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Abstract 

We calculate static solutions of the 'GOY' shell model of turbulence and do a linear stability analysis. The asymptotic 
limit of large Reynolds numbers is analyzed. A phase diagram is presented which shows the range of stability of the static 
solution. We see an unexpected oscillatory dependence of the stability range upon lg ~,, where u is the viscosity. This effect 
depends upon the discrete structure of the shell model and goes to zero as the separation between the shells is brought to 
zero. These findings show how viscous effects play a role in determining inertial properties of shell models and give some 
hints for understanding the effects of viscous dissipation upon real turbulence. 

1. Introduction 

Kolmogorov'sclassic 1941 paper [ 1 ] asserts that in 

the limit of large Reynolds number, the inertial range 

behavior is independent of the form and magnitude of 

the dissipation. Many approaches such as large eddy 

simulations (LES, [2] ) or simulations with hypervis- 
cosity [3] have been based upon this idea that the 

viscous subrange (VSR) simply serves as a drain to 

remove the energy carried down through the inertial 
subrange (ISR). However, recently Leveque and She 

[4] have cast doubt upon the independence of the ISR 
on the VSR energy sink. They suggested that energy 
cascaded through the inertial range tended to be re- 
flected at the dissipative scale. This reflected current 

could reappear in the integral range and thus could af- 

l On leave of absence from Fachbereich Physik, Universit~it Mar- 
burg, Renthof 6, D-35032 Marburg. 

fect the details of integral range behavior. In particular, 

through this mechanism ISR scaling exponents could 

become Reynolds number dependent as also suggested 

by the log similarity model [5]. 

A variety of approximate models have been devel- 

oped in recent years to test our ideas about turbulence. 
These models are shell models in which the veloci- 
ties are put on a fractal series of shells in wave vector 

space. The different shells are characterized by wave 

vectors of the form 

k, = k0a" (1) 

with ,~ being the ratio between shells. One of these 
shell models is the so-called GOY model, introduced 
by Gledzer [6], Yamada, and Ohkitani [7],  which 
involves a forcing at large scales, a cascade of en- 

ergy through a set of shells in an inertial range, and 
a dissipative dominance of shells beyond the inertial 
range. (For some more recent studies see for example 
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[ 8,9 ].) The GOY model is perfectly set up to test the 

hypothesis that inertial range behavior is independent 
of what happens in the VSR. In contrast to full numer- 
ical simulations [ 10] and to reduced wave vector set 
approximations (REWA) [ 11], even a semi-analytic 

approach will be possible. 
In this paper, we test Kolmogorov's basic hypothe- 

sis - the independence of ISR quantities on the VSR 
- by looking at the static properties of GOY model 
behavior. As first pointed out by Biferale et al. [ 12] 
this model has a static solution for certain values of 
parameters. In this paper, we find the natural static so- 
lution (Section 2), define the dependence of this so- 
lution upon the model parameters (Sections 3,4) and 
do linear stability analysis to determine the range of 

stability of the static solution (Section 5). 
The major conclusion of this paper is that Leveque 

and She [4] were right for the GOY model at least. 
The inertial range behavior of the static solution does 
depend upon the strength and structure of the dissipa- 
tion. As we develop below, both the static solution and 
its range of stability are - for small values of the vis- 
cosity - periodic functions of the logarithm of viscos- 
ity, with the period being proportional to the logarithm 
of ,~. The fundamental source of this periodic behavior 

is the meshing between the onset of dissipation and the 
shell structure. Thus, for example, the dissipation of 
energy has a different value when the dissipative term 
becomes first large at a given shell or if conversely it 
becomes large between shells. As the range of stability 
depends on the viscosity and as inertial range scaling 
corrections to K41 (commonly called 8~p = ~p - p / 3  

for the pth moment of the velocity) set in smoothly 
at the borderline of stability [ 12], this suggests that 

also the scaling corrections 8~p depend on viscosity, 
maybe even in the fully chaotic state, as already dis- 
cussed in [4,9]. Since the shells are unphysical, this 
mechanism for viscosity dependence is also unphys- 
ical. In fact, this periodic behavior disappears when 
the shell ratio goes to unity. However, some roughly 
analogous mechanism for coupling between inertial 
range and dissipative range behavior might even exist 
in real turbulence and thus contradict some portion of 
the lore surrounding the K41 paper. This item will be 
discussed in our conclusions (Section 6). 

2. The GOY model and its static solution 

The basic idea of the GOY model is to represent 
the wavevector space by N geometrically scaling 
wavevectors kn, n = 1,2 . . . . .  N, as in Eq. (1).  A 
complex number Un represents the typical velocity 
on scale kn 1 . It is coupled to next and next nearest 

neighbors. Large scales are forced. Viscous damp- 
ing becomes effective on small length scales. To be 
more precise, the GOY toy dynamics for the three- 
dimensional Navier-Stokes equations is given by 

d u = i [Cn(U) ]* - ~,kPUn + FSn4. (2) 
dt n 

Here the cascade term, Cn (U) ,  is a bilinear expression 
in U which links neighboring shells. In the GOY model 
it has the form: 

Cn(U)  = knUn+l Un+2 - ekn- lUn-1Un+l  

--( 1 - ~:)kn_2Un_lUn_ 2 (3) 

while the terms in F and ~, are respectively represen- 
tations of the large-scale forcing and the small-scale 
viscous dissipation. The parameters in the model are 
the scaling factor ,~ between the shells, the parame- 
ter e determining the ratio among the three cascade 

terms, and the viscosity ~, which can be considered 

as inverse Reynolds number. Most of the calculations 
in this paper are carried out for "normal" viscosity 

(p = 2). Sometimes we examine the effect of hy- 
perviscosity by looking at p > 2. Normal viscosity 
is to be assumed unless stated otherwise. The forcing 
F and the wavenumber k0 determine length and time 
scales, we make the conventional choices k0 = ,~-4 
and F = 5( 1 + i) × 10 -3. In the inviscous, unforced 

case, Eq. (2) conserves the total energy )--~n IUnl2/2" 
A second conserved quantity is )--~n IUnl2( ~ - 1) -n 
which can be identified with helicity if A = 1/( 1 - e) 
[9]. The number of shells N is chosen big enough so 
that the energy on the last shells is practically zero. 
Much work has been done in recent years to under- 
stand the dynamics of Eq. (2) [8,9,13]. 

