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In micromechanics of granular materials, relationships are investigated between micro-scale character-
istics of particles and contacts and macro-scale continuum characteristics. For three-dimensional isotro-
pic assemblies the macro-scale elastic characteristics are described by the bulk and the shear modulus,
which depend on the micro-scale characteristics of the coordination number (i.e. the average number
of contacts per particle) and the interparticle contact stiffnesses in directions normal and tangential to
the contact.

It is well-known that the uniform-strain theory (or mean-field theory) overpredicts the elastic moduli.
To find improved predictions, approximations of the particle displacement and rotations fields are
obtained here by solving the equilibrium equations for small subassemblies that are centred around par-
ticles. At the boundary of these subassemblies, the particle displacements and rotations are prescribed
such that they conform to the mean field.

Employing this approach, improved predictions of bulk and shear moduli are obtained, in comparison
with those according to the uniform-strain assumption, especially when the size is increased of the sub-
assemblies for which equilibrium equations are solved.

The elastic moduli are evaluated from the particle displacement and rotations fields by two methods. In
the first, stress-based method the micromechanical expression for the average stress tensor, in terms of
the forces at contacts and the branch vectors that connect particles in contacts, is employed. In the sec-
ond, energy-based method the minimum potential-energy principle is used to obtain rigorous upper
bounds to the moduli. It is generally observed that the moduli obtained from the stress-based method
give closer agreement with the results from Discrete Element Method simulations than those from the
energy-based method.

These improvements in the predictions of the elastic moduli are observed over the range of coordina-
tion numbers and interparticle stiffnesses considered here.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Knowledge of the mechanical behaviour of granular materials is
important in many industrial, geotechnical and geophysical appli-
cations dealing with granular materials. This knowledge is ex-
pressed as a constitutive relation, which can be formulated
heuristically or from the micromechanical viewpoint. In the micro-
mechanical approach a granular material is modelled as an assem-
bly of particles that interact at contacts. This approach therefore
incorporates the discrete nature of granular materials. An objective
of micromechanics is to investigate relationships between micro-
scale characteristics and macro-scale, continuum characteristics.
The objective of this study is to study, from the micromechan-
ical viewpoint, the elastic properties of three-dimensional, isotro-
pic granular assemblies. At the continuum, macro-scale these
elastic properties are described by the elastic moduli that link
(increments of) stress to (increments of) strain. At the micro-scale
of contacts the interaction between particles is modelled by
springs in directions normal and tangential to the contact. Some
applications of the current model are the initial elastic deformation
of granular materials and certain fibrous media. Elastic (and hence
reversible) deformation of cohesionless granular materials is found
for very small strains, typically for strains of 10�3% for stress levels
encountered in engineering applications (Tatsuoka, 1999) or in dy-
namic problems.

In contact mechanics (see for example Johnson, 1985) the inter-
particle interaction at the contact is often described by nonlinear
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Hertz–Mindlin theory. The continuum elastic moduli are then
dependent on the confining pressure, as studied theoretically (Dig-
by, 1981; Walton, 1987; Goddard, 1990) and by Discrete Element
Method (DEM for short) simulations (Makse et al., 2004; Agnolin
and Roux, 2007a,b). In order to facilitate theoretical developments,
here the interparticle stiffnesses are taken constant at all contacts.
The values of the spring stiffnesses then depend on the confining
pressure (as well as on the particle properties).

The elastic moduli of various regular packings of granular
assemblies have been studied (Deresiewicz, 1958; Chang and Mis-
ra, 1989; Wang and Mora, 2009; Kruyt, 2012). Fleischmann et al.
(2013a,b) used results for regular packings to obtain predictions
of the Poisson ratio of fairly dense, disordered assemblies.

The uniform-strain assumption (or mean field assumption) has
been frequently adopted in micromechanical studies of the elastic
moduli of disordered systems (Rothenburg, 1980; Digby, 1981;
Walton, 1987; Bathurst and Rothenburg, 1988a,b; Chang et al.,
1990; Chang and Liao, 1994; Cambou et al., 1995). According to
this assumption the relative displacement of two particles in con-
tact is determined by the average displacement-gradient and the
relative position vector of the particle centres. Corresponding pre-
dictions for the moduli are accurate for very dense assemblies,
while for loose assemblies the moduli are significantly overpre-
dicted (see for example Kruyt and Rothenburg, 1998, 2002, 2004;
Makse et al., 1999; Rothenburg and Kruyt, 2001; Agnolin and Roux,
2007b; Magnanimo et al., 2008; Kruyt et al., 2010).

This limited adequacy of the uniform-strain assumption is due
to the presence of fluctuations (relative to the deformation accord-
ing to the uniform-strain assumption) that are induced by the geo-
metrical disorder that is present in the assembly. DEM simulations
have been used to study these fluctuations in two-dimensional
assemblies (Kruyt and Rothenburg, 1998, 2002, 2004; Agnolin
and Kruyt, 2008) and three-dimensional assemblies (Agnolin and
Roux, 2008).

