < 3 and 
eqn (13) for Z/w > 3 In that case the error does not exceed 1% of 27r 

In Fig 3 we give the set of G-functions for y’ = -w/2 with Z/w as a 
parameter 
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3 Transducers based on the normal Hall effect 

It 1s known that as a consequence of the form effect, a normal Hall 
transducer shows magnetoreslstance [ 31 This magnetoreslstance thus 
IS an overall effect and not the consequence of an mtrmslc property This 
means that the potentials defined m Section 2 can readily be appointed as 
Hall potentials without ambiguity and as a second-order approxlmatlon 
eqn (5) can be used for any field mhomogeneous m the ydlrectlon with the 
G-functions as computed m Section 2 For large fields an lteratlve procedure 
must be followed, while for fields mhomogeneous m the 3tdlrectlon as well, 
a more complicated G-function has to be computed [l] Implicit to the 
formulation of the boundary condltlons IS that the Hall potentials are zero at 
the current contacts so that the total voltage over the transducer does not 
change if a magnetic field 1s applied The extrmslc magnetoreslstance finds 
expression m the change of the current through the device 

In the case of an mtrmslc magnetoreslstlvlty Hl6snrk and Kokavec’s 
procedure can also be apphed d certam measures are taken to prevent non- 
zero boundary terms “at mfimty” (see Appendix 1) 

4. Transducers based on the planar Hall effect 

In ferromagnetic thm films, like permalloy, a mechanism 1s effective 
leading to the so-called planar Hall effect The olrgm of this effect 1s an 
anisotropy of the reslstlvlty with respect to the direction of magnetization m 
a single domain We will give a short denvatlon of the behavlour of such a 
device Figure 4 shows the device conslstmg of a permalloy thm film with 
only one single domam and having an axis of magnetic amsotropy directed 

Fig 3 G-functions at the median LX’ = 0 and y’ = -w/2, showmg the form-factor effect 
The values of the parameter l/w are m ascendmg order 0 063,O 125, 0 25, 0 5, 0 75, 1, 
1 5, 2, > 4 starting with the most bent curve at bottom left for I/w = 0 063 and then 
going upwards and to the right until the straight lme for l/w = >4 

Fig 4 In a ferromagnetic thm fdm, conslstmg of one smgle domam, the mltlal magnetlza- 
tlon may be oriented along the x-axIs and rotated over an angle Q under the mfluence of 
an m-plane field I3 The shaded contact areas are symbohcally extended m order to 
prevent edge domains growing mto the effective area ABCD 
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along the strip axis Under the mfluence of a magnetic field orlented per- 
pendlcular to the strip axis but m the plane of the strip, the magnetlzatlon 
vector will rotate away from its dlrectlon of equlhbnum Now let us express 
the fact that the reslstlvlty 1s anisotropIc with respect to the direction of 
magnetlzatlon by means of a reslstlvlty tensor 

(15) 

The subsclnpts 1 and // refer to onentatlons perpendicular to or parallel with 
the magnetrzatlon vector Let the latter be rotated over an angle 01 with 
respect to the strip axls To compute the field components parallel and 
perpendicular to the strip axis we have to transform eqn (15) by a rotation 
of the coordmate axes over an angle 01 The result 1s 

‘pl sm’a + pi cos2ct 

(p( - pl) sin cy cos LI1 

(p// -p1) sin cy cos cr 
(16) 

pL COSTLY + pt sm20 

If we agam approximate the current density by the current density at B = 0, 
we have u, = 0, (T, = u. and consequently fmd 

E, = oo(po -ppI) sin a cos a, (17) 

E, = oopfl - oo(pfl -pi) sln2a (18) 

It 1s seen from eqn (17) that a phenomenon like the Hall effect 1s 
present However, the generating field 1s m the plane of the film (that 1s why 
it 1s called the planar Hall effect) and notwlthstandmg the name, the phenom- 
enon clearly has nothing to do with the effect orlgmally dlscovered by Hall 

The normal Hall effect, which must also be present, 1s negligible at field 
values at which the planar effect 1s effective 

Equation (18) describes the magnetoreslstrvlty which IS exploited 
nowadays m a recording read head and as a detector of magnetic bubbles 
The approxlmatlons (17) and (18) are very good because the Hall angle 0 1s 
always very small (tg@ = E, /E, R 2/100) In practice (~1 - pl) 1s only a few 
percent of p4 or pi 

