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Communication lifting:�xed point computation for parallelismWillem G. Vree and Pieter H. HartelDepartment of Computer Systems, University of AmsterdamKruislaan 403, 1098 SJ Amsterdam, The NetherlandsE-mail: fwimv, pieterg@fwi.uva.nlAbstractCommunication lifting is a program transformation that can be applied to a synchronousprocess network to restructure the network. This restructuring in theory improves sequen-tial and parallel performance. The transformation has been formally speci�ed and provedcorrect and it has been implemented as an automatic program transformation tool. Thistool has been applied to a small set of programs consisting of synchronous process net-works. Measurements indicate performance gains in practice both with sequential andparallel evaluation. Communication lifting is a worthwhile optimisation to be included ina compiler for a lazy functional language.1 IntroductionA process network is a system of communicating processes, which are connectedby streams. The communicating processes are functions and the streams are po-tentially in�nite lists of values upon which the functions operate. Programmingwith process networks has a long history, which dates back to the seminal work ofKahn (1974). Many special purpose languages such as Lucid (Ashcroft and Wadge,1977), Esterel (Berry and Cosserat, 1984), Signal (Gautier et al., 1987) and Lus-tre (Caspi et al., 1987) have been developed to support programming with streamsand process networks. The disadvantage of developing a new language is that italso requires a new implementation to be built. The approach that we will take isto build process networks using a subset of a standard lazy functional language,while taking special measures to guarantee good performance, both sequentiallyand in parallel. The evaluation mechanism of lazy functional languages naturallysupports programming with potentially in�nite lists of values (Peyton Jones, 1987).The process networks are thus embedded in a general purpose programming lan-guage, obviating the need for special compilers and language support systems. Thisapproach has been advocated amongst others by Kelly (1989).In an implementation of a lazy functional language, a stream is represented bya �nite list, which is terminated by a suspension. This is a calculation that is sus-pended until further notice. A suspension can be revived and executed at any timeto compute further elements of the stream, together with a new trailing suspension.

2 W. G. Vree and P. H. HartelThe latter can be executed in turn to build further list elements etc. In an imple-mentation of a lazy functional language this mechanism of executing and buildingsuspensions is completely automatic. Lazy evaluation of programs implementingprocess networks may incur considerable cost because each element in each streamrequires executing a suspension and constructing a new one. When a large numberof streams is involved, the cost may be prohibitively high. In practice large networkswill indeed arise, for instance in simulations of digital circuits. Here each ip-opis represented by two coupled nand functions that are mapped over streams ofclock and data values. Even a small circuit will contain a large number of ip-ops,so that the simulation of such a circuit will require managing a large number ofstreams (Vree, 1989).The cost of managing a large number of streams can be considerably reducedwhen the network is synchronous. In a synchronous network, executing one sus-pension will cause all suspensions on connected streams to be executed as well. Allsuch closely related suspensions are said to belong to the same generation. It shouldthus be possible to revive and execute all suspensions in the same generation atthe same time. The computations can be organised such that the management costis shared between all streams. All streams are advanced by one generation at thesame time.The joint management of all suspensions in a synchronous network can be per-formed as follows. The zip of all streams in a network is a single stream, such thatthe original stream elements of one generation are gathered in one state tuple. Thenetwork as a whole will compute generation after generation, while managing onlya single stream of tuples. Within a generation the original stream elements are ac-cessible to the functions that used to operate on stream elements as the elementsof one large tuple.Practical networks are often synchronous; for instance a digital logic simulationis synchronous because all circuits are essentially driven by a common clock. Mostof the special purpose languages that have been developed for programming withnetworks are also synchronous. It is thus important to develop e�cient implementa-tions of synchronous network programs. We claim that it is an advantage to be ableto build such an e�cient implementation without having to resort to developing anew language and a compiler for that language.The purpose of this paper is to present a program transformation called commu-nication lifting that takes a synchronous process network consisting of n streamsinto a network with a single stream of n-tuples. The transformation is rooted inthe theory of recursive programs, based on the explicit calculation of �xed points ofsets of recursive equations. This is the subject of section 2. Section 3 discusses thee�cient implementation of programs that consist of synchronous process networks.Section 4 formally de�nes synchronous process networks. Communication liftingon simple process networks is described in Section 5. Section 6 describes a set oftransformations that bring a more general synchronous process network in the formrequired for communication lifting proper. Performance measurements are reportedin Section 7. A comparison with related work is given in Section 8 and the con-



Communication lifting 3clusions follow in Section 9. The correctness proofs of the program transformationmay be found in the appendix.
2 Theoretical considerations: �xed pointsExplicit calculation of the �xed point of a recursive program is both unusual (Alli-son, 1986) and ine�cient (Manna et al., 1973). E�cient computation rules such asthe normal order rule, that can be shown to be safe (Vuillemin, 1973), are generallypreferred. Direct �xed point iteration is ine�cient because it calculates a sequenceof approximations to the �xed point (if one exists). Each subsequent approximationis either the same as the previous, or better. The basic idea behind communicationlifting is that as successive approximations are often the same, or almost the same,it may be more e�cient to calculate the changes in the approximations only.Consider as an example the system of Equations �b.a and �b.b over streams (in-�nite lists) to calculate the Fibonacci numbers ~a = 0; 1; 1; 2; 3; 5; : : :. (The requiredauxiliary functions such as the family of functions map n are de�ned in Figure 4.)The variables denoting streams are marked with a small wavy line (~a) to renderthese variables typographically distinct from other identi�ers.~a = 0 : ~b (�b.a)~b = 1 : map 2 (+) ~a ~b (�b.b)Using the function �x as the �xed point operator and the standard domain con-struction, the solution of these equations is given by:h~a;~bi = �x �b (�b.�x)�b h~a;~bi = h0 : ~b; 1 : map 2 (+) ~a ~bi (�b.def)The communication lifting transformation causes the changes in the approximations

4 W. G. Vree and P. H. Hartelto be computed as follows. De�ne a new stream ~z as the zip of the �xed point:~z = zip 2 (�x �b)� (by �b.�x)~z = zip 2 h~a;~bi� (by �b.a and �b.b)~z = zip 2 h0 : ~b; 1 : map 2 (+) ~a ~bi� (unfold zip 2 )~z = h0; 1i : zip 2 h~b; map 2 (+) ~a ~bi� (de�ne plus x = fst x+ snd x and use the de�nition of ~z)~z = h0; 1i : zip 2 hmap 1 snd ~z; map 1 plus ~zi� (property of zip n, see law 3.35 in Jeuring (1992)and de�ne nextstate x = hsnd x; plus xi)~z = h0; 1i : map 1 nextstate ~z� (property of iterate 0 )~z = iterate 0 nextstate h0; 1iHence (the zip of) the �xed point of a system of equations over streams can becalculated as follows: start with an initial state (h0; 1i) and iterate 0 over the statetransformation function nextstate. Both the state transformation function and theinitial state are systematically derived from the system of equations.To complete the communication lifting transformation for the fib example, therequired output stream ~a must be recovered from the stream of pairs ~z. This, andgathering the newly introduced de�nitions yields a complete program:~a = map 1 fst (iterate 0 nextstate h0; 1i)nextstate s = hsnd s; plus siplus s = fst s+ snd sAs a �nishing touch, the de�nition of nextstate can be simpli�ed by unfolding thede�nitions of plus , fst and snd and by using pattern matching thus:~a = map 1 fst (iterate 0 nextstate h0; 1i)nextstate ha; bi = hb; ciwherec = (+) a bThe communication lifting transformation is discussed in more detail in the follow-ing sections of the paper. For now we note that for the application of map 2 in thenetwork one de�nition is generated under the where of the nextstate function, whichcaptures basically the same calculation as the map 2 . Also for each application of(:) in the network, there is one element in the state tuple processed by the nextstatefunction.The iterate 0 function controls the succession of generations of state tuples and



