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Abstract-A one-dimensional model for the riser section of a circulating fluidised bed has been developed 
which describes the steady-state hydrodynamic key variables in the radial direction for fully developed 
axisymmetric flow. Both the gas and the solid phase are considered as two continuous media, fully 
penetrating each other. As a first approximation gas phase turbulence has been incorporated in our 
hydrodynamic model by applying a slightly modified version of the well-known Prandtl mixing length 
model. To solve the resulting set of transport equations, the solids distribution along the tube radius is 
required. Several strategies are given to obtain this information. In addition the effect of clusters on the 
momentum transfer between both phases has been modelled using an empirical correlation. Theoretically 
calculated results agree welt with reported experimental data of different authors. 

1. INTRODUCTION 

Despite the fact that circulating fluid&d beds (CFBs) 
find widespread application in the chemical and pro- 
cess industries for several decades (Yerushalmi and 
Avidan, 1985), their design and scale up is still very 
difficult which is mainly due to the complex hydro- 
dynamic behaviour. Experimental investigations 
clearly demonstrated an inhomogeneous solids distri- 
bution in both the axial and radial directions (Kwauk 
et al., 1986; Bader et al., 1988; Miller and Gidaspow, 
1992). The inhomogeneous solids distribution in the 
axial direction can be attributed to the acceleration of 
particles which enter the column at the bottom of the 
bed with low velocity. The inhomogeneous solids dis- 
tribution in the radial direction, which is unfortu- 
nately less well understood, may cause significant 
downflow of particles near the tube wall. The non- 
uniform solids distribution and solids flow influences 
the particle residence time distribution, and thereby 
the reactor performance, to a large extent. 
Understanding and (a priori) prediction of the com- 
plex hydrodynamic behaviour is of crucial impor- 
tance for developing processes involving CFBs. 

This work is concerned with the development of a 
one-dimensional model which describes the steady- 
state hydrodynamics in radial direction for fully 
developed axi-symmetric flow. 

2. THEORETICAL MODEL 

2.1. Governing equations 
In the present model the gas and solid phases are 

considered as two continuous media, fully penetrating 
each other. This assumption can also be justified for 

*To whom correspondence should be addressed. 

the particulate phase due to the very high particle 
concentration in the systems of interest (Anderson 
and Jackson, 1967). For steady state, fully developed 
ax&symmetrical flow the velocities of both phases and 
the solids concentration do not change in the axial 
direction and in addition the radial velocities are 
equal to zero. With these assumptions the mass ba- 
lances are satisfied automatically while the momen- 
tum balances for the gas and solid phase reduce 
respectively to: 

Id --(we) -P(u-V)-ef(~-Pfg) =o (1) rdr 

To obtain the axial velocity profiles from eqs (1) and 
(2) constitutive relations are required which define the 
remaining variables in terms of the gas phase velocity 
u and the solid phase velocity v. For fully developed 
flow the axial pressure gradient has a constant value 
and determines the superficial gas velocity. 

2.2. Constitutive relations 

l Solids distribution cg(r). To solve eqs (1) and (2) the 
solid phase concentration es is required as a func- 
tion of the radius. According to Matsen (1982) the 
solids distribution can be considered homoge- 
neous for very dilute flows (c&5%), where its 
value can be related to the overall mass flux. For 
more dense systems empirical correlations, 
reported in the literature (Zhang et al., 1991; 
Rhodes et al., 1992), can be used to describe the 
inhomogeneous solids distribution. One of these 
empirical correlations has been developed by 
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Zhang et al. (1991). In their study the particle 
properties, equipment geometries and operating 
conditions were varied systematically over a wide 
range of interest. Zhang et al. concluded that in all 
cases the radial solids distribution only depended 
on the cross-sectional averaged solids concentra- 
tion F and the dimensionless radial coordinate 8 : 

c*(q = 1 _ (1 _<)O.191+@+3@" (3) 
Unfortunately, these authors calculated the aver- 
age solids concentration q from the experimen- 
tally determined axial pressure gradient using the 
well-known manometer formulae. Due to the 
neglect of wall friction the results of Zhang et al., 
as given by eq. (3), are probably not valid for very 
dilute systems with high velocities. Furthermore, 
the average solids concentration qc calculated 
from eq. (3) and its definition equation: 

g= = 2&,(B)dfJ 

differ slightly from the cross-sectional averaged 
solids concentration q appearing in eq. (3) (see 
Table 1). 