To find improved estimates of the elastic moduli for disordered
systems, these fluctuations have been taken into account in theo-
retical studies that are completely analytical (Jenkins et al., 2005;
Agnolin et al., 2006; La Ragione and Jenkins, 2007) or semi-numer-
ical (Kruyt and Rothenburg, 2002, 2004; Agnolin and Kruyt, 2008;
Agnolin and Roux, 2008; Kruyt et al., 2010). These theoretical ap-
proaches are based on considerations of the solutions of the equi-
librium equations for small subassemblies. In the analytical,
contact-based studies (Jenkins et al., 2005; Agnolin et al., 2006;
La Ragione and Jenkins, 2007) the subassembly consists of a pair
of particles in contact together with their neighbours. In the
semi-numerical, particle-based studies (Kruyt and Rothenburg,
2002, 2004; Agnolin and Kruyt, 2008; Agnolin and Roux, 2008),
the subassembly consists of a particle with its neighbours. In the
analytical studies additional assumptions are employed to obtain
approximate solutions to the equilibrium equations, while in the
semi-numerical studies the equilibrium equations of the small
subassemblies are solved numerically. These approaches are com-
pared by Agnolin and Kruyt (2008) for the two-dimensional case
and by Agnolin and Roux (2008) for the three-dimensional case.
Generally, it is observed that the semi-numerical methods give
more accurate predictions of the elastic moduli than the analytical
methods.

Kruyt et al. (2010) extended the particle-based method to larger
subassemblies for the two-dimensional case and found that this
made it possible to obtain accurate predictions of the elastic mod-
uli, even for loose assemblies with low coordination number (i.e.
the average number of contacts per particle). The objective of this
study is to extend this method to the three-dimensional case and
to investigate its suitability for predicting the elastic moduli.

The outline of this study is as follows. Firstly, micromechanics
of granular materials are summarised in Section 2. The
uniform-strain assumption is described in Section 3, together with
the corresponding elastic moduli. The proposed approach is de-
tailed in Section 4. The employed isotropic assemblies and the Dis-
crete Element Method simulations are characterised in Section 5.
Results for the elastic moduli according to the various theories
are presented in Section 6. Finally, findings of this study are dis-
cussed in Section 7.

2. Micromechanics

In this Section the basics of micromechanics of granular materi-
als are described. Three-dimensional isotropic assemblies of
spheres are considered. Small deformations are considered from
an equilibrium configuration. Firstly, the contact geometry, statics
and kinematics for the particles are described in Section 2.1. The
elastic constitutive relation at the micro-scale, contact level is gi-
ven in Section 2.2. The minimum potential-energy principle is
summarised in Section 2.3. The uniform-strain assumption for pre-
dicting effective elastic moduli is described in Section 2.4.

2.1. Contact geometry, statics and kinematics

The interparticle contact areas are small, since the particles are
stiff. The interparticle force is therefore considered as acting at the
contact point. Contact moments, due to the distribution of traction
over the contact region, are not considered here to keep the anal-
ysis simpler.

The vector from the centre of particle p to the contact point be-
tween particles p and q is denoted by rpq. The vector from the cen-
tre of particle p to the centre of particle q is denoted by lpq. This
branch vector is given by

lpq ¼ rpq � rqp: ð1Þ

For spherical particles where the deformation at contacts is
small (i.e. the ‘‘overlap’’ of particles is small), we have

rpq ¼ Rpnpq and rqp ¼ Rqnqp; ð2Þ

where Rp is the radius of particle p and npq is the (unit) contact nor-
mal vector directed from the centre of particle p to that of particle q.
Note that nqp = �npq.

The equilibrium equations for force and moment for particle p
are given byX

q

f pq ¼ 0
X

q

rpq � f pq ¼ 0; ð3Þ

where fpq is (the increment of) the interparticle force, exerted on
particle p by particle q that is in contact with particle p, and the
summation is over the particles q that are in contact with particle p.

The micromechanical expression for the average stress tensor r,
in terms of the forces at contacts and the branch vectors, is given
by (see for example Kruyt and Rothenburg, 1996)

r ¼ 1
V

X
c2C

f clc
; ð4Þ

where the summation is over the contacts c in the set of contacts C
and V is the volume (including voids) that is occupied by the
assembly.

The particles have translational as well as rotational degrees of
freedom. The displacement and rotation vectors of particle p are
denoted by up and xp, respectively. The relative displacement vec-
tor Dpq at the contact point between the particles p and q consists
of contributions from particle displacements and rotations

Dpq ¼ ðuq þxq � rqpÞ � ðup þxp � rpqÞ: ð5Þ
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The contact constitutive relation gives the relation between
(increments of) forces at contacts and (increments of) relative dis-
placements. The elastic constitutive relation is considered in detail
in the following subsection.