For the static case the complex equation (2) can be 
set in real form. A simple change in the phase of the 
Un can eliminate all the i's in the equation and leave 
the result real. There is a periodic behavior in n built 



42 N. Sch6rghofer et al. 

into the inertial range, in which the behavior on the 

different shells repeat with a period three [9] .  The 

change in phase is done with the basic period three 

[13] in the form Un = Une i4~', F = f e  i¢'. By taking 

~b = ~ / 4  we make f real and equal to 5v/2 x 10 -3 

in the standard case. From dynamical  calculations we 

find that the static solution of  the complex dynamical  

equation (2 )  picks the phases 

9zr /8 for n = 3, 6, 9 . . . .  

~b, = ~-/4 f o r n =  1 ,4 ,7  . . . . .  (4)  

7r/8 for n = 2, 5, 8 . . . .  

So we also choose these very phases and thus Eq. (2)  

is replaced by the real equation 

d 
dtUn = - C n ( u )  - ~,kPnun + f6n,4. (5)  

with C , ( u )  defined in Eq. (3) .  Eq. (5)  is by the way 

Gledzer ' s  original model  for two-dimensional turbu- 

lence [6] .  

A phase choice l ike (4)  can turn every static solu- 

tion into real form. This is an exact result for nonva- 

nishing viscosity [ 14]. In the examined cases, for the 

above chosen phases, all Un are positive, apart from 

u3 which is negative and very small in modulus. (u3 

goes to zero with u ~ 0.) 

In the static case, the left hand side of  Eq. (5)  is set 

to zero. The result is a fourth order dif ference equa- 

tion which will  then require four pieces of  boundary 

data. Our solution is obtained by using the boundary 

condit ions u0 = u_~ = uu+~ = uo+2 = 0. 

In order to find the solutions un of  these N real equa- 

tions, we first get a rough solution by iterating forward 

the time dependent equations (2)  for some small value 

of  e. After  a while, the velocities approach a reason- 

ably constant set of  values. This roughly static solution 

is then refined by Newton 's  method. After the exact 

static solution is obtained for some set of  parameters, 

(u, ,~, E), then we continuously vary one or the other 

parameter(s )  in small steps to obtain neighboring so- 

lutions. Once solutions are obtained over a reasonably 

large range, we can use the theory outlined below to 

extend the solution to smaller values of  the viscosity 

and to arbitrarily large numbers of  shells. Once there 

are enough shells, adding more just  extends the VSR 
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Fig. 1. Phase diagram which shows regions of existence and 
stability of the static solution. The right solid line is Esnb, left 
of which the static solution exists. Note that the minima and 
maxima of esnb(,~) roughly agree with those of J(A), cf. Fig. 4. 
For completeness we mention that far right of this line there are 
(unmarked) regions where a stable solution of the GOY model 
again exists. The left solid line is ~4, (first phase instability), stab 
the middle thin solid line is eUstab (first magnitude instability). 
The calculation is done for I, = 10 -7 and N sufficiently large so 
that its value does not matter. The dotted line marks e = 1 - I/A 
along which the helicity is conserved and along which dynamical 
scaling exponents srq (beyond some threshold) are the same up to 
numerical accuracy [9]. The cross marks the dynamical standard 
case ~=2, ~ =0.5. 

but does not change the values of  the velocities in the 

other shells. 

Since these static equations are non-linear and of  

high order, one expects many solutions. In this paper, 

we focus upon the particular solutions which evolve 

naturally after a transient time. They all have the same 

character as those in the base case o f  A equal to 2 and 

small values of  E. These solutions exist over a wide 

range of  parameters but do not exist everywhere. For 

example, Fig. 1 shows the region in A and e for which 

one can find solutions to Eq. (5)  for the standard case 

u = 10 -7, f = 5x/~ × 10 -3. The number of  shells N 

is picked sufficiently large. This figure also shows the 
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stability of  our solution, as indicated by linear stability 

analysis. (See our work in Section 5 below.) The lines 
on the figure define the places where the first stability 
eigenvalues pass from their stable to their unstable 

regions. Thus, the regions to left of  these lines are the 

stability domains for the static solutions. The left solid 

line holds for the stability of  Eq. (2) ,  the middle for 
that of  Eq. (5) .  In general, instabilities in the phase 

~b~ occur tor smaller • than for the modulus un, so the 

former is most frequently left to the latter. 
Fig. 1 is quite complex, describing many processes 

at once. We summarize this figure by describing what 

happens along the cut on the figure at A = 2. For 

small • there is a stable static solution of Eq. (2) .  