Rhodes er al. (1992) also reported an inhomo- 
geneous solids distribution which could be 
described in terms of the dimensionless radial posi- 
tion t9 and the cross-sectional averaged solid phase 
concentration as follows: 

e,(8) = 2q@ (5) 

As evident from inspection of eq. (5), a zero solids 
concentration in the tube centre is predicted which 
is contradictory to experimental observations 
(Dry, 1986; Miller and Gidaspow, 1992). In this 
work, therefore, eq. (3) is used in which the value 
of 7;; is (iteratively) determined from the specified 
solids mass flux: 

G, = 
s 

’ ZBe,(B)p,v(B)dB 
0 

Another possibility of obtaining the radial solids 
distribution is the use of experimental data. 

Interphase momentum transfer coefficient p. In sys- 
tems of interest, i.e. in which es < 0.2, the inter- 
phase momentum transfer coefficient p can be 
derived from the correlation obtained by Wen 
and Yu (1966): 

Table 1. Comparison of calculated average solids concen- 
tration k [eq. (4)] and cross-sectional averaged solids con- 

centration 6 appearing in eq. (3) 

g C z/T; 

0.0100 0.0109 1.0915 
0.0500 0.0535 1.0702 
O.loolJ 0.1945 1.0448 
0.2ooo 0.1995 0.9977 

where the drag coefficient for an isolated particle 
cd,* depends on the Reynolds number as follows 
(Schiller and Naumann, 1935): 

3.6 
cd., = 

-$+- &0.313 Re, < 1000 
P P (8) 

0.44 Rep 2 1000. 

Gas phase viscosity PDF_ Because the Reynolds num- 
ber based on the tube diameter in the fast fluidisa- 
tion regime equals typically 10,00%100,000, the 
gas flow will be turbulent. The particles which 
are present influence the turbulence behaviour of 
the gas phase. On the basis of experimental obser- 
vations, Tsuji er al. (1984) reported that large, 
heavy particles tend to increase the turbulence 
intensity, while small particles decrease the turbu- 
lence intensity. The particles used in this work can 
be classified as small (average particle diameter 
dP = 5Opm), and on the basis of the results 
obtained by Tsuji et al., it is expected that the 
turbulence intensity will be moderated due to the 
presence of particles. 

The gas phase viscosity pr is taken as the sum of 
the (constant) gas phase shear viscosity and an 
eddy viscosity to account for the turbulent 
momentum transfer. The eddy viscosity is given 
by a modified Prandtl mixing length model: 

pt = PfK2(R - I) 
z duz I I - f(a) dr 

where the functionS(er) corrects for the presence of 
particles. For the functionfler), as a first approx- 
imation, a simple linear form has been chosen 
which equals 1 for single phase flow (cr = 1) and 
0 for flow through a bed at incipient fluidisation 
(Ef = qmf): 

f(Cf) = 
cf - Ef mf 
L. 
1 - cf,mf 

(10) 

For single phase turbulent flow the empirical para- 
meter K has the value 0.36 (Deissler, 1955). 

Solid phase shear viscosity ps. For the solid phase 
shear viscosity, as a first approximation, a con- 
stant value of 0.724 Pas has been taken, although 
reality is much more complex (Siemes and 
Hellmer, 1962; Grace, 1970). The value of 
0.724 Pas has been reported by Gidaspow et al. 
(1989) for spent catalyst (dp = 76pm, 
pr = 1714 kgm-s) in the fast fluidisation regime, 
i.e. the system of interest. Gidaspow et al. calcu- 
lated this viscosity from the published experimen- 
tal data of Bader et al. (1988), using the following 
integral momentum balance: 
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In this equationj& denotes the wall friction of the 
fluidum phase for which Gidaspow et al. used a 
relation given by Arastoopour and Gidaspow 
(1979). 