Communication lifting 5thereby captures all the recursion originally scattered throughout the network.Given the tuple produced by the previous generation, the nextstate function (whichis not recursive!) calculates the tuple of the current generation. The expression(iterate 0 nextstate h0; 1i) computes the sequence of changes in the �xed pointapproximation in the form of the sequence of state tuples:h0; 1i; h1; 1i; h1; 2i; : : :This is a form of program synthesis as found in for instance Bird and Wadler (1988,Pages 131-132). Our method is a powerful generalisation of the procedure describedthere. 3 Practical considerations: parallelismThere are two practical aspects to communication lifting. The �rst is the reductionin the cost of managing a large number of streams, because after the transformationonly a single stream remains to be managed. We will come back to this issue insection 7.The second aspect is the possibility to evaluate the components of the state tuplein parallel. This has to be contrasted with the pipe-line parallelism of a processnetwork. Before discussing this point further, the fib example must be extendedslightly to introduce a possibility for parallel evaluation. The example as it standsdoes not allow parallel evaluation at all because only one addition is performed (ona stream of numbers). The extension consists of adding two more streams ~o and ~pto the network, to produce a running total of the Fibonacci sequence in the stream~o: ~o = 0 : ~p~p = map 2 (+) ~o ~b~a = 0 : ~b~b = 1 : ~c~c = map 2 (+) ~a ~bThe original sub expression map 2 (+) ~a ~b has been put in a separate equation ~c.This makes it easier to draw a diagram for the network. The Fibonacci-sum programthus obtained will serve as the running example of the paper. The program generatesa stream of Fibonacci numbers ~a = 0; 1; 1; 2; 3; 5; 8: : : and then adds these numbersto produce the stream ~o = 0; 1; 2; 4; 7; 12; 20: : :.To compare di�erent ways of parallel evaluation it is illustrative to look at dia-grams of the untransformed process network and the communication lifted version.The diagram for a synchronous process network shows the streams as connectionsbetween the functions applied to the streams. The diagram of the Fibonacci-sumnetwork is shown in Figure 1. The name of a stream in the network is used as thelabel on the corresponding edge. The label in a box is (the curried version of) theappropriate stream processing function.Figure 1 shows that the two processesmap 2 (+) may perform the additions withpipe-line parallelism. With this example no speedup can be achieved in practice as
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Fig. 1. The original Fibonacci-sum network with pipe-line parallelism.the additions represent too little work. In practical networks su�cient coarse grainwork should be available for the pipe-line to deliver speedups.Communication lifting of the extended example produces the following program:~o = map 1 (sel 3 1) (iterate 0 nextstate h0; 0; 1i)nextstate ho; a; bi = hp; b; ciwherep = (+) o bc = (+) a bThis transformation is analogous to that of the Fibonacci program. The formalderivation will be given in Section 5.The communication lifted program can be executed with master-slave style par-allelism as follows. The master process is responsible for generating the successivestates, so it executes the calls to iterate 0 and nextstate. The �rst state is theconstant tuple h0; 0; 1i, to which the master thus applies nextstate. This calls ontwo slaves to perform the two additions p = o + a and c = a + b. The slaves haveboth access to the current tuple where the values of o, a and b are stored. Oncethe slave processors are �nished, the next tuple is ready. The master process nowselects the appropriate component of the new tuple for output via the applicationof map 1 (sel 3 1). The cycle is then complete and the whole sequence may beginagain. This is schematically shown in Figure 2. Here the dashed lines represent theow of data used by the master-slave communication. The solid lines are streamsas before.The master-slave parallelism shown in Figure 2 corresponds exactly to the pipe-line that is present in the original program of Figure 1, where two processesmap 2 (+) and map 2 (+) are connected by streams. A pipe-line has thus beentransformed into a master slave relation by communication lifting. The calculations
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c = a+ b6c ? ho; a; bi p = o+ b? 6piterate 0 nextstate h0; 0; 1inextstate ho; a; bi = hp; b; ciwhere c = a+ b; p = o+ b
���map 1(sel 3 1)�~o Master process

Slave processesFig. 2. Fibonacci-sum network after communication lifting with master-slave parallelismshown using dashed lines.p ::= d1 : : : dndi ::= ~vi = ei (equations of the form ~v = ~w are not permitted)e ::= s : ej map n f e1 : : : enj iterate n f s e1 : : : enj tl ej ~vs 2 V (arbitrary values)~f ; ~g 2 ~F (arbitrary functions on streams)f; g 2 F (arbitrary functions on stream elements)~o; ~v; ~w; ~x; ~y; ~z 2 ~D (streams)s; v; w; x; y; z 2 D (arbitrary stream elements)i; j; k; l;m; n 2 IN (natural numbers)Fig. 3. Abstract syntax of the process network language.in each step as performed by the slaves, are only dependent on the output producedby the previous step and are otherwise completely independent of each other.It is possible to build a parallel implementation with a special primitive functionthat implements the required master-slave style parallelism. The tuples must thenbe constructed such, that at least two components require enough computationto outweigh the parallel overhead. The independence of the calculations on thetuple components should allow for a relatively cheap and simple mechanism toimplement the parallel evaluation. Parallelism of a more general nature, such aspipe-line parallelism, is more di�cult to harness e�ciently. A more rigid paradigm(master-slave) allows the implementation more scope for optimisations than a morelenient paradigm (pipe-line). A more lenient paradigm o�ers the programmer betterpossibilities for clarity and conciseness. These claims are substantiated in Section 7.

8 W. G. Vree and P. H. Hartelhd (x : ~x) = xtl (x : ~x) = ~x~x!0 = hd ~x~x!(i+ 1) = (tl ~x)!itake 0 ~x = niltake (i+ 1) ~x = hd ~x : take i (tl ~x)sel n i hv1; : : :; vni = vi (8n � 1 ^ 1�i�n select i-th component)map n f ~v1 : : : ~vn = w : map n f (tl ~v1): : :(tl ~vn)wherew = f (hd ~v1): : :(hd ~vn)iterate n f s ~v1 : : : ~vn = s : iterate n f s0 (tl ~v1): : :(tl ~vn)wheres0 = f s (hd ~v1): : :(hd ~vn)zip n h~v1; : : :; ~vni = w : zip n htl ~v1; : : :; tl ~vniwherew = hhd ~v1; : : :; hd ~vniFig. 4. De�nition of stream processing and auxiliary functions and operators.4 The de�nition of a synchronous process networkIn this section the notations involved in the communication lifting program trans-formation are formally introduced. A network of synchronous processes is a graph,with synchronous processes as vertices and streams as edges. A process is syn-chronous if it is one of (:), map n, iterate n or tl . A synchronous process networkshould be represented by a number of equations over streams, according to the syn-tax in Figure 3. There must be one equation in the network for the stream ~o, whichby convention, generates the output of the network. No two equations in a networkmay have the same left hand side. The network graph must be connected, with theequation for ~o as the root. Equations of the form ~v = ~w are not permitted, they canalways be eliminated by substitution. All these restrictions are necessary to allowcommunication lifting to be implemented as an automatic program transformation,for instance as part of a compiler.The free stream variables of a synchronous process network are taken to beprovided as input to the network from outside. A network may have any numberof input streams, but need not have any.The de�nitions of a number of useful stream processing and auxiliary functionsare shown in Figure 4. According to the syntax, only tl , (:), map n and iterate ncan be used as stream processing functions. The other functions and operators arealso shown here because of their use in the transformation process. The choice offunctions that may be applied to streams seems rather limited. However, consideringthat the functions that may be applied to stream elements are not constrained, theabstract syntax is actually quite general. Only three functions are required to builda synchronous process network: one to extend a stream up front (:), one to trimthe �rst element o� a stream (tl) and a third function to perform an arbitrarycomputation on a stream element (map n). A fourth function iterate n has been



Communication lifting 9included because it captures the concept of a function that carries its own localstate.To be completely general, functions that add and remove arbitrary stream ele-ments should have been supported as well, for instance �lter . We have chosen not toinclude such functions as it makes it more di�cult to guarantee that the networksconstructed are synchronous. Work is in progress on an extension of the methodto also support some forms of asynchronous networks, in which functions such as�lter play a role.Functions with a su�x n represent a whole family of functions, because n is anatural number. In an enumeration such as e1: : :en, n may also be equal to 0, whichmeans that there is not even a single expression ei present. The function sel 0 isill de�ned, but map 0 and iterate 0 are valid functions. Note that the de�nitionof map n does not correspond with the usual de�nition, because there is no testwhether any of the input streams ~v1: : :~vn are empty. This is consistent with theview that streams are in�nite (lists).5 Communication lifting of a synchronous process networkThe communication lifting transformation of a synchronous process network, asde�ned according to the syntax of Figure 3, will now be presented in two steps. Asthe �rst step, we present the communication lifting of a simpli�ed process network.The second step (Section 6) brings a more general network that conforms to theabstract syntax of Figure 3 into the simpli�ed form.The communication lifting transformation proper is given by Rule T0 of Figure 5.The notation employed is more or less standard (see for example Ferguson andWadler (1988)). The transformation rules take a syntactic argument enclosed inemphatic brackets [[ and ]]. Pattern matching is used to choose between alternativeclauses. The matching order is top down, thus Clause 0b is a catch-all clause, �ttingany network that does not match Clause 0a. The matching of some clauses (e.g.Clause 0a) is further constrained by a guard, written as a conditional (if : : :) =)connecting the left and right hand side of the clause. A clause protected with aguard matches only if both the pattern and the guard are satis�ed. If either fails,the next clause will be tried.A simpli�ed synchronous process network must match the left hand side of Clause0a. This means that the �rst k equations must contain an application of (:) andthat the next m equations must contain an application of map n. The remainingl equations must use tl . At this stage applications of iterate n, equations of theform ~v = ~w, or nested expressions are not permitted. These restrictions are neces-sary to make the presentation of the communication lifting transformation properreasonably succinct. The lifting of the restrictions is the subject of the next section.Some of the stream variables ~xi and ~yij in the left hand side of Clause 0a will bethe same as some of the variables ~o, ~vi, ~wi or ~ti. The ~xi and ~yij that are not de�nedwithin the network act as the input streams to the network. These input streamsare identi�ed by the set f~u1: : :~uhg.The guard in Clause 0a ensures that the streams ~z1: : :~zl, and the states s1: : :sk,