This solution continues to exist all the way up to 

e,~b ~ 0.44990622582 where there is a saddle node 

bifurcation [ 15]. At this bifurcation point one eigen- 
value (in this case the largest) of  the Jacobian of 
Eq. (5)  becomes zero and a unique curve of fixed 

points passes through the bifurcation point which lies 

on the side e < e.~,b [ 15]. The static solution of (5) 

is stable over the entire range ]0, esnb]. Yet this is 
not the general case. For different A Fig. 1 shows that 

there are many cases where Eq. (5) becomes unsta- 

ble as well. For ,~ = 2 Eq. (2) undergoes a Poincar6- 

Andronov-Hopf  (short: Hopf)  bifurcation [15] at 

• ~ 0.36987669663 ..~ 0.3699. This transition was an- 
alyzed by Biferale et al. [ 12]. The next most unstable 

mode turns positive at ,~ 0.39560317884 ~ 0.3956. 

I f  one requires as did Gledzer [6] that the solution be 
real, then these instabilities cannot appear. Thus we 
see some of the major process which will affect the 
transition to chaos in the GOY model. 

There is another striking feature of  Fig. 1. It con- 

tains many wiggles. Even more pronounced wiggles 
are seen in estab as a function of  lg v, see Fig. 12 be- 

low. Wiggles of  this kind were first observed in a nu- 

merical study carried out by one of us [ 14]. One of 
the primary purposes of  this paper is to explain these 
oscillations. As we shall see below they are a conse- 

quence of the shell structure [ 16]. 
Next we describe the qualitative nature of  the so- 

lutions obtained for very high values of  N and small 
viscosity. We follow the classical analysis and divide 
our description into three parts: 

(a) A forcing range, n = 1 ,2 ,3 ,4 .  

(b)  An inertial range. In this ISR, the viscous term 
is much smaller than any one of  the different 
cascade terms. These cascade terms then cancel 

against one another. 

(c) A dissipative range. In the VSR, the viscous 

term cancels against the single largest cascade 
term - and the other two cascade terms are much 

smaller. 

Start with the inertial range. Here one can obtain 
[9] a simple asymptotic solution for the product: 

Sn= kn - lun - lunu ,+ l  (6) 

for n > 4 of  the form 

S,, = A + B ( e -  1) n. (7)  

Here A and B determine the fluxes of  the two con- 
served quantities. We look at the case in which the 

second term in Eq. (7) decays rapidly with n. In this 
case, the energy flux 

• In = knunUn+lun+2 + (1 - E)kn-lUn-lUnUn+l (8) 

gives the crucial transfer of  energy (and information) 

from one region of  n to another, namely 

J ~ =  ( 2 -  e ) A .  (9) 

The other flux [9] 

Ln = (e  - l )-n(kn_lUn_lUnUn+l - knunun+lUn+2) 
(lO) 

is 

L, = ( 2 - ~ ) B  (11) 

and carries no additional information, as, see below, 

Eq. (15) Jn/Ln = A / B  = ( 1 - e)  4 holds. 

So far we have described two constants A and B 
of  the four constants of  integration which describe the 
solution in the ISR. The two additional arbitrary con- 
stants arise from the symmetry of  the ISR equations 
under a period three multiplicative modification of  un. 
The ISR solution is invariant under the multiplicative 
modification of  solutions in the form 
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a u ,  for n = 4 .7 .10  . . . .  

u,  - ~  /3u,  for n = 5.8.11 . . . . .  

y u .  for n = 6 .9 .12 . . . .  

(12) 
The other boundary condition for the inertial end is 
obtained from equation (14) applied to n -- 4. Since 

u3 is negligible, we see 

Since the modifications ofEq. (12) also change A and 

B, they are not independent of the previously defined 
constants of  integration. However if one demands that 

the product of  the three changes be unity: 

1 = a/3y (13)  

then this freedom will not change the value of A or 

B. By demanding the constraint of equation (13) we 

then have four independent constants of integration, 

which we can pick to be A ,  B, 13, and 9'. 
Notice the nature of the information transfer through 

the inertial range. Our boundary conditions fix four 

parameters. The value of B is of minor importance, as, 

when calculating un as a function of the four constants 

A, B, /3, and y, it will not depend on B for large 
n. However, both the value of A - which determines 

the energy flux and equally the values o f /3  or y - 

which determine the ratios U3k+2/U3k and U3k+l/U3k 
- have an entirely non-decaying effect throughout the 

inertial range. Thus these three parameters transfer 

information without loss up and back over the whole 

ISR. 
To set the four parameters, the system sets two con- 

ditions on each boundary of the ISR. To understand 

the integral scale, we note that u3 is very small and in 
fact goes to zero with v as the viscosity approaches 

zero, as mentioned above. We thus neglect u3 in all 
the static equations with n greater than 2. The result- 

ing simplified set of equations is essentially the static 

version of Eq. (5) 

0 = - C n ( u )  - vkPun + fBn,4 (14) 

with modified integral scale boundary conditions u3 = 
u2 = 0. These boundary conditions are similar to those 
suggested by Biferale et al. [ 12]. One of these bound- 
ary condition sets the ratio of A and B. To make 

Eq. (7) consistent with u3 = 0, i.e., $4 = 0 from 
Eq. (6),  we must take 

B = A / ( 1  - E) a. (15) 

f = k4u5u6 • (16) 

Notice that Eq. (16) uses the applied forcing to fix a 

boundary condition upon the inertial range but that it 

does not in itself fix the value of the energy flux. To 

know that flux, we would need to know u 4 f  - which 

is the energy flux. However, we shall not know u4 

until we have solved the entire problem including the 

boundary condition at the end of the VSR. 