Computational experience has shown that the 
exact value of the solid phase shear viscosity is 
not critical, as long as the correct order of magni- 
tude is used. 

2.3. Boundary conditions 
In the tube centre the viscous momentum flows 

should vanish for both phases, resulting in the follow- 
ing Neumann type boundary conditions: 

(‘3) 

With respect to the boundary conditions imposed at 
the tube wall the situation is more complex and will be 
discussed subsequently in more detail. Imposing the 
traditional no-slip condition for both phases resulted 
in a discontinuity in the radial profile of the slip 
velocity in the neighbourhood of the tube wall. The 
occurrence of this physically unrealistic phenomenon 
can be understood by considering the mechanism of 
radial momentum transport in the gas phase in more 
detail. Due to the fact that the eddy viscosity vanishes 
at the tube wall, momentum transport in radial direc- 
tion will occur through the remaining molecular 
mechanism in the vicinity of the wall. However, the 
molecular shear viscosity is very small in comparison 
with the eddy viscosity, which would cause a very 
large velocity gradient in the radial direction due to 
the requirement of the continuity of the total (i.e. sum 
of laminar and turbulent contributions) momentum 
flux. The solid phase shear viscosity is four orders of 
magnitude larger than the molecular shear viscosity in 
the gas phase and therefore effective (i.e. without 
requiring large radial velocity gradients) momentum 
transport in the radial direction could be provided by 
the solid phase instead of the gas phase. This alterna- 
tive mode of momentum transport to the tube wall is 
only possible if a sufficiently large velocity difference 
between both phases develops. However, at the tube 
wall the slip velocity is forced to zero due to the 
imposed no-slip boundary conditions for both 
phases. That is the reason for the observed disconti- 
nuity in the vicinity of the tube wall. An alternative 
boundary condition for the solid phase has been pro- 
posed by Ding and Gidaspow (1990). In their expres- 
sion the axial solids velocity at the tube wall is taken 
as proportional to the axial solids velocity gradient at 
the tube wall. They postulated that the proportional- 
ity constant equals the mean distance between the 
particles. Applying their expression, the same discon- 
tinuity in the slip velocity near the tube wall has been 
observed due to an underestimate of the slip velocity. 
As reported by Ding and Gidaspow the boundary 

condition approaches the no-slip boundary condi- 
tion for small particles. 

The physically unrealistic behaviour can be sup- 
pressed by using an alternative boundary condition 
for the solid phase and has been obtained from the 
reduced gas phase momentum equation in which the 
net radial momentum transport has been neglected: 

a(U - v) = --FI(E - PM) (14) 

It should be noted that this equation allows for the 
slip of solids along the tube wall. For the gas phase the 
traditional no-slip condition has been applied at the 
tube wall: 

u=o (IS) 
This combination of boundary conditions, imposed at 
the tube wall, eliminated the earlier observed discon- 
tinuity in the radial profile of slip velocity. 