10 W. G. Vree and P. H. HartelT0 [[ ~o = s1 : ~x1 (0a)~v2 = s2 : ~x2...~vk = sk : ~xk~w1 = map n1 f1 ~y11: : :~y1n1...~wm = map nm fm ~ym1: : :~ymnm~t1 = tl ~z1...~tl = tl ~zl ]] (if f~z1: : :~zlg \ N = ; ^freevarsfs1: : :skg \ N = ; ^freevarsff1: : :fmg \ N = ;) =)~o = map 1 (sel k 1) (iterate h nextstate hs1; : : :; ski ~u1: : :~uh)~t1 = tl ~z1...~tl = tl ~zlnextstate s u1: : :uh = hx1; : : :; xkiwhereho; v2; : : :; vki = sw1 = f1 y11: : :y1n1...wm = fm ym1: : :ymnmwhere ~u1: : :~uh are de�ned asf~u1: : :~uhg = (f~x1: : :~xkg [ f~yij : i 2 f1: : :mg ^ j 2 f1: : :nigg) n (N [ f~t1: : :~tlg)N = f ~w1: : : ~wmg [ f~o; ~v2: : :~vkgT0 [[ p ]] (otherwise) =) p (0b)Fig. 5. Communication lifting transformation.and the functions f1: : :fm are not dependent on any of the streams ~o; ~v2: : :~vk and~w1: : : ~wm. This is necessary because the transformation removes the de�nitions ofthe streams ~vi and ~wj .The best way to understand Rule T0 is to try it out on a simple example. Theprogram produced by applying Rule T0 to the Fibonacci network of Section 3yields: ~o = s1 : ~x1 j ~o = 0 : ~p~v2 = s2 : ~x2 j ~a = 0 : ~b~v3 = s3 : ~x3 j ~b = 1 : ~c~w2 = map 2 f1 ~y11 ~y12 j ~p = map 2 (+) ~o ~b~w2 = map 2 f2 ~y21 ~y22 j ~c = map 2 (+) ~a ~b T0=)Here we have shown the correspondence between formal and actual identi�ers ofthe Rule T0 . The guard of Clause 0a is satis�ed: because there are no equations oftype ~t = tl ~z, and because s1 = 0, s2 = 0, s3 = 1, f1 = (+), and f2 = (+) do notdepend on N = f~o; ~a;~b; ~p; ~cg. For the Fibonacci-sum program the set f~u1: : :~uhg is



Communication lifting 11empty, which means that the network does not use external input streams:T0=) ~o = map 1 (sel 3 1) (iterate 0 nextstate h0; 0; 1i)nextstate s = hp; b; ciwhereho; a; bi = sp = (+) o bc = (+) a bT1 [[ d1: : :dn ]] ) T2 [[d1]] : : : T2 [[dn]] (1)T2 [[ ~v = f � � � (g: : :) � � � ]] ) T2 [[ ~v = f � � � ~w � � � ]] (2a)T2 [[ ~w = (g: : :) ]]where ~w is a new variableT2 [[ ~v = e ]] ) ~v = e (2b)T3 [[ d1 : : : dn ]] ) T4 [[d1]] : : : T4 [[dn]] (3)T4 [[ ~v = iterate n f s ~x1: : :~xn ]] ) ~v = s : ~w (4a)~w = map m f ~v ~x1: : :~xnwhere ~v and ~w are new variables and m = n+ 1T4 [[ d ]] ) d (4b)T5 [[ ~o =k map n f ~x1: : :~xn (5a)d2 : : : dm ]] � ) T5 [[ ~o =k f (hd ~x1) : : : (hd ~xn) : ~v~v =k tl ~w~w =k map n f ~x1: : :~xnd2 : : : dm ]] �where ~v and ~w are new variablesT5 [[ ~o =k tl ~w (5b)~w =j s : ~xd3 : : : dm ]] � ) T5 [[ ( ~w =j s : ~od3 : : : dm) [~o=~x] ]] �T5 [[ ~v =k tl ~w (5c)~w =j s : ~xd3 : : : dm ]] � ) T5 [[ ( ~w =j s : ~xd3 : : : dm) [~x=~v] ]] �T5 [[ ~v =k tl ~w (5d)~w =j map n f ~x1: : :~xnd3 : : : dm ]] � (if (j; k) 62 �) =) T5 [[ ~w =j f (hd ~x1): : :(hd ~xn) : ~v~v =j map n f ~y1: : :~yn~y1 =k tl ~x1...~yn =k tl ~xnd3 : : : dm ]] (� [ f(j; k)g)where ~y1: : :~yn are new variablesT5 [[ p ]] � (otherwise) =) p (5e)Fig. 6. Simplifying transformations: p0 = T5 (T3 (T1 p)) ;.

12 W. G. Vree and P. H. Hartel6 Simplifying transformationsA synchronous process network speci�ed according to the syntax of Figure 3 hasto be transformed into a simpli�ed form that is acceptable to Rule T0 . Figure 6shows the simpli�cations that are performed by the successive application of theRules T1 , T3 and T5 . We will explain the purpose of each of these rules in turn.First we note, that the Fibonacci-sum program as discussed in Section 3 is ac-tually the outcome of applying the simplifying transformations to the followingprogram: ~o = iterate 1 (+) 0 (tl ~a)~a = 0 : 1 : map 2 (+) ~a (tl ~a) T1=)This program cannot be transformed directly by Rule T0 because: it uses theiterate 1 function; it uses nested function applications and the output stream ~ois not an application of (:). The purpose of the simplifying transformations is toeliminate these constructs.Rule T1 : removing nested function applicationsThe �rst problem to solve is to remove nested function applications. This is thepurpose of Rule T1 , which de�nes a new equation for each nested expression.Rule T1 applies Rule T2 to all equations of the network. Clause 2a introducesextra stream equations for all nested expressions that occur in the synchronousprocess network. The pattern ~v = f � � � (g: : :) � � � is matched by an equation thatstarts with an application of some function f and that contains a nested application(g: : :). If there is more than one nested application that can be matched by (g: : :),the left most is chosen. This choice is arbitrary as T2 is reapplied to the results~v = f � � � ~w � � � and ~w = (g: : :) so that remaining nested applications will be dealtwith eventually. According to the syntax, the functions f and g must be one of tl ,(:), map n or iterate n. On the right hand side of Clause 2a the newly introducedequation bears a name ~w that must not appear anywhere else in the network. RuleT2 is applied recursively until all arguments of each application of f are simplestream identi�ers. The default Clause 2b terminates the recursion.Applying Rule T1 to the Fibonacci-sum program as given above introduces fournew equations for ~b, ~c, ~d and ~q to remove the nested function applications. Theresult of this transformation is:T1=) ~o = iterate 1 (+) 0 ~q~q = tl ~a~a = 0 : ~b~b = 1 : ~c~c = map 2 (+) ~a ~d~d = tl ~a T3=)



Communication lifting 13Rule T3 : removing calls to the function iterate nThe purpose of Rule T3 is to simplify the network by replacing all occurrences ofthe function iterate n by applications of the simpler map m function.Rule T3 applies Rule T4 to all the equations of the network, which after appli-cation of Rule T1 contain a single function application each. Each equation withiterate n is transformed into an equation with (:) and an equation with map m.Clause 4b retains all other equations as they are.Application of Rule T3 to the Fibonacci-sum network as delivered by Rule T1replaces the equation for ~o by two new equations. The equations for ~a: : : ~d and ~qremain unchanged: T3=) ~o = 0 : ~p~p = map 2 (+) ~o ~q~q = tl ~a~a = 0 : ~b~b = 1 : ~c~c = map 2 (+) ~a ~d~d = tl ~a T5=)