Deep in the VSR, we demand that the velocity de- 
creases rapidly with shell number. In fact, as we shall 

develop just below, for very large n we can obtain the 
very rapid decrease of the form: 

lnu, = - c o n s t .  x (kn) g , (17) 

where g is greater than one. Its actual value is of  no im- 
portance for our argument. To see how this form arises, 

assume a decrease of this form. Then the ( I  - e ) - t e r m  
dominates the cascade terms and balances against the 

viscous terms. We then find, assuming that ( 1 - e) is 

positive: 

In U n _  2 --[- In U n _ l  = In u,  + l n ( 4 v k n / ( 1  - e) ). (18) 

The last term is asymptotically negligible in compar- 

ison to the others. Throw it away, and one finds a 

very simple solution to the resulting Fibonacci equa- 

tion [ 17], namely 

In u~ = - a  + b , (19) 

where a is positive. Thus, the second order difference 
equation (18) has a two parameter family of  solutions 

which die off rapidly with n. The two parameters a 
and b are set by fitting onto the inertial range solution. 
Note however, that we have gone from a situation in 

which we generally have four constants of  integration 
to one in which we have but two in the far reaches 
of the VSR. Where have the other two gone? They 
were, in fact, set by the condition that u# must decrease 
rapidly with n. This condition eliminated two growing 
solutions. The demand that the inertial range solution 
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Fig. 2. Spectrum un vs. kn for ~ = 0.3, a = 2 for various different viscosit ies v = vo = 10 -7 ,  v = v0 × 16 - n ,  v = v0 × 16 -17, 

v = v0 x 16 - i S ,  v = uo x 16 -19, left to right. Note that the detailed wiggle  structure in the ISR, which now is identical for all  cases, wil l  

be different when changing  v by a factor different from (a4 )  - m  where m is an integer. 

must not excite the growing modes in the VSR then 

sets the two remaining parameters in the ISR solution. 

In this way, all parameters in the ISR solution are set. 

In particular, the energy flux is set by this interplay of 

ISR and VSR behavior. 

3. Viscosity u and shell distance A dependence of 
the solution 

We now explore the u and A dependence of the 

static solution. We saw in the last section that the 

solution was determined by detailed balancing of the 

various cascade terms and the dissipation term on the 

boundary between the VSR and ISR. The result (and 

hence the values of the flux) will depend in detail upon 

how the dissipation 'cuts in'. The detailed values of 

the integration constants will be different depending 

upon whether the dissipation first becomes important 

on a shell for which n equals 3k or 3k + 1 or 3k + 2. 

The result will return to the same form only after the 

value of v is decreased by a sufficient factor to bring 

the solution to the same form three shells down. Since 

the cascade term will increase by a factor A over three 

shells while the dissipation term will increase by a 

factor a 5 over the same interval, then decreasing v by 

a factor of A -4 will bring the system back to the same 

balance of terms three shells deeper down. To see this 

we plot in Fig. 2 the solution u, for a succession of 

cases in which v differs by a factor of A 4. The picture 

shows the same transition from ISR to VSR occurring 

again and again for the different values of v - only for 
smaller v the transition occurs on higher shells. 

If we vary u by some factor which is not an integer 
power of A 4, the detailed structure of the wiggles in 

Fig. 2 will be changed because there is a change in 

the way the integral scale merges into the VSR. To see 

how this variation works, we look at the standard case 
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Fig. 3. (a) The energy flux J = Jn for n in the ISR, showing 
strong oscillations with lg v. The period is ,t 4. Here we chose 
N = 104, ,I = 2, ~ = 0.3. Note that the solution is unstable in 
some regions which we will discuss in detail in Section 5. (b) 
The ratios u3k+2/u3k (lower) and u3k+l/u3k (upper) for k = 3, 
showing strong oscillations as Jn. For all 3k in the ISR, these 
ratios are the same. 

= 2, e = 0.3 and vary the viscosity. In Fig. 3, we 

show the result of this variation upon the important 

determinants of ISR behavior: the energy current Jn 
and the ratios U3k+2/U3k and u3k+l/u3k. Each of these 
quantities, for 3k in the ISR, becomes independent of 

the subscript. Note the periodic oscillation of these 
quantities with lg v. As we have already discussed the 
period is Ig ~4. For the hyperviscous case p = 4, the 

same argument gives a period Ig AI0; in general, it is 
Ig A 3t'-2. 

Note the large relative amplitude of the oscillation. 

For Fig. 3 we have AJ,/Jn ~ 0.35. To understand this 
result, we calculate the dependence of Jn on A for fixed 

v, see Fig. 4. This oscillation comes from the dissipa- 
tion of the energy current J which takes place at the 
high-n edge of the ISR within a fixed k-range Ak of, 
say, about one decade. If  there are enough shells in 
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Fig. 4. (a) The energy flux .In for n = 40 11, 14, top to bottom. 
We chose N = 104, v = 10 -7, 6 = 0.3. The oscillations increase 
with increasing h. For large ,~ viscous effects can already be felt 
for the large shells n = 11,14. (b) Enlargement of the left part 
of (a) in linear-log scale. The dashed line touching the maxima 
is 0.0016 + 0.00041g A, according to (20). 

this range, i.e. if A is close to 1, then J can precisely 

adjust to the supplied viscosity. If, on the other hand, 

the shells are sparse, the total dissipation and thus the 

total flux J sensitively depends on the exact position- 
ing of the shells which are situated within the fixed 
range Ak. We can analyze the amplitude of the oscil- 

lations when the number of shells in this range is not 
too small. Since the motion caused by a variation in 
v can at most move one shell into or out of  range, we 

may expect the relative variation in dissipation caused 
by the motion to be the inverse of  the number of  shells 
in the range. The number of  shells An within Ak is 
An = lg(Ak) / lgA.  Therefore we expect 

AJ 1 lg,~ 
Ig ,t. (20) 

J An lg(Ak) 

When we look at the numerics, we find order of  mag- 
nitude agreement with Eq. (20). For ,t = 2, we may 
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expect an oscillation A J / J  ,~ ig 2 ~ 0.3, as observed. 