3. RESULTS 

Figure 1 shows a comparison between the theoreti- 
cally calculated and experimentally determined (van 
Breugel et al., 1969a) axial solid phase velocity profile 
for a superficial gas velocity of 6.3 m s* and a solids 
mass flux of 390 kg mP2 s-‘. For the radial solids dis- 
tribution use has been made of the experimental data 
reported by van Breugel et al. (see Fig. Z).To study the 
effect of incorporating turbulence two cases were 
considered: one with and one without modelling tur- 
bulence. It may be clear from Fig. 1 that modelling the 
turbulent momentum transport is necessary to fore- 
cast correct velocity profiles. The significance of this 
mechanism for radial momentum transport also fol- 
lows from Fig. 3, showing a comparison with experi- 
mental data (Yang ef al., 1992) for dilute gas-solids 
flow. In this case the radial solids distribution has 
been obtained from the empirical formula of Zhang 
et al. (eq. (3) in this paper). Figure 4 shows the calcu- 
lated radial slip velocity profile (i.e. the difference 
between gas phase velocity and solid phase velocity). 
The observed maximum near the tube wall, which has 
also been observed experimentally by Yang el al., 
could only be reproduced in the case where the turbu- 
lent momentum transport in the gas phase was 
accounted for. This local maximum was also found 
for a case with homogeneous solids distribution and 
for a case in which the no-slip condition was imposed 
for both phases, which leads to the conclusion that the 
observed phenomenon is not a result of solids segre- 
gation in radial direction or from applying the new 
boundary condition at the tube wall. The existence of 
the maximum can be attributed to the strong decrease 
in the turbulent momentum transport in the radial 
direction in the vicinity of the tube wall due to the 
presence of the factor (R - r)’ in eq. (9). When the 
solids distribution is uniform it is clear that in this 
region, with increasing radius, the total gas phase 
viscosity decreases sharply resulting in less effective 
momentum transport in the radial direction. 
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Fig. I. Theoretically calculated and experimentally determined (van Breugel er al., 1969a) axial solids velocity profile; 
D = 0.30m, U= 6.3ms-‘, G, = 390kgmm2sL’, $ = 4Opm, pS = 2300kgmS3. 
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Fig. 2. Experimentally determined (van Breugel et al., 1969a) solidity profile; D = 0.30m, 
G, = 390kgme2sm’, &. = 40pm, pI = 2300kgm-3. 

U= 6.3ms-‘, 

However, due to its comparatively high value for the 
shear viscosity the solid phase is more effective with 
respect to this momentum transport and as a conse- 
quence a velocity difference develops to enable 
momentum transfer from the gas phase to the solids 
phase. Closer to the wall the turbulent part of the gas 
phase viscosity vanishes, and the constant laminar 
part remains. Due to the increasing radial gradient 
of the gas phase velocity close to the tube wall, the 
contribution of the solid phase is of less importance 
and consequently a smaller slip velocity results. Thus 
in this case the net force (i.e. pressure force minus 

gravity force) acting on a gas phase volume element 
can effectively be transmitted to the tube wall. 

For an inhomogeneous solids distribution there 
exists a certain radial position where the pressure 
force equilibrates the gravity force acting on both 
phases. To the left of this position the pressure force 
exceeds the gravity force, resulting in an increasing 
momentum flow rate in the radial direction. At the 
right side of the aforementioned position of equili- 
brium the pressure force is insufftcient to support 
both phases and the radial momentum transport has 
to provide additional momentum. These two effects 
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Fig. 3. Theoretically calculated and experimentally determined (Yang et al., 1992) axial solids velocity profile; D = 0.14m. 
U = 4.333ms-‘, G, = 22kgm-*s-l, dp = 54pm, pS = 1545kgm-‘. 
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Fig. 4. Theoretically calculated slip velocity profile; D = O.l4m, U = 4.33ms-‘, G, = 22 kgm-2 SC’, dp = 54pm, 
ps = 1545kgn+. 

cause an inflection point in the velocity profiles of 
both phases (Fig. 1) which does not exactly coincide 
with the aforementioned equilibrium position due to 
the increasing area with increasing distance from the 
centre on one hand and an increase in the suspension 
viscosity caused by the higher solids concentration on 
the other hand. At the right side of this inflection 
point the turbulent part of the gas phase viscosity 
decreases due to both the factor (R - r)’ and the 
decreasing velocity gradient. Because the gas phase 
contribution to the radial momentum transport 
decreases, the solid phase contribution increases, 
resulting in a higher slip velocity. Closer to the tube 

wall the solids concentration increases and conse- 
quently an augmented part of the pressure force acts 
on the solid phase. This effect causes a decreased 
momentum transfer rate from the gas phase to the 
solids phase, resulting in a maximum in the slip velo- 
city profile. The slip velocity profile exhibits an 
increase in the centre of the tube, less well pro- 
nounced however, due to the vanishing turbulent 
part of the gas phase viscosity and the flattening of 
the velocity profile. 