Rule T5 : removing redundant calls to tlThe goal of the �nal simplifying Rule T5 is to remove as many applications of tl aspossible. Rule T5 also ensures that the output stream is de�ned as an applicationof (:). These apparently di�erent purposes have to be served by one transformation,as both involve calls to the function tl .Before discussing Rule T5 proper, a further explanation is appropriate aboutthe pattern matching of clauses such as Clause 5c, which process several equationssimultaneously. The variable ~w on the left hand side of the Clause 5c occurs twice inthe pattern, which means that both occurrences must match the same stream. Thislinks two equations of the process network. Thus far no ordering on the equationsin the process network has been assumed, because rules T2 and T4 can be appliedin any order. For Rule T5 it is convenient to regard the equations that de�nethe process network under consideration as a proper set. Any subset of equationssatisfying the constraints speci�ed by the patterns may be chosen. Clause 5c willthus select any equation ~v = tl ~w and the corresponding equation ~w = s : ~x.The remaining equations are named d3 : : : dm and retained so that they can beprocessed by the recursive call to Rule T5 .Figure 6 shows that all equations of Rule T5 are labelled with a subscript (=i).This is necessary to ensure that Rule T5 will terminate on all inputs. The labelsare used in the guard (if (j; k) 62 �) =) of Clause 5d to avoid this clause fromlooping on a pair of de�nitions such as ~v = tl ~w; ~w = map 1 f ~v. The labellingcan be added to a system of equations, by numbering each equation and using theequation number as the label number. The only assumption about the labels is thatthey are all di�erent when they are �rst assigned.

14 W. G. Vree and P. H. HartelClause 5a unfolds the de�nition of map n once and introduces two new equationsso that ~o = : : : : : : : as required.Clause 5c resolves a combination of ~v = tl ~w and ~w = s : ~x by replacing everyfree occurrence of ~v in the process network by ~x. This replacement is expressed as(: : :) [~x=~v]. The equation for ~v is then removed. The tl is thus cancelled againstthe (:). A combination of ~v = tl ~w and ~w = map n : : : (Clause 5d) can be resolvedin a similar way, after unfolding the de�nition of map n once. Then the tl can becancelled against the (:).Clause 5b is a special case of Clause 5c. Both clauses cancel an application oftl against an application of (:), but the output stream of the network ~o must betreated specially. If Clause 5b were omitted, Clause 5c applied to ~v = tl ~o wouldremove the equation for ~o from the network. This would make it impossible for RuleT0 later to retrieve the output stream from the network.Rule T5 has no case for combinations such as ~v = tl ~w with ~w = tl ~x, becausea combination of two or more tl applications is resolved by cancellation of the lasttl against either map n or (:), followed by cancellation of the penultimate tl etc.A combination of equations involving applications of tl can not be removed bycancellation if the last tl is applied to an input stream. This case is adequatelyhandled by Rule T0 and will not concern Rule T5 .When applied to the Fibonacci-sum example program, Rule T5 cancels the ap-plications of tl by using Clause 5c twice. This yields the Fibonacci-sum network ina compact form, ready for the �nal Rule T0 . It is the same program as the one westarted with in Section 3 and also in Section 5.T5=) ~o = 0 : ~p~p = map 2 (+) ~o ~b~a = 0 : ~b~b = 1 : ~c~c = map 2 (+) ~a ~bThe simplifying transformations as de�ned in Figure 6 are necessary and su�cientto bring a system of equations over streams as speci�ed according to the syntax ofFigure 3 into the form required by the communication lifting transformation properas given by Rule T0 .7 The performance of a number of small networksThe communication lifting transformation consists of a number of fold/unfoldsteps (Burstall and Darlington, 1977) and uses algebraic properties of stream func-tions such as map n and zip n. The communication lifting transformation incor-porates a strategy that decides which steps to take, to guarantee delivery of anequivalent but completely restructured program. Communication lifting can thusbe viewed as a transformation skeleton (Darlington et al., 1991).Communication lifting as a programming tool is only useful if the transformedprograms will run faster, and/or use less space, than the original programs. Threeimportant performance issues can be distinguished. The �rst is the gain or loss in



Communication lifting 15Table 1. Synchronous process networks with an indication of their size andpurpose. Execution times are reported in milliseconds.system sequential master-slave pipeprogram source orig. trans. trans. orig. tuple streamlines (ms) (ms) (ms) (ms) size lengthfibsuma 6 627 493 477 536 3 3000flipflopb 28 2434 760 581 974 13 1600fftc 190 3045 2956 1364 1504 8 5wave4d 264 2041 2131 1111 1151 3 200a Sums the �rst 3000 Fibonacci numbers.b Simulation of a D-ipop over 1600 state transitions (Vree, 1989).c A 1024-point fast Fourier transform using arrays (Hartel and Vree, 1992).d Predicts the water heights and velocities in a square area of 4 � 4 grid points of theNorth Sea over 200 time steps (Vree, 1989).sequential performance due to transformation, the second is the di�erence betweensequential and master-slave parallel performance, the third issue is the di�erence be-tween master-slave parallel performance of the transformed programs and pipe-lineparallel performance of the untransformed programs. These issues will be discussedin the three following sections. To make measurements possible, communicationlifting has been implemented and applied to a small set of synchronous processnetworks. The transformation has been implemented in Miranday (Turner, 1985)and the input and output of the transformations are also Miranda programs. Theabstract syntax of Figure 3 can be embedded in that of Miranda.7.1 Sequential performanceTo asses the impact of communication lifting on sequential performance, the setof synchronous process networks has been compiled and executed both before andafter the complete set of transformations. The programs are compiled by the FASTcompiler (Hartel et al., 1991; Langendoen and Hartel, 1992), which amongst others,provides e�cient arrays for the bene�t of the fft and the wave4 applications. Theprograms are executed on a stand alone Motorola 88000 processor board with 64Mbof memory. This allows execution time to be measured with an accuracy of 1 milli-second. For each program, Table 1 gives an indication of the size, the executiontimes of four versions of the program, the size of the state tuple, the number ofelements of the streams that are evaluated and an explanation of the purpose ofthe program. The programs are sorted by the number of lines of source text. Thiscount is exclusive of standard library functions as provided by Miranda, commentsand blank lines.y Miranda is a trademark of Research software Ltd.

16 W. G. Vree and P. H. HartelThe columns sequential/orig. and sequential/trans. show the sequential executiontimes (in milli-seconds) of a program before and after transformation. The sequen-tial performance of most programs is improved, which shows that communicationlifting is a viable optimisation technique for sequential programs. The signi�cantperformance gain in the flipflop program is due to the fact that instead of manag-ing 13 lists, as is the case before the transformation, the transformed program onlyneeds to manage 2 lists, which can be done more e�ciently. The e�ect is strongestfor the flipflop program, because it uses more streams than the others. For thefibsum program, there are 3 streams before the transformation and still 2 streamsafter the transformation. So only a small reduction of the stream management e�ortis the result.The large networks that occur in real programs will lead to huge tuples. However,the implementation creates the state tuples in a single heap allocation, whereas anetwork of streams gives rise to more heap claims of smaller cells, which is thus morecostly. The selection of an element of a tuple is performed in unit time, which is thesame as in a stream network. When a small amount of work is involved in computingthe stream elements, communication lifting will allow sequential performance gainson practical programs. For programs that involve large amounts of work on thestream elements, such as wave4 and fft, sequential performance will not be a�ectedmuch. 7.2 Parallel performance of the master-slave systemThe sequential performance improvement for most of the programs indicates thatcommunication lifting is a valid point of departure for parallel evaluation of in-dependent tuple elements. Parallel evaluation always introduces overhead. Thisoverhead should be kept small in comparison to the amount of real work involvedin the evaluation of the state tuples. For example, two of the three tuple elementsin the transformed wave4 program represent a large amount of computation. Toassess the parallel performance of the programs after communication lifting, animplementation has been built that supports the required master-slave parallelism.The Motorola 88000 system has 4 CPUs, 4 instruction caches and 4 coherent datacaches and 64Mb shared memory. Cache coherency is handled by the hardware.The four processors are numbered 0; 1; 2 and 3. Processor 0 is the master processor,which begins execution. The other three processors are initially idle. The runtimesystem of the FAST compiler supports master-slave parallelism through a specialprimitive function pforce , which when applied to a tuple allocates the evaluationof each component of the tuple to a separate processor. The scheduling strategy isas follows: processor p �rst evaluates component p to full normal form (not just tohead normal form). Then, as soon as this terminates, processor p evaluates compo-nent p + 4 to full normal form, then p + 8 etc. Parallel evaluation continues untilall components of the state tuple have been evaluated to full normal form. Thefunction pforce thus has a completely strict semantics.During parallel evaluation the master processor behaves as an ordinary slaveprocessor. Processor 0 becomes master again as soon as all tuple components have