But we also observe some non-analyticity as A goes 

to l. Such non-analyticities often arise in continuum 

limit problems, see e.g. Ref. [ 18]. 

4. Large forcing solution 

So far all of  our analysis has been performed for 

large-N systems. As ,~ got close to one we increased 

the number of  shells so that, in effect, we were al- 

ways working in the limit of  infinite shell numbers. 

However, the matching between shells and dissipation 

which we are discussing in this paper is very well il- 

lustrated by considering the case of  the shell number 

N fixed. If  we then make the forcing constant f very 

"large", nearly all o f  the dissipation will occur on the 

last two shells. This gives us the definition of  the crit- 

ical f = fc,  beyond which we consider f as large. We 

define f c  by the condition 

2 2 vkNuN ~ fcu4. (21) 

With Kolmogorov scaling Us ~ ua( kN/k4)  -I /3 and 

u4 "~ v/- f - /k4 o n  dimensional grounds we obtain 

dependence, we can restrict ourselves to theses three 

u,;  all higher u,  of  the same triality have the same 

scaling dependence as the corresponding basic veloc- 
ity u4, us, or u6. We observe two quite different scal- 

ing regimes in Fig. 5. Indeed, the crossover between 

them agrees with what we calculate from Eq. (22) ,  

namely fc = 2.8. 

For small f < fc,  all u, (n 4: 3) scale as un "~ 

f l /2 ,  apart from wiggles of  period ,~8 in l g f .  The 

u~ ~ f l /2  scaling follows from dimensional analy- 

sis. Lengths are measured in terms of  [ko  j ], times 

in terms of  [ fk0 ] - t / 2 .  So velocities are measured in 

terms of  [ k o l / 2 f  I/2] and thus scale as un ,- f l /2 .  

From Eq. (5) it follows that u3 = vk~ul/u2 ~ fo  

1. The wiggles on the underlying scaling law mirror 

the above explained fluctuations in v for fixed f .  As 

[ v] = length2/time = [ko3/2f l /2] ,  the period A4 in 

lg v means a period A8 in lg f which exactly is what 

we observe. 

For large f > fc the dissipative mechanism is quite 

different from the Navier-Stokes case, yet it is similar 

to large eddy simulation-type models (see e.g. [2] ) 

with some energy drain for large wavevectors. We start 

from K41 scaling, which can be expressed as 

f c  = k31/2,~.(8N+4)/3 (22) u, = au,+3. (23) 

as critical value for f .  

In Fig. 5 we display the f dependence of  U4, U5, and 

u6 for the standard case N = 22, ,~ = 2, • = 0.3, v = 

10 - 7 .  Since the coefficients A and B have the same f -  

4- 

2- 

0- 

2- 

lg 4- 

-6- 

8- 

-10- 

-12 i , i , , r 

I 0 I 2 3 4 5 
lg kn 

Fig. 5. u,  vs. f for n = 4 ,6 ,5  (top to bottom) for N = 22, 
= 0.3, v = 10 -7.  Two regimes are identified: A small f regime 

with v '7-scaling and wiggles of  period .18, and a large f regime 
with f l  and ,~  scaling. 

Thus, we focus upon predicting the f-scal ing of  

U3k+l , U3k+2 , U3k. Surprisingly, it depends on the to- 
tal number N of  shells. The reason is that due to 

the n ~ n + 3 symmetry it matters whether exclu- 

sively complete triples (u, ,un+l,un+2) fit between 

the forced shell n = 4 and the dissipative shells 

n = N, N - 1, or whether the last triple has to be 

truncated to (un, u~+l ) or even to (u , ) .  Note that the 
total number of  complete triples between n = 4 and 

the dissipative shells N, N - 1 does not matter. We 

thus have to distinguish between the cases N = 3 k +  1, 

N = 3k + 2, and N = 3k. The constraints on the un's 

are the same in all three cases. Equation (16) pro- 

vides a small-n constraint. The large n-relations are 
obtained from equation (14) applied for n = N and 

n = N - 1. The resulting constraints are 

UN ~ UN-IUN-2, (24) 



48 N .  S c h O r g h o f e r  et  al. / P h y s i c a  D 8 8  ( 1 9 9 5 )  4 0 - 5 4  

Table I 
Scaling properties of  the solutions for the three different cases 
N = 3k + 2, N = 3k + 1, N = 3k for large f .  The first three lines 
follow from Eqs. (24) and (25) and (23), the next one denotes 
the scaling of the total energy dissipation ediss. The scaling of 
ul, u2, and u3 follows from the first three equations of (5). Note 
that in the last case N = 3k no solution exists. Correspondingly, 
the solution for the whole system of the N real equations for Un 

ceases to exist for sufficiently large f .  The approximate domain of 
existence and stability of the solution is given in the last two lines. 

N = 3 k + 2  N = 3 k + l  N = 3 k  

lution throughout. One should not be too surprised: 

Since equation (5),  as discussed above, can be consid- 
ered as a difference equation in the variable n. Again 
its solution is determined by the left and right bound- 

ary conditions for the equations for n = 1,2 and n = 
N , N - 1 .  

5. Stability analysis 

u4 ~ f  " ~ f  ,~1 
us ~ 1 ~ f  ~ x/"f 
u6 ~ f  H 1  ~ x / f  
Ediss ~ f 2  ,,~ f 2  ~ f 

ul ~ f - - I  ~ f _ 

u2 ~ 1 ~ f  - 

u3 ~ f - - I  ~ 1 - 

existence 10,ool 10, ool [ 0 , ~  1000] 
stability [0, ool 10, ~ 12] [0, ~ 800] 

6 

4- 

2- 

0- 

- 2 -  

- 4 -  

i i i i i i i 

-s -6 -4 -2 l f f f  2 4 6 

Fig. 6. Energy spectrum un vs. k,~ in the large f regime: f ~ 104, 
E = 0.3, ~, = 10 -7 ,  N = 22, A = 2. Also shown is the power law 
k,]- 1/3. 