Experimental observations (Monceaux et al., 1986; 
Miller and Gidaspow, 1992; Yang er al., 1992) have 
shown that velocity profiles have a more parabolic 
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Fig. 5. Theoretically calculated axial solid phase velocity profiles for different solid mass fluxes; D = O.l4m, (I = 4.33 m s-‘, 

dP = 54bm, ps = 1545kgme3. 

shape at higher solid fluxes. Figure 5, depicting the 
calculated axial solid velocity profiles as a function of 
radius for different solid fluxes, demonstrates the cap- 
ability of the theoretical model to predict this experi- 
mentally observed phenomenon. 

4. DISCUSSION 

Figures 1 and 3 show good agreement between 
theoretically calculated and experimentally deter- 
mined axial velocity profiles. Theoretically calcu- 
lated slip velocities, which are of the order of the 
terminal velocity of a single particle, are considerably 
smaller than the experimentally determined slip velo- 
cities which can be as high as 30 times the terminal 
velocity (van Breugel et al., 1969a). These high slip 
velocities are attributed to the formation of clusters 
of particles, as experimentally observed by 
Yerushahni et al. (1978) and made plausible by 
Grace and Tuot (1979) on the basis of a linear stabi- 
lity analysis of the hydrodynamic equations of 
change. Figure 6 shows experimentally determined 
local slip velocity profiles as a function of the 
radius, measured by Yang et ai. (1992), for particles 

having a terminal velocity of 0.12 m s-’ . From this 
figure it can be concluded that the slip velocity 
increases with increasing solid phase mass fluxes. 
An estimation of the mean cluster size C& can be 
made assuming the clusters to be small spheres with 
a cluster voidage ~1, which equals the incipient fluidi- 
sation porosity. The results of these calculations are 
shown in Table 2. 

As a first approximation it is assumed that the 
ratio of the local slip velocity and the terminal 
velocity of a single particle only depends on the 
solids concentration, following the approach of 
Matsen (1982) for dilute systems (e, < 0.01). 
Figure 7 shows the reduced slip velocity, i.e. the 
local slip velocity divided by the terminal velocity 
of a single particle, as a function of the solids con- 
centration according to the experimental data of 
van Breugel et al. (1969a). The data shown in Fig. 
7 have been derived from their experiments at sev- 
eral gas velocities and solid phase mass fluxes 
(dP = 40 pm, pS = 2,300 kgme3). On the basis of 
these data an empirical correlation has been devel- 
oped which yields a reduced slip velocity of one for 
zero solids concentration: 

Table 2. Calculated cluster parameters from experimentally determined slip velocities; 
dp = 54pm, A = 1,545 kgmP3 and E,I = 0.402 

Numbers of particles in cluster 

54 0.1195 1.0 
150 236 0.808 1 6.8 
250 403 I.5173 12.7 
500 508 I .9297 16.1 
750 582 2.2066 18.5 

1,000 640 2.4206 20.3 
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Fig. 6. Experimentally determined slip velocity profiles 
(Yang et al.. 1992) for different solid phase mass fluxes; 
D = 0.14m, U= 6.14ms-I, dp = 54pm, pr = 1545kgm-3. 

“slip -= 0.997 + 442.35~~ - 1733.426: es < 0.1276 
“tcllU 29.22 eS 2 0.1276. 