Communication lifting 17been evaluated, at which point a new tuple is formed by the master processor. Allother processors remain idle until the master encounters the next application ofpforce .In the communication lifted version of the Fibonacci-sum program the formingof the tuple is expressed as follows:~o = map 1 (sel 3 1) (iterate 0 nextstate h0; 0; 1i)nextstate s = pforce hp; b; ciwhereho; a; bi = sp = (+) o bc = (+) a bThe two additions (+) a b and (+) o b are thus evaluated in parallel. The �rsttuple ever created by the program contains three numbers, all of which are normalforms: h0; 0; 1i. Because of the strict semantics of pforce as required by the master-slave style parallel evaluation, each subsequent tuple will be fully normalised whencreated. The sharing between computations is maintained as usual. In the example,both additions use the variable b, which is obtained from the current tuple andmade available to all processors that need the value through the shared heap.In all four programs that we have used, the only sharing that occurs is betweenthe elements of the state-tuple that is passed as an argument to nextstate. Becauseof the completely strict semantics of pforce , all state tuple elements are fully nor-malised before nextstate is entered. Therefore, no locking/blocking mechanism isneeded to prevent concurrent reduction of shared expressions. The implementationof master/slave parallelism for communication lifted programs is thus simple andfast. No locking overhead is incurred and scheduling is equally simple and fast.As we will see in the next section it is more complicated to implement pipe-lineparallelism.Not all programs that one might wish to transform by communication lifting willhave the property that only normal forms are shared. In general, CAF's may beshared between processes so that a locking mechanism is needed. In future work wewill identify extra conditions on synchronous process networks to guarantee thatonly normal forms are shared after communication lifting.The column master-slave/trans. in Table 1 shows the parallel performance ofthe four test programs after communication lifting on the 4-processor system. Theperformance of three programs is improved by parallel execution, that of the fibsumprogram is not a�ected.The granularity of the fibsum program is only one addition, just about su�-cient to compensate the overhead of process creation by pforce . But the flipflopprogram, still quite �ne grained, is already faster then the sequential version. Thisshows that the overhead of pforce is indeed low.The fft program has four coarse grain and four �ne grain processes (the tuplesize is 8). However, there is a substantial amount of sequential processing before andafter these processes are created. About half of the time is spent in the sequentialparts of the program. The speedup is about 2.2

18 W. G. Vree and P. H. Hartel

` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` `Processor1 ~o :? -0 map 2(+)���
~o :?-0 :? -+� map 2(+)��� ��

Processor2~a ��	:?-0 :? -1 map 2(+)�6 Step 1
~a ��	 ��	:?-0 :?-1 :? -+6 � map 2(+)�6 Step 2Fig. 7. Two processors performing pipe-line parallel graph reduction in a shared memorysystem. Processor 1 computes the Fibonacci-sum stream ~o and Processor 2 computes theFibonacci stream ~a. The boxes represent suspended computations, all other nodesrepresent data.The wave4 program has three processes (the tuple size is 3), two of which containa signi�cant amount of work. This explains the speedup of about 1.9.7.3 Parallel performance of a pipe-line implementationThe performance of the master-slave parallel system will now be compared with apipe-line parallel system. The best way to do this is by using two implementationsthat are similar in as many ways as possible, so that the di�erences can be attributedto the di�erences between master-slave and pipe-line parallelism.The master-slave parallel system provides most of the mechanism required toimplement pipe-lines on the shared memory system. The process networks thatmust be executed in a pipe-line parallel fashion may be annotated as shown below:pforce htake x ~o; take x ~ai where ~o = 0 : map 2 (+) ~o ~b~a = 0 : ~b~b = 1 : map 2 (+) ~a ~bThe pforce primitive takes the same steps as before, which in this case means thatboth the expressions take x ~o and take x ~a will be fully evaluated in parallel.The variable x gives the number of elements of each stream that we wish to beevaluated, which should be 3000 in the case of the Fibonacci-sum example. Seethe column stream length in Table 1 for the values required by the other networkprograms.The pforce expression above behaves as a pipe-line that computes the streams ~aand ~o in parallel. Figure 7 shows the slightly simpli�ed con�gurations of the graphsthat arise during the �rst two graph reduction steps taken by the two processors.The processors are notionally separated by the dotted line, there is no physicalseparation as the processors use a shared heap. The boxes represent suspended



Communication lifting 19computations, all other nodes represent data. Applications of hd and tl (see thede�nitions of map and take in Figure 4) have been omitted to avoid clutter.Initially, both Processor 1 and Processor 2 are in a state whereby the next ac-tion will be to evaluate the suspended computations map 2 (+) : : :. Processor 1requests input from Processor 2. This is indicated by the pointer that crosses thedotted line, and which points at the shared object 1. Both processors will be ableto use this shared object without synchronisation because it is data. After sometime, both processors will have progressed to the state shown as Step 2 in Figure 7.At this stage, both processors will start to evaluate the suspended applications of+. It is now apparent that for the pipe-line parallel system to work properly, alocking/blocking mechanism is required.To support pipe-lines, a low overhead locking/blocking mechanism has been builtinto the runtime system to avoid two or more processors from reducing the samesub-graph. The locking mechanism uses the XMEM machine instruction to read amemory location and to replace its contents immediately with a known lock value.The hardware implements this as an atomic transaction. Should the lock thus ac-cessed be unavailable, then the processor requesting the lock will block, which isimplemented as a busy-wait until the locked object becomes available.Mapping the two parallel pipe-line processes onto a system with two processors isstraight forward, but as the number of processes exceeds the number of processors,a suitable static mapping of pipe-line processes onto processors is hard to �nd.We have tried several static mappings, using both �ne grained and course grainedparallel execution. The best results are shown in the column marked pipe/orig. ofTable 1. We do not expect a dynamically scheduled pipe-line to be much better,because measurements have shown that the statically scheduled pipe-line spendsat most 8% of its time busy waiting. A dynamically scheduled pipe-line requiressome execution time of its own, so it may be at most 8% better than a staticallyscheduled pipe-line.Because a low overhead locking mechanism has been combined with the best pos-sible static process schedule, the �gures in Table 1 represent the best speed up for astatically scheduled pipe-line implementation. The master-slave implementation isconsistently faster than the pipe-line. The parts of the programs that run sequen-tially on the master slave system o�er some additional parallelism for the pipe linesystem. This e�ect is particularly strong on the fft program. The overhead of therequired locking mechanism is apparently not compensated by the extra parallelismavailable to the pipe-line.It is possible to conceive a pipe-line mechanism that does not require locks (Kelly,1989). Such a mechanism will not be able to exploit more parallelism than themaster-slave implementation combined with communication-lifting. The advantageof a real pipe-line is lost. Moreover, we expect that such an implementation willresult in more overhead than our implementation, because a complex synchroni-sation mechanism is required, that exchanges normalised stream elements betweenthe pipe processes. Communication lifting essentially extracts the synchronisationmechanism at compile time, resulting in the iteration of the function nextstate.