2.2. Elastic contact constitutive relation

The focus of the present paper is on elastic behaviour, which is
appropriate for very small strains. For the description of the elastic
behaviour at the contact level, the following assumptions are
made: (1) contacts are cemented, i.e. the contact topology is fixed:
contact creation and disruption are not taken into account and (2)
interparticle Coulomb friction is ignored, since the number of
interparticle contacts where Coulomb friction is fully mobilised
(‘‘sliding contacts’’) is small in the initial isotropic state. These
assumptions make it possible to study truly reversible elastic
behaviour, as Coulomb friction and the process of contact creation
and disruption generally lead to irreversible behaviour (Calvetti
et al., 2002).

The particle interaction at the contacts can be described by
Hertz–Mindlin theory (see for example Johnson, 1985). This inter-
action is represented by nonlinear springs in directions normal and
tangential to the contact, with contact stiffnesses kn and kt, respec-
tively. In linearised analyses the values for these spring stiffnesses
will in general depend on the equilibrium values for the normal
forces, and hence on the value of the confining pressure.

The contact constitutive relation relating (the increment of) the
force fpq and (the increment of) the relative displacement Dpq at the
contact between particles p and q can now be expressed as

f pq ¼ Spq � Dpq; ð6Þ

where Spq is the contact stiffness matrix that is determined by the
contact spring stiffnesses kpq

n ; k
pq
t and the contact normal vector npq

Spq ¼ kpq
t I þ ðkpq

n � kpq
t Þnpqnpq; ð7Þ

where I is the three-dimensional identity matrix.
The equilibrium equations, Eq. (3), can be written concisely by

defining the generalised force vector Fpq (of length 6) at the contact
between particles p and q

Fpq ¼
f pq

npq � f pq

� �
: ð8Þ

Note that, through the exclusion of the factor Rp in the moment
term, all components of Fpq have the same dimension (or unit). The
contact force satisfies Newton’s third law, fqp = �fpq, but in general
Fqp – �Fpq for non-central forces (npq � fpq – 0).

In terms of the generalised forces Fpq the equilibrium equations,
Eq. (3), becomeX

q

Fpq ¼ 0: ð9Þ

Analogously, the generalised displacement vector Up (of length
6) is defined by

Up ¼
up

Rpxp

� �
: ð10Þ

Note that, through the inclusion of the factor Rp in the rotation term,
all components of Up have the same dimension (or unit).

The generalised force Fpq is determined by the contact force fpq

through

Fpq ¼
I

N�pq

� �
� f pq; ð11Þ

where the operator N� = N�(n) is defined such that N��v = n � v for
all vectors v. This means that N� is given by N�(n) = �E�n where E is
the three-dimensional permutation symbol. Useful properties of the
operator N�(n) are

N�T ¼ �N� N�ð�nÞ ¼ �N�ðnÞ: ð12Þ

The relation between the relative displacement Dpq at the con-
tact between particles p and q, Eq. (5), and their generalised dis-
placements Up and Uq can now be expressed compactly as

Dpq ¼ ½�I N�pqI N�pq� � Up

Uq

� �
¼ Bpq � Up

Uq

� �
; ð13Þ

where the relation N�qp = �N�pq (see Eq. (12)) has been used. Note
that the first term in Eq. (13) inside the square brackets defines the
matrix Bpq of size 3 by 12 that does not involve a subtraction.

The contact load at the contact between particles p and q, that
combines the generalised forces Fpq and Fqp, is now given in terms
of the generalised displacements Up and Uq by

Fpq

Fqp

� �
¼ �ðBpqT � Spq � BpqÞ � Up

Uq

� �
; ð14Þ

as follows from Eqs. (11)–(13).

2.3. Minimum potential-energy principle

The minimum potential-energy principle is well-established in
mechanics (see for example, Hill, 1950; Washizu, 1968). For gran-
ular materials an analogous discrete minimum potential-energy
principle has been formulated by Kruyt and Rothenburg (2004)
that incorporates the translational as well as the rotational degrees
of freedom of the particles. Here this principle will be summarised,
as it will be used subsequently to derive rigorous upper bounds to
the elastic moduli.

At the boundary B of the assembly the displacements are
prescribed. Two displacement and rotation fields {up, xp} and
{u⁄p,x⁄p} for the particles are considered, which both satisfy the
displacement boundary conditions at B. These displacement and
rotation fields have associated relative displacement fields {Dc}
and {D⁄c}, according to Eq. (5). The corresponding contact force
fields { f c} and { f ⁄c} are determined from the contact constitutive
relation Eq. (6). By definition, the contact force field { f c} satisfies
all equilibrium conditions Eq. (3), contrary to the contact force field
{ f ⁄c}.

The discrete minimum potential-energy principle then reads

Y
ðfup;xpgÞ � 1

2V

X
c2C

f c � Dc
6

1
2V

X
c2C

f �c � D�c

�
Y
ðfu�p;x�pgÞ: ð15Þ

This energy principle states that the true displacement and rotation
fields {up,xp}, whose contact force field { f c} satisfies the equilib-
rium conditions Eq. (3), make the potential-energy density P an
absolute minimum among all displacement and rotation fields
{u⁄p,x⁄p} that satisfy the boundary conditions.