If the right precautions are taken, eqn (2) can agam serve as a starting 
pomt for the derivation of Hall potentials, whrle, restrlctmg ourselves to 
magnetic fields mhomogeneous m the y-dlrectlon, we can have & = 0, 
E, = oO(p~ - pI) sm 01 cos cy as a first-order approxlmatlon for EB (see 
Appendix 1) So we now have 

&da = (Pll -Plu +- s 27Twt _-m 
sm (Y cos aG(y, x’, y’, Z, w)dy, 

comparable to the case of the normal Hall effect Since the Hall angles never 
exceed a few per cent of a radian, this second-order approxlmatlon of Cp will 



163 

be sufhclent for the entire range of CY We agam consider the potential of 
eqn (19) as a Hall potential (expressed by the subscript H), because it 1s 
generated by the “planar” Hall term from eqn (17) 

Smce sm LY = M, /MS and consequently cos QL = 4 1 - (M, /Ms)2, with M, 
the component of the (saturation) magnetlzatlon M, along the y-axrs, we 
have analogous to eqn (5) 

(P// - PLY w/2 

h-m = MY 
27rwt s M, 

l xfl - 0&A'W2G(~,d~', 1, w)dy 
--w/P 

(20) 
In this expression, the dependence on the applied field IS lmpllcltly con- 
tamed m the dependence of M, on B, so we must read M,(B), where B IS a 
function of y in general 

The function MY(B) cannot usually be given m closed form because the 
magnetic field, effective inside the film, does not depend on the applied field 
m a simple way The reason for this 1s that demagnetizing fields add to the 
applied field and these demagnetizing fields m turn depend on the dlstrlbutlon 
of M, in the y-duectlon We do not go mto the details of this problem (which 
has been treated m the literature [ 4, 5]), because that 1s outside the scope of 
this paper The G-function m eqn (20) 1s the same function as operative for 
the normal Hall effect Since G contams the effect of the form factor, we 
can conclude that the short-clrcmtmg effect of the current leads 1s effective 
for the planar Hall effect m the same way as it 1s for the normal effect This 
also suggests that an extrmslc magnetoreslstlve effect should exist additional 
to the mtrmslc effect Such an effect 1s present indeed, but negligible due to 
the limited values of the Hall angle For a more detailed calculation we refer 
to the literature [6] 

5. Some appbcations 

Let us consider the potential dlstrlbutlon along the median of a normal 
Hall transducer placed m a homogeneous field For relatively long specimens 
we have 

WI2 
(--2ny’/w - n)d Y + s (-2ay’lw + n)dy 

t 
(21) 

Y 

@a(Y’) = 
R&?(w - BY’) 

2wt ’ 

a simple linear relatlonshlp as IS mtultlvely expected 
For relatively wide specimens the result IS not so simple, but a look at 

the graph for the G-function (Fig 2(a)) immediately shows that the potential 
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Fig 5 Potential dlstrlbutlon along the medran EF of a reIatlvely long (1) and a relatively 
wide (2) normal Hall transducer Drawn curves are for a homogeneous held, dashed ones 
are for a field that decays lmearly from one side of the transducer to the other (see inset) 

m the inner regon of the transducer will be close to zero as a consequence of 
the antlsymmetrlc structure of G Only at the endpoints the potentials differ 
from zero over a range which 1s of the order of the specimen length In 
F’lg 5 we have plotted these potential functions together with the potential 
functions for these extremal geometries for a transducer placed m an m- 
homogeneous field (we have taken a field that decays linearly from one side 
of the device to the other) It IS seen how the potential dlstrlbutlons are 
deformed by this asymmetry 

The Hall voltage as it 1s measured tradAlonally 1s given by 

Rl-J +w/2 

V EF 
=- 

.l- 
f277wt --w/2 

B(y )Kty WY (23) 

with 

K(Y) =G(y,O,--LO/~,W,~ - G(Y,~,w/~,w, 0 =G(Y,O,--WP,~,O + 

+ W---Y,% --urP,w 0, (24) 

where we have made use of the equality G(Y, 0, w/2, w, I) = -G(---Y, 0, 
-w/2, w, I) The function K(y)/2 1s the one orlgmally computed by HlAsmk 
and Kokavec [ 11 In the case of the planar Hall effect, an analogous expres- 
sIon is found 