20 W. G. Vree and P. H. HartelThis function contains the knowledge of the communication pattern, while iterateprovides the synchronisation in the most e�cient way.8 Related workMany languages have been developed to support programming with process net-works, which gives an indication of the importance of work in this area. Lu-cid (Ashcroft and Wadge, 1977) is one of the �rst languages based on the notionthat variables represent not a single value, but a potentially in�nite history of val-ues. This notion is also central to the work on Esterel (Berry and Cosserat, 1984),Signal (Gautier et al., 1987), Lustre (Caspi et al., 1987) and others. Languages suchas these o�er special operators to manipulate the histories, whereby the aim hasoften been to make programs look like more conventional programs by hiding thehistory character of the variables involved.The language that bears most resemblance to our work is Lustre (Caspi et al.,1987). The di�erences lie in the realisation: the Lustre implementation is conven-tional in the sense that it uses a special purpose compiler. Our synchronous processnetwork language is a true subset of a standard lazy functional language, and thusrequires no special purpose compiler. However, to achieve a good sequential per-formance for the synchronous networks embedded in a lazy functional program weuse program transformation techniques. Program annotations are used to achievespeedup through parallel evaluation of components of the process networks.The core of Lustre (its data and sequence operators) is equivalent to the syn-chronous process network language, as de�ned in Figure 3. To illustrate this pointconsider the implementation of the Lustre data operators + and its four sequenceoperators pre , !, when and current using only the four stream functions (:), tl ,map n and iterate n as de�ned in Figure 4.Each Lustre sequence represents a stream of values, with which a clock is asso-ciated. A clock can be thought of as a stream of boolean values. The zip of thestream of values and the associated clock is thus a sensible representation of aLustre sequence: clock ~x = map 1 c ~xwherec x = hTrue; xiThe Lustre sequence operators pre and ! correspond to (:) and tl respectively:pre ~x = hTrue;?i : ~x~x ! ~y = hd ~x : tl ~yA Lustre data operator applies some function to the elements of sequences. The+ operator for example performs pairwise addition of the elements of two inputsequences. The Lustre semantics specify that the two sequences must be on thesame clock, so that additions will only take place when the clocks of both inputstreams are True (see the �rst clause of the function p below). When both clocks areFalse, an unde�ned value hFalse ;?i appears in the output stream (second clause ofp). Should the sequences be on di�erent clocks, a semantic error is produced (last



Communication lifting 21clause of p). ~x+ ~y = map 2 p ~x ~ywherep hTrue; xi hTrue; yi = hTrue; x+ yip hFalse; xi hFalse ; yi = hFalse ;?ip x y = ?All other Lustre data operators can be expressed in a similar way using map n andan appropriate auxiliary function. The Lustre sampling operator when can also beimplemented using map 2 :~e when ~b = map 2 w ~e ~bwherew hTrue; ei hTrue;Truei = hTrue; eiw e b = hFalse ;?iThe implementation of the Lustre projection operator current requires the use oftl and iterate 1 . The state maintained by iterate 1 is used to remember the laststream element, so that this can be inserted in place of stream elements with aFalse clock value. The tl is necessary to remove the �rst, irrelevant stream elementthat is produced by iterate 1 :current ~y = tl (iterate 1 c hTrue;?i ~y)wherec s hTrue ; ei = hTrue; eic s hFalse ; ei = sThe Lustre operators can thus all be implemented using the four stream functions(:), tl , map n and iterate n as de�ned in Figure 4. The functional forms of Lustrecan all be implemented in Miranda without di�culty.When viewed as a high level optimisation technique, communication lifting isrelated to deforestation (Wadler, 1988; Gill et al., 1993). Restricted to lists, de-forestation removes the need for intermediate list structure. An expression such asmap 1 f (map 1 g ~x) is transformed into map 1 (f:g) ~x. For deforestation it isessential, that the producer (here map 1 g) and the consumer (here map 1 f) ofan intermediate list can be identi�ed. Communication lifting operates on any setof lists and does not require such lists to be in a producer-consumer relationship.Instead communication lifting requires the lists to be manipulated in a synchronousfashion. Communication lifting is thus supplementary to deforestation.9 ConclusionsMany languages have been developed to support programming with synchronousstreams (Esterel, Signal, Lustre etc.). This indicates how important programmingwith synchronous networks is as a technique for developing practical applications.The disadvantage of developing a new language is that it also requires a newimplementation to be built. The approach we take is to build process networks

22 W. G. Vree and P. H. Hartelusing a subset of a standard lazy functional language. As an example we show thatthis subset is equivalent to the special purpose stream-language Lustre.When a large number of streams is involved, which will be often the case inpractical applications, the cost of lazy evaluation is high. Therefore we developeda program transformation called communication lifting, which takes a synchronousprocess network consisting of n streams into a network with only a single streamcarrying n-tuples.Measurements show that for three out of four test programs, managing the singlestream of n-tuples is cheaper than managing the original n streams. The perfor-mance of the fourth program stays within 5% of the untransformed version. Thisresult indicates that the use of communication lifting in sequential applications isworthwhile.We have also investigated the possibility to evaluate the components of the n-tuples, resulting from communication lifting, in parallel. This gives rise to a simplemaster/slave kind of parallelism, which we have implemented on a four processorshared memory machine.Comparing this master/slave implementation to the conventional way of paral-lelising process networks, in a pipe-line fashion, shows that communication liftingoutperforms a pipe-line implementation which uses an optimal static schedule.The communication lifting transformation has been speci�ed formally. Thismakes it possible to prove the correctness of the transformation (see appendix)and to implement communication lifting as an automatic tool. Annotation by theprogrammer is necessary to indicate which set of streams must be transformed.AcknowledgementsWe thank Marcel Beemster, Andy Gravell, Koen Langendoen, Henk Muller andthe two referees for their comments on a draft version of the paper. Andy Gravellsuggested the derivation of the communication lifting transformation in section 2.ReferencesL. Allison. A practical introduction to denotational semantics. Cambridge Univ. Press,Cambridge, England, 1986.E. A. Ashcroft and W. W. Wadge. Lucid, a non procedural language with iteration.Communications ACM, 20(7):519{526, Jul 1977.G. Berry and L. Cosserat. The ESTEREL synchronous programming language and itsmathematical semantics. In S. D. Brookes, A. W. Roscoe, and G. Winksel, editors,Seminar on concurrency, LNCS 197, pages 389{448, Pittsburgh, Pennsylvania, Jul 1984.Springer-Verlag, Berlin.R. S. Bird and P. L. Wadler. Introduction to functional programming. Prentice Hall, NewYork, 1988.R. M. Burstall and J. Darlington. A transformation system for developing recursive pro-grams. Journal ACM, 24(1):44{67, Jan 1977.P. Caspi, D. Pilaud, N. Halbwachs, and J. A. Plaice. LUSTRE: A declarative languagefor programming synchronous systems. In 14th Principles of programming languages,pages 178{188, Munich, West Germany, Jan 1987. ACM.
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24 W. G. Vree and P. H. Hartelinduction on i. The proofs of the remaining lemmas are given. It is essential for allthese proofs that streams are in�nite lists; the stream elements may assume anyvalue, including ?. The zip-lemmaGiven 8n 2 IN^ ~x1; : : :; ~xn 2 ~D, then:8i 2 IN : (zip n h~x1; : : :; ~xni)!i = h(~x1!i); : : :; (~xn!i)iThis can be proved by induction on i.The map-lemmaGiven 8~x1: : :~xn 2 ~D^ f 2 F , then:8i 2 IN : (map n f ~x1: : :~xn)!i = f (~x1!i) : : : (~xn!i)This can be proved by induction on i.The iterate-lemmaGiven 8~x1: : :~xn 2 ~D^ f 2 F^ s 2 D, then:8i 2 IN : (iterate n f s ~x1: : :~xn)!i = ~y!iwhere~y = s : map m f ~y ~x1: : :~xnm = n+ 1To prove this lemma, consider the special case that n = 1. Then given ~x 2 ~D andthe binary function f 2 F , the iterate-lemma is:8i 2 IN : (iterate 1 f s ~x)!i = ~y!iwhere~y = s : map 2 f ~y ~xThe proof is by induction on i. Base case:(iterate 1 f s ~x)!0= hd (iterate 1 f s ~x) (unfold !)= hd (s : iterate 1 f (f s (hd ~x)) (tl ~x)) (unfold iterate 1 )= s (unfold hd)= ~y!0 (new de�nition, fold !)where~y = s : map 2 f ~y ~x 2



Communication lifting 25Induction step:(iterate 1 f s ~x)!(i+ 1)= (tl (iterate 1 f s ~x))!i (unfold !)= (tl (s : iterate 1 f (f s (hd ~x)) (tl ~x)))!i (unfold iterate 1 )= (iterate 1 f (f s (hd ~x)) (tl ~x))!i (unfold tl)= ~y!i (hypothesis)where~y = f s (hd ~x) : map 2 f ~y (tl ~x)= ~y!i (fold map 2 )where~y = map 2 f (s : ~y) (hd ~x : tl ~x)= (s : ~y)!(i+ 1) (fold !, hd and tl)where(s : ~y) = s : map 2 f (s : ~y) ~x= ~z!(i+ 1) (de�ne ~z = s : ~y)where~z = s : map 2 f ~z ~x 2A similar proof can be given of the general case for n � 2.Corollary of the iterate-lemmaGiven 8~x1: : :~xn 2 ~D^ f 2 F^ s 2 D^ m = n+ 1, then:~y = s : map m f ~y ~x1: : :~xn� (iterate-lemma)8i 2 IN : ~y!i = (iterate n f s ~x1: : :~xn)!i� (element-lemma)~y = iterate n f s ~x1: : :~xnThe element-lemmaGiven 8~x; ~y 2 ~D then: ~x = ~y � 8i 2 IN : ~x!i = ~y!iTo prove the element-lemma an auxiliary result is needed to give the correspondencebetween list comprehensions and the function take, so that the take-lemma (Birdand Wadler, 1988, Pages 182-183) can be used. Given ~x 2 ~D, then:8i 2 IN : take i ~x = [~x!k j k [0::i� 1]]