2.4. Uniform strain and fluctuations

According the uniform-strain assumption (or mean-field
assumption), the displacements of all particles are determined by
the mean displacement gradient a, with components aij = oui/oxj.
The particle rotations are all identical to the average rotation vec-
tor X. Hence

up ¼ a � Xp xp ¼ X: ð16Þ

In classical continuum mechanics the components Xi of the
average rotation vector are determined from the displacement gra-
dient (see for example Aris, 1962)
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Xi ¼ �
1
2

Eijkajk; ð17Þ

where Eijkl are the components of the three-dimensional permuta-
tion symbol.

It follows from Eqs. (5), (16), and (17) that the relative displace-
ment according to the uniform-strain assumption, Dpq, is given by
�Dpq ¼ e � lpq

; ð18Þ

where e is the (symmetrical) strain tensor in classical continuum
mechanics

e ¼ 1
2
ðaþ aTÞ: ð19Þ

The actual displacement and rotation of a particle can be ex-
pressed as the sum of those according to the uniform-strain
assumption and a fluctuation. This means that the displacement
fluctuation u0p is defined as the difference between the actual dis-
placement up and that according to the uniform-strain assumption.
An analogous decomposition is employed for the particle rotation,
where x0p is the fluctuation in rotation of particle p. Hence

up ¼ a � Xp þ u0p

xp ¼ Xþx0p:
ð20Þ

This definition of the fluctuations effectively represents a
change of variable, from particle displacements up and rotations
xp to the corresponding fluctuations, u0p and x0p. These fluctua-
tions are expected to be spatially homogeneous (in a statistical
sense), contrary to the particle displacements up and rotations
xp, due to the presence of the position-dependent mean-field
contribution.

The generalised displacement Up of particle p is decomposed
accordingly into a uniform-strain contribution �Up and a fluctuation
U0p

Up ¼ �Up þ U 0p ð21Þ
In terms of the fluctuations in the generalised displacements,

U0p, the generalised equilibrium equations Eq. (9) for particle p
become

X
q

I
N�pq

� �
� Spq � Bpq � U 0p

U 0q

� �
¼ �

X
q

I
N�pq

� �
� Spq � �Dpq; ð22Þ

where Eqs. (6), (11), (13), and (18) have been employed. Note that
these linear equations for the fluctuations in the generalised dis-
placements, U0p, are coupled.

3. Elastic moduli according to uniform-strain assumption

For linear elastic behaviour the macro-scale continuum stress
(increments) r and strain (increments) e are related by the (con-
stant) fourth-order elastic stiffness tensor L

r ¼ L : e: ð23Þ

For isotropic materials its components Lijkl can be expressed as

Lijkl ¼ kdijdkl þ 2ldikdjl; ð24Þ

where dij is the Kronecker symbol and the Lamé constants k and l
are related to the bulk and shear moduli K and G by

K ¼ kþ 2
3
l G ¼ l: ð25Þ

In terms of the bulk and the shear moduli K and G, the relation be-
tween stress and strain is given by

r ¼ K � 2
3

G
� �

ðtreÞI þ 2Ge ¼ KðtreÞI þ 2Gdeve; ð26Þ

where deve = e � 1/3(tre)I is the deviator of e.
Here the arguments leading to expressions for the elastic mod-
uli according to the uniform-strain assumption are summarised
(see also Bathurst and Rothenburg, 1988a; Chantawarangul,
1993). According to the uniform-strain assumption the relative
displacements at contacts are given by Eq. (18). The corresponding
contact forces follow from Eq. (6), with spring stiffnesses kn and kt

in Eq. (7) that are taken identical at all contacts. Then the stress
tensor r is evaluated from the micromechanical expression for
the stress tensor, Eq. (4)

r ¼ mV

Z
n

EðnÞ½SðnÞ � e � lðnÞÞ�lðnÞdXðnÞ: ð27Þ

The equality follows from Eq. (4) by grouping contacts by orienta-
tion and by the transition to a continuous probability distribution
of contact orientations that are determined by the contact normal
n. Here mV = Nc/V is the contact density (with Nc the number of con-
tacts), E(n) is the contact distribution function (Horne, 1965) and
dX is the solid-angle element, dX = sinhdhd/ where h and / are
the azimuthal and circumferential angles, respectively, in spherical
coordinates that describe the orientation of the contact normal
vector n. For the isotropic assemblies that are considered here,
E(n) = 1/(4p). The branch vector l(n) ffi 2�Rn for assemblies which
are approximately monodisperse, where �R denotes the average of
the particle radius.