U N - I  ~ U N U N - 2 ,  (25) 

but via the n --~ n-I- 3 symmetry they translate to quite 

dif ferent f-scaling for u4, us, and u6 for the cases N = 
3k -I- 1,3k + 2, 3k, which are displayed in Table 1. 

The spectrum for the case N = 3 k +  1 = 22 is 
shown in Fig. 6. It again reveals the period 3 structure 

of the GOY equations. As follows from Table 1, the 

amplitude of this oscillation linearly grows with f .  
The analysis of this chapter again reveals how the 

detailed structure of the VSR and the stirring sub- 
range SSR determine the structure of the whole so- 

Up to now we only discussed the existence of the 

solutions and its dependences on various parameters, 

but not whether the solution is linearly stable. Yet the 

case treated in recent publications [8,9] is the unsta- 
ble one, since it is only in this region that the GOY 

equations make sense as a model for turbulence. We 
would like to explore how unstability is achieved and 
how it depends on the various parameters. The first 

stability analysis for the GOY systems was performed 

by Biferale et al. [ 12] for one set of parameters N = 

19, zl = 2, t, = 10 -6, k0 = 0.05. They find that insta- 

bility in the GOY equations (5) sets in via a Hopf bi- 

furcation (i.e., a complex conjugate pair of eigenval- 

ues passes through the imaginary axis) at e = estab 
0.38. We find that this mechanism is rather general. 

To discuss the stability of the GOY equations, we 

return to the consideration of Eq. (2). We are inter- 

ested in the stability properties of the complex solu- 

tion U, = unexp (ifbn). Variations in Un are split in 

those in the modulus 

un = u~ (°) + ~u~ (26) 

and those in the phase 

~b, ,6(0) + 6~b,. (27) 
.r- n 

The stationary phase ~b(, °) is given by Eq. (4).  The 
stability matrix equation for the modulus is readily 

obtained from Eq. (5) as 

d 
--~Su, = - X(  D,m + C,m) 6Urn. (28) 

Here D,m and C,m are respectively the dissipation and 
the cascade contributions to the linear response defined 

as  
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D,,m = vfin,,,kJ' (29) 

and 

Cnm = .O-~--C.(u). (30) 
OU m 

To obtain the stability matrix equation for the phase 
we first derive the phase dynamical equation which 
corresponds to Eq. (5) for the modulus and which de- 
termines the phase variation 6¢n around the stationary 
solution ( u °, ¢0 ), 

d 
u,, exp ( i 6¢ .  ) -dt ( 6¢"  ) 

- -  P - - v k , ,  u,, exp (iSdpn) + fSn,4 

- k,,u,,+l u.+2 exp ( --i(&b.+l + 6¢.+2 ) ) 

+ e k , , - l u . - l u . + l  exp ( - - i ( 6 ¢ , , _ j  + &bn+l)) 

+ ( 1 - e ) k . - 2 u . _ l u . _ 2  

x exp ( - i ( & b . _ l  + 8 ¢ . - 2 ) ) .  (31) 

Here we have dropped the index zero at the stationary 
solution u(. °) for convenience. Linearization of (31) 
gives 

d 
-~&b,, = - X(  D. . ,  - C¢.m)aem (32) 

with 

C 0  , _ u . ,  O C, , (u) .  (33) 
Un abtm 

A similarity transformation of D,m - C,0,, with the 

matrix 6,, ,u,,  leaves the eigenvalues unchanged and 
simplifies equation (32) to 

d 
--~a¢,, = - X(  D . . ,  - C . . , ) ~ ¢ m .  (34) 

which only differs by a sign from Eq. (28). 
Both of the stability matrices -D.m - Cnm and 

- D . m  + C.m have their own set of eigenvalues and 
eigenstates. As usual the eigenvalues, called or, may be 
real or complex. The complex eigenvalues do not im- 
ply anything about the complexity of the perturbations 
around the static-velocity, which must be real. Rather 
a pair of complex conjugate eigenvalues represents a 
pair of perturbations which convert up and back into 
one another as time goes on and thereby produce an 
oscillatory response. 

12-  

! 0 -  

8 -  

4 

2 -  

0 -  

-2  i i i i 
0 5 10 15 

Fig. 7. Eigenvalues for the matrix equation (28) of  the modu- 
lus for N = 104, • = 0.3, it = 2, v = 1.32349 x 10 -30 in the 
complex plane. The complex pairs of  eigenvalues (Re or, 4- Im o') 
are visualized as (lg ] Re erl, lg( [lm o t ), the real eigenvalues o- as 
(lg Io'[,0). The largest eigenvalue er ~ - 1 0  -6  which is associ- 
ated with the irregularity at u3 is not seen in this plot. It is this 
eigenvalue that turns zero at •snb ~ 0.4499. Note that the irregu- 
larity in the pattern for (Ig [o'[,0) around 12 is not an numerical 
artefact but it is real and coincides with the end of the upper curve. 
Its physical meaning is the onset of the dissipation range VSR. 

To get numerical results, the eigenvalues of the non 
Hermitian Jacobians are calculated with the EISPACK 

package which is available via netlib. To achieve suffi- 

cient numerical accuracy for the eigenvectors quadru- 
ple precision turns out to be necessary. 

When the real part of the eigenvalue is smaller than 
zero, the perturbation produced by the corresponding 
eigenstate decays. Conversely, when the real part is 
positive, the perturbation produces an exponentially 
growing response. For this reason, we focus our atten- 
tion upon the eigenvalues with the largest real part. 