26 W. G. Vree and P. H. HartelThe proof of the auxiliary lemma is by induction on i. Base case:

take 0 ~x= [] (unfold take)= [~x!k j k []] (list comprehension)= [~x!k j k [0::� 1]] 2 (arithmetic)

Induction step:
take (i+ 1) ~x= hd ~x : take i (tl ~x) (unfold take)= hd ~x : [(tl ~x)!k j k [0::i� 1]] (hypothesis)= hd ~x : [(tl ~x)!(h� 1) j h [1::i]] (k = h� 1)= ~x!0 : [~x!h j h [1::i]] (fold !)= [~x!h j h [0::i]] 2 (list comprehension)

The unfold step is permitted because streams are in�nite lists and not partial lists.The element-lemma can now be proved as follows:
~x = ~y� (take-lemma)8i 2 IN : take i ~x = take i ~y� (auxiliary lemma)8i 2 IN : [~x!k j k [0::i� 1]] = [~y!k j k [0::i� 1]]� (list comprehension)8i 2 IN : ~x!i = ~y!i 2



Communication lifting 27The stream-lemmaWhen given ~z1: : :~zh 2 ~D^ z1: : :zh 2 D^ A 2 F^ ~A 2 ~F and the following 4conditions are met:(i) ~A ~z1: : :~zh = ~e0[~z1: : :~zh; ~a1: : :~am]where~a1 = ~e1[~z1: : :~zh; ~a1: : :~am]...~am = ~em[~z1: : :~zh; ~a1: : :~am](ii) A z1: : :zh = e0[z1: : :zh; a1: : :am]wherea1 = e1[z1: : :zh; a1: : :am]...am = em[z1: : :zh; a1: : :am](iii) there are no free occurrences of either ~A or A in ~e0: : :~em or e0: : :em(iv) 8i 2 IN ^ 0�j�m we have:(~ej [~z1: : :~zh; ~a1: : :~am])!i = ej [~z1!i=z1: : :~zh!i=zh; ~a1!i=a1: : :~am!i=am]Then the stream-lemma asserts that:(v) ~A = map h AIn the stream-lemma and its proof some special notation will be used. For anexpression e, in which the variables a1: : :am occur free we write e[a1: : :am] and thenotation e[b1=a1: : :bm=am] is an expression e in which the free variables a1: : :am aresimultaneously replaced by respectively b1: : :bm. For brevity we use a superscriptin the proof to denote projection on tuples rather than the function sel m:8 1�k�m : h~a1; : : :; ~amik = ~akWe begin the proof by associating a function ~fj with each of the expressions~ej [~z1: : :~zh; ~a1: : :~am] in (i), such that:8 0�j�m : ~fj = �ut:~ej [u1=~z1: : :uh=~zh; t1=~a1: : :tm=~am]Thus ~fj h~z1; : : :; ~zhi h~a1; : : :; ~ami = ~ej . In the same way associate functionsf0: : :fm with the expressions e0: : :em.As the second step rewrite (iv) in terms of the functions ~f0: : : ~fm and f0: : :fm.8i 2 IN ^ 0�j�m :(~ej [~z1: : :~zh; ~a1: : :~am])!i = ej [~z1!i=z1: : :~zh!i=zh; ~a1!i=a1: : :~am!i=am]� (use the de�nitions of f0: : :fm and ~f0: : : ~fm)( ~fj h~z1; : : :; ~zhi h~a1; : : :; ~ami)!i = fj h~z1!i; : : :; ~zh!ii h~a1!i; : : :; ~am!ii� (substitute z = h~z1; : : :; ~zhi and a = h~a1; : : :; ~ami and use the zip-lemma)(vi) ( ~fj z a)!i = fj ((zip h z)!i) ((zip m a)!i)

28 W. G. Vree and P. H. HartelThe third step is to reformulate the de�nition of ~A from given (i):(vii) ~A ~z1: : :~zh= ~f0 h~z1; : : :; ~zhi h~a1; : : :; ~ami (given (i))where~a1 = ~f1 h~z1; : : :; ~zhi h~a1; : : :; ~ami...~am = ~fm h~z1; : : :; ~zhi h~a1; : : :; ~ami= ~f0 h~z1; : : :; ~zhi h~a1; : : :; ~ami (tupling)whereh~a1; : : :; ~ami = h ~f1 h~z1; : : :; ~zhi h~a1; : : :; ~ami; : : :; ~fm h~z1; : : :; ~zhi h~a1; : : :; ~amii= (abstraction and �xed point)~f0 h~z1; : : :; ~zhi (�x(�a:h ~f1 h~z1; : : :; ~zhi a; : : :; ~fm h~z1; : : :; ~zhi ai))= ~B h~z1; : : :; ~zhi (introduce ~B, ~E)where~B = �z: ~f0 z ~E[z]~E[z] = �x(�a:h ~f1 z a; : : :; ~fm z ai)Rewrite de�nition (ii) of A in a similar way to yield:(viii) A z1: : :zh = B hz1; : : :; zhiwhereB = �z:f0 z E[z]E[z] = �x(�a:hf1 z a; : : :; fm z ai)Omitting the where expression of B (viii) looks like this:A z1: : :zh = B hz1; : : :; zhi� (Let ~z1: : :~zh 2 ~D and use the element-lemma)8i 2 IN :A (~z1!i): : :(~zh!i) = B h~z1!i; : : :; ~zh!ii� (zip-lemma)8i 2 IN :A (~z1!i): : :(~zh!i) = B ((zip h h~z1; : : :; ~zhi)!i)� (map- and element-lemma)map h A ~z1: : :~zh = map 1 B (zip h h~z1; : : :; ~zhi)Compare this to (vii), which relates ~A and ~B:~A ~z1: : :~zh = ~B h~z1; : : :; ~zhi



Communication lifting 29To prove the stream-lemma (v) it thus remains to show that:~B h~z1; : : :; ~zhi = map 1 B (zip h h~z1; : : :; ~zhi)� (element-lemma)8i 2 IN :( ~B h~z1; : : :; ~zhi)!i = (map 1 B (zip h h~z1; : : :; ~zhi))!i� (map-lemma)8i 2 IN :( ~B h~z1; : : :; ~zhi)!i = B ((zip h h~z1; : : :; ~zhi)!i)Using the de�nitions of ~B and B we can derive the following �xed point equationfor (zip m ~E[z])!i:8i 2 IN :(zip m ~E[z])!i= (zip m (�x(�a:h ~f1 z a; : : :; ~fm z ai)))!i (unfold ~E)= (zip m h ~f1 z ~E[z]; : : :; ~fm z ~E[z]i)!i (unfold �x)= h( ~f1 z ~E[z])!i; : : :; ( ~fm z ~E[z])!ii (zip-lemma)= (by (vi))hf1 ((zip h z)!i) ((zip m ~E[z])!i); : : :; fm ((zip h z)!i) ((zip m ~E[z])!i)i= (abstraction)(�a:hf1 ((zip h z)!i) a; : : :; fm ((zip h z)!i) ai) ((zip m ~E[z])!i)= �x(�a:hf1 ((zip h z)!i) a; : : :; fm ((zip h z)!i) ai) (�xed point)= E[(zip h z)!i=z] (fold E)So for all h-tuples z we also have:(ix) 8i 2 IN : (zip m ~E[z])!i = E[(zip h z)!i=z]The proof of the stream-lemma can now be completed as follows:( ~B h~z1; : : :; ~zhi)!i= ((�z: ~f0 z ~E[z]) h~z1; : : :; ~zhi)!i (unfold ~B)= ( ~f0 h~z1; : : :; ~zhi ~E[h~z1; : : :; ~zhi])!i (reduction)= f0 ((zip h h~z1; : : :; ~zhi)!i) ((zip m ~E[h~z1; : : :; ~zhi])!i) (by (vi))= f0 ((zip h h~z1; : : :; ~zhi)!i) E[(zip h h~z1; : : :; ~zhi)!i=z] (by (ix))= (�z:f0 z E[z]) ((zip h h~z1; : : :; ~zhi)!i) (abstraction)= B ((zip h h~z1; : : :; ~zhi)!i) 2 (fold B)Correctness of the simplifying transformationsThe correctness of each of the Rules T1 , T3 and T5 will now be proved. Thecorrectness of the composition of these transformations then follows, because each