+w/2 

VEF = 
CPU - Pl)I 

s 

MY 

27rwt 
-w/2 

M d1 - (My /iW2K(y)dy 
S 

It can easily be derived that m the case of “long” specimens we have 

K(Y) = 2n, 

and consequently 

(25) 

(26) 



RHI 
+w/2 

VEF = - 
_I- 

RHIB 

Wit 
--w/2 

B(YFY = 7 
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(27) 

for the normal Hall effect B 1s the mean mductIon In the case of the planar 
effect we fmd 

V EF = d 1 - WY bW2dy (28) 

Again there 1s the problem of relating M, with the applied field B Let us 
confine ourselves to the case of small fields where we have M, < M, Then 
we have 

V 
(PU 

AC = 
- Pl)IjJ 

Mst 
Y (29) 

with aY the mean value of My Only m the case that Elk > tM,/w (see ref [ 41 
or [ 51 ) can we transform this expression mto a relation contammg the 
applied fields, since under this condltlon we have My/M, = H/H, and 

vAc = (PJ - P+j 

EroHd ’ 
(30) 

Hk 1s the mtrmslc magnetic anlsotropy field 
Finally, we will treat an example using the procedure presented above 

at the hand of a Hall transducer with a layout as shown m Fig 6 In this 
layout the voltage leads are at one side of the conductor, which may be of 
advantage for certain apphcatlons [ 73 However, the response 

VA, = @H(B) -$&A) {= 2$,(B) = -2$,(A) in the case of symmetry} 

(31) 
1s expected to be relatively small if the mam portion of the field 1s located at 
that part of the transducer which 1s opposite to the part where the voltage 
contacts are One can wonder what, for a given transducer length, the effect 
of widening will be, grven a constant current density (so that net current 1s 
proportional to w I = l,-,zu) and a magnetic field dlstrlbutlon that 1s fixed m 
posltlon with respect to the side of the transducer opposite to the voltage 
contacts 

Such a sltuatlon may occur when the transducer cannot be pushed any 
further into the regon where the fields are large The effect of increasing the 
width of the transducer with constant current density may be an increase of 
the response at A, because one expects the Hall voltage to cumulate on 
widening On the other hand, as A moves away from the held reDon, the 
decreasing Z/w ratio may cause a reduced “sight” from A leading to a decrease 
in the response 

In Fig 7 the response to a homogeneous field 1s shown It 1s seen that 
the response at A increases on widening, but this increase tends to saturate as 
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Fig 6 Hall transducer with the voltage leads on one side of the conductor [7 ] This 
differential conflguratlon ts of advantage m cases where the design must leave the space 
underneath the transducer free of leads 

Fig 7 (Normal) Hall voltage at pomt A for three field dlstrlbutlons (1) homogeneous, 
(2) linearly decaying over a distance 21, (3) lmearly decaying over a distance I, as a 
function of width (w) for fixed length 1 The position of the field dlstrlbutlon 1s fixed 
with respect to the left edge of the transducer opposite to A 

the transducer becomes small, so that the G-functions no longer range to the 
opposite side Next it 1s seen how the response to an mhomogeneous field 1s 
m relatively small transducers, seen from point A, not only the opposite side 
of the transducer IS gomg out of sight, but all of the field This means that 
the response even goes down on wldenmg, so that an optimum width exists 
under the condltlons mentioned 

Thrs example shows how the theory can be used to predict the behavlour 
of a certam design Any response to any field dlstrlbutlon can be computed 
this way as has been done already for a number of sltuatlons Hall potentials 
which result as a consequence of exponential fields have been computed for 
the normal [ 7] as well as for the planar [ 81 effect Also the case of a shielded 
planar Hall device (a recordmg read head) has been treated [ 91 Experlmental 
confn-matron of the theory has also been Bven m [ 71 and [ 81 