Since the solid fraction u is determined by the number of par-

ticles Np and the average volume per particle 4
3 pR3, it follows that

the solid fraction is given by u ¼ Np
4
3 pR3

� �
=VÞ. Coordination

number Z (i.e. the average number of contacts per particle) is
determined by the number of contacts Nc and the number of par-
ticles Np: Z = (2Nc)/Np (the factor 2 is present since each interparti-
cle contact is ‘shared’ between two particles). It follows that the
contact density mv is related to the solid fraction u, coordination
number Z and characteristics of the particle-size distribution by

mV ¼
3

8p
uZ
�R3
: ð28Þ

The resulting bulk and shear modulus according to the uniform-
strain assumption, Ke and Ge respectively, are given in dimension-
less form by (see also Chantawarangul, 1993)

Ke�R
kn
¼ 1

6p
R2�R

R3

 !
uZ

GeR
kn
¼ 1

10p
R2R

R3

 !
uZ 1þ 3

2
kt

kn

� �
: ð29Þ
4. Local-adjustment-field approach

The approach of the ‘‘local adjustment field’’ (Kruyt and Rothen-
burg, 2002, 2004; Kruyt et al., 2010) forms an approximation of the
actual problem of determining the particle displacements and rota-
tions such that equilibrium is attained for the complete assembly.
In the simplest form of the local-adjustment-field approach, the
generalised displacement of a particle p is determined by assuming
that its neighbours, with which it is in contact, move according to
the uniform-strain assumption Eq. (16). The fluctuations in gener-
alised displacement {U0q} of these neighbours q then are zero in Eq.
(22). The generalised fluctuation displacement vector {U0p} of par-
ticle p can then be determined from the generalised equilibrium
equations, Eq. (22). This process can be repeated for all particles
in the assembly. This yields a field (or set) of generalised displace-
ments {U0p}, based on local adjustments (relative to the uniform-
strain displacement field) in order to satisfy the equilibrium equa-
tions. This approach has been proposed by Kruyt and Rothenburg
(2002) for the two-dimensional case where particle rotations were
suppressed and by Kruyt and Rothenburg (2004) for the two-
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dimensional case with particle rotations and by Agnolin and Roux
(2008) for the three-dimensional case with particle rotations.

The described approach, in which the equilibrium equations are
solved for a small subassembly, or shell, consisting of a single par-
ticle (that has free displacements and rotations) with its neigh-
bours (that have prescribed displacements and rotations), has
been generalised to larger shells by Kruyt et al. (2010) for the
two-dimensional case. At the next size of the shell, m, for a certain
central particle (that has free displacements and rotations), its
neighbours are assumed also to have free displacements and rota-
tions. Their neighbours (excluding the central particle) have pre-
scribed displacements and rotations according to the average
displacement-gradient. These shells are illustrated in Fig. 1 for dif-
ferent sizes m, or orders, of the shells. The displacements and rota-
tions of the inner particles of the shell are determined by solving
the equilibrium equations for such small subassemblies. From this
solution, only the displacement and rotation vectors of the central
particle are retained.

This idea can be expressed more formally. The particles and the
interparticle contacts form a graph, where the particles correspond
to vertices and the contacts correspond to edges. The graph-dis-
tance between two particles is the number of edges in a shortest
path between these particles. For an order of the shell m, those par-
ticles are in the shell that have a graph-distance to the central par-
ticle that is equal to or smaller than m. The outer particles of the
shell have a graph-distance that is equal to m, the order of the
shell.

The equilibrium equations for the subassembly that corre-
sponds to the shell, of order m, can be formulated in the way as de-
scribed in detail by Kruyt et al. (2010) for the two-dimensional
case. The shell represents a structure, where kinematic boundary
conditions apply at the outer particles of the shell. These kinematic
boundary conditions are according to Eq. (14). The connectivity of
the structure is determined by the interparticle contacts. The inter-
action between the particles is described by Eq. (14), which gives
the ‘‘element matrix’’ in Finite Element Method terminology.

The process of finding the particles in the shell corresponding to
a central particle, constructing and solving the linear system of
Shell order m=1 Shell order m=2

Fig. 1. Illustration of shells. These shells are constructed around a central particle
that is shown in red. The outer particles of the shells are shown in black. The
displacements and rotations of these outer particles are according to the uniform-
strain assumption. Left: order of shell m ¼ 1. The central particle with its
neighbours, that are in contact with the central particle, are shown. Right: order
of shell m ¼ 2. The central particle and its neighbours (shown in green) are shown,
together with their neighbours. Interparticle contacts are indicated by blue lines
that connect the particle centres. The radii of the particles have been reduced (i.e.
the particles have been shrunk) to facilitate the viewing of these interparticle
contacts. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
equilibrium equations is repeated for all particles. For each central
particle, only the generalised displacement fluctuation is retained
for the generalised displacement field. This gives an approximate
field of fluctuations in particle displacements and rotations {u⁄p,
x⁄p}, which is used to estimate the elastic moduli as explained in
the following subsection.

It is emphasised that the local-adjustment-field approach is an
approximation, as the particle displacement and rotation fields are
determined from solutions of equilibrium equations for subassem-
blies instead of for the complete assembly. Consequently, the con-
tact forces associated with the estimated displacement and
rotation fields will not exactly satisfy the equilibrium equations
for the particles, but deviations from equilibrium are expected to
become smaller as the shell size m is increased.