There are a large number, 2N, of eigenvalues. Fig. 7 
shows the pattern of eigenvalues for a typical situa- 
tion (,t = 2, N = 104, e = 0.3, v = 10 -7 × 16 -19 = 

1.32349 × 10 -3°). Notice how the eigenvalues arrange 

themselves into families. Each right eigenstate has a 
peak at some value of n (Fig. 8b). Call this value m. 
Since the eigenvalues represent a relaxation rate, it is 
not surprising that for values of m toward the middle 
of the inertial range both the eigenvalues of the two 
branches in Fig. 7 have the magnitude o- ~ km 2/3 as 
predicted by K41 scaling. The real family of eigen- 
values continues into the dissipation range where o- ,'- 
kin 2 since this is the magnitude of the dissipative re- 
laxation rate. Only a few of the eigenvalues fail to fall 
into the pattern described here. These special eigenval- 
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-15- 

lg [~un 12o- 

-25- 

-30- 

-35- 

ll0 210 30 410 50 60 710 80 
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(a) o- 
-5- 

-10- 

-15- 

lg  [~un[~o_ 

-25- 

-30- 

-35- 

10 20 310 410 50 6'0 70 8'0 
I1 

Fig. 8. Eigenvector IRe(un) I vs. kn for magnitudes, N = 104, 
= 0.3, A = 2, u = 1.32349 x 10 -~)  for (a) the big eigenvalue 

o- ~ -0.082 q-/0.035 (left and right eigenvectors) and (b) the 
smaller eigenvalue o- ~ - 2 . 0  x l09 4- i1.0 x l01° (left and right 
eigenvectors). We did the calculation with quadrupole precision, 
the numerical noise level l0 -32 can be recognized in both figures 
(a) and (b). 

ues have right eigenstates which tend to have a large 

weight at low shells. 

One phase disturbance has eigenvalue zero. This is 

reflective of a remaining phase ambiguity [ 13,14] in 
the solution. Starting from any solution of our static 

equations one can obtain another one by the follow- 
ing process: All the u's with the same triality as u5 are 
modified by multiplication by e i~ (with 4) real) while 

all the ones with the triality of u6 are given the oppo- 

site phase. The new set of u, is also a solution. This 
ambiguity in the solution is reflected in a zero eigen- 
value, which will have no further importance for us. 

For most values of A (the only exception being 
around A = 2.8), the largest real part occurs in the 
phase perturbation so that the phases show a greater 
tendency toward instability. As a result, the stability 
bounds shown in Fig. 1, which describe where the first 

2 i i i 

1.8 
1"12 o 8 a °°°  

1.6 ~ e '~ - "  

1.2 

1 I 
0.1 0.2 0.3 .0.4 

E 

9. First and second phase (Hopf doublet) instabilities ~ a b  in big. 
a Ig-lg plot of A against 1 - e. Also shown is Biferale's prediction 
[19], Eq. (35) (solid), and the line A= I /( t  - ~) along which 
"helicity" is the second conserved quantity [9] (dotted). The 
inset shows an enlargement of the small ,h range which shows that 
the instability line crosses the line of conserved "helicity". The 
calculated points for the first eigenvalue crossing zero are marked 
by dots; the line without dots denotes the second phase instability. 

eigenvalues go unstable, are phase instabilities. Each 

of these is also a pair of complex conjugate eigenval- 

ues. Thus, the leading instabilities of  the static solu- 

tion are actually Hopf bifurcations in the phase vari- 

ables. One such bifurcation gives periodic oscillatory 

behavior. According to the Ruelle Takens analysis, two 

such Hopf bifurcations can give chaotic behavior. Ev- 

idently, the Hopf bifurcations can lead to the GOY- 
model chaos. Indeed, this scenario has been demon- 
strated by Biferale et al. [ 12] for the GOY model. 

It is remarkable that the eigenvalue spectrums of 

the phase stability matrix C,m - Dnm and of the (neg- 
ative) magnitude stability matrix Cnra + Dnm are so 
different as the two matrices only differ by the dissi- 
pation contribution (29). This again is an indication 
for our main point of this paper: Dissipation effects 

can considerable change dynamical properties even in 
the inertial range. 

Luca Biferale [ 19] predicted that the GOY dy- 
namics should turn unstable when the magnitude of 
the summands I U , 1 2 ( e -  1) -n in the second con- 
served (in the inviscous, unforced limit) quantity [9] 
~--~, [U,12(E - 1 ) -"  increases with n. Plugging in K41 
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Fig. 10. Largest eigenvalues of  the phase Jacobian for the standard parameter case. The system turns unstable for ~ ~ 0.3699. A second 
mode becomes unstable at 6 ,~ 0.3956. The capital letters refer to Fig. 11. 
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Fig. i 1. Movement of  the eigenvalues (7 (of  the phase Jacobian) in the complex plane for increasing 6. We chose N = 22, v = 10 -7 ,  
,I = 2. The Hopf bifurcation at ~ ~ 0.3699 is clearly identified. The letters A, B, C denote the same eigenvahes as in Fig. 10. Eigenvalue 
D in that figure has much larger imaginary part Im o" ~ 2 when crossing the imaginary axis and can thus also not be seen in this figure. 
Eigenvalue E in Fig. 10 (between zero and ,,~ 0.23) has zero imaginary part and can thus not be seen here. For this plot we chose 
Ae = 0.01. The lateral point density in each line of the plot is proportional to the inverse "speed" dRetr/d~ in Fig. 10. The four arrows 
correspond to ~ = 0.1, 0.2, 0.3, and 0.4. 
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Fig. 12. Dependence of estab = e ~ stab Off Ig v for the standard 
parameter case h = 2. The shell number N is always chosen large 
enough so that we are in the infinite shell number case. Note that 
these fluctuations are much smaller for smaller A, similar to those 
in the current J,i, cf, Figs. 3 and 4. 

scaling, one obtains that the borderline of stability is 

a = ( 1 - 6) -3/2 (35) 

We test this prediction by plotting the line of first 
and second phase instability in a log-log plot of A 
against 1 - 6, cf. Fig. 9. Eq. (35) catches the rough 
shape of the instability curves. This log-log plot also 
reveals that the stability curve crosses the curve of 

conserved helicity. It seems to oscillate around it and 
might asymptotically approach it. 