30 W. G. Vree and P. H. Hartelrepresents a total function (p!p). The partial correctness of the clauses in Figure 6will be proved �rst. Then the termination of the transformations will be established.Partial correctness of the simplifying transformationsUsing the auxiliary lemmas, the correctness of Clause 4a can be proved as follows.De�ne 8n 2 IN^ f 2 F^ s 2 D^ x1: : :xn 2 ~D:~y = s : map m f ~y ~x1 : : : ~xnm = n+ 1Then: ~v = iterate n f s ~x1 : : : ~xn� (element-lemma)8i 2 IN : ~v!i = (iterate n f s ~x1 : : : ~xn)!i� (iterate-lemma)8i 2 IN : ~v!i = f (~y!i) (~x1!i) : : : (~xn!i)� (map-lemma)8i 2 IN : ~v!i = (map m f ~y ~x1 : : : ~xn)!i� (element-lemma)~v = map m f ~y ~x1 : : : ~xnThe fact that for all n; f; s; ~x1: : :~xn the stream ~v prior to transformation is equalto that after transformation establishes the correctness of Clause 4a.The proofs for the remaining clauses present no di�culties. The Clauses 1, 2b,3, 4b and 5e by themselves make no changes. Clause 2a introduces a new equation,which is equivalence preserving. An unfold in recursive equations such as thoseunder consideration here is always equivalence preserving (Manna et al., 1973). RuleT5 uses unfolds and introduces new de�nitions: Clause 5a unfolds the de�nition ofmap n as given in Figure 4 and introduces new equations; Clauses 5b and 5c unfoldthe de�nitions of ~w and tl . For Clause 5b this gives the equation ~o = ~x and for (5c)we have ~v = ~x. These equations can be eliminated by renaming ~x to ~o and ~v to ~xrespectively. Clause 5d unfolds the de�nitions of map n, ~w and tl and introducesnew equations. Rule T5 is thus equivalence preserving, which concludes the proofsof the partial correctness of the simplifying transformations.Termination of the simplifying transformationsAll simplifying transformations terminate because a bound can be given for thenumber of times each individual clause is applied.Clauses 1, 3 and 5e are each applied once. The number of function applicationsin the original process network is an upper bound for number of times Clauses 2a,2b, 4a or 4b is applied. Clause 5a will be applied at most once. The only clause ofRule T5 that matches an equation of the form ~o = : : : : : : : is (5c), which will neverreplace that equation by one of the form that can be matched again by (5a).



Communication lifting 31To derive an upper bound on the number of times Clauses 5b, 5c or 5d may becalled, let the number of applications of tl and map n be t respectively m. The waythe labelling of the equations is created and maintained guarantees that Clause 5dwill be applied at most m � t times. The upper bound on the number of timesClauses 5b or 5c are applied is given by the number of tl applications, which areeither present originally, or introduced by Clause 5a or 5d. This number is boundedbecause there is an upper bound on the number of times (5d) is applied.Summarising, we have now established the fact that the simplifying transforma-tions preserve equivalence and terminate.left and right hand side of Clause 0a stream-lemma functions ~A and A~A ~s ~u1: : :~uh ~A ~z1: : :~zh= zip k h~x1; : : :; ~xki = ~e0where where~v1 = sel k 1 (unzip k ~s) ~a1 = ~e1... ...~vk = sel k k (unzip k ~s) ~ak = ~ek~w1 = map n1 f1 ~y11: : :~y1n1 ~ak+1 = ~ek+1... ...~wm = map nm fm ~ym1: : :~ymnm ~ak+m = ~ek+mA s u1: : :uh A z1: : :zh= hx1; : : :; xki = e0where wherev1 = sel k 1 s a1 = e1... ...vk = sel k k s ak = ekw1 = f1 y11: : :y1n1 ak+1 = ek+1... ...wm = fm ym1: : :ymnm ak+m = ek+mFig. 8. Structural correspondence between the stream-lemma and T0 .

Correctness of the communication lifting transformationThe termination proof of Rule T0 (Figure 5) is immediate. To prove the partialcorrectness of Rule T0 , the (:) and map n equations on the left hand side of RuleT0 are tupled; the tl equations are left unchanged. The guard in Clause 0a ensuresthat the tl equations are independent of the remaining equations. Therefore it iscorrect to consider the network without the tl equations. From now on let ~v1 = ~o.

32 W. G. Vree and P. H. HartelThen:8>>>>>>>>><>>>>>>>>>:
~v1 = s1 : ~x1...~vk = sk : ~xk~w1 = map n1 f1 ~y11: : :~y1n1...~wm = map nm fm ~ym1: : :~ymnm

9>>>>>>>>>=>>>>>>>>>;�
h~v1; : : :; ~vki= hs1 : ~x1; : : :; sk : ~xkiwhere~w1 = map n1 f1 ~y11: : :~y1n1...~wm = map nm fm ~ym1: : :~ymnmThe function composition unzip k � zip k is the identity function on a tuple ofstreams, thus the left hand side of Clause 0a is equivalent to:h~v1; : : :; ~vki = unzip k (zip k hs1 : ~x1; : : :; sk : ~xki)y� (unfold zip k)h~v1; : : :; ~vki = unzip k (hs1; : : :; ski : (zip k h~x1; : : :; ~xki))yNext a new equation ~s for the stream of k-tuples is introduced, and the free variablesof the network ~u1: : :~uh are made explicit. This yields the following set of equations,again equivalent to the left hand side of Clause 0a:h~v1; : : :; ~vki = unzip k ~s~s = hs1; : : :; ski : (zip k h~x1; : : :; ~xki)y� (make unzip k equation local)~s = hs1; : : :; ski : (zip k h~x1; : : :; ~xki)ywhereh~v1; : : :; ~vki = unzip k ~s� (introduce function ~A and make free variables explicit)~s = hs1; : : :; ski : ( ~A ~s ~u1: : :~uh)~A ~s ~u1: : :~uh = zip k h~x1; : : :; ~xkiywhereh~v1; : : :; ~vki = unzip k ~sIn the last step of this derivation, we have used the fact that the states s1: : :sk areindependent of the stream variables ~v1: : :~vk and ~w1: : : ~wm (see Figure 5).As shown in Figure 8, the �nal step brings the system of equations in a form that�ts the structural requirements of the stream-lemma. The function ~A as derivedfrom the equations on the left hand side of Clause 0a is shown to the left, while thecorresponding elements of the de�nitions for the stream-lemma are shown to theright.The stream-lemma states that ~A = map h A, provided stream-lemma condition(iii) holds 8i 2 IN ^ 0�j�k +m. This is veri�ed as follows:For j = 0 we have that ~e0�zip k h~x1; : : :; ~xki and also that e0�hx1; : : :; xki. Thisy The where equations for w1: : :wm have been omitted.



Communication lifting 33can be proved as follows:8i 2 IN :(zip k h~x1; : : :; ~xki)!i= h~x1!i; : : :; ~xk!ii (zip-lemma)= hx1; : : :; xki[~x1!i=x1; : : :; ~xk!i=xk] 2For 1�j�k we have that ~ej�sel k j (unzip k ~s) and also ej�sel k j s because:8i 2 IN :(sel k j (unzip k ~s))!i= (sel k j (unzip k (zip k hs1 : ~x1; : : :; sk : ~xki)))!i (unfold ~s)= (sel k j hs1 : ~x1; : : :; sk : ~xki)!i (identity)= (sj : ~xj)!i (unfold sel k)= (sel k j h(s1 : ~x1)!i; : : :; (sk : ~xk)!ii) (fold sel k)= sel k j ((zip k hs1 : ~x1; : : :; sk : ~xki)!i) (zip-lemma)= sel k j (~s!i) (fold ~s)= (sel k j s)[~s!i=s] 2For k+1�k+j�k+m we have ~ek+j�map nj fj ~yj1: : :~yjnj and ek+j�fj yj1: : :yjnjsince:8i 2 IN :(map nj fj ~yj1: : :~yjnj )!i= fj (~yj1!i): : :(~yjnj !i) (map-lemma)= (fj yj1: : :yjnj )[~yj1!i=yj1; : : :; ~yjnj !i=yjnj ] 2Given the de�nition of nextstate as in Figure 5, (which is the same as A here) wehave:~s = hs1; : : :; ski : ( ~A ~s ~u1: : :~uh)� (stream-lemma)~s = hs1; : : :; ski : (map h A ~s ~u1: : :~uh)� (A = nextstate and corollary of iterate-lemma)~s = iterate h nextstate hs1; : : :; ski ~u1: : :~uh 2This completes the correctness proof of transformation Rule T0 .