In the local-adjustment-field approach displacements that are
prescribed at the boundary are not affected, as the fluctuations
are equal to zero at the boundary. Since the average displacement
gradient is determined by the displacement distribution at the
boundary, the local-adjustment-field approach is always consis-
tent with the prescribed average displacement-gradient.
4.1. Estimation of moduli

Estimates of elastic moduli can be obtained in two different
ways from the local adjustment fields {u⁄p,x⁄p}, as described by
Kruyt et al. (2010).

In the stress-based evaluation of the moduli, contact forces f⁄c

that correspond to {u⁄p,x⁄p} are determined from the contact con-
stitutive relation, Eq. (6). Note that the force f⁄pq at the contact be-
tween particles p and q involves the fluctuations of particles p and
q (see also Eq. (5)). Using the micromechanical expression for the
stress tensor, Eq. (4), a stress tensor is obtained. This yields an esti-
mate of the elastic modulus corresponding to the loading path un-
der consideration with a prescribed displacement gradient.

Alternatively, in the energy-based evaluation of the moduli, the
generalised displacement field is employed to obtain an esti-
mate of the energy present in the springs, i.e. the potential-
energy density P({u⁄p,x⁄p}) in Eq. (15) is evaluated. Since
(1/2)eijLijklekl = P({up,xp}) 6P({u⁄p,x⁄p}), with {up,xp} the true
solution to all equilibrium equations, a rigorous upper bound (and
hence an estimate) to the elastic moduli is obtained.

For the true displacement and rotation field {up,xp}, the
energy-based and the stress-based approaches yield the same
value for the elastic modulus.
4.2. Computational complexity of local-adjustment-field approach

Here the computational complexity of local-adjustment-field
approach is analysed. This analysis provides an order of magnitude
estimate of the number of computer operations required for the
solution of the equilibrium equations for the shells. To keep the
analysis simple, it is based on considerations of direct solution
methods for linear systems of equations that involve full matrices
(rather than more efficient methods that are based on direct solu-
tion techniques involving sparse matrices or on iterative methods;
see for example Golub and van Loan, 1996). For a full matrix, this
operation count OC scales with the size of the matrix N as OC 	 N3.
The number of operations for the solution of the equilibrium equa-
tions for the full assembly then scales as OCfull 	 N3

p . For a shell of
order m, the number of particles inside the shell, Ns, scales as m3.
The number of operations OCshell for the solution of Np shell equi-
librium equations then scales as OCshell 	 Npm9. This means that
the required computing time of local-adjustment-field approach
increases very rapidly with increasing shell order m.



N.P. Kruyt / International Journal of Solids and Structures 51 (2014) 2336–2344 2341
5. Assemblies and DEM simulations

Four isotropic assemblies have been generated through DEM
simulations (Cundall and Strack, 1979) of isotropic compression
to a specified pressure p. During the compression phase interparti-
cle friction is present and contacts may be created or disrupted (i.e.
contacts are not fixed). For these assemblies the nondimensional
ratio ðp�RÞ=kn equals 0.9 � 10�3, 3 � 10�3, 7 � 10�3 and 14 � 10�3,
with �R the average particle radius. These assemblies consist of
30,000 bidisperse spheres (radii R1=�R = 1.025 and R2=�R = 0.975 with
equal numbers of spheres with radii R1 and R2). Periodic boundary
conditions have been employed to eliminate wall effects. The size
of the cubic periodic box is approximately 30 particle diameters for
the densest assembly.

The dependence of the coordination number Z on the confining
pressure p for these assemblies is shown in Fig. 2 (left). In the
determination of the coordination number Z, unstable particles
(so-called rattlers) with fewer than three contacts are not taken
into account, as they do not affect the mechanical properties of
the system. Since friction is included in the compression phase,
loose assemblies with coordination number Z below 6, the isostatic
value for frictionless assemblies, are obtained.

The relation between the coordination number Z and the solid
fraction u for the employed assemblies is shown in Fig. 2(right).
For each assembly two values for the solid fraction u have been
calculated. For the first, higher value the volume occupied by the
rattlers is taken into account in the calculation of the total particle
volume, while for the second value this volume is not taken into
account.

The results shown in Fig. 2 indicate that an increase in pressure
p is associated with a denser packing, i.e. an increase in coordina-
tion number Z and in solid fraction u. Note that there is no unique
relation between coordination number and solid fraction and pres-
sure for frictional assemblies (see for example Agnolin and Roux
(2007a)).

To obtain values of the true elastic moduli, DEM simulations
have been performed in accordance to the assumptions dis-
cussed in Section 2.2, with fixed contacts (i.e. without contact
creation and disruption) and without Coulomb frictional limit
(corresponding to an infinite interparticle friction coefficient).
Spring constants kn and kt have been taken identical at all
contacts.