The largest real parts of the eigenvalues of the phase 
Jacobian are shown in Fig. 10, again for the standard 
parameters u = 10 -7, ~. = 2, N = 22, but any larger 

N will lead to the same result, see above. In Fig. 11 
we show how the eigenvalues o- for the phase Jaco- 
bian matrix move within the complex o--plane for in- 
creasing 6. The above mentioned Hopf bifurcation is 

clearly seen. As mentioned in Section 2, the solution 
ceases to exist around 6sn b ,~ 0.4499. For the e-range 
]0, 0.4499] shown in Fig. 10, the modulus equations 
are linearly stable for these parameters. Yet this is not 
generally true: e.g. for u = 10 -7, A = 1.13, N = 104 

(or larger), instability occurs around 6sta b4' ~ 0.11 in 
the phase equations and around 6~tab ~ 0.29 in the 

modulus equations. 
In Fig. 12 we present Estab = Estab as a function 

of lg u for ,~ = 2. Strong oscillations occur which 
mirror the oscillations of the un with lg u discussed 
in Section 3. Therefore, we expect a period of ,~4 , 

which indeed is the case. Our finding also suggests 
that the inertial range scaling exponents srp of the p- 
th velocity moments depend on the viscosity u, as 
deviations t~sr p = srl, - p / 3  from the K41 value srp = 
p/3  set in smoothly at e~ab(U). Such a dependence 
was already discussed in [4,9]. 

The small wiggles on the curve in Fig. 12 are 
real. We only understand them in part. That every 
second oscillation should look the same can be un- 

derstood along Biferale's above mentioned argument 
[ 19] for the onset of instability: It will make a dif- 
ference whether viscosity cuts in a shell with positive 
IUnl2(e - 1) -n (the summands of the second con- 
served quantity) or negative one, i.e., odd or even n. 

In Fig. 1 we have already presented 6~a b and 6stab as 
a function of A for u = 10 -7. If turned by 90 degrees, 

this figure resembles Fig. 4, the increasing fluctuations 
of un and Jn with increasing ,~. 

For larger ,~ the fluctuations of un become so large 
that stability and unstability change more than once 

with increasing 6 [ 14]. 

6. Summary and condusions 

We set out in this paper to understand qualitatively 
the complex phase diagram of Fig. 1. We achieved 
that goal by explaining the observed oscillations in 
that figure in terms of a particular and peculiar form 

of interaction between the integral scale and the VSR. 
Thus, in this paper, we have discussed a special 

coupling among the different turbulent scales. In this 
form of coupling, the integral scale produces an energy 
flux but does not fully determine its value. Instead the 
flux-value is set by the joint effect of the production 
and the dissipation mechanisms, i.e., though describ- 
ing the ISR, it isset in the VSR. In the present calcula- 
tions for the GOY model, the ISR-VSR coupling was 
made manifest by oscillations of the flux (and maybe 
also of inertial range scaling exponents ~rp) as a func- 
tion of viscosity. These oscillations in turn result from 
dividing the wavevector space in finite shells and van- 
ish only for diminishing shell distancel In shell mod- 
els the oscillations are unavoidable, though we expect 
them to be much less pronounced (if  noticeable at all) 
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in the REWA calculations [ 11 ] as many more modes 

and couplings are present. In real turbulence there are 

no shells and no such oscillations. Nonetheless the 

more general lesson of  this calculation might apply 

and there might well be a similar cooperative behav- 

ior between the VSR and the ISR, since both the cor- 

rections to scaling ( i f  they exist) and the multifractal 

components  ( i f  they exist) are similarly undetermined 

by the inertial range as is the energy flux and the scal- 

ing corrections in the GOY model. All  these quan- 

tities are set by the action of  both the integral scale 

and the dissipative scale - working together. An inde- 

pendent hint for such a mechanism is experimentally 

found by Castaing and collaborators [5] who clearly 

detect a Reynolds number dependence of  ISR scaling 

exponents. 

Thus turbulent properties might well be a product 

of  the detailed way the viscous range fits onto the ISR 

and turbulence might  in end have a richer dependence 

upon viscous properties than contemplated in K41. 

I f  this finding can be confirmed, it will have prime 

importance for all models  and simulations where the 

small scales are not fully resolved, as for example in 

hyperviscosi ty calculations or large eddy simulations. 
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Note added in proof 

Latest numerical calculations show that when we 

modify Eq. (2 )  by having the forcing on the shell 

n = 1 rather than on n = 4 some of  the results are 

different from those reported here. Specifically, for 

the n = l forcing: ( i )  The saddle node bifurcation 

vanishes. ( i i )  There are once again oscil lat ions like 

those in Fig. 12 but these slowly decay as the viscosity 

v is decreased. In this case, Estab seems to approach 

the Biferale prediction (35) in the zero viscosity limit. 

(I t  is not impossible that this prediction is the l imit  for 

n = 4 as well.) Details will be published elsewhere 

[20].  
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