(16) 

Due to the scatter of the data at higher solids concen- 
trations, a constant reduced slip velocity has been 
assumed for tg 2 0.1276. Expression (16) can be 
used to quantify the less efficient momentum transfer 

due to the existence of clusters. According to Wen and 
Yu (1966) the ratio of the forces acting on a single 
isolated particle and a single particle surrounded by 
other particles equals the ratio of the terminal velocity 
and the slip velocity as long as the Reynolds number, 
based on the local superficial slip velocity and particle 
diameter, is smaller than 2. Therefore, the term e-2,65 
in eq. (7), which is a correction function due to the 
presence of other particles, has been replaced by: 

g(c) = z. (17) S 
Although relation (16) has been derived for the 
particles used by van Breugel et al. 
(d, = 40 pm, pS = 2300 kg m-‘) it follows from Figs 
8 and 9 that this relation is, in addition, capable of 
describing the slip velocity in satisfactory agreement 
with the experimental data reported by Yang et al. 
(1992). In both cases the agreement between the cal- 
culated velocity profiles of the single phases and the 
experimental data was only slightly influenced by 
applying relation (16). 

5. CONCLUSION 

A one dimensional model has been developed 
which describes the steady state hydrodynamics of 
fully developed axi-symmetrical riser flow. In this 
model the turbulent momentum transport has been 
modelled using a slightly modified Prandtl mixing 
length model. The radial solids distribution has been 
obtained from experimental data and empirical cor- 
relations. Calculated axial velocity profiles appeared 
to be in good agreement with experimental data for 
both dilute and dense riser flow. An empirical corre- 
lation was developed and incorporated in the hydro- 
dynamic model to correct the interphase momentum 

35 

Fig. 7. Reduced slip velocity (slip velocity divided by terminal velocity) as a function of solids concentration cS computed 
from data of van Breugel t-f al. (1969a); D = 0.30m, dp = 4Opm, pE = 2300 kgm-‘. 
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Fig. 8. Comparison of theoretically calculated and experimentally determined (van Breugel et ol., 1969a) slip velocity 
profiles; D = 0.30m, U = 6.3m s-l, Gs = 390 k gm-*s-l, dP = 40~, pe = 2300kgme3. 
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Fig. 9. Comparison of theoretically calculated and experimentally determined (Yang et al., 1992) slip velocity profiles; 

D=O.l4m, U=4.33ms-‘,G,=22kgm-2s-‘.dp=54~m,p, = 1545kgmm3. 

transfer coeff%ient for the existence of clusters of 
particles. 

Near the tube wall the hydrodynamic model pre- 
dicts the occurrence of a maximum in the slip velocity 
which is in agreement with experimental observations. 
This maximum could be explained from detailed con- 
sideration of hydrodynamic equations. 

Future work will be concerned with the implemen- 
tation of a collision theory for the particulate phase to 
predict the radial distribution of solids, eliminating 
the necessity to specify this distribution using empiri- 
cal correlations or experimental data. 
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(Shell Research). 

NOTATION 

cd,, drag coefficient for an isolated particle 
dp diameter, m 

&) 
force, N mV3 
function, defined in eq. (10) 

G solid mass flux, kgmP2 s-l 
g acceleration due to gravity, m se2 
K constant in relation for eddy viscosity 
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L 
P 
R 
r 
u 

z4 

Y solid phase velocity in axial direction 

Z 

tube length, m 
pressure, kg m-t se2 
tube radius, m 
radial coordinate, m 
gas phase velocity in axial direction 
(superficial), m S-I 
gas phase velocity in axial direction 
(interstitial), m s-t 

Greek letters 

P interphase momentum transfer coefftcient, 
kg rnp3 s-’ 

e volume fraction 

P density, kg mp3 
I9 dimensionless radial coordinate, r/R 

b shear viscosity, kg m-t s-t 

Subscripts 
Cl cluster 
f fluidum 
mf minimum fluidisation 
P particle 
S solid phase 
slip velocity difference between both phases 
term terminal 
W wall 

Superscripts 
averaged over cross-sectional area 

C calculated 

Dimensionless groups 

Re Reynolds number Re _ pfUD 
Pf 

Rep particle Reynolds number 
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