Loading paths that have been considered are
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where e0 = 10�3 is a magnitude of the imposed strain increment.
The first and second loading paths are used to determine the bulk
modulus K and the shear modulus G, respectively.
6. Results

Here the predictions for the moduli according to the local-
adjustment-field approach and the uniform-strain assumption
are compared to the true moduli from the DEM simulations. Both
the bulk modulus K and the shear modulus G are considered. For
these cases the loading conditions correspond to the strain tensors
given by Eq. (30).

Since rattlers do not contribute to the stress, they are not con-
sidered in the local-adjustment-field approach.

The influence of the shell size on the predictions of the moduli is
investigated in Section 6.1, while the influence of the coordination
number Z of the assembly and the stiffness ratio kt/kn that charac-
terises the particle interaction are studied in Sections 6.2 and 6.3,
respectively.

6.1. Effect of shell size

The influence of the shell size m on the predictions of the bulk
modulus K and shear moduli G is shown in Fig. 3, left and right,
respectively, for the fairly dense assembly with coordination num-
ber Z = 5.52 and for a stiffness ratio kt/kn = 0.8. The stress-based
and the energy-based predictions (see Section 4.1) are both shown,
as well as the predictions according to the uniform-strain assump-
tion (see Eq. (29)) and the true moduli determined from the results
of the DEM simulations.

For both bulk modulus K and shear modulus G, the local-adjust-
ment-field predictions get closer to the true elastic moduli from
the DEM simulations for increasing shell order m. Thus, more accu-
rate descriptions of the particle displacement and rotation fields
have been obtained when these are found by determining these from
the equilibrium equations involving shells of increasing size m.

The energy-based prediction is always larger than the true DEM
value, since the energy-based prediction forms a rigorous upper
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bound, as explained in Section 2.3. In contrast, the stress-based
prediction may fall slightly below the DEM value (see Fig. 3, right
for m = 4). The difference between stress-based and energy-based
estimates is smaller for the bulk modulus K than for the shear
modulus G.

For the shell size m = 3, the relative deviation between true
DEM bulk modulus K and stress-based and energy-based predic-
tions is 1% and 4%, respectively. The corresponding relative devia-
tions for the shear modulus G are 4% and 14% for the stress-based
and the energy-based predictions, respectively.

The stress-based estimate forms an upper bound (see Sec-
tion 4.1), while for the stress-based estimate differences in the cor-
responding forces, in comparison with the true force field, may
cancel out to some degree. These considerations make it plausible
that the stress-based estimate is generally closer to the true mod-
ulus than the corresponding energy-based estimate. Note again
that for the true displacement and rotation field, both estimates
yield the same result (see Section 4.1).

Since the stress-based predictions of the moduli are closer to
the true modulus from the DEM simulations than the energy-based
predictions, the stress-based predictions will be used for the re-
sults shown in the following subsections.
6.2. Effect of coordination number

The results shown in the previous subsection have demon-
strated that the local-adjustment-field approach works well for a
fairly dense assembly. Here it is investigated how the local-adjust-
ment-field approach works for assemblies with other coordination
numbers Z (in particular for looser assemblies with lower coordi-
nation numbers), but with the same value of the stiffness ratio
kt/kn = 0.8.

The results are shown in Fig. 4 for the bulk modulus K and the
shear modulus G on the left and right, respectively. For all coordi-
nation numbers Z considered, the results show that local-adjust-
ment-field predictions of the elastic moduli get closer to the true
value from the DEM simulations with increasing shell size m.

For the shell size m = 3, the relative deviations between true,
DEM moduli and predictions vary from 1% to 6% for the bulk
modulus and from 2% to 16% for the shear modulus. More accurate
predictions are observed for denser assemblies with higher coordi-
nation numbers Z. For lower coordination number Z, the particles
are less constrained, resulting in larger fluctuations in particle
displacements and rotations. These larger fluctuations are only
partly captured by the local-adjustment-field approach, leading
to less accurate predictions of the elastic moduli at lower coordina-
tion number Z.

6.3. Effect of stiffness ratio

Here it is investigated how the local-adjustment-field approach
works for different values of the stiffness ratio kt/kn (in the range
0.2–1.0) that characterises the particle interaction, for the assem-
bly with coordination number Z = 5.52.

The results are shown in Fig. 5. The DEM results show that
the bulk modulus K shows a weak dependence on the stiffness
ratio kt/kn, while the uniform-strain theory predicts (incorrectly)
that the bulk modulus is independent of the stiffness ratio, see
Eq. (29). The local-adjustment-field approach captures this weak
dependence of the bulk modulus K on the stiffness ratio kt/kn. This
was also noted by Kruyt et al. (2010) for two-dimensional assem-
blies. The difference between true DEM shear modulus and that
according to the uniform-strain assumption is quite significant.