6. Conclusion 

We have presented a computational procedure which can be used to 
derive Hall potentials at any point of rectangular devices Formulae and 
graphs are given for potentials at the median of the device Procedure and 
results are applicable for the case of fields mhomogeneous m the y-direction 
for the normal as well as the planar Hall effect, while the influence of the 
form factor Z/zu IS naturally included Some simple situations are worked out 
It 1s concluded that the data, graphs and formulae are of interest to anyone 
who wants to have general insight mto the effect of mhomogeneous fields on 
Hall plates 

Append= 1 

Followmg Stratton [lo] , for a two-dimensional problem the following 
equation 1s valid for the electrostatic potent& Cp 
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Q= jinrv2~ds- j(lnrv$-@v lnr)-~~ (32) 
S C 

with C the contour enclosing a fmlte surface S and 2 a vector of unity length 
normal to th,e contour 

Using E = - V$ and the vector equations 

v -p;=pv G+vp*& jv jki!s= jj5-zds, 
S c 

we find 

~=S~.VlnrdS+S~Vlnr.F;ds (33) 
S c 

where we recognize eqn (2) apart from the last term and the flhlteness of S 
Now consider two sltuatlons, one with the magnetic field on, gvmg rise to 
the electrostatic potential 9 and one with the magnetic field off glvmg 4* as 
the starting potentlal function Then we have 

$-I$*= J(Z-Z*)-VlnrdS+ J(Q-#*)Vlnr-iids 
S C 

Ifwenowcall~-_*=~,and~-_~ =gb wehave 

(34) 

@B = j&s V lnrdS+ S$sV lnr-Zds 
S C 

(35) 

So we fmd that eqn (2) 1s valid if 

s $I~V In r l iids = 0 (36) 
C 

m the limit that C 1s at mfmlty It 1s at the heart of Hl6snlk and Kokavec’s 
method that this 1s true for the pure Hall condltlon, where $B 1s an osclllatmg 
function over the rectangles In the case of an mtrmslc magnetoreslstlvlty, 
the method can be applied by changmg the current density m such a way 
that eqn (36) 1s true agam (at least at contours enclosing a whole number of 
rectangles and lmplymg that JEsx do = 0 between any pour of current leading 
edges) We can omit a number of comphcatlons, however, by restrlctmg 
ourselves to the case of magnetic fields only mhomogeneous m the y -dlrectlon 
In that case we can take E,, to be a constant m first approxlmatlon and 
because SEBx d3c = 0 over any rectangle, we have EBx = 0 (E, = 0 in 
Section 4) 
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Appendix 2 

Starting from eqn (4) and assummg homogeneity m the x-du-ectlon the 
mtegratlon m the x-dlrectlon can be carried out 

~+-BbWy j- 
+-J 

C&I ( 
Y-Y' 

-dx (37) 
--bc -Co x -X’)2 + (y - y’)2 

where {+} m the mtegrand symbohzes the fact that B 1s perlodlcally posltlve 
and negative m the x-dlrectlon The result IS 

NY NY, Y ‘, d WY 
--oo 

with 

my, Y’, x’, I) = 

2n + 1 

&-1)” 1 -tg ( 
-~ E--X' 

2 Y-Y' 1 - 
2n - 1 

- artg 
i ! 1-x’ 

2 1 

Y-Y’ I 

(38) 

(39) 

(2 IS the length of the device) 
Makmg use of the perlodlclty m the y-dlrectlon, the remaining integral 

m eqn (38) can be changed mto one that IS bounded between --u)/2 and 
+w/2 

WY )G(Y, x’, Y’, w, My (40) 

with 

G(Y, x’, Y', w, 0 = 5 {F(y + 2mw) -F(-y + (2m + l)w}dy, (41) 

or 

G(Y, x’s Y', w, 0 = m=_-oo n=$_(-l)n iartgg -artg;; - g 
m m 

Kl JC 
- artg L- + artg E; 

m m 
(42) 

with 
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We have not succeeded m summing the double series analytically, but 
have used a partial solution with the help of the followmg equations, gven 
by Bromwlch [ll] 

(44) 

Both equahtles can be used to reduce the expression for G leading to expres- 
sions (6) and (7) 

(Warning Renumeratlon of the senes, m order to simplify them for 
computational purposes, should keep the two artg-functions m the terms of 
the series of eqn (39) together, otherwise divergence of the series may be 
introduced ) 
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