For the shell size m = 3, the relative deviations between true,
DEM moduli and predictions vary from 1% to 2% for the bulk mod-
ulus and from 3% to 6% for the shear modulus. Slightly more accu-
rate predictions are obtained for lower values of the stiffness ratio.
For lower stiffness ratio kt/kn, the coupling of the particles through
the rotational degrees of freedom becomes weaker, and the fluctu-
ations in particle displacements and rotations are smaller. These
smaller fluctuations are therefore better captured by the local-
adjustment-field approach, leading to (slightly) more accurate pre-
dictions of the elastic moduli at lower stiffness ratio kt/kn for this
fairly dense assembly.

6.4. Comparison of two-dimensional and three-dimensional cases

The current three-dimensional method is an extension of the
two-dimensional method of Kruyt et al. (2010). A difference be-
tween these cases is in the number of translational and rotational
degrees of freedom per particle. In the two-dimensional case, there
are two translational and one rotational degrees of freedom per
particle. In the three-dimensional case, there are three transla-
tional and three rotational degrees of freedom per particle. Thus,
the importance of rotational degrees of freedom is expected to be
larger in the three-dimensional case than in the two-dimensional
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case. These rotational degrees of freedom may exhibit strong
fluctuations.

For a proper comparison of these cases, assemblies with equiv-
alent coordination numbers should be considered. For this equiva-
lence the criterion of equal ‘‘redundancy indices’’ is proposed here.
The redundancy index RI (Kruyt, 2010) is the ratio between the
number of force degrees of freedom at the contacts over the num-
ber of equilibrium equations for the particles. Note that for a stat-
ically-determinate system without redundancy, RI = 1. Considering
elastic contacts, the number of force degrees of freedom at contacts
is 2Nc and 3Nc in the two-dimensional and three-dimensional case,
respectively. The number of force and moment equilibrium equa-
tions for the particles is 3Np and 6Np in the two-dimensional and
three-dimensional case, respectively. It follows, using Z = (2Nc)/Np,
that RI2D = Z/3 and RI3D = Z/4. The criterion of equal redundancy
indices then yields that the coordination number of a two-dimen-
sional assembly Zeq,2D that is equivalent to a three-dimensional
assembly with coordination number Z is given by Zeq,2D = (3/4)Z.

The current results shown in Fig. 3 for coordination number
Z = 5.52 and stiffness ratio kt/kn = 0.8 are used as data for the
three-dimensional case in the comparison. The equivalent coordi-
nation number of a two-dimensional assembly then is given by
Zed,2D = 4.14. This value is fairly close to the coordination number
of 4.08, for which data are given by Kruyt et al. (2010) (see their
Fig. 7). Their stiffness ratio that is closest to the value kt/kn = 0.8
for the three-dimensional case of Fig. 3 is kt/kn = 0.75. The corre-
sponding relative deviations between true shear modulus G and
that based on the local-adjustment-field approach are, for various
shell sizes m, as follows. For m = 1: 23% (2D), 29% (3D); for m = 2:
16% (2D), 12% (3D); for m = 3: 11% (2D), 4% (3D). This tentative
comparison (considering the inexact match in coordination num-
ber and stiffness ratio) indicates that the local-adjustment-field
method is at least as effective in giving accurate predictions of
the moduli in the three-dimensional case as it is in the two-dimen-
sional case.

7. Discussion

The local-adjustment-field approach for the prediction of the
elastic moduli of three-dimensional isotropic granular assemblies
has been proposed. In this approach the particle displacements
and rotations are estimated from solutions of the equilibrium
equations for small subassemblies. By increasing the size of the
subassemblies, the accuracy of the predictions is improved.

Two methods are described for the evaluation of the moduli
from the particle displacement and rotation fields, the stress-based
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and the energy-based methods. The energy-based method pro-
vides a rigorous upper bound to the moduli, as follows from the
minimum potential-energy principle. Generally, the stress-based
method gives predictions of the moduli that are closer to the true
elastic moduli as determined from the results of DEM simulations.

The accuracy of the predictions of bulk and shear moduli
according to the local-adjustment field approach is not very sensi-
tive to the value of the stiffness ratio kt/kn. Looser assemblies with
lower coordination numbers Z are less constrained, and hence will
show larger fluctuations in displacements and rotations. Therefore,
the accuracy of the predictions of the moduli according to the lo-
cal-adjustment-field approach is lower for assemblies with lower
coordination numbers.

For a shell size m = 3 the bulk and shear moduli are well pre-
dicted (with a relative deviation that is smaller than 7%, except
for the shear modulus of the loosest assembly) for the coordination
numbers and stiffness ratios considered here. This corresponds to a
size of the meso-scale of three particle diameters. For the assembly
with the lowest coordination number (Z = 4) such a meso-scale in-
volves about 20 inner particles. The size of the meso-scale is
important for general, detailed micromechanical modelling of
granular materials (for example Nicot and Darve, 2011).

In the current approach very detailed information on the con-
tacts of the individual particles is employed to solve for the particle
displacements and rotations from the equilibrium equations for
the subassemblies. Future work will deal with analytical formula-
tions of the current approach, in which this detailed information is
replaced by suitable assumptions on statistical characteristics of
the contact network